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[1] We perform the first analysis of stratosphere-troposphere exchange in terms of
distributions that partition the one-way flux across the thermal tropopause according to
stratospheric residence time t and the regions where air enters and exits the stratosphere.
These distributions robustly quantify one-way flux without being rendered ill defined by
the short-t eddy-diffusive singularity. Diagnostics are computed with an idealized
circulation model with topography only in the Northern Hemisphere (NH) run under
perpetual NH winter conditions. Suitable integrations of the flux distribution are used to
determine the stratospheric mean residence time �t and the mass fraction of the stratosphere
in any given residence time interval. We find that the largest mass fraction is destined
for isentropic cross-tropopause transport, with one-way fluxes that are sustained over a
broad range of residence times. Air exiting the stratosphere in the winter hemisphere has
significantly longer mean residence times than air exiting in the summer hemisphere
because the winter hemisphere has a deeper circulation and stronger eddy diffusion. We
also explore the sensitivity of the stratosphere-troposphere exchange to changes in the
circulation by increasing the amplitude of the topography. The resulting more vigorous
residual mean circulation dominates over increased eddy diffusion, leading to decreased
�t except for air exiting at high NH latitudes, for which �t increases. These findings
underline that the flux distributions diagnose the integrated advective-diffusive
tropopause-to-tropopause transport and not merely advection by the residual mean
circulation.

Citation: Orbe, C., M. Holzer, and L. M. Polvani (2012), Flux distributions as robust diagnostics of stratosphere-troposphere
exchange, J. Geophys. Res., 117, D01302, doi:10.1029/2011JD016455.

1. Introduction

[2] The chemical and radiative properties of the tropo-
sphere and lower stratosphere are strongly influenced by the
stratosphere-troposphere exchange (STE) of mass and tracers
[e.g.,Morgenstern and Carver, 2001; Park et al., 2004; Jing
et al., 2005; Hegglin et al., 2006; Pan et al., 2006, 2007].
Changes in STE with a changing climate will have important
implications for the distribution of ozone, for the oxidizing
capacity of the troposphere [e.g., Kentarchos and Roelofs,
2003], and hence for tropospheric air quality [e.g., Stohl
et al., 2000; Cooper et al., 2005; Hsu et al., 2005]. We
emphasize, however, that our study does not focus on the

net flux of ozone; instead we develop tracer-independent
diagnostics of STE.
[3] Recent simulations [Hegglin and Shepherd, 2009;

Zeng et al., 2010] using comprehensive general circulation
models with coupled stratospheric chemistry predict that the
Brewer-Dobson circulation (BDC) will increase over the
21st century leading to increased stratosphere-to-troposphere
(S → T) ozone fluxes, increased surface ultraviolet radiation
exposure, and increased surface ozone levels. It is therefore
important to obtain a fundamental, quantitative understand-
ing of cross-tropopause transport.
[4] Because of eddy-diffusive mixing, large cross-

tropopause tracer gradients can lead to significant tracer
transport even if the net mass flux is zero [Gettelman and
Sobel, 2000]. The net air mass flux [Holton et al., 1995;
Appenzeller et al., 1996; James et al., 2003; Olsen et al.,
2004] is therefore not a useful transport diagnostic. In
recognition of this fact, investigators have focused on the
one-way (also called “gross”) S→ T and T→ S fluxes [Stohl
et al., 2000; Wernli and Bourqui, 2002]. While it was not
recognized from the outset, it is now clear that these one-way
fluxes are fundamentally ill defined and, in fact, singular in
the continuum limit, unless additional constraints on either
entry/exit locations and/or residence time are imposed [Hall
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and Holzer, 2003; Primeau and Holzer, 2006]. Residence
time here refers to the time spent in the stratosphere between
successive crossings of the tropopause.
[5] The singular nature of the one-way fluxes arises

physically from the quasi-random nature of eddy diffusion at
the shortest resolved length and time scales. Although the
singularity can be avoided by demanding that fluid elements
stay for at least a threshold residence time on the other
side of the tropopause before recrossing, the one-way cross-
tropopause flux is in practice found to be a rapidly changing
function of such a threshold time [Wernli and Bourqui, 2002;
Bourqui, 2006]. This sensitivity to residence time explains
the widely divergent estimates of STE fluxes reported in the
literature [Gettelman and Sobel, 2000; Hall and Holzer,
2003].
[6] The one-way cross-tropopause flux is nevertheless an

appropriate and powerful transport diagnostic once it is
understood that this flux must be considered to be a distri-
bution over residence time, and not a single number [Hall
and Holzer, 2003]. One needs to partition (or “bin”) the
one-way flux with respect to residence time, t, and with
respect to the regions where the tropopause is being crossed.
The resulting one-way flux distribution f is the fundamental
STE diagnostic at the heart of this study.
[7] The distribution f contains a wealth of information on

STE, which is conveniently summarized in terms of a num-
ber of moments such as the mean stratospheric residence time
�t and the mass fraction m of the stratosphere that enters and
exits through specified regions of the tropopause. These
moments are mathematically well-defined quantities that do

not suffer from the diffusive singularity of f as t → 0.
Indeed, following Primeau and Holzer [2006], we will first
use f to compute an integrable joint distribution of residence
time and entry/exit location and then compute �t and m.
[8] Following an exposition of the theory and methodology,

we illustrate the utility of f and some of its key properties
for quantifying STE with the results from an idealized
GCM [Held and Suarez, 1994; Gerber and Polvani, 2009].
The sensitivity of our STE diagnostics to circulation changes
is also explored within the context of the idealized GCM.We
emphasize, however, that the flux density diagnostics can
straightforwardly be computed using any circulation model
capable of carrying conserved passive tracers.

2. Theory: Flux Distribution and Residence Time
Partitioned Mass

[9] In order to quantify STE we must first define a tro-
popause, denoted throughout by W. To partition the one-way
flux according to where air enters and exits the stratosphere,
we tile the tropopause with patches. Patches where we track
the one-way entry of air into the stratosphere are denoted by
Wi, and patches where we track the one-way exit of air are
denoted by Wf (see Figure 1). (We note that on both patches
there will also be one-way flux in the opposite direction,
resulting in the net flux of air, and that when transport from
Wi back to Wi is considered, one has Wf = Wi.) To track air
parcels during their transit from Wi to Wf we use the bound-
ary propagator Green function G (which has dimensions of
inverse time). Physically, G(r, t∣Wi, ti)dti is the mass fraction

Figure 1. Schematic illustration of tropopause-to-tropopause transport through the stratosphere. The
axes are longitude l, latitude f, and height z. Air is labeled with tracer G as it enters the stratosphere
through tropopause patch Wi during (ti, ti + dti). The flux of this labeled air out of the stratosphere through
tropopause patch Wf, after a residence time in the interval (t, t + dt), is given by f(Wf, t ∣Wi)dt in the
ensemble mean. Zero–mixing ratio boundary conditions on the tropopause prevent any return flux of
labeled air from the troposphere, ensuring that f is the one-way S→ T flux density.
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of air at position r and time t that had last Wi contact during
(ti, ti + dti). One may think of G as a label that is applied to
air on Wi during (ti, ti + dti) and for convenience we refer to
air labeled by G(r, t∣Wi, ti) as “(Wi, ti) air”.
[10] The boundary propagator G is computed as the pas-

sive tracer response to a pulse in mixing ratio applied during
(ti, ti + dti) over tropopause patch Wi that satisfies the source-
free advection–diffusion equation

∂
∂t

rGð Þ þ r⋅ J ¼ 0; ð1Þ

where J is the advective-diffusive mass flux of G, and r is
the density of air. For the generic case of advection with
velocity u and Fickian diffusion with diffusivity tensor K,
we have J = (ru � rKr)G. The boundary conditions for G
are

G rW; tjWi; tið Þ ¼ D2 rW;Wið Þd t � tið Þ; ð2Þ

where d(t � ti) is the usual Dirac delta function and the
surface mask D2(rW, Wi) = 1 if tropopause point rW lies on
patch Wi, andD

2(rW, Wi) = 0 otherwise. Note that a boundary
condition of zero applies to the entire tropopause for t > ti.
This ensures that the G label is removed when (Wi, ti) air
makes contact with the tropopause for t > ti.
[11] The area-averaged S → T mass flux of (Wi, ti) air

through patch Wf that has resided in the stratosphere for a
time in the interval (t, t + dt) is formally given by

f Wf ; ti þ tjWi; ti
� �

dt ¼ dt
1

A Wf

� �
Z
Wf

d2r n̂⋅J r; ti þ tjWi; tið Þ;

ð3Þ

where n̂ is the surface normal of the tropopause and A(Wf )
is the area of Wf . The boundary conditions (2) ensure that
there is no return flux of Wi air from the troposphere so
that f is the one-way, or gross, S → T flux. The flux f has
the same dimensions as J (mass area�1 time�2) and is
therefore a flux-density distribution that partitions the flux
of (Wi, ti) air through Wf according to residence time, t.
Note that conservation of mass demands that the flow rate
A(Wf) f (Wf, ti + t∣Wi, ti)dt is both the rate with which Wi

air in the residence time interval (t, t + dt) exits through Wf

at time tf = ti + t, and also the rate with which the same air
entered through Wi at time ti. Thus, the flux density not only
quantifies the Wi → Wf S → T flux exiting through Wf, but
fA(Wf)/A(Wi) is also the T → S flux entering through Wi,
per unit residence time.
[12] Given the flux density distribution f, it is natural

to define the cumulative flux distribution F (Wf, t*∣Wi, ti) ≡R
t*
∞ dtf (Wf , ti + t∣Wi, ti), which is the flux of (Wi, ti) air

with residence time t and longer that exits through Wf. The
cumulative flux F has dimensions (mass area�1 time�1).
Because of eddy diffusion, both f and F are singular at t = 0
for overlapping patches Wi and Wf . For the case of Fickian
diffusion, f � t�3/2 and F � t�1/2 in the limit of small t
[Hall and Holzer, 2003; Primeau and Holzer, 2006].
[13] It is interesting to ask what fraction of the strato-

sphere undergoes Wi → Wf transport in any given resi-
dence time interval. To this end, one can integrate the flux
density f to obtain the integrable distribution R defined so

that R(t, Wi, Wf)dt is the mass fraction of the stratosphere
that has entered through Wi and is destined to exit through
Wf after a Wi → Wf transit time in the interval (t, t + dt),
the transit time to Wf being the stratospheric residence time.
[14] Primeau and Holzer [2006] worked out the relation-

ship between R and f for general time-varying flow, for
which R can only be computed using a large number of
tracers [Holzer and Hall, 2008]. Here we avoid the need for a
large number of tracers by ensemble averaging over several
realizations of the flow so that we can use a simple relation-
ship derivable for steady flow. (For steady flow f and R,
and diagnostics derived therefrom, depend on time only
through t, and we omit the ti dependence for ensemble
averages.) The fact that the mass with residence time t is
flushed out of the stratosphere in time t gives for steady
flow that

R t;Wi;Wf

� � ¼ 1

M
A Wf

� �
f Wf ; tjWi

� �
t; ð4Þ

where M is the mean mass of the stratosphere. We note in
passing that R also has the interpretation of being a domain
integrated path density [Holzer, 2009a, 2009b].
[15] Because R partitions the finite mass of the strato-

sphere, it is integrable even when overlapping entry/exit
patches introduce a zero-t singularity, with the normalization

X
Wi

X
Wf

Z ∞

0
dt R t;Wi;Wf

� � ¼ 1: ð5Þ

The distribution R is usefully summarized by its moments.
The mass fraction, m(Wi, Wf), of the stratosphere undergoing
Wi → Wf transport is given by

m Wi;Wf

� �
≡
Z ∞

0
dt R t;Wi;Wf

� �
; ð6Þ

and the mean Wi → Wf residence time is given by

�t Wi;Wf

� �
≡

1

m Wi;Wf

� �
Z ∞

0
dt tR t;Wi;Wf

� �
: ð7Þ

[16] It is important to distinguish the mean residence
time �t from the stratospheric mean age G. First, note that
for Wi = W (the entire tropopause) G also has the interpreta-
tion of being the age spectrum [Hall and Plumb, 1994], and
to the degree that the flow is statistically steady G =

R
0
∞tGdt.

The mean age is the average time since last contact with the
tropopause, and thus G = 0 at the tropopause. The mean
residence time �t is the average Wi → Wf transit time, where
the weights of the average (7) partition the mass fraction
of the entire stratosphere undergoing Wi → Wf transport
according to residence time. Mean residence time cannot be
deduced from mean age: G(r) characterizes the transport
from the tropopause to stratospheric point r, while �t includes
the transit time from all interior locations back to the tropo-
pause. To obtain the Wi → Wf transit time, one must diag-
nose the flux of Wi air (i.e., the flux of G ) out of the
stratosphere through Wf . The mean residence time �t cannot
be computed from G itself because G = 0 on the tropopause
for t > ti.
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[17] The flux distribution f, defined by (3), is the funda-
mental transport diagnostic at the core of our analysis of
STE, which we perform here in the context of an idealized
GCM. Consistent with the idealized nature of the model
atmosphere, we focus only on zonally averaged transport
diagnostics, and use longitudinal tropopause strips for the
patches Wi and Wf.

3. Methodology

3.1. The Model

[18] To illustrate our diagnostics we use a model of the dry
atmosphere with idealized thermodynamic and momentum
forcings as described by Polvani and Kushner [2002]. The
temperature is linearly relaxed to an analytic equilibrium
profile that is almost identical to that of Held and Suarez
[1994], except for a factor to cause asymmetric temper-
ature gradients between the hemispheres to better capture
perpetual December-January-February (DJF) conditions. This
Newtonian temperature relaxation yields baroclinic eddies
in the troposphere and a polar vortex in the stratosphere,
via an imposed cold anomaly above 100 hPa in the NH.
[19] To represent realistic stratospheric variability, we use

the configuration of [Gerber and Polvani, 2009] (hereafter
GP2009), which sets the polar vortex lapse rate to 4 K km�1

and imposes 3 km amplitude zonal wave number 2 topog-
raphy in the NH midlatitudes centered at 45°N. GP2009
found that this combination of topography and thermal

forcing produces a realistic frequency of stratospheric sudden
warmings and realistic stratosphere-troposphere coupling.
The small parameter space of the physics module lends
itself well to sensitivity testing, a feature that we exploit in
section 5. We note that the model does not include moist
convection or seasonal variability nor is the resolution high
enough to resolve gravity waves. However, our idealized
model is more than adequate for illustrating our diagnostics.
While our results will undoubtedly differ in quantitative
detail from what a more comprehensive model would yield,
the idealized model is sufficient to capture the key qualitative
features of the one-way STE flux distribution.
[20] Our model integrates the global primitive equations in

sigma coordinates using a pseudospectral method. We run at
T42 horizontal resolution with 40 evenly spaced sigma
levels up to 0.01 hPa. Spin-up to a statistically stationary
state takes �2000 days. An ensemble of five realizations of
the Green function tracers is used to calculate our ensemble-
averaged diagnostics. To generate the ensemble members, we
perform a single long run initializing a new set of G tracers
every 1000 days. As can be seen in Figure 2, the model’s
zonally averaged 2000 day climatology features a strong
stratospheric polar jet centered around 60°N and 10 hPa, as
well as tropospheric midlatitude jets.
[21] After spin-up we introduce our diagnostic G tracers that

are passively advected by the flow; we use the advective form
of the passive tracer equation. We use a semi-Lagrangian
scheme for horizontal advection and a finite volume parabolic

Figure 2. The time and zonal mean thermal tropopause (thick line) and contoured zonal winds. The con-
tour interval is 5 m/s, and the zero and negative contours are dashed. Different colors at the tropopause
label equal-area axisymmetric patches whose latitude bounds are labeled on the abscissa.
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scheme for vertical advection. No explicit diffusion is applied
to tracers, but for vorticity, divergence, and temperature the
model applies scale-selective horizontal hyperdiffusion of
the form r8. To correct for the relatively poor conservation
properties of the semi-Lagrangian scheme, we use the
model’s built-in global “mass fixer,” which scales the tracer
field after every application of the advection operator to
ensure that the global tracer mass remains unchanged by
advection.
[22] Computing our diagnostics without the global mass

fixer lengthens stratospheric mean residence time by 10%–
15% without changing the qualitative character of the
results. Of course a global rescaling cannot correct local
errors in the flux, which we simply accept here along with
the limitations of an idealized atmosphere for the purposes
of illustrating the qualitative character of our new STE
diagnostics.

3.2. The Diagnostic Tracers

[23] We identify the tropopause using the standard World
Meteorological Organization (WMO) definition [WMO,
1957]: The thermal tropopause is located at the lowest
model level where the lapse rate decreases to 2 K km�1, with
no increase for 2 km above that. This thermal tropopause is
computed online for each time step and at every grid point.
Thus defined, we would only capture the lowermost tropo-
pause in the case of multiple tropopauses, but our resolution
is too coarse to resolve any small-scale tropopause folds. It is
worth noting, however, that our formulation naturally cap-
tures the one-way flux across any surface that separates
tropospheric air from stratospheric air, even if that surface is
multiply connected with isolated bubbles of air from one
domain embedded in the other domain. Using suitable masks
to identify all grid points in the tropopause allows one to
compute the desired one-way flux as outlined in Appendix A.
[24] In order to partition the cross-tropopause flux

according to where air enters the stratosphere, we tile the
tropopause with seven equal-area, axisymmetric patches Wi

as shown in Figure 2. We use two-letter subscripts to
identify Wi. The patch straddling the equator from 8°S to
8°N is WEQ, and for the other patches, the first letter
identifies the hemisphere (N or S) and the second letter,
the region: T for tropical (8° to 25°), M for subtropical to
midlatitudes (25° to 45°), and P for mid to polar latitudes
(45° to poles).
[25] For each integration starting at ti we carry seven

passive tracers G(r, t∣Wi, ti), one for each Wi. In practice
the boundary conditions (2) are enforced as follows: The
d function is broadened to a square pulse of duration DtP =
1 day and amplitude 1/DtP. (One day is very short com-
pared to stratospheric transport time scales of years.) Fur-
thermore, instead of using a two-dimensional tropopause
mask D2d(rW, Wi), we extend the mask in three dimensions
through the troposphere. More precisely, during the pulse we
replace D2d(rW, Wi) with D3d(r, Wi), which is unity every-
where below the tropopause if the latitude of r lies within the
latitude bounds of Wi, and zero otherwise. The principal
advantage of using this three-dimensional mask is that we
avoid having to identify surface normals and instead need
only build a mask that identifies grid points below Wi. In the
limit of infinitesimal time step and pulse width the effect

of applying this three-dimensional mask is equivalent to
boundary condition (2).
[26] After the initial 1 day pulse we compute the mass flux

per unit residence time, f, as the mass of tracer-labeled air
that crosses into the troposphere, per time step dt, between
successive application of the boundary condition. More
precisely, if Ĝ (r, ti + t∣Wi, ti) denotes the tracer field G
immediately before zeroing the troposphere, we compute
f (Wf , ti + t∣Wi, ti) by integrating (with mass-weighted mea-
sure rd3r) Ĝ (r, ti + t∣Wi, ti)/(A(Wf)dt) over the troposphere
within the horizontal bounds of the final patch Wf (see also
Appendix A). The exit patch Wf is typically chosen to be
one of the Wi shown in Figure 2 or a longitudinal strip at
latitude f one grid box wide. This mask-budget approach
is numerically robust, and has the enormous advantage of
avoiding the explicit computation of the normal fluxes of G
through the tropopause.
[27] Because of the long time scales of stratospheric

transport, it takes several decades for G to decay from its peak
value of 1/DtP at Wi to its ultimate value of zero everywhere.
To capture the full evolution of G, including the long-term
asymptotic behavior, we integrate the model for 10,000 days
and extrapolate the exponential tails for t > 10,000 days.
The contributions from t > 10,000 days to integrals over all t
are evaluated analytically from the exponential extrapolation.
The contributions from t > 10,000 days generally contribute
less than 0.1% to the normalization of G.

4. Results

[28] We present results derived from the ensemble averaged
boundary propagator which, for our statistically stationary
flow, depends on time only through t � ti. We therefore drop
all dependence on entry time ti so that t denotes transit time
since last tropopause contact. (Stratospheric residence time
continues to be denoted by t.) When Wf consists of a zonal
strip a single grid box wide at latitude f, we replace Wf

with f for notational convenience.

4.1. Evolution of GGGGGG (r, t∣WEQ)

[29] We begin by focusing on air entering the stratosphere
at the tropical tropopause; that is, we focus on diagnostics
based on G(r, t∣Wi), withWi =WEQ. Because the main pathway
from anywhere in the troposphere into the upper stratosphere
is through the tropical tropopause, the diagnostics for other
Wi tend to be similar; any significant differences are noted
below.
[30] Figure 3 shows the evolution of the ensemble-

averaged, zonal mean boundary propagator G(r, t∣WEQ) with
time t since last contact with WEQ. Physically, G(r, t∣WEQ)DtP
is the mass fraction of air at (r, t) that had a transit time in the
interval (t, t + DtP) since last contact with WEQ. Note that
G decays exponentially to its ultimate value of zero as all of
the WEQ air eventually returns back to the troposphere. For
plotting purposes, in Figure 3, we have therefore normalized
G(r, t∣WEQ) by its maximum value for each time t.
[31] The evolution of G is in accordance with our under-

standing of the stratospheric circulation. Air that enters the
stratosphere at WEQ undergoes diabatic upwelling in the
tropics and isentropic quasi-horizontal transport into higher
latitudes [e.g., Holton et al., 1995; Dethof et al., 2000;
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Plumb, 2002]. By day 250, WEQ air is still upwelling through
the tropical stratosphere with little vertical dispersion, and
large-scale isentropic transport is also becoming evident. By
day 1000 most of the WEQ air has reached the upper strato-
sphere (�10 hPa) and spread significantly in both latitude
and height.
[32] In less than �2500 days isopleths of WEQ air have

approached their characteristic poleward and downward
sloping shapes. This corresponds to the “slope equilibrium”
for long-lived constituents that results from the local balance
between the slope-steepening effects of advection and the
slope-flattening effects of eddy diffusion [Plumb and
Mahlman, 1987; Plumb and McConalogue, 1988]. For t >
2500 days, the mixing ratio of WEQ air, G , continuously
decreases because of dilution and because of contact with the
tropopause where the G label is removed by boundary con-
dition (2). Fluctuations due to variability near the NH polar
jet aside, isopleth shapes remain constant for t > 2500 days.

4.2. The Flux Density Distribution f (f, t∣WEQ)

[33] The central quantity from which we derive all the
diagnostic quantities of this study is the ensemble averaged
flux density distribution f(f, t∣Wi) shown in Figure 4 for

Wi = WEQ as a function of stratospheric residence time t
and exit latitude f. We first focus on the short-t behavior
and then discuss the overall structure of f.
[34] We emphasize that the expected short-t singularity

of f is a generic feature of the one-way flux if diffusive
transport is present, regardless of the mechanism of the
diffusion [Hall and Holzer, 2003]. Physically, the singular
one-way flux arises from the quasi-random back-and-forth
motion of fluid elements across the tropopause at the shortest
resolved time and space scales. While our idealized GCM
does not explicitly model subgrid-scale tracer transport with
a diffusion term, tracers are nevertheless subject to numerical
diffusion. Although it is most unlikely that this numerical
diffusion is an accurate representation of the short time scale
transport across the tropopause, the numerical diffusion may
nevertheless be regarded as a model of such transport within
the context of our highly idealized GCM. In that spirit, we
examine the short-t behavior of f to establish how the
generic singular behavior manifests itself in our particular
model.
[35] Figure 4 shows that f (f, t∣WEQ) indeed exhibits

nearly singular behavior as t → 0 for latitudes f ∈ WEQ: in
the tropics near the equator f (f, t∣WEQ) is several orders of

Figure 3. Colored field: the ensemble-averaged zonal mean boundary propagator, G(r, t ∣WEQ), after
(a) 2, (b) 250, (c) 1000, and (d) 2500 days since last contact with the tropopause patch, WEQ. Black
contours: the time and zonal mean isentropes (10 and 40 K contour intervals for isentropes less than and
greater than 320 K, respectively; the 320 K isentrope is labeled). Because G → 0 as t → ∞, we normalize
G(r, t ∣WEQ) for each value of t by its maximum indicated in the top right corner of each panel. The thick
black line indicates the time and zonal mean thermal tropopause.
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