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We derive the conditions for the stability of strips or filaments of vorticity on the
surface of a sphere. We find that the spherical results are surprisingly different from
the planar ones, owing to the nature of the spherical geometry. Strips of vorticity on
the surface of a sphere show a greater tendency to roll-up into vortices than do strips
on a planar surface.

The results are obtained by performing a linear stability analysis of the simplest,
Ppiecewise-constant vorticity configuration, namely a zonal band of uniform vorticity
located in equilibrium between two latitudes. The presence of polar vortices is also
considered, this having the effect of introducing adverse shear, a known stabilizing
mechanism for planar flows. In several representative examples, the fully developed
stages of the instabilities are illustrated by direct numerical simulation.

The implication for planetary atmospheres is that barotropic flows on the sphere
have a more pronounced tendency to produce small, long-lived vortices, especially in
equatorial and mid-latitude regions, than was previously anticipated from the
theoretical results for planar flows. Essentially, the curvature of the sphere’s surface
weakens the interaction between different parts of the flow, enabling these parts to
behave in relative isolation.

1. Introduction

The problem of the stability of a strip of uniform vorticity was originated by
Rayleigh (1887), and the finding most frequently quoted — that the strip is maximally
unstable to disturbances having a wavelength about eight times the width of the
strip — has been applied numerous times to explain observational, experimental, and
numerical results. A finding less well known, largely because Rayleigh did not give
explicit details, is that adverse shear can prevent this instability (see Dritschel
1989a). In this paper we study how these classical results carry over to flows on the
surface of a sphere.

This subject is of fundamental relevance to the dynamics of the Earth’s
stratosphere, particularly to the mixing of chemical tracers and the impact this has
on ozone depletion (McIntyre 1991). However it also addresses the nature of the
circulation itself, that is, whether the circulation is characterized by a dominant
vortex plus quasi-passive filament dynamics, a population of small-scale vortices
scattered around the polar vortex, or a combination of the two. At present,
observational data are not sufficiently dense and accurate to visualize (potential)
vorticity structures on scales significantly smaller than the polar vortex.

Our interest in this problem was generated by some recent numerical experiments
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of barotropic flow on the surface of a sphere (Juckes 1987 ; Juckes & McIntyre 1987).
Using a hemispherical model, they examined the response of a broadly distributed,
initially zonal vortex centred at the pole to large-scale forcing, such as might result
in the wintertime stratosphere from tropospheric disturbances below. They observed
both the development of a sharp vortex edge and, more surprisingly, the roll-up of
secondary vortices from ejected strips of vorticity equatorward of the main polar
vortex. This roll-up cannot be reconciled with the results of strip stability in the
planar case, which suggest that the adverse shear induced by the polar vortex should
make vorticity strips stable (Dritschel 1989a).

To resolve this difficulty we examine the stability of the simplest relevant vorticity
configuration on the surface of a sphere. A strip of uniform vorticity spanning a band
of latitudes is subjected to small-amplitude disturbances. By a linear eigenvalue
analysis (§§2-3), we recover the conditions for stability and the dispersion relation,
as a function of three essential parameters: the equilibrium latitude of the northern
and southern edges of the strip, and the difference in the vorticity jumps across the
two edges. Several of the more unusual instabilities are followed deep into their
nonlinear stages using a contour dynamics algorithm. In §4, the effects of a single
polar vortex or a pair of polar vortices (one at each pole) are examined, and general
conditions for roll-up established. We find that when a thin vorticity strip is
sufficiently far from the polar region, the adverse shear due to the polar vortex is not
sufficient to make it stable. This may in some part account for the roll-up observed
in the stratospheric simulations of Juckes (1987), Juckes & McIntyre (1987) and
Waugh (1991), and could account for the near-equatorial location of large vortices on
the outer planets. A simple explanation of the observed instability is given in §5, and
the findings are summarized in §6.

2. Mathematical formulation

In this section, we review the governing equations for inviscid, incompressible flow
on a sphere and derive several results useful for the linear analyses in §§3—4.

The equations of motion for two-dimensional flow on the surface of a sphere of
radius 1 can be written in the form

dx/dt = u(x) =—i2a~)k§ log |x— X, |2d X, (1)
an g 6

(Dritschel 19884 for a brief derivation, see Appendix A), provided that the vorticity
distribution is piecewise constant, with the vorticity jumping by the values &, across
the contours €. This assumption may seem severe, but in practice a modest number
of contours can well approximate the dynamics of a continuous vorticity distribution
(Legras & Dritschel 1991). From (1) the Lagrangian motion of a fluid particle at any
point x can be computed as a sum of contour integrals. Since (1) applies as well to
the points located on the contours €,, it determines the evolution of the system
completely.

Note that a spherical fluid shell rotating as a solid body, such as a rigidly rotating
atmosphere, is not the most convenient flow to be modelled in this way, since it
corresponds to a continuous vorticity gradient (a linear function of the axial
coordinate z) which would have to be approximated by a series of discrete steps
separating regions of piecewise uniform vorticity. However, recent observations of
the actual (absolute, potential) vorticity distribution of the Earth’s stratosphere on
isentropic surfaces show that it is, in fact, quite far from rigid rotation (Juckes &
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FIiGURE 1. A sketch of the basic flow geometry. A band of vorticity w = w, lies between the
latitudes 6 = §,, and 6,,. To the south of the band, @ = w,, and to the north, v = w,. The dashed
contour is the equator, and the small cross shows the position of the north pole.

MecIntyre 1987) and much closer to a piecewise uniform distribution, owing to the
continual sharpening of vorticity gradients by dynamical effects (Dritschel & Legras
1991).

The reason for using (1) is two-fold. First, there is a perfect symmetry among the
three Cartesian coordinates, something which is not apparent in the common
formulation in latitude-longitude variables. Second, there is no need to refer to
stream function and pressure when deriving the linear stability equations since all of
the dynamics are incorporated in (1).

Consider first the equilibrium vorticity profile illustrated in figure 1. A band of
vorticity w, lies between the latitudes 6,, and 6,,. To the north, the vorticity is w,,
while to the south it is w,. This profile is more general than the one first considered
by Rayleigh for planar flow, that of a strip of vorticity embedded in irrotational flow,
but similar to the one he considered subsequently. Because the total circulation on
a finite surface must vanish (the surface integral of Laplace’s equation is zero), the
three vorticity values w,, w,, and o, are not independent. Using the relation between
axial coordinate and latitude (for a sphere of unit radius), z = sin #, the constraint of
zero total circulation requires

(l_zon)wn+(z0n—z05)wb+(205+1)ws =0. (2)

In fact, (1) implicitly incorporates this constraint, and this is why only the jumps in
vorticity across contours appear in (1) (the number of uniform-vorticity regions is
always one more than the number of jumps). The jumps across the northern and
southern contours bounding the strip are

Wy = Wy — Wy, 0y = 0, — W, (3)

and with these values, one may compute the basic flow from (1), albeit laboriously.
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Since the basic flow is zonally symmetric, it is easier to work with the equation
relating the zonal velocity U to the vorticity w:

1 d

" cosfdé

The quantity most useful for the stability analysis is not in fact U but rather the

angular velocity = U/cos6. It is also more convenient to work with the axial
coordinate z in place of latitude §. In the z variable, Q is determined from

—d/dz[(1—-2%) Q] = w. (5)

Integrating this equation, it is easy to show that the angular velocities at the two
edges of the undisturbed band of vorticity are

—(Ucosf) = w. (4)

w w
Q=77 Q= —7—.
on 1 + zon H 0s 1— zos (6)
Consider next disturbing the edges of the strip. The z position of the two edges are
denoted z,(¢,t) and z,(¢, ), where ¢ is longitude. Expanding about the basic state,

we put zn,s(¢7 t) = z0n35+€n,s(¢’ t)’ (7)

where {, (< 1. The other coordinates along the contour are disturbed as a
consequence of (7), since 22 +y*+2%2 = 1. To obtain the linear equations satisfied by
a5 however, it is sufficient to substitute (7) into the z-component of (1). This gives

A _ G, o % _Gn 2a€n
dt - at +QOn a¢ f loglen xOn ¢)l d

- )
_ﬁﬁ logleS(“)‘xon(¢)lza—isda, (8a)

dg _ a€s 0s _ _ iy ™ 296,
dt +QOS a¢ 41'EJ: log |x0n(“)'—x05(¢)l ada

% g,

__f log |xgs(cx) — x45(9)I? (8b)

where the angular velocities along the undisturbed contours 2,, ; are given in (6)
above.
The eigensolutions of (8) are found by letting

gn,s = gn,sei(m¢_0t) +c.c., 9)

where m is the azimuthal wavenumber and o is the eigenvalue or eigenfrequency, and
substituting these expressions into (8) to obtain

(mQOn - U) én = %[(Dn Fm(zom zon) én +(‘~)5Fm(zon’ ZOS) 55]3 (10a)
(mQOS_ O’) é‘s = %[‘Dn Fm(zos’ zon) cn + G)sFm(ZOS’ ZOS) gs]’ (1Ob)
where
Folea ) = ;’ft "log (1— 22, — (1 — (1 — )t cos ) e df
1—z, 1+2_\"?
_(1+z>1—z<) (11)

and z, stands for the maximum of z, and z,, while z_ stands for the minimum.
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We note en passant that had one tried to carry out this linear stability analysis in
the traditional way — say, following Kelvin’s analysis of the Rankine vortex (Lamb
1932) — one would have had to determine the form of the stream function associated
with the boundary disturbance. This stream function must satisfy Laplace’s
equation on the spherical surface. We have been unable to find any mention of such
functions in the literature, and for reference we present them here. The harmonic
functions on the spherical surface are [(1—z)/(1+2)]™2e!™? to the north of each
contour and [(1+2)/(1—2)]™?%e!™ to the south. Owing to the topology of the sphere,
functions that are harmonic and well behaved over the whole sphere cannot be found.

There is an obvious generalization of (10) to more than two contours, namely

(mgoj"o' 22‘% zoj’zok)gk’ (12)

and the generalization of (6) is

1o . (1—22\
Q=520 _—2" F (25 20x)
2% Zo;

1 . 1 N 1
=§{Ew LL T Y z“"}, (13)

where z;, > 2z, > ...

3. Stability results for a band of vorticity

In this section, we present the eigensolutions of (10) and then illustrate the
nonlinear development and saturation of several unstable disturbances by direct
numerical simulation.

Noting that F,, = 1 if the arguments are equal, and F,(2y,, 2p5) = F (2, %) = S™,

where
_(ﬂ1+z%>, (14)
1420, 1 —2y
(10) simplifies to
(M0~ —33y) &~} S™E, = 0, (15a)
~10, 8", + (mQo,— o ~43) §, = 0. (15b)
Solvability requires that the determinant of (15) be zero, so
(M8 — T —360,) (MR — 0 — 3B) — 16, B 8™ = 0, (16)

whose solution yields the eigenvalue o,
o = —w, + (02 +@,6,82m)), (17a)
where
0, = HOp+8) —m(Qop+ Q) w_ = }Bp—Bg) —m(2y, — Q).  (17b, ¢)

The existence of two roots is a result of there being two contours. The number of
eigenvalues is equal to the number of contours in the basic vorticity distribution.
Stability therefore depends on the sign of the term in the radical in (17a). It is
immediately clear that @&,&, >0 is a sufficient condition for stability for all
azimuthal wavenumbers m. This condition corresponds to a monotonic vorticity
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Fieure 2, Contour maps of the growth rate o, maximized over the first eight azimuthal
wavenumbers as a function of 8, and 6, for selected values of the north-south vorticity difference,
w,,. The contour interval is 0.025, and the outermost contour corresponds to the stability boundary
(oy=0).

distribution. In fact, under this condition, the flow is stable to finite-amplitude
disturbances, in the sense that

wjﬁ §31(¢,t)d¢+@sff G(.1)dg 18)

remains equal to its initial value for all time (Dritschel 1988%). Equation (18)
restricts the mean-square contour displacements since each term has the same sign.
Instability therefore requires @, @, < 0, at least.

We next pursue this part of parameter space. To cut down to the fewest essential
parameters possible, we are free to choose a dimensionalization for the vorticity, and
the one adopted makes the average vorticity jump into the band equal to unity:

3@y — @) = oy —Hop + o) = L. (19)

Because of the restriction of zero total circulation (2), the only free vorticity
parameter is 0y = B+ B, = 0y—0, (20)
by (3). w, is the difference between the vorticity north and south of the band. The
simplest Rayleigh problem has w,, = 0.
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Fiaure 3. Contour maps of the most unstable mode m corresponding to figure 2. The first few
regions are labelled for clarity.

The essential parameters are therefore 6,,, 6,, and w,, (recall z = sin @), and of
course the azimuthal wavenumber m of the disturbance. Because &, &, < 0, w,, must
lie between —2 and 2. In fact, it is sufficient to consider w,, = 0 because of
north—south symmetry (the subscripts ‘n’ and ‘s’ can be exchanged everywhere).

Figure 2 shows contour maps of the maximum growth rate (the imaginary part of o,
denoted o) as a function of §,, and 6, for four selected values of w,,. The maximum
is taken over the first eight azimuthal wavenumbers. The corresponding azimuthal
mode of maximum instability is contoured in figure 3 using the same format. The
results for w,, < 0 can be obtained by reflection across the diagonal connecting the
upper left to the lower right corner of each map.

The first surprise is that the mode m = 2 can be unstable, even when w,, = 0. There
is no analogue of this in the planar case: a circular band of vorticity is always stable
tom = 2 disturbances (cf. figure 2 of Dritschel 1986, and references therein). The peak
growth rate for m = 2 when w,, = 0 is 1 (54/5—11)} ~ 0.1501, and this occurs when
Opn = — s = 8in™! (1/5—2) = 13.65°.

The peak instability for higher wavenumbers shifts toward the line 8,, = 0,
corresponding to narrower bands. This occurs also in the planar case: the
wavenumber tends to scale with the inverse thickness of the band (the thin band
limit and its connection with the planar result is discussed in Appendix B). Non-zero
w,, shifts the location of maximum instability to more southern latitudes (a band
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la)

F1GURE 4(a). For caption see facing page.

located in the southern hemisphere is more unstable than one in the northern
hemisphere when the vorticity north of the band exceeds that south of the band). As
w,s approaches 2, the growth rates decrease before vanishing entirely at w,, = 2,
when the distribution of vorticity becomes monotonic and therefore incapable of
supporting instabilities.

We next illustrate a few of these instabilities by direct numerical simulation of (1).
The numerical algorithm, ‘contour surgery’, is fully documented in Dritschel (19895
and references therein), where one can find details of the numerical parameters and
wide-ranging tests of accuracy. Suffice it to say that the calculations presented are
performed at sufficient spatio-temporal resolution to be reproducible on all but the
smallest spatial scales.

In the first simulation, w,, = 0, and the basic state is taken to be the one most
unstable to the m = 2 disturbance, 8,, = —68,, & 13.65°. Only the northern contour
is disturbed, with 6, (¢,0) = 6,,+1°cos2¢ initially, to allow the flow to develop
without imposition of north-south symmetry. The development and maturation of
the resulting instability is depicted in figures 4 (a) and 4 (b), with (b) showing a view
from the opposite side of the sphere. The band rolls up into two giant vortices, each
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(b)

Fi6uRE 4. The nonlinear development of the unstable basic flow 6, = —8_, = 13.65°, w,, = 0. The
time, ¢, given in the upper left-hand corner of each frame, is scaled by the factor 2n. The numerical
parameters in this and subsequent simulations are x = 0.06, & = 0.00045, and A¢= 0.05. (a)
Orthographic view from 6 = 20°, ¢ = 20°. (b) View from the opposite side of the sphere.

occupying about a quarter of the surface of the sphere. Then, some of the filamentary
vorticity caught between the two vortices thickens as it is swept toward the sides of
the two elongated vortices. A dimple forms along the sides of each vortex which is
subsequently carried around to the vortex tips. There, the dimple is greatly
exaggerated by the local straining field (see Dritschel 1988¢, 19895 for remarks),
leading to the expulsion of thick filaments of vorticity. The vortices suffer a
reduction in aspect ratio immediately afterwards which appears to stabilize the
vortices against further such events. Caught between the vortices is a swarming mass
of filaments largely kept at bay by the strong differential rotation induced by the two
vortices. Why little roll-up is observed among these filaments will be explained in the
next section.

The second simulation illustrates the effect on non-zero w,,. Now, we take w,, =
—1, with 6, = 33° and 6, = 44°. This basic configuration is close to the one most
unstable to m = 3. Again, only the northern contour is disturbed, with a 1° amplitude
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Ficure 5(a). For caption see facing page.

(0,(¢,0) = 0y, +1° cos 3¢). Figures 5(a) and 5(b) depict the evolution from an
orthographic and stereographic perspective. Again, the vortices roll-up, but before
they have a chance to fully organize, they are extended by the strong differential
rotation of the basic flow (the effect of non-zero w,.). The vortices continually battle
with the differential rotation to remain intact, periodically extending and
consolidating depending on the phase difference between the wave on the polar
contour and the vortices. Each interaction produces further filamentary debris,
rapidly increasing the complexity of the flow.

Calculations performed with higher azimuthal wavenumber and thinner bands
show less sensitivity to the curvature of the sphere’s surface. Away from the polar
regions, a thin band appears locally straight and flat, and the instabilities develop
accordingly (see also Appendix B). Likewise, near one of the poles, the band lies in
an approximately horizontal surface, and then the band behaves like an annular

vortex in planar geometry (some examples of this evolution may be found in
Dritschel 1986).
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(h)

00

Figure 5. The nonlinear development of the unstable basic flow 8, = 44°, §,, = 33°, withw,, = — 1.
(a) View from 6 = 60°, ¢ = 20°. (b) Polar stereographic view looking down on the north pole (the
equator is at the edge of the disc).

4, Stability in the presence of polar vortices

We next examine the effect of the presence of two polar vortices on the preceding
stability results. The motivation comes from the recent numerical experiments of
Juckes & McIntyre (1987), who have observed the roll-up of vorticity filaments in the
vicinity of a polar vortex. This roll-up is surprising in view of the strong adverse
shear produced by the vortex which should make the filaments stable.

For generality, we consider then a vortex of strength «,, (= circulation/2x) placed
at the north pole, and another of strength «,, is placed at the south pole. Each
vortex, for maximum simplicity, is assumed to be concentrated at a point, though we
have in mind applying the results to finite polar vortices. This is justified as long as
the equivalent finite vortices remain relatively undisturbed by the action of the band
between them. Some justification comes from analogous planar results, for which a
direct comparison between point and finite vortices has been made (Dritschel 1989a),
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while more direct justification is given below in a nonlinear calculation that uses
finite vortices.
The stream functions associated with the point vortices are

wnp(z) = %Knp log (1—2), wsp(z) = %Ksp log (1 +2). (21 a, b)

Recall that these forms take into account both the flow created by the point vortex
and the compensating uniform background vorticity that ensures zero total
circulation. The prineciple of superposition allows us to add these flows to that due to
the band of vorticity already considered. If we restrict attention to disturbances with
azimuthal wavenumbers greater than 1, then the two polar vortices will not be
disturbed, and the stability analysis is then scarcely altered from before. We just
need to augment 2, and 2, the angular velocities at the edge of band, by the point
vortex flows (21).
The additional angular velocity associated with the polar vortices is given by

0 Ky Kg
Qp(z) = —'a(wnp_i_wsp) = W_pj)_m (22)

To see most clearly the effect of the polar vortices, the original definitions of ., and

Qs will be left unchanged in lieu of altering the final stability results in (17). The

definition of o is the same as written in (17a), while (175) and (17 ¢) acquire additional

terms: . o~

Wy = Y@+ Gg) —M(24, + Q) — m(gp(zm) +Q,(246))s (23a)
- %((Dn_‘Ds)—m(gon_QOS)_m(gp(ZOn)_gp(zOS))' (23b)

To understand the potentially stabilizing role of the polar vortices, let us
determine the conditions under which all disturbances are stable. Consider the
various terms within the radical in (17a). The terms |&, & | (= |1 —}w?/|) and S are
both less than unity (recall &, &, < 0 is necessary for instability). With the vorticity
dimensionalization adopted in (19), the first term in (23b), }(&, — &), equals —1. The
second term, —m(L2,,—£2,,), is always positive as long as |w,| < 2, and this latter
condition is satisfied as a result of @,@, <0. Hence, if the third term,
—m(82,(20n) — £2p(2,5)) is sufficiently negative to overcome the second one, then |w_|
will be greater than 1. This is enough to ensure that the quantity within the radical
will be positive for all disturbance wavenumbers m. Therefore, a sufficient condition
for stability is that the total angular velocity difference across the band be of
opposite sign to the angular velocity difference due to the band alone. To put it
mathematically,

(7]

I

A= —olon) = Lplzed) | |

‘QOn - QOS (24)

is a second sufficient condition for stability. There is stability either when @, &, > 0
or when A > 1. This second condition corresponds to stabilization by adverse shear
(Dritschel 1989a). In both the spherical and planar cases, a reversal in the angular
or linear velocities brings about stability. (The reason why there should be a close
link between these cases is discussed in Dritschel 19885.)

What is different about spherical flows is the nature of the adverse shear produced
by the polar vortices. To illustrate this without being encumbered by the great
number of parameters already present, several simplifications are made. First, the
band is taken to be very thin, i.e. (2on—%ps) € (20n+72s)- In this case, we may
introduce the dimensionless parameter k = m(6,, — 6,,) in place of m and refer only
to the mean latitude of the band, 8, = }(6,,+6,) (Z, = sinf, will be used also).
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Second, the vorticity on either side of the band is taken to be equal, so w,, = 0.
Lastly, we confine our attention to the three simplest polar flows: (a) k., = &, = «,
(b) kpp = &, kgp = 0 and (c) kpp, = —«, = k. Case (a) for two equal polar vortices is
relevant to the calculation in figure 4, case (¢) for two opposite polar vortices is
relevant to the hemispherical simulations of Juckes & McIntyre (1987), and case (b)
corresponds to the more realistic terrestrial situation where a single polar vortex is
present.

With these simplifications, the band is locally flat and straight, so we can apply the
known planar results (see Dritschel 1989a). It is only necessary to calculate the
adverse shear 4 for the three polar flows considered. For case (a) (k,, = &, = &), (24)

ives
& K (1+7

=523 e

where we have explicitly shown the dependence on the vorticity jump into the band
@y, previously fixed at unity by (19). &, and « will both be considered positive in the

following discussion. For case (b) (k,, = &, kg, = 0),
_ Kk (147,
4= 2(7)1,(1—70)’ (255)
and for case (c) (kyp, = —Kgp = K),
2 2,
A _ab(1—zg)' (25¢)
For z, close to 1, all three expressions reduce to the planar result,
2¢(1
-5 0

where 7, = (1 —22)? is the mean distance of the band from the polar axis (Dritschel
1989a). Away from the polar regions, however, all three expressions imply
considerably less adverse shear than one would estimate, say, using cord distance
[2(1 —7,)JF in place of 7, in (26). Indeed, A vanishes at the south pole in case (b), and
in case (c) it changes sign at the equator and takes on negative values in the southern
hemisphere (which implies an even greater tendency for instability). Case (c) is the
most relevant to the work of Juckes & MclIntyre (1987) since the circulation in the
two hemispheres is equal in magnitude but opposite in sign.

Setting 4 = 1 in (25a—c), we can determine the region of the spherical surface in
which a thin band of vorticity will be stabilized by adverse shear. This will depend
on the ratio of the polar vortex strength « to the vorticity jump into the band &,
This result is shown in figure 6 for the three cases. More relevant to the nonlinear
problem of vortex roll-up, however, is the same figure for 4 = 4, = 0.65, the value
of the adverse shear below which bands of vorticity exhibit irreversible disruption
(Dritschel 1989 a). The result in this case can be obtained by using 2«/d, 4, in place
of 2x/&, in figure 6.

As expected, when the polar vortices are weak they cannot prevent instability.
What is significant however, is that, in cases (b) and especially (c), a substantial area
of the spherical surface is ripe for the roll-up of filaments even for large values of
2x/@,. Essentially, thin filaments of vorticity in the equatorial regions of the
northern hemisphere and over the whole southern hemisphere are unstable to roll-up,
even when the polar vortex is several times stronger than the filament. When the

3 FLM 234
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Ficure 6. Stability regions as a function of 2«/&, for the three polar vortex configurations. The
case of equal vortices is given by the solid curve (a); the regions outside this curve are stable. The
case of one polar vortex is shown by the dashed curve (b); the stable region lies north of it. And,

the case of two opposite polar vortices is shown by the dotted curve (c); the stable region again lies
north of it.

strengths are comparable, figure 6 shows that any filament south of approximately
40° latitude will be unstable.

Case (@), which exhibits much greater stability, is relevant to the calculation
shown in figure 4. It explains why the filaments caught between the two large, like-
signed vortices are able to resist roll-up at late times.

We conclude this section with a nonlinear calculation that demonstrates the
general inability of antisymmetrically distributed polar vortices to prevent roll-up.
Finite polar vortices are used in the calculation illustrated. The northern vortex
extends down to a latitude of 50°, and the vorticity jump across its edge is @,, = 1.
The southern vortex extends up to —40° and has the same vorticity jump (ky, =
— (1 —sin 40°) while «,, = 1 —sin 50°). The slight imbalance in vortex strengths is
approximately compensated for by a band of finite width straddling the latitudes
between 10° and 20° north. The vorticity jump into the band is @, = 3, or half of that
at the edge of each polar vortex. Numerical noise provides the initial disturbance.

Figures 7(a) and 7(b) show the evolution using orthographic and polar
stereographic projections. The band rapidly destabilizes and disrupts the northern
polar vortex (see figure 7¢ for an enlargement of 7b at the latest time). The band
causes this disruption by developing asymmetrically, with pronounced low-
wavenumber components. These low-wavenumber components have a long range of
interaction and so disturbances are readily transmitted between the band and the
polar vortex.

A little more insight can be gained by calculating the adverse shear initially
experienced by the band. The relevant formulae are (22) and (24). When one
substitutes the numerical parameters characterizing the initial flow, one obtains the
value A4 = 0.208, which falls substantially short of the value for stabilization (4 =
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(a)
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Ficure 7(a). For caption see p. 63.

1). Furthermore, this value of adverse shear lies on the boundary between two
nonlinear regimes in the evolution of planar bands, as discussed in Dritschel (1989a).
For 4 £0.21, the band rolls up immediately into a string of vortices, while for
0.21 £ 4 £ 0.45, the initial roll-up does not complete before the shear extends the
enlarged sections of the band, creating a complex sequence of folds and miniature
roll-ups. Both types of behaviour are evident in figure 7.

S. A simple mechanism for band instability

We present here a simple physical explanation for the instability of bands of
vorticity, whether they be on planar or spherical surfaces. This explanation only
makes use of the dispersion relation for a single interface or vorticity discontinuity.

In a rotating or translating frame of reference, depending on the geometry, the
frequency of any disturbance is independent of wavenumber, and takes the value 1@,
where @ is the vorticity jump across the interface (Dritschel 1988¢). The angular or

3-2
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(b)

Ficure 7 (b). For caption see facing page.

linear velocity with which waves propagate is simply —@&/2m, where m stands for
either azimuthal wavenumber or simply wavenumber for a straight, planar interface.

For a band of vorticity, for simplicity one having equal magnitude but oppositely
signed vorticity jumps at its two edges, the waves on the two interfaces travel in
opposite directions, omitting the basic flow contribution. This latter contribution
consists of two parts: the first is the contribution from the band, which always
opposes the intrinsic relative wave motion, and the second is the contribution from
external regions, such as the polar vortices considered in the previous section (this
contribution may either oppose or augment the intrinsic relative wave motion).

A simple yet remarkably accurate determination of the most unstable disturbance
is to find, if possible, the disturbance wavenumber m for which the waves on the two
interfaces move together. This is called ‘phase-locking’ and is always possible when
the flow is unstable. A little further thought about the solutions of Laplace’s
equation also provides an accurate estimate of the corresponding growth rate.

For simplicity, consider an annular band of vorticity in planar geometry. The
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Ficure 7. The nonlinear development of an unstable band lying between 6,, = 10° and 6,, = 20°,
in the presence of two finite polar vortices of oppositely signed circulation (6,, = 50° and 6,, =
—40°). The vorticity jump into the band &, = 1 is half of that across the edges of the polar vortices.
(a) Orthographic view from 6 = 20°, ¢ = 20°. (b) Polar stereographic view (the outer disc is at ¢ =
—20°). (c) Enlargement of the view in (b) at t = 49.

inner edge, in equilibrium, lies at r = a, and the outer lies at » = b. The vorticity
jumps by @ crossing into the band from the exterior irrotational fluid, and by —&
crossing out of the band into the interior irrotational fluid. Thus, the waves
propagate at the angular velocities 2, = —®/2m and &/2m on the outer and inner
edges of the band, omitting the basic flow contribution.

The basic flow ,(r) is calculated easily from r*d (»®Q2,)/dr = w, where w is the
band distribution of vorticity. Along the inner edge, 2, = 0, and along the outer
edge, 2, = 16(1 —a?/b?). For generality, an external flow in the form of a central
point vortex is included as well. Its basic flow is Q,, = x/r?; so, along the inner edge,
Q,, = k/a?, while along the outer edge, Q,, = «/b>.

To find the most unstable wavenumber, it remains to equate the total angular
velocity Q. + £, + €, of the waves on the two edges. This gives

& K o & a®\ «
s ‘Wfa(l‘ﬁ)W’ (27)
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Ficure 8. Comparison between the exact and approximate results for the linear stability of a thin
band of vorticity in adverse shear 4. (@) The dimensionless wavenumber 4 of the most unstable
mode as a function of 4. The solid curve is the exact result obtained by a full eigenvalue analysis
(Dritschel 1989a), and the dashed curve is the approximate result derived by heuristic argument.
(b) The dimensionless growth rate o,/& corresponding to (a).
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which must be solved for m. The solution is

1 a? -1
m = [5(1—§)(1—A)] , (28)

where 4 = 2«k/da® is the dimensionless shear. 4 = 1 implies that the two edges of the
strip move together, Q,(a)+ 2, (a) = Q2,(b)+£2,,(b), and (28) implies that only
infinitely short waves can phase-lock. By Laplace’s equation, the interaction
between the waves on the two edges is then essentially zero; a sinuous stream-
function disturbance along the band implies, by irrotationality, an evanescent
disturbance across the band. The higher the disturbance wavenumber m, the weaker
the interaction between the waves on the two edges, and this accounts for the
stabilization that occurs when A reaches 1. A good estimate of the growth rate of
disturbances is given by the intrinsic frequency of the waves, @, multiplied by the
evanescent factor associated with Laplace’s equation in cylindrical coordinates (the
irrotational solutions of Laplace’s equation are proportional to r£™ e!™¢):

oy = 3 (g)m. (29)
b

The surprising result is that (28) and (29) are good estimates even when the
azimuthal wavenumber is O(1). For example, when 4 = 0 and a/b = 0.6, a full linear
analysis shows that m = 3 is the only unstable eigenmode, and o; = 0.106...@ (see
e.g. Dritschel 1986, figure 2). For comparison, (28) predicts m = 3.125, whose nearest
integer value is 3, while (29) predicts o, = 0.108&. Similarly close results can be
obtained in the thin-strip limit, (b—a)/a < 1. Defining 4 = (b—a) and k = m/a, (28)
becomes

k4 =(1—A4)1, (30)
ek, (31)

and both of these expressions fit well the results of the full eigenvalue analysis in this
case (Dritschel 1989a) over the entire range of unstable shear values, —o0 <4 < 1
— see figures 8 (a) and 8(b). The conclusion is that basic notions of wave propagation
and interaction give a remarkably accurate estimate of band instability.

wél—l

while (29) becomes o, =

1

6. Summary

We have extended the classical analysis of Rayleigh to spherical geometry and
have found unexpected effects. Bands of vorticity located in equatorial regions are
generally more prone to instability than bands located in polar regions. A difference
in the vorticity immediately north and south of the band shifts the location of
maximum instability poleward ; bands with a positive average inward vorticity jump
are more unstable in the hemisphere of lower vorticity, and vice versa. And, thin
bands of vorticity tend to be more unstable than thick bands, as in planar geometry.
Overall, bands or filaments of vorticity have a more pronounced tendency to roll-up
on the sphere than on the plane. Polar vortices which had been thought to be a
stabilizing influence on filamentary vorticity have been shown to be largely
ineffective in preventing roll-up instability, particularly in equatorial regions.

These findings may help explain the roll-up of equatorially located filaments
observed in single-layer models of the Earth’s stratosphere (Juckes 1987; Juckes &
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Melntyre 1987; Waugh 1991), as well as the roll-up of tongues of vorticity ejected
from the main polar vortex during wave breaking events in the real stratosphere (see
Melntyre 1991 and references therein). The simple model put forth, in which a single
band of uniform vorticity is located initially between compact polar vortices,
certainly idealizes the actual vorticity distribution, to say nothing of its vertical
structure. Yet it is plausible that the instability and roll-up of filamentary potential
vorticity anomalies in stratified geophysical flows arises from fundamentally the
same mechanism, since it is the potential vorticity distribution and the geometry
containing the flow which essentially describe the instantaneous fluid motion and the
interaction between its parts. Some new effects arising from the coupling between
different layers in a stratified environment are examined by Waugh & Dritschel
(1991), though again the basic mechanism is the same. The results of this paper
illustrate the important, destabilizing effect of spherical geometry and give a
qualitative guide for the behaviour of filaments of potential vorticity strewn around
a vortex following wave breaking. The polar distribution of vorticity in the
atmospheres of rapidly rotating planets like the Earth singles out the equatorial
region as the most likely place to form coherent vortices by way of filament
instability, and it is a curious fact that this is where the large vortices on Jupiter and
Neptune are located.
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Appendix A. Derivation of the governing equations in Lagrangian form

In this appendix, we briefly review the elements of the derivation of equation (1)
in the text. For a more complete account, see Dritschel (1988a or 19895). The
starting point is the relationship between stream function and vorticity,

Vi = o, (A1)

where here the Laplacian is restricted to the spherical surface. In the natural
coordinates for the sphere, z (sine of latitude) and ¢ (longitude), we have

0 17 1 %
20— Y hutlh
vy az((l )az)+1—-z20¢2' (42)
The Green function needed for the inversion of ¥, i.e.
Ve, ) = H O 8 2, 8) 0l ¢) 7 dg, (43)
satisfies V2@ = 11: 02 —2)0(p' —P)— 1), (A 4)

the constant arising from the necessity that the integral of the Laplacian over a finite
surface must vanish identically. The solution of this equation is elementary since, by
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symmetry of the surface, G can only depend on the distance between two points. One
can readily verify that

1 ,
G—-ﬁloglx—xL (A 5)

or the logarithm of the cord distance between two points (here x = (rcos ¢, rsin ¢, z)
with r = (1—22%)%, and likewise for x).

The next step of the derivation is to focus on the calculation of the axial velocity
w = dz/d¢; the other components can be obtained afterwards by symmetry. The
reason why z and ¢ are the natural coordinates for the sphere is because

dz_oy dé_
dt  9¢’ dt 0z (46)

and dzdg is differential surface area. Using only the first of these equations, we have

d 0 G
E-Zffewpinpronsraay - - [[Sepinpron.g)aray

(A7)

since @ depends only on the angular difference ¢'—¢.

Now consider a single patch of vorticity, @ = constant in a region R bounded by
a contour ¥. Define the inside of € to be the part of the sphere to be the left of €.
Then we can use Stoke’s theorem to obtain

dz ~ ’ ’. o o ’ ’
- —wi’G(z,qS 2, 9)de’ = 2ni’loglx x’|dz’,

and hence by symmetry

dx &

— = ——0 log|x—x'|dx". A8
= -2 loglx—x] (A8)
Here @ is the vorticity jump crossing into €. It is related to interior and exterior
vorticity by the obvious relation

W = Wiy —Woy,

but the constraint of zero total circulation (zero integral of Laplace’s equation)
provides a second relation,

(I)inA + a)om(41|: _A) = 0,

where A is the area inside € (i.e. 4 = % (1—2)d¢). Hence, given any one of @, w;, or
Wy, the other two are determined. The contour dynamical equations need only know
about @—the constraint of zero total circulation is automatically satisfied by
construction. For later diagnostic purposes, for example producing plots of the
vorticity like those shown in this paper, one can use the above relations to obtain the
absolute vorticity anywhere on the surface.

Appendix B. The dispersion relation in the thin-band limit

In this appendix, we show the direct connection between the dispersion relation for
a thin band and the result for a straight band in planar geometry, first obtained by
Rayleigh (1887). The starting point is equation (17a) for a finite band in spherical
geometry. In the limit where the band thickness tends to zero, the width of the band
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A must be much less than the mean radial position r of the band, 4/r <€ 1. The width
4 is related to zy, —z,, = Az by

A= Az/r. (B1)

Letting @ be the vorticity jump into the band, we have &, = —&, = & and so, from

(2) and (3), w, = w, = —3®Az. Using these values in (6), we obtain w, from (175, c)
2 SemA m A

0, 25 0 r o+ (B2)

If now we introduce the corresponding planar wavenumber k, related to the
azimuthal wavenumber m via m = kr, these expressions simplify to

w, X —o2kd; w_x o(l—kd). (B3)

Finally, we turn to the term S®*™ in (17a). With S defined in (14), we substitute
Zon = 2+3Az and zy, = z—3Az, and linearize in Az/r® = 4/r to obtain

o (124 o 1 2e4) B

m

Letting m— oo, in the expectation that instabilities will have wavelengths
comparable to the band thickness, we obtain

Szm_>e~2k4_
Hence, (17 @) reduces in the thin-band limit to
o = li{zkd +[(1—kd)? —e 243},

The term involving the square root is identical to Rayleigh’s dispersion relation for
an infinite strip in planar geometry. The other, neutral term arises from the effects
of spherical geometry, specifically from the residual background vorticity that must

be present to ensure that the globally integrated vorticity must vanish (Appendix A).
This term has no effect on stability.
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