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I. Tight-binding method

In the tight binding method, the general form of the single-particle Hamiltonian, with the

on-site energy of carbon set to zero, can be written as:
H == ) tli)j] +H.c. (1)
Lj
where t; ; is the coupling between the i-th site and its neighboring j-th site. The Hamiltonian H is

generated by including all the nearest neighbor couplings between all atoms in the molecule as

illustrated below for L1[m], C1[m], L2[m], and C2[m].
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Here, t;(8) = tyexp(—5), and t,(5) = t, exp(5). § = 0.5 represents the topological structural
limitand § = —0.5 represents the trivial structural limit. As an example, we show the Hamiltonian

for L1[1] and C1[1] at the topological limit below:

0 —t,(0.5) 0 0
| —t4(0.5) 0 —t,(0.5) 0

Ho(L1[1D) = 0 —t,(0.5) 0 —t,(0.5) (2)
0 0 —t,(0.5) 0

and
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0 —t,(0.5) 0 0 0 —t,(0.5)

—,(0.5) 0 —t,(0.5) 0 0 0
B 0 —t,(0.5) 0 —,(0.5) 0 0
Ho(C1[1]) = 0 0 —t,(0.5) 0 —t,(0.5) 0 ()
0 0 0 —,(0.5) 0 —t,(0.5)
—t,(0.5) 0 0 0 —t,(0.5) 0

The coupling between the left and right electrodes, I, and I'g, are defined as:
I = ILILXL] C)
and
g = IRIRNR| (5)

where L and R are the atomic sites directly connecting to the left and right electrode, respectively.
In this work, we set I1, = Ig = I' = 0.1¢t, for symmetric electrode-molecule couplings. The total

Hamiltonian is:
A=~ (L, +T) +H, ®)
The Green’s function is then obtained as:
G(E) = [E1—H]" (7)
The transmission function can then be calculated as:

T(E) = Tr[ILG(E)TRGT(E)] (8)

We use Mathematica to compute all transmission data presented in the manuscript. A sample
code for L1[1] is shown below:

t0=1;y=0.1;6=0.5;
tl =t0 * Exp[ - 8];t2 =t0 * Exp[d];

H = {{O, - tl, 09 O}Ca { - tl, 0, - t27 0}7 {07 - t27 07 - tl}’ {O’ O’ - tl’ O}}’
I'l = SparseArray[ {1, 1}->7v, {4, 4}];
I'r = SparseArray[ {4, 4}-> vy, {4, 4}];
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=-1/2(T'1+TIr);

G[E_]:=Inverse[ £ IdentityMatrix[4] - (H + 2)];

T[E_]:==Tr['L.G[E].I't.G[E]\[ConjugateTranspose]];

LogPlot[{T[E]}, {E, - 1, 1}]
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I1I. Quantum interference

Quantum interference (QI) between molecular orbital channels is determined by the phase
of the orbitals, which is the phase difference between the two binding sites of the molecule to the

electrodes. With Ep = 0, Eq. 8 can be simplified to'2:

AL,R

det(H)

T(Ep) =T C)

where A,  is the minor determinant of H with respect to its (L,R) element. By Eq. 9 and the

Hamiltonian of L1[m], the calculated analytical result of T (Ey) for L1[m] can be written as’:

2

TLapm) (Er) = >
(—pm-1 <t;”"t22(m‘1) + FT tf(’"‘”tgm)

2
GO I CE DLt
= ir T iT (10)
t06_36 +7 _toe_36 +7

where t; = t;(0.5), and t, =¢,(0.5). Eq. 10 is equivalent to having an occupied and an

unoccupied orbital resonance-based transmission toccupied aNd tynoccupied at €nergies:

€0ccupied = _toe_36 (11)
and

gUnoccupied = tOe_36 (12)

These effective resonances have a coupling:

Yoccupied = YUnoccupied = E (13)

For single 1D TI molecules with two topological radical states, such as L1[1], the effective
Occupied and Unoccupied states from the two-level model (Egs. 10-13) are the actual HOMO and
LUMO channels. While for molecules with more than two topological states, such as L1[m > 1],
the effective Occupied and Unoccupied levels are just mathematical entities and not the actual

molecular resonances. However, it is clear from this expression, that the energies of the effective
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Occupied and Unoccupied channels are independent of the length m (Egs. 11-12), but the actual
HOMO and LUMO states of the L1[m] system get closer when m increases (Figure 2A-2B in the
main text). The energies of the effective Occupied and Unoccupied states in the two-level model

(Egs. 11-12) are the geometric average of the eigen energies of the topological states:

€0ccupied = — (14)

and

(15)

eUnoccupied =

where the subscripts -1, -2, ... , -m are indices of the topological states below E, and +1, +2, ...,

+m are indices of the topological states above E, as shown below for m = 3:

10 :
effective Occupied E effective Unoccupied
| | : | '
c 0 -3 -2 -1 E +1 +2 +3
o 10 - :
w "
0 '
£ '
w 1
c
O, - '
: — m=3
2 | I I
10

-0.25t, 0 0.25t,

Energy relative to Fermi

Egs. 14-15 can be derived by solving the reduced molecular Hamiltonian where only the
topological states are included. For m = 1, the energies of the effective Occupied and Unoccupied
states are the same as the real HOMO and LUMO states, which are the eigenvalues for the reduced

Hamiltonian:
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#:=(y o)

where b is the coupling between the two radicals. The eigenvalues for #; is (41,,1%,) = (=b, b),

(16)

where in the notation A7, the subscript +j is the orbital index, and the superscript m is the number

of TT units. Similarly, for m = 2, which has four radical states, the reduced Hamiltonian becomes:

0 b 0O
_[b 0 b O
Ha=lo b 0 b 17)
0 0 b O
with eigenvalues (22,42, 4%, 23,) = (Zo-b, 225,51 p 1 p) - We note that the
eigenvalues of H; can be expressed in terms of those of H, as:
ALy =—122,22,] and 2% =/125,4%,] (18)

Extending this to larger m, we can write the eigenvalues of H; in terms of those of #,,, following

the same expression:

ALy = =TI, LA™ and AL, = VIATAT, AT, (19)

Egs. 19 are equivalent to Eqgs. 14-15 under the relations €ynoccupied/occupied = A%y, and &4 j=

m
U

The couplings between the effective Occupied and Unoccupied states and the electrodes
(Eq. 13) are the sum of the individual states:
m m
Yoccupied = YUnoccupied = z y-j or z Y+j (20)
j=1 j=1
Egs. 20 can be derived from Fermi’s golden rule**, where the transition rate (coupling) from initial

molecular states |j) (j =1, 2, ..., m) and final electrode states |f) is:

2
VowiorED =27 > > IVINEDER)

all molecular all electrode
states j states f
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= D WWIPDED+ ) KIVIPDER) + -

all electrode all electrode
states f states f

£ IVImIPDE)

all electrode
states f

=y1tv2t ot vm (21)

where V is the coupling for the transition j — f to first order in perturbation theory, and D(Ey) is

the density of state of the electrode at E.

Lastly, according to Eq. (10), the Occupied and Unoccupied channels are out-of-phase
(different by a factor of -1). Therefore, there is constructive quantum interference (QI) between
the two effective channels. Similarly in a linear n-system, such as L1[m], the actual HOMO and
LUMO are out-of-phase since LUMO has one more nodal plane than HOMO (Figure S1), which

renders the effective model a good analog to the actual model.

We have demonstrated the relations between the effective model and the actual model in
terms of the three main factors of transmissions: molecular orbital energy levels, molecule-
electrode couplings, and QI. In conclusion, mathematically, the transmission for L1[m] has the

same form as that of a 1D TI system with two radical states within the topological band.

Using the effective model, the QI between Occupied and Unoccupied, Tq, as defined in

the main text can be calculated from the cross term in Eq. 10: 2

TQI = 2Re [t0ccupiedtI*Jnoccupied] (22)

By substituting Eq. 10 into Eq. 22 and solving the Hamiltonian of L.1[m], we obtain Tq; for L1[m]:

r: _asy2 2
7 ((t0e™) =7

TQI(Ll[m]) = 2
((toe‘35)2 _ T) + (tpe3%)2r2

Figure 2D in the main text is a plot of Eq. 23.

S8



II1. Fano resonance

Fano resonance often results from having a pendant group on the main molecular wire.

Such a pendant group affects the transmission function as detailed below.

pendant group, &,

Iy, — Ir
I Y i a x A
molecular orbital, ¢;
Left electrode Right electrode

Consider a pendant group attached to a molecular wire such that it is coupled to the wire molecular
orbital j through a parameter a and has an on-site energy &,. The transmission across this single-

level can be calculated through a tight-binding approach as>:

LIy

T(E) = 24
(E) VAL (24)

az \?
(E_SJ_E—EP) + 4

From Eq. 24, the Fano resonance occurs at E' = €, and this destructive QI leads to a decrease in
the conductance of the topological wires. However, in the effective Occupied and Unoccupied
model (Eq. 10), €gccupied and Eynoccupied are not dependent on the wire length m (Egs. 11-12).
Hence, the conductance-length relation is not affected by Fano resonance however the magnitude

of the conductance at Er does change depending on a and &, as shown in Figure S3.
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IV. Additional figures

¢ o o
M o R

Energy/t,

1
o

;
§

L1[m]

Figure S1. Eigenvalues of HOMO and LUMO against length for L1[1] to L1[4].
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Figure S2. Calculated molecular orbitals of topological states for C1[1] to C1[4]. The wavy bonds

indicate electrode-molecule coupling.

S10




>
S

o

W

N P g 7. LAlm) 100 a— 0 (L1[m])

E10” [ E prmmommmomommmomemeeooeoes

Q - e

= L =l =107 7

10 £, = 0.75t, c [

S s )

é 10'3 — ‘fp = 0-5t0 é 10 [ as to

% % _6_ a = 1.5t

=10" | =10 a = 2,

P T T Y P A R
123 456 7 8 9 10 123 45678 910

m m

Figure S3. Conductance-length relationship for L1[m] for different (A) pendant onsite energy (&)

values and (B) coupling («) values. The black dashed line indicates the transmission at Fermi for
L1[m].
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