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On the Capacity and Degrees of Freedom Regions
of Two-User MIMO Interference Channels
With Limited Receiver Cooperation

Mehdi Ashraphijuo, Vaneet Aggarwal, Member, IEEE, and Xiaodong Wang, Fellow, IEEE

Abstract— This paper gives the approximate capacity region of
a two-user multiple-input multiple-output (MIMO) interference
channel with limited receiver cooperation, where the gap between
the inner and outer bounds is in terms of the total number of
receive antennas at the two receivers and is independent of the
actual channel values. The approximate capacity region is then
used to find the degrees of freedom region. For the special case
of symmetric interference channels, we also find the amount of
receiver cooperation in terms of the backhaul capacity beyond,
which the degrees of freedom do not improve. Further, the
generalized degrees of freedom is found for MIMO interference
channels with equal number of antennas at all nodes. It is shown
that the generalized degrees of freedom improves gradually from
a W curve to a V curve with increase in cooperation in terms of
the backhaul capacity.

Index Terms—MIMO interference channel, limited receiver
cooperation, capacity region, generalized degrees of freedom,
Han-Kobayashi message splitting.

I. INTRODUCTION

IRELESS networks with multiple users are inter-

ference-limited rather than noise-limited. Interference
channel (IC) is a good starting point for understanding the
performance limits of interference-limited communications.
In spite of research spanning over three decades, the capacity
of the IC has been characterized only for some special
cases [1]-[7].

Cooperation between transmitters or receivers in ICs can
help mitigate the interference by forming a distributed MIMO
system which provides performance gain. In practice, the
cellular base stations can be connected via wireless backhaul
links [8], or the mobile nodes might have connections to
each other via out-of-band device-to-device communication
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links [9], [10]. In either case, the cooperation between the
nodes is limited, and making efficient use of such coop-
eration link for transmitter and/or receiver cooperation is
an important problem [11]-[15]. In this paper, we tackle
the fundamental problem of efficient use of limited-capacity
backhaul for multiple-input multiple-output (MIMO) uplink
ICs (with receiver cooperation). Recently, a number of works
have shown that transmitter and receiver cooperation can
be employed in ICs to achieve an improvement in data
rates [16]-[24]. However, most of the existing works on ICs
with cooperation are limited to discrete memoryless channels
or to single-input single-output (SISO) channels. This paper
analyzes two-user MIMO Gaussian ICs with limited receiver
cooperation.

In large wireless networks, having global knowledge of the
channel state is infeasible and thus Lozano et al. [25] found
a saturation effect in the system capacity. In this paper, we
consider the two-user MIMO IC with perfect channel state
knowledge at the transmitters and receivers. We assume that
all nodes have the channel state information of all links in
order to investigate the capacity region of MIMO IC with
limited receiver cooperation. While the overhead of gathering
the global channel state information must not be neglected,
it has been shown (see [26], [27]) that this overhead is
manageable in the presence of a reduced number of users.
This overhead increases as the number of users increases, and
thus some authors have considered the knowledge of channel
state in a local neighborhood [28], [29]. With the local network
connectivity and channel state information, subnetworks can
be scheduled where each subnetwork is operated using an
information-theoretic optimal scheme [30], [31]. Thus, even
with the knowledge of the local channel state information,
understanding of small networks can help to improve through-
put of large networks.

A two-user SISO Gaussian IC with limited receiver coop-
eration is considered in [16] where there are links with fixed
capacities between the two receivers and the capacity region
of the channel is obtained within two bits. In this paper,
we find an outer bound and an inner bound for the capacity
region that are within Ny + N, bits for a general MIMO IC
with limited receiver cooperation, where Ni and N, are the
numbers of receive antennas at the two receivers, respectively.
A gap of N1 + N, is loose when the SNR is low and the
number of receive antennas is large. However, this is the
worst-case gap, and the actual gap may be smaller in many
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cases. More importantly, such a constant gap between the outer
and inner bounds of the capacity region makes it possible
to obtain the degrees of freedom (DoF) and the generalized
degrees of freedom (GDoF) regions of the channel. We use an
achievability scheme based on that for the discrete memoryless
channel in [16]. In this scheme, receivers do not decode the
messages immediately upon receiving the signals from the
transmitters. One of the receivers quantizes its received signal
at an appropriate distortion, bins the quantization codeword
and sends the bin index to the other receiver. For quantizing
the received signal, a novel distortion function for MIMO IC
is given in this paper. The other receiver decodes its own
information based on its own received signal and the received
bin index. After decoding, it bin-and-forwards the decoded
common messages back to the other receiver and helps it
decode. This paper uses the signal distributions and auxiliary
variables that are different from those in [16] and in such a
way that can be used for a MIMO IC to achieve a constant
gap to the capacity region.

We note that the achievability strategy for the SISO IC
in [16] is to split the transmit signal into public and private
messages using the Han-Kobayashi message splitting where
the private message is received at the unintended receiver
below the noise floor. For a MIMO IC with limited receiver
cooperation, we proposed a counterpart of Han-Kobayashi
splitting in [32] where the covariance matrices for the public
and the private messages were properly designed. In this paper,
we give an achievability scheme based on the splitting scheme
in [32]. Further, the authors of [16] proposed different choices
of power splits between the public and the private messages
for three different regions of SISO IC corresponding to: weak,
mixed and strong interferences. In this paper, for MIMO IC,
we propose a single choice of covariance matrices for the
public and private messages for all regimes rather than consid-
ering different regimes separately. For the special case of SISO
IC, the achievability scheme used in this paper reduces to a
different one from that given in [16]. The achievability scheme
uses the convex hull of the regions formed by two strategies
corresponding to different decoding orders. The convex hull
of the two regions eliminates two constraints in each region
resulting in a constant gap between the inner and the outer
bounds.

In [33], the capacity region of a Gaussian SISO IC without
cooperation is obtained within 1 bit and in [4], the capac-
ity region of a Gaussian MIMO IC without cooperation is
obtained within a constant gap to the outer bound. We also
note that the proposed Han-Kobayashi split is different from
that proposed in [4].

Having characterized the outer and inner bounds within a
constant gap, and as a result having the approximate capacity
region, we also find the DoF region for the two-user MIMO
IC with limited receiver cooperation. We find that the DoF
region improves with the increase in cooperation in terms
of the backhaul capacity. For the case of symmetric number
of antennas in both the transmitters and the receivers, we
find that the DoF improves up to a certain point in terms
of the backhaul capacity, and beyond which the DoF does not
improve anymore.
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When each transmitter has M antennas and each receiver
has N antennas, the symmetric DoF region is a pentagon
with bounds only on individual DoF (d;, d>) and sum DoF
(d1 + dy) for all cases except when N < M < 2N. Thus,
when M = N, the DoF region is a pentagon. However, when
N < M < 2N, the DoF region also has constraints on 2d; +d>
and dq + 2d>. These constraints are known to not hold for ICs
with no cooperation [5], and for ICs with infinite cooperation
which corresponds to a multiple-access channel (MAC) [34].
In this paper, we find that the extra bounds on 2d; + d> and
d1+2d; are dominant for a finite non-zero limited cooperation
(when the backhaul capacity is less than a certain value) for
N <M <2N.

Finally, we also characterize the GDoF for a MIMO IC with
limited receiver cooperation, when the cooperation links are
of the same capacity which is increasing with a base signal-
to-noise ratio (SNR) parameter, as  log SNR. Note that even
though the DoF region is found in general, we find the GDoF
only in a limited setting when the number of antennas at all the
nodes are the same (say M). We assume that the direct links
have channel strengths SNR while the cross links have channel
strengths SNR?. We find that the increase in the cooperation
leads to improvement in GDoF. For a given M and a, the
GDoF increases till f = Ma at which point the GDoF with
limited cooperation is the same as that with full cooperation.
Without any receiver cooperation, the GDoF is a “W” curve in
terms of a. We note that the “W” curve changes to a “V” curve
and then to an increasing function as the backhaul capacity
increases.

The remainder of the paper is organized as follows.
Section II introduces the model for a MIMO IC with limited
receiver cooperation and the capacity region. Sections III
describes our results on the capacity region. Section IV gives
our results on the DoF region and the GDoF. Section V
concludes the paper. Appendix A summarizes some useful
matrix results that are used throughout the paper. The detailed
proofs of various results are given in Appendices B-E.

II. CHANNEL MODEL AND PRELIMINARIES

In this section, we describe the channel model that is used in
this paper. A two-user MIMO IC consists of two transmitters
and two receivers. Transmitter i is labeled as T; and receiver
j is labeled as D; for i, j € {1,2}. Further, we assume T;
has M; antennas and D j has N; antennas. Henceforth, such a
MIMO IC will be referred to as the (M1, N1, M2, N») MIMO
IC. The channel matrix between transmitter T; and receiver
D; is denoted by H;; € CNi*Mi| We shall consider a time-
invariant channel where the channel matrices remain fixed for
the entire duration of the communication. At time ¢, transmitter
T; transmits a vector X;(7) € CMix1 over the channel with
a power constraint tr(E(X; X)) < 1 (A" is the conjugate
transpose of the matrix A).

Let Q;; = ]E(Xin’.) for i, j € {l1,2}. The covariance
matrices Q;; for i # j are zero, since the two transmitters
do not cooperate with each other. We say A < Bif B—Ais a
positive semi-definite (p.s.d.) matrix and we say A > B if and
only if B < A. The identity matrix of size s x s is denoted
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by I,. Further, we define x* £ max{x, 0}. We also note that
0 < Qi < I according to Lemma 3 in Appendix A since
tr(]E(XiX;’)) < 1. By definition of Q;;, we see that Q;; = Q:.’l..
Moreover, we have 0 < Q;; jS =< I,where 0 < Q;; Q:.’l. results
from the fact that every matrix in the form of AA is p.s.d. and
0ii Q); < I results from tr(Q;; Qiit) = r(Qin)tr(Qir) < 1
which gives Q,-,-Q,-,-J' < [ with a similar argument as that
for Qi,‘.

We also incorporate a non-negative power attenuation factor,
denoted as p;;, for the signal transmitted from T; to D;. The
received signal at receiver D; at time ¢ is denoted as Y;(¢) for
i €{1,2}, and can be written as

Yi(t) = /piiHuX((t) + /p2 HuXo(t) + Z1(2), (1)
Yo(t) = /proHi2X1(t) + /p22HnXo(t) + Z2(1),  (2)

where Z;(t) € CV*! ~ CN(0, Iy,) is the i.i.d. complex
Gaussian noise, p;; is the received SNR at receiver D; and
pij is the received interference-to-noise-ratio at receiver D;
fori,j € {1,2}, i # j. A MIMO IC with limited receiver
cooperation is fully described by four parameters. The first
is the set of numbers of antennas at each transmitter and
receiver, namely (M, N1, M>, N>). The second is the set of
channel gains, H = {H\1, Hi2, Ha1, H2o}. The third is the set
of average link qualities, p = {p11, p12, P21, p22}. The fourth
parameter is C = {C12, C21} where C ji is the capacity of the
cooperation link from receiver D; to D;. We assume that these
parameters are known to all transmitters and receivers. Also,
the cooperation channels are orthogonal to each other and they
are orthogonal to the data channels.

The receiver-cooperation links are noiseless with finite
capacities. Encoding is causal in the sense that the signal
I'j;(r) transmitted from D; to D; at time ¢, is a function
of whatever is received over the data channel and on the
cooperation link up to time r — 1, i.e.,

Lij@) =gu(@Tjit = 1),...,T;(1), Yt = 1),...,Yi(1))
e {1,2,...,2%), 3)

where gj; is the encoding function of D; for cooperation at
time . Let us assume that T; transmits information at a rate
of R; to receiver D; using the codebook C;, of length-n
codewords with |C;,| = 2"Ri. Given a message m; € M =
{1,...,2"R} the corresponding codeword X! (m;) € Cin
satisfies the power constraint mentioned before. In addition,
the decoded signal at D;, m;, is a function of the received
signal from the channel, Y;(¢), and the cooperation signal
transmitted from D; to D;, I';;(z), for i € {1,2}. Thus, the
decoding functions of the two receivers are given as

nii = fi(l"ji(n),...,l“ji(l), Yi(n),..., Yi(l)) (S ./\/l, (4)

where f; is the decoding function of D;. Denote the average
probability of decoding error by e; , = Pr( m; # m;).

A rate pair (Ry, Ry) is achievable if there exists a family
of codebooks C;, and decoding functions such that max;{e; ,}
goes to zero as the block length n goes to infinity. The capacity
region C(H, p, C) of the IC with parameters H, 5 and C is
defined as the closure of the set of all achievable rate pairs.
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Consider a two-dimensional rate region C(H, p, C). Then,
the region C(H,p, C) © ([0, a] x [0, b]) denotes the region
formed by {(Ri,R2) : R;,R, > 0,(Ry +a,Ry + D) €
C(H,p, C)} for some a, b > 0. Further, we define the notion
of an achievable rate region that is within a constant number
of bits of the capacity region as follows.

Definition 1: An achievable rate region A(H,p, C) is said
to be within b bits of the capacity region if A(H,p,C) C
C(H,p,C) and A(H,p,C)® ([0, b] x [0,b]) 2 C(H, p, C).

IIT. INNER AND OUTER BOUNDS ON CAPACITY REGION

In this section, we give the outer and inner bounds on
the capacity region of a two-user MIMO IC with limited
receiver cooperation. Let R, be the region formed by (R}, R2)
satisfying the following constraints.

R| < logdet (IN1 +p11H11H1Tl)
+ min{log det (IN2 +p12H12Hfz
— prapii HioH, (IN1 +P11H11H1Tl)_1
H11H1Tz) , Co1}, (5)
R, < logdet (IN2 +p22H22H;2)
+ min{log det (IN1 +p21H> Hle
P21P22H21H;2(1N2+p22H22H;2)71
szH;) , C12}, (6)
Ri+R> < log det (IN1 +puy Hy H |+ poy Hoy H,
—P11P12H11Hfz(1Nz ‘*‘/)121‘1121'1;2)71
leH:l)
+ logdet (IN2 +p22H22H2Tz+P12H12H:2
—p22p21 szHle (IN1 +p21 H21HzT1)_1
H21H§2)+C12+C21, 7
R1+ Ry < logdet (IN1 +p11H11H1Tl—p11p12H11
HFZ(INZ—FpquzHsz)il HlZHle)

+ logdet (IN2 +p22H22H2Tz+P12H12H:2)
+C12, ®
R1+ Ry < logdet (IN2+p22H22H;2—P22P21H22

2\—1 -
Hle(IN] +P21H21H2'1) H21H2'2)

+ logdet (INl +p11H11HfL1+P21H21H;1)

+ Ca, ®
H
Ri+Ry < logdet (1N1+Nz+[%Hﬂ

i i p21H21
JOTH S H ] N
[ PIE VP2 +[«//J22H22}

[Vt Vo)) . (10
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2R1+R; < logdet (IN1 +pi Hi HY —pripiaHi
Hiy (In, +pquszz)f1 Hqul)
+ log det (In, +p2 HnHjy+praHioH
—p22p21 szH;
(1w +p21H21H§1)71 HuHJz)

+ log det (IN1 +p11H11HfL1 +P21H21H;1)
+ Ci2+Ca1,
R1+2R, < logdet (IN2 +p22H22H§2—/)22/J21 Hy

Y

Hj, (IN1 +p21H21H;1)_1 Hlesz)
+ log det (IN1 +p11H11H;’1+p21H21H;1
—p11p12H11HfL2
(INz —i—p12H12H1T2)_1 leHfl)

+ logdet (INz +p22H22H§2 + P12H12H1T2)

+ C21+C12, (12
2H
2R1+R> < logdet (1N1+Nz [«/\/%Hﬂ (e

4
—/)21H21(1N1 +P21H21H21) HQ‘)
o t ~P12Hi2
[vpzszz «/leHzl]Jr[\/pTHn}
[«/ﬂlefz \/pllel])
+ log det (INl +p11H11Hf1+P21H21H32)

+ Co1,

Jpi1 H
R1+2R; < logdet (1N1+Nz [J%Hg} ( M,

-1
—P12H12<1NZ+P12H12H12) le)
¥ i P2 Ho
P H{y /pioH
[ Pt Vo 12]+[«/P22H22}
[V plele VPZZHsz])

+ logdet (INz + p22H22H2T2+P12H12H1T2)
+ Ciz.

(13)

(14)

The following theorem shows that the capacity region of a
two-user MIMO IC with limited receiver cooperation is within
N1 + N, bits of R,.

Theorem 1: The  capacity region Cpgc for an
(M, N1, My, N2) two-user MIMO IC with limited receiver
cooperation is bounded from outside and inside as

Ro © ([0, N1 + N2]1 x [0, N1 + N2]) € Crc € R,. (15)

Thus, the inner and outer bounds are within N1 + N3 bits.
Note that the gap of N + N, bits is the worst-case. It is
loose when the SNR is low and only informative at high SNR.
Outer Bound: The complete proof that R, is an outer
bound for the capacity region of the two-user MIMO IC with
limited receiver cooperation is given in Appendix B.
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Note that (5), (6) and (10) are cut-set based upper bounds.
The other bounds are obtained based on genie-aided strategies
making use of Fano’s inequality, the data processing inequality,
and the fact that Gaussian distribution maximizes the entropy.
The detailed derivations are given in Appendix B. For eval-
uating and outer-bounding the joint entropies, the following
result on the monotonicity of a function, is used extensively
in the proof.

Lemma 1: Let L(K, S) be defined as

L(K,S)2 K —KS(Iy +STkS) ' S'K, (16)

for some M x M p.s.d. Hermitian matrix K and some M x N
matrix S. Then if 0 < K1 < K> for some Hermitian matrices
K| and K>, we have

L(K1,S) = L(K2, ). a7

Proof: ~ The proof uses the matrix differential and
the eigenvalue continuity properties (e.g., Wielandt-Hoffman
Theorem), and can be seen in the proof of [32, Lemma 11].

|

Inner Bound: Here, we will give a brief description of
the achievability strategy. The complete proof can be found in
Appendix C.

The achievability scheme is based on a two-round strategy,
similar to that used in [16] for SISO interference channels.
It consists of two parts: 1) the transmission scheme and 2) the
cooperation protocol.

1) Transmission Scheme:

Each transmitter T; splits its own message into private and

common sub-messages and sends

Xi = Xip + Xic, (18)

where X;, ~ CN(0, Qip) denotes the private message, and
Xic ~ CN(0, Q;.) denotes the common message. We assume
that X;, and X;. are independent with

Qip =1u; — \/P_in,-J;(IN_; +Pininj)71\//)_inij, (19)
and
Qic = Ipm; — Qip, (20)
fori € {1, 2}.

It is shown in Corollary 6 in Appendix A that Q;, > 0
and Q;. > 0. Further, this message split is such that a private
signal is received at the other receiver with constant power.
More specifically, as discussed in Corollary 5 in Appendix A,
received signal at receiver D; corresponding to the private
signal from transmitter T; is below the noise floor.

Remark 1: Note that the power allocation in (19)-(20) is
different from that given in [16] even for a SISO channel.
In [16] different achievability schemes were given for weak,
mixed, and strong interference regimes. Here what we propose
is a single choice of parameters for all interference regimes.
For the special case of SISO IC, the above scheme constitutes
an alternative choice of variances to those proposed in [16].

Remark 2: Note that the covariance matrices for the public
and private messages proposed in this paper are different
from those in [4]. With the expressions in [4], we were not
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able to get an inner bound within constant gap from the
outer bound. The covariance of the public message in our
work is p,-jHl.;(INj + p,-jH,-jHi;)_lH,-j, while in [4], it is
ﬁ(IMi + p,-jHi;H,-j)_l. For example, for a SISO channel
pij | Hij|*

pij | Hyj >
Using a covariance matrix of

the variance of the public message in our work is

g .. 1
while in [4], it is T T
In; — pij H;;. (In; + pij Hij H;;)’l H;j for the private message,
we were able to make h(Y;|X;, U;) outer-bounded by a
constant, which helped in the analysis.

2) Cooperation Protocol:

We use a two-round cooperation protocol similar to that
in [16]. In the first round, D; quantizes its received signal
and sends out the bin index. And then in the second round,
D; i # j (i,j) € {1,2} receives this side information
and decodes its desired messages (its own message plus the
other’s public message). After decoding, D; randomly bins
the decoded public messages, and sends the bin indices to D;.
Finally, D; decodes its message. In this two-round strategy,
STG -, the processing order is: D; quantize-and-bins,
D; decode-and-bins and finally D; decodes. Its achievable rate
region is denoted by R j ;. ;. By time-sharing, the rate region
R £ conv{Ra—i-2 U Ri2-1)}, i.e. the convex hull of the
union of the two rate regions is achievable.

For simplicity, we consider strategy Ra2—.1-2. D2 does not
decode messages immediately upon receiving its signal. It first
quantizes its signal by a pre-generated Gaussian quantization
codebook with certain distortion and then sends out a bin index
determined by a pre-generated binning function. It sets the
distortion level equal to the aggregate power level of the noise
and T,’s private signal. D; decodes the two common messages
and its own private message, by searching in transmitters’
codebooks for a codeword triplet that is jointly typical with
its received signal and some quantization point (codeword)
in the given bin after retrieving the receiver-cooperative side
information (the bin index). After D decodes, it uses two pre-
generated binning functions to bin the two common messages
and sends out these two bin indices to D). After receiving
these two bin indices, D, decodes the two common messages
and its own private message, by searching in the corresponding
bins and T,’s private codebook for a codeword triplet that is
jointly typical with its received signal.

Although the cooperation protocol is similar to that in [16],
the distortion function used for the quantization of the received
signal needs to be extended to the case of multiple antennas.
We here describe the distortion function for ST G,_,1_.7. For
the quantization, we use the quantization codebook satisfying

V22 Y+ 2, @1
where the distortion Z, ~ CN(0, A) with
A = Iy, + pnHynQapHy,. (22)

D, then sends the bin index to D;. The rate loss due to this
quantization, &, is given as

¢ 2 1(Y2; ValXie, X1, Xae, Y1)
=h (\/p22H22X2p+ZZ+22|\/p21H21X2p+zl) —h (22)
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=h (\/p22H22X2p+ZZ+229 P21 H21sz+Zl)

—h (Vp21H21 X2p+Z1)—h (22>
= logdet

[ IN2+A+p22H22Q2pH;2 «/pzlpzszzszHgtl}
[0.3PC]\/p21p22H21Q2pH;2 In,+p21H21Q2p Hy,

—log det (INl +pa1 Ho Qz,,H;) —logdet (A)

= log det (IN2 +A+p2H»02)p Hfz

4
- MszszHgl (1N1+p21H21Q2pH;1)
v p21p22Hai szHQZ) —logdet (A)

— log det (IN2 +A+pyHn (sz — 92102y HJ,

o\l .
(Izv1 +p21Ha) szHz'l) Hy) sz) H2'2)
— logdet (A)

(a)

< logdet (IN2 + A+ prHyp szHsz) —logdet (A)
= logdet (2A)—logdet (A)

=N. (23)

where (a) follows from Lemma 2 and 0z, > 02, —

. -1
meszz’lngl + p21H21Q2pH2'1) H102p 0 by
Lemma 1. Thus, we see that the rate loss ¢ is upper bounded
by the constant N,. That is, replacing Y> by Y> incurs at most
N> bits.

Remark 3: The distortion specified in (22) may not be
optimal. The achievable rates can be further improved if we
optimize over all possible distortions. For instance, if the
cooperative link capacity is relatively large, we could lower
the distortion level to achieve a better description of the
received signals. With the expression of A in (22), however,
we can show that the achievable rate region is within a
constant number of bits to the capacity region for any channel
parameters.

Considering the convex hull of the union of the achievable
rate regions by the strategies ST Gy 12 and STG1-2-1
for MIMO IC, we show in Appendix C that we can get the
achievable rate region for the general MIMO IC. Moreover,
we will show in Appendix C that two of the bounds in each
region will not play a role in the convex hull. This is because
if any of these bounds is active, the bound on R + R; is
active and thus following the arguments in [16] we get that
these bounds will not be active when we take the convex hull
of the two regions. This is illustrated in Figure 1, where it is
seen that two of the bounds in each region are not dominant
when a convex hull of the regions is taken.

Having considered the inner and outer bounds for the capac-
ity region of the two-user IC with limited receiver cooperation,
we have shown that the inner bound and the outer bound are
within Ny 4+ N; bits, thus finding the capacity region of the
two-user IC with limited receiver cooperation, approximately.

The authors of [16] found the capacity region for the SISO
IC with limited receiver cooperation within 2 bits. Theorem 1
generalizes the result to find the capacity region of MIMO IC
with limited receiver cooperation within N1 + N bits.

Y
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'=*='Inner Bound

0 R

1

Fig. 1. Time sharing of two regions Ry_,1-2 and Rj_2_,1. The four
lines with arrow marks indicate that the corresponding bounds are not active
when the convex hull of the two regions is taken.

In Figure 2, we compare the inner bound given in
[16, Sec. V] for a SISO IC to that obtained in Lemma 9
through some numerical examples. Since the outer bounds
are the same for SISO, we only plot one outer bound. Let
SNR; = pi,‘|H,‘,‘|2 and INR; = pj,'|Hj,'|2 for j # i. In
Figure 2(a), we consider a weak interference regime (SNR;| >
INR, and SNR; > INR;) with Co; = 1.1, C;» = 1.1,
SNR; = 5, SNR; = 5, INR; = 2 and INR; = 2. In Figure
2(b), we consider strong interference regime (SNR; < INR;,
and SNR; < INR;) with C3; = 6, C1» = 11, SNR; =
1000, SNR, = 1500, INR; = 4000 and INR; = 10000.
In Figure 2(c), we consider a mixed interference regime
(SNR; > INR> and SNR; < INR/) with Cy1 =6, Cip =11,
SNR; = 9000, SNR; = 1500, INR; = 5000 and INR, =
1000. We see from Figure 2 that the inner bounds are com-
parable. In the above example for weak interference channel,
the strategy in this paper gives better achievable region than
that in [16, Sec. V-C].

In Figure 3, we see the improvement in the capacity region
(outer bound) for a MIMO IC with limited receiver coop-
eration. The parameters chosen for limited cooperation are
My =Ny =3, My=Ny =4, pi1 = p2 = p12 = pa1 = 108,
Cy =21, Cip =15,
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Fig. 2. Comparison of the inner bound in this paper with that in [16] for

SISO interference channels. (a) Weak Interference. (b) Strong Interference.
(¢) Mixed Interference.
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2 = = =Unlimited Cooperation
= Limited Cooperation
='='No Cooperation
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Fig. 3. The outer bounds for a MIMO IC with no cooperation, limited
cooperation and unlimited cooperation.

IV. DOF AND GDOF REGIONS

In this section, we will use the DoF and GDoF regions
to characterize the capacity region of the MIMO IC with
limited receiver cooperation in the limit of high SNR. We first
describe our results on the DoF region of the two-user MIMO
IC with limited receiver cooperation, and then proceed to the
results on GDoF.

A. DoF Region

The DoF characterizes the simultaneously accessible frac-
tions of spatial and signal-level dimensions (per channel use)
by the two users when all the average channel parameters are
an exponent of a nominal SNR parameter. Thus, we assume
that

. log Cj;
1 O8%U g and
log Slllrlgeoo log SNR 'Blj an
1 ..
ogpij 1, (25)

I 08P _
log Sl{lrlg{lﬁoo log SNR

where B2, f21 € RT.

The DoF region is defined as the region formed by the set of
all (d1, d2) such that (d; log SNR—o0(log SNR), d; log SNR —
o(log SNR))! is inside the capacity region. Further, the DoF
is the maximum d such that (d, d) is in the DoF region.

The elements of the channel matrix are chosen from a
random and continuous space and consequently, the channel
matrices are of full rank with probability 1. As a result we
will have the DoF and GDoF (next subsection) regions with
probability 1 over the randomness of channel matrices.

It has been shown that for basic networks (such as the MAC,
BC and the IC) with a reasonably small number of users,
the DoF analysis offers good insight on the performance at
moderate SNR [35]. However, for cellular networks with many
nodes, it may be necessary to consider the saturation effect on

14 = 0(log SNR) indicates that limgnR_s oo logﬁ =0.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 60, NO. 7, JULY 2014

the spectral efficiency at high SNR [25], since it is infeasible
to obtain precise global channel state information.

In this subsection, we find the DoF region for the two-
user MIMO IC with limited receiver cooperation. We use the
approximate capacity region characterization in Theorem 1 to
get the DoF region for the two-user MIMO IC as follows.

Theorem 2: The DoF region for a general MIMO IC with
limited receiver cooperation is given as follows:

di < min (M1, Ny)

+ min{min{Na, (M1 — ND)*}, fai}, (26)
dy < min (M2, N2)
+ min{min{N;, (M2 — N2)*}, B2}, (27
di +dy < min{N1, (My — N2)* + My}
+ min{N,, (My — N1)* + My}
+ f12 + for, (28)
di +dz < min{Ny, (M1 — N2)™}
+ min{Np, M1 + M} + p12, (29)
di +dz < min{Na, (M2 — N1)*}
+ min{Ny, M1 + Mz} + por, (30)
di +dpy < min{N| + No, M| + M}, (31
2d; 4 dy < min{N,, (M — N)* + M}
+ min{Ny, (M1 — N2)™}
+ min{Ny, My + Mz} + p12 + fo1, (32)
di +2dy < min{Ny, (M; — Na)* + M2}
+ min{Na, (M2 — N1)*}
+ min{N>, M> + M1} + pi2 + poi, (33)
2d; + dy < min{N| + N2, M1} + min{Ny, M| + M>}
+ pai, (34)
di +2dy < min{N| + Ny, My} + min{N,, M| + M3}
+ 2. (35)
Proof: The proof can be found in Appendix C. [ ]

Corollary 1: The symmetric DoF region where f12 =
po1 = f, Nt = N = N, and My = My = M, is given
as follows:

For M < N:

d <M,
d <M,

di+dy < N+ p; (36)

For 2N < M:

di < N+p,
d) < N+p,

d\ +dy <2N; 37

For N <M <2N:

d; < min{M, N + f},
dy < min{M, N + B},
dy +dy < min{M + B,2N},
2di+dr < N+ M+ B,
di+2dy < N+ M+ p.
These three cases are illustrated in Figure 4.

IA

(38)
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N+B

(a)

N+B 2N !

(b)

2E

©
Fig. 4. The DoF region for symmetric MIMO IC with limited receiver
cooperation (grey areas). (a) M < N. (b) 2N <M. (c) N <M < 2N, where

D =min(M, N + ), E = Y and F = min(M + B, 2N).

Corollary 2: For the symmetric DoF region where P12 =
P21 =p, Nl = N» =N, and My = My = M, cooperation
improve the DoF region for f < min{N, QM — N)*}.
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Proof: For M < N it can be seen from (36) that the
cooperation improves the DoF region for f < QM — N)* =
min{N, 2M — N)T}.

Also, for 2N < M it can be seen from (37) that
the cooperation improves the DoF region for f < N =
min{N, QM — N)*}.

For N < M < 2N, we consider the following four cases.

Case 1 - f < M — N, f < 2N — M: In this case, the
symmetric DoF region reduces to

dy < N+p,

d» < N+,
d+dr < B,
2di+dr) < N+ M+ p,

di+2d, < N+ M+ B. (39)

In this region, B is always less than min{N, 2M — N)T}
because f < M — N < N = min{N, (2M — N)*}. Hence
increasing £ always enlarges the region.

Case 2 - f > M — N, f < 2N — M: In this case, the
symmetric DoF region reduces to

di <M,
dy < M,
di+d <M+ P,
2dy +dy < N+ M+ B,

di+2dy < N+M+p. (40)

In this region, B is always less than min{N, QM — N)T}
because f < 2N — M < N = min{N, (2M — N)*}. In this
case, increasing S always enlarges the region. According to
Figure 4(c), while f < 2N — M, we get 2E < 3N and
F < 2N which indicates none of the red, green and blue lines
could include the point (d1, d) = (M, M) below them. Also,
increasing f leads to the increase of E and F in Figure 4(c)
and as a result, enlarges the symmetric DoF region.

Case 3 - <M—N, f > 2N — M: In this case, the
symmetric DoF region reduces to

dy < N+p,

dy < N+p,
di+dy < 2N,
2dy +dy < N+ M+ B,

di+2d» < N+ M+ p. 41)

In this region, B is always less than min{N, 2M — N)T}
because # < M — N < N = min{N, (2M — N)™}. In this
case, increasing S always enlarges the region. According to
Figure 4(c), when f <M — N, we get D, E <M <2N =F
and also, increasing £ leads to the increase of D and E in
Figure 4(c) and as a result, enlarges the symmetric DoF region.

Case 4 - f > M — N, f > 2N — M: In this case, the
symmetric DoF region reduces to

di <M,
dy < M,
dy +d>» < 2N,
2di+d) < N+ M+ p,

di+2dy < N+ M+p. (42)
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In this region, changing S only changes E in Figure 4(c). Also,
we can easily see that the black line and red line intersects
at (dy,dy) = (M,2N — M). The green line includes this
intersection point when f > N and will be below this point
when f < N which means increasing £ improves the DoF
region until # < N = min{N, QM — N)*}. [ |

B. GDoF Region

The notion of GDoF generalizes the DoF metric by addi-
tionally emphasizing the signal level as a signaling dimension.
It characterizes the simultaneously accessible fractions of
spatial and signal-level dimensions (per channel use) by the
two users when all the average channel parameters vary as
exponents of a nominal SNR parameter as follows

logCij ﬂ
im —— =B,
log SNR—oo log SNR Y
log pij 1, ifi=j
im ol _ ) BEES g
logSNR— oo log SNR a, ifiz#j

where a, f12, f21 € RT.

The GDoF region is defined as the region formed
by the set of all (dj,dz) such that (djlogSNR —
0(log SNR), d» log SNR — o(log SNR)) is inside the capacity
region. Further, the GDoF is the maximum d such that (d, d)
is in the GDoOF region. Thus, both the GDoF region and GDoF
are functions of link quality scaling exponent a.

Next we present our results on the GDoF region for the
two-user MIMO IC with limited receiver cooperation. For the
general case, the computation of GDoF region is hard and
thus we will only consider the case that M| = M, = N| =
N, = M. We also assume that fr; = f12 = f. With these
assumptions, the GDoF region for the two user MIMO IC with
limited receiver cooperation is given in the following Theorem.

Theorem 3: The GDoF region for a two-user symmetric
MIMO IC with limited receiver cooperation is equivalent to
the convex hull of the:

di < M 4 min{(a — )™M, B}, (44)
dr» < M +min{(a — )" M, B}, (45)
di +dy < 2M max{(1 — o)™, a} + 28, (46)
di+dy < (1—a)"M+ Mmax{l,a}+ B, (47)
di + dr < 2M max{l, a}, (48)
di +2dy < Mmax{(1 —a)", a}
+(1—a)t*M + Mmax{l,a}+ 28, (49)
2d1 +dr < Mmax{(1 —a)", a}
+(1—a)"™M + Mmax{1,a} +28, (50)
di 4+ 2dy < Mmax{(2 —a)", a} + M max{l, a}
+ 5, D
2di +dr < Mmax{(2 —a)", a} + M max{l1, a}
+5. (52)
Proof: The proof can be found in Appendix D. ]
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Corollary 3: The GDoF for a two-user MIMO IC with
limited receiver cooperation, when M1 = M>, = N1 = N> =
M and pr1 = P12 = P is given as

GDOFgc

= min{M + min{(a« — )T M, £}, M max{(1 — )", a}

1 1 1
+5, 5(1 —a)tM + EMmax{l,a} + Eﬁ’ M
1 1
max{1, a}, ngax{(l —a)t,a) + 5(1 —a)tM
1 2 1
+§M max{l, a} + gﬁ, gM max{(2 —a)", a}

+%Mmax{1,a}+%/)’}. (53)

Since the GDoF in Corollary 3 is the minimum of many
terms, we evaluate the minimum in (53) to reduce the
expression of GDoF as follows.

For0 < p < %:

(M, if()faf%,
M(1—a)t+p4,  ifL<a<i,
GDoFgc = 11\4(1—}-,3, %f%f(xﬂf%—%,
sMQ—a)t +p), f5-—Fp<ac<l,
1(Ma + p), ifl<a<2+42,
M+ B, if24+ 2 <a
(54)
For%fﬁfM:
M, ifOfaf%,
GDoFg¢ = %(M(Z_a)++ﬁ)’ ?f%fail’ﬂ (55)
s(Ma + ), if ] <a <2447,
M+ B, if 244 <a.
For M < f:
M, if0<ac<l,
GDoFrc = | /1% ?“faf%’ 5 (56)
s(Ma+ ), if  <a <2+ 4,
M+, if2+ £ <a.

The authors of [1] found the GDoF for the two-user
symmetric MIMO IC without cooperation as follows

M1 —a)t, if0<a=<3i,

Ma, if % <a< %,
GDoFygc = { s(MQ2 —a)*), if3<a<l, (57)

%Ma, ifl <a <2,

M, if 2 <a.

Figure 5 compares the GDoF for the two-user sym-
metric MIMO IC with and without receiver cooperation.
In Figure 5(a), the “W”-curve obtained without cooperation
delineates the very weak (0 < a < %), weak (% <aqa < %),
moderate (% <a < 1), strong (1 < a < 2) and very strong
(a > 2) interference regimes. In the presence of weak col-
laboration (0 < f < %), the “W”-curve improves to another
“W”-curve which delineates to extremely weak (0 < a < %),
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Fig. 5. GDoF for MIMO IC with limited receiver cooperation when all nodes
have the same number of antennas M. (a) 0 < fy < % (b) % < po <M.
(c) fo =M.

very weak (% <a < %), weak (% <a < % — 3L), moderate
(% — 3% 1), strong (1 < a < 2+ 4;) and very

=< 06—5
strong (2 + % <

a) interference regimes. In the presence
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of weak collaboration (0 < f < %), we see that the GDoF is
strictly greater than that without collaboration for every a > 0.
The GDoF improvement indicates an unbounded gap in the
corresponding capacity regions as the SNR goes to infinity.

For moderate collaboration (% < f < M), the “W”-curve
improves to a “V”-curve which delineates to the very weak
O<ac< %), weak (ﬁ <a =<1),strong (1 <a <2+ 4)
and very strong (2 + 4; < o) interference regimes, and we
see that the GDoF with collaboration is strictly greater than
that without collaboration for & > 0 similar to the weak
collaboration.

For strong collaboration (f > M), the “W”-curve improves
to an increasing curve which delineates to the very weak (0 <
o <1),weak (1 < a < %), strong (% <a <2+ %) and
very strong (2 + % < a) interference regimes. The slopes
of increase of GDoF with a changes at the border of these
regimes.

We note that for a given M and «, increasing f improves
the GDoF till § = Ma, after which there is no improvement
in the GDoF since the GDoF at this point is the same as that
with full cooperation. This can be seen also in the following
corollary.

Corollary 4: The symmetric GDoF for a two-user MIMO
IC with limited receiver cooperation, when My = My = N1 =
N» =M and P21 = f12 = f = Ma is equal to M max(1, a)
which is the same as that with full cooperation.

Proof: We only need to compare M max(1, a) with all the
bounds of the Corollary 3 and see that it is smaller or equal
to all of them in Corollary 3, or

M max{l,a} < M + min{(a — 1)" M, B},
M max{l,a} < Mmax{(1 —a)",a} + B,

1 1 1
M max{1,a} < 5(1 —a)"M + EMmax{l,a} + E'B’
M max{l, o} < M max{1, a},

1 1
M max{l, a} < ngax{(l —a)ta) + 5(1 —a)tM

1 2
-M 1 =B,
+3 max{l, a} + 3,3
1
M max{l, a} < ngax{(2—a)+,a}

1 1
—}—ngax{l,a}—i—gﬁ. (58)
Since all these expressions can be shown to hold, M max(1, a)
is achievable. Further, since M max(1l,a) is also an outer
bound, the Corollary 4 holds. |

V. CONCLUSION

This paper characterizes the approximate capacity region
of the two-user MIMO ICs with limited receiver cooperation
within N; + N, bits. This approximate capacity region is
used to find the DoF region for the two user MIMO ICs
with limited receiver cooperation. We also find the maximum
amount of cooperation needed to achieve the outer bound
of unlimited receiver cooperation. Further, the GDoF region
is found for a two-user MIMO IC with equal antennas at
all the nodes. With the GDoF region, we find that the
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“W” curve without cooperation changes gradually to
“V” curve with full cooperation. The cooperation improves the
GDoF till the capacity of the cooperation link is of the order
of aM log SNR when the GDoF reaches the GDoF with full
cooperation.

This paper gives a specific strategy for Han-Kobayashi
message splitting for two-user MIMO IC where the covariance
matrices for the public and the private messages are properly
designed. This scheme has been shown to achieve a region
that is within a constant gap of the capacity region for
MIMO IC with feedback in [32], and MIMO IC with limited
receiver cooperation in this paper. We believe this strategy can
help achieve general results for a variety of other scenarios
where Han-Kobayashi message splitting is used. Investigation
of these scenarios (such as transmitter cooperation, limited
feedback, etc.) is an interesting future problem.

APPENDIX A
USEFUL MATRIX RESULTS

In this section, we will describe some results related to
matrices that are extensively used in this paper.

A Hermitian matrix M € R™" is said to be positive
semi-definite (p.s.d.) if z*Mz is real and non-negative for
all complex vectors z. A positive semi-definite matrix M is
denoted as M > 0. If in addition, z*Mz is non-zero for z # 0,
M is positive definite. Further, M > N for n x n Hermitian
matrices M and N if M — N > 0. We first show the monotone
property for det(.) function.

Lemma 2: For two Hermitian positive definite matrices A
and B of size n x n, if A = B, det(A) > det(B).

Proof: The proof follows from [36, Corollary 7.7.4.b]. B

Also, the following lemma is useful in bounding the covari-
ance matrix of the input signal from the point of view of
positive definiteness.

Lemma 3: For Hermitian matrix A of size n xn, A < I, if
and only if the largest eigenvalue is less than or equal to 1.

Proof: The proof follows from Theorem 7.7.3 of [36]. W

The following lemma will be useful to outer bound some
entropy relations in the paper.

Lemma 4 ([32]): The following holds for any M; x N;
matrix S

det(Iy, + TS — STS(Iy, + STS)"'sT8) <2V, (59)

As a corollary, we have the following result. .
Corollary 5: If Qip = In; — /pij H;; (In; +Pinini})71
/pij Hij, we can conclude from Lemma 4 that

(a)
logdet({y, +pjiHinij;i) < logdet (2IN1) =N;, (60)

where (a) follows from Lemma 4 by substituting . /pji H;i inS.
The following lemma will be used in this paper to prove the
positive semi-definite property for some covariance matrices.
Lemma 5 ([32]): The following holds for any M; x N;
matrix S

Sy, +ST8)7'sT > 0.
As a corollary, we have the following result.

(61)
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Corollary 6: Let Q;, = Iy, —\/p_ini;(INj—i—pij Hin;;.)*l
«//)_inij’ and Qic = Ip; — Qip. Then, Qip > 0 and Q;c > 0.
Proof: Qip > 0 follows from Lemma 1 by substituting
K> = Iy; and K1 = Oyy,. Also, Qjc = Iy, — Qip > 0 follows
from Lemma 5 by substituting , /pij H;j into S. [ ]
In addition, the next result gives the determinant of a block
matrix, which will be used extensively in this sequel.

Lemma 6 ([37]): For block matrix M = |:é lB):| with

submatrices A, B, C, and D, we have:

det Adet(D — CA™'B), if A is invertible,

. U . (62)
det Ddet(A — BD™'C), if D is invertible.

det M = {

APPENDIX B
PROOF OF OUTER BOUND FOR THEOREM 1

In this Appendix, we will show that Cxc € R,. The set
of upper bounds to the capacity region will be derived in two
steps. First, the capacity region is outer-bounded by a region
defined in terms of the differential entropy of the random
variables associated with the signals. These outer-bounds use
genie-aided information at the receivers. Second, we outer-
bound this region to prove the outer-bound as described in the
statement of Theorem 1.

The following result outer-bounds the capacity region of a
two-user MIMO IC with limited receiver cooperation.

Lemma 7: Let S; and 5',- be defined as S; £ JPijHijXi +
Z; and Si e JPijHijXi + Zj, respectively, where Zi ~
CN(O0, Iy,) is independent of everything else. Then, the capac-
ity region of a two-user MIMO IC with limited receiver
cooperation is outerbounded by the region formed by (R, R2)
satisfying

Ry < h(HuX1+ Z1) — h(Zy)
+ min{h(H2X1 + Z2|Hu X1+ Z1)

—h(Z3), Ca1}, (63)
Ry < h(HnX> + Z3) — h(Zy)
+ min{h(H21 X2 + Z1|H2n X2 + Z7)
—h(Zy), C12}, (64)
R+ Ry < h(V1|81) + h(Y2|52) — h(Zy) — h(Z))
+Co1 + Cy2, (65)
Ri 4+ Ry < h(H11 X1 + Z1181) + h(Y2) — h(Z1, Z2)
+Cr, (66)
Ri 4+ Ry < h(HnX>2 + Z2|82) + h(Y1) — h(Zy, Z3)
+ Ca1, (67)
R+ Ry < h(Y1,Y2) — h(Zy, Z2), (68)
2Ry + Ry < h(Hy1 X1 + Z1]S1) + h(Y1) + h(Y2]$2)
—h(Z1,Z2) —h(Z)) + C21 + Cra, (69)
R1 4+ 2Ry < h(HnX> + Z518) + h(Y2) + h(Y1]S1)
—h(Zy,Z2) — h(Z3) 4 C31 + C12, (70)

2R| + Ry < h(Y1, Y2|$5) + h(Y1) — h(Z1, Z2) — h(Z))

+ Ca1, (71)
R1+ 2Ry < h(Y1, Y2I81) + h(Y2) — h(Z1, Z2) — h(Z»)
+Cha. (72)
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Proof: The proof follows the same lines as the proof
of [16, Lemma 5.1], replacing SISO channel gains by MIMO
channel matrices and is thus omitted here. [ |

The rest of the section outer-bounds this region to get the
outer bound in Theorem 1. For this, we will introduce some
useful Lemmas.

The next result outer-bounds the entropies and the condi-
tional entropies of two random variables by their correspond-
ing Gaussian random variables.

Lemma 8 ([38]): Let X and Y be two random vectors, and
let X9 and Y be Gaussian vectors with covariance matrices

satisfying
G
Cov[);:|:Cov|:);G:|, (73)
Then, we have
h(Y) < h(Y%), (74)
h(Y|X)§h(YG’XG). (75)

Define X lG and XZG as having a Gaussian distribution with
the covariance matrix

X6 X
| —

Cov |:X2Gi| = Cov |:X2:|
~G ~
Define S¢ £ /pijHij X7 + Z;, Si7 & /pijHij XS + Z;
and Yl-G £ ,/piiHiin-G + /pjiHjinG + Z;. Also define
Hy = Iy, + P11H11Q11Hf1 + /J21H21Q22H2T1 and H, =

Iy, + pzszzszHsz + p12H12011 Hfz.
The rest of the section considers the 10 terms in Lemma 7
and outer-bounds each of them to get the terms in the outer-

bound of Theorem 1.

(63)—(5): We can split the bound in (63) into two upper
bounds. The first bound is

R <h(HuX1+ Z) — h(Z))
+h(Hi12X1 + Zo|Hu X1 + Z1) — h(Zy)
=h(H12X1 + Z2, H1 X1+ Z1) — h(Zy) — h(Z>)

(76)

(%) log det
[INz +p12H12Q11H£2 \/mleQnHlT }
JpupttH Q1 H)y, In +priH11 Q11 H|,
@bgdet(lm + putHN Q1 H)
+logdet(Iy, + pi2H12Q11H}y — prap1i Hi2 Q11 Hy,
(n, + pr1HUQuH ) Hi1 011 H),)
(é) log det(/y, +P11H11H1Tl)
+logdet(Iy, + pr2H12Q11 H{y — prapiiHi2 Q11 Hy,
(In, + pr1HUQuiH )™ Hi1 Q11 H),)
s =logdet(Iy, + p11Hi1H)})
+logdet(Iy, + pi2Hi2(Q11 — p1 Q11 Hy,|
(In, + priH11 Qi H) " Hi Qi) Hy,)
D logdet(Iy, + p11 Hy1 Hy))
+logdet(Iy, + plelesz - plzpllleHfL]

(In, + priHitH) )~ Hy HY)), (77)
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where (a) follows from Lemma 8 and from the fact that
h(Z;) = logdet (2zely;), (b) follows from Lemma 6, (c)
follows from Lemma 2 and Q;; =< Iy, for i € {1,2}, and
(d) follows from Lemma 1 where K; = Qq1, K> = Iy, and
S = J/T“Hfl. It gives the first part of the bound (5).

The second bound is

Ry < h(Hn X1+ Zy) — h(Z1) + Co
@ logdet(In, + p11Hi1 Q11 H,,) + Ca

(®)
< logdet(Iy, +/J11H11H1Tl) + Co1, (78)

where (a) follows from Lemma 8 and from the fact that
h(Z;) = logdet (2mely,), (b) follows from Lemma 2 and
Qii = Iy, for i € {1,2}. It gives the second part of the
bound (5).

(64)—(6): This is obtained similarly to the last bound by
exchanging 1 and 2 in the indices.

(65)—(7): For the bound (65) in Lemma 7,

Ri+ Ry < h(Y1|S1) + h(Y2|S2) — h(Z1) — h(Z))
+Ca1 +Ci2
= h(Vp11H1X1 + /p21H21 X2 + Z1|
VPHuX1 + Z2) + h(JpraHi2 Xy
+ /p2H0 X2 + Zol/p2  Ho X2 + Z))
—h(Z)) —h(Z))+ Co1 + C12

C h(pHNXE + S XS + 7]
VPuHRX{ + Z2) + h(/praHia XY
+ VP HnXS + Zo|/p2a Hu XS + Z1)
—h(Z1) —h(Z1) + Ca1 + C12
= h(J/pH1 XS + /par Hu XS + 74,
VPizHXS + 7))
—h(/paH1XY + 75)
+ h(JpraHX{ + /pHnXS + Z,
VP2 Hu XS + Z1)
— (/P2 Hn XS + 7))
—h(Z1) — h(Z1) + Ca1 + C12

@ logdet
H; «/plzpllHnQanLz
_«/P12P11H12Q11H1Tl In, +p12H12Q11H1Tz_
+ log det
H> «/P21p22H22Q22H;1
_«/P21P22H21Q22H2T2 Iy, +p21H21Q22H2Tl i

— logdet(Iy, + p12H12Q11H,)
— logdet(Iy, + p21Ha1 Q22 Hy)) + Ca1 + Cia
Q log det(/y, +P11H11Q11Hf1
+ p21H21Q22H;1 - P11p12H11Q11H1+2
(In, + pr2H12Q11 Hy) "' H12011H]))
+ logdet(Iy, + pH» QOn H),
+ /J12H12Q11H1Tz — p22p21 szszH;
(In, + p21H21 Q22 H3) ™ Ha1 Qo )
+Ci2+ (o
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(d)
< logdet(Iy, +p11H11H1Tl +P21H21H;1
— puprHuH ) (Iny + praHizH}y) ™!

Hi2H))
+ logdet(Iy, + p22HxnH,,
+ P12H12H1Tz — p22p21 szH;

(In, + p21 HotHy) ~  Hat Hy,)

+Ci12+ Cyy, (79)

where (a) follows from Lemma 8, (b) follows from the fact

that h(Z;) = logdet (2wely;), (c) follows from Lemma 6,

and (d) follows from Lemma 2 and Q;; < Iy, fori € {1,2},

and Lemma 1 where for the first term K| = Q11, K2 = Ipy,

and § = /p12 H 1> and for the second term where K1 = Q2,

Ky =1y, and S = \/pTHzl. It gives the bound (7).
(66)—(8): For the bound (66) in Lemma 7,

Ry + Ry < h(Hui X1+ Z1|81) +h(Ya) — h(Zy1, Z2)+C12
= h(H11 X1 + Z1|H12X1 + Z2) + h(Y2)
—h(Z1,2Z2) + Cr2
h(H11 XS + Z1|H XS + Zo) + h(Y$)
—h(Z1,Z2) + C12
= h(H1 XY + Z1, Ha XY + Z)
—h(HaXC 4+ Z2) + h(YF) — h(Z1, Z2)+Cra

IA

_
INE

log det

In, +/J11H11Q11H1Tl «/PlzpllHllQllHsz
«/P12p11H12Q11Hf1 In, +p12H12Q11Hf2

+ logdet(In, + p12H12Q11H1Tz
+ pzszzszHsz)
— logdet(Iy, + pr2H12Q11 H}y) + Cio
log det(Iy, +p11H11Q11HfL1
- p11p12H11Q11H1Tz
(I, + pr2H12 Q11 H) ' Hi2 Q11 HY)
+logdet(Iy, + p1zH12Q11H1Tz
+ P22H22Q22H;2) +Ci2

®

INS

log det(Iy, —i—pl]HanLl - p11p12H11HfL2
(Iny + pr2HiaH) ™ Hio HY))
+ log det(Iy, +p12H12Q11H1Tz
+ pzszzszHsz) +Cn2

INE

logdet(In, + pllHllel — p11p12H11H32
(In, + plelefg)_lHanLl)
+logdet(Iy, + po2HaHy, + proHiaHy)

+Cr2, (80)

where (a) follows from the fact that h(Z;) = logdet (2zely;),
and (b) follows from Lemma 6, and (c) follows from Lemma 1
where K| = Q11, K2 = Iy, and S = /piaH,,, and (d)
follows from Lemma 2 and Q;; < Iy, for i € {1,2}. It gives
the bound (8).
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(67)—(9): This is obtained similarly to the last bound by
exchanging 1 and 2 in the indices.

(68)—(10): For the bound (68) in Lemma 7, assume infinite
capacity between the receivers, i.e., consider a single receiver.
We get

Ri+ Ry < h(N1,Y2) —h(Z1,2Zr)

(a) 1H
< togaet (1o + | VI |0

[V, vomHs) + | 2L ] o

~/P22H2
;
[V p21H21 v P22H2T2])

®) L
< logdet (1N1+N2 [gHij

t A/ P21Ho
[\/puH“ VplZle] + |: 523
[«//1211'1;1 \/pzszTz]) ,

where (a) follows from Lemma 8 and from the fact that

h(Z;) = logdet (2mely,), and (b) follows from Lemma 2

and Q;; < Iy, fori € {1,2}. It gives the bound (10).
(69)—(11): For the bound (69) in Lemma 7,

(81)

2R1+Ry

IA

h(/priHUX1+Z11S1)+h(Y1)

+h(Y2|82) — h(Z1, Z2) — h(Z1)+C21+Cr2

h(J/priHU X T +Z1|ST) +h(Y])

+h(YS|ST) — h(Z1, Z2) — h(Z1) + Co1+Cia

= h(JpuHuX{ +21,57) — h(S7)
+h(O)+h Yy, ST) = h(ST) = h(Z1, Z2)
—h(Z1)+C21+Cr2

= h(J/priH1 XS+ 21, Vp12H12XE +2)

+sh(/praHXC +/pHnXS + 25,
VP Hu XS +71)

+h(/priHUXC +/p2  Hn XS +Z1)

IA

—h(/praH1 XV +27)
— h(J/p2 Hn X5 +25) — h(Z1, Z2)
—h(Z1)+C21+C2
(a)
% log det
Hj «/PzzplezzszHgl
VP22p21Hai szHsz In, +p21Ha szHle
+ logdet

IN1+P11H11Q11H11 JP12pit H11Q11H12
JP1pii H12Q11H11 1N2+P12H12Q11H12

+ log det(Iy, +p11H11Q11H11
+ p21 Ha1 022 Hy))
— logdet(In, +p12Hi2Q11 H},)
— logdet(Iy, +p21H21Q22H;1)+C12+C21
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(? logdet(/y, +p11H11Q11H;r1 — P11P12
Hi QuH Y (In, +p12Hi2Q11 Hy) ™!
Hi201HY)
+ logdet(In, +p22 Ha szng
+ pr2H12Q 11 HY, — popai Hp O Hy,
(IN, +p21 Ha1 Qo Hyy) ™ Hoy 00 )
+ logdet(In, +p11H1i
QnHlTl—i-plelezzH;l)
+Ci2+Co
(2 logdet(/y, +p11H11Hf1 - p11p12H11H1Tz
(In, +p12H12H1Tz)71H12H1Tl)
+ log det(Iy, + po Hoy Hiy+ pro Hio Hy
— p2p2i szH§1(1N1 +p21Hz1 Hzfl)il
H21H2Tz)
+ logdet(Iy, +p11H11H1Tl+P21H21H2Tl)

+Cr2+Ca1, (82)

where (a) follows from Lemma 8 and from the fact that
h(Z;) = logdet (27teIN,.), (b) follows from Lemma 6, and
(c) follows from Lemma 1 and Lemma 2 and Q;; < Iy, for
i €{1,2}. It gives the bound (11).

(70)—(12): This is obtained similarly to the last bound by
exchanging 1 and 2 in the indices.

(71)—(13): Define K as in (83), as shown at the bottom of
the page. For the bound (71) in Lemma 7,

2R1+Ry
< h(Y1, Y2|S2)+h(Y1) — h(Z1, Z2) — h(Z1)+C2

h(r 8, YE 150 +h(YC) = h(Z1, Zo) — h(Z1)
+ Co

h(YC, Y, Hu XS +Z1) — h(Hu XS$ +71)
+h(YE) = h(Z1, Z2) — h(Z1)+Ca

A
INE

b) A ~

< h(Y1, Y2, HnX2+7Zy) — h(H21X2+€1)
—h(Z1, Zy)+logdet(In, +p11Hi1 H,
+ p21Ha Hy) )+ Co

(o)

% logdet K

— logdet(Iy, +p21H21 szHle)-HOg det(Iy,
+p11H11Hf1+P21H21H;1)+C21
(@) sy/p22Ha
= logdet | / +
g ( Nt [ /P21 Hai i|
(02 — 020 Hy (In, +p21H21 022 Hy )~ Ha1 O)
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/P21 H2)

Uy, — Hle(INl +P21H21H§1)71H21)
. . / le
Hu Hu + P12
[Vp22Hy, /p21Hy] I:«/mH“

[\/plerg \/PllHﬂ])
+logdet(1y, +P11H11H1Tl+p21H21H1Tz)+C21,

( /
2 log det (IN1+N2 + [ ptin :|

(84)

where (a) and (b) follow from Lemma 8 and from the fact
that h(Z;) = logdet (2zely,) and Lemma 2 and Q;; < Iy,
for i € {1,2}, (c) follows from Lemma 8, (d) follows from
Lemma 6, and (¢) follows from Lemma 1 and Lemma 2 and
Qi X Iy, fori e {1,2}. It gives the bound (13).

(72)—(14): This is obtained similarly to the last bound by
exchanging 1 and 2 in the indices.

APPENDIX C
PROOF OF ACHIEVABILITY FOR THEOREM 1

In this section, we prove the achievability for Theorem 1.
Denote the RHS of the 10 terms in (5)-(14) as I; to I,
respectively. We will show a constant gap achiavability result
for the two-user MIMO Gaussian IC with limited receiver
cooperation in the following Lemma.

Lemma 9: The capacity region for the two-user MIMO
IC with receiver cooperation contains the region formed by
(R1, R) such that

Ri =15 — N1 — Ny,
Ry <= I — N1 — Ny,
Ry + Ry < min{l3, Iy, Is, I¢} — N1 — N>
— max(Ny, N2),

2R| + Ry < min{ly, Iy} — 2N| — 2N>,

Ri + 2Ry < min{lg, I1o} — 2N — 3No>. (85)
The rest of this section proves this Lemma. This region is
within N1 + N> bits of the outer bound giver by R, and thus
proves the achievability for Theorem 1. In the following, we
will consider the rate regions for ST G>_.1—» and then take
the convex hull of STG>_,1-7 and STG1-7-,1 to get this
result.

Lemma 10: If we consider ST Ga—, 1,2, the capacity region

of the two-user MIMO Gaussian IC with limited receiver
cooperation includes the set of (R1, Ry) such that

Ry = I1(X1; Y11 X2e), (86)

i f VpizHi2 Ry <I1(X1; Y11 X1cs X26)+1(X1c, X25 Y2l X20)

(VP2 Hy,y /p21Hy 1+ N/ 011 1= 15 Y1|X1c, X2c les X2; Y2 X2c
. : +C1a, (87)
Vrit, ‘p“H“]) Ry < 1(X2; 12| X10)+C12, (88)
+logdet(1y, +p11H11H1Tl+p21H21H1Tz)+C21 Ry < I(Xae; 1IX1)+1(X2; V2| X1c, X2c), (39)

In, + pzszzszng + p12H12011 H]Z «/pzlpzszzszH; + pripi2H12011 HlTl «/pzzplezzszHle

K= «/P21/J22H21Q22H2T2 + «/P11p12H11Q11HfL2 In, + p11H11Q11Hf1 + pnglezzH; P21H21Q22H;1 (83)

N P22p21Hai szHsz

p21H21 00 H,,| In, + p21H21 002 H,y,
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Ri+Ry <1 (X2e, X1 Y1) +1(X2; V21X 1c, Xoc)

+(Ca1 — O, (90)
Ri+Ry <1(Xpe, X1: Y1, V)
+1(X2; Y2l X1e, X2c), On
Ri+Ry < I (Xoe, X1; Y11 X10) +1(X1e, X235 Y2l Xoc)
+ Ci2+(Ca1 = O, 92)
Ri+Ry <I(Xae, X1; Y1, V2| X 1)
+1(X1c, X2: V2| X2c)+Cr2, 93)
Ri+Ry < 1(X1; Y11 X1, X20) +H (X1, X253 12)
+Ci2, %94)
Ri+Ry < I(Xy; Y1|X1c, Xoe)+1(Xae; Y11X71)
+1(X1c, X2; V2| X2c)+Cr2, 95)
2R+ Ry < I (X1, X2c: Y1)+ 1(X1; Y1 X1, X2¢)
+1(X1c, X2: V2| X2c)+Cr2+(Co1 — &)Y, (96)
2Ri+ Ry < (X1, Xoe: Y1, Y2)+1(X1: Y| X1e, X2c)
+1(X1c, X2: V2| X2c)+Cr12, CH)

R1+2Ry < 1(X1, X2c; 11 X10) +H (X1, X235 12)

+1(X2; V21X 1c, Xoc)+Cra+(Ca1 — &), (98)
R1+2Ry < I1(X1, Xoc; Y1|X10)+1(Xoc; Y11X71)

+1(X1c, X2; V2| Xoe)s +1(X2; YalXie, Xoc)

+ Ci2+(Ca1 — O, 99)
R14+2Ry < 1(X1, Xo2¢; Y1, V2l X10)+1 (X1, X2; Y2)
+1(X2; V21X1c, X2c)+Cr2, (100)

R1+2Ry < I (X1, Xa¢; Y1, V2| X10)+1 (Xac; Y1|X1)
+1(X1c, X2; Y2l X2e)+1(X2; Y2l X 16, X2c)

+ C12. (101)
where I}i is defined in (21).
Proof: The proof follows similarly to that in

[16, Sec. V-C], replacing scalars in the SISO channel by
vectors for the MIMO channel. [ |

The rest of the section inner bounds the convex hull of union
of this region and the one achieved from ST G121 to get
the inner bound in Theorem 1.

The achievability scheme is a 2-round protocol as described
in Section III and the transmission scheme is based on (18),
(19) and (20).

We will first evaluate some entropies that will be used in
inner bounds of the achievable rate region.

h (Y;) = logdet(Iy, + pii Hii H,; + PjiHjiH}L,‘)

+ N;log(2me), (102)
h (Y;|X;) = log det (1Ni + pj,-Hj,-HjTi)
+ Nilog(2rme). (103)

In addition, we have
h(Yi| Xic, Xje) = h(Yi| Xic, Xje, X )
= logdet(Iy; +piiHiiQipH;E)
+ Nilog(2me)
= logdet(Iy, + pii Hii H,!
— Piipij His Hi (I, + pij HijH}) ™
PP HijHY) + Nilog(2me).  (104)
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Moreover, we have

h(Yi|ch,Xi) < logdet(Iy, “l‘pjiHinij;i)
+ N;log(2me)

_
IN®

logdet (21y;) + N log(2me)

= N; + N;log(2me), (105)

where (a) follows from Corollary 5. This shows that
h(Y;|X e, X;) is upper-bounded by N;.

The rest of the section evaluates some terms in Lemma 10.
We will not evaluate the bounds (86) and (97) for now and
show that the rest of the bounds contain a region within
N1 + N> bits of the outer bounds.

(87): For this bound in Lemma 10, we have

I(X1; Y11 X1e, Xoc) + 1 (X1c, X2; Y2|X2e) + Ci2
= I(X1; Y1|X1c, X2¢) + I (X1c, Xop; /p12H12X1
+/pH»X2p, + Z2)+ Ci2
= I1(X1: 1| X1c, X2c) + h(/pr2Hi2 X1 + /p22HnX2)
+2Z2) — h(p12H12X1p + Z2) + C12
I(X1; Y1|X1e, Xoe) + h(/pi2Hi2X1 + Z3)
—h(/pr2H12X1p + Z2)
= I1(X1; Y11 X1, Xoc) + I (X1¢; /P12H12X1 + Z2)
= I1(X1: 11X2c, X1c) + I (X 15 Y2|X2)
= h(Y2|X2) — h(Y2| X2, X1c) + h(Y1| X2, X1¢)
—h(Y1|X2¢, X1c, X1)

v

(a)

> h(Y21X2) + h(Y1|X2c, X1c) — N1 — N2
— (N1 + N2) log(2me)

b

@ logdet(In, + pi2Hi2H,y) + log det(Iy,
+p11H11Q1pH1Tl + p21H21Q2pHy ) — N1 — N2

(g logdet(In, + pi2Hi2H,y) + log det(Iy,
+p11H11Q1pH1T1) N — M

@ logdet(Iy, + p11HiiHj,) + log det(Iy,
+p12H12Hfz - P12P11H12Hfl

(Iny + puHiH{) " Hi H) — Ny — Ny, (106)

where (a) follows from (105), (b) follows from the assumed
Gaussian distributions, (¢) follows from Lemma 2, and (d)
follows from the fact that using Lemma 6,
log det(Iy, + pr2HioH}y)
+logdet(Iy, + p11Hi1Q1pH)))
— log det In, +/J12H12Hfg «//J11P12H12H1Tl
«/PllplellHsz In, +/J11H11H1Tl
= logdet(Iy, + plelesz - p12p11H12Hf1
(In, + priHi1H )" HiiHY))

+logdet(Iy, + piiHitHy)). (107)

Thus, we see that this R; bound is within Nj + N, bits to
the outer bound in (5).
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(88): For this term in Lemma 10, we have (90): For this bound in Lemma 10, we have

[(X2; 21X 1) + C12 I1(X2e, X15 Y1) + 1(X2; V2| X1e, Xae) + (Co1 — )
= h(Y1) — h(Y1|X2:, X h(Y2| X1, X
= h(¥21X10) = h(¥alX1e, Xo) + Ci2 v e ) el e 220
—h(Y2|X1c, X2 21 —

(a)
= h(Y2|X16)+C12_szNzlog(zne) ) (%) h(Y1) +h(Y2|X1c, X2c) + C21 — N1 — 2N,
= logdet(In, + p22HxnH,, + p12H1201,H,,) — (N1 + N2) log(2me)
— M +Ci2 = logdet(Iy, + p21 Ha1Hyy + p1iHiH;,)
®) log det(I H H) H H
> logdet(In, + pr2HnHD) + Cia = Mo, (108) *logdetn, o po2 o2 Q2p Hhy + prafhzQ1p )

4+ Cy1 — N1 — 2N,
where (a) follows from (105) and (b) follows from Lemma 2. © logd ¥ ¥
t(/ H>1H Hi1H
Thus, we see that this R, bound is within N, bits of the = logdet(In, + pa1 Hai Hy, +p11+ BEChY
outer bound in (6). + logdet(Iy, + p22H2 02p Hy,)

(89): For this term in Lemma 10, we have +C21 — N1 = 2N,
= logdet(In, + p2 HnH,), — papai HnH),|
(In, + p21 HatHy\) ™ Hat H)
+logdet(Iy, + p11H11HfL1 +p21H21H;1)

I(X2e; 11X1) + I (X2; 12| X1, Xoc)
= h(Y1|X1) — h(Y11X1, X2c) + h(Y2| X 1c, X2¢)

—h(Y2|Xic, Xoc, X2) 4+ Cy — Ny —2Na, (111)
(
? hr(Y11X1) + h(Y2| X1, X2e) — N1 — N> where (a) follows from (105) and (23), and (b) follows from
Ni + N-) log(2 Lemma 2.
— (N1 + N2) log(2re) Thus, we see that this R} + Rp bound is within Nj + 2N
® logdet(Iy, + pa1 Ha1Hy,) bits of the outer bound in (9).

. + (91): Define L; as in (112), as shown at the bottom of the
+logdet(In, + p22H2nQopHy + p12Hi2Q1p Hy) page. For this bound in Lemma 10, we have

—N1 — N I(ch,Xl;Yl,fz)—H(XAz; Y21 X1¢, X2¢)
(g log det(Iy, +P21H21H2Tl) = b, 12)=h(11, Bl Xoe, X +h(F2lX e, Xae)
. —h(Y2|X1c, X2)
+logdet(Iy, + p22H2Q2pHy,) — N1 — N (@) A -
@ ) > h(Y1, Y2)—h(Y1, Y2 Xoc, X1)+h(Y2| X1c, Xoc)
= logdet(Iy, + p22HaH,,) — N2— Ny log(2me)
+ log det(I, +p21H21H;1 —pzlpzszngz = h(Y1, Y2)=h(¥1, Y2|X26’X1)¢ ¥
B +logdet(In, +p22H2 Q2p Hyy +p12 Hi2 Q1 p H ) — N
(In, + proHon ) H ) — Ny = Na, (109) gdet(In, +p22H22Q2p Hyy+p12H12Q1,Hyy) — N2

h(Y1, Y2)=h(Y1, Y2| X2, X1)
where (a) follows from (105), (b) follows from the assumed +logdet(Iy, + pos Hyr O i )—N
Gaussian distributions, and (c¢) follows from Lemma 2 and (d) 08 Ae Ny T P22 M) 2
follows from Lemma 6. Using Lemma 6 it is easy to see that = h(1, Y22_h(“/p?H21X2P+Zl’ J/J_221{22X2p
+ Za+Zy)+logdet(In, +p22H2 Q2p Hyy) — N2

logdet(Iy, + p21 Ha1 Hy)) .
! 21 . © n(v1, ¥2) —logdet(A + Iy, + Hp 02 Hiy)
+ logdet(Iy, + p22H2Q2p Hy,) — logdet(Iy, + H1202) HITZ_HUQZP H;z
~ log det In, + p21HotHy, /paipai HatHy) (A+1In, + H0Qop Hyp) ' Hn Q2 HY)
«/ﬂzzplezzHgl In, + pzszzng +logdet(Iy, + P22H22Q2pH§2)
— Ny—(N1+Ny) log(2me
= logdet(Iy, + p21H21H2T1 - p21P22H21H2T2 (d) A( )log(2me) s
/ HonH N o B = h(Yy, Y2) —logdet(Iy, + H22Q2p H,,)
(In, + p22H22 223 2nH,) ~ logdet(Iy, + Hi2QapHly— Hi2Qop Hly
+ log det(INz + p22H22H22). (1 10) (A+1NZ + H22 QZpHZTZ)_l H22Q2pH1142)
Thus, we see that this Ry bound is within Ny + N, bits of the +logdet(ly, + p2aHn Q2p Hyy)
outer bound in (6). —2N> —(N1+N>) log(2ne)

P11H11H1§ + P21H21H§1 «/P11p12H11H1i2 + «/P21p22H21H2T2

L= . . (112)
|:«/p11p12H12H11 + «/P21P22H22H2Tl pH»Hy, + plelesz ]
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= h(Y1, Y2)—logdet(Iy, + H12Q2p H,, — H1202, Hy,
(A+1Iny+H2nQ2p Hy) " HnQop Hy,)
—2N; — (N1 +N>) log(2me)

and (d)
hence:

(Y1, Y2)—logdet(Iy, +H12Q2, H,,) —2N>
— (N1+MN2) log(zme)

h(Y1, Y2)— N1 —2N>— (N1 +N») log(2re)

log det (LH—[IN‘ 0 D

0 Aty

— N1 —2Ny—(N1+Ny) log(me)

log det(A +In, +pao Hoo Hay + proHio H),)

+ logdet(Iy, +p11Hi1 H, |+ p21 Har Hy,
- N/MHIIHFZ—FMHZlH;z
(A+1In, + proHo H)y+praHinH,)
JpupiaHnH! | + /paipaa HoHY)

— N1 —2N,

log det(In, +p22H22H;2+P12H12H1Tz)

+log det(In, +p11 Hy1 H{, + pa1 Hy1 Hy
- «/mHnHsz-i-«/mHle;z
(Iny + p22HaoHay+ proHinHiy) ™!

VPupHiH| | + p2pnHanHy)

(92):

(@)
=

v

—N1—2N;
_ Iy, O
= logdet (L]—i—[ 0 In, i|)
— N1 —2N,
JPiiH1
= logdet |/ + P11
£ ( A [\/Plelz
Thus
i i /P21Hai ’
Ve H,, Vpi2H, ]+
(VP11 H{| /p12H,] [MH221| e
[VparH, /pHE))~Ni~2N; Ly
= h(Y1,Y2)—Ni1—2N; X,
JPiiHn B
= logdet | I +
0g de ( Ni+N> [MHIZ}
>
i i /P21H2 =
VPl H{ /proH
(Ve H{| /p12 12]+|:MH22:| "
a
[«/plele \/pzszTz])—Nl—ZNz, (113) =
where (a) and (f) follow from (105), and (b) and (e) follow @
from Lemma 2, (c¢) follows from the fact that _
h(J/p2Hn X2p + Z1, o2 Ho Xop + Zo + Z2) ©
= logdet =
Iy, +p21H21Q2pH£1 \/P21p22H21Q2pH§2 i
VP21p22H2Q2pHyy A+ In, + p22H2 02, Hyy =
+(N1 4+ N2) log(2zme)
= logdet(A + Iy, + szszng) @
+ logdet(Iy, + Hi202,H{, — H12Q2, H,, (A + I, >

+H»02pH)y)  Hn 02, HY) + (N1 4 N2) log(2me),
(114)

Thus,
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follows from the fact that A = Iy, + H2, 02 Hsz and

logdet(A + Iy, + Hy Q2 H,)

= logdet2(Iy, + szszng)
= logdet(Iy, + szszHL) + Na.

we see that this R; + R, bound is within N| + 2N
bits of the outer bound in (10).

For this bound in Lemma 10, we have

I(X2e, X15 Y11X1e) + T (X1c, X2; V2| X2e) + Cr2

+(Cy ="
h(Y11X1c) — h(Y11X1c, Xoe, X1) + h(Y2]X2c)
—h(Y2|X2e, X1c, X2) + Ci2 + (C21 — )T

h(/priHuX1p + /p21Hn X2 + Zy)
+h(/pr2H12X1 + /poHnX2p + Z5)
+C12+ C21 — N; — 2N — (N1 + N2) log(2me)
logdet(Iy, + p11Hi1Q1pH,| + p21 Ha1 Hy))

+ logdet(Iy, + pH» Q2p Hyy + proHi2H,)
+Cin+C — Ny — 2N,

logdet(Iy, + p11Hi1H{ | + p21 Ha1 H,
—P11P12H11H1Tz(11v2 +P12H12H1+2)71H12H1+1)
+ logdet(Iy, + pzszzng + P12H12H1Tz

- P22P21H22H2T1 Un, + p21H21H2T1)_1H21H;2)
+Ci2+ C21 — Ny — 2Ns.

where (a) follows from (105) and (23).
we see that this R; + R, bound is within Nj + 2N
bits of the outer bound in (7).

For this bound in Lemma 10, we have

X15 Y1, ValX10) + 1 (X1, X2; Ya|Xae) + Cia
1(Xae; Y1, ValX1e) + I(X15 Y1, V2l X 16, Xac)
+1(X1c, X2: V2| X2c) + C12

1(Xae; Y2l X10) + T(X1; Y11 X 16, Xac)

+1(X1c, X2: V2| X2c) + C12

I(X2e: V2|X1e) — No 4+ I(X1: Y1 X1e, X2c)
+1(X1c, X2: V2| X2c) + C12

I(X1: V1| X1e, X2¢) + I (X1e, X2; Y2) + C12 — M2
h(Y1|X1c, Xoc) — h(Y11X1, Xic, Xoc) + h(Y2)
—h(Y2|X1e, X2) + C12 — N2

h(Y1|X1c, X2¢) + h(Y2) + C12 — Ny — 2N,

— (N1 4+ M2)log(rme)

logdet(In, + p11H11Q1pH]| + p21H21 Q2 Hy))
+ logdet(/n, + pzszszTz + plelefg) +Ci2
— Ny —2N»

logdet(Iy, + p11H11Q1pH1T])

+ logdet(Iy, + p2 HnHy, + pioHi2H,)
+Ci2 — Ny —2MN;

(115)

(116)
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= logdet(/y, +p11H11Hfl - P11p12H11H1Tz
(In, + pr2Hi2Hy) "' HioH})
+ logdet(Iy, + paaHaaHay + praHiaHYy)

+C12 — N1 —2N», (117)
where (a) follows from
[(X2e; 21X 10) = I (Xae: YalX1e) — Na, (118)

which is true since
1(X2c; V2| X1) =1 (Xac; Y2l X16)+ N2
= h(V21X10)—h(Y2| X 1c, X20) —h (Y2 X 1)
+h(Y2|X1c, X2c)+ N2
= logdet(A+ Iy, +p22HpoHypy+p12Q1p Hio HY)
— logdet(A+1y, +p22H22Q2pH;2
+ p12H12Q1pH1Tz)
—logdet(INz—i—pzszszTz-i-plelelleTz)
+logdet(Iy, +p22H22Q2pH§2+P12H12Q1prz)+N2
= logdet(A+IN2—i—pzszzH;g-l-plellezHsz)
— log det(Iy, +pooHn H)y+p1aHi2 Q1 H),)
- logdet(2A+p12H12Q1pH1Tz)

+ logdet(A+p12Hi2Q1, H{y)+ N2 > 0, (119)

(b) follows from the fact that

I(X2e; Yol X1c) + 1(X1¢, X2; Yo  X2c)
= 1 (Xo; Y2, Xic) + I1(X1c, X2; Y2 X2c)
> I (Xoe; Y2) + 1 (X1c, X2; Y2 X20)

= I(X1c, X2, X26; Y2) + [ (X1, X25 Y2),  (120)

(c) follows from (105) and (d) follows from Lemma 2.
Thus, we see that this R; + R bound is within N; + 2N,
bits of the outer bound in (8).
(94): For this bound in Lemma 10, similar to the last term
we have
1(X1; Y11 X1e, Xac) + 1 (X1, X235 Y2) + Ci2
> logdet(Iy, + p11HuH,| — pripiHitHy,
(IN2 +P12H12H1'2)_1H12H1'1)
+logdet(Iy, + proHaHyy + praHinH)))

+Ci2 — N1 — Ny, (121)

which results from the proof of the last bound.
Thus, we see that this Ry + R bound is within Ny + N,
bits of the outer bound in (8).
(95): For this bound in Lemma 10 we have
I(X1; V1| X1e, Xoo)+1(Xae; Y11X7)
+1(X1c, X2; Y2 X20)+C12
= h(Y11X1¢, Xoe) —h(Y11X1¢, Xoc, X1)+h(Y11X1)
+Ci2

(a)
> h(Y11X1e, Xoe) +h (Y1 X1)+h(Y2]X20:)+Cr2
—2N1—N>—(2N1+Ny) log(Rme)

v

v

h(Y1|X1¢, Xoc)+h(/p21Hu X2+ Z1)+h(Y2, X2¢)
—h(X2c)+C12—2N1— N> — (2N1+N3) log(2ze)

log det [P22H22H52+p12{112H32 VP22H2 Q2 }
VP22 Q2:Hy, 02

—logdet (Q2c)+h(Y1|X1c, X2¢)

+h(/p21Hn X2+ Z1)+Cr2

—2N1—N>—(2Ny) log(2me)

log det (IN2 +p22H22H;2+p12H12H1?2)
+ log det (ch —p202cH3, (In, +p2HnHy)

+ praHiHY) ™ H» 0o
—logdet (Qac) + A(Y1]X1c, X2c)
+h(/p21HnX2+2Z1) + Cr2
_ON) = Na—(2N}) log(2me)

log det (IN2 +p22H22H2Tz+P12H12H1+2)
+ log det(Iy, +p11H11leH;Ll‘i‘PZlHZlQZszJrl)
+ logdet (ch—pzz Q2cHyy (In, +prHn H,
+ praHi2H,) ™ Hap0sc)—logdet (Qa)
+ log det (INl +p21H21H;1)+C12—2N1—N2
log det (IN2 +p22H22H;2+p12H12H1?2)
+ log det(Zy, +p11H11Q1pH1Tl)
+ log det (ch—pzz QZcHsz(INz -i-P2217‘1221"12+2)71
H» 02¢)
— logdet (Q.)+log det (IN1 +p21H21H;1)
+Ci2—2Ni—N>
log det (IN2 +p22H22H;2+P12H12Hf2)
+ logdet(Iy, +p11Hi1 Q1 H, ) +log det (QzC_Q%C)
— logdet (Q2.)+log det (IN1 +p21H21H;1)+C12
— 2N —N;
log det (IN2 +p22H22H2Tz+P12H12H1+2)
+ log det(Zy, —i—pqulQ11171‘11T1)‘f‘10gdet (02p)
+ log det (INl +P21H21H;1)+C12—2N1—N2
log det (IN2 +p22H22H2Tz+P12H12H1+2)
+ log det(Iy, +p11H11Q1pH1Tl) +logdet (Q2))
+ log det (1M2+p21H;1H21)+C12—2N1—N2
log det (INZ +p22H22H;2+P12H12H1%2)
+ log det(Iy, +p11H11Q1pH1Tl)
+ log det (IM2 —patHy (Iny +par Hot Hy ! H21)

+ logdet (IM2 +p21H;1 H21) +C12—2N1— N,
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— log det (1N2+ poo Hop Hy + plelefz) where (a) follows from (105) and (23), and (b) follows from
5 Lemma 2.
+ logdet(ly, +puHnQ1pHyyp) Thus, we see that this 2R + R, bound is within 2N +2N;
+ logdet (IM2 —p21 H;(INI + po1 Hlegl)*1 H> bits of the outer bound in (11).

(98): For this bound in Lemma 10 we have
I(X1, Xoc: Y11X1e) + 1(X1e, X235 Y2)
+1(X2; Y2 X1c, Xo¢) + Cio + (Co1 — O
= h(Y11X1c) — h(Y11X1¢, X1, X2c) + h(Y2)

+pa1Hy Ha1 — p21 Hy  Ha1 pa1 Hy,
(In, +p21 Ho Hy ) H21)
+Ci2—2N1—MN,

f t
= logdet (Ix; +p o}y + proHiaH) — h(Ya X102 X2) + h (V2| X1, Xac)
+ logdet(Iy, +p11Hi1 Q1pH,)) —h(Y2|X1c, X2¢, X2) + Cr2 + (Co1 — &)
(@)
+ logdet (I, +p21 Hy (I — Houpn H, = h(111X10) +h(¥2) +h(V2lX1e, Xa) + Cia + Co1

—2Ni —2Ns — (N} 4 27Ns) log(27e)
= logdet(Iy, + p11H11Q1,H], + pa1 Ha Hj))
+ logdet(/y, + pzszzng + P12H12H1Tz)
+ logdet(In, + pH2 Q2pHyy + pr2Hi2Q1pH),)

+Ci2+ C21 —2N; — 2N,
()

(Iny +p21 HotH ) = (I o Ho ) Ho )
+Ci2—2N1— M,
= logdet(Iy, +p11H1Q1pHy))
+ logdet(In, +paaHoo Hyy + proHiH),)
+Ci2—2N1— N

= logdet(Iy, +p11H11Hfl—p11p12H11H1Tz > logdet(/y, +/J11H11Q1prl +P21H21H;1)
(Iny+praHiH ) Hiz HY ) + logdet(In, + o HaoHy, + praHioHi)
+logdet(In, + poaHynHyy+praHinH),) + logdet(Iy, + p22H» Q2pHy) + Ci2 + Cay
+C12—2N1— N2, (122) —2N1 — 2N

= logdet(I HypH), — HypH]
where (a) follows from (105), (b) follows from Lemma 6 and gdet(Iy, + pHnHy, = pr2puHnHy,

(c) follows from Lemma 2. (In, + P21H21H;1)_1H21H;2)
'Thus, we see that this' Ri + R bound is within 2N| + N, + logdet(Iy, + PllHllel +p21H21H2Tl
blt(s92§:t111;;ro ;ll:fsr II;)(()):J]II:(CII 111111 Sa)r.nma 10 we have - p11/3 IZHHH;FZ(INZ tp 12H12H§2)_1
H12Hf1)
I(Xl—,:iz(c;(Yl)—i-I(Xl; Y11X1c, X2c) . 1 logdet(In, + praHnH + praHiH)
1e» X2; 12| X2¢) + Cr2 + (C21 = &) +Co1 + Cia — 2Ni — 2Na, (124)
= h(Y1) — h(Y1|X1, X2¢) + h(Y1|X1c, X2c)
— h(Y1|X 10, X2, X1) + h(Y2| Xa0) K:;r;a(az)' follows from (105) and (23), and (b) follows from
@ —h(V2|X1e, X, Xac) + Criz + (Co1 = &) . Thus, we see that this.Rl + 2R, bound is within 2N +2N>
> h(Y1) +h(Y1]|X1e, X2¢) + h(Y2|X2e) + Cia + Cay bits of the outer bound in (12).
— 2N —2N> — 2Ny + N2) log(2e) (99): For this bound in Lemma 10 we have
= logdet(Iy, + p11Hi1H{| + p21 Ha1 Hy)) 1(X1, Xac: V1| X10) + I (Xoc; Y11X1)
+ logdet(In, + p11H11Q1pH1Tl + p21H21 Qzl’HZTI) +1(X1c, X2; V2| Xoe) + 1(X2;5 Y2[ X1, X2¢)
+ logdet(/n, + Pzszzszng + P12H12H1T2) +Cn+(Cn -7
+Cia+ Cay —2N; — 2N, = h("1X1c) — h(N1X1, Xoe, X1e) + h(Y1]X1)

®) .
> logdet(Iy, + p11Hi1H,, + p21 Ha1 Hy))

+ log det(Iy, +p11H11Q1pH1T1)
+ logdet(In, +p20H22 02, Hsz + p12H12H1TZ)

—h(Y1|X1, Xoc) + h(Y2|X20) — h(Y2]X1c, X2, Xoc)
+h(Y2|ch, X2C) _h(Y2|ch, Xoc, XZ)
+Ci2+ (Cyy =T

+C12 + C21 —2N; — 2N, > h(Y11X1c) + h(Y11X1) + h(Y2]Xoc) + h(Y2] X1, X2c)
= logdet(In, + p11HitH{, — p1ipiaHiiHy(In +Ci2 4 Ca1 — 2Ni — 3N, — 2(Ni + N,) log(2me)
+ praHiH) T HiHY) = logdet(Iy, + p22Hn Q2pHyy + pr2H1201, Hyy)
+ logdet(Iy, + pzszszTz—i-an]szz + logdet(Iy, +p11H11Q1prL1 +p21H21H;1)
— pop21HoHy (I, + pa1 Hat H) ™ Hay Hy,) + logdet(Iy, + p21 Ha1 Hy))
+ logdet(Iy, + p11Hi1H,| + pa1 Ha Hy)) + logdet(Iy, + paaH2Q02pH}, + proHinH),)

4+ Cip+ Co1 —2N1 — 2N3, (123) +Cy1 + Ci2 —2N; — 3N,
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V=

logdet(In, + p22Han Q2 Hyy)

+logdet(Iy, + p11H11Q1pH:1 + P21H21H;1)
+ logdet(Iy, —i—plelele)

+ logdet(Iy, + pHaQ2pHyy + praHizHy)
+C21 + Ci2 —2N1 — 3N,

Ve

logdet(In, + parHa 02, Hyy)
+logdet(Iy, + p11Hn QipHy, + po1 Har Hy, )
+logdet(In, 4+ prnHnH,), + praHiaH,)
+C21 + Ci12 — 2N — 3N,
= logdet(In, + p2HanHyy — propai HnH,),
Iy, +P21H21H;1)_1H21H;2)

+ logdet(Iy, + pitHiiH]| + pa1 Hat Hj,

- P11/J12H11H1Tz(11v2 + 11121"1121"1172)71
HypH,)

+ logdet(Iy, + prHanHyy + proHioH)

+ Co1 + C12 — 2N — 3N>, (125)
where (a) follows from (105) and (23), and (b) follows from
Lemma 2 and (c¢) follows from
log det(Iy, +pa1 Ha1 Hy,)

= h(1]1X1)
(d)

v

h(Y2)—h(Y2|X2c)
log det(In, +p2 HaoHay+ pi2 Hi2 Hy)
— logdet(In, +p22H20 Q2p Hyy+proHioH)),  (126)
where (d) follows from (122).
Thus, we see that this R; + 2R bound is within 2N| +3N;

bits of the outer bound in (12).
(100): For this bound in Lemma 10 we have

1(X1, X2c; Y1, 2| X10) + I (X1c, X2; Y2)
+1(X2; Y2l X1¢, X2¢) + Cr2
= h(Y1, V2| X1c) — h(Y1, YaIX1, Xoc, X1c) + h(Y2)
—h(Y2|X1c, X2) + h(Y2] X1, Xoc)
—h(Y2|X1¢, X2¢, X2) + C12
(? h(Y1, Y2l X1c) — h(Y1, Y2l X1, Xac, X1¢) + h(Y2)
+h(Y2|X1c, Xoc) + C12 — 2Ny — 2N log(2me)
= h(Y1, Y2|X10) — h(\/par Ha1 Xop + Z1,
VPHnX2p + Zo + Z2) + h(Ya| X1c, Xa0) + h(Y2)
4+ Ci2 — 2Ny — 2N, log(2me)
h(Y1, Y2 X1c) — logdet(A + Iy, + p2H Q2 Hyy)
— logdet(Iy, + p12H1202, H},
— p12p22H1202p Hiy (A + Iy, + praH2 Q2 Hy) ™!
HpQopHYy) + h(Y2| X1, Xac) + h(¥2)
+ C12 — 2N — (N1 + 3N)) log(2me)

®

© , )
> h(Y1, Y2|X1c) — logdet(A + In, + paaH2 02 H,,)

— logdet(In, + p12H1202pH)5) + h(Y2|X1c, Xac)
+h(Y2) + C1p — 2Ny — (N1 +3N>) log(2me)
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= (Y1, V2| X1c) — logdet(A + Iy, + p22H2 Q2 Hyy)
— logdet(In, + p12H12Q2pH,)
+ logdet(Iy, + po2H2 Q2p Hy + p1oHi2Q1, H)
+h(Y2) + Cip — 2Ny — (N1 4+ 2N>) log(2me)
Dy, Y2|X1.) — logdet 2(In, + p2aH20 02pHy))
— logdet(ly, + p12H12Q2p HY))
+ logdet(In, + p2H2 Q2pHyy + p12H12Q1, H)
+h(Y2) + Ci2 — 2Ny — (N1 + 2N2) log(Rme)
= (Y1, V2| X1c) — logdet(Iy, + pnH» Q2 Hyy)
— logdet(In, + p12H12Q2pH,)
+ logdet(In, + p2H2Q2pHyy + proH12Q1pH),)
+h(Y2) + Ci2 — 3Ny — (N1 + 2N2) log(me)
h(Y1, V21X o) — logdet(Iy, + pr2H12Q2pH)5)
+h(Y2)+ C1p — 3Ny — (N1 + 2N2) log(2me)
h(Y1, V2| X1c) + h(Y2) + C12 — N1 — 3N,
— (N1 +2N>) log(2ne)

© VPl H
< log det (1N1+N2 + [ \/Z%Hﬂ (I, — H, (I,

+ prHiHL) T HY) Ve HY, pizH ]

Jp21H:
* [J/%HZ] VP2t vﬂzzHle) +h(Y2)

+ C12 — N1 — 3Ny — Ny log(2me)

P11 HL i
= logdet (IN1+N2 + [MH12:| (IMI - le(INz

+ prHiHY) " Hio) [VpiiH)y piaH)]
P21 Ha i T
+ H. H.
[Msz [Vp21Hy /p22Hy,)
+ log det(I, + paHanHyy + pr2HioHYy) + Cia
— N1 — 3Ny, (127)

where (a) follows from (105), (b) is achieved similar to (114),
and (c) follows from Lemma 2, (d) follows from (22), and
(e) is due to

h(Y1, Y2|X1c)
= logdet(L2) — h(X1c) + (M1 + N1 + N2) log(2me)

62) Iny 0O
= logdet ((L] +|: 0 A+ Iy,

- [Zi;} Qlc(Qlcl)Qlc[HlTlHsz])
+ h(X1c)—h(X1c) + (N1 + N2) log(2ze)

= logdet ((L] + |:1g1 A—:)IN i|)
2

H
- |:H1;1| (Im, — le)[HlTlHITZ])
+ (N1 4+ N2)log(2me)

(9)
§ logdet((L1 + |:Ig‘ 12 i|)
2

H
- |:H$:| (Im, — le)[HﬁHsz])
+ (N1 + Ny) log(2me)

v

v
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JPiiHp
= logdet (IN1+N2 + [J%HIZ} Im, — Hsz

(In, +p12H12H1+2)71H12) [«/PquTl \/plesz]

P21Hai + %
+ p21H, /pnH
[MHZZ [Vp21Hy /p22Hy)l

+ (N1 + Ny) log(2me), (128)

where L, is defined as in (129), as shown at the bottom of
the page, L; is defined as in (112), (f) is due to Lemma 6
and (g) results from Lemma 6 and Lemma 2 and also the fact
that A is a positive definite matrix.
Thus, we see that this Ry + 2R, bound is within Ni + 3N,
bits of the outer bound in (14).
(101): For this bound in Lemma 10 we have
[(X1, Xae; Y1, V2l X10) + 1 (Xac; Yi1X1)
+1(X1c, X2; Y2l X2e) + 1(X2; Y2|Xie, X2c) + Ci2
= h(Y1, Y2|X1c) — h(Y1, Y2l X1, X1, Xoe) + R(Y1]X1)
—h(N X1, X2c) + h(Y2|X2e) — h(Y2| X2c, Xie, X2)
+h(Y2| X1c, Xac) — h(Y2[X1c, Xoc, X2) + Ci12

> h(Y1, Ya|X10) — h(Y1, Y2l X1c, X1, X2) + h(Y1]X1)
+h(Y2|X2e) + h(Y2|X1e, Xo¢) + C12 — N1 — 2N,
— (N1 4+ 2N,) log(2me)

> h(Y1, V2| X10) + h(Y1[X1) + h(Y2|X2e) + Cia
—2Nj; — 3Ny — 2(N1 + Np) log(2me)

= h(Y1, Y2|X1c) + log det(Iy, +P21H21H;1)

+ logdet(Iy, + poaH» Q2pHyy + proHizHy)

4+ C12 —2N; — 3N, — (N1 + M) log(2me)

> h(Y1, Y2|X1.)
+ logdet(Iy, + praHaHyy + p1aHioH,,)
4+ C12 —2N; — 3N — (N1 + M) log(2me)
@ JVPiiHi ¥
> logdet (1N1+N2 + |:«/P_12H12 Up, — H)5
Iy, + /J12H12H1T2)_1H12) [\/PllHlTl «/plesz-

/P21H2i t t
H H
[Msz [Vp21Hy; /p22Hyl
+ logdet(Iy, + pzszszTz + plelesz)
+Ci2 —2N; — 3N, (130)

where (a) follows from (105), (c) follows from (122), and (b)
and (d) can be seen similar to the proof of the last bound.
Thus, we see that this R| +2R» bound is within 2N| +3N
bits of the outer bound in (14).
We define the region RP including all the achievability
bounds in (86)-(101) except for (86) and (97). Up to now,
we have analyzed all the bounds of R”. We proved in R”
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that:

Ry =11 — N1 — Ny,
Ry < Ih — N1 — Ny,
Ry + Ry < min{l3, Iy, Is, Ie} — N1 — N
— max(Ny, N»),
2R| + Ry < min{ly, I9} — 2N| — 2N>,

Ri + 2Ry < min{lg, I1o} — 2N — 3No>. (131)

Thus, R? contains the region which is within N + N bits to
the outer bound Ry.

Now, add constraints (97) and (86) to R”. [16] proved that
whenever (97) is active, at least one of the Ry + R, bounds
is active, which can be extended to the MIMO case because
[16, Claim 5.6] is true in general independent of the number
of antennas. We will now present similar reasoning for bound
(86) to show that whenever bound (86) is active, at least one
of the R; + R, bounds is active.

The value of R; + R, at the intersection of (86) and (98)
is greater than the average value of R; + Ry in (90) and (94):

RHS of (86) + RHS of (98)
= 1(X1: 1|X20) + 1(X1, Xoc: Y11 X 1)
+1(X1e, Xo; Y2) + 1(X2; Y2 | X1e, X20) + C12

+(Cy — &))"

(a)
> [(X2e, X15 Y1) + 1(X2; V2| X1e, X20) + (Cop — &) T

+1(X1; NlX1e, X2¢) + I (X1e, X2; Y2) 4+ Cr2

= RHS of (90) + RHS of (94), (132)

where (a) follows from the fact that
L(X1; Y1l X2e) + 1(X1, Xoc; Yi1X1c)
— 1 (Xae, X1: Y1) — I (X1; V11X 1c, X2c)
= h(Y11X20) + h(Y11X1c) — h(Y1) — h(Y11X1¢, Xoc)
®
>0, (133)

where (b) results from the following fact that if A, B, C and
D are invertible positive semi-definite M x M matrices then

det(A + B).det(A 4+ C) > det(A + B + C).det(A), (134)
because it is equivalent to
det(A + B).det(A™!).det(A + C) > det(A + B + C), (135)
or

det(A+B+C+BA™!C)>det(A+B+C), (136)

which is trivial.
It shows that when both the bounds (86) and (98) are active,
at least one of the bounds (90) or (94) will be active also.

In, +p11H11Hf1 +P21H21H;1

\/pllQchl’l

VP12p11 H11H1Tz + Vp22p21 Hlegg VP11H11 Q1c
Ly £ «/Plzpqusz] + «/pgzplezzHgl A+ Iy, + pzszzng + P12H12Hf2 P12H1201¢

(129)

JPQ1cHY, O1c
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The value of R; + Ry at the intersection of (86) and (99)
is greater than the average value of R; + Ry in (90) and (95):
RHS of (86) + RHS of (99)

= I(X1; Y11X20) + 1(X1, Xoc; Y11X1c)

+1(Xoe; Y1|1X1) + 1 (Xic, X23 Y2l X2c)
+1(X2; V2| X1¢, X2¢) + Cra + (Ca1 — )T
1(Xae, X1; Y1) + 1(X2; Y2l X1e, Xoe) + (Co1 — )T
+1(X1; Y11 X1c, X2e) + 1(Xoe; Y11X71)
+1(X1c, X2; V2| X20) + C12
RHS of (90) + RHS of (95),

_
IVa

(137)

where (a) follows from (133).
It shows that when both the bounds (86) and (99) are active,
at least one of the bounds (90) or (95) will be active also.
The value of R; + Ry at the intersection of (86) and (100)
is greater than the average value of Ry + Ry in (91) and (94):

RHS of (86) + RHS of (100)
= I(X1; Y11X2e) + I(X1, X2c; Y1, V2| X 1)
+1(Xi¢, X2; Y2) + 1(X2; V2| X1, X2c) + C12

a) A
> (X1, X3 Y1, V21X 10) + I(X2; Y2l Xie, X2¢)
+1(X1; Y1lX1¢, Xoc) + I(X1e, X25 Y2) + C12

= RHS of (91) + RHS of (94), (138)

where (a) follows from the fact that

1(X1; Y11X2e) — 1(X1; Y11 X1e, X20)

= I(Y1|X2e) = I (Y1 X1, X2c)

= logdet(Iy, + priHi1H,| + p21 Ha1 Q2 HJ))

— logdet(Iy, + p11H11Q1pH,, + p21H21Q2p Hy))
> 0. (139)
It shows that when both the bounds (86) and (100) are

active, at least one of the bounds (91) or (94) will be active
also.

The value of Ry + R, at the intersection of (86) and (101)
is greater than the average value of Ry + Ry in (91) and (95):

RHS of (86) + RHS of (101)
= [(X1; Y11X20) + (X1, Xac; Y1, V2| X10)
+1(X2e; Y11X1) + 1 (X1e, X25 V2| X2c)
+1(X2; V2| X1c, X2¢) + C12

(a) N

> (X1, Xoc; Y1, Y2l X10) + I(X2; Y2l X1e, X2¢)
+I1(X1; NlXie, Xoc) + 1 (X2e; Y11X1)
+1(X1c, X2; 12| X2c) + C12

= RHS of (91) + RHS of (99), (140)

where (a) follows from (139).

It shows that when both the bounds (86) and (101) are
active, at least one of the bounds (91) or (95) will be active
also.

So, when (86) is active, we can see that at least one of the
R+ R; bounds in (90)-(95) is active in R, 1—». Hence, with
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a strategy similar to the one in [16, Claim 5.6] for (97) we can
see that the bound (86) does not show up in conv{Ry— 12U
Ris2-1}

Therefore, the R; bound (86) and the 2R; + R, bound (97)
do not show up in R = conv{Rr-1-2UR1-2-1} and R is
within N4 N, bits per user to the outer bounds in Theorem 1.

APPENDIX D
PROOF OF THEOREM 2

In this section, we will find the limit of R,/log SNR as
SNR — oo to get the result stated in Theorem 2 when
Cij ~ SNRPi and p;; ~ SNR where f12, f21 € R*.

This follows from Theorem 1 since the capacity region is
inner and outer- bounded by R, with constant gaps which
would vanish for the DoF. Before going over each of the above
terms and finding their high SNR limit, we first give some
lemmas that will be used in the proof.

Lemma 11 ([4]): Let Hy € CN*Mi H, € CN>*M2 | and
Hy € CN*Mk pe k full rank and independent channel matrices.
Then, the following holds

logdet(Iy + pHiH, + pHoH) + - - + pHiH))
= logdet(Iy + p[Hi ... H{|[H; ... H]")
= min{N, M1 + M2 + --- + My }log p + o(log p). (141)

Lemma 12 ([32]): Let Hy; € CNi>*Mi and H;; e CNi*M;
be two channel matrices with each entry independently chosen
from CN(0, 1). Then, the following holds with probability 1
(over the randomness of channel matrices).

1 -
logdet(Iy, + p Hii Hjf — p Hii H}, (In; + p Hij H}Y)~ pHij )
= min{N;, (M; — N;)"Jlogp +o(logp). (142)

Lemma 13: Let H;; € CNi*Mi gpg H;; € CNi*Mi pe two
channel matrices with each entry independently chosen from
CN(0, 1). Then, the following holds with probability 1 (over
the randomness of channel matrices).

—1
log det(In; +p Hyj H}— pHij Hy Iy, +p Hi HY) pHiiH})
= min{N;, (M; — N;)"Hog p + o(log p). (143)
Proof: The proof is similar to that of Lemma 12. [ ]

Now we find the high SNR limits of the bounds in (5)-(14)
leading to Theorem 2.
(5)—(26): Consider bound (5) in R,, we have

log det (IN1 +p11H11H1Tl)

+ min{log det (IN2 + plelesz - plzpllleHfl

—1
(IN1 +p11H11H:-1) H11H1T2) , Ca1}
= logdet(Iy, +pH11H14r1)
+ minf{logdet(Iy, + p* H12H1T2 - P2H12H1Tl
(In, + pHi1H{) " Hi HY5), Ca1)

@ (min{M;, Ni} + minmin{Ny, (M; — N\)*}, fa1})
log SNR + o(log SNR), (144)



4192

where (a) follows from Lemma 11 and Lemma 13. Now,
dividing both sides by log SNR, we obtain (26).

(6)—(27): This is obtained similarly to the last bound by
exchanging 1 and 2 in the indices.

(7)—(28): Consider bound (7) in R,, we have

log det (11\/1 + p11H11H1Tl + P211‘121H2T1
1
_p11P12H11H1Tz(1N2 +P12H12H1'2> H12H1Tl)
+ logdet (INz + poHanHj, + praHioHy—

pzzplezszT] (Izv1 + p21H21H2T])1H21H;2)

+Cn+ Cy

= logdet(Iy, +PH11H1Tl +PH21H;1 - PPHnHsz
(In, + pHioHy) " HioHY))
+ logdet(Iy, + pHxnHyy + pHiaH), — ppHyHj),
(In, + pHo1 HY,) ™ Hot Hy) + Cra + Co
9 (min{Ny, (M1 — N2)* + M)
+ min{Nz, (M2 — N)* + M1}

+ P12 + B21)log SNR + o(log SNR)), (145)

where (a) follows from Lemma 11 and Lemma 12. Now,
dividing both sides by log SNR, we obtain (28).
(8)—(29): Consider bound (8) in R,, we have

log det (IM —i—p11H11H1+1 — p11p12H11H1+2
AN t
(IN2 +/)12H12H12) Hi Hy,

+ logdet (INz + pzszszTz + P12H12Hf2) + C12
= logdet(ly, + pHi1H{, — ppHi1 HY,
(In, + p*HiH) ' Hp HY))
+ logdet(ly, + pHynHjy + pHizH) + Cia
@ (min{Ny, (M; — o)} + min{Na, My + Mo} + B12)
log SNR + o(log SNR), (146)
where (a) follows from Lemma 11 and Lemma 13. Now,
dividing both sides by log SNR, we obtain (29).
(9)—(30): This is obtained similarly to the previous bound
by exchanging 1 and 2 in the indices.

(10)—(31): Consider bound (10) in R,, using Lemma 11
we have

</ H
log det (1N1+N2 + [ i i| [«/pllHlTl «/plesz]

P12Hio
P21 Hoi 4 4
+ [\/PEHH} [vp21Hy, VPZZsz])

Hij ¥ H)
= logdet (1N1+Nz +p I:le:| [H, Hsz] +p |:H22i|

(H], H))
= min{N; + N2, M1 + M}log SNR + o(logSNR ).
(147)
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(11)—(32): Consider bound bound (11) in R,, we have

log det (IN1 +/J11H11H1Tl —p11p12H11H1Tz

—1
(I + pr2HiaHy) leHﬁ)
+ logdet (INz + p22H22H2'2 + P121‘112H1T2
T 7! t
— pnp21HpnHy, (IN1 + /)21H21H21) Hy H,,

+ log det (IN1 +p11H11H1Tl +P21H21H2T1)

+Cn+Cy
= logdetlogdet(Iy, —|—pH11H1+1 - lelez

(In, + pHiH)5) ' pH12HY)
+ logdet(In, + szzng + pH12Hfz - PH22H;1
(In, + pHu H})) ™ p o1 Hy)

+ logdet(In, + pHquTl + szleTl) + fi2 + pa
@ min{Ny, (My — Ny)T + M)

+min{Ny, (M1 — N2)™} + min{Ny, M, + M>}

+p12 + o1, (148)

where (a) is obtained from Lemma 11 and Lemma 12. Now,
dividing both sides by log SNR, we obtain (32).

(12)—(33): This is obtained similarly to the previous bound

by exchanging 1 and 2 in the indices.

(13)—(34): Consider bound (13) in R,, we have

JpnH
log det (1N1+N2 —i—[ P2 22:|

/P21Hz1

Iy, — Plele(INl + p21 H21H;1)_1H21)
i i Jp12Hiz
prH, Jpr1Hyq ]+
(VP22 22 /P21 21] |:«/PTH11:|
[\/Plesz x/PllHlTl])
+ logdet (IN1 + p11H11H1TI + p21H21H1Tz) + Ca1

Hy
:10 det 1 +

g ( Ni+N, TP |:H21:|
Iy, — pH;1 (In, +pH21H;1)71H21)[H;2 Hle]

Hy; Tt

+ H, H

P [H111| [Hy, 11])
+ logdet (In, + pHi H{y + pHo HJy) + Ca

= (min{Ny + No, M1} + min{Ny, M1 + Mo} + f21)

log SNR + o(log SNR). (149)

(14)—(35): This is obtained similarly to the previous bound

by exchanging 1 and 2 in the indices.

Combining the above results we obtain Theorem 2 results.

APPENDIX E
PROOF OF THEOREM 3

In this section, we will find the limit of R,/log SNR as

SNR — oo to get the result stated in Theorem 3 when
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Cij ~ SNR#i, p;; ~ SNR for i
for i # j where B2, f21 € RT.
This follows from Theorem 1 since the capacity region is
inner and outer- bounded by R, with constant gaps which
would vanish for the DoF. Before going over each of the above
terms and finding their high SNR limit. We first give some
lemmas that will be used for the proof.
Lemma 14 ( [4]): Let HG € CMM [, ¢ CMxM,
and Hy € CM*M pe | full rank channel matrices. Then, the
following holds

= ] and pPij ~ SNR*

logdet(Iy + p™ HiH{ + p® HaH) + - - + p™ HiH))
= max{ay, a2, ..., ar}Mlog p + o(log p). (150)
Lemma 15 ( [32]): Let Hy; € CM*M gnq Hij CMXM pe
two channel matrices with each entry independently chosen
from CN(0, 1). Then, the following holds with probability 1
(over the randomness of channel matrices).

log det(1y +pHiiH,'§ - PPaHiiHi;

(Im +p"HijH;;) /pp*HijHy;)
= (1 —a)"Mlog p + o(logp). (151)
Lemma 16: Let Hj; € CM*M gnd H;j € CM*XM pbe two
channel matrices with each entry independently chosen from

CN(0, 1). Then, the following holds with probability 1 (over
the randomness of channel matrices).

log det(Zy; + p“H,-jHi; — pp"‘H,-jH.T.

(In; +pHiiH;;) v pp HuH )
= (a — ) * Mlog p + o(log p). (152)
Proof: The proof is similar to that of given in [32]. ®

Lemma 17: Let H € CM*M pe q full rank channel matrix.
Then, the following holds

In —pH' (Iy + pHH")'"H = (Iy + pH H)™" (153)
Proof: Let B 2 Iy+ pHTH. Thus,
Iy — pH'(BH™'H = (B)™! (154)
Since B is invertible, it is enough to show that
B—pHY(BY 'HB = Iy, (155)
which is equivalent to showing
pH' (BN 'HB = pH'H (156)

So it is enough to prove (BT)_lHB = H.Or, HB = B'H,
which holds since B = Iy + pHH. ]
Now we find the high SNR limits of the bounds in (5)-(14)
leading to Theorem 3.
(5)—(44): Consider bound (5) in R,, we have
logdet(Iy + lelH;Ll)
+min{logdet(Iy + p®Hi2H{, — p** ' HioH||
(In + pHy H,) " HiHYy), Car)
(M + min{(a — 1) M, B})log SNR
+0(logSNR)),

@
(157)
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where (a) follows from Lemma 14 and Lemma 16. Now,
dividing both sides by log SNR, we obtain (44).

(6)—(45): This is obtained similarly to the last bound by
exchanging 1 and 2 in the indices.

(7)—(46): Consider bound (7) in R,, we have

logdet(/y + lelHlTl + PaHlele - P(XHHHH]Z
(In, + p“HiaH)5) "' HiaHY))
+ logdet(Iy + pHaoHyy + p* HinH{y — p® HyoHj|
(In, + p* Ho1Hy )" Ha Hyp) + Cio + Ca
9 oM max{(1 — a)*, ) + 28)log SNR + o(log SNR)),
(158)

where (a) follows from Lemma 14 and Lemma 15. Now,
dividing both sides by log SNR, we obtain (46).
(8)—(47): Consider bound (8) in R,, we have

logdet(Iy + pHi1H,, — p* T Hy 1 HY,
(In + p* HiH, ) "' HioHY)
+ logdet(Iy + pHaoHyy + p* HiaH,) + Cia
@ ((1 — )t M + M max{1, a} + £)log SNR

+o(log SNR)), (159)

where (a) follows from Lemma 14 and Lemma 16. Now,
dividing both sides by log SNR, we obtain (47).

(9)—(47): This is obtained similarly to the last bound by
exchanging 1 and 2 in the indices which gives the same bound
as the last one.

(10)—(48): Consider bound (10) in R,, we have

log det (12M+|:J@H1 ][ [ V]

A p*Hzy t
+[ Ut | [P HI VPHE]
= logdet (I
P a i i i
+ pH11H | +p"HyH,y p2 (H11H12+H21H22)
ol
pT (HnH| | +HxnH)\) pHnH,+p*HiH/,
D \og det(Iy +pHii H\+p® Hyy Hi)
+ logdet(Iy +p HynHyy+p* HioH),
atl + atl T
— (p 2 HpH| |+ p 2 HnH,))
(I +pHi HY\ +p® Ha HJ )™
atl + atl T
(p2 Hi1Hj,+p? H21H22))
= logdet(Iy +pHi H| | +p® Ha Hj,)
+ logdet(Iy + szszJrz—}—p‘”H12H1T2—p"‘+1
(HoH{| + HuH3)) Iy +p Hy H +p® Hoy )™
(HnH{, + Ha1 H3y))

= (2M max{1, a})log SNR +o0(logSNR ), (160)

where (a) is obtained from Lemma 6. Now, dividing both sides
by log SNR, we obtain (48).
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(11)—(49): Consider bound (11) in R,, we have
logdetlogdet(I[;/[—f-lele1 /)"‘HHHHF2
(Iny +p® HiaH )™ HQHU)

+10gdet(IM+pH22H nt+p” H12H12

—p* Hyy H3, (I, +p® Hot Hy) )™ Hot H3y)
+log det(Iy+pHi Hyy +p“ Hy H))+Cra+Cay
(M max{(1—a)", a}+(1—a)*M+M max{1, a}+ 2/)
logSNR +0(logSNR ), (161)

where (a) is obtained from Lemma 14, Lemma 14 and
Lemma 15. Now, dividing both sides by log SNR, we
obtain (49).

(12)—(50): This is obtained similarly to the last bound by
exchanging 1 and 2 in the indices.

(13)—(51): Define P as in (162), as shown at the bottom
of the page. Consider bound (13) in R,, we have

pH» ¥
log det (12M+s |:\/\/p;“H21 :| (IM—p“Hzl
7] .
(v, +p" Hor 1, ) H21) [vaH, Voe )
~p*Hp
+[ }[V le «/—Hn])

VPHu
+ log det (IM+pH11H11+P 17‘1211"112)"'6'21

4
@ log det (I2M+|: VPH2 } (IM—i-/)aH;le])

@

Vp*Hyy
[«/ﬁHsz \//7H51]+|:\/\;?[zllz}
[Voetly voHii))

+log det (IM +pHn HY, +p“H21Hfz) +Ca
®)
©

(M max{1, a}+ ) 1log SNR +o0 (log SNR)+logdet(P)
(M max{1, a}+f)log SNR +o(log SNR)
—}—logdet(IM—i—pHqul—}—p Hy;

(Im+ p® Hy Ho1 )™ Hy))

Hlog det(Iy+p Hoo (I + p® Hy Hot Y Hoy+p* HioH,
—(/Jazil(l‘lzz(lzuvL p®Hy Ho) " H) + HiaH,)
(In+pHi H) |+ p® Hat (I +p® Hy Hay) ™ H) )

(p3 (Hy(In+ p® Hjy Hor) ™ Hiy+ HiyHY)))

= (M+M max{1, a}+f)log SNR

+logdet(Iy+ pHxn(Iy+p* H§1 Hy)™! ng‘i‘/)aleHsz
—p“T (Hoo(Ing+p® Hyy Hot) ™ Hy + HioHY))

(Iv+ pHy HY\ +p® Hoy(Iy +p® Hy Hay ) Hy )
(Ho1(In +p® Hyy Hot Y Hyy+ Hit Hiy))+ o(log SNR)
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= (M+M max{1, a}+f)log SNR
Hlogdet(Iy + p Hao(Iyg+p® Hyy Hot Y Hoy+p® HioH
—pH ngHfl(IM—i—pH“HlTl—i—p“Hg]
(1M+paHngzl)_ngl)_lHlleLg—PaHsz
Um+ paHleHzl)_lH2TI(IM+PH11H31+P0!H21
(In+ p® Hjy Hot) ™ Hy Y Hy Hy — p Hio HY
(I + pHuyHy+p® Hoy (I +p® Hy Hon) ™ Hy) )™ Hoy
(1M+PaH2TlH21)7l Hsz—PaHsz
(1M+paHleHzl)*lHle(IM—i-pHnHlTl-i-paHzl
(In+ p® Hi\ Hot Y HY )™ Hot (T + p® H) Ha ) HY)
+o0(log SNR)
(M +M max{l1, a}+f)log SNR
+log det(I + p Hao (I +p™ Hy Hor) ™ Hy
—i—paleHsz—PaﬂleHfl(IM-i-pHnHlTl-i-paHzl
(In+ p®Hy HatY ' Hi )™ Hi1H},) +0(log SNR)
= (M+M max{l, a}+f)logSNR
+10gdet(1M+/)sz(IM-i-paH;lel)_lH;z
+p% HioH{y— p“ HiaH{ (I + p Hi1 H |
ﬁpﬂHle(lMJrp“Hz*lel)Hzfll)fl)’lHnHsz
4o(log SNR)
= (M+M max{l, a}+f)logSNR
+10gdet(IM+szz(IMer“H;lel)’l ng
+paH12H1Tz—PaHleHlTl(IM-i-pHnHlTl
HpH) T HY + ) Hyg HYy) +0(log SNR)
= (M+M max{l, a}+f)logSNR
+10gdet(IM+szz(IMer“H;lel)’l ng
—i—pale(IM—/)HlTl(IM-i-pHanLl
Hp H}, Hyl+ Iy Y Hu) )
+o(log SNR)
= (M+M max{1, a}+f)log SNR
+log det(Iy + szz(1M+p"H§1H21)‘1 H;,
+PaH12(1M (p ' H, (1M+PH11H11
+(p_aH H 1+IM)_1)H11 )_I)le)
+o(log SNR)
(M +M max{1, a}+ f)log SNR
+logdet(Iy + pHn(Iy+p* H21H21)_1H;2
+PaH12(P_lH1_11(1M+PH11HlTl
Hp “Hj, H71+IM) VH{| — In)
(P_lHu(IM'f‘PHllHU‘f‘(P_a['12+1_1['12_11
+1uy Y H] T H) +ollog SNR)

@

©

atl —
palln + pHxn(Iy +P“H;1H21)_1H;2 +P“H12H1Tz p 7 (Hn(ly +PaH;1H21) 1H;1 + H12H1T1)
- atl _ _
p 2 (Ha(u +paH2TlH21) ngz + HllHrz) In +pH11HfL1 + p®Hay (Iy +/)aH;1H21) 1H;1

:| (162)
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= (M+ M max{1, a}+f)log SNR
+logdet(Ipr+ p Hyp(Ips + p® H;lel)_l Hsz
+p*Hip(p! Hﬂl (IM+/)H11H1Tl
Wl H Y
— ol pHGH)H] (0 Hy
(Im+ PHllHlJrl"‘(PﬂHle_le_ll
Y Y H T HD)+ 0(log SNR)
= (M+ M max{1, a}+f)log SNR
+logdet(Iy+ pHn(Iy+p* Hle Hy)™! Hsz"i‘pale
(5 Hy (I + (o By H o+ Dy D
(' Hy I+ p HuH o+ (B, )
Y YHT Y HD)+ 0(log SNR)
= (M+M max{1, a}+f)log SNR
+M max{(1—a)", a—1}log SNR +0(log SNR)
= (M max{(2—a)", a}+M max{1, a}+f)log SNR
+o(log SNR), (163)

where (a) is obtained from Lemma 17, (b) is obtained
from Lemma 14, (¢) is obtained from Lemma 6, (d) is
because the three eliminated sentences have a constant upper
bounds and (e) follows from the fact that Iy — X~ ! =
(X — Iy)X~" where X = p 'H 'y + pHuH| +
(=B}, H;;'+ Iy)"")H],”'. Now, dividing both sides by
log SNR, we obtain (51).

(14)—(52): This is obtained similarly to the last bound by
exchanging 1 and 2 in the indices.

Combining the above results we obtain Theorem 3 results.
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