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On the Capacity Region and the Generalized Degrees
of Freedom Region for the MIMO Interference
Channel With Feedback
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Abstract—In this paper, we study the effect of feedback on the
two-user MIMO interference channel. The capacity region of the
MIMO interference channel with feedback is characterized within
a constant number of bits, where this constant is independent of
the channel matrices. Further, it is shown that the capacity region
of the MIMO interference channel with feedback and its reciprocal
interference channel are within a constant number of bits. Finally,
the generalized degrees of freedom region for the MIMO interfer-
ence channel with feedback is characterized.

Index Terms—Capacity region, feedback, generalized degrees of
freedom, Han-Kobayashi message splitting, MIMO interference
channel, reciprocal interference channel.

I. INTRODUCTION

IRELESS networks with multiple users are interfer-

ence limited rather than noise limited. The interference
channel (IC) is a good starting point for understanding the
performance limits of the interference limited communications
[1]-[7]. Feedback can be employed in the ICs to achieve an
improvement in the data rates [8]-[13]. However, most of
the existing works on the ICs with feedback are limited to
discrete memoryless channels, or the single-input single-output
(SISO) channels. This paper analyzes the multiple-input mul-
tiple-output (MIMO) Gaussian IC with feedback.

In this paper, we consider the two-user MIMO IC with per-
fect channel state knowledge at the transmitters and receivers.
In large wireless networks, having global knowledge of the
channel state is infeasible and thus Lozano et al. [14] found
a saturation effect in the system capacity. In this paper, we
assume that all the nodes know the channel state information of
all the links to find the impact of feedback to the transmitters,
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which is a fundamental question on its own. While the over-
head of gathering global channel state information must not be
neglected, it has been repeatedly shown (cf. [15], [16]) that this
overhead is manageable in the presence of a reduced number of
users. This overhead increases as the number of users increases,
and thus some authors have considered knowledge of channel
state in a local neighborhood [17], [18]. With the local network
connectivity and channel state information, subnetworks can
be scheduled where each subnetwork is operated using an
information-theoretic optimal scheme [19], [20]. Thus, even
with the knowledge of the local channel state information, un-
derstanding of small networks can help to improve throughput
of large networks.

Finding a capacity achieving scheme for an IC with more than
two users is an open problem, and assumptions like treating in-
terference as noise have been used [14], [21], [22]. An approx-
imate capacity region for the two-user SISO IC was given in
[1], which has been further extended to the MIMO IC in [4].
Even an approximate capacity region is an open problem be-
yond two-user IC, although capacity regions have been found
in some special cases like double-Z [23], one-to-many [24],
many-to-one [24], and cyclic [25] ICs. In the presence of feed-
back, an approximate capacity region for the two-user SISO IC
was recently given in [8], where the capacity region is charac-
terized within two bits. It was shown that the capacity regions
of Gaussian ICs increase unboundedly with feedback unlike the
Gaussian multiple-access channel where the gains are bounded
[26]. The degrees of freedom for a symmetric SISO Gaussian IC
with feedback is also found in [8]. In this paper, we find an outer
bound and an inner bound for the capacity region that differ by
a constant number of bits, and also evaluate the generalized de-
grees of freedom (GDoF) region for a general MIMO IC with
feedback.

The first main result of this paper is the characterization
of the capacity region of a MIMO IC with feedback within
N1 + Ny 4+ max(Ny, Na) bits, where N7 and N are the num-
bers of receive antennas at the two receivers. An outer-bound
is obtained by first outer bounding the covariance matrices of
both input signals and representing the outer bound as a region
in terms of the covariance matrix between the two input signals.
This is further outer-bounded by a larger region that does not
involve the covariance matrix. The achievability strategy is
based on block Markov encoding, backward decoding, and
Han-Kobayashi message-splitting. This achievable rate and the
outer bound are within Ny + Ny 4+ max (N, Ny) bits of each
other thus characterizing the capacity region of the two-user
IC within constant number of bits where the constant is in-
dependent of the channel matrices. The achievability scheme
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that is used to prove the constant gap result assumes that the
transmitted signals from the two transmitters in a time slot
are uncorrelated, unlike [8] where the signals were assumed
correlated in the achievability. Thus, our achievable rate region
is within 3 bits rather than 2 bits as in [8] of the capacity region
of a SISO IC with feedback. An achievability scheme without
correlated inputs was also shown to achieve within constant
gap of the capacity region in [12] for a SISO IC with feedback.
However, our gap between the inner and the outer bounds is
smaller as compared to [12].

We note that the achievability strategies for a SISO IC in [8]
and [12] emphasize that the private part from a transmitter using
the Han—Kobayashi message splitting is such that it is received
at the other receiver at the noise floor. However, for a MIMO
IC with feedback, it is not clear what its counterpart would be.
The Han—Kobayashi message splitting used in this paper gives
the notion of receiving the signal at the noise floor for a MIMO
IC with feedback. Many matrix-based results are derived in this
paper to show a constant gap between the outer and the inner
bounds of the capacity region of a MIMO IC with feedback,
which may be of independent interest.

The second main result of this paper is to show that the ca-
pacity region of a MIMO IC with feedback and that of its corre-
sponding reciprocal channel are within constant number of bits
of each other, where the constant is independent of channel ma-
trices. The reciprocal IC was considered in [4], where the au-
thors showed that the capacity region of a MIMO IC without
feedback is within constant number of bits of its corresponding
reciprocal IC. This paper shows that the constant gap between a
MIMO IC and its reciprocal channel also holds in the presence
of feedback.

Most developments on the IC take place in the high-power
regime, and the GDoF region characterizes the capacity region
in the limit of high power. Thus, we further extend our results to
high-power regime to get more understanding on the improve-
ment in the capacity region with feedback. The GDoF region
has been characterized in the symmetric case without feedback
[27] and with feedback [28] for a K -user SISO IC. For a gen-
eral MIMO IC without feedback, the GDoF region is found for
a two-user IC in [5].

The third main result of this paper is a complete characteriza-
tion of the GDoF region of a general MIMO IC with feedback
when the average signal quality of each link, say p,; for link
from transmitter ¢ to receiver j, varies with a base SNR param-
eter, say SNR, as limgnr— oo % = «;;, where «;; can be
different for each link with 7,7 € {1,2}. In other words, the
average link quality of each link can potentially have different
exponents of a base SNR. As a special case, we consider a sym-
metric IC where the number of antennas at both transmitters is
the same, the number of antennas at both receivers is the same,
and the SNRs for the direct links and the cross links are SNR and
SNR®, &« > 0, respectively. We find the GDoF (the maximum
symmetric point in the GDoF region) for a given « and show
that the GDoF is a “V”-curve rather than a “W”-curve corre-
sponding to the GDoF without feedback as in [5]. Similar result
was obtained for a SISO IC in [8] while this paper extends it to
a MIMO system.
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The remainder of this paper is organized as follows. Section 11
introduces the model for a MIMO IC with feedback, reciprocal
IC and the GDoF region. Sections III and IV describe our re-
sults on the capacity region and the GDoF region, respectively.
Section V concludes this paper. The detailed proofs of various
results are given in Appendices A—E.

II. CHANNEL MODEL AND PRELIMINARIES

In this section, we describe the channel model considered in
this paper. A two-user MIMO IC consists of two transmitters
and two receivers. Transmitter ¢ is labeled as T; and receiver j
is labeled as D; for ¢,j € {1,2}. Further, we assume T; has
M, antennas and D; has N, antennas, i € {1,2}. Henceforth,
such a MIMO IC will be referred to as the (M7, N1, My, No)
MIMO IC. We assume that the channel matrix between trans-
mitter T; and receiver D; is denoted by H;; € CVi*™i for
i, 7 € {1,2}. We shall consider a time-invariant or fixed channel
where the channel matrices remain fixed for the entire duration
of communication. At each discrete time instance, indexed by
t = 1,2,..., transmitter T; transmits a vector X, [t’] e CMxl
over the channel with a power constraint tr(E(X; X)) < 1 (AT
denotes the conjugate transpose of the matrix A).

Let Qi = [E(XL-X}') fori,j € {1,2}. Wesay A < B
if B — A is a positive semidefinite (p.s.d.) matrix and we say
A = B if B < A. The identity matrix of size s x s is denoted
by I,. Further, we define z+ £ max{z,0}. We also note that
0 = Qi = T according to [29, Th. 7.7.3] since tr(E(X; X)) <
1. By definition of @Q;;, we see that (J;; = QL Moreover, we
have 0 < Q;; QJI =< I, where 0 < Q;; Q['J results from the fact
that every matrix in the form of AAT is p.s.d. and Q.,;ijj =<1
results from tr(Q;;Qi;1) = tr(Qi)tr(Q,;) < 1 which gives
Qi;Q; ]-T = I with a similar argument as we had for 2;;. We will
sometimes denote () = ()12 when it does not lead to confusion.

We also incorporate a nonnegative power attenuation factor,
denoted as p;;, for the signal transmitted from T, to D;. The re-
ceived signal at receiver D; at discrete time instance 7 is denoted
as Y;[t] for ¢ € {1.2}, and can be written as

Yi[t] = veurHuXalt) + Vpar Ha Xo[t] + Z1[¢], (1)
Yg[t] = \/PEHIZXI [t] + \//)‘;H22X2[t] + ZZ[tL (2)

where Z,[t] € CY*1is iid. CN(0,Iy,) (complex Gaussian
noise), p;; is the received SNR at D;, and p;; is the received
interference-to-noise-ratio at D; for 4,5 € {1,2}, ¢ # j. A
MIMO IC is fully described by three parameters. The first is
the number of antennas at each transmitter and receiver, namely
(My, N1, M3, No). The second is the set of channel gains, H =
{Hy1, Hy3, Ha1, Haa}. The third is the set of average link quali-
ties of all the channels, 7 = {p11, p12: P21, P22 }. We assume that
these parameters are known to all transmitters and receivers.

For MIMO IC with feedback, the transmitted signal X;[¢] at
T, is a function of the message W, and the previous channel
outputs at D, fori € {1, 2}. Thus, the encoding functions of the
two transmitters are given as

Xz[t] = fzt(VVUY[til)v 1€ {172}* (3)
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where f;; is the encoding function of T,, W, is the message
of T;, and Y/™! = (Vi[1],....Y;[t — 1]). Similarly, we de-
note X} = (X;[1],.... X; [f]) Let us assume that T; trans-
mits information at a rate of /2; to D; using the codebook C; ,,
of length-n codewords with |C; ,,| = 27 Given a message
m; € {1,...,2"%} the corresponding codeword X! € C;,
satisfies the power constraint mentioned before. From the re-
ceived signal Y;*, the receiver obtains an estimate 7z; of the
transmitted message m; using a decoding function. Let the av-
erage probability of error be denoted by e, , = Pr(in; # m,).

A rate pair (Ry, Rs) is achievable if there exists a family of
codebooks C; ,, and decoding functions such that max;{e; » }
goes to zero as the block length n goes to infinity. The capacity
region C(H , p) of the IC with parameters H and p is defined as
the closure of the set of all achievable rate pairs.

Consider a 2-D rate region C. Then, the region C & ([0, a] X
[0,8]) denotes the region formed by {(R;. R2) : Ry, Ry >
0.((R1 — a)T,(R2 — b)™) € C} for some a,b > 0. Simi-
larly, the region C & ([0, a] x [0, b]) denotes the region formed
by {(Rl,RQ) : R, R > 0, ((Rl + CL)+, (RQ + b)+) S C}
for some a,b > 0. Further, we define the notion of an achiev-
able rate region that is within a constant number of bits of the
capacity region as follows.

Definition 1: An achievable rate region A(F 7) is said to be
within b bits of the capacity region if A(H,p) C C(H,p) and
A(H.p) & ([0.5] @ [0,b]) 2 C(H.p).

In this paper, we will use the GDoF region to characterize the
capacity region of the MIMO IC with feedback in the limit of
high SNR. This notion generalizes the conventional degrees of
freedom (DoF) region metric by additionally emphasizing the
signal level as a signaling dimension. It characterizes the simul-
taneously accessible fractions of spatial and signal-level dimen-
sions (per channel use) by the two users when all the average
channel coefficients vary as exponents of a nominal SNR pa-
rameter. Thus, we assume that

; log pi;
logSNR »o0 log SNR @)
where a;; € R foralli,j € {1, 2}. In the limit of high SNR,
the capacity region diverges.

The GDoF region is defined as the region formed by the set of
all (dy, dz) such that (d; log SNR — o(log SNR), d2 log SNR —
o(log SNR))! is inside the capacity region. Thus, the GDoF is
a function of link quality scaling exponents c;;. We note that
since the channel matrices are of full ranks with probability 1,
we will have the GDoF with probability 1 over the randomness
of channel matrices.

The property of maintaining the same performance even
if the direction of information flow is reversed is known as
the reciprocity of the channel. For a MIMO IC with param-
eters (_]\41 J\/l,AMQ,Ng) {Hll H12 HQl,HQZ} and
7 = {p11, P12, Par, P22}, the rec1procal MIMO IC has param-
eters (Ny, My, Na, My), A" = {HY, HE, HY, HLY, and
% = {p11. p21: p12, p22}.

= o(log SNR) indicates that limgyg_, ., s oNR =0
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IIT. CAPACITY REGION OF MIMO IC WITH FEEDBACK

In this section, we will describe our results on the capacity
region of the two-user MIMO IC with feedback.

Our first result gives an outer bound on the capacity region
of the two-user MIMO IC with feedback. Let R,(Q) be the
region formed by (R, R») satisfying the following constraints
for some covariance matrix @ = E[ X X; ]:

Ry <logdet(In, + P11H11H1r1 + /)21H21H;rl+

\/ﬂllﬂQlHllQHgl‘f'
Vopa Ha QY HT), 3)
Ry < logdet(Iy, + pasHao HYy + praHio Hip+
\/WHMQTH&"'
vV 022P12H12QH2T2)7 6)
Ry <'logdet (INZ + pr2Hi2 Hip—
P12H12QQTH1T2>
+ log det (L\rl + P11H11H1+1—
[\//)11P12H11HIQ \/1011H11Q]
|:IN2 + 012H12Hfz \/ﬂ12H12Q} -
JPRQH], I,
{\/MHHHL} )
\/l)nQTHlll 1
R < log det (IM + po1 Hoy HY —
P21H21QTQH;1>
+ log det (INQ + p22H22H2T27
[\/0221)21[{225@1 VP22 H2QT |
{L’\Il + po1 Hoy HY, \//)21H21QT]
\/P21QH;1 Ing,
[\/P22/)21H21H2Tg} (8)
\/f)22QH2'2 7
R+ Ry < logdct (INZ + pQQHQQH;rQ-I-
P12H12HIQ + \//)22/)12H22QTH1T2+
\/P22,012H12QH;-2)
+ log det (L\a + prHy HY -
[ /PipraHi1 HY, VPiiHi1Q |
[]NQ + P12H12H1rz \/[)12H12Q} -
VPQ HY, I,
{\/011012[{12']'{11} )
\/PnQTHh ﬁ
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Ry + Iy < log det (L, + paHanHy +

pngng; + \/p11p21H11QHg1+
\/011/)21H21Q1-H11)

+ log det (INQ + paoHys Yy~

[ /PoapaiHozHyy  \/PoaH22Q']
|:IN1+/)21H21H;1 \//EHleT]—l
VPaQH],
{\/mHmHziz])
VimQHY, 1)

Further, let R, be the convex hull of R, (@) for all covariance
matrices (. The following theorem outer bounds the capacity
region of the two-user MIMO IC with feedback.

Theorem 1: The capacity region of the two-user MIMO IC
with perfect feedback Cpp is bounded from above as follows:

Iy,

(10)

Crp € Ro. Q)
Proof: The proof is given in Appendix A. |
From the definition of R,(Q), by substituting ¢ = 0 and
after some simplifications, we get that R,(0) is the region
formed by (R1, Rs) satisfying the following:

Ry <logdet(In, + /)11H11H1T1+

po1 Ha HY, ), (12)
R2 S IOg det(IN2 + p22H22H2Tz+
praHiH), (13)

Ry < logdct (IN2 + 012H12H1r2) +logdet(Ix,
+ puHuH{, — /oupraHin
Iy, + /)12H12H1Tz)71
VArpzH HY), (14)
Ry < logdet (IN1 + P21H21H§1) + log det(Ix,
+ pao Hoo 3y — \/poapr Has HY)
(In, + po1 Hay HY) ™
VpaaparHa HY,), (15)
R1 + Ry < logdet (INz + po2Hao HY, + p12H12H1T2>
+ logdet(In, + P11H11H1T1_
VorpzHuH (In, + proHiHL) ™
VpipzHi Hi,), (16)
Ri + R < logdet (IN1 +puHuHY, + p21H21H;1>
+ logdet({n, + p22H22H2T2*
VPrparHoo HY, (In, + por Hor HY, )7

P2apar Ha1 Hi,). (17)

The following result gives an inner bound to the capacity re-
gion of the two-user MIMO IC with feedback.
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Theorem 2: The capacity region for the two-user MIMO IC
with perfect feedback Crp is bounded from below as
Cre 2 Ro(0) © ([0, N1+ No] x [0, N1 + No]).  (18)
Proof: The proof is provided in Appendix B. |
The inner bound uses the achievable region for a two-user
discrete memoryless IC with feedback as in [8]. The achiev-
ability scheme employs block Markov encoding, backward de-
coding, and Han—Kobayashi message-splitting. This result for
a discrete memoryless channel is extended to MIMO IC with
feedback using a specific message splitting by power allocation.
The transmitted signal X; from T, is given as
Xi = Xip + Xsu, (19)
where X, and X;,, denote the private and public messages of
T,;, respectively. We assume that X;,, and X;,, are independent
for 2 = 1, 2. However, these transmitted signals are correlated
over time due to block Markov encoding. The private signal X;,,
is chosen to be X;;, ~ CN (0, Kx,, ), and the public signal X;,,
is chosen to be X;,, ~ CN (0, Kx,, ), where

Kx,, = In, — \/Pin;rj(INj + ijin;rj)*l\/ﬂi;,‘Hm (20)
and

Kx,, = I, — Kx,,» (21)
fori € {1,2}.

We will show in Appendix B that the power allocation is fea-
sible by showing Kx,, = (0t and Kx,, = 0. Further, this mes-
sage split is such that the private signal is received at the other
receiver with power bounded by a constant. More specifically,
we have p;; Hij Kx, H 1'7 = Iy,, thus showing that the effec-
tive received signal covariance matrix at D; corresponding to
the private signal from T; is at or below the noise floor.

This power allocation is different from that given in [8] even
for a SISO channel. Note that the power split levels in the
achievability scheme of [8] do not sum to 1 and thus do not
satisfy the total power constraint. For the special case of SISO
IC with feedback, the above gives a fix to the results in [8].
This power allocation assumes uncorrelated signals transmitted
by the two users at each time slot. Sahai ef al. [12] also used
uncorrelated signals for SISO but had a larger gap between the
inner and outer bounds for SISO IC with feedback than that
achieved by our achievability strategy.

Having considered the inner and outer bounds for the capacity
region of the two-user IC with feedback, the next result shows
that the inner bound and the outer bound are within Ny + No +
max (N1, N3) bits thus finding the capacity region of the two-
user IC with feedback, approximately.

Theorem 3: The capacity region for the two-user MIMO IC
with perfect feedback Crp is bounded from above and below
as

Ro(0) & ([0, N1 + Na] x [0, Ny + Na]) € Crp C
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where the inner and outer bounds are within N; + Ny +
max (N1, N3) bits.

Proof: The inner bound follows from Theorem 2. For outer
bound, we outer-bound the region R, () as R,(Q) C R,(0)P
([0, N1] x [0, N2]) in Appendix C. Hence, R, C R,(0) &
([0, N1] x [0, N2]). Thus, using @ = 0 in R,(Q}) gives an ap-
proximate capacity region with the approximation gap as in the
statement of the theorem. |

Suh and Tse [8] found the capacity region for the SISO IC
with feedback within 2 bits. The above theorem generalizes the
result to find the capacity region of MIMO IC with feedback
within N3 + No + max(/Ny, Na) bits. Note that the approxi-
mate capacity region without feedback in [4] involves bounds
on 2%y + Rs which do not appear in our approximate capacity
region with feedback. In addition, in [8], the approximate ca-
pacity region for the SISO IC with feedback involves the covari-
ance matrix of the inputs in the inner and outer bounds, whereas
our approximate capacity region for the MIMO IC with feed-
back does not.

Fig. 1 gives a pictorial representation for the result of The-
orem 3. The inner and the outer bounds for the capacity region
for MIMO IC with feedback are within a constant number of
bits from the region R, (0) and thus the inner and outer bound
regions are within a constant number of bits of each other.

In Fig. 2, we see the improvement in the capacity region for
a MIMO IC with feedback. The parameters chosen for the IC
are AM1 = 5, ]\/[2 = 4, N1 = 6, NQ = 3, P11 = P22 = 104,

p12 = pz1 = 10,
0.30 0.19 0.10 0.68 0.657
0.30 0.44 0.38 0.60 0.94
Hoy = 0.35 0.65 0.98 0.58 0.65
0.56 0.14 0.82 0.92 0.72
0.28 0.42 0.19 0.39 0.28
0.46 0.89 0.49 0.20 0.72]
[0.97 0.67 0.67 0.65]
Hyy = |0.60 094 051 0.53],
1044 0.67 0.50 0.36
r0.89 0.95 0.41 0.697
0.81 0.59 0.65 0.98
Hyy = 0.61 0.44 0.60 0.37
0.82 0.16 0.83 0.72
0.10 0.82 0.92 0.28
L0.87 0.43 091 0.21
0.11 0.71 0.61 0.31 0.30]
and Hip = | 0.61 023 0.61 044 0.31 (23)
[0.48 0.71 027 0.61 0.61

The inner and outer bounds without feedback are taken from [4].
We note that the inner bound with feedback contains the outer
bound without feedback.

Having characterized the approximate capacity region for the
MIMO IC with feedback, we next explore the relation of ca-
pacity region of the MIMO IC with feedback with that of the
corresponding reciprocal MIMO IC with feedback. The next
theorem shows that the capacity region of the MIMO IC with
feedback is approximately the same as that of its corresponding
reciprocal channel with feedback.

8361

R
““““ inner bound
: e —R0)
NN, % = = =outer bound

N1+N2 NZ

Fig. 1. Inner and outer bounds for the capacity region of MIMO IC with feed-
back are within a constant number of bits. The arrows from the corners A and
B inR,(0) toward their respective corners on outer bound have vertical length
of Ny and horizontal length of N5. The arrows from the corners A and I3 in
R, (0) toward their respective corners on inner bound have the vertical and hor-
izontal length of N} + N5 each.

2 —— Outer Bound with Feedback
== =|nner Bound with Feedback
P | Outer Bound without Feedback
== 'Inner Bound without Feedback

60r

40r

20

Ry

120

¢ 20 40 60 80

100
Fig. 2. Inner and outer bounds for the capacity region of MIMO IC with feed-
back and without feedback.

Theorem 4: The capacity region for the two-user MIMO
IC with feedback Crp and the capacity region for its corre-
sponding reciprocal IC with feedback C% 5 are within constant
gaps from each other. More precisely, the following expressions
holds:

Ro(0) & ([0, Ny + Na] x [0, N1 + N2]) C Cpp C

R,(0) & ([0, N1] x [0, Na]), (24)

Ro(0) & ([0, My + Ms] x [0, My + Ms]) € CE, C

Ro(0) & ([0, My] x [0, Ms]). (25)
Then, we get

CE; 0 ([0, Ny + Ny + My] x [0, Ny + Ny + My))

C Crp CCig®

([0, My + My + Ny] x [0, My + My + Ns)), (26)

Cre & ([0, My + My + Ni] x [0. M1 + M, + N3)

CC{p CCrp®

([0, Ny + N3 + Mq] x [0, Ny + N3 + Ms)). 27)
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2 —— Outer Bound with Feedback
== =|nner Bound with Feedback
B0p—— [ Outer Bound without Feedback
== 'Inner Bound without Feedback

R

. 1

20 40 éO 80 100 120

0 L I

Fig. 3. Inner and outer bounds for the capacity region of MIMO IC with feed-
back specified in (23) and inner and outer bounds for its reciprocal channel.

Proof: In Appendix D, we show that the region R, (0) for
the MIMO IC is the same as the corresponding region R (0) for
the corresponding reciprocal MIMO IC. Thus, (24)—(25) follow
from Theorem 3. Moreover, (26)—(27) follow from simple ma-
nipulations on (24)—(25). |

Thus, we see that the capacity region of a two-user
MIMO IC with feedback and the corresponding reciprocal
channel with feedback are within N; + No + M7 + M> +
max (Nl + lwh No + Mg) bits.

In Fig. 3, we compare the inner and outer bounds for the ca-
pacity region of the MIMO IC with feedback specified in (23),
and inner and outer bounds for its reciprocal channel. For this
figure, the parameters for the IC are the same as those used for
Fig. 2. We note that the capacity region of the MIMO IC with
feedback and that of its reciprocal channel with feedback are
within a constant gap.

IV. GDOF REGION OF MIMO IC WITH FEEDBACK

This section describes our results on the GDoF region of the
two-user MIMO IC with feedback. The GDoF gives the high
SNR characterization of the capacity region. Since the inner and
outer bounds on the capacity region are within a constant gap,
we characterize the exact GDoF region of the MIMO IC with
feedback. Define

f(u ((‘Ll? ul) ) (a27 u?)) é
min (u, uy)af + min (@ — u1) ¥, uz)ag,
min (u, us)ag + min ((w — uz) T, u1)a), otherwise.
(28)

if al Z ao,

The following result characterizes the GDoF for general
MIMO IC with feedback for general power scaling parameters
Q5.
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Theorem 5: The GDoF region of the two-user MIMO IC with
feedback is given by the set of (d1, da) satisfying

anndy < f(Ny, (o1, My), (a1, Ma)),
agady < [(Na, (a9, Ms) , (a12, M1)),
a11dy < agomin (Mg, No) +
pymin ((Ml — N2)+,N1> +
(11 — ()z12)+ (min (M7, Nq) —
min ((]\/11 - N2)+, Nl) ) )
woods < agymin (Ms, N1) +
pamin ((Mg — N1)+, N2> +
(022 — r91)™ (min (M, Ny) —
min ((]\/[2 - Nt N2> ) \
ap1dy 4 aoads < f (N, (22, M), (12, My)) +
11 min ((Ml - N2)+,N1> +

(29)
(30)

(€2))

(32)

(o1 — 0412)+ (min (M7, N1) —
min ((]\/[1 - Ng)+,Nl> ) ,
ar1dy + aoads < f (N1, (11, My), (o1, M) +
(u9omin ((Mg - N1)+, Nz) +
(cv22 — 0421)+ (min (M2, N2)
—min ((M2 - N1)+,N2) ) . (34
Proof: According to Theorem 3, we can see that GDoF =
limsnr— oo Ro(0)/ log SNR, which is evaluated in Appendix E
to get the result as in the statement of the theorem. |
Since the capacity region of the MIMO IC with feedback and
the corresponding reciprocal IC with feedback are within con-
stant gap, the GDoF region of the MIMO IC with feedback and
that of the corresponding reciprocal IC with feedback are the
same, as given in the next corollary.
Corollary 6: The GDoF region for the reciprocal IC with per-
fect feedback is given by the set of (dy, d2) satisfying (29)—(34).
We will now consider a special case of Theorem 5 where
]\/fl = ]\/fg = M, N1 = N2 = N, 11 = (99 = 1, and
19 = a1 = «. This MIMO IC is called a symmetric MIMO
IC. We also define GDoF d as the supremum over all d; such
that (d;, d;) is in the GDoF region. The GDoF for the symmetric
MIMO IC with feedback is given as follows.

Corollary 7: The GDoF for a two-user symmetric MIMO IC
with feedback for N < M is given as follows:

N - 42N - M), ifa <1,
Ny - LeN - M)*, ifa> 1

(33)

GDOFPF = { (35)

Since the expressions are symmetric in [N and M by Corollary
6, the GDoF for M < N follows by interchanging the roles of
M and N.

Proof: For the symmetric MIMO IC, we have

F(Ni (i, Mi) (i, M)
:f(N:(l'/]W)v(avM))
= max(1, &) min(M, N)+

min(1, ) min((N — M)+, M). (36)
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We will split the proof for N < M in two cases.
Case I (v < 1): We will go over all equations (29)—(34)
and evaluate them for the symmetric case with & < 1.
Equations (29) and (30) can be simplified using (36) as
follows:
d < max(1, &) min(M, N)+
min(1, o) min((N — M)+, M)
=N.

Equations (31) and (32) can be simplified as

(37

d <amin (M, N) + min ((M - N)+,N) +

1—a)t (min (M,N) — wmin ((M - N, N) )
=aN +min((M - N),N)+ (1 —a)N—
(1 —a)min{((M — N),N)
=N+ amin((M — N),N)
=N+ a(N - (2N - M)*1). (38)
Equations (33) and (34) can be simplified as

d< % (max(1, o) min(M, N) + min(1, @)
min((N — M)+, M) + min ((]W - N, N) +
(1- a)+ (min (M,N) — min ((M — N)“‘_/N) ))

= (N+{(1—-a)N+amin((M - N),N))

DO | =

1
=N - 5@(]\7—

=N - 5((2N M)F).

(N = (2N - M)7))

(39

We note that the minimum of the right-hand sides of (37),
(38), and (39) would give us the GDoF. The minimum of
these three terms is (39) which proves the result for v < 1.
Case 2 (o > 1): In this case, (29) and (30) can be simplified
as

d < max(1, ) min(M, N)+
min(1, &) min((N — M)+, M)
=aN. (40)
Equations (31) and (32) can be simplified as
d <amin (M, N) + min ((M -t N) +
(1 — )" (min (M, N) — min ((M - N, N) )
=alN + min((M — N), N). 41
Equations (33) and (34) can be simplified as

d< % (max(1, o) min(M, N) + min(1, )

min((N = M)*, M) + min (M - N)*, V) +

+ (min (M,N) — min ((M - Nt N) ))
= (N + (N — (2N — M)¥))

(a4 1)
2

_N - %(2N ~ Myt (42)
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We note that the minimum of the right-hand sides of (40),

(41), and (42) would give us the GDoF. The minimum of

these three terms is (42) which proves the result for o > 1.

]

Karmakar and Varanasi [5] found the GDoF for the two-user

symmetric MIMO IC without feedback as follows for N < M
(We can interchange the roles of NV and M if N > M)

GDOFNF =
N —a(2N — M), ifo<a<i,
N—(1—-a)2N - M)" 'f1<a<§ 5
N - 22N - M), if2<ac<l, (43)
min{N, N(2+L) — M}, 1f1 < a.

We note that the GDoF with and without feedback are the
same for% < « < 1.Fig. 4 compares the GDoF for the two-user
symmetric MIMO IC with and without feedback. In Fig. 4(a),
the “W”-curve obtained without feedback delineates the very
weak (0 < o < 3), weak (3 < o < %), moderate (3 <
a < 1), strong (I < a < 3— %), and very strong (3 —
” < «) interference regimes. In the presence of feedback, the
“W” curve improves to a “V”-curve which delineates the weak
(0 € & < 1) and strong (1 < «) interference regimes for all
choices of N and M. For I <« N < M, we see that the GDoF
with feedback is strictly greater than that without feedback for
0 < a < 2/3and fora > 3 - M/N.For N < M/2, we
see that the GDoF with feedback is strictly greater than that
without feedback for o > 2. The GDoF improvement indicates
an unbounded gap in the corresponding capacity regions as the
SNR goes to infinity.

Interestingly, from Fig. 4(b) we can see that if we increase
M when N < %, the GDoF does not change. This can be
interpreted as that while N < %, N act as a bottleneck and
increasing M does not increase the GDoF. As a special case
consider a MISO IC for which we note that the GDoF is the
same for all M > 2. Thus, increasing the transmit antennas be-
yond 2 does not increase the GDoF. However, increasing the
transmit antennas from 1 to 2 gives a strict improvement in
GDoF for all & > (. Similar result also holds for SIMO sys-
tems where increasing the receive antennas from 1 to 2 helps
increase GDoF while increasing the receive antennas beyond 2
does not increase the GDoF.

V. CONCLUSION

This paper gives the capacity region of the MIMO IC with
feedback within N 4+ Ns+max (N7, Vo) bits. The achievability
is based on the block Markov encoding, backward decoding,
and Han—-Kobayashi message-splitting. The capacity region for
the MIMO IC with feedback is shown to be within a constant
number of bits from the capacity region of the corresponding re-
ciprocal IC. Further, the GDoF region for the general MIMO IC
is characterized. It is found that for the symmetric IC with feed-
back, the GDoF form a “V”-curve rather than the “W”-curve
without feedback.

Vahid et al. [13] considered a SISO IC with two rate-limited
feedback links. Further, Sahai et al. [12] considered nine canon-
ical feedback models in the SISO IC, ranging from one feedback
link to four feedback links in various configurations. Extension
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Fig. 4. GDoF for symmetric MIMO IC with perfect feedback (PF), and

no-feedback (NF) for & <« N < M,and N < ¥ (@ ¥ < N <
M (ag=3-231<a<2)b)N <X

of this paper for different feedback models proposed in [12] for
rate-limited feedback links is an important future work, and is
still open. Further, the extension to the general K -user IC is also
open.

APPENDIX A
PROOF OF OUTER BOUND FOR THEOREM 1

In this Appendix, we will show that Crp C R,(Q) for some
covariance matrix Q = E[X; X}].

The set of upper bounds to the capacity region will be de-
rived in two steps. First, the capacity region is outer-bounded
by a region defined in terms of the differential entropy of
the random variables associated with the signals. These outer
bounds use genie-aided information at the receivers. Second,
we outer-bound this region to prove the outer bound as de-
scribed in the statement of Theorem 1.

The following result outer bounds the capacity region of two-
user MIMO IC with feedback.

Lemma 8: Let S; be defined as S; = \/pi;Hij X; + Z;.
Then, the capacity region of a two-user MIMO IC with feedback
is outerbounded by the region formed by (R;, R») satisfying

Ry < h(Y1) — h(Z4), (44)
Ity <h(Y2) — h(Z3), (45)
Ry < h(Y3|X3) — h(Zs) + h(Y1| X2, S1)—
h(Z1), (46)
Ry <h(Y1|X1) — h(Zy) + h(Ys| X3, S1)—
h(Z2), (47)
Ry + Ry <h (Y181, X5) — h(Zs) + h(Ya)—
h(Z1), (48)
Ry + Ry < h(Ys|Sy, X1) — h(Z1) + h(Yy)—
h(Z3). (49)
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Proof: The proof follows the same lines as
[8, Proof of Th. 3], replacing SISO channel gains by
MIMO channel gains and is thus omitted here. |

The rest of the section outer-bounds this region to get the
outer bound in Theorem 1. For this, we will introduce some
useful Lemmas.

The next result outer-bounds the entropies and the condi-
tional entropies of two random variables by their corresponding
Gaussian random variables.

Lemma 9 ([30]): Let X and Y be two random vectors, and
let X¢ and Y© be Gaussian vectors with covariance matrices

satisfying a
X X
Cow [Y} = Cov [YG ] . (50)
Then, we have
h(Y) <h(YY), (51)
h(Y|X) <h(YYX®). (52)

The next result gives the determinant of a block matrix, which
will be used extensively in the sequel.

Lemma 10 ([31]): For block matrix M = [

matrices A, B, C, and D, we have

_ [det Adet(D—-CA™1B)
det M = {det Ddet(A—BD-1C),

A B ith
c plM

if A is invertible,
if D is invertible.

3

(53)

Now, we introduce a lemma that is a key result which will be
used to upper-bound a conditional entropy term in this section
and also to show an upper bound in Appendix C.

Lemma 11: Let L(K, S) be defined as
L(K,S)2 K - KS(Ix, + STKS) 'STK,  (54)
for some M7 x M p.s.d. Hermitian matrix K and some M; x N,

matrix S. Then, if 0 < K71 < K5 for some Hermitian matrices
K, and K5, we have

Proof: We note that since K is p.s.d., K +ely, is invertible
for all ¢ > 0. Given 0 < K; < Ko, let F(¢) = L(Ky +
elng,,S) — L{Ky + elp, . S). We need to show that F/(0) > 0.

We first show that F'(¢) = 0 for all ¢ > 0. From Woodbury
matrix identity ([32, Appendix C.4.3]), we have that if 4 is in-
vertible, (A+BD) ' = A1~ A'B(I+DA-1B)"1DA-L
Thus, we have L(K + ELM“ S) = ((K + €IN[1)—1 + SST)—l
by substituting A as (K + eIy, )‘1, Bas S and D as ST in the
above identity.

Thus, F(€):((KQ‘I—{IAJI)—I‘I’SST)—l_((K1+€Iiwl)—1+
SST)‘l. Since K7 and K> are Hermitian p.s.d. matrices with
K =< Ko, it easily follows that F'(¢) > 0.

Having shown that F'(¢) > 0 forall € > 0, we will now prove
the continuity of F'(¢) at e = 0. For this, we take the partial
derivative of F'(¢) at ¢ = 0 and show that it is not unbounded
thus proving that F(€) is continuous at € = 0. Thus, we have

dF d
o) _ L L(Ks + ey, S) — LKy + ey, S)

de de

d

= EL(Kg + 611”1? S)—

d
d L(Kl + ELMU S)

€

(56)
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Thus, it is enough to show that lim._.g = L(K; + eIy, S) is
bounded. We have

d
lim d—L(KL» +elar,, S)

e—0 de

Cod
= F11_1)% E(KZ +elyy, — (K +elayy)

S(In, + SHEK; + eI, )S)  ST(Ki + elag,)
= I, — lim (K + el

S, + ST(K; + ELMJS)—IST(Ki +eln,))
=T, — S(Ix, + STK:S) ' STKi—

K;S(In, + STK;:S) st

+ K S(In, + STK:8) ' S1S(In, + STK:S)”

STK;,

1
(57

which is bounded. Hence, F'(¢) is continuous at ¢ = 0. Further,
since K and K are Hermitian, we see that F'(¢) is Hermitian
and thus normal. From the Wielandt—Hoffman theorem [33],
we note that the Lo norm of the difference in eigen-values (or-
dered in a particular way) of two normal matrices is bounded by
the Frobenium norm of the difference of the two matrices. This
shows that since F'(¢) = 0 and F(¢) — F(0) — O ase — 0, we
have that the eigen-values of F'(¢) approach the eigen-values of
F(0) as e — 0. Therefore, all the eigen-values of F'(0) are non-
negative which proves that F'(0) is positive semidefinite thus
proving the result. |
The next three Lemmas outer-bounds entropy and conditional
entropies of some random variables.
Lemma 12: The entropy of the received signal at the ith
receiver h(Y;) is outer-bounded as follows:

h(Y:) < log det (IN;, + piﬂiHiiHZL' + /):,','H:/',;H}i‘l‘

Vi Qi H; + \/PiiﬂjiHinj;,‘Hgg)
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where (a) follows from Lemma 9, and (b) follows from the fact
that log det(.) is a monotonically increasing function on the
cone of positive definite matrices and we have Q;; = I, for

i € {1,2}.
Taking me out of the above determinant in the last part, gives
the result as in the statement of the Lemma. |

Lemma 13: The conditional entropy of the received signal
at the ith receiver given the transmitted signal from the ¢th trans-
mitter, 2(Y;|X;) is outer-bounded as follows:

h(Yi|X)
< logdet (In, + piH;:H! — pis H:i O Qi HY
= g N; Pjitlji 7% Pjitlys 2] It g

+ N;log (we), (60)

where (;; is the cross covariance between X; and X; and 04
is the covariance matrix for X,.

Proof: Let K;; be defined as in (61), given at the bottom
of the page where

E[Y:Y;]
= Iy, + piHuQuH ) + pjiH;:Q H i+
VpiipiiHiQi Hj; + \//)iiﬂjiHinj-jH}p

Ki» 2 E[X;X]] = Q.

(62)
and
(63)
According to Lemma 9, we get
hYiIX0) < h(YE|XE)
= W(XE,YE) - h(XE)
= logdet re(K ;1) — log det we(K;2)
= logdet(K};1) — logdet(K;2)+
log det we(In;,). (64)
Due to the reason that ()’s elements are chosen from a con-
tinuous space, it is invertible with probability of 1. In addition,
according to [29, Corollary 7.7.4(a)], if we have (2;; =< I,
Qi‘il > Ing, . Using Lemma 10 with M = K;; and A = Ko,

we get
+ N; log (re), 58) "CE ogdet Koy
ford,j € {1,2},i # . = log (et E(X; X[) det (E(v;Y) -
Proof: t
" E(V.X)(E(XX) EXY)))
7. » G N n
h(Y;) < A(Y™) = log det ([E(XLXZ.')) + log det ([E(Y,L-Yi')—
oo de o m ooyt
ot (I, putluQulls E(VX(ECGXD) ECGY)))
p5itl;i Qi H, + /pipiiHii Qi H+ @ )
= logdet (Qi;) +logdet ( In, + pj;Hj Q5 H, —
JAH QL ) g (fJ ) +log ( v+ pgitljiQ4H
®) , X pj‘iHinz!.jQ;IQin;i)
< log det (IM. +puHuH, + /’jiHjiHJ!i+ ®)
. < logdet (Qs) + log det (L ot pyiH T~
Voip;iH Qi Hy; + \//)iipjiHin}LjH;) & (. )+ log R
+ N; log (we) . (59) P;‘z‘HﬁQ}jQin;) ; (65)
Kin 2E [XXi XY’} = [ @ VPaQ Y + \/If’ﬂQ“H}i] (61)
v;x! vy) Vi HQii + /i H QL E[Y;Y}']
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where (a) is obtained by using (61) and some simplifications, where (a) follows from Lemma 9 by taking the two vectors S;
and (b) follows from the fact that log det (.) is a monotonically —and X; of lengths N; and M}, respectively, together as a single
increasing function on the cone of positive definite matrices and  vector of length of N; 4+ M; and then, used Lemma 9.
we have Q;; < [y, and @) 1 > Iy, according to [29, Corollary Substituting M = K;3 and D = K4 in Lemma 10, we get
7.74(a)] fori,j € {1.2}, ¢ # 3.

Substituting (65) in (64) gives the result as in the statement
of the lemma. |

Lemma 14: The conditional entropy of the received

signal at the ith receiver given X, and S;, A(Y;|X;,S,) is

log det (K;3)

= log det (Kl4) + 10g det (II\/} + [)”H”QHHL

t -1
outer-bounded as follows: = [V Qi /piHiQis ] [(Ki) ]
{ P HiQuH); ] >
=l
h (Y| X5, S;) Vil Hi;
< logdet (INz- + piHi H Y~ = logdet (Kiy) + logdet (IN,, + pii Hii Qi H —
[\ /pi,ipq;jHMHjj Vil Qi | [\//)iiﬂz:jﬂiiQiiHL VPiHiQij ] »
|:INj + piHigH /i HigQi } N {INJ + pij Hi QL \/f’i:iH'iJ‘Q'if}
R
R /p.,ijj]-HL I]Wj \% p“QLI;HU . ij
{ i Hy; Hzlz:| {\/mi/)iniTjQiTngi] > ) (70)
\/PTQT,HLTL VP Qi Hi;
+ Nilog(me). (66) Note that since ;; = I, , using Lemma 10 we can see that
Q)j; = Ip; outer-bounds the determinant of
Proof: Let K;3 and K4 be defined as in (67) and (68), ) t
given at the bottom of the page. [INJ T Pij HT u Q:’H i VPiiHiQij } )
Further, let Y/ = \/p;; H;; X; + Z,. Then, v PijQini,lj Qj;
Since B = Ips, implies ABAT < AA', we have that Q;; =
h(Yi|X;, i) I, outer-bounds the expression of the right-hand side of (70).
PG Thus,
=h(VpiHiuXi + VpiHiuX; + Zi| X5, log det (K;3)
VoiiHi; Xi + Z;) ;
— h (VaiHi X + Zi| X5, o Hig X, + 25) < logdet () + logdet | Iy, + putuQuiH;~
— ! . . i
(_) A1 X5 5:) [ VPP HiiQuH),  /piHiiQi ]
a —1
< h(Y/987, XY [IN]- + pij-EllileiiHJj \//)z‘jHijQij]
= h(YVile SzG~ ‘YyG) - h(SzG XyG) V pi]'Qt!jHilj IAMJ
= logdet me(K,3) — logdet me(K4) [ . /[)iipinijQiiHl:i;- ] (71)
= log det(K;3) — log det(Ky4) + N; log (e},  (69) VraQLH; '
V0 Xi + Z; V0iHii X + Z; f
Ky 2E | | /oHiXi + Z; | | /i HiyXi + Z;
X Xj
In, + piHi Qi HY, \/mHuQ“HL VPiHi Qi
= \//)iipz:sz‘,ijHL In, + PinijQiiH.L VPii Hii Qi (67)
v piin!,jHiii V4 PijQz!jHiij Qj;
Ko A || VP Xi+ 25| | onHi i+ Z; '
' i X;
_ [INJ- + pinijQ;iiniljj \/PT‘jHijQij} 68)
VP QLH; Qjj
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Next, we will show that Qi = M maximizes (71). Substituting this in (69), we get
Let us define S = \/pT 1], 7 & Qu - QL,Q,],
(In; + StWS)~1 an h (Vi X, Si)
<logdet (K;3) — logdet (K4) 4 logdet we (In,)
R [ (8, Qi) < log det ( N, + piiHiHJ —
=Qi— [QuS Qi)
In, + S'QuS  S'Qy; sty [ \//)u—/’uHuH:rJ VA HiiQij]
[ QL—S I, ] [ Q-z!-j ] . (72) [IN_,- + pin'i]'Hjj VPijHijQij ] o
We can check that WQL H’TJT Tt
[\/ﬂuﬂij[jizilfn} + N;log (me). (76)
In, +STQuS  S7Qy Vpidith
[ Q) Sl } n
E —EST Qij The rest of the section considers the six terms in Lemma 8 and
[ QZI SE T+ Q’ SESt Qij ] outer-bounds each of them to get the terms in the outer bound

=1Inj4n; - (73) of Theorem 1.
First term: For the first term in Lemma 8,
Hence,

Ry
! (5/ Qu) . ) < h(Yl) — h(Zl)
In. + S QiiS S Qij ] B
- LL LLS l ! -
S51Qy 17 0. It ot gt
Vv P11P21 11Q12 21 T \/P111’21 21Q12 11
+ Ny log (we) — h(Zy)

(@) .
< log det (INI + proHyr HI| + pay Hoy HI +

- QLL [QLLS QtJ] . (h)
{ E —ES“QU } [STTQ} log det (IM + P11H11H11 + /’21H21H21+
LSE 1+QISESTQ; ]| Qf
o QLJZ 5E5+(§) gQggé;_i_QQé’T \/mHnQquH-
- i 11 {11 + X ig z+ Wt
; ; ; I \//)11p21H21Q'12HL) ; (77)
QijqujSES Qi — QijQij*
QijQL SESTQi; ij where () follows from Lemma 12 and (b) follows from the fact

that Ah(Z1) = logdet (weln, ).
Second term: The second bound is similar to the first bound

= Qi — Qi;Ql — (Qu — Q;QL)

SESN(Qii — Qij Q;TJ) by exchanging 1 and 2 in the indices.
= Qi — Qi'/'QL' — (Qii — Qi QL) Third term: For the third bound in Lemma 8, it is sufficient
R R ' to replace upper bounds of ~ (Y2|X2) and A(Y1]| X2, S1) from
ST+ 5N(Qu — Qi Q3;)5) ™ 5'(Qii — QiQj) Lemmas 13 and 14 as follows:
=W - WSy, + STWS) 15TW. (74)
. . 4
_ T T
We know that W = Qi — Qi;Q;; = I, — QijQ” 0, < h(Ya|X3) — h(Za) + h(Y1|Xs, S1) — h(Z1)

according to Lemma 11 with K as Q;; — @ JQ and K5 as (a) .
Iy, — QUQL, we have f (S, Q) < f(S, Ing, ). Thus, we use < logdet (INZ + praHiaHy, — P12H12Q§1Q21H12>
this outer bound by replacing ();; by I to get
+ N log () + log det (INL + prHy HI -
logdet (K;3) — logdet (K;4)
I:\/mHllHIQ Vi Hi1GQ12 ]

< logdet | Iy, + z:z‘Hiz:H;ri* bV B
g ( N p |:IN2 + P12H12H1'2 /)12H12Q12:|

t gt
[\/mH“HL Vil iiQij ] VP12@ M1y In,
|:IN] + pi HigHY, \//TjHijQij]l {\//’11/’121{12}[11} )
smait, VLt
Pipis Hig HY, + Ny log (me) — h(Z1) — h(Z2)
n TN . 75 b .
[ NI } ) 2 log det (INZ + proHHY; - ﬂ12H12Q£1Q21H1Tz)
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+ IOg det (INl + [)11H11H-1i-1—

[\/mHllHIQ \/mHllQIZ]

|:IN2 + ﬂ12H12HI2 \//EHIQQIQ:| -
VPQl,H,

[\/mleHL} )
NGRS

where (a) is obtained by using Lemmas 13 and 14 and (b) fol-
lows from the fact that h(Z;) = log det (mely,), fori =1, 2.

Fourth term: The fourth term is similar to the third term by
exchanging 1 and 2 in the indices.

Fifth term: According to the fifth bound in Lemma 8, it is
sufficient to replace upper bounds of A(Y71|X>, S1) and h(Y3)
from Lemmas 14 and 12, respectively, and get the fifth bound
of Theorem 1 as follows:

Ty,

(78)

Ri+ R»
S h (Y1|Sl7 )(2) —h (Zz) + h(Yg) — }I(Zl)

(a) .
< logdet (IN2 + pooHoo HYy + proHis HYy+
VPzpraH2QuaHly + \//022/)12H12Q11-2H§2>

+ N, log (we) + log det (IN + pr Hy HI -

[mHllHIQ VP H11Q12 ]
|:INZ + ,012H12HI2 VP12H12Q12 } -
VO, HY
{\/011012H12HL} )
VAQLH]
+ Nilog (we) — h(Z1) — h(Zs)

b .
© log det (INQ + paasHoHyy + ﬂ12H12HIZ+

VPzpraH2QuaHly + v /022/)12H12Q11-2H§2>

T,

+ log det (IN1 + ﬂllHllHL_

[\/MHMHE VP H11Q12 ]
|:INZ + ,012H12H;Ig VP12H12Q12 } -
VPQLL ], I,
oz Hiy
{ VAL HY } )
where (a) is obtained by using Lemmas 14 and 12 and (b) fol-
lows from the fact that 2(Z;) = logdet (rely,), fori =1, 2.

Sixth term: The sixth term is similar to the fifth term by ex-
changing | and 2 in the indices.

(79)

APPENDIX B
PROOF OF ACHIEVABILITY FOR THEOREM 2

In this section, we prove the achievability for Theorem 2.
More precisely, we will show the following.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 59, NO. 12, DECEMBER 2013

Lemma 15: Fora givensetof (H, p), the feedback capacity
region of a two-user MIMO Gaussian IC can achieve all rate
pairs (Ry, R2) € A(H, p) such that

Ry <logdet(Iy, + pr1Hi Hiy + po1Ha1 HY,)
— Ny,

Ry <logdet({y, + [)22H22H;2 + P12H12H1T2)
— No,

Rl S log d()t (INQ + pl?HlQHILQ) +
log det(In, + piiHy Hi -
\//)11/312H11H12(L\72 + proHi2HY,) !
\/P11P12H12HL) — Np — No,

R2 S log d()t (L’\"l —I— pngng;Ll) +
log det(I, + pao Has Hyy—
\//)22,0211722[{;1(IN1 + po Hor Hyp ) !
\/022P21H21H;r_)) — Np — No, (83)

Ri+ Ry < logdct (IN2 + PQQHQQHJZ + ,012H12H1Tg)

(80)

(81)

(82)

+logdet(In, + p11 Hi Hi,—

mHllHIF_)(IE\’-Q + P12H12H1T2)71

VonpaHio ) — Ni — No, (84)
Ri+ Ry < logdct (INl + P11H11HI1 + ,021H21H§1)

+log det(Ix, + pos Hoo Hiy—
\/022P21H22H51(L\q + por Ho Hyy )7t
\/022P21H21H;rg) - N — No.

In order to prove this result, we will use the result in [8]
for a discrete memoryless channel. We will then give some
Lemmas that would help in further inner-bounding these terms
for a MIMO IC and finally go over each expression for the dis-
crete memoryless channel to prove the result.

Lemma 16: The feedback capacity region of the two-user
discrete memoryless IC includes the set of (R, R2) such that

(85)

Ry <I(Us, X1; Y1), (86)
Ry <I(Uy, X2;Y3), (87)
By <I(Up;Ye|Xo)+I(X1; 11|01, Usz), (83)
Ry <T(UpsY1|X1)+ I (X2;Ys|Up,Us), (89)
Ri+ R <I(X1;Y|U1,Us) 4+ I (U, Xo3Y3), (90)
Ri+ Ry <I(Xo; Y2 Uy, Up) + 1 (U, X15Y1), (91

over all joint distributions p(u1 )p(us )p(a1 |ug)p(z2|us).
Proof: This result is a special case of [8, Lemma 1], ob-

tained by substituting the auxiliary variable U/ = 0. ]

To achieve this rate region, Suh and Tse [8] developed an
infinite-staged achievable scheme that employs block Markov
encoding, backward decoding, and Han—Kobayashi message
splitting.

The rest of the section inner-bounds this region to get the
inner bound in Theorem 2. For this, we will introduce some
useful lemmas.
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Lemma 17: The following holds for any M; x N; matrixS':

S(In, + STS) 18T = 0. (92)

Proof- It holds sinc;a it can be written as AFAT for A = S
and £ = (In, + STS) *, which is p.s.d. because F is p.s.d. W

Lemma 18: The following holds for any M; x N; matrix
S:

det(In, + STS — STS(Iy, + S78)"18T8) < 2. (93)
Proof: Let us define V 2 STS, we get

det(Ty, + TS — STS(Iy, + S1S) ' 579)

=det(In, +V — V(In, + V) V)

—det(In, +V = V{In, + V) (V+ 1y, — In,))
—det(In, +V = V(In, — (In, +V) 7))

=det(In, + V({In, + V) 1)

=det(In, + (—In, + In, + V)((In, + V) 1))

= det (INj Iy, — (Iy, +V) )

< et (21y,)

=20, (94)

where (a) follows from the fact that V = ST is p.s.d., and its
eigenvalues are nonnegative. So, the eigenvalues of Iy, + V
are greater than or equal to 1. As a result, eigenvalues of (/, +
V)~ are between 0 and 1, i.e., they satisfy 0 < A < 1. So

det(L\rj + INj - (INj + V)il)

=(2-X1)...(2-2N))
<2M, 95)
which proves (93). |

As we said before, our achievability scheme has a power al-
location according to (20) and (21). We note that this power al-
location is feasible since Ips, — Kx,, > 0 by Lemma 17 sub-
stituting /p; H ,T] into S.

We will now expand the achievability in Lemma 16 using
U; = X,, fori € {1, 2}. Before expanding each term in Lemma
16, we evaluate some entropies as follows:

h(Yi) = logdet(Iy, + puHyHY; + pjiHjiHY) . (96)

and

h(Y;|X:) = log det (Im i jiHj,iH}'i) . 97)

In addition, we have
h(YilU:, Uj)
> WYi|U;, Uy, X;)
= log dCt(INi + annKA,le)
= 10g det([_r\ri + [)”]{“]{Z'Z — \/MHHH}]

(In, + ijin;'],»)‘l\/miijin;';). (98)
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Moreover, we have
h(Yi|U;, X;) <logdet(In, + pjiH;iKx,, HI)
(@)
S 10g det (2[]\,'7/)
=N, (99)

where (a) follows from Lemma 18 by substituting /p;; H i In
S. This shows that & (Y;|U;, X;) is upper-bounded by ;.

In our achievability, ~ (Y;|U;, X;) appeared with a minus
sign. So, without loss of generality we can replace it with its
bound N; for the achievability.

The rest of the section considers the six terms in Lemma 16
and uses each of them to get the terms in the inner bound of
Lemma 15.

First term: For the first term in Lemma 16, we have

I (U2, X135 Y1)
=h (Y1) = h(V1|U2, X1)

@ log det(In, + p11 Hu HYy + por Hoy HY; ) —
h(yl |U27 Xl)

(b)
> logdet(Iy, + p11H11HL + pQIHQIH;Ll)

- Ny (100)

where () follows from (96) and (b) follows from (99).
Second term: The second bound is similar to the first bound
by exchanging 1 and 2 in the indices.
Third term: For the third bound in Lemma 16, we have

I (Uy; Y| Xa) + I (X1; Y1|Up, Us)
h(Ys|Xo) — b (Ya Uy, Xo) + h (Y1|U1,Us) —
h{(Y1|Uy,. U, X1)
> h(Ya|X2) — h(Y2|Ur,
h{(Y1|Uy,. U, X1)

(;) log det (IN2 + pl?leH:-Ii_-Q) +

Xo) + h(Y1|U1, Uy, Xo)—

log det (INl + p11H11HI1 - \/011p12H11H1T2

Un, + P12H12Hirz>1\/P11F)12H12H;-1i-1> -
h (Y2|U1,X2) — h(Y1|L71,U2,X1)

®) )
> log det (1N2 + p12H12H12) +

log det (INl + p11H11H1T1 - \/011p12H11H1T2

In, + p12H12H1rg)71 \/mHmHL)

— Ny — No, (101)
where (a) is obtained from (97) and (98) and () follows from

(99).
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Fourth term: The fourth term is similar to the third term by
exchanging 1 and 2 in the indices.
Fifth term: For the fifth bound in Lemma 16, we have

I(X ;Y1 |Uy, Us) + 1 (U, X2;Y9)

— h (Vi |UL,Us) — b (Y|U1, Us, X1) + I (Ya)
— h(Ys|Uy, X2)

> W(Yi|Ur, Us, Xa) = h (Yi|Uy, Uz, X1) + h (Y2)
— h(Ys|Uy, X2)

@ logdet{In, + P22H22H§2 + P12H12HIQ)+

(102)

(103)

log det <IN1 + anuHL — \//)11012H11H1T2

(In, + P12H12HIQ)1\/P11P12H12H1T1> -

}7.(}72|U17X2)—}L(Y1|U17(]2,X1) (104)

(b)
> logdet(Iy, + paoHoo Hiy + proHio Hy)+

log det <IN1 + P11H11Hi‘-1 - \//)11/)12H11HI2

(In, + P12H12H12)1\//)11/)12H12H1T1)

— Ny — No, (105)
where («) is obtained from (96) and (98), and (5) follows from
(99).

Sixth term: The sixth term is similar to the fifth term by ex-
changing 1 and 2 in the indices.

APPENDIX C
PROOF OF OUTER BOUND FOR THEOREM 2

In this section, we prove that covariance matrix (¢ = 0 is
approximately optimal for the capacity region of the MIMO IC
with feedback. As mentioned in Section III, it is enough to prove
that

Ro(Q) T Ro(0)® (10, N1] x [0, No]), (106
for any covariance matrix ().
Now, we give three important inequalities that would be used
in the main proof. .
Define B £ (I, + /piHi;(I - Qi QL) /AHY) ).
The first inequality is as follows:

In; + paliHj; — [\/mHuHZI, VPiHiiQij |

-1

[INJ- + pisHis HY; \/Pinz'ij}
\/Pile!jHiij IMj

[\/ﬂii—wauHJQ]
—ot gt
vV meiniq’,
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=In, + pitlii (Ing, — [ VP HI Qij ]
—1
[INj + pi Hij HJ; \/PT:I’HUQU}
VPEQLH,
VPiiHij
[ PJ+ 7}) Hi
Qij
(a)
= In, + piiHii (Ing, — [,//)UHJ]- Qi |
[ £ —E\/pijHij Qi }
~VPGQLHLE I, + i QL HEEH;Q
1H7, A
Lo
Q;;
®)
= Iy, + piiHy (I - QijQ;jrj -~ Qi_iQIj)\/ﬁTjHJj
E\/pijHi;(I - Q,,:jQL)) H,
(@)

=1In, +piiHyL (I - QijQL’-, \/Pin;rj) Hji

I,

(a)
< In, + piiHiilL (I, ,/_,(),jo;rj) o, (107)

where L(K, S) is as in (54), (a) follows since the inverse can
be verified easily, (b) follows from finding the product of ma-
trices, (¢) follows from the definition of L(X,.S) in (54), and
(d) follows from Lemma 11.

The second inequality is as follows:

log det (INJ' +pisHiH; = piHijQiiQL H i')‘)
<log det (In, + pi Hif HY;) - (108)
The third inequality is as follows:

log det(In, + piHiHY + pji Hy H I+

Voipgi Qi H; + \/papii QL HY)
(%) log det(Iy, + piiHiHi; + pyiHj H +

l),',inzi,QnH; + quijqujo}i)

®) N
<log det(INi + 2f)iiHiiHl‘li + 2/)jisziH]!i)
<logdet(Iy, + piHyHl, + pjiHj HI)+

N, (109)

where () follows from (A — B) (AT — BT) = AAT+ BBT —
AB'Y — BAT > 0 by substituting Vi Hi X and (/pjiH i X
in A and B, respectively, (b) follows from the fact that I = Q.

Thus, we proved that among these three expansions, the first
two expansions we started with are maximized by @;; = 0
while the third one is outer-bounded by the corresponding ex-
pression with Q;; = 0 plus Nj.

Now, we consider each of the six expressions in the definition
of the region R,{€)) and outer-bound each expression to find
the gap with R,(0) being constant thus proving that R,{(Q) C
R,(0) @ ([0, N1] x [0, N2]) which proves the result.

Let the right-hand sides of the six expressions in the definition
of Ro(Q) in (5)—~(10) be labeled as 11 (@), I2(Q), I3(Q), 11(Q),
I5(Q), and I5(Q), respectively. Then, the constant gap outer-
bound is shown in the following Lemma.
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Lemma 19: We have

L(Q) <1 (0) + Ny, (110)
1(Q) < 1,(0) + Na, (1)
13(Q) < I5(0), (112)
L(Q) < 1,(0), (113)
15(Q) < I5(0) + No, (114)
Proof: We start with (110)
L(Q)
= logdet(Iy, + priHi1 H{y + poi Ha HY, +
\/,011,021H11QH51 + \//)11/)21H21QTHI1)
(a)
< logdet(In, + pri Hi H)y + poy Hoy Hi, )+
Ny
=T1,(0) + Ny, (116)

where (a) follows from (109).

Proof of (111) is similar to (110) by exchanging 1 and 2 in the
indices.

For the proof of (112), we have

I3(Q)
= log det (Iwz + p12H1zH12 - PleleQ'HL)

logdet ( Ny +/)11H11H

[ /)11,012511[{12 x/PnHllQ}

{ Ny + proHio H, \/012H12Q} -
/)1 TH12 L’Mg

g
\/,OTQTHH

< log det (IN, + p12H12H12)

log det (L\'l + p11H11HL - 011P12H11H1T2

(In, + ﬂ12H12H12)1H12H11)

= I4(0), (117)

where (a) follows since the first expression is outer-bounded as
in (108) and the outer bound for the second expression can be
shown on similar lines as (107).

Proof of (113) is similar to (112) by exchanging 1 and 2 in

the indices.
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For the proof of (114), we have

I5(Q)
= logdct (IN2 + p2o Hoo Hy + proHio Hy+

\/p22p12H22Q'i'HI2 + \/p22P12H12QH2Tz)
+ log det (IN1 + pu Hy H, —

[\/P11P12H11Hj2 \/PllHllQ]
[IN2 + /)12H12IHIQ \/ﬂ12H12Q] -
VP1zQTHY, I,

[\//)11/)12H12Hii-1
QT H],
(a)
<logdet(In, + /)22H22H;rg + /)12H12H12)+

log det (IM + P11H11HL - P11P12H11HIQ

(In, + P12H12HIQ)—1H12HL> + Ny

=I5(0) + N2, (118)
where (a) follows from (109) and using similar steps as in (107).

Proof of (115) is similar to (114) by exchanging 1 and 2 in
the indices. |

APPENDIX D
PROOF OF RECIPROCITY IN R, (0)

In this section, we prove that replacing 77 and 7 by 7 and
p*, respectively, and interchanging M and N for antennas at
the nodes gives the same expressions in R,(0).

We shall prove this in two steps. In the first step, we shall
prove

R, (I, 7) = Ro(H .75"), (119)
where H = = {Hi,, 1l H, Hl,} and in the second step we
shall prove that

Ro(H . 7%) = R.(H",57). (120)
Clearly, the above two equalities prove the lemma.

Let the right-hand sides of the six expressions in the definition
of Ro(0) in (12)—(17) be labeled as Iy, I», I3, 14, I, and g,
respectively.

First Step: In this step, we prove that

I =1, (121)
IL,=1I, (122)
L =1, (123)
I, =15, (124)
Iy =1}, (125)
Ig =1, (126)
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where I, is obtained from [ by interchanging M and N, re-
placing H,] with Hﬂ, and replacing p;; with pj;.

Since I; and I3 are both bounds for Ry, I, and I are both
bounds for Ks, and I5 and Ig are both bounds for By + Ro,
(121)~(126) will prove that R, (H.p) = R.(H ,p7).

We start with proving (121). For simplicity, we define K =
(In, +p2£H21H§1)—1, K 2 (Ing, +ﬂ21H§1H21)—1, and I £
pllHll_Hlll. We get

I =logdet(In, + ﬂllHllHL + P21H21H§1)
=logdet(Iy, + /)21H21H;1)+
logdet(L\r -|—Kp11H11HL)

(127)

=logdet(K 1) + logdet(Iy, + KL)
)log det(K =) 4 log det(Iy, + LK)

=logdet(K ') +logdet(In, + LKI)

=logdet(K 1) + log det(In, +

LK(I+ pa1Ha HY| — pa1 Ho1 HY)))
=log dct(Kfl) + log det(Tn, +
LK (I + poy Hy HY, — poy Hoy () HJ, )
=logdet(K 1) + logdet(Iy,+
LK (I + po1Ho HY) — por Hoy (K" KV HY,))
=log dct(Kfl) + log det(Tn, +
LK (I + poy Hoy HY, — poy Hoy
(1 + po1 T3, Han)K') 13,))
=logdet(K ") + logdet(In, +
LE((I+ porHo HY,) = por (I + por Hoy HY, )
Hy K')H},))
=logdet(K ') + log det(In, +
LK(K ™ = psy K VY Ha  K'YHL))
=log det(I + pa1 Hi, Hay) + log det(Ly, +
L(I = por Ho1 K')HY, ))
Qlogdct(l—i— po1 H, Hop ) + log det(1 + L
- LP21H21K/H51)
=log det(I + por HY, Hay )+
log det(7 + /)11H11HL - P11/’21H11HLH21
!+ P21H;1H21)71H2Tl)
Dlog det(I + poy Hi, Hay ) + log det(I+
priH iy — pripos Hiy Hoo (I + par HY Hop) ™!
HI Hyy) (128)
~ I, (129)

where (a), (b), and (¢) follow from Sylvester’s determinant the-
orem [34]. Equation (122) can be proved similarly due to sym-
metry. In addition, (123) and (124) can be obtained in the re-
verse direction similarly.

We move toward the proof of (125). We should prove

Is = I}, (130)
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where
I3
=log det(Iy, + 022H22Hgg + 012H12Hi‘-2)+
log det(In, + p11H11H}L1 - ﬂ11012H11HIQ
(In, + P12H12HIQ)71H12HL% (131)
and
2
=logdet(Ins, + pr1H{; Hi1 + PleszHm)‘l—
log det(Ipr, + pooHasHoo — paopraHyoHio
(Inr, + PleIngz)—lHIQsz) (132)
If we define
= logdet(Iy, + P22H22H;2 + 012H12H12)7 (133)
b2 logdet(In, + P11H11HL - 011P12H11H1rg
(In, + proHoH,) T H HT ), (134)
¢ 2logdet(Ing, + priH] Hiy + praHioHi2),  (135)
d = log det(Inse + pao HioHas — prapio Hi Hyo
(Ing, + praH{,Hys) " H]y Hys), (136)
then, it is sufficient to provea + b = c+dora—d = ¢—b.
Since (127) is equal to (128), we have
logdet(In, + P11H11H1T1 + P21H21H;rl)—
log det (I + pllHirlHll - /)11/)21HLH21
(I+ pHi Hyy) " H Hyy)
= logdet(] + pay Hl Hoy). (137)
Using similar method, we can see that
a —d = logdet(Ins, + proH{,His), (138)
and
c—b= 10gd€t( No + [)12H12H ) (139)

which according to Sylvester’s determinant theorem [34] are
equal. This proves the I = If.

Equation (126) can be proved similar to the proof of (125)
due to symmetry.

Second Step: Tt can be proved with a similar discussion as in
[4, Appendix E]. A brief sketch of the proof is given below for
completeness.

Suppose S is a p.s.d. matrix and S* represents its complex
conjugate, i.e., the matrix obtained by replacing all its entries
by the corresponding complex conjugates. Then, it is easy to
see that

logdet(I + S) = logdet(I + 5*). (140)
However, note that all the terms in the different bounds of R, (0)
are of the form of log det(/ + S). This in turn proves that if we
replace all the channel matrices of a two-user MIMO IC with
feedback by their complex conjugates the set of upper bounds
remain the same. From this fact, it easily follows that
R

Ro(H ,p%) = Ro(H ", 5"). (141)
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APPENDIX E
PROOF OF THEOREM 5

In this section, we will find the limit of R,(0)/log SNR as
SNR — oo to get the result as in the statement of the The-
orem 5 when p;; ~ SNR™? (p;; ~ SNR™ represents that
LimsnR—oo lfg?;ﬁjé = a;;). This follows from Theorem 3 since
the capacity region is inner- and outer-bounded by R,(0) with
constant gaps which would vanish for the degrees of freedom.

Before going over each of the terms in R, (0) and finding its
high SNR limit, we first give some Lemmas that will be used
for the proof of the Theorem.

Lemma 20 ([4]): Let H;; € C™i**: be a full rank channel

matrix. Then, the following holds:

log det (INJ. + /)ininjj)

= ay;min (M;, N;) log SNR + o(log SNR),  (142)

where p;; ~ SNR*".

Lemma 21 ([4]): Let H;; € CNo*Mi and H;; € CNiXMi
be two full rank channel matrices such that [H;; H ;] is also full
rank. Then, the following holds:

log det(Iy, + p.[‘iHiiH:i + /)jiHjiHJTi)
= f(Ni, (i, Mi) , (aji, M) Jlog SNR+

o(log SNR) (143)

where f is defined in (28) and p;; ~ SNR™.
Lemma 22: Let ¥ € CV*M be a diagonal matrix with
elements o1, ..., o, where m = min(M,N)and A € C™*"™

be a diagonal matrix with elements |o; \2, ooy |om|?, then
-~ {(Im + A 0 } 5
0 I(A/'ﬂW)+
I — (Im +A) ! 0 }
= . 144
[ 0 Oar—ny- (144

Proof: We will split the proof in two cases, depending on
whether M > N or M < N.
Case 1 (M > N): In this case, we have

ET |:(Im, + A)—l () :| E
0 Iy _any+
0

o 0 1
1 . THoi? 0 0
=0 -0 0 0
0 0 o O | E——
0 0 0 THom 2
[al 0 0 0]
[ 0 0 OJ
0 0 o, O
oy |
rer 00 0
ol 0
0 0 g 0
0 0 0 O(ar—ay+
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I e AL 0 0
= 0 0 0
1
0 0 1- THon? 0
0 0 0 O(a—n)+
Im - (Im + A)il 0 :|
= . 145
[ 0 Oar—ny+ (143)
Case 2 (M < N): In this case, we have
st [(Im +A) ! 0 ] .
0 Ty any+
c; 0 0 0
=l0 . 0 0
0 0 o O
|
0 0 0
1
0 0 o ? 0
L O 0 0 TNyt
rop 0 0
0 0
0 0 Tm,
L0 0 0
- ‘O’ |2
1+\¢1-;1|2 0 o 0
= 0 | 0‘2 0
0 0 3 . 0
L 0 0 0 O(A,f7N7>+
[1- e O 0 0
= 0 0 0
1
0 0 1- THon® 0
L0 0 0 O(a—n)+
Iy — (L + A" 0
— m m . 146
0 Oar—ny+ (146)
]

Lemma 23: Let Hy; € CNi*Mi and H;; € CNiXMi be two
channel matrices with each entry independently chosen from
CN(0, 1). Then, the following holds with probability 1 (over the
randomness of channel matrices):

log det(In, + piHi HY, — /pupi; HiH ],
(In, + ﬂininJj)A\//)iminin;)
= [@iimin ((Mz‘ - J\D)+7Ni) + (o — )"
(min (M;,N;) — min ((]\/L - Nj)+,N,;) )}
log SNR + o(log SNR)

(147)

where p;; ~ SNR™7.

Proof: Let the singular value decomposition (SVD) of the
channel matrix H;; be given by H;; = V;; X;; U;rj, where V;; €
UNi*N;i and Uj; el MixM; are unitary matrices and Y €
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UNs*Ms g a rectangular matrix containing the singular values

along its diagonal. Using the SVD of the matrix H;; we get

T )
IN,: + /)'i‘iHiiHi,qj - \//)ii/)iniiHij
(In, + pi:,-Hinjj)*l\/pizpinin;ri

=In, + piiHj; <IAL - l)qszJj (INJ- + P'i,jH'i,jHjj) 1

Hi;) H} (148)
@ N, + pii i (Ing, — Pin;erj

{(Imij + SNR™¥A;;) 0 ]

0 Lon, —aay-

Vi)

= Iy, + piHii(Iu, — pi;Usi S
(I, + SNR®A ;) ! 0

{ 0 Tin, —aay- ]

S UL
=1In, + pii HiiUij(In; — SNRO;’"EL-

{(Lnu + SNR A;) " 0 ]

0 Tin, —ary-

S ULH],
© ~, + piHi Uiy (Ing, —

[Imij — (I, + SNR*A;;) 0 D

0 Oeag, - )+

vl i}

— In, + SNR** H, U,
(I, + SNR®A ;) ! 0
{ 0 Toag, —np)- ]
ULHY, (149)

where (a) results from SVD of the matrix H;; and (b) follows
from Lemma 22.

Let us decompose U;; €
Uijl and Uij such that Uz‘j =
L'Yijl c DH\/I;,><n1in{A,;T,,¢7N‘,'} and LrijZ
Then, we get

UMixM: into two parts,

[U[jl UijQ], where
e [JMix (M;—N)t

logdct(INi —I— p”H”H;rl — \/p“[)”H“HJj

(In, + piy Hig H) 7/ piapis Hig HY)
= log det(Im + SNRa”H“(UZ;
(I, + SNR™7A;;) 0 R
i : UH;,
0 Lo, —nyy+ o Hia)
= logdet(Iy, + Hif(SNR*" Uyj1 (I, + SNR7 A;;) ™

Ul + SNRY (Uip U, )

= log (191](]1\’1 + SNRQHH“LTUQULZHL‘L-F
SNR®# i HiiUijl(SNRia""jImij + Aij)

Ul H,

171

(150)
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where m;; = min{M;, N;), Ayj is a diagonal matrix containing
the nonzero eigenvalues of H;; Hj;.

We note that A;; is invertible and when SNR is large, we can
bound SNRf‘)“JImiJ + A;; from above and below as, A;; =<
SNR i I, + Aiy 2 1+ Ay;. We will only pursue the direc-
tion where SNR™ %7 Ipm,; + Aij = Aij and can see that both the
directions produce the same result and thus replacing the inner
and outer bounds by equality. In what follows, even though
SNR™ % I, + Ay = Ayj, we will substitute SNR™ 7 I,,, - +
Ai; = Aj;j since by the inner and outer-bounding approach,
it can be seen that the limit will be exactly the same thus not
causing any difference in the result. Thus, we have

log det(In, + piHiH); — /pupi HiiH;
(Iv, + pi HigHYy) ™ /pipig HigHY)

= log det(Iy, + SNR™ HyU;jpUL, HE+
SNR =) Hy Uy (Aiy) UL Y+
o(log SNR)

© log det(Iy, + SNR™ Hy;U;oUl, H+
SNRs ) v AU L )

3717 4
®)
= F(Ny, (i, (M — N, (s — o)™,

min(M;, Nj)))
log SNR + o(log SNR )

= [ min ((M, — Nj)+,N1-,) + (e — oa.,;j)+
min((N; — (M; — N;))Y)T, N;, M;)]log SNR
+ o(log SNR )

© [aiimin ((.7\4z — ]\/})JF,N,;) + (ay; — aij)+
(min (M;,N;) —min ((M, — Nj)+, N,))}

log SNR + o(log SNR ), (151)

where (a) follows from the fact that if («;; —
zero we have

;) is less than

SNR(‘“"*“”)JFHuUijl (Aiy) U]

371

HJ; = o(log SNR), (152)

(b) follows from Lemma 21 and that H;;U;j1, HiiUl-le;jl/Z
and H;;[Ujo Uile;jl/ 2] are all full rank with probability 1;
(¢) follows from some simple manipulations. |

The rest of the section considers the six terms in R,(0) in
(12)—(17), and finds the GDoF region for the MIMO IC with
feedback.

First term: According to the first bound in R, (0), we have

10gd0t(IN1 + pllHllHil + ple?lH;l)

(;) f((Nl (0411, le) s (CL’Ql./ Mg)))log SNR
+ o(log log SNR), (153)
where (a) is obtained from (21). Now, dividing both sides by
log SNR, we get the first GDoF expression.
Second term: The second bound is similar to the first bound
by exchanging 1 and 2 in the indices.
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Third term: According to the third bound in R, (0), we have

log det (INQ + plQHlQHIL2> + log det(In, +
/’11H11HL - \/MHMH&
(In, + /)12H12HI2)71\/MH12H1T1)

@ cromin (M7, No) + aqpmin ((M1 — N2)+, N1>—|—
(g1 — (112)+1nin (Mj, Ny)—

min ((M1 ~Ny)T, N1> + o(log SNR), (154)

where (a) is obtained from Lemmas 20 and 23. Now, dividing
both sides by log SNR, the third GDoF bound results.

Fourth term: The fourth term is similar to the third term by
exchanging 1 and 2 in the indices.

Fifth term: According to the fifth bound in R,(0), we have

log det (IN2 + pasHaa HY, + P12H12H1-2)

+log det(Iy, + p11Hi1 H, — /pripizHi HY,
(Iny + proHi2Hiy) ' /priprz Hia Hy)
@ J (N2, (a2, M), (12, M7))) + ann
min ((M1 - N2)+,Nl) +
(11 — o)™ (min (M, Ny) —
min ((M1 - NQ)+,N1) ) +o(logSNR), (155

where () is obtained from Lemmas 21 and 23. Now, dividing
both sides by log SNR, the fifth GDoF bound results.

Sixth term: The sixth term is similar to the fifth term by ex-
changing 1 and 2 in the indices.
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