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Abstract—In this paper, we investigate the effect of feedback
on two-user MIMO interference channels. At first, the capacity
region of MIMO interference channels with feedback is char-
acterized within a constant number of bits, where this constant
is independent of the channel matrices. Further, the generalized
degrees of freedom region for the MIMO interference channel
with feedback is characterized.

I. INTRODUCTION

Wireless networks with multiple users are interference-
limited rather than noise-limited. Interference channel (IC) is a
good starting point for understanding the performance limits
of the interference limited communications [1-7]. Feedback
can be employed in ICs to achieve an improvement in data
rates [8—13]. However, most of the existing works on ICs
with feedback are limited to discrete memoryless channels
or to single-input single-output (SISO) channels. This paper
analyzes multiple-input multiple-output (MIMO) Gaussian in-
terference channels with feedback. In particular, we focus on
a two-user MIMO IC with feedback.

The authors of [8] considered a SISO Gaussian IC with
feedback and found its capacity region within two bits. It
was shown that the capacity regions of Gaussian ICs increase
unboundedly with feedback unlike the Gaussian multiple-
access channel where the gains are bounded [14]. The degrees
of freedom for a symmetric SISO Gaussian IC with feedback
is also found in [8]. In this paper, we find an outer bound
and an inner bound for the capacity region that are within
a constant number of bits, and also evaluate the generalized
degrees of freedom (GDoF) region for a general MIMO IC
with feedback.

The first main result of the paper is the characterization
of the capacity region of a MIMO IC with feedback within
Nj + No+max(Ny, Ny) bits, where Ny and Ny are the num-
bers of receive antennas at the two receivers. The achievability
strategy is based on block Markov encoding, backward de-
coding, and Han-Kobayashi message-splitting. This achievable
rate and the outer bound are within Ny + Ny 4+ max(Ny, No)
bits of each other thus characterizing the capacity region of the
two-user IC within constant number of bits where the constant
is independent of the channel matrices. The achievability
scheme that is used to prove the constant gap result assumes
that the transmitted signals from the two transmitters in a
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time-slot are uncorrelated, unlike [8] where the signals were
assumed correlated in the achievability. Thus, our achievable
rate region is within 3 bits rather than 2 bits as in [8] of the
capacity region of a SISO IC with feedback. An achievability
scheme without correlated inputs was also shown to achieve
within constant gap of the capacity region in [12] for a SISO
IC with feedback. However, our gap between the inner and
the outer bounds is smaller as compared to [12].

We note that the achievability strategies for a SISO IC in
[8, 12] emphasize that the private part from a transmitter using
the Han-Kobayashi message splitting is such that it is received
at the other receiver at the noise floor. However, for a MIMO
IC with feedback, it is not clear what its counterpart would
be. The Han-Kobayashi message splitting used in this paper
gives the notion of receiving the signal at the noise floor for
a MIMO IC with feedback.

The second main result of the paper is a complete char-
acterization of the generalized degrees of freedom (GDoF)
region of a general MIMO IC with feedback when the average
signal quality of each link, say p;; for link from transmitter
1 to receiver j, varies with a base si%nal-to—noise ratio (SNR)
parameter, say SNR, as limsnr_soo % = w;, where a;;
can be different for each link with ¢,j € {1,2}. In other
words, the average link quality of each link can potentially
have different exponents of a base SNR. As a special case,
we consider a symmetric IC where the number of antennas at
both transmitters is the same, the number of antennas at both
receivers is the same, and the SNRs for the direct links and the
cross links are SNR and SNR®, e > 0, respectively. We find
the GDoF (the maximum symmetric point in the GDoF region)
for a given o and show that the GDoF follows a “V”-curve
rather than a “W”-curve corresponding to the GDoF without
feedback as in [5]. Similar result was obtained for a SISO IC
in [8] while this paper extends it to a MIMO system.

The remainder of the paper is organized as follows. Section
II introduces the model for a MIMO IC model with feedback
and the GDoF region. Sections III and IV describe our results
on the capacity region and the GDoF region, respectively.

II. CHANNEL MODEL AND PRELIMINARIES

In this section, we describe the channel model considered in
this paper. A two-user MIMO IC consists of two transmitters
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and two receivers. Transmitter ¢ is labeled as T, and receiver
Jj is labeled as D; for i,j € {1,2}. Further, we assume
T, has M, antennas and D; has N; antennas, i € {1,2}.
Henceforth, such a MIMO IC will be referred to as the
(My, Ny, M, No) MIMO IC. We assume that the channel
matrix between transmitter T; and receiver D; is denoted
by H;j € CNi*Mi for 4, j € {1,2}. We shall consider a
time-invariant or fixed channel where the channel matrices
remain fixed for the entire duration of communication. We also
incorporate a non-negative power attenuation factor, denoted
as p;;, for the signal transmitted from T; to D;. At time-
instant ¢, transmitter T; chooses a vector X;(t) € CMi*1 and
transmits v/P; X i(t) over the channel, where P is the average
transmit power at transmitter T,.

The received signal at receiver D; at time instant ¢ is denoted
as Y;(t) for i € {1,2}, and can be written as

Yi(t) = puHuXi(t) + /p2rHa Xo(t) + Z1(t), (1)
Yo(t) = przHi1oX1(t) 4+ /pa2H2 Xo(t) + Za(t), (2)
where Z;(t) € CNi*! is independent and identically dis-

tributed (i.i.d.) CN(0, Iy,) (complex Gaussian noise), p;; is
the received SNR at receiver D; and p;; is the received
interference-to-noise-ratio at receiver D; for ¢,j € {1,2},
1 # 7. AMIMO IC is fully described by three parameters. The
first is the number of antennas at each transmitter and receiver,
namely (M, Ny, Ms, No). The second is the set of channel
gains, H = {H11, His, Ho1, Hao}. The third is the set of aver-
age link qualities of all the channels, p = {p11, p12, Po1, P22}
We assume that these parameters are known to all transmitters
and receivers.

For MIMO IC with feedback, the transmitted signal at T,
X;(t), is a function of the message W; and the previous
channel outputs at receiver D; for ¢ € {1,2}. Thus, the
encoding functions of the two transmitters are given as

Xi(t) = WYY, de{1,2}, 3)

where f;; is the encoding function of T,, W; is the message
of T, and V™! = (Yi(1),..., Yi(t—1)). Let us assume that T;
transmits information at a rate of R; to receiver D; using the
codebook C;,, of length-n codewords with |C; ,| = onfli,
Given a message m; € {1,...,2"f} the corresponding
codeword X['(m;) € C;, satisfies the power constraint
mentioned before. From the received signal Y, the receiver
obtains an estimate 772; of the transmitted message m; using
a decoding function. Let the average probability of error be
denoted by e; ,, = Pr( m; # m;).

A rate pair (Rq, Ro) is achievable if there exists a family of
codebooks Cj i = {1,2}, and decoding functions such that
max;{e;,} goes to zero as the block length n goes to infinity.
The capacity region C'(H, ) of the IC with parameters H and
p is defined as the closure of the set of all achievable rate pairs.

Consider a two-dimensional rate region C. Then, the region
C @ ([0, a] x [0,b]) denotes the region formed by {(R1, R2) :
Ry,R2 > 0,((Ry —a)*,(Ry — b)) € C} for some a,b > 0.
Similarly, the region C & ([0,a] x [0,b]) denotes the region

formed by {(Rl, Rg) Ry, Ry >0, ((Rl —|—CL)+7 (RQ +b)+) S
C} for some a,b > 0. Further, we define the notion of an
achievable rate region that is within a constant number of bits
of the capacity region as follows.

Definition 1. An achievable rate region A(H,p) is said to be
within b bits of the capacity region if A(H,p) C C(H,p) and
A(H,p) & ([0,b] & [0,b]) 2 C(H, ).

In this paper, we will use the GDoF region to characterize
the capacity region of the MIMO IC with feedback in the limit
of high SNR. This notion generalizes the conventional degrees
of freedom (DoF) region metric by additionally emphasizing
the signal level as a signaling dimension. It characterizes the
simultaneously accessible fractions of spatial and signal-level
dimensions (per channel use) by the two users when all the
average channel coefficients vary as exponents of a nominal
SNR parameter. Thus, we assume that

b Jos(pi)
log(SNR) 00 1og(SNR)
where «;; € RT for all i,j € {1, 2}. In the limit of high
SNR, the capacity region diverges.

= 5, (C))

The GDoF region is defined as the region formed
by the set of all (dy,d2) such that (d;log(SNR) —
o(log(SNR)), d2 log(SNR) — o(log(SNR)))! is inside the ca-
pacity region. Thus, the GDoF is a function of link quality
scaling exponents c;;. We note that since the channel matrices
are of full ranks with probability 1, we will have the GDoF
with probability 1 over the randomness of channel matrices.

III. CAPACITY REGION OF MIMO INTERFERENCE
CHANNEL WITH FEEDBACK

In this section, we will describe our result on the ap-
proximate capacity region of the two-user MIMO IC with
feedback. Let R, be the region formed by (R1, Ry) satisfying
the following constraints:

Ry < logdet(In, +P11H11HL +P21H21H§1)7
Ry < logdet(In, + paoHaoHly + proHis Hiy),
R, < logdet <1N2 + 012H12H12) +
log det(In, + pr HuHY, — /pripizHin Hiy
(In, + pr2Hi2H]y) ™ /pripraHis HY, ),
Ry < logdet (IN1 + pngng;rl) +

log det(In, + ﬂ22H22H§2 - \/1122,021H22H§1
(In, + 021H21Hgl)_lx/022P21H21H§2)7

'a = o(log(SNR)) indicates that limgnr_s oo Toxenmy = O
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Ry + Ry < logdet (1N2 + paaHn HY, + P12H12H1Tg) +
log det(In, + prHii Hiy — /pripraHi H,
(In, + praHio HYy) ™ /pripra Hio H, ),

Ri+ Ry < logdet (Iy, + puuHuH, + por HarHY, ) +

log det(In, + 022H22H;r2 - \/mH22H;1
(Iny + p21Hoy HY, ) ™1\ /paapar Hay HY ).

Theorem 1. The capacity region for the two-user MIMO IC
with perfect feedback Crp is bounded from above and below
as

Ro © ([0, N1 + No] x [0, N1 + NaJ)
CCre € Ro @ ([0, V1] x [0, N3]), ()

where the inner and outer bounds are within N1 + No +
max (Nq, Na) bits.

Proof: We would describe the outline of achievability and
the outer bound here. The detailed proof can be seen in [15].

The inner bound uses the achievable region for a two-user
discrete memoryless IC with feedback as in [8]. The achiev-
ability scheme employs block Markov encoding, backward
decoding, and Han-Kobayashi message-splitting. This result
for a discrete memoryless channel is extended to MIMO IC
with feedback using a specific message splitting by power
allocation. The transmitted signal from T;, X, is given as

X; = Xi,p + Xiua (6)

where X, indicate the private message of T;, and X, is the
public message of T,;. We assume that X;,, and X;, pairs are
independent for 7 = 1,2.. However, these transmitted signals
are correlated over time due to block Markov encoding. The
private signal X, is chosen to be Xj;, ~ CN (07 KXip), and
the public signal X, is chosen to be X;, ~ CN(0, Kx,,),
where

Kx,, = In, — /P HY(In, + pijHi HY) ™ /pig g, (7)
and

Kx,, = In; — Kx,, ®)

for i € {1,2}.

The power allocation is feasible since Kx,, = 0 and
Kx,, = 0. Further, this message split is such that the private
signal is received at the other receiver with power bounded by
a constant. More specifically, we have p;; H;; Kx, H ]TZ = Iy,
thus showing that the effective received signal covariance
matrix at receiver D; corresponding to the private signal from

transmitter T, is at the noise floor.

For the outer bound, we see that the capacity region of
a two-user MIMO IC with feedback is outerbounded by the

region formed by (R, R2) satisfying

Ri < h(V1) —h(Z1),
Ry < NW(Y3)— h(Z),
Ri < h(Ya|Xa)—h(Zs)+h(Yi]Xa, 1) —
h(Zy),
Re < h(Yi|X1)—h(Z1)+h(Ya]Xa, 1) —
h(Z2),
RitRs < h(Yi|Si,Xa)—h(Zs)+h(Ys) —
h(Zy),
Ri+ Ry < h(Ya|Ss,X1)—h(Zi)+h(Y1)—
h(Zs), 9)

where S; £ \//TjHZ—jXZ- + Z;. This region is further outer-
bounded for MIMO channels over the choice of covariance
and the cross-covariance matrices to get the result as in the
statement of the Theorem. |

The authors of [8] found the capacity region for the SISO
IC with feedback within 2 bits. The above Theorems gen-
eralizes the result to find the capacity region of MIMO IC
with feedback within N; + Ny + max(Ny, Na) bits. Note
that the approximate capacity region without feedback in [4]
involves bounds on 2R; + R, which do not appear in our
approximate capacity region with feedback. In addition, in
[8], the approximate capacity region for the SISO IC with
feedback involves the cross-covariance matrix of the inputs in
the inner and outer bounds, whereas our approximate capacity
region for the MIMO IC with feedback does not involve cross-
covariance matrix of the inputs. Further, we note that the power
allocation described in the achievability is different from that
given in [8] even for a SISO channel. Note that the power
split levels in the achievability scheme of [§8] do not sum to
1 and thus do not satisfy the total power constraint. For the
special case of SISO IC with feedback, the above gives a fix to
the results in [8]. This power allocation assumes uncorrelated
signals transmitted by the two users at each time-slot. The
authors of [12] also used uncorrelated signals for SISO but had
a larger gap between the inner and outer bounds for SISO IC
with feedback than that achieved by our achievability strategy.

Figure 1 gives a pictorial representation for the result of
Theorem 1. The inner and the outer bounds for the capacity
region for MIMO IC with feedback are within a constant
number of bits from the region R, and thus the inner and
outer bound regions are within a constant number of bits of
each other.

IV. GENERALIZED DEGREES OF FREEDOM REGION OF
MIMO INTERFERENCE CHANNEL WITH FEEDBACK

This section describes our results on the GDoF region of the
two-user MIMO IC with feedback. The GDoF gives the high
SNR characterization of the capacity region. Since the inner
and outer-bounds on the capacity region are within a constant
gap, we characterize the exact GDoF region of the MIMO IC
with feedback.
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R1
winner bound
N, T e . _Ro
Nt = ==outer bound

»—> R2
N1+N2 N2

Fig. 1. Inner and outer bounds for the capacity region of MIMO IC with
feedback are within a constant number of bits. The arrows from the corners
A and B in R, toward their respective corners on outer bound have vertical
length of Ny and horizontal length of Na. The arrows from the corners A
and B in R, toward their respective corners on inner bound have the vertical
and horizontal length of N1 + N2 each.

Define
f(u: (alaul)a(a27u2)) £ (10)
min (u, uy)ay +min (v —uy) T, u)ag, if a; > as
min (u, ug)ag + min ((u — ug),u1)al, otherwise

The following result characterizes the GDoF for general
MIMO IC with feedback for general power scaling parameters
Q.

Theorem 2. The GDoF region of the two-user MIMO IC with
feedback is given by the set of (dy,ds) satisfying:

apndy < f(Ny, (o, Ma) , (aar, Ma)),
agdy < f(Na, (a2, Ma), (a2, My)),
and; < oqomin (M, Na) +
(v111nin ((Ml — N2)+,N1) +
(Oéll — a12)+(min (Ml,Nl) —
min ((M1 —Ny)*, Nl) )s
agady < apymin (My, Ny) +
OégQIIliIl ((M2 — N1)+, NQ) +
(0622 — 021)+(H1i1’1 (MQ,NQ) —
min ((M2 Nt N2) ),
adi +agady < f (No, (a2, Ma) , (an2, My)) +

allmin ((Ml — N2)+,N1) +
(a11 — ar2) ™ (min (M, Ny) —
HliIl ((Ml — N2)+,N1) )7

<

f (N1, (@1, My) , (a1, M2)) +
(roomin ((Mg — N1)+7 Ng) +
(23 — aa1) T (min (Ma, Ny) —
min ((M2 - N1)+,N2) ).

aq1dy + agady

an

Proof: This follows from taking large SNR limit of R,.
The details are provided in [15]. ]

Corollary 1. The GDoF for a two-user symmetric MIMO IC
with feedback for N < M is given as follows:
N-92N M7 ifa<l,
N = 32N -M)", ifa>1.
and the GDoF for M < N follow by interchanging the roles
of M and N.

The authors of [5] found the GDoF for the two-user sym-
metric MIMO IC without feedback as follows for N < M
(We can interchange the roles of N and M if N > M).

N —a(2N — M)* if0<a<i,

N—(1—a)2N-M)", ifl<a<?

GDoFnr =4 N—2@N-M)* if 3 <a<l,
; atl

min{N, N(%3) ifa>1 (23)

3N M)}

We note that the GDoF with and without feedback are the
same for % < «a < 1. Figure 2 compares the GDoF for the two-
user symmetric MIMO IC with and without feedback. In Fig-
ure 2(a), the “W”-curve obtained without feedback delineates
the very weak (0 < a < 1), weak (3 < a < 2), moderate
(2 < a < 1), strong (1 < a < B—M) and very strong
(3 < «) interference regimes. In the presence of feedback,
the “W” -curve improves to a “V’-curve which delineates the
weak (0 < a < 1) and strong (1 < «) interference regimes
for all choices of N and M. For & < N < M, we see that
the GDoF with feedback is strictly greater than that without
feedback for 0 < a < 2/3 and for &« > 3 — M/N. For
N < M/2, we see that the GDoF with feedback is strictly
greater than that without feedback for a > 2. The GDoF
improvement indicates an unbounded gap in the corresponding
capacity regions as the SNR goes to infinity.

Interestingly, from Figure 2(b) we can see that if we increase
M when N < %, the GDoF does not change. This can be
interpreted as that while N < %, N act as a bottle-neck and
increasing M does not increase the GDoF. As a special case
consider a MISO IC for which we note that the GDoF is the
same for all M > 2. Thus, increasing the transmit antennas
beyond 2 does not increase the GDoF. However, increasing
the transmit antennas from 1 to 2 gives a strict improvement
in GDoF for all « > 0. Similar result also holds for SIMO
systems where increasing the receive antennas from 1 to 2 help
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GDoF

- NF

PF
Ny o e e e
AN P prd
AN e
N\ . 7
(M+N)/3 MR e
NN L
M /2 \,’ ~o”
1/22/3 1 @ @

@Y <N<M (a0=3-¥=1<a<2)

GDoF
-- NF
PF
3N/2
N o e e e o e e e
i 2 @
by N< 2
Fig. 2. GDoF for symmetric MIMO IC with perfect feedback (PF), and

no-feedback (NF) for (a) % < N < M,and (b) N < %

increase GDoF while increasing the receive antennas beyond
2 does not increase the GDoF.

V. CONCLUSION

This paper gives the capacity region of a MIMO IC
with feedback within Ny + Ny + max(Ny, Na) bits. The
achievability is based on block Markov encoding, backward
decoding, and Han-Kobayashi message-splitting. Further, the
GDoF region for general MIMO IC is characterized. It is found
that for symmetric IC, the GDoF form a “V”-curve rather than
the “W”-curve without feedback.
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