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Abstract—We consider an energy harvesting point-to-point
communication system where the transmitter is powered by an
energy arrival process and is equipped with a battery of finite
capacity Bmax, Which could be used for saving energy for future
use. We assume a discrete i.i.d. energy arrival process where at
each time step, energy of amount A; is harvested with probabil-
ity p; Vi e{l,2,..., K}independent of the other time steps. We
provide upper and lower bounds on the capacity of this channel.
These bounds are shown to be within a constant gap for K < 3 for
all parameters, and for K > 3 when the battery capacity Bmax is
small or large enough, where this constant does not depend on any
energy or battery parameters.

Index Terms—Energy harvesting, channel capacity, achievabil-
ity, upper bound, energy arrival process.

I. INTRODUCTION

IRELESS communication networks that are composed

of devices that can harvest energy from nature, repre-
sent the green future of wireless systems. The simplest model
that captures the communication scenario is a discrete-time
AWGN channel. In most communication systems, the transmis-
sion power is a major cost [1]-[4]. This cost can be partially
alleviated by using energy harvesting devices [5]-[8]. For
transmitters that are powered by energy harvesters, energy is
typically replenished by the energy harvester and expended for
communications or other processes; any unused energy is then
stored in an energy storage, such as a rechargeable battery [9],
[10]. The i.i.d. arrival process of the incoming energy in energy
harvesting is a good starting point for general results and is a
common assumption in literature [5]-[7], [10], [11]. However,
unlike conventional communications where devices are only
subject to a power constraint or a total energy constraint, trans-
mitters with energy harvesting capabilities are subject to addi-
tional energy harvesting constraints [11]-[14]. It is noteworthy
to mention other directions in the literature on characterizing
the energy harvesting communication system capacity such as
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packet scheduling optimality [15], [16] and throughput anal-
ysis with unreliable energy sources [17], [18]. Specifically, in
every time step, the transmitter is constrained to use at most the
amount of stored energy that is currently available, although
more energy may become available in the future slots. Thus,
a causality constraint is imposed on the use of the harvested
energy. This raises many interesting issues in the design of effi-
cient energy harvesting communication schemes. In this paper,
we study the bounds on the capacity of AWGN channel where
the transmit node is powered by stochastic energy arrivals, and
is equipped with the capability of storing and drawing energy
from a finite capacity battery.

The capacity of a single-user channel with infinite battery
capacity is obtained in [19], where it is shown that the capacity
equals to that of a classical AWGN channel with an aver-
age power constraint equal to the average energy harvesting
rate. Despite the recent significant efforts to characterize the
capacity of the energy harvesting channel in the finite battery
case [20]-[22], there is still a lack of complete understand-
ing. For example, [22] provides a formulation of the capacity
and derives a lower bound on the capacity that is only numer-
ically computable. However, it is difficult to obtain useful
insights from numerical evaluations. Even in the case of no
battery, where [23] provides an exact single-letter character-
ization of the capacity in terms of an optimization problem,
the corresponding optimization is difficult to solve and requires
numerical evaluations. The authors of [24] investigated the case
of constant input energy with a limited battery. Recently, the
approximate capacity of a single-user energy harvesting sys-
tem with discrete energy arrivals has been characterized in [18],
where it is assumed that all the incoming energy is stored
in the battery and the transmission energy is taken from the
battery.

We note that [18] considers a similar energy harvesting
model with the difference that the incoming energy cannot be
used directly when it arrives at the transmitter and consequently
if there is not enough space in the battery it will be wasted. In
contrast, we assume that the incoming energy can be used for
transmission and consequently increases the flexibility of the
transmitter, which provides the possibility of achieving better
rates. The results in [18] have been further extended to fading
channels in [25], [26].

We assume that the energy arrival is an i.i.d. discrete ran-
dom process that takes K values of Ap, ..., Ax, where energy
A; arrives with probability p;. The incoming energy in part
is used for transmission and in part is stored into the battery,
which has a capacity Bpyax. We provide upper and lower bounds
on the capacity of such channel when the receiver does not
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know the energy arrival process. These bounds are within a
constant gap for K <3 (1.04 bits for K = 1, 2.884 bits for
K = 2 and 4.426 bits for K = 3), where the constant does not
depend on any energy or battery parameters. For K > 3, the gap
between the bounds is shown to be a constant that is indepen-
dent of all parameters in the cases of small enough (Bpax <
(Az — A))p1) and large enough (Bumax = Ak — Y iy piAi)
battery sizes. Our approximate capacity characterizations pro-
vide important insights on the optimal design of energy har-
vesting communication systems. For lower bound, we introduce
multiple strategies and choose the best for each set of sys-
tem model parameters which makes our results different from
that in [18] where the lower bound is based on a single strat-
egy. For each strategy, we derive a unique energy allocation
policy that is time invariant and the consumption of each arriv-
ing energy package is decreasing over time with a geometric
parameter across different epochs. The proposed upper bound
accounts for the flexibility of incoming harvested energy, and
thus needs to decide how much incoming energy to store in
battery, and how much to utilize for transmission in each time
instant which makes our results more complex than that in
[18] where all the incoming energy can only be stored in the
battery.

The remainder of this paper is organized as follows.
Section II introduces the model for a point-to-point commu-
nication system, equipped with an energy harvesting device.
Sections III and IV give the results on the upper and lower
bounds of the capacity, respectively. These bounds are shown to
be within a constant gap in several cases in Section V. Finally,
Section VI concludes the paper.

II. SYSTEM MODEL

We consider a point-to-point channel with a single transmit-
ter, equipped with an energy harvesting device that has a battery
with a capacity of Bpax. If the battery is not full, the harvested
energy is in part stored in the battery and in part used for trans-
mission; if the battery is full, the transmitter can directly use all
the harvested energy. In both cases, some additional amount of
energy that is stored in the battery can also be used for transmis-
sion. Let X; denote the scalar real input to the channel at time ¢.
We consider a discrete-time AWGN channel, where the output
of the channel is given by Y; = X; + N;, where N; ~ N(0, 1)
is the additive white Gaussian noise. At each time ¢, the system
harvests E; units of energy that is causally known at the trans-
mitter (i.e., at time ¢ the transmitter knows E;, E;_,...) butis
not known at the receiver.

Let B; be the available energy in the battery at time . We
assume that at each time, the system first harvests energy and
then transmits the signal X;.

The square of X; is constrained by the available energy B,
plus the harvested energy E;, i.e.,

X:* < B+ E. (0
And the available battery energy B; is updated as

Biy1 = min{Bmax, B + E; — X,%}. 2
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Note that in order to not waste the harvested energy, we should
choose X; such that B; + E; — X t2 < Buax, which leads to the
lower bound on th, ie.,

B: 4+ E; — Bmax < X/ 3)

Here, we consider the case that the harvested energy E; is a
K-level i.i.d. process as

E; = Ay with probability px, k=1,..., K, “4)
where 0< A <... < Ak, Z,lepkzl and pi,...,
PK > 0.

Definition 1: The encoding functions f;, t =1,---,n and
the decoding function g are defined as

fi:Mx& —>X, t=1,---,n, &)

g: Y- M, (6)

where X =Y =R, E={A, -, Ag} and M = {1, --- , M}

is the set of messages to be transmitted. To transmit mes-
sage w € M, at time r = 1, - - - , n, the transmitter sends X; =
fr(w, {Ei}ﬁzo). The battery state B; is a deterministic func-
tion of ({X;}!_, (Ei}i_,). therefore also of (w, {E;};_,). The
functions f; must satisfy the energy constraints (1) and (3):

B, (W9 {Ei}gzo) + Ef — Bmax
< (fi (W AEY ) < B WAEN o) + Er. (T)

The receiver estimates w = g ({Y,-}?:O). The probability of
error is

M
1
P™ = i Z P (W # wlw was transmitted) . (8

w=1

The rate of an (M, n) code is @. We say rate R is
achievable if for every § > 0 there exists, for all sufficiently
large n, an (M, n) code with rate ]OgnM > R — 8, and error

Pe(") — 0. The capacity C of the above system with parameters
A1, ..., Ak, p1,..., pk and Bpyyx is defined as the supremum
of all achievable rates.

Remark 1: For the special case of Byax = 00, the capacity of
the above system has been characterized in [19]. It is shown that
in the optimal transmission scheme, nothing is transmitted for
the first few time slots so that enough energy is accumulated.
This is followed by transmission using the average harvested
energy in every time step. Hence, the capacity is characterized
by the average energy arrival rate. [3] also characterized the
capacity with infinite buffer size using a different approach.

Remark 2: In [18], for the Bernoulli energy arrival, i.e., K =
2, A1 = 0, the approximate capacity is characterized under a
different battery model where the transmission energy can only
be taken from the battery and thus even if Ay > Bpax, the extra
energy, (A2 — Bmax), cannot be utilized.

Remark 3: In the remainder of the paper, we assume K > 1|
since for K = 1 (i.e., constant input energy), %log(l + Ayp) is
an upper bound on the capacity (since A is the average power).
Further, a lower bound on the capacity is % log(l1 4+ Ay) — 1.04,
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which can be achieved by the amplitude-constrained AWGN
channel [18, Lemma 1], leading to a maximal gap of 1.04 bits
between the upper and lower bounds. The authors of [24] inves-
tigated the case of constant input energy with a finite-capacity
battery and obtained better bounds on capacity, where the lower
bound and upper bound are quite close.

III. UPPER BOUND

An upper bound on the capacity of the discrete-time AWGN
channel with an energy harvesting transmitter is given as
follows.

Theorem I: ForK >2,0<A| <...< AK,Zle pr =1,
P1s---, Pk > 0 and Bmax > 0, the capacity is upper bounded
by Cyp x which is the solution to the following optimization
problem:

Cup,x = max Sk(z2,...,2K)
22,,ZK

subjectto z; < min{Bpax, 4;}, Vi =2,..., K,

K
Z pizi =0, 9
i=2

where Sk (z2,...,2x) 2 l-K:2 Bllog (14 A; —zi) + 5 log
Y pizi
<1+A1 + =55 .

Proof: The claimed upper bound holds intuitively,
because at times of energy arrival A;, i > 1, if the average
energy that is put in the battery is z;, then the capacity in these
time slots is upper bounded by % log(1 + A; — z;). The energy
z; taken out from the incoming energy and stored in the bat-
tery can be utilized in the time slots with energy arrival of Aj.
And consequently, an average power constraint forms the upper
bound.

Define g(1) £ X t2 as the power allocation strategy that max-
imizes the long-term average transmission rate over the class
of feasible online policies (1) and (2) and also define g;(¢) £
g(t)1g,=4,. Then, the capacity is upper bounded as

C <liminf E 121\,:1] (14 g(1))
1m 1n — —
~ N—oo N 2 % &

t=1

K N

@.. . 1 1

< liminf E |:21: 5 ; 3 log(1 + gi(t)):|
- —

N—o0
K N
®) N; 1
< liminf E [Z —log(l+—> g (t))} ;
N—o0 i=1 2N Ni t=1
K
© N Pi E[&i®)]
x (1 "

where N; is the number of occurrences of E, = A; for t €
{1,..., N}, and as N — oo, N; & Np;. In the above, (a)
follows by separating the incoming energies by their lev-
els, (b) follows from the concavity of the log function and
(c) follows from the law of large numbers. Suppose that
an average of x; energy is stored into the battery and y;
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energy is drawn from the battery when the energy arrival is
A; fori > 1, then E(g;(¢)) = p; (A; —x; +y;) fori > 1 and
E(g1() = p1A1 + Yj—, pi(xi — yi). As N — 00, using the
law of large numbers, it can be concluded that the capacity is
upper bounded by

K
C < max { % log(1 + A; — xi + ¥i)

0=x;,yi,Xi = ¥i <Bmax, i
03K, pitxi—y)

K v — v
+%log (1+A1 +W)} (11
1

By defining z; £ x; —y; we get the result stated in the
theorem. |
The following two results follow from Theorem 1.
Corollary 1: For the case of K = 2, the upper bound can be
reduced to

max
0=<x <Bmax

{%log(l—i—Az—x)
+ ﬂlog<1+A1+&x>}.
2 P

in (12) is

Cub,2 =
(12)

The optimal value of x x* = min{Bmax,
(A2 — A pr}).

The optimum solution to (9) for general K is given
explicitely by the following theorem. The proof is given in
Appendix A.

Theorem 2: The explicit upper bound is given as follows for
different ranges of Bax.

A) For Bpax < (A2 — A)p1,

K
)44
Cup.x =) 5 log(l + A = Brmay)
=2

Buax Y5y 1j

+%log(1+A1+m—]2">. (13)
P1

B) For A, (zi;{ p,) — 32! piAi < Buax < Ag

b)) =i piA2<s <K — 1,

K K
1=2 i1 Pi
1 =
Cub,K = E p2 IOg(l + AK - Bmax) + ( i=stl l)

2
l=s+1

s K

i—1 PiAi + B ims+1 Dj

log<1+21 1 PiAi Kmaxzj 541 1). (14)
1_Zm=x+1pm

C)For Ax — X | piAi < Buax,

K
1
Cub.x = 5 log (1 + ZPiAi) :

i=1

15)

IV. THE LOWER BOUND

The insights developed in derivation of the upper bound can
be used to give an achievability scheme, which achieves the rate
given in the following theorem.
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E;: Az A, Ay, A3 Ay A, A, Ay A, Aj Aq Aj A, Ay A, Aq
G3(): Azx  Ayrqx Agx Azx Agrqx Aprqrx Aprqrix Agx Apeqx AzX Aprqx AzX Aprqx AgX Aptqx Ag+qrx

S

]
f
0 1 2 3 4 5 6 7

$3(0) ¢3(1) ¢3(0) ¢3(0) ¢3(1) ¢3(2) ¢3(3) ¢3(0) ¢3(1) ¢3(0) ¢3(1) ¢3(0) ¢3(1)

e Y

8 9 10 11 12 13 14 15 t
$3(0) $s(1) $3(2)
\ J

I

Fig. 1. Illustration of the energy allocation policy for Cl b, 4(x) withg = g3 and r = 1 — g3. Note that the energy control policy is reset each time a packet A3 or

Ay arrives.

Theorem 3: ForK >2,0< A < ... < Ag, Z,le pe =1,

Pl>.-.,» Pk > 0, and Bpax > 0 define g = ZlK:k pi. Then,

the rate of max max Clkb & (xx) can be achieved,
k=2,..., KO<x; <min{Bmax, A} ’

where

K
Clkb’K(x):Z%log(l—i-Aj —x)

j=k
k—1
Zﬁlog(l+Ah+ Ak >
Pt 1 —qx
—1.884 —log K — 0.4571g~>. (16)

The rest of this section proves this theorem. We show
the achievability of ClkbyK(x), for any ke {2,...,K} and
x € [0, min{Bmax, Ar}]. Let the time slots of two consecutive
energy arrivals of at least Ay be 71 and 1>, i.e., E7,, E7, > Ag
and E; < Ay for T1 <t < T,. Then, the energy of E7, — x is
used at time 77 and the energy of x goes into the battery. At
any time ¢ between 77 and 7>, the energy of gi B; is extracted
from the battery, and thus the energy of E; 4+ gxB; can be
used for transmission, where E; < Ay, and the residual energy
at time (¢ 4 1) in the battery is B;+1 = (1 — qx) B;. Thus, the
energy usage from the battery at time t € {T7 + 1,...,Th — 1}
is gr (1 — qi)’ ~T1=1x. We note that this is a geometric random
variable with parameter gy, and thus has the mean +-. We ignore
the battery energy residue at 7>, and consider the next interval
starting at 75 to find the energy usage after 7>. This policy can
be evaluated to give the desired bound.

The energy utilization strategy gx(z) proposed above is of
the form gy (1) = ¢x(j), where j =t —max{t : E; = A;,i >
k,Vt <t}, i.e., the strategy is invariant across time and the
allocated energy depends on the number of time steps since
the last energy arrival A;,i > k. The random variable ¢ (j) is
defined as

ar(1 —q)’ 'x + A1, wp. =t
INOERE ,
ae(1 =)’ ~'x + Aot wp. P
forall j>1, (17)

and
_ Pk
A —x, wW.p. a5
P (0) £ (18)
PK
Ag — X, W.p. o

Fig. 1 depicts an example of energy allocation policy for
Cip s ()-

The idea for the achievability scheme is that if both the
transmitter and receiver know at each time arrival what energy
packet A; arrives, they can agree on an energy allocation
strategy ahead of time.

Communication proceeds as follows: At each time step ¢, the
transmitter sees the realization of the energy process E;, let j =
t— max{t/ <t: E/ > Ay}, i.e., the number of time steps since
the last time battery was recharged with energy packet arrival
Aj, j = k. Let ¢ (i) denote the amount of energy allocated to
transmission, i channel uses after the last time the battery was
recharged via packet arrivals A, j > k,i =0, 1, ---. We con-
centrate on an energy allocation policy ¢ (i) that is invariant
across different epochs (the period of time between two adja-
cent packet arrivals A; and A i Js j/ > k). In other words, if
energy Aj, j > k arrives at the current channel use, we allocate
¢ (0) amount of energy for transmission; if energy Aj, j > k
arrived in the previous channel use but not the current channel
use, then we allocate ¢y (1) amount of energy for transmission,
and so on till the next arrival of energy A Iz j ' > k.

Consider n consecutive time slots of energy arrivals where
n is large enough. Denote n®. i >0 as the number of times
slots ¢ that their corresponding j =t — max{t’ <t:Ey > Ap}
is equal to i. If n goes to infinity it can be shown that n), i > 0
goes to infinity, as well. The transmitter and the receiver agree
on a sequence of M + 1 codebooks: G(O) G(l) (3(2) , G,({M)
with large enough M, each codebook ew . consisting of 2"(’)R 0
codewords where R is the rate of the codebook and code-
book G,((') is amplitude-constrained to ¢ (i), i.e., the symbols

of each codeword in G,(j) are such that th <¢r(i) if i =

t— max{t/ <t:E;, > Ay }. This ensures that the symbol trans-
mitted at the corresponding time will not exceed the energy
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constraint ¢ (7). The transmitter chooses a codeword ¢k ; €
e viefo, 1,
specifically, in the / th occurrence of i, the transmitter sends the
Jth symbol of codeword cg ;, i.e., upon the arrival of the first
energy packet A, j >k, the transmitter sends the first symbol

, M} to communicate to the receiver. More

of cko € (i’,(co); if there is no energy packet arrival A, j > k in

the next channel use, it transmits the first symbol of ¢ | € @]({1)
in the next channel use, etc. Once the second energy packet
Aj, j = k arrives, the transmitter transmits the second sym-
bol of ¢ o, then the second symbol of ¢ 1, etc. If j > M, the
transmitter transmits zero symbol. Communication ends when
the transmitter observes the arrival of the (n® + 1)th energy
packet of energy A;, j > k. (We assume that communication
starts with the arrival of the first energy packet of energy A;,
J = k).

We assume that H(E;) bits is used to communicate the
incoming energy level E; to the receiver. The receiver can
track the codebook used by the transmitter and decode each
codeword separately by knowing the energy arrival E; in the
transmitter.

Let {Sk (E)}ZLZ] be the inter-arrival times between the £ and
£+ 1)th energy arrivals of £, > Ay, where Ly is the total num-
ber of energy arrivals of E; > Ay between t =1 and r = N,
ie., Ze Sk =N < ZL"'H S (£). Notice that 8;(€)’s are
i.i.d. geometric random variables with parameter g, and thus
has the mean lk We can lower bound the rate achieved by gy (¢)
in terms of these new variables as

lim mf— Z E [- log(1 + gk(t))]

N—oo N
SO B Tog(1 + i ()]
> liminf —
Li—>00 L 80
w E[ 50 E S1oe(1 + 1]

E(S; (D]
e’} i—1
1
Qad P =)) E [Eloga +¢k<j>>]

i=1 j=0

= gx qu(l — g0 ZE[ log(1 + mm]

o0

Z gi(l—qu)'™ IE[ log(1+¢k(1)>}

19)

1
k(l —q’E [5 log(1 + d)k(j))] .

where (a) follows from the law of large numbers and (b) fol-
lows from E[Sx(1)] = (jlk Using Eqn. (19) and the discussed
energy allocation strategy before it, the rate in Lemma 2 below
could be achieved, which will be further lower bounded to get
the bound in the statement of the theorem. First, we give the
following lemma which will be used in the proof of Lemma 2.
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Lemma 1: [18, Lemma 1] (Lower bound on amplitude-
constrained AWGN capacity)

max

1
I(X;Y)> —-log(l+ A) —1.04.
p(x):X2<A 2

(20)

Lemma 2: The capacity C of a system with i.i.d. energy
arrival process that is only causally known at the transmitter
but not at the receiver is lower bounded by

oo ' 1
C zqu(l —q)’'E [5 log(1 + ¢k(]'))i|
—1.04 — H(py, ...

s PK)- (21)

Proof: We showed that (19) is achievable for an AWGN
channel with channel state information (i.e., energy arrival pro-
cess) at the receiver. For the model in this paper, the gap of 1.04
is due to amplitude-constrained AWGN given in Lemma 1, and
H(p1, ..., px) is due to having no channel state information
at the receiver (since the energy level can be communicated to
the receiver in H(p1, ..., pk) bits). |

The next result further lower bounds the achievable rate in
Lemma 2. The proof is given in Appendix B.

Lemma 3: The following inequality holds for all 0 < x <
min{BmaX, Ak}:

K
RHS of (21) > Z% 1+ A4, —x)
j=k
L=y qix
* 27 log ( 1 —qr )
h=1
1884 —logK — 0457 1g-n.  (22)

Using Lemma 2 and Lemma 3, Theorem 3 then follows.

V. THE GAP BETWEEN THE BOUNDS

In this section, we show that the gap between the upper and
lower bounds is bounded by some constant in several cases,
where the constant does not depend on any energy or battery
parameters.

A. Caseof K =2

From Theorems 1 and 3, the following corollary follows.
Corollary 2: For K = 2, the upper and lower bounds on the
capacity are within a constant gap. More formally,

Cub2 — Cjj, 5 (x3) < 2.884 bits (23)

for Vpi, pa, A1, Az and Bpax > 0.
Proof: From Theorem 3, we get the lower bound

X
Clb 2(¥) = 10g(1+A2—X)+710g <1+A1 +ﬂ>

P1
— 1.884 — log 2, (24)
for all 0 < x < min{Bmax, A2}. The upper bound is given by

Corollary 1, i.e., Eq. (12) that together with (24) gives (23). B
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n
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00 2 4 6 8 10
Bmax x 10*

Fig. 2. Comparison of the bounds of the proposed model with those in [18] for
K =2.

We can further consider a more general case where the
usage of the battery is not free. In this model, the cost of
storing energy into the battery is denoted through the coef-
ficient 0 < rip < 1. Similarly, the cost of taking energy out
the battery is denoted through the coefficient 0 < roy < 1.
Then Eqns. (1) and (2) become Xt2 <rouB: + E;r and B; 41 =
B +rin(E; — X))t — ﬁ(X;z — E;)7, respectively. And the
upper bound in Corollary 1 and the constant gap result in
Corollary 2 can be generalized as follows. The proof is given in
Appendix C.

Theorem 4: For the case of K = 2 with the battery efficiency
parameters ri, and 7oy, we have the following upper bound on
the capacity

max
0=<x=<Bmax

+ Pliog <1 T A+ &romrinx>} .25
2 2

Cupr = {% log(1 + Az — x)

+
where x* = min {Bmax, <A2 — A — m) P1 } We also

Tout’in
have
Cup2—2.884 < C < Cypoa, (26)
For K = 2, assuming p; = p» = % Ay =0and Ay = 10°,
in Fig. 2 we plot the upper and lower bounds for rj, = roy = 1
and rip = rour = 0.8, respectively, as well as the bounds in
[18] for varying values of Bmax. The bounds decrease with a
decrease in efficiencies ri, and roy¢. Recall that [18] assumes a
different system model from the one used in this paper, where
the harvested energy cannot be directly used without being
stored in the battery first. Since the achievability scheme in
[18] is also a feasible strategy for our model, the gap can be
improved by choosing the maximum of the achievable rate in
this paper and that in [18].
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Fig. 3. Comparison of upper and lower bounds of the proposed model
for K = 3.

B. Case of K =3

The next result gives the gap between the lower and upper
bounds for K = 3.

Theorem 5: For K = 3, the gap between the upper and the
lower bounds is bounded by 4.426 bits. More formally

Cup3 — max {cfbj(x;), c?b,3(x;)} <4426bits  (27)

for Vp1, p2, p3, A1, Az, A3 and Bpax > 0.

Proof: We note that for K =3 there is a constant of
—1.884 —log K — 0.457 1g~> = —3.926 in (16), and we can
show that the gap between the upper bound C,; 3 given in
Theorem 2 and the maximum of the lower bounds Clzb’3 (xik) and

Cl3b,3(x;) given in (16) is at most 0.5 plus the above 3.926 bits.
In order to show this gap of 0.5 bit, we consider 5 cases depend-
ing on the values of Bmax, A1, A2 and A3. The detailed gap
evaluation for these five cases is given in Appendix D. |

For K =3, assuming p; = p2 = p3 = %, A1 =0, Ay =
103 and A3 = 10°, in Fig. 3 we plot the upper and lower
bounds as a function of Bpax. It is seen that both bounds
increase with the battery capacity; the upper bound saturates
at %log(l + 21'3:1 piAi) = 9.174 bit/s and the lower bound
saturates at 4.748 bit/s.

C. Caseof K >3

The proposed achievability scheme can achieve a rate that is
within a constant gap to the upper bound of the capacity for
general K for parts A and C of Theorem 2 as shown in the
following theorem.

Theorem 6: The following constant gap results for general
K hold:

1) For Bmax < (A2 — A1) p1, we have

Cub.k — Cijy g (Bmax) < 2.341 +1og K.  (28)
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2) For Ax — ZZK=1 piA; < Bnax, we have

u—1
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where (a) follows from the fact that u = arg max; A; Z;(:i Dj-

Moreover, using (16) we have

Cubk — Cly i | Au Y pj <2341 + 2logK (29) -
A S — Pi) == 2 B Cip.x | Au Z pj
j= o
where u £ arg max; A; ZK D u—1 Ay Dtz ZK
J=i ) Pj n= 1 Pn m=u Pm
Proof: Part 1: Follows from (13) and (16) that =2 5 log|l+A;+
j=1 k= 1Pk
Cub.k — C}, 1 (Bmax) = 2.341 +log K. 30
K lb’K( maX) g ( ) >14+ (Au ZZ;}Pﬂ)ZIIftzu pm
Part 2: Using (15) we have N TiZi v
K De =
1 £z _ _
Corr = ttog (143 pia; Z log |1+ A¢—A, Y pj|—2341 —logK
2 P {=u j=1
p P >14+A,—A, Z? lpl
1
< —log| 1+ A; Dj 1
2 ( ; ]X:,: > —log l—l—Auij —2.341 —log K. (32)
2 -
Jj=u
) 1 K : 1 1
< - log 1+KAuZp, For K =5, assuming py = 3, pp=---=p5s =3, A1 =0,
2 j=u A = (0.5i)105, ie{2,...,5}, in Fig. 4, we plot the upper
and lower bounds for a range of values of Bpax. For Bpax <
1 K (Ay — A p1 =5 x 10*, an upper bound is given in Case A
<—-log|1+A, Z pj |+ =logk, (31) of Theorem 2 and its gap to the achievable rate is shown
2 i=u to be within 4.6629 bits in Part 1 of Theorem 6. Also, for
Bnax > Ax — Zlel piA; = 1.625 x 10°, an upper bound is
H=
_ 2 —
) -+ ) . —P2p3 . —p2P11<< .
Htdma) 2p1(1+A +M) 2p1(1+A +M> 2p1<1+A1+Z‘%1’W)
—p3p2 . —Pp3 -+ *Pg . —DP3PK .
2171(1+A1+>:£<+1pm> A 2P1<1+A1+Z‘§+]MQ) 2p1<1+A1+Z§+IPW>
—PKD2 5 —PKD3 . . —PK S+ —pi 5
K j _ K j
i 2p1<1+A1+7ZZ:,31W%> 2p1<1+A1+L 2 ‘) 2 Ak =) 2p1<1+A1+7Z£:1121pM> i
— 2 —
) —p2p3 . —P2PK
> Pez 2 > Pez 2 K bz 2
2p1<1+A1+M) 2p1(1+A1+%”> 2p1(1+A1+%”)
—Pp3p2 . - . . —P3PK .
K K -
@ 2p1(1+A +M) 2p.(1+A.+2‘3%1p”) 2p1 <1+A1+Zf%lp”)

—PKDP2 —PKD3

_p%(

2 2
2p (H—A +M) 2PI(1+AI+M>

-1
= 5L, -

K
2p1 <1 + A+ —Z‘fjflpm)

. —
2p1 (1+A]+L=2 Pest )

,pelTIpas ..

P1

, k] =0,

(33)
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Fig. 4. Comparison of upper and lower bounds of the proposed model
for K = 5.

given in Case C of Theorem 2 and its gap to the achiev-
able rate is shown to be within 5.8239 bits in Part 2 of
Theorem 6. In addition, for (A, — A1)p1 < Bmax < Ak —
ZiK=1 piA;, an upper bound is given in Case B of Theorem

2 and Cfb,S (min{A3 Z?:l Pj Bmax}) is considered as the
lower bound. Further, it can be seen that both bounds increase

with the battery capacity, and the upper bound saturates at
Tlog(1 + Y27, piAy) = 8.4658.

VI. CONCLUSIONS

We have considered an energy-harvesting communication
system where a transmitter powered by an exogenous energy
arrival process, modeled as a discrete random process, and
equipped with a battery of finite capacity, communicates over
a discrete-time AWGN channel. We have developed upper and
lower bounds on the capacity of such systems, which are shown
to be within a constant gap for K <3, and some cases of
K > 3. Extension to fading channels is a future work.

APPENDIX A
PROOF OF THEOREM 2

We first show that Sk (z2, ..., Zx) is concave by showing its
Hessian matrix is negative-semidefinite. The Hessian is given
by (33), as shown at the bottom of the previous page, where (a)
follows from the fact that m <O, foralli =2,...,K.
Define the following functions corresponding to the constraints

8i(z2,.. ., 2k) 2 Zi—Bmax <0, i=2,...,K, (34)
hi(za, ..., 2k) = i—A<0,i=2,....,K, (35
u(zo, ..., 2x) = —p2z2 —...—pkzk <0. (36)
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We also define g, up, Vi €{2,..., K}, uy as the
corresponding Lagrangian multipliers of these constraints,
respectively.

A solution (Z;, e, z*K) is optimum if it has the following

properties:
K
VSK(Z5, . Zk) =D g VEi&S. ... Tk)
i=2
K
+ Y Vhi@s. )+ Va2, (BT
i=2
Mu =0, g, =0, up, >0, foralli =2,..., K,
W 8i(Z5, ..., 2x) =0, foralli =2,..., K, (38)
wnhi(z5, ..., 2x) =0, foralli =2,..., K,
(s, .. 7)) =0. (39)

Now we prove the theorem for the given 3 cases:

A) For Bpmax < (A — A1)p1 we show the optimality of
Z}f = Bmax, Y€ € {2, ..., K} which by substituting in the upper
bound (9) results in (13). We have u(z,...,zx) = —(1 —
P1)Bmax < 0andalso foralli =2,..., K

* (a)

1 2g) = Bmax — A; < (A2 —ApDp1 — A <0,
(40)

where (a) follows from the fact that Ayp; < Ay < Az <

. < Ag.So, we should have uy, =0,Vi € (2,..., K}, u, =
0. Also, gi(z3,...,2%) =0,VYi €{2,...,K}. To show the
optimality, it is sufficient to show that p, >0, foralli =
2, ..., K. Using these and (37), we get

Di 1 1
,bLgl- = — - T s
2 1+A1+Bmax(117'1n1> 1+Al Bmax
for all i =2,..., K. Moreover, we have g >0, foralli =
2,..., K, since
Mg 1 1 1

Pi 2 1+A1+Bmax(ﬂ>_l+Ai_Bmax
P

- (Ai — A p1 — Bmax
2p1 (1 + A + Bmax (ﬂ>) (1 4+ A; — Bmax)

pi
(g) (A2 — Ap)p1 — Bmax (é) 0.
2p1 (1 + A1 4+ Bmax (%)) (14 A; — Bmax)

where (a) follows from Ay < A3 < ...
from Bpyax < (A2 — Ay)p1.

< Ak and (b) follows

B) For A (X021 pr) — 2! pidi < B < Asn

(X0 pr) — X piAi we show the optimality of
* _ _ D=1 PmAm‘f'z,[,(:H] Pn Bmax

7, = Ay ST , Yee{2, ...,s} and

Zh = Bmax, Y€ €{s+1,...,K} which by substituting in
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the upper bound (9) results in (14). For all i =2,...,s
we have

gi(Z;, cees Z?{) = Z;'k — Bmax
Z:nzl PmAm + Zf:HJ P Bmax
Zz:l Pe
~ Buax 20,

where (a) follows from A, (Zi;% p,) — Zf;ll piAi <...<
Ag (Zi;% p,) — Zf;ll piA;i < Bmax. We also have

hi(z5,....2%) =zf — A;
K
_ _an:] DmAm "l' Zn=s+1 DPnBmax <0, 1)
D=1 Pe
for all i =2,...,s. It can be also seen that for all i =
s+1,....K
hi(Z; --~,Z>[k() = Z;k — A = Bmax — A;

As+1

s s
< Asy1 (Z Pr) - ZpiAz
r=1 i=1

K s
S b | =D piAi <0. (42)

r=s+1 i=1

= _As—i-l

In addition, we have
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i=s-+1,..., K. Using these and (37), we get that the first
s — 1 elements of VSk (23, ..., z;) are 0 and also
pi
Hg; = 5
1 1
1+ Y om=1 pmAln'f‘Zf:H] Pn Bmax 14+ A; — Bmax |’
Zfi:l pe
for all i=s+1,...,K. Moreover, we have g >
0, foralli =s+1,...,K, since (44), shown at the
bottom of the page, holds where (a) follows from
As41 < A2 < ... < Ak and (b) follows from
Bmax < As1 (20— pr) — Xizy Pidi.

C) For Ag — Zlel piAi < Bmax we show the optimality of

=Ar— YK, piAi, VL € (2, ..., K} which by substituting
in the upper bound (9) results (15). For this set of z;k’s, we get
VSk (23, ..., 2%) = 0 which shows the optimality.

APPENDIX B
PROOF OF LEMMA 3

We divide the proof into two parts; K > 2 and K = 2.

A. Prooffor K > 2

For the case of K > 2 we divide the proof into three cases.
The first case is whe

lqk;k + Ak—1 < A, and the third one is when 1=~ + A4 1 <
A= qu +Aq’f0r1 <q <kand A =1.24. LetchmceofA

isa result of performing a minimization of a function that will
be mentioned in Remark 4.
I) For the case -4~ q" S+t A1SAS qu
We have

+Aq,for1 <q <k.

K
u(zy,....2g) =—) pi3;
j2=; ! ijlog +A;—x +Z—log( £l )
K — 4k
= —Bua(K—s— Y pj)<0. (43 K, =
i J pPj
j=s+1 Zk?log +Aj—x +Zl log (1 + A)
So, we should have g, = 0,Vj € {2,....s}, up, =0,Vi € "k 1 !
{2,...,K}, and p, = 0. Also, g;i(z3,...,2%) =0,Vi € {s + n @ o qrx (45)
I,...,K}. It is sufficient to show that wug >0, forall ot 2 & 1 —qgx b
e 1 1 1
Pi 2 1+ D=l I’mAm""Zf:sH Pn Bmax 1+ A; — Bmax
ZZ=1 pe
L o an=| [’);zAm+Z,I,(=,v+1 Pn Bmax
_ A SAYT
st P Am+ R | PnBmax
2<1+Z = ZZ—X]:WAHP >(1+Ai_Bmax)
. Ai(ZLI pe) — an:l PmAm — Bmax
i m Am+ ,l,(_s 'n Bmax
222:1 Pe <1 + Ln=1 P Z%EP; +1.2 ) (1 4+ A; — Bmax)
(Q At (22:1 pe) — an:l PmAm — Bmax (é) 0. (44)

o ; = mAm K— anaX
250 pe <1 - Lt Pl D P ) (1+ A = Bray)

Di—1 Pt
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and

00 . 1
> @l = q)'E [5 log(1 +¢k<j>)]

J=0

@ Z
2 n=k 4
k—1 oh
DB

o
log (14 An—y) + Y qi(1 — qo)’
j=1

1og (1 + (1 — g’ ~'x + Ah) (46)

>¢1k(|—‘1k)]_.71x+'4h
2 qp(1—ar)’ ™ X+ 4y
(1—a)/=(-a) (lqqu

k-1
j— Ph qk

L—q/™ Y 2
i (1 = qk) h_q20g<1_

=1

+Ah)

X+ Ah)
qk

=3

k—1

Ja(l =g~ Z —log (1 — 1)
h=q

+

Mg

~.
Il
LR

" log (1 4+ Ap—y), 47)

+
M=
SIS

3
Il
=~

where (a) follows from (17) and (18).
Using (45) and (46) we get

Ph qkX
+2710g<1+ —a +Ah>

> 1
- a1 —q)'E [5 log(1 + ¢k(j)):|
j=0

q—1 k—1
Pj Ph qkx
< —log(1+ A —1
_22 og (1+ )-I—X:2 og( — )

j:1 h=q
-1
Ph qkXx
— A
Z 2 < + h>

o0

k—1
— o (1 — agn)? ! ﬁl 1—
D dak(l =gy’ Y S log (11— i)

j=1 h=q
g—1 D k—1 1
leog(l-l—A)-i-Z—log <1+m>
j=1 h=q
[e¢]
Z (1 — g™ ‘Z”h log (1 — i)
j=1 h=q

k-1
0g(1+A)+ ﬁlog<l+;>
X
—1 h=q 2 T—gr +Ah
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pj
<Z log(l—i—A)-i—Zz] 2(qu A )+0.72

P/
<§ log (1 + A § 0.72 48
og(1+A)+ 21 2( )+ (48)
) = 7
J
“og (14 1.24 2
> 5 log 1+ )+221n (124)+07
k—1
<Y p;(0.581) +0.72 < 1.301, (49)

Q
I
—_

where (a) follows since —>~72; jgi (1 — gr)’ log (1 — qr) @

261k lg(

(d)
) < 0.72, and (b) follows from A = 1.24. To
show (c), we use the identity Zji() Jar(1 — qk)j = —qx)
E[X] = = ‘”‘, where and Z;‘io qk

(1 —qr)’ —l and (d) follows from the fact that G(gx) =

1—gy 1
2qy log (l—q

(0, 1). Furthermore, it is monotonically decreasing and is upper
bounded by limg, o G(gx) = 21“(2) =0.72.

Remark 4: The choice of A = 1.24 is made smce it mln—
imizes the RHS of (48). In other words, for p = Z 1 Dj

arg min {maxozp<1 {5 log (1 + 4) + 35 (H)}} = 1.24, and
thus choosing A = 1.24 results in the best bound using (48).

1) For the case qu + A1 > 1.24, we have:

X ~ geometric(gx),

is a continuous bounded function of ¢ €

qua — q0)’E [ log(1 + mm}

j=0

K k—1
+Z%log(1+AJ~—x)+Z%log(l
h=1

j=k

@ = X
- < Ph log| 1+ ak
i 1 — gk

qix h)
1 — gk

> .
= Jae(l = gy log (1 — gp)
/—1

1

= E —10 —
qikX

< _4k+A>

. i1
- ZJCIk(l —q0)’ 5 log (1 —qi)
j=1

1 — gk 1
< log| 14+ 55—

=2 Ja(1 =gy Slog (1 = q)
j=1

(50)
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_qkX

1
o | +0.72
+A1>

® 1—

= qklg(l—l—

2 T—qc
-

~ 2In2

1
+0.72
(%ﬁm>
<) ! +0.72 = 1.301,
=22\ 1.24 n

where (a) follows from (46) and () follows from Step (a) used
in (48).
III) For the case q"

&1Y)

+Ak 1 < 1.24 we have:

K k—1
; x

E ﬂlog(l—i-Aj—x)—i- ﬁlog el n

i i L=

> - T1
- @l —q)'E [Eloga +¢k<j)>}

|

k—1
(a) Ph
= —1 1
> og< +
h=1
o) k—1 o
- a—g’ ™'y
j=1 h=1

log (14 qi(1 — 1)/ ~'x + A

k—1
Ph qkXx
< =1 52
—22°g< —a ) (52)
h=1
k—1
=Y Pliog1+124)
h=1
1
< —log (1 + 1.24) = 0.581, (53)

[\

where (a) follows from (46).
So, we get

K
pj Ph
ijlog(lJrAj—x Z—log<1+1

+ Ap )
j=k

oo _ 1
> @ - q)E [5 log(1 + mu»} <1301, (54)

j=0

which together with H(py, - -, px) <log K completes the
proof for K > 2, i.e., by comparing this to the statement of
the lemma and the fact that 1.884 + log K + 0.457 — 1.04 —
H(pi,...,pk) =1301 +logK — H(p1, ..., px) > 1.301,
the result is proven.

B. Proof for K =2

For the case of K = 2, we divide the proof into two cases.
The first case is when p 2X 4 A; > A and the second one is
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when 222 + A; < A, where A = 2.224. The choice of constant
2.224 is explained in Remark 5.
I) For the case p’f—lx + A; > A we have:

K
Z% og 1+A —x)

+ Ah>

- qu(l — q)'E [ log(1 + ¢ (1))}

j=0

+Z—log<

1 — gk

+ H(p1, p2)

@1 —qx 1
2 Zlog|14+
2 < %er)

1 — gk 1
+——log\ —— | + H(p1, p2)
2qx 1 — g

P1 1
=—1 14+ —
2%<+%+m)

1 — 1
n (1—p2) log < )
2ps I—po

+ H(p1. p2)

- _ P 1
= 2In@2) 25+ A

(I —p2)
2p2

oe (=)
0

¢ I—p2
+ H(p1, p2)

1 1 1— 1
< " (I = p2) log
2In(2) A 2p> 1— o

+ H(p1, p2)

1 d-p2), 1
+ log
21n(2) A 2p2 l—p2

+ H(p1, p2)

1 + (I— pz) 1
“2InQ2) A 2p> 1—p»

+(1—p2)10g<1_

1
+ p2log <—>
P2

(b) 1 1

= 2In@2) A

+ 1.52 = 1.844, (55)

where (a) follows from (50), (b) is due to the fact that the

expression is a continuous bounded function of p; € (0, 1).

Furthermore, it is concave and attains a maximum value of
11

@) A + 1.52 at pp = 0.413.
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II) For the case % + A; < A we have:

K

> Zrog(1+4;—x)
j=k

k=1
DPh qkXx
—log|(l+——+A

+};2 0g< +1_qk+ h)

00 . 1
Y ql - q’E [5 log(1 + mu»] + H(p1. p2)
j=0

(@) — P qix
< —1 l1+——+A H(pi,
_;2 og< +1_Qk+ h>+ (p1, p2)

X
®) ﬂlog <1 4 P2 +A1) + H(p1, p2)
2 P1
P1
< 710g(1+A)-|-H(Pl)

< Elog(l—i—A)—i—l = 1.844, (56)
where (a) follows from (52) and (b) follows from the fact that
K=k=2.

Remark 5: If the gap result in the two cases is kept as
function of A (rather than substituting the value as in the
proof above), ﬁ(z)% + 1.52 (from (55)) is a strictly decreas-
ing function of A and %log (1+A)+1 (from (56)) is a
strictly increasing function of A. Since the gap is the maxi-
mum of two gaps, optimizing the maximum of the gaps gives
A = 2.224 using which we get both the RHS of (55) and the
RHS of (56) = 1.844 to be equal.

So, for K = 2 we get

K k—1

pj Ph qix
log(14+4; - Y g1+ ——+4
5 og (1+A4; x)+h_12 Og( gt h)

J=k

> - T1
> a1 —q)’E [5 log(1 + mu»} + H(p1. p)
j=0

< 1.844, (57)

which together with H(p1) <log2 =1 completes the proof
for K =2, i.e., by comparing this to the statement of the
lemma and the fact that 1.884 +log2 — 1.04 = 1.844, the
result follows.

APPENDIX C
PROOF OF THEOREM 4

We divide the proof of Theorem 4 into two parts, correspond-
ing to the upper and lower bounds, respectively.

C. Upper Bound

Similar to the proof of Theorem 1, suppose that an average
of x> energy is stored into the battery and y, energy is drawn
from the battery when the energy arrival is A, then E(g2 (1)) =
p2(Az — x2 + roury2) and E(g1()) = p1A1 + p2(routrinX2 —
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#yg). As N — oo, using the law of large numbers, we see
that the capacity is upper bounded by

max
0=<x2=<Bmax,

1
0<pa(routrinx2— 7n Y2

P1 P2(FoutrinX2 — ,,3_‘1)72)
+710g 1+ A+ o . (58)

C < {%log(l + Ay — x2 + rouy2)

Now, we replace the variable x; by x/2 L5 —
min{x>, yarourin} and also the variable 1y, by y/2 =
V) — ﬁ min{xy2, y2¥outtin}- We see that

% log (1 + Ay — )c/2 + routy/z)

’ 1 ’
+ o log (1 + A1+ P2 <Voutrinx2 - _y2>>
2 P i

mn

P2
=7 log (1 + Az — x2 + routy2)

1
+ o log <1 + A + r <routrinx2 - —)’2)
2 P1 i

Yin

1 .
+ ( — Foutfin | Min{x2, y2routin}
Tout’in

P2
> > log (1 + Az — x2 + routy2)

1
+ % log <1 + A1+ ? <r0utrinx2 - _yZ)) . (59
| )

Fin

Thus, C,p2 with x2 and y» is less than or equal to Cyp 2 with
x/2 and y/2 if min{xy, y2rourin} > 0. So, for optimal x, and
v2, min{x2, y2routrin} = 0. Since royirinx2 — #}’2 >0, we get
y2 = 0 and thus the upper bound in (25) follows.

D. Lower Bound

To show the achievability given in (26), we show that the rate

of max Clzb ,(x) can be achieved, where
0<x<min{Bmax, A2} !

C2,(x) = % log (1 + Az — x)

FinFoutX P2

+ﬂlog<l+A1+
2 P

) —2.884. (60)

Let the time slots of two consecutive energy arrivals of A, be
Ty and Tp, ie., E7,, Er, = Ay and E; = Ay for Th <t < 1.
Then, the energy of E7, — x is used at time 77 and the energy
of ripx goes into the battery is. At any time ¢ between 77 and 7>,
the energy of pyB; is extracted from the battery, and thus the
energy of E; + roup2B; can be used for transmission, where
E, = Ay, and the residual energy at time (¢ + 1) in the bat-
tery is B;+1 = p1B;. Thus, the energy usage from the battery
attimer e {1+ 1,...,T, — 1}is rinrompgp;_T‘_lx. We note
that this is a geometric random variable with parameter p,, and
thus has the mean lz We ignore the battery energy residue
at T», and consider the next interval starting at 7> to find the
energy usage after 75.
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The energy utilization strategy g(7) proposed above is of the
form g(t) = ¢(j), where j =t —max({t : E; = Ay, VT <1},
i.e., the strategy is invariant across time and the allocated energy
depends on the number of time steps since the last energy arrival
of A;. The random variable ¢ () is defined as

$(j) 2 rinroupap] 'x + Ay, forall j > 1, and

$0) = Ay — x. (61)

The rest of the proof is straightforward and in the same lines
as in the case of rj, = roy = 1 as in Section IV, with the only
difference that in the proof of Lemma 3 in Appendix VI the
choice of two cases change as follows. The first case is when
Pzri;# + A > 2.224 and the second one is when Pzri;# +
A <2.224.

APPENDIX D
PROOF OF THEOREM 5

1) Case 1: Bmax < p1(Ay — Ay):  The upper bound in
(13) can be achieved within 3.926 bits using the achievability
scheme C}, 5(Bmax) in Theorem 3.

2) Case 2: Bmax > (p1 + p2)(A3 — Ap): We have

Ai1p1+ Aapa + Azps
< A1C2p1+ p2)

+ A2(p2 + p3) + Azps
= (A2 — A1) (p2+ p3) + A1
+ (A3 —ApDps + Ay
< 2max{(A2 — A1) (p2 + p3)

+ A1, (A3 — App3 + Ayl (62)

Then using (15) we get

IA

1
Cub,3 3 log(1 4+ Ajp1 + A2pa + A3p3)

IA

1 1
313 log(1 + max{(A2 — A1)(p2 + p3) + A,
(A3 — ADp3 + A1} (63)

Also, we have the following two achievable rates
Cii, 3 (p1(A2 — A1)
P3
= 710g(1 + Az — (A2 — A1) p1)

2
+ 2 log (1 + 42 = (A2 = ADp1)

(p2 + p3)p1(A2 — Ay)
P1

+%1og(1+A1+ )—3.926

v

1
Elog(l + (A2 — A (p2 + p3) + Ar) — 3.926, (64)
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and

Cl3b,3 ((p1+ p2)(A3 — Ay))
3
= Zlog(1 + (43 = Anps + A)
p3(p1+ p2)(As — A1)>
p1+p2

p3(p1+ p2)(Az — Ay)
p1+p2

+%log<l+A2+

+%log(l+A1+ )—3.926

1
> Elog(l + (A3 — Apps + Ap) —3.926. (65)
So, the maximum of the rates in (64) and (65) is achievable
(because of Bmax > (p1 + p2)(A3 — Ay) > p1(A2 — Ay)) and
it is seen from (63) that their maximum is within a constant gap
of 4.426 bits to the upper bound.

3) Case 3: pi(Az — A1) < Bmax < (p1 + p2)(A3 — A))
and (Ay — A1)(p2 + p3) + A1 = (A3 — A1) p3 + Ay Forthis
case, similar to the previous case, we get

IA

1
Cub.3 > log(1 4+ A1p1 + A2pa + A3p3)

11
= 5 + 5 log(l + max{(Az — A1) (p2 + p3) + A1,

(A3 — A ps + A1)
1 1
=3 + 5 log(1+ (A2 — AD)(p2 + p3) + A1), (66)

and the rate in (64) is achievable (because of Bpax > p1(A —
Ay)) and from (66) the maximum is within a constant gap of
4.426 bits to the upper bound.

4) Case 4: p1(Ay — A1) < Bmax < A3 — Yi_, piA; and
(A2 — Ay)(p2+ p3) + A1 < (A3 — Ap)p3 + Ay: In this case
for the upper bound in Theorem 1, we have z§ = Bpmax- So,

max
0=<x2<Bmax

+ % log(1 + A3 — Bmax)

X2 + p3 B
+ ﬂlog <1 + A+ P22 T P3 Dmax mdx)}
2 P1

_I_
= D log(1 + A3 — B + (22112
2 2
p2(A2 — Ay + P3Bmax>
p1+ p2 '

2
Cubs = {%log(l + Ay —x2)

log (1 + A+ (67)
Now, divide the achievability scheme into two parts:

A) p2Ay < p3Bma: The  scheme  Cj) 5(x)  with
x = min{Bmax, A3} = Bmax gives the capacity within
4.426 bits to the upper bound (67) because Cl3b’3(BmaX)
equates shown at the bottom of the next page.

B) p2(Az2 — A1) > p3Bmax: For this set of of parameters, we
have p, > pip3. This is because if p» < pip3, it results
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p1(Ay — Ay) > M > Bmax Which is a contradic-
tion to the initial assumptlon of p1(Ay — A1) < Bmax-
Use the strategy C ,3((A2 — A1)p1) for the achievability.
Then, we get

Cub3 — Cj, 3((A2 — Ap)pr1) — 3.926
<2py(A2—A1)
Ay — A B
§P1+P2 log 1+A1+P2( 2 1) + P3Bmax
2 pP1+ p2

—log(1+ (A2 — AP — p1) + Ap)
1+ A +2p2(A2 Ap)

PL+ D2 log PLtp2
-2 I+ A1+ (A2 — AD(p2 + p3)

p1+ p2 Jog I+ A1+ (42— 4D (p1+pz)
-2 1+ A; + (A2 — A (p2 + p3)
+p1-;p210g2 (68)
(a) 1
< #k)gz = (69)

(%)
r1tp2

where (a) follows since aTpy =

shown.

<1 which can be easily

5) Case 5: 3_; piAi < Bmax < (p1+ p2)(A3 — Ay) and
(A — AD(p2+p3) + A1 < (A3 — Apps + Ar: Take the
upper bound C,p3 = %log(l + p1A1 4+ p2A> 4+ p3Asz). For

achievability consider Cfb 3(A3 Z?:] p,'A') We could see

X _ B
that p1+p2 Zl ]pl i P1+172 P1+P2 A2, so we will
have

3
Ciba <A3 - ZPiAi) =-3.926
i=1

+_10g<1+zpl l)

P2 P1 p1
+ —log|1+ PiAi — Al + Ar
2 g< ; Y i+ p1+p2
3
P1 P2 P2
+—=log|1+ ) piAi+ A — Az ),
2 ( ; N pi+ o p1+p2
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and we get

3

_ZPiAi

i=1

) —3.926

Cub — Cl3b,3 <A3

Ay — A
<—%log 14 p1(Az 31)
(p1+p2)(A+ D piAi)
i=1
Ay — A
_ %log | p2(A2 31) 70)
(p1+p)+ ) piA)
i=1
(a) A
% P log (1 + P12 )
2 (p1+ p2)2 + p2As + p3A3)
P1 ( P2A2 )
— —log|1l—
2 (p1+ p2)(1 + p2A2 + p3A3)
(b) A
< lim {—&log<l+ P12 )
Ay—00 2 (p1+ p2)(A + p2As + p3A3)
D1 ( P2As )}
——log|1-
2 (p1+ p2)(A + p2As + p3A3)
A
= lim {—&log <1+ P17 )
Ar—00 2 (p1+ p2)(p2Az + p3A3)
A
Pl e (1 _ P22 )} (1)
2 (p1+ p2)(p2A2 + p3A3)
(c)
% max {—&log<l+ P1 )
P23 <, 2 (p1 + p2)(p2 + p3e)
_Plog <1— P2 )} (72)
2 (p1+ p2)(p2 + p3e)
(i) _P log (1 + P )
2 (p1+ p2)2p2+ p3)
_n log (1 — P2 ) ; (73)
2 (p1+ p2)2p2 + p3)

where (a) follows from the fact that the function g(x) =
—Zlog(1 4 p1x) — B log(1l — ppx) is increasing and also

(Ar— Al) A
(A = G Ay and (b) follows

from the fact that (71) has a positive derivative respect to A,
(c) follows from % < g—; and (d) follows from the fact

p2+p3
P3

that (72) has a negative derivative respect to e and ¢* =
in (73).

3
Cl3b,3 (Bmax) = —3.926 + % log(

)

D3 Bmax
p1+ p2

%log<1+A2+

I+ A3 — Bmax)+

B
+ P log P3 Dmax
p1+ p2

1+A
> <+1+

).

171+I72 P3Bmax
log(1+ Ay + it

1+P2 log(l + A+ P2(Ar—

I\/ IV

Al

palmaxy > PIZP2 Jog(1 + Ay +

p1t+p2

2P3Bmax) _ 1
pi+p 2
)+P3 Bmax

-4
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It remains to show that (73) < 1/2. We divide the proof into
two parts:

A) pr» < pj: Let take py=m+n, pp=m and p3
1 —2m —n. Then, we get
e 3

So,

p1 _ P
2 log(l (171+[72)(2172+173)) =

<——log(1——)=%.
B) po > p1: Let take py =m, pp=m+n and p3 =1 —
2m — n. Then, we get

P2 — m
(p1+p2)2p2+p3) Q@m+n)(1—n)

we have

» om N\
2 log(l + (p1+172)(2172+173))

[
(p1+p2)(2pa+p3)

log 1+

D1 )
(p1+ p2)2p2 + p3)

| /\

log

( )
——og 1-

(p1+ p2)(2p2 + p3)
5 oe

| — P2 )
(p1+ p2)(2p2 + p3)

(= )
(I1+n)2m +n)

2
Tl <m+n(2m+n)>
2 B\ U+ mem+n)
m <(1+n)(2m+n)>
=—log| ———=

2 m—+nQ2m + n)

M og 1+
=—1lo
> log

m-+n
m—+nQ2m +n)
m+n

m+n(2m+n)>}' 74

m
<max {—log <1 +

no |2
We see that optimal n, n* =./m(1 —m)—m. Then,
RHS of (74) is equal to 7 log <1+ m{=m) )_

m+m(l—m)—m? ) —

%log (1 + Nﬁ)’ where 0 < m < % It can be seen that
7 log (1 + Nﬁ) is an increasing function with respect

to m, and is thus < %log 1+ 3 :%_
3(3)
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