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Abstract

This paper is concerned with investigating the fundamental conditions on the locations of
the sampled entries, i.e., sampling pattern, for finite completability of a matrix that repre-
sents the union of several subspaces with given ranks. In contrast with the existing analysis
on Grassmannian manifold for the conventional matrix completion, we propose a geometric
analysis on the manifold structure for the union of several subspaces to incorporate all given
rank constraints simultaneously. In order to obtain the deterministic conditions on the sam-
pling pattern, we characterizes the algebraic independence of a set of polynomials defined
based on the sampling pattern, which is closely related to finite completion. We also give
a probabilistic condition in terms of the number of samples per column, i.e., the sampling
probability, which leads to finite completability with high probability. Furthermore, using
the proposed geometric analysis for finite completability, we characterize sufficient condi-
tions on the sampling pattern that ensure there exists only one completion for the sampled
data.

Keywords Low-rank data completion - Matrix completion - Manifold -
Union of subspaces - Finite completability - Unique completability

Mathematics Subject Classification (2010) 68WO01

1 Introduction

Low-rank matrix completion has received significant recent attention and finds applications
in various areas including image or signal processing [12, 13, 24], data mining [15], network
coding [23], power systems [20, 21], etc., and one of the main reasons of such versatility
is that matrices consisting of the real-world data typically possess a low-rank structure.
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Recently, several approaches are proposed to tackle a more complicated version of the
low-rank matrix completion problem named the union of low-rank subspaces completion
problem, where each column belongs to a subspace among multiple low-rank subspaces,
and therefore the whole matrix belongs to the union of those multiple low-rank subspaces
[17, 19]. Also, in many applications, the subspace clustering problem is of importance [10,
16, 30-32, 35]. However, in this paper, we consider the completion problem and not sub-
space clustering, where we assume that the subspace that each column is chosen from is
specified.

In general, the existing methods in the literature on low-rank matrix and tensor comple-
tion can be categorized into several approaches, including those based on convex relaxation
of matrix rank [3, 11-14] or different convex relaxations of tensor ranks [18, 25, 36, 37,
39], those based on alternating minimization [29, 40], and other heuristics [2, 9, 22, 26-28].
Note that the optimization-based approaches to low-rank data completion require strong
assumptions on the correlations of the values of all entries (such as coherence). On the
other hand, recently, fundamental conditions on the sampling pattern (independent from the
values of entries) that guarantee the existence of finite or unique number of completions,
have been investigated for single-view and multi-view matrix completion [5, 7, 34], low
canonical polyadic (CP) rank tensor completion [4], low Tucker rank tensor completion [1],
data clustering [6, 33], and rank determination for low-rank data completion [8]. In this
paper, we study these fundamental conditions for matrices obtained from the union of sev-
eral low-rank subspaces, i.e., we propose a geometric analysis on the manifold structure for
union of low-rank subspaces to study the mentioned problem. This work is inspired by [34],
where the analysis on Grassmannian manifold is proposed to solve similar problems for a
matrix. Specifically, in [34] a novel approach is proposed to consider the rank factorization
of a matrix and to treat each observed entry as a polynomial in terms of the entries of the
components of the rank factorization. Then, the algebraic independence among the men-
tioned polynomials is studied. In this paper, we consider the union of subspaces with special
structure. One may apply the method in [34] on each of the subspaces, but we propose an
efficient method to obtain stronger conditions on the sampling pattern by incorporating all
the rank constraints at the same time instead of applying the matrix analysis several times
separately.

The remainder of this paper is organized as follows. In Section 2, the preliminaries and
problem statements are presented. In Section 3, the deterministic sampling patterns that
ensure finite completability are found. In Section 4, we provide the sampling probability that
ensures the obtained deterministic sampling patterns in Section 3 hold with high probability.
The deterministic sampling patterns and the sampling probability that ensure unique com-
pletability are characterized in Section 5. Some numerical results are provided in Section 6.
Finally, Section 7 concludes the paper.

2 Preliminaries

2.1 Problem statement

Assume that k > 2 is a fixed integer and n; < ny < --- < ni are given integers. Let
U € R™ " be a sampled matrix and denote the matrix consisting of the first n; columns
of Uby U;,i = 1, ..., k. Hence, note that U = Uy and this is shown in Fig. 1. Moreover,

assume that rank(U;) = r;,i = 1, ..., k. For notational simplicity assume ng = rop = 0 and
Uy = @. Let Gr(r;, R™) denote the Grassmannian of r;-dimensional subspaces of R” such

@ Springer



Fundamental conditions on the sampling pattern for union of low-rank...

Fig.1 The structure of the n, n,-n, n,—n,
sampled matrix U 1 | |
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that the space corresponding to r; is a subspace of the space corresponding to r; 1. Assume
that P, denotes the uniform measure on Gr(r;, R”™) and Py, denotes the Lebesgue measure
on Ri*5i 'where s; = n; —n;—1 fori = 1, ..., k. In this paper, we assume that the first n;
columns of U are chosen generically from the manifold of m x n| matrices of rank ry, i.e.,
the entries of the first n columns of U are drawn independently with respect to Lebesgue
measure on the corresponding manifold. And in general the columns number n;_1 + 1 to n;
of U are chosen generically from the manifold of m x (n; — n;_1) matrices of rank r;, i.e.,
the entries of the columns number n;_1 + 1 to n; of U are drawn independently with respect
to Lebesgue measure Py, on the corresponding manifold, i = 2, ..., k. Also, in this paper
the probability measure is Hf.‘zl}P’Gi Py, .

Note that the problem of union of two low-rank subspaces (k = 2) is different from the
multi-view matrix completion studied in [7], as the multi-view matrix completion has one
extra rank constraint that is independent from one of the rank constraints.

Let € denote the binary sampling pattern matrix that is of the same size as U. The entries
of €2 that correspond to the observed entries of U are equal to 1 and the rest of the entries are
set as 0. Assume that the entries of U are sampled independently with probability p. This
paper is mainly concerned with treating the following three problems.

Problem (i): Given the rank constraints rank(U;) = r;, i = 1,..., k, characterize the
conditions on the sampling pattern 2, under which there exist at most finitely many
completions of U with probability one.

Problem (ii): Given the rank constraints rank(U;) = r;, i = 1, ..., k, characterize suffi-
cient conditions on the sampling pattern 2, under which there exist only one completion
of U with probability one.

Problem (iii): Provide a lower bound on the sampling probability p such that the
deterministic conditions on the sampling pattern £ for finite/unique completability
for Problems (i) and (ii) are satisfied with high probability (not with probability one
anymore).

@ Springer



M. Ashraphijuo, X. Wang

2.2 A motivating example

Note that applying the existing analysis on the Grassmannian manifold for each of the
rank constraints individually results in a “weak” sufficient condition for finite/unique com-
pletability. Next, we provide an example to motivate our proposed analysis in this paper
and to emphasize the exigency of our proposed analysis. Assume that k = 2, Uy € R**2,
U; € R**4, 1) = 1 and r, = 2. Moreover, assume that

1111
1011
Q=11011

0011

Then, we compare the following two approaches on this example: (i) applying the exist-
ing analysis on the Grassmannian manifold for each of the rank constraints individually, and
(ii) applying our proposed analysis to take advantage of all rank constraints simultaneously.

Approach (i):  We show that U; and U, are infinitely many completable under the rank
constraints | = 1 and r, = 2, respectively.

First, consider U; under the constraint rank(U;) = 1. Observe that for any arbitrary value
of Uy (4, 1), the second column of U; can be obtained uniquely. Hence, there are infinitely
many completions of Uj. Second, consider U, under the constraint rank(U,) = 2. Observe
that for any arbitrary value of U (2, 2), the second column of U, can be obtained uniquely.
Hence, there are infinitely many completions of Us.

Approach (ii):  We show that U and Uj are finitely many completable under the two rank
constraints r{ = 1 and r, = 2 simultaneously (this claim can be later verified using
Theorem 1 as well). Genericity assumption results that the third and fourth columns of
U, are linearly independent, i.e., rank(Uz(:, 3 : 4)) = 2, and therefore Uy (:,3 : 4) is a
basis for U. Note that U, (:, 3 : 4) is given, and therefore having U, (1, 1) and Uy (2, 1)
we can obtain the first column of U, uniquely. Now that the first column of U, (which
is also the first column of Uyj) is obtained uniquely, using the fact rank(U;) = 1 we
can obtain the second column of U; uniquely. Hence, the sampled matrix U is uniquely
completable.

Hence, this example illustrates that collapsing the problem of completability of U into
several matrices analyses (for each rank constraint individually) results in loss of infor-
mation and thus motivates the investigation of the manifold corresponding to the rank
constraints rank(U;) = r; fori =1, ..., k.

3 Deterministic conditions for finite completability

In Section 3.1, we study the geometry of the manifold corresponding to the union of sub-
spaces to define an equivalence class to classify the bases such that each basis of the sampled
data belongs to exactly one of the defined classes. To this end we characterize the canoni-
cal structure of the bases and show the uniqueness of canonical basis for the sampled data
with probability one. In Section 3.2, we define a polynomial based on each observed entry
and through studying the geometry of the manifold corresponding to the rank constraints,
we transform the problem of finite completability of U to the problem of including a cer-
tain number of algebraically independent polynomials among the defined polynomials for
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the observed entries. In Section 3.3, a binary matrix is constructed based on the sampling
pattern €2, which allows us to study the algebraic independence of a subset of polynomials
among all defined polynomials based on the samples. Finally, in Section 3.4, we character-
ize the condition on the sampling pattern for finite completability of the sampled data given
the rank constraints.

3.1 Geometry

For each U, there exist infinitely many rank decompositions, i.e., V. € R"** and T €
R’*>*" such that U = VT. However, we are interested in obtaining the canonical basis V
such that there exists exactly one rank decomposition with canonical basis. In other words,
we want a pattern on the basis that plays role as an equivalence class such that there exists
exactly one basis V for U in each class. We start by the following lemma which will be used
characterize such an equivalence class.

Lemma 1 There exists a matrix V.€ R™*"* such that U; belongs to the column span of the
first ri columns of V,i = 1, ..., k. Note that V is a basis for U and we call such basis an
“appropriate basis” .

Proof We construct such a matrix V by induction on i. In other words, in the i-th step,
we construct V¢ such that Uy belongs to the column span of the first r; columns of Vi,
s = 1,...,i. Note that for i = 1 it is straightforward to construct V!, which is simply a
basis for Uy. Induction hypothesis results in the matrix V! with the mentioned properties
and in order to complete the induction, we need to show the existence of a matrix Vit! such
that U belongs to the column span of the first ; columns of Vijs=1,...,i+ 1.

We first claim that V¥ belongs to the column span of U; ;. Note that according to the
induction hypothesis, V! is a basis for U; and also U; is a subset of columns of Ui+1, which
proves our claim. Let S; denote the column span of V¥, which is an r;-dimensional space
and Sl.’ 41 denote the column span of U;, which is an r;1-dimensional space. As a result
of our earlier claim, ; is a subspace of &/ |. Let S denote the (ri4.1 — r;)-dimensional
subspace of &/ | such that the union of S; and S" is S/ .

Consider an arbitrary basis V’ " e R™*Uit177i) for the space S/ Observe that by putting
together the columns of V/ and V', i.e., Vi1 = [V/|V!'], the new matrix ViT! € Rm*"i+1
is a basis for the space S! 41~ Therefore, U; 4| belongs to the column span of the first r;4|
columns of Vi*! since V! has exactly r; | columns. Given the induction hypothesis, the

proof is complete as Uy belongs to the column span of the first 7, columns of Vit! s =
L,...,i+ 1 O

Corollary 1 There exists a rank decomposition U = VT, where V. € R™*"t T € R'**",
TGy +1:r,1:n1) =00 rpxn, T2+ 1 :r,n1 +1:12) = 00 —r)x(ip—ny)» - -
and T(ri—1 + 1 i1, ng—1 + 1 ng) = 04y —r_ ) x(rp—ni_y)- We call such decomposition an
“appropriate decomposition”, which is shown in Fig. 2.

Proof Notethat T € R™**™ T(r1+1 : 1y, 1 : n1) = 0(,—r)xn, i equivalent to having that
U, belongs to the column span of the first | columns of V. Similarly, we can observe that
the assumptions given in Corollary 1 are equivalent to the assumptions on the appropriate
basis V in Lemma 1, and therefore according to Lemma 1, the proof is complete. O
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Fig.2 A matrix T that satisfies the properties of an appropriate decomposition

From now on, we only consider appropriate decompositions. In fact, given Corollary
1, it is easy to verify that there exists infinitely many appropriate decompositions for U.
However, we are interested in having a canonical basis V so that for any U there exits exactly
one appropriate decompositions satisfying the canonical structure.

Definition 1 For notational simplicity, we divide the columns of a basis V € R”*"* for U as
V =[Vi]...,|Vg], where V| € R™*" denotes the first ; columns of V, V, € R"*(2=71)
denotes the next (r, — r1) columns of V, ... and Vi, € R™*k—7k-1) denotes the next
(rx — rx—1) columns of V. This structure is shown in Fig. 3.

Fig.3 An appropriate basis I o r=7.
V=1[Vil..., Vil ) - _
f U )
V V, 1..... 14

@ Springer



Fundamental conditions on the sampling pattern for union of low-rank...

I rzl_r] he =T
I T 1

i 1ix(r=1;)

I, 0, ixtron

I =T

Tk =Tk-1

Fig.4 A canonical basis

Definition 2 A basis V € R"*’ for U has canonical structure if V(1 : ri,1 : r;) =
L, VA : o, + L,r2) = [00,—rpxr el Ty oo and V(1 & g,y + 1rg) =
[0, —ri_ ) xriy |I(,k,,k_])]—r, as shown in Fig. 5.

The following lemma characterizes the relationship between appropriate bases, which
will be used in Lemmas 3 and 4 (Fig. 4).

Lemma 2 Consider an appropriate basis V. € R™*'* for U. Then, the full rank matrix
V' € R™*" is an appropriate basis for U if and only if there exist matrices A; € R,
Ay e R2X270 - and Ag € R*Ce=1) such that Vi Ay =V, [V]IV4]A2 = Vo, ...
and [V}|V5| ... |V JAx = VA = Vi

Proof Assume that V' is an appropriate basis for U. Then, the first r; columns of V', i.e.,
V), is a basis for the rank-r; matrix U; and note that V is also an appropriate basis for U.
Therefore, V’1 and V| span the same ri-dimensional space, and therefore each column of
V| can be written as a linear combination of the columns of V/l, ie., V/1A1 =V, for some
Ay € R, Similarly, [V’1 |V’2] and [V1|V2] span the same r,-dimensional space since
both of them are a basis for the rank-r, matrix U,. As a result, each column of V; can be
written as a linear combination of the columns of [V} [V}], i.e., [V|V,]A2 = V; for some
A, € R2*(27)_ Similarly, we can show [V][V)]...|[V}]JAx = V'Ax = Vj for some
Ay € R&XOx—ri—1)

To prove the other direction of the statement, assume that there exist matrices A| €
R, Ay € R2*27) 1 and Ay € R (%=1 such that ViA| = Vi, [V]|V5]Az =
Va, ... and [V{IV,]|...[V;]Ax = V'Ay = V. Note that V is an appropriate basis
for U, and therefore the assumption V’1A1 = V; results that V/1 and V| span the same
ri1-dimensional space. Hence, V’] is basis for U;. The assumptions V/1A1 = V; and
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[V{IV5]A2 = V; together and the fact that V' is a full rank matrix results that [V’ |V}] and
[V1]V2] span the same r>-dimensional space. Therefore, [V/l |V/2] is a basis for Ujp. Similar
reasoning results that V' is an appropriate basis for U. O

Lemma 3 There exists at most one appropriate decomposition U = VT such that V has
the canonical structure.

Proof By contradiction assume that there exist two different canonical bases V and
V'. Then, according to Lemma 2, we have ViA; = Vi, [V]|V,]JA2 = V,, ... and
[VIIV4]...IV}]Ax = V/Ag = Vi for some A; € R, Ay e R2*2770) . and
Ar € R*0e=7-1) | Since both V and V' are canonical bases, V(1 : rj,:) = V(1 :
ri,:) = I, and therefore the equation V'(1 : ri,:)A; = V(1 : ry,:) results that
A = I,,. As aresult, Vi = V|. Moreover, we have [V{|V,]A; = V,, which results
[VIIVEIA : r,0A2 = Vol @ r1,1) = 0, 5(,—r). Since we have Vi(1 @ rp,:) =
0 x(ro—ry and V(1 : r1, 1) = L, then [V{|V,]( : 1, )A2 = 0, «(r,—r) reduces to
I, Ay = 0, x(r—rp)> 1.6, Ao(1 2 71, 2) = 0y« (r,—rp). Therefore, [V |V,]As = V; reduces
to V’2A2 (r1 + 1 : rp,:) = V3. Now, with the similar approach that we showed V| = V/l,
we can show V), = Vj since V5(r1 + 1 : r2,:) = Va(r1 + 1 : r2,:) = I,. The similar
approach results that V5 = V3, ... and V) =V, and therefore V' = V, which contradicts
the assumption. O

The following lemma shows the uniqueness of canonical structure in Definition 2.

Lemma 4 With probability one, there exists a unique appropriate decomposition U = VT
such that V has the canonical structure.

Proof Asin Lemma 3 we showed that there exist at most one appropriate canonical basis, it
suffices to show the existence of one appropriate canonical basis for U with probability one.
According to Lemma 1, there exists an appropriate basis V' for U and we will construct an
appropriate canonical basis based on V' to complete the proof. The genericity assumption
results that the submatrix consisting of any i rows of V/ is full rank as each column of Uj
is chosen generically from the Grassmannian manifold of Gr(r;, R™). As a result, V/1 (1
r1,:) is full rank, i.e., V/1 (1 : r1,:) is nonsingular, with probability one with respect to the
probability measure Pg, Py, . Define A; = V(1 : ry, )"l e RM¥M and V; = ViA| €
R™*"1 Note that Vi(1 : r1, 1) = 1,,.

Similarly, [V} [V5](1 : r2,:) is full rank with probability one with respect to the prob-
ability measure T2, Pg, Py,. Define Ay = [V{[V5](1 : 2,071 € R2¥2, Ay = A
r1+ 1) € R2X270 and Vy = [V V4]Ag € R™*2="1) Therefore, V(1 : 12, 1) =
[0, —r)xr |I(,2_r1)]T. By repeating this procedure we construct V. = [V]...| V] such that
V has the canonical structure with probability one with respect to the probability measure
Hf:lPG[ Py, . Moreover, according to Lemma 2, V is an appropriate basis for U. O

As a result of Lemma 4, for each U there exists a unique appropriate decomposition
with the canonical basis and observe that an arbitrary appropriate decomposition with the
canonical basis results in a certain matrix U that satisfies the given rank constraints. Hence,
the canonical structure plays the role of a bijective mapping from a generic member of the
manifold corresponding to U to the appropriate decomposition with canonical basis and
generic entries (excluding the entries of the canonical pattern). Consequently, those entries
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excluding the canonical pattern entries are chosen with respect to the Lebesgue measure on
R, i.e., are chosen generically.

Remark 1 Similarly to the proof of Lemma 4, we can show the uniqueness of the bases
having a structure of any permutation of the rows of the canonical structure given in Def-
inition 2. Considering all these permutations of the canonical structure, we obtain some
patterns that operate like an equivalence class such that with probability one, exactly one
basis belongs to each class, i.e., exactly one basis satisfies a certain pattern, among all the
bases for appropriate decompositions. This also leads to the fact that the dimension of all
appropriate bases is equal to mry — Zf:] ri(ri — ri—1), which is the number of unknown
entries of the canonical structure.

3.2 Polynomials and finite completability

We consider an appropriate decomposition U = VT, where V. € R"*"* and T € R"**"  We
are interested in obtaining all entries of V and T using the sampled entries of U. Assuming
that the unknown entries of V and T are variables, each sampled entry of U results in a
polynomial in terms of these variables as the following,

Tk
UG, j)=Y_VGDTA, j). M
=1
Here, we briefly mention the following two facts to highlight the fundamentals of our
proposed analysis.

— Fact 1: As it can be observed from (1), any sampled entry U(i, j) results in a polyno-
mial that involves the entries of the i-th row of V and the entries of the j-th column of
T. Moreover, for a sampled entry U(i, j), the values of i and j specify the location of
the entries of V and T that are involved in the corresponding polynomial, respectively.

— Fact 2: It can be concluded from Bernstein’s theorem [38] that in a system of n poly-
nomials in n variables with each consisting of a given set of monomials such that the
coefficients are chosen with respect to the Lebesgue measure on the manifold corre-
sponding to the basis of the given rank, the n polynomials are algebraically independent
with probability one, and therefore there exist only finitely many solutions. However, in
the structure of the polynomials in our model, the set of involved monomials are differ-
ent for different set of polynomials, and therefore to ensure algebraically independency
we need to have for any selected subset of the original n polynomials, the number of
involved variables should be more than the number of selected polynomials.

The following assumption will be used frequently in this paper.

Assumption 1 Each column of U; that does not belong to U;_1 includes at least r; sampled
entries, i =1, ..., k.

Lemma 5 Given the basis V, Assumption 1 holds if and only if T is uniquely solvable.

Proof We prove that Assumption 1 is necessary and sufficient condition for unique solvabil-
ity of each column of T. We show that the first column of Uy has less than r| sampled entries
if and only if the first column of T is infinitely many solvable, and the same reasoning works
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for other columns as well. According to Fact 1, only sampled entries of the first column of
Uj result in a linear polynomial that involves the entries of the first column of T (since V
is given the polynomials are linear). Note that as we consider appropriate decompositions,
the first column of T includes r; unknown variables, and therefore exactly r; polynomials
with generic coefficients results in a unique solution and less than r; polynomials results in
infinitely many solutions. O

Definition 3 For notational simplicity, define M = Zf: 1 ri (nj —n;_1) (the number of non-
zero entries of an appropriate T, i.e., the number of sampled entries described in Assumption
1), M’ = rgng— M (the number of zero entries of an appropriate T), N = Zf-‘:] ri(ri—ri—1)
(the number of fixed entries of a canonical basis) and N’ = mr; — N (the number of entries
of a canonical basis excluding the entries of the canonical pattern).

As a result of Lemma 4, we specify the M sampled entries described in Assumption 1
to obtain T uniquely based on V. Hence, we want to obtain the condition on the sampling
pattern for finite solvability of V given T.

Definition 4 Let P (2) denote the set of polynomials corresponding to the observed entries
as in (1) excluding the M observed entries of Assumption 1. Note that since T is already
solved in terms of V, each polynomial in P(f) is in terms of the entries of V.

The following lemma provides the condition on P () for finite completability of the
sampled matrix U.

Lemma 6 Suppose that Assumption 1 holds. With probability one, there exist only finitely
many completions of U if and only if there exist N’ algebraically independent polynomials

in P(R).

Proof The proof is omitted due to the similarity to the proof of Lemma 2 in [1]. The
only minor difference is that here the dimension is N’ instead of (H{zlni) (H;j: y +1ri> -

(Z?: i+l rlz) which is the dimension of the core for Tucker decomposition. O

Having Lemma 6, we only need to obtain the maximum number of algebraically inde-
pendent polynomials in PP (2) to determine if U is finitely many completable. In Section 3.3,
we construct a binary matrix based on the sampling pattern € to obtain this number.

3.3 Constraint matrix

In this section, we provide a procedure to construct a binary valued matrix based on the
sampling pattern such that each column of it represents one polynomial, and therefore we
can later obtain the maximum number of algebraically independent polynomials in P (£2)
in terms of some combinatorial properties of the sampling pattern.

Let/; = No(Uj (:, i)) denote the number of observed entries in the i-th column of Uy,
where i € {1,...,n1}. Assumption 1 results that /; > r;. We construct a binary valued
matrix fll based on 2 and ry. Specifically, we construct /; — r; columns with binary entries
based on the locations of the observed entries in Uy (:, i) such that each column has exactly
r1 + 1 entries equal to one (if /; = ry then Ql = {J). Assume that x1, ..., x;, are the row
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indices of all observed entries in this column. Let Sl’l be the corresponding m x (I; — ry)
matrix to this column which is defined as the following: for any j € {1,...,; — r1}, the
Jj-th column has the value 1 in rows {x1, ..., x,, X, +;} and zeros elsewhere. Define the
binary constraint matrix as €1 = [@}|@3...|Q]'] € R"*K1 [34], where K| = No(U;) —
n1ry. Similarly, we construct fli for the matrix consisting of the columns of U; that do not
belong to U;_; based on the corresponding sampling pattern and r;, i = 2, ..., k. Then,

we put together all these k binary matrices Q= [fll|§l2| e |ﬁk] e R™K and call it

the constraint matrix, where K = Ng(U) — M. We show this procedure on a simple
example.

Example 1 Consider the sampled matrix U € R**7 where n; = 3 and n, = 7,
ie, U € R¥3 and U, € R**7. Assume that r; = 2 and r, = 3. Moreover,
assume that the sampled entries are F = {(1, 1), (2, 1), (3, 1), (1,2), (1, 3), (2, 3), (3, 3),
4,3),1,4),(2,4), (4,4)} and those samples that are used to obtain T are F' =
{1, 1),1,2),1,3),2,3),(1,4), (2,4)}. Then, the constraint matrix is

O O ==
O = O =
O = =
—_ O = =

where £, = [R(, D[R, 2)] and £, = [(:, 3)|RC, 4)|RC, 5)].

In Section 3.4, we characterize a relationship between the maximum number of alge-
braically independent polynomials in 7P (£2) and a combinatorial condition on the sampling
pattern 2. We next define the notion of proper submatrix of C(£2).

Definition 5 A submatrix ' of the constraint matrix € is called a proper submatrix if its
columns correspond to different columns of the sampling pattern €.

3.4 Algebraicindependence

In this subsection, we characterize the condition on the sampling pattern for finite com-
pletability of the sampled data given the rank constraints, i.e., the condition on the sampling
pattern for having N’ algebraically independent polynomials in P () = P(L).

Definition 6 Let £ be a subset of columns of the constraint matrix . Let g(fl/) denote
- v/

the number of nonzero rows of & and P(S2) denote the set of polynomials that cor-

respond to the columns of Q/. Moreover, let Suli denote the columns of fl/ that include

exactly r; + 1 nonzero entries, i.e., correspond to the columns of U; and not columns of
U;_.

The following lemma gives an upper bound on the maximum number of algebraically
independent polynomials in any subset of columns of the constraint matrix Q. Simply put,
for a set of polynomials with coefficients chosen generically, the total number of involved
variables in the polynomials is an upper bound on the maximum number of algebraically
independent polynomials.
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v/ v
Lemma 7 Let € R™ ! be a proper subset of columns of the constraint matrix . Then,

the maximum number of algebraically independent polynomials in P(fl/) is at most

k
3 i = o)) — )™ @)

i=1

Proof Note that each observed entry of Uy, i.e., each column of fl/l, results in a polynomial
that involves all r1 entries of a row of V. As a result, the number of entries of V| that are
involved in the polynomials is exactly (r; — rg) g(fl/l ). However, the rows of the canonical
pattern in V; can be permuted, and therefore in the case of Svl/l # () the number of known
entries of the pattern in V; is r]2 for a pattern. Hence, the minimum number of variables
(unknown entries) of V is (r — ro)g(®}) — r2 = (r — ro)(g(R)) — r)* since &) # 0
implies g(Svlll) > r1 + 1. Moreover, clearly in the case of fl/l = () the number of variables
(unknown entries) of Vy is (r; — ro)(g(fl/l) — r1)* = 0. Similarly, we can show that the
minimum number of variables (unknown entries) of V7 is Z{F:l (ri —r,',l)(g(flé) —r)t. As
a result, the maximum number of algebraically independent polynomials in P(fl/) is at most

equal to the number of involved variables in the polynomials, i.e., Zf:] (ri — ri_l)(g(fl;) —
r,-)+. O

A set of polynomials is called minimally algebraically dependent if the polynomials
in that set are algebraically dependent but polynomials in every of its proper subset are
algebraically independent. The next lemma which is Lemma 7 in [4], states an important
property of a set of minimally algebraically dependent among polynomials in P(Q). This
lemma is needed to derive the maximum number of algebraically independent polynomials
in any subset of P(fl).

Lemma8 Let @ € R™ bea proper subset of columns of the constraint matrix Q. Assume
that polynomials in P(fll) are minimally algebraically dependent. Then, the number of
variables (unknown entries) of V that are involved in 77(5:!/) isequaltot — 1.

. </ . . .
Given a proper subset of columns 2 of the constraint matrix, the following lemma takes
advantage of Lemmas 7 and 8 to characterize a relationship between the maximum number

of algebraically independent polynomials in P(fl/) and the geometric structure of nonzero
entries of €.

Lemma 9 Given a proper subset of columns Q@ e rmxt of the constraint matrix, the
polynomials in P(fl/) are algebraically independent if and only if for any t' € {1, ..., 1}
and any subset of columns Q" e rmxt’ of Q@' we have

k
3 i =i (g(@) — )t =1 3)

i=1

Proof Assume that the polynomials in ’P(SY) are algebraically dependent. Then, there
exists a subset of polynomials P(fl//) of the set P(fll) such that the polynomials in
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Q") are minima y algebraically dependent. Let Q' < ' where ' € {1,...,1}.
P) inimally algebraically d d Let @ R™*" " wh Te {1 }
According to Lemma 8 the number of involved variables in P(fl”) is ¢’ — 1. How-
ever, in Lemma 7 we showed that the number of involved variables in P(fl/,) is at least

v /! v I/
Sk (i —rio1)(g(R;) —r;)T, and therefore 5 (1 —ri_)(g(R)) —r)T <t —1 < 1.
v/

In order to show the other direction, assume that the polynomials in P() are
algebraically independent, and therefore any subset of polynomials of P(Q/) are also
algebraically independent. By contradiction assume that there exists a subset of columns
Q" e Rt of Q@ such that (3) does not hold. Hence, Zle(ri — ri,l)(g(fl;/) —r)tis
less than the number of polynomials in ’P(ﬂ”). On the other hand, according to Lemma

, the maximum number of algebraically independent polynomials in ”/) is at most
(7), th ber of algeb Ily independent poly 1 P

/-‘z (ri — ri_l)(g(fl/-/) — r;)™T, which is less than the number of polynomials in P(Svl//),

i=1 i
and this contradicts the assumption. O

The next theorem which is the main result of this subsection characterizes the condition
on the sampling pattern for finite completability of U.

Theorem 1 Suppose that Assumption 1 holds. With probability one, the sampled data U is
Jfinitely many completable if and only if there exists a proper subset of columns Q@ e RmxV
of the constraint matrix  such that for any t' € {1,..., N'} and any subset of columns
Q" e R of @', (3) holds.

Proof First we assume that there exists a proper subset of columns Q@ e R™N of the
constraint matrix € such that for any t' € {1,..., N’} and any subset of columns QN €
R™*"(3) holds and we need to show the finite completability of U. According to Lemma
8, the N’ polynomials corresponding to @ are algebraically independent, and therefore
according to Lemma 6, U is finitely many completable.

In order to complete the proof, we assume that U is finitely many completable and show
the existence of such € described in the statement of theorem. According to Lemma 6,
there exists N’ algebraically independent polynomials in P(Q), and therefore according
to Lemma 8, the submatrix corresponding to these N’ polynomials satisfies the properties
described in the statement of theorem. O

One challenge of applying Theorem 1 is the exhaustive enumeration that it takes to check
if (3) holds for all the corresponding subsets of columns. In the next section, we provide
a bound on the sampling probability in terms of ry, ..., ry that ensures (3) holds with
high probability for all the corresponding subsets of columns. Consequently, we do not
need to check (3) but instead we can certify the above results with high probability and not
deterministically anymore.

4 Probabilistic conditions for finite completability

We assume that the entries of U are sampled independently with probability p. In this
section, we are interested in obtaining a condition in terms of the number of samples, i.e., the
sampling probability, to ensure the combinatorial conditions on the sampling pattern given
in Theorem 1 hold with high probability. Therefore, according to Theorem 1, the provided
condition on the sampling probability ensures the finite completability of U.
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Lemma 10 below is Lemma 5 in [7], which will be used later as it connects a condition
in terms of the number of samples to a combinatorial property on the sampling pattern.
Lemma 10 Assume that r < % and also each column of R includes at least | nonzero
entries, where

[ > max {9 log (%) +3 log (%) +6, 2r} . 4)

Let ' be an arbitrary set of m — r columns of Q. Then, with probability at least 1 — 2,
every subset " of columns of Q' satisfies

g —r=1, )
where t is the number of columns of .

Note that we are interested in obtaining a condition in terms of the number of samples
to ensure finite completability, i.e., to certify that the conditions on the constraint matrix
Q (not the sampling pattern ) in Theorem 1 hold, with high probability. However, given
the number of samples is large enough and using Lemma 10, we will be able to verify the
mentioned combinatorial conditions on the sampling pattern. Then, the following lemma
connects the conditions on the sampling pattern to the combinatorial conditions on the con-
straint matrix. In particular, the following lemma, which is Lemma 8 in [1], states that if
the property in Lemma 10 holds for the sampling pattern, then it will be satisfied for the
constraint matrix as well.

Lemma 11 Let r be a given nonnegative integer. Assume that there exists a matrix ' such
that it consists of m — r columns of & and each column of ' includes at least r + 1 nonzero
entries and satisfies the following property:

—  Denote an arbitrary matrix obtained by choosing any subset of the columns of ' by
Q. Then,

g(R") —r = (R, (6)

where c(R") denotes the number of columns of Q. Then, there exists a matrix @ with
the same size as ' such that: each column has exactly r + 1 entries equal to one, and
ifSY(x, y) = 1 then we have Q' (x,y) = 1. Moreover, @ satisfies the above-mentioned
property.

Definition 7 Let ; denote the subset of columns of € that correspond those columns of
U; that do not belong to U;_1, i.e., the (n; — n;—1 + 1)-th to the n;-th columns of 2.

The following lemma will be used to ensure that the condition on the constraint matrix

9

Q in Theorem 1 is satisfied.

Lemma 12 Assume thati € {1,...,k}, ri < %, (ri —ri—1)(m —r;) < n; —n;_1 and each
column of R; includes at least l; nonzero entries where
Dk
l; > max {9 log <ﬂ> + 3 log <u) + 6, 2ri} . @
€ €
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Then, with probability at least 1 — %, there exists a subset of columns fli € R™¥i of fl,-,

where t; = (r;j — ri—1)(m — r;) such that for any ti/ € {1,2,...,t} and any subset of
columns Q;/ e R™ of Q: we have
v /! + ’
(ri —ri—1)(g(;) —ri)™ > 1. (®)

Proof Since (r; —ri—1)(m —r;) < n; —n;_1, we can randomly choose (r; — r;_1) disjoint
matrices Q;S (for 1 <s < r;j—ri_1), each consisting of (m —r;) columns of ;. According to

Lemma 10, each Q;\ satisfies the following property with probability at least 1 — m,
l<s<r—ri_:foranyr € {1,2,...,m —r;} and any subset of columns Q;; e RMXx4
of Q; we have

Q) —r)*" =1 9)

On the other hand, according to Lemma 11, there exist corresponding disjoint subsets of
. Y .
columns of the constraint matrix ; (for 1 <s < r; — rj_1), each consisting of (m — r;)

columns of §; such that they satisfy the above property as Q/ ’s. Asa result all SZ ’s satisfy
the mentioned property s1multaneously with probability at least 1—-%

Define ; = [£] |Sl 182

bri=ri—y

12| ] € R™*%_ Consider any f] € {1, 2,...,t} and any
subset of columns Sli e R™¥4 of fl; Let SUZ:/\ denote those columns of Q:/ that belong to
fl;s and without loss of generality assume that c(SvZ;/l) = Max|<g<r—r_, {c(flgi)}, where
¢(-) denotes the number of columns. Then, it is simply verified that

(i —ri-D@@) — )T = (i — 1) — )t = (7 —rimpe(@])
ri—Ti-1

> (sz SER (10)

s=1

v

O

Finally, the following theorem gives the conditions on the number of samples to ensure
that the conditions on the constraint matrix £ in Theorem 1 hold with high probability, i.e.,
the sampled data is finitely many completable with high probability.

Theorem 2 Assume that assumptions in the statement of Lemma 12 hold for any i €
{1,2,...,k}. Then, the sampled matrix U is finitely many completable with probability at
least 1 —e.

Proof Consider the obtained subset of columns Q: e R"™* of fli in Lemma 12, where
ti = (ri —ri_))(m —r;), fori = 1,2, ... k. Define € = [Q]|)]...|$,] € R™* where
t = Zf‘ i = N'.Each fll satisfies the mentioned property in Lemma 12 with probability

at least 1 — ¢, and therefore all SZ s satisfy the corresponding properties simultaneously
with probability at least 1 — €.

v/ ’ v / v/
Let € R™*" denote an arbitrary subset of columns of €. Also, assume that Q;

denote those columns of SVZH that belong to fl:, i =1,2,...,k. Then, we can conclude that
(8)holds,i = 1,2, ..., k. Similarly to the last part of the proof of Lemma 12 we can show
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that (3) holds. Therefore, according to Theorem 1, U is finitely many completable with
probability at least 1 — €. O

The following lemma is taken from [1] and ensures that with high probability the number
of samples at each column is larger than a certain number given that the sampling probability
is large enough.

Lemma 13 Consider a vector with m entries where each entry is observed with probability

p independently from the other entries. If p > p’ = =+ 4%/%’ then with probability at least

(1 - exp(—@)), more than 7 entries are observed.

The following lemma makes use of Lemma 13 to derive a lower bound on the sampling
probability that leads to the similar statement as Theorem 2 with high probability, i.e., finite
completability of U with high probability, given that the sampling probability is larger than
a certain number.

Lemma 14 Assume that r; < %, (ri —ri—))m —r;)) <n; —n;j_1, 1 <i <k and that the
entries of U are sampled independently with probability p, where

! 91 (m)+31 L WP DA
> — max og (— og | — ,2r, —,
p m & € & € k m

ny
where g = maxi<;j<x i — ri—1. Then, with probability at least (1 — €) <1 - exp(—@)) ,

(1)

U is finitely many completable.

Proof Since ¢ = maxj<j<k ;i — ri—1 and according to Lemma 13, the number of samples
at each column of ; satisfies (7) with probability at least (1 — exp(—@)). The rest of
the proof is easy to verify using Theorem 2.

5 Deterministic and probabilistic conditions for unique completability

In Sections 3 and 4, we characterized the deterministic and probabilistic conditions on the
sampling pattern for finite completability, respectively. In this section, we are interested in
obtaining the deterministic and probabilistic conditions on the sampling pattern for unique
completability. Note that for matrix completion problem (and therefore for our problem),
finite completability does not necessarily imply unique completability [1]. Unique com-
pletability simply means that, any completion of the sampled data obtained by any algorithm
is exactly the original sampled data. We show that adding a set of mild assumptions to those
stated in Theorem 1 leads to unique completability.

Recall that there exists at least one completion of U since the original matrix that is
sampled satisfies the rank constraints. The following lemma is a re-statement of Lemma 25
in [4].

Lemma 15 Assume that Assumption 1 holds. Let Q' be a proper subset of columns of
the constraint matrix Q. Assume that polynomials in P(Q/) are minimally algebraically
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dependent. Then, all variables (unknown entries) of V that are involved in P(fl/) can be
determined uniquely.

The following theorem characterizes sufficient deterministic conditions on the sampling
pattern for unique completability. In particular, condition (i) is the same condition as in
Theorem 1, which results in finite completability, while by adding condition (ii) and using
Lemma 15, we can ensure the unique completability with probability one.

Theorem 3 Suppose that Assumption 1 holds. With probability one, the sampled data U is

v / 4
uniquely completable if there exists disjoint proper subsets of columns € R™N and
fl; e Rmxm=ri) (1 < i < k) of the constraint matrix Q such that

(1) foranyt' €{l1,..., N'} and any subset of columns Q" e rmx offl/, (3) holds.
(i) foranyt! €{l,...,m —r;}and any subset of columns SVZZI e R4 of SVZZ we have

@)=t =1, (12)

Proof According to Theorem 1, condition (i) results that there are at most finitely many
completions of U. As we showed in the proof of Theorem 1, there exist N” algebraically
independent polynomials {p1, p2,..., py’} in P(fl/). Note that any set of N’ 4 1 poly-
nomials are algebraically dependent. Consider a single polynomial py from the set of

polynomials UL]P(Q;). Hence, {po, p1, ..., py’} are algebraically dependent and since
{p1, P2, ..., pn} are algebraically independent, there exist a set of polynomials P(pg) <
{po, p1, - - ., py’} that is minimally dependent.

According to Lemma 15, all variables involved in P(pg) and therefore all variables
involved in pg can be determined uniquely, or in other words, we obtain r; linear polyno-

mials in terms of the entries of V; given that py € P(Q;). It is easily verified that given (ii)

and substituting po by all of the polynomials in P(SVZ;) one by one, V; can be determined
uniquely, i = 1,2, ..., k. O

Finally, using Theorems 2 and 3, we provide a bound on the number of samples to
ensure unique completability with high probability. In particular, the next theorem gives
a probabilistic guarantee for satisfying the conditions (i) and (ii) in the statement of
Theorem 3.

Theorem 4 Assume that r; < %, (ri —ri—1 4+ D)(m —r;) < n; —nij_1 and each column of
Q; includes at least l; nonzero entries where

a— 2k
I; > max {9 log (ﬂ) +3 log (M) +6, 2r,~} , (13)
€ €

fori =1,2,..., k. Then, with probability at least 1 — €, U is uniquely completable.

Proof According to Theorem 2, condition (i) in the statement of Theorem 3 holds with
probability at least 1 — % According to Theorem 3, in order to complete the proof, it suffices
to show that condition (ii) in the statement of Theorem 3 holds with probability at least

1 - % Note that according to Lemmas 10 and 11, condition (ii) for each value of i holds
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with probability at least 1 — W and therefore condition (ii) holds with probability

atleast 1 — 1-5 O

T 2

The following lemma makes use of Lemma 13 to derive a lower bound on the sampling
probability that leads to the similar statement as Theorem 4, i.e., unique completability with
high probability.

Lemma 16 Assume that r; < %, (ri—ria+D)m—r) <n; —nj_1, 1 <i <kand that
the entries of U are sampled independently with probability p, where

! x{9l ( )+31 ( )+62 } ! (14)
> —ma 0 0 T, =
p g g k —

n
where q = max|<j<k i — ri—1. Then, with probability at least (1 — €) (l — exp(—@)) k,
U is uniquely completable.

Proof Using Theorem 4, the proof is similar to the proof of Lemma 14. O

6 Numerical results

As the first example, we compute the total number of samples that is required for finite
completability based on Theorem 2 and compare with the number of samples required
by simply using the conventional matrix analysis [34]. The mentioned numbers are
S (i —nioy)

max [9 log (%) + 3 log (“==4) 46,2 ] and i max {12 log (%) + 12, 2r¢},
respectively. In this numerical example, we consider m = 10000, k = 4, € = 0.01 and also
ri=r xitandn; = 50 x iZ x 10000, = 1,2, ..., k, where we vary r from 1 to 50. The

9
14 T T
i Matrix Analysis » &
12 R 1
== The Prosposed Analysis : o

Number of samples

00 10 20 30 40 50
r

Fig.5 Comparison of the number of samples for a union of 4 subspaces
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Fig. 6 Comparison of the union of two subspaces and multi-view matrix

corresponding curves are shown in Fig. 5. It is seen that the proposed analysis requires much
less number of samples than the conventional matrix analysis for finite completability.

In another numerical example, we are interested in comparing our proposed method for
the union of two subspaces with the multi-view scenario studied in [7]. First, we consider
the union of two subspaces as m = 1200, k = 2, ¢ = 0.01 and also r; = r x i% and
n; = 50 x i x 10000, i = 1,2, where we vary r from 1 to 50. Hence, for any value
of r € {1,...,50}, we have r; = rank(U;) = r and r, = rank(U) = 4r. In the multi-
view problem, an extra rank constraint is given, which is R = rank (U(:, n1 + 1 : n2)). The
number of samples that ensures finite completability for multi-view matrix is [7]

3 —ri,mn — R, R —
n| max {910g (ﬂ)+3log< max{ry — r1, 12 r o+ r2}> +e 2”}
€ €

+ (n2 — ny) max {910g (%) + 3log (3 max{r,—ri, rzf— R, r +R—r2}) s ZR} .

It is easily verified that | < ry, R < rp and rp < r; + R. Therefore, as r, = 4r; = 4r,
we conclude that 3r < R < 4r, i.e., R = tr for some 3 < t < 4. Note that in the union
of subspaces scenario, the genericity assumption results that R = r, = 4r. Hence, in the
multi-view scenario, ¢ = 4 is basically almost the same as the union of subspaces scenario
and for 3 < ¢t < 4 we have more constraint in comparison with the union of subspaces
scenario. The corresponding curves are shown in Fig. 6. It is seen that for 3 < t < 4 the
multi-view matrix requires less number of samples than the union of two subspaces as we
have one more rank constraint, and therefore more information about the data.

7 Conclusions
We consider the problem of union of low-rank subspaces completion. We analyze the man-

ifold structure corresponding to the given rank constraints to characterize the deterministic
conditions on the sampling pattern for finite completability of a matrix that represents the
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union of several subspaces satisfying the mentioned rank constraints. In order to obtain
the deterministic conditions on the sampling pattern, we characterizes the algebraic inde-
pendence of a set of polynomials defined based on the sampling pattern, which is closely
related to finite completion. Moreover, assuming that the entries of the data are sampled
independently with probability p and using the mentioned deterministic analysis, we pro-
pose a combinatorial method to derive a lower bound on the sampling probability p, or
equivalently, the number of sampled entries that guarantees finite completability with high
probability. Furthermore, using the proposed analysis for finite completability, we charac-
terize deterministic and probabilistic conditions on the sampling pattern and the sampling
probability that ensure there exists only one completion for the sampled data.
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