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FiGURe 17. Finite-area equilibrium-solution families for (a) equatorial and (b) midlatitude vortex
pairs embedded in a background solid-body rotation represented with N = 8 contours. Solid
(dotted) lines indicate stable (unstable) solutions.
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FiGURE 18. The nonlinear evolution of a slightly perturbed unstable finite-area vortex pair in a
background solid-body rotation. The parameters of this unstable equilibrium solution are: G = 0.05
and 4 = 0.06. In the absence of the background flow (i.e. for |G| — o0) the vortex pair is stable.
Notice that this is an eastward-travelling unstable solution.

rotation: it is then plausible that both point-vortex (cf. § 5.3) and finite-area (cf. §7.1)
instabilities appear in this case. In fact, we have found that the stability behaviour of
these solutions is simply a combination of the finite-area and point-vortex instabilities
already discussed.

First, the solid-body rotation destabilizes the corresponding finite-area solutions
in the absence of a background flow. An example is given in figure 18, where an
eastward-travelling pair with G = 0.05 and 4 = 0.06 is slightly perturbed and allowed
to evolve. In the absence of solid-body rotation (|G| — o), this set of parameters yields
a stable solution; the background, however, induces an instability of the finite-area
type, whereby vorticity is shed from the one vortex resulting in a smaller, more stable
pair. Secondly, finite-area multi-contour solutions for values of G where point-vortex
instabilities exist (either oscillating or tearing) are not made stable by the solid-body
rotation.

More generally, the behaviour of these finite-area multi-contour solutions is a
combination of finite-area and point-vortex behaviours. Representative examples are
found in figure 19, showing a combination of oscillating and finite-area instabilities,
and figure 20, showing a combination of tearing and finite-area instabilities. These
two figures should be compared with figures 13 and 14, which exhibit only the point-
vortex instabilities. The large-scale features are very similar, and the finite-area nature
of the vortices only adds more complexity to the flow.
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FIGURE 19. As in figure 18, but for an unstable oscillating case with G = —0.05 and A = 0.06.
Compare this with the evolution of the corresponding point-vortex solution in figure 13.

FIGURE 20. As in figure 18, but for an unstable tearing case with G = —0.01 and 4 = 0.04.
Compare this with the evolution of the corresponding point-vortex solution in figure 14.
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A global view of the stability results for these finite-area multi-contour solutions
can be obtained from figure 17, where solid (dotted) lines are used to show stable
(unstable) solutions. It is easy to see that stable solutions exist only if (i) G is either
positive or sufficiently negative — otherwise a point-vortex instability occurs, and (ii)
the vortex areas are not too large — otherwise finite-area instabilities are present.

8. Discussion

The main objective of this study has been to understand under what conditions it is
possible to construct steady and stable solutions for vortex pairs within a background
flow possessing a vorticity gradient. We have constructed steady vortex-pair solutions
of increasing complexity, from simple point vortices surrounded by only two contours
to finite-area pairs in a multi-contour background.

While it is possible to construct steady solutions for almost any parametric regime,
the question of stability is really the crucial one. We have found that the critical
parameter for stability is the ratio G of the strengths of the vortex pair to the
background flow, and we have carefully explored how the nonlinear evolution of
initially perturbed steady solutions depends on this parameter.

Strong westward (approximately G < —0.1) and all eastward (G > 0) pairs are
stable, unless the the vortex sizes are too large (in which case finite-area instabilities
occur). An oscillatory instability sets in as westward pairs become weak (approxi-
mately —0.1 < G < —0.01); the vortex pairs wander all over the sphere (see figures
13 and 19 for typical examples). Finally, very weak westward pairs are destroyed by
a tearing instability (see e.g. figures 14 and 20).

Though some of these behaviours have been previously observed on the f-plane,
our study is the first to systematically explore the stability behaviour on the sphere.
In particular, the stability of strong westward pairs and the onset of instability as
pairs become weak are novel results which cannot be obtained by f-plane studies,
because they are crucially dependent on the curvature of the sphere.

As for the original question of whether or not the instability of the modon solution
is an exceptional or generic property of vortex pairs in rotating flows, we argue that
it is probably generic since it can be isolated in the simplest vortex-pair model (cf.
§5) and it persists as the model is made more complex. The resonance with Rossby
waves appears very clearly in the simplest linear model and adding complexity, as
we have shown, does not remove this fundamental mechanism for instability. In fact,
more complexity introduces futher modes of instability.

Finally, one may ask to what degree these results may be applied to the under-
standing of atmospheric blocking events. The solutions of interest to atmospheric
blocking fall in the weak westward regime (McWilliams 1980). In that regime, all of
the steady solutions presented in this paper (independent of their complexity), as well
as the modon solutions (Nycander 1992), are known to be unstable. This fundamental
instability makes it difficult to argue that blocking events somehow correspond to
unforced barotropic solutions of the sort we have presented here. Hence, the results
of this paper suggest that the robustness and persistence of blocking events must
be attributed to not yet fully understood forcing mechanisms, as has been discussed
elsewhere (Shutts 1983, 1986; Nakamura, Nakamura & Anderson 1997).

The computations herein were performed at the Pittsburgh Supercomputing Center.
This work is supported by the United States National Science Foundation, and by
the DOE through a Computational Science Fellowship to MTD.
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