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We derive the conditions for the stability of strips or filaments of vorticity on the 
surface of a sphere. We find that the spherical results are surprisingly different from 
the planar ones, owing to the nature of the spherical geometry. Strips of vorticity on 
the surface of a sphere show a greater tendency to roll-up into vortices than do strips 
on a planar surface. 

The results are obtained by performing a linear stability analysis of the simplest, 
piecewise-constant vorticity configuration, namely a zonal band of uniform vorticity 
located in equilibrium between two latitudes. The presence of polar vortices is also 
considered, this having the effect of introducing adverse shear, a known stabilizing 
mechanism for planar flows. In  several representative examples, the fully developed 
stages of the instabilities are illustrated by direct numerical simulation. 

The implication for planetary atmospheres is that barotropic flows on the sphere 
have a more pronounced tendency to produce small, long-lived vortices, especially in 
equatorial and mid-latitude regions, than was previously anticipated from the 
theoretical results for planar flows. Essentially, the curvature of the sphere’s surface 
weakens thc interaction between different parts of the flow, enabling these parts to 
behave in relative isolation. 

1. Introduction 
The problem of the stability of a strip of uniform vorticity was originated by 

Rayleigh (1887), and the finding most frequently quoted - that the strip is maximally 
unstable to  disturbances having a wavelength about eight times the width of the 
strip - has been applied numerous times to  explain observational, experimental, and 
numerical results. A finding less well known, largely because Rayleigh did not give 
explicit details, is that  adverse shear can prevent this instability (see Dritschel 
1989a). In this paper we study how these classical results carry over to flows on the 
surface of a sphere. 

This subject is of fundamental relevance to the dynamics of the Earth’s 
stratosphere, particularly to  the mixing of chemical tracers and the impact this has 
on ozone depletion (McIntyre 1991). However i t  also addresses the nature of the 
circulation itself, that is, whether the circulation is characterized by a dominant 
vortex plus quasi-passive filament dynamics, a population of small-scale vortices 
scattered around the polar vortex, or a combination of the two. A t  present, 
observational data are not sufficiently dense and accurate to visualize (potential) 
vorticity structures on scales significantly smaller than the polar vortex. 

Our interest in this problem was generated by some recent numerical experiments 
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of barotropic flow on the surface of a sphere (Juckes 1987; Juckes & McIntyre 1987). 
Using a hemispherical model, they examined the response of a broadly distributed, 
initially zonal vortex centred a t  the pole to large-scale forcing, such as might result 
in the wintertime stratosphere from tropospheric disturbances below. They observed 
both the development of a sharp vortex edge and, more surprisingly, the roll-up of 
secondary vortices from ejected strips of vorticity equatorward of the main polar 
vortex. This roll-up cannot be reconciled with the results of strip stability in the 
planar case, which suggest that the adverse shear induced by the polar vortex should 
make vorticity strips stable (Dritschel 1 9 8 9 ~ ) .  

To resolve this difficulty we examine the stability of the simplest relevant vorticity 
configuration on the surface of a sphere. A strip of uniform vorticity spanning a band 
of latitudes is subjected to small-amplitude disturbances. By a linear eigenvalue 
analysis ($§2-3), we recover the conditions for stability and the dispersion relation, 
as a function of three essential parameters : the equilibrium latitude of the northern 
and southern edges of the strip, and the difference in the vorticity jumps across the 
two edges. Several of the more unusual instabilities are followed deep into their 
nonlinear st'ages using a contour dynamics algorithm. I n  $4, the effects of a single 
polar vortex or a pair of polar vortices (one at each pole) are examined, and general 
conditions for roll-up established. We find that when a thin vorticity strip is 
sufficiently far from the polar region, the adverse shear due to the polar vortex is not 
sufficient to make it stable. This may in some part account for the roll-up observed 
in the stratospheric simulations of Juckes (1987), Juckes & McIntyre (1987) and 
Waugh (1991), and could account for the near-equatorial location of large vortices on 
the outer planets. A simple explanation of the observed instability is given in $ 5 ,  and 
the findings are summarized in $6. 

2. Mathematical formulation 

on a sphere and derive several results useful for the linear analyses in $$34. 

radius 1 can be written in the form 

In this section, we review the governing equations for inviscid, incompressible flow 

The equations of motion for two-dimensional flow on the surface of a sphere of 

(Dritschel 1 9 8 8 ~ ;  for a brief derivation, see Appendix A),  provided that the vorticity 
distribution is piecewise constant, with the vorticity jumping by the values 3, across 
the contours V k .  This assumption may seem severe, but in practice a modest number 
of contours can well approximate the dynamics of a continuous vorticity distribution 
(Legras & Dritschel 1991). From (1) the Lagrangian motion of a fluid particle a t  any 
point x can be computed as a sum of contour integrals. Since (1) applies as well t o  
the points located on the contours Vk, it determines the evolution of the system 
completely. 

Note that a spherical fluid shell rotating as a solid body, such as a rigidly rotating 
atmosphere, is not the most convenient flow to be modelled in this way, since it 
corresponds to a continuous vorticity gradient (a linear function of the axial 
coordinate z )  which would have to be approximated by a series of discrete steps 
separating regions of piecewise uniform vorticity. However, recent observations of 
the actual (absolute, potential) vorticity distribution of the Earth's stratosphere on 
isentropic surfaces show that it is, in fact, quite far from rigid rotation (Juckes & 
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FIGURE 1 .  A sketch of the basic flow geometry. A band of vorticity w = wb lies between the 
latitudes 0 = Oos and eon. To the south of the band, w = w,, and to the north, w = w,. The dashed 
contour is the equator, and the small cross shows the position of the north pole. 

McIntyre 1987) and much closer to a piecewise uniform distribution, owing to the 
continual sharpening of vorticity gradients by dynamical effects (Dritschel & Legras 

The reason for using ( 1 )  is two-fold. First, there is a perfect symmetry among the 
three Cartesian coordinates, something which is not apparent in the common 
formulation in latitude-longitude variables. Second, there is no need to refer to 
stream function and pressure when deriving the linear stability equations since all of 
the dynamics are incorporated in (1) .  

Consider first the equilibrium vorticity profile illustrated in figure 1. A band of 
vorticity wb lies between the latitudes e0, and eon. To the north, the vorticity is wn, 
while to the south it is w,. This profile is more general than the one first considered 
by Rayleigh for planar flow, that of a strip of vorticity embedded in irrotational flow, 
but similar to the one he considered subsequently. Because the total circulation on 
a finite surface must vanish (the surface integral of Laplace’s equation is zero), the 
three vorticity values w,, wb, and w, are not independent. Using the relation between 
axial coordinate and latitude (for a sphere of unit radius), z = sine, the constraint of 
zero total circulation requires 

1991). 

(1 -Zen) wn +  on -20s) wb + (20s + 1) ws = 0. ( 2 )  

In fact, (1) implicitly incorporates this constraint, and this is why only the jumps in 
vorticity across contours appear in ( 1 )  (the number of uniform-vorticity regions is 
always one more than the number of jumps). The jumps across the northern and 
southern contours bounding the strip are 

- -, 
wn = wn-wb, w, = wb-w,, (3) 

and with these values, one may compute the basic flow from ( l ) ,  albeit laboriously. 
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Since the basic flow is zonally symmetric, i t  is easier to work with the equation 
relating the zonal velocity U to the vorticity W :  

(ucose) = w .  
l d  

cos 8 d8 (4) 

The quantity most useful for the stability analysis is not in fact U but rather the 
angular velocity SZ = U/cos8. It is also more convenient to work with the axial 
coordinate z in place of latitude 0.  I n  the z variable, SZ is determined from 

-d/dz[( l -~~)SZ] = W .  (5 )  
Integrating this equation, it is easy to show that the angular velocities a t  the two 
edges of the undisturbed band of vorticity are 

Consider next disturbing the edges of the strip. The z position of the two edges are 
denoted zn($, t )  and zs($,  t ) ,  where $ is longitude. Expanding about the basic state, 

where Cn,s Q 1.  The other coordinates along the contour are disturbed as a 
consequence of (7) ,  since x 2 +  y2+z2 = 1. To obtain the linear equations satisfied by 
f,,, however, it is sufficient to substitute (7)  into the z-component of (1).  This gives 

where the angular velocities along the undisturbed contours SZOn,, are given in (6) 
above. 

The eigensolutions of (8) are found by letting 

cn, = in* (9) e i (m+r t )  + c c . 3 ,  

where m is the azimuthal wavenumber and CT is the eigenvalue or eigenfrequency, and 
substituting these expressions into (8) to obtain 

(mQ0n-g) Cn = i [ G n F m ( z o n , z o n )  Cn++sFm(Zon,zos)  CsI, (10a) 

( l o b )  ( m ~ 0 s - g )  t s  = i[Gnpm(zos,zon) f n + + s F m ( z o s , Z o s ) i s ~ ,  

where 
log (1 -2, Zb - (1 - Z i ) ' (  1 -Zi ) fCOS /?) e"@d/? 

gY2) 1-2, l + z  m'2 

l + z  1-2, 

and z, stands for the maximum of z, and 20, while z, stands for the minimum. 
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We note en passant that had one tried to carry out this linear stability analysis in 
the traditional way - say, following Kelvin's analysis of the Rankine vortex (Lamb 
1932) - one would have had to determine the form of the stream function associated 
with the boundary disturbance. This stream function must satisfy Laplace's 
equation on the spherical surface. We have been unable to find any mention of such 
functions in the literature, and for reference we present them here. The harmonic 
functions on the spherical surface are [ ( l - ~ ) / ( l + z ) ] ~ / ~ e ~ ~ ~  to the north of each 
contour and [( 1 + z ) / (  1 - z ) ] " ' ~  eim+ to the south. Owing to the topology of the sphere, 
functions that are harmonic and well behaved over the whole sphere cannot be found. 

There is an obvious generalization of (10) to more than two contours, namely 

( m a O j - u ) i j  = ~ ~ G k p m ( 2 0 j ~ z O k ) t k ,  (12) 
k 

and the generalization of (6) is 

where zol > zo2 > ... . 

3. Stability results for a band of vorticity 
In this section, we present the eigensolutions of (10) and then illustrate the 

nonlinear development and saturation of several unstable disturbances by direct 
numerical simulation. 

Noting that P, = 1 if the arguments are equal, andF,(z,,, zos) = Fm(zOs, z,,) = Sm: 
where 

S = (:-), 1 - Z0, 1 + zos t 
l + z  l -zos  

(10) simplifies to 

( r n ~ , , - u - ~ , ) ~ , - ~ ~ m ~ ,  = 0, 

-gn s m g  + (ma,, - u - &) I$, = 0. 

Solvability requires that the determinant of (15) be zero, so 

(ma,, - u - @,)(mQ,, - u - @,) - @, Gs S2, = 0, 

u = i[ - 0+ f ( 0 2  + (3, 9, S z m ) t ] ,  

(16) 

(17a)  

w+ - 1  = y(w,+G,)-m(S1,,+Q,,) - w- = ~(G?,-G,)-m(a,,-SZ,,). (17b, c) 

whose solution yields the eigenvalue u, 

where 

The existence of two roots is a result of there being two contours. The number of 
eigenvalues is equal to the number of contours in the basic vorticity distribution. 

Stability therefore depends on the sign of the term in the radical in (17a) .  It is 
immediately clear that G,G, > 0 is a sufficient condition for stability for all 
azimuthal wavenumbers m. This condition corresponds to a monotonic vorticity 
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FIGURE 2, Contour maps of the growth rate v, maximized over the first eight azimuthal 
wavenumbers as a function of 0," and B,,, for selected values of the north-south vorticity difference, 
wns. The contour interval is 0.025, and the outermost contour corresponds to the stability boundary 
(u, = 0). 

distribution. I n  fact, under this condition, the flow is stable to finite-amplitude 
disturbances, in the sense that 

Gn$wn ~ ( $ 7  t )  d$ + ~ s  $ ~ ( $ 3  t )  w (18) 
'8s 

remains equal to its initial value for all time (Dritschel 1988b). Equation (18) 
restricts the mean-square contour displacements since each term has the same sign. 
Instability therefore requires GnGs < 0, a t  least. 

We next pursue this part of parameter space. To cut down to the fewest essential 
parameters possible, we are free to  choose a dimensionalization for the vorticity, and 
the one adopted makes the average vorticity jump into the band equal to unity: 

(19) &G,-G,) = wb-+(w,+ws) = 1 .  

Because of the restriction of zero total circulation (2), the only free vorticity 
parameter is - *  

wn, = w, + 0, = w, - 0, 

by (3). w,, is the difference between the vorticity north and south of the band. The 
simplest Rayleigh problem has w,, = 0. 
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FIGURE 3. Contour maps of the most unstable mode m corresponding to figure 2. The first few 
regions are labelled for clarity. 

The essential parameters are-therefore O,,, O,, and w,, (recall z = sin O), and of 
course the azimuthal wavenumber m of the disturbance. Because 5,3, < 0, on, must 
lie between -2 and 2. In fact, i t  is sufficient to consider on, 2 0 because of 
north-south symmetry (the subscripts ' n '  and ' s '  can be exchanged everywhere). 

Figure 2 shows contour maps of the maximum growth rate (the imaginary part of v, 
denoted vi) as a function of O,, and O,,, for four selected values of w,,. The maximum 
is taken over the first eight azimuthal wavenumbers. The corresponding azimuthal 
mode of maximum instability is contoured in figure 3 using the same format. The 
results for w,, < 0 can be obtained by reflection across the diagonal connecting the 
upper left to the lower right corner of each map. 

The first surprise is that the mode m = 2 can be unstable, even when w,, = 0. There 
is no analogue of this in the planar caae : a circular band of vorticity is always stable 
to m = 2 disturbances (cf. figure 2 of Dritschell986, and references therein). The peak 
growth rate for m = 2 when w,, = 0 is (52/5-11)4 x 0.1501, and this occurs when 
Oon = -Oos = sinp1 ( 4 5 - 2 )  x 13.65'. 

The peak instability for higher wavenumbers shifts toward the line O,, = O,,, 
corresponding to narrower bands. This occurs also in the planar case: the 
wavenumber tends to scale with the inverse thickness of the band (the thin band 
limit and its connection with the planar result is discussed in Appendix B). Non-zero 
w,, shifts the location of maximum instability to more southern latitudes (a band 
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FIQURE 4(a) .  For caption see facing page. 

located in the southern hemisphere is more unstable than one in the northern 
hemisphere when the vorticity north of the band exceeds that south of the band). As 
w,, approaches 2, the growth rates decrease before vanishing entirely a t  w,, = 2, 
when the distribution of vorticity becomes monotonic and therefore incapable of 
supporting instabilities. 

We next illustrate a few of these instabilities by direct numerical simulation of (1) .  
The numerical algorithm, 'contour surgery ', is fully documented in Dritschel(1989b 
and references therein), where one can find details of the numerical parameters and 
wide-ranging tests of accuracy. Suffice it to say that the calculations presented are 
performed a t  sufficient spatio-temporal resolution to  be reproducible on all but the 
smallest spatial scales. 

In  the first simulation, w,, = 0, and the basic state is taken to be the one most 
unstable to the m = 2 disturbance, B,, = -Bas x 13.65'. Only the northern contour 
is disturbed, with On($, 0) = eon + 1' cos 2$ initially, to allow the flow to develop 
without imposition of north-south symmetry. The development and maturation of 
the resulting instability is depicted in figures 4 (a)  and 4 ( b ) ,  with ( b )  showing a view 
from the opposite side of the sphere. The band rolls up into two giant vortices, each 
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McIntyre 1987 ; Waugh 1991), as well as the roll-up of tongues of vorticity ejected 
from the main polar vortex during wave breaking events in the real stratosphere (see 
McIntyre 1991 and references therein). The simple model put forth, in which a single 
band of uniform vorticity is located initially between compact polar vortices, 
certainly idealizes the actual vorticity distribution, to say nothing of its vertical 
structure. Pet it is plausible that the instability and roll-up of filamentary potential 
vorticity anomalies in stratified geophysical flows arises from fundamentally the 
same mechanism, since it is the potential vorticity distribution and the geometry 
containing the flow which essentially describe the instantaneous fluid motion and the 
interaction between its parts. Some new effects arising from the coupling between 
different layers in a stratified environment are examined by Waugh & Dritschel 
(1991), though again the basic mechanism is the same. The results of this paper 
illustrate the important, destabilizing effect of spherical geometry and give a 
qualitative guide for the behaviour of filaments of potential vorticity strewn around 
a vortex following wave breaking. The polar distribution of vorticity in the 
atmospheres of rapidly rotating planets like the Earth singles out the equatorial 
region as the most likely place to form coherent vortices by way of filament 
instability, and it is a curious fact that this is where the large vortices on Jupiter and 
Neptune are located. 
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Appendix A. Derivation of the governing equations in Lagrangian form 
In this appendix, we briefly review the elements of the derivation of equation (1)  

in the text. For a more complete account, see Dritschel (1988a or 1989b). The 
starting point is the relationship between stream function and vorticity, 

v2+ = 0,  (A 1) 

where here the Laplacian is restricted to the spherical surface. In the natural 
coordinates for the sphere, z (sine of latitude) and $ (longitude), we have 

The Green function needed for the inversion of +, i.e. 

+(z,  $) = J p ( z / ,  $’ ; 2 ,  $) w ( z / ,  $7 dz’ d$’, (A 3) 

1 
satisfies Vf2G = - ( & ( z ’ - z ) & ( $ ’ - $ ) - ~ ) ,  47c (A 4) 

the constant arising from the necessity that the integral of the Laplacian over a finite 
surface must vanish identically. The solution of this equation is elementary since, by 
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symmetry of the surface, G can only depend on the distance between two points. One 
can readily verify that 

(A 5 )  
1 

27c 
G = -logIx-x’l, 

or the logarithm of the cord distance between two points (here x = ( r  cos q5, r sin q5, z )  
with r = (l-z’);, and likewise for x’). 

The next step of the derivation is to focus on the calculation of the axial velocity 
w = dz/dt; the other components can be obtained afterwards by symmetry. The 
reason why z and q5 are the natural coordinates for the sphere is because 

and dz dq5 is differential surface area. Using only the first of these equations, we have 

(A 7) 

since G depends only on the angular difference q5‘-q5. 
Now consider a single patch of vorticity, o = constant in a region R bounded by 

a contour 48. Define the inside of W to be the part of the sphere to be the left of 48. 
Then we can use Stoke’s theorem to obtain 

- dz = -bj$gG(z’,$’;z,q5)dd = -- 2”, fq log (x - x’l dd, 
dt 

and hence by symmetry 

dx 
- = - 2 fg log Ix - x’I dx’. 
dt 

Here 3 is the vorticity jump crossing into W. It is related to interior and exterior 
vorticity by the obvious relation 

B = oin-oout, 

but the constraint of zero total circulation (zero integral of Laplace’s equation) 
provides a second relation, 

where A is the area inside %‘ (i.e. A = $g (1 - z )  d4). Hence, given any one of 6, win or 
oout, the other two are determined. The contour dynamical equations need only know 
about &the constraint of zero total circulation is automatically satisfied by 
construction. For later diagnostic purposes, for example producing plots of the 
vorticity like those shown in this paper, one can use the above relations to obtain the 
absolute vorticity anywhere on the surface. 

winA+Wout(47C-A) = 0, 

Appendix B. The dispersion relation in the thin-band limit 
In this appendix, we show the direct connection between the dispersion relation for 

a thin band and the result for a straight band in planar geometry, first obtained by 
Rayleigh (1887). The starting point is equation (17a) for a finite band in spherical 
geometry. In  the limit where the band thickness tends to zero, the width of the band 
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A must be much less than the mean radial position r of the band, A / r  < 1. The width - 
A is related to zOn-zos = Az by 

A x A z / r .  

Letting 2 be the vorticity jump into the band, we have 3, = -Gn = 2 and so, from 
( 2 )  and (3), w, = w, = -@Az. Using these values in (6), we obtain from (17b, c )  
as 

2zmAz 3m Az 
r2 r2 

w+ z ~ ; w - = - G + -  

If now we introduce the corresponding planar wavenumber k ,  related to the 
azimuthal wavenumber m via m = kr ,  these expressions simplify to 

W+ = - 2 z k A  ; 0- x 6( 1 -LA) .  (B 3) 
Finally, we turn to  the term S2” in (17a). With S defined in (14), we substitute 
zon = z + i A z  and zos = z-+Az, and linearize in A z / r 2  = A / r  to  obtain 

s2m x ( 1  -y)m = ( 1  ---) 2kA . 

Letting m +. co, in the expectation that instabilities will have wavelengths 
comparable to the band thickness, we obtain 

s 2 m  ~ e-2kA. 

Hence, (17 a )  reduces in the thin-band limit to 

cr = $ G { z k A f [ ( 1 - k A ) 2 - e - 2 k d ] ~ } .  

The term involving the square root is identical to  Rayleigh’s dispersion relation for 
an infinite strip in planar geometry. The other, neutral term arises from the effects 
of spherical geometry, specifically from the residual background vorticity that must 
be p.resent to ensure that the globally integrated vorticity must vanish (Appendix A). 
This term has no effect on stability. 
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