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Figure 9. The six initial conditions used to study the interaction dependence on the vortex
amplitude AV . Positive (negative) values of AV correspond to cyclonic (anticyclonic) vorticity in the
strip x ∈ [−1, 1]. (a) vV , (b) the corresponding balanced ηV , where cyclones (anticyclones) correspond
to surface depressions (elevations) and (c) the PV. For all these cases SV = 0.2.

0.5 to 2.0 only leads to roughly an 8% increase in a(t). Furthermore, in the cyclonic
case the interaction increases with vortex amplitude, whereas the opposite is true in
the anticyclonic case. Again, if these results generalize to two-dimensional vortices,
they might help explain the findings of Polvani et al. (1994). In those turbulence
simulations, as initially small vortices grow in size through repeated mergers, those
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Figure 10. The time evolution of a(t), the area under the PV anomaly, for (a) the cyclonic vortices
and (b) the anticyclonic vortices. The initial conditions were shown in figure 9. The IG waves hit
the vortex at t ≈ 10, at which time the PV is altered. For all these cases AW = 2.0 and SV = 0.2.

vortices which interact more strongly with IG waves would presumably be less likely
to remain coherent and axisymmetric, as in the case of cyclones.

Finally, we mention that the steepness parameter SV has little effect on the wave–
vortex interaction. Figure 11 shows that increasing the vortex edge steepness leads
only to slightly greater changes in a(t) when the maximum amplitude of the vortex is
held fixed.

6. Discussion
In this paper, we have demonstrated the existence of wave–vortex interaction in

rotating shallow water by considering how, in physical space, a train of IG waves is
able to modify a vortex. The strength of this formulation (as opposed to the Fourier
space formulation) lies in the fact that the results obtained do not depend on either
small amplitude (near linear) or statistically homogeneous assumptions, and that it
allows us to describe when, where and how the interaction occurs. While it is well
known that balanced motions can affect IG waves, we have here shown explicitly that
IG waves can affect balanced motions as well. For small amplitudes, the interaction
scales as the square of the Rossby number. For larger amplitude (e.g. maximum
advective Rossby numbers of no more than 0.3) the interaction results in substantial
temporal changes in PV (up to 30%). Moreover, it was found that IG waves induce
greater PV changes on cyclonic vortices than on anticyclonic vortices. Finally, we
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Figure 11. The interaction dependence on SV , the vortex steepness parameter. (a) The initial PV
profiles, (b) a(t) vs. time, (c) is an enlargement of the boxed region in (b). In all cases, the dependence
on SV is slight. The IG wave parameter was fixed at AW = 2.0 and the vortex amplitude AV = 2.0.

have demonstrated that, surprisingly, in the simple one-dimensional context we have
studied here, IG waves leave no trace on the vortices in the limit t→ ∞, irrespective
of the wave amplitude.

From this infinite-time result, however, one should not conclude that there is no
wave–vortex interaction, and that therefore gravity waves ‘don’t matter’ (cf. Buhler
& McIntyre 1998). For instance, the instantaneous temporal changes in PV induced
by IG waves have important implications for the validity of balanced models. The
diagnostic step needed in any balanced model relies crucially on inverting the in-
stantaneous PV field for calculating balanced velocity components (which are then
used to advect the PV). As we have shown, IG waves do affect the PV field on
time scales greater than 1/f; hence, they do matter. In the simplest balanced model,
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quasi-geostrophy, PV cannot change in time in a one-dimensional setting. Therefore,
the extent to which the PV changes is the extent to which the quasi-geostrophic theory
fails, in this one-dimensional model at least.

Ideally, one would like to be able to accurately predict slow balanced motions
in the presence of gravity waves without using the full primitive equations. Such a
problem has been the subject of intense research (Charney 1951; Lorenz 1960; Gent
& McWilliams 1983; Salmon 1985; McWilliams 1985; Williams 1985; Allen, Barth &
Newberger 1990; Spall & McWilliams 1992; Vallis 1992; McIntyre & Norton 1990,
among many). The work presented here does not address this fundamental prognostic
problem but at least shows clearly how balanced motion can be altered by gravity
waves. Hopefully, it might suggest new insights into the construction of balanced
models.

A main reason for our first presenting results using a simplified one-dimensional
model, as opposed to working in a more realistic two-dimensional setting, is that the
general features of wave–vortex interaction can be elucidated in simplest form in this
case, with the advantage of having exact PV inversion diagnostics. There is every
reason to expect that the time-dependent changes in PV found here will also occur
in two dimensions (in addition, of course, to the even richer dynamical possibilities
associated with the added dimension). An investigation into the interaction problem
in two dimensions is forthcoming.
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