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Abstract

The Erdds-Hajnal Conjecture states that for every given H there exists a constant ¢(H) > 0 such
that every graph G that does not contain H as an induced subgraph contains a clique or a stable
set of size at least |V (G)|“). The conjecture is still open. However some time ago its directed
version was proved to be equivalent to the original one. In the directed version graphs are replaced
by tournaments, and cliques and stable sets by transitive subtournaments. Both the directed and
the undirected versions of the conjecture are known to be true for small graphs (or tournaments),
and there are operations (the so-called substitution operations) allowing to build bigger graphs (or
tournaments) for which the conjecture holds. In this paper we prove the conjecture for an infinite
class of tournaments that is not obtained by such operations. We also show that the conjecture is
satisfied by every tournament on at most 5 vertices.
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1 Introduction

All graphs in this paper are finite and simple. Let G be an undirected graph. The vertex set of G
is denoted by V(G), and the edge set by E(G). We write |G| to mean |V (G)|. Given X C V(G),
we denote by G|X the subgraph of G induced by X, that is the graph with vertex set X, in which
x,y € X are adjacent if and only if they are adjacent in G. For an undirected graph H, we say
that G is H-free if no induced subgraph of G is isomorphic to H. A clique in G is a subset of V(G)
all of whose elements are pairwise adjacent, and a stable set in G is a subset of V(G) all of whose
elements are pairwise non-adjacent. For a graph H and a vertex v € V(H) we denote by H\v a
graph obtained from H by deleting v and all edges of H that are: adjacent to v in the undirected
setting and: adjacent to or from v in the directed setting.
The Erdos-Hajnal Conjecture is the following:

1.1 For every undirected graph H there exists a constant ¢(H) > 0 such that the following holds:
every H-free graph G contains a clique or a stable set of size at least |G|C(H).

This conjecture is still open. We say that an undirected graph H satisfies the Erdds-Hajnal
Conjecture (or equivalently: has the Erdds-Hagnal property) if there exists ¢(H) > 0 such that every
H-free graph G contains either a clique or a stable set of size at least |G|,

A version of 1.1 for some class of directed graphs was formulated in [2]. To state it, we need
some definitions. A tournament is a directed graph T', where for every two vertices u,v exactly
one of (u,v), (v,u) is an edge of T' (that is, a directed edge). If (u,v) € E(T), we say that u is
adjacent to v, and that v is adjacent from u. A tournament is transitive if it contains no directed
cycle (equivalently, no directed cycle of length three). Let T' be a tournament. We denote its vertex
set by V(T') and its edge set by E(T'), and write |T| for |V (T')|. We refer to |T'| as the order of T.
Given X C V(T), the subtournament of T' induced by X, denoted by T'|X, is the tournament with
vertex set X, such that for z,y € X, (x,y) is a directed edge of T|X if and only if (z,y) € E(T).
Given a tournament S, we say that T' contains S if S is isomorphic to T'|X for some X C V(T). If
T does not contains S, we say that T is S-free. The conjecture from [2] is the following.

1.2 For every tournament S there exists a constant c¢(S) > 0 such that the following holds: every
()

S-free tournament T' contains a transitive subtournament of order at least |T|).

It was also shown in [2] that 1.1 and 1.2 are equivalent to each other. We define what it means for a
tournament to satisfy the Erdés-Hajnal Conjecture in a way similar to the that of undirected graphs.
In other words, a tournament H satisfies the Erdds-Hajnal Conjecture if there exists ¢(H) > 0 such
that every H-free tournament G contains a transitive set of size at least |G|¢(H),

Both the directed and the undirected versions of the conjecture are known to be true for small
graphs (or tournaments). There is also an operation, called the substitution operation, allowing to
build bigger graphs (or tournaments) satisfying the Erdés-Hajnal Conjecture from smaller ones. We
will define now the substitution operation. Let Hy, Hy be two undirected graphs/tournaments with
disjoint vertex sets. Assume that each H; has at least two vertices. Let w € V(H;). Then we say
that H is obtained from H; by substituting Hs for w if:



o V(H) = (V(Hy) UV (H2))\{w},

e H|V(H3) = H,,

o H|(V(Hy)\{w}) = Hi\w and,

e v e V(H;) is adjacent in H to u € V(Hz) if and only if v is adjacent in H; to w.

It was proved in [2] (Theorem 2.1) that if H; and Hp both satisfy the Erdds-Hajnal Conjecture
then so does H. The proof was presented for the undirected setting however its version for the
directed setting is completely analogous and therefore we leave it to the reader.

Let T be a tournament, and let (vy, ... ,v|T|) be an ordering of its vertices; denote this ordering
by 6. We say that an edge (vj,v;) of T is a backward edge under this ordering if i < j. The graph of
backward edges under this ordering, denoted by B(T, ), has vertex set V(T'), and v;v; € E(B(T,6))
if and only if (v;,vj) or (v;,v;) is a backward edge of T under the ordering 6.

For an integer ¢, we call the graph Kj: a star. Let S be a star with vertex set {c,1,...,1},
where c¢ is adjacent to l1,...,l;. We call ¢ the center of the star, and [y, ...,1; the leaves of the star.
Note that in the case t = 1 we may choose arbitrarily any one of the two vertices to be the center of
the star, and the other vertex is then considered to be the leaf.

A right star in B(T,#) is an induced subgraph with vertex set {v;,,...,v; }, such that

B(T,0){viy,---,vi, } is a star with center v;,, and i; > 1ip,...,%—1. In this case we also say that
{Vigy...,v;,} is a right star in 7. A left star in B(T,0) is an induced subgraph with vertex set
{Vigs- -, }, such that B(T,0)[{vi,,...,v; } is a star with center v;,, and igp < i1,...,%. In this case

we also say that {vj,,...,v;, } is a left star in 7. Finally, a star in B(T,6), is a left star or a right
star.

A tournament T is a galaxy if there exists an ordering 6 of its vertices such that every connected
component of B(T,0) is either a star or a singleton, and

e no center of a star appears in the ordering between two leaves of another star.

We call such an ordering a galaxy ordering of T'. Let X1, ...,3%; be the non-singleton components
of B(T,0). We say that ¥q,...,%; are the stars of T under theta. If V(T) = U§:1 V (%), we say
that T is a regular galaxy.
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Fig.1 Galaxy consisting of one left and two right stars. All edges that are not drawn are forward.
Our first result in this paper is the following:

1.3 FEvery galary H satisfies the Erdds-Hajnal Conjecture.



We denote by P, a tournament of order & whose vertices can be ordered so that the set of
backward edges under this ordering is the set of edges joining consecutive vertices in the ordering.
Thus formally, the vertices of P, can be enumerated as: v1, ..., vg such that the set of backward edges
under this ordering is of the form: {(v;y1,v;):i=1,....k —1}.

As an interesting fact, we prove the following corollary:

1.4 For every k, the tournament Py satisfies the Erdds-Hajnal Conjecture.

Denote by C5 the (unique) tournament on 5 vertices in which every vertex is adjacent to exactly
two other vertices. One way to construct this tournament is with vertex set {0,1,2,3,4} and i is
adjacent to ¢ +1 mod 5 and 2 + 2 mod 5.

Our second main result is:

1.5 The tournament C5 satisfies the Erdds-Hajnal Congjecture.
As a corollary, using 1.5 and [3], we get

1.6 FEvery tournament on at most 5 vertices satisfies the Erdds-Hajnal Conjecture.
This paper is organized as follows:

e in Section 2 we present some definitions and technical lemmas used in the proofs of 1.3 and
1.5.

e in Section 3 we present most important ideas used in the proofs of main results of the paper
without going deeply into technical details.

e in Section 4 we prove 1.3 and deduce 1.4.
e in Section 5 we prove 1.5.

e in Section 6 we prove 1.6.

2 Basic lemmas

In this section we prove a few lemmas used in the proofs of our main results. Let T" be a tournament.
We say that a vertex w is an outneighbor of a vertex v if (v,w) € E(T'). Otherwise we say that it
is an inneighbor of a vertex v. For disjoint subsets A, B of V(T), we say that A is complete to B if
every vertex of A is adjacent to every vertex of B. We say that A is complete from B if B is complete
to A. Denote by tr(T) the largest size of the transitive subtournament of 7. For X C V(T'), write
tr(X) for tr(T|X).

Let X,Y C V(T') be disjoint. Denote by ex y the number of directed edges (z,y), where z € X
and y € Y. The directed density from X to Y is defined as d(X,Y) = %

Given € > 0 we call a pair A, B of disjoint subsets of V(T') e-reqularif all X C Aand Y C B
with | X| > €|A| and |Y| > €| B| satisfy: |[d(X,Y) —d(A, B)| <e.

Consider a partition {Vp, Vi,...,Vi} of V(T') in which one set V{ has been singled out as an
exceptional set. (This exceptional set Vy may be empty). We call such a partition an e-regular
partition of T if it satisfies the following three conditions:



o Vol < eV
o |[Vi|=..= |V
e all but at most ek? of the pairs (V;,V;) with 1 <i < j < k are e-regular.

The following was proved in [1]:

2.1 For every € > 0 and every m > 1 there exists an integer DM = DM (m,€) such that every
tournament of order at least m admits an e-reqular partition {Vo, Vi, ..., Vi.} withm <k < DM.

The above lemma is a “tournament”-version of the celebrated Regularity Lemma proved by Endre
Szeméredi and originally stated for undirected graphs ([6]). In the undirected setting we only need to
change the definition of ex y which is now the number of edges between sets X and Y. The original
version of the lemma is as follows:

2.2 For every € > 0 and every m > 1 there exists an integer DM = DM (m,e€) such that every
undirected graph of order at least m admits an e-regular partition {Vo, Vi, ..., Vi } withm < k < DM.

We also need the following lemma:

2.3 For every natural number k and real number 0 < A < 1 there exists 0 < n = n(k,\) < 1
such that for every tournament H with verter set {x1,...,xx} and tournament T with vertex set
V(T) = Ule Vi, if the Vi’s are disjoint sets, each of order at least one, and each pair (V;, V),
1 <i < j <k isn-regular, with d(V;,V;) > X and d(V},V;) > X, then there exist vertices v; € V; for
i €{1,...,k}, such that the map x; — v; gives an isomorphism between H and the subtournament
of T induced by {v1,...,vx}.

The undirected version of the lemma above is another celebrated result, the so-called Embedding
Lemma.

2.4 For every natural number k and real number 0 < X\ < 1 there exists 0 < n = n(k,\) < 1 such
that for every undirected graph H with vertex set {x1,...,xx} and undirected graph T with vertex
set V(T) = Ule Vi, if the Vi’s are disjoint sets, each of order at least one, and each pair (V;, V}),
1 <i < j <k isn-reqular, with d(V;,V;) > X and d(V;,V;) > A, then there exist vertices v; € V; for
i €{1,...,k}, such that the map x; — v; gives an isomorphism between H and the subgraph of T
induced by {v1,...,vx}.

Its proof can be found in [4]. We will omit the proof of 2.3 since it is completely analogous to
the proof of the Embedding Lemma.

We call a tournament T' e-critical for € > 0 if tr(T) < |T|° but for every proper subtournament
S of T we have: tr(S) > |S|°. Next we list some properties of e-critical tournaments.

2.5 For every N > 0 there exists ¢(N) > 0 such that for every 0 < € < €(N) every e-critical
tournament T' satisfies |T| > N.

Proof. Since every tournament contains a transitive subtournament of order 2 so it suffices to take

€(N) = log (2). I



2.6 Let T be an e-critical tournament with |T| = n and €,¢, f > 0 be constants such that € <
log.(1 — f). Then for every A C V(T) with |A| > cn and every transitive subtournament G of T
with |G| > f-tr(T) we have: A is not complete from V(G) and A is not complete to V(G).

Proof. Assume otherwise. Let Ap be a transitive subtournament in T'|A of size ¢tr(A). Then
|Ar| > (cn)¢. Now we can merge Ar with G to obtain a transitive subtournament of size at least
(en)€+ ftr(T). From the definition of ¢tr(T") we have (cn)+ ftr(T) < tr(T). So c¢*n < (1 — f)tr(T),
and in particular ¢n® < (1 — f)n®. But this contradicts the fact that e < log.(1 — f). |

2.7 Let T be an e-critical tournament with |T'| = n and €,c¢ > 0 be constants such that € < log%(%).
Then for every two disjoint subsets X, Y C V(T) with |X| > cn, |Y| > cn there exist an integer
k> %] and vertices x1,...,x, € X and yy,...,yx €Y such that y; is adjacent to x; fori=1,.. k.

Proof. Assume otherwise. Write m = | 5*]. Consider the bipartite graph GG with bipartition (X,Y")
where {z,y} € E(G) if (y,z) € V(T). Then we know that G has no matching of size m. By Konig’s
Theorem (see [5]) there exists C C V(G) with |C| < m, such that every edge of G has an end

in C. Write CNX = Cx and CNY = Cy. We have |Cx| < % and |Cy| < |2ﬁ Therefore

|IX\Cx| > @ and [Y\Cy| > |2ﬁ, and by the definition of C' and G, we know that X\C is complete
to Y\Cy. Denote by T} a transitive subtournament of size tr(T|(X\Cx)) in T|(X\Cx). Denote by
Ty a transitive subtournament of size tr(T|(Y\Cy)) in T|(Y\Cy). From the e-criticality of T" and
since [X\Cx| > ¢, [Y\Cy| > %, we also have: |T1| > ($})€, |T2| > (5)¢. We can merge Ty and
T to obtain bigger transitive tournament T3 with |T3| > 2(§5)n¢. Therefore, since T' is e-critical, we
have: 2(5)° < 1. But this contradicts the condition e < logé(%).

The next lemma is a starting point for all of our constructions. This is also the only step in the
proof where we use 2.1. Note that in what follows we do not require for the pairs (A4;, 4;) to be
regular, and so even we do not need the full strength of 2.1.

2.8 Let H be a tournament, P > 0 be an integer and 0 < A < % Then there is an integer N such
that for every tournament T not containing H with |T| > N there exists a constant ¢ > 0 and P
pairwise disjoint subsets Ay, As, ..., Ap of vertices of T satisfying:

° d(AZ,AJ) >1—Xfori,je {1,2,...,P}, 1<
o |[A;| > c|T| forie{1,2,..,P}.

Proof. Write |T'| = n, |H| = h. Let R(t1,t2) denote the smallest integer such that every graph
of order at least R(t1,t2) contains either a stable set of size t; or a clique of size ty (so R(t1,t2) is
simply a Ramsey number, see [5]). Take k = R(2F~1, h). Take n = mln(z(k oL ,no(h, /\)) (Where 1o 18

as in the statement of 2.3). Let u > 0 be the smallest integer such that: (g) na? > 2 k 1u2 holds
for all & > u. By 2.1 there exists an integer N > 0 such that every tournament 7" with |T'| > N
admits an 7n-regular partition with at least u parts. Denote by DM the upper bound (from 2.1) on
the number of parts of this partition. Denote the parts of the partition by: Wy, Wy, ..., W,., where

u <1 < DM and Wy is the exceptional set. We have: |W;| > 1 77) . Now consider the graph G with



V(G) = {W1,...,W,} where there is an edge between two vertices if the pair (W;, W;) is n-regular.
Then, from the definition of u, we have: |E(G)| > 2(k 1 |V(G)|?. So by Turan’s theorem (see [5]) it
follows that G has a clique of size at least k. That means that there exist k parts of the partition,
without loss of generality W1, ...W}, such that for all ¢,5 € {1,2,...,k},i # j the pair (W;, W;) is
n-regular. We say that a pair (W;, Wj) for i,j € {1,2,....k},i # j is good if X < d(W;,W;) <1—A.
Otherwise we say this pair is bad. Now consider the graph G with V(G) = {Wy,...W;}, where there
is an edge between W; and W for i, j € {1, ..., k}, i # j if (W;, W;) is a good pair. From the definition
of k we know that G contains a clique of size h or a stable set of size 2°~!. In other words, either

e there exist h parts of the partition, without loss of generality denote them W7, ...W}, such that
every pair (W;, W;) is n-regular and A < d(W;, W;) <1—Xfori,j € {1,2,...,k},i # j, or

e there exist 271 parts of the partition, without loss of generality denote them Wiy, ...Wyp—1
such that every pair (W;, W;) is n-regular and d(W;, W;) > 1 — X or d(W;,W;) > 1 — X for
i, €{1,2,..,2FP"1} i £ ;.

Since T' does not contain H and 1 < g, 2.3 implies that the former is impossible.

Now define 7' to be the tournament with V(7)) = {Wi, ..., Wypr_1}, where an edge is directed
from W; to W; if d(W;,W;) > 1 — X and from W; to W; otherwise. Using the fact that every
tournament of order at least 2°°~! contains a transitive subtournament of order at least P (see [7]),
we conclude that 7' contains a transitive subtournament of order P. That means that there exist
P parts of the partition, without loss of generality W1,..., Wp, such that d(W;, W;) > 1 — X for

i,7 € {1,2,...,P},i < j Note that each W; is of order at least (1D]7\7/[) , so taking A; = W, for

i1=1,2,..P and c= 517 completes the proof. |

The following is an easy but useful fact.

2.9 Let Ay, Ag be two disjoint sets such that d(Ay, A2) > 1—X and let 0 < ny,ma < 1. Let A= ﬁ
Let X C A1, Y C Ay be such that | X| > ni|A1| and |Y| > na2|Az2|. Then d(X,Y) >1— .

Proof. Denote by B the set of edges directed from Az to A;. We have |B| < A|A;||Az|. On the

other hand | B| > (1 - d(X,Y))|X|[Y]. Therefore d(X,Y) > 1 — A2l and the result follows. 1

Next we refine 2.8 further.

210 Let 0 <A <1, c¢>0,0<e< log ( ) be constants and P be a positive integer. Let T be an

e-critical tournament with |T| = n. Assume that Ay, Ag,...,Ap C V(T) are pairwise disjoint sets of
vertices such that d(A;, Aj) > (1 = X) fori,j € {1,2,...,P}, i <j and |A;] > en fori € {1,2,..., P}.
Let v be a {0,1}-vector of length P. Define I = {i : v; = 1}. Write I = {iy,i2,...i,}, where
11 < idg < ... <ip. Let A= (4P)‘I|/\. Then there exist transitive tournaments T2, T2 ,.. T such
that V(Tis) C Ay, [V(Ti)| > 3tr(T) for s € {1,2,...,r} and for every T+ we have

o ifi<isandi¢lI then d(A;,Ti)>1—A
o ifi>is andi ¢ I then d(A;, Ti) < A

e ifi,jelandi<j thend(Tj,Tf)Zl—A



Proof. The proof is by induction on |I|. For [I| = 0 the statement is obvious. Denote I =
{i1,..-yir—1}. Inductively, we may assume the existence of the sets T/, T2, ..., T," " as in the state-
ment of the lemma. We will now describe the procedure of extracting from A; several transitive
subtournaments of substantial sizes. Since T' is e-critical, we deduce that tr(A;.) > |A;. | > (5)nS,
and therefore A; contains a transitive subtournament of order [%nﬂ Denote this transitive sub-
tournament by Ti". We have |Ti"| > 1tr(T). The last inequality follows from the fact that, by
e-criticality, tr(T ) < nf and from our previous observation regarding the lower bound on the size of
Ty ir . We repeatedly remove transitive subtournaments: TI“,TQ“, ..., each of size at least tr(T) as

long as at least % vertices remain. Denote the set of all extracted (and pairwise disjoint) transi-

tive subtournaments as W = {Tl”, ..., Ti}, where w is some positive integer. We conclude that the
following holds: U;'U:1 |Tj“| > |AQi| and for every j € {1,2,...,w} |T]“| > %tr(T). Denote by T a
tournament induced by UJj_; V(T]“) We have |T%| > @.

Write A = (4P)TI='\. For i < i" and ¢ ¢ I denote by R; the subset of W that consists of
tournaments 17 for which d(A;, T') < (1 —4PX). For i > i" and i ¢ I denote by R; the subset
of W that consists of tournaments Tir for which d(T%", A;) < (1 —4PX). For i < " and i € I
denote by R; the subset of W that consists of tournaments T for which d(T7, ") < (1 — 4PA).
Finally, for i > i" and i € I denote by R; the subset of W that consists of tournaments T for which
d(TV, T?) < (1 —4PA). Since d(A;, Ai) > (1 —\), by 2.9 we have |R;| < spw for all i ¢ I such that
i # 1". Similarly, from the induction hypothesis and 2.9 we have |R;]| § 5 Pw for all i € I. Write:
R = U;, Ri- Note that R C W and |R[ < 5w+ (P —1) < w. Therefore there exists a tournament
T € W\R, and from the definition of R, the following holds for every i € I

e if i <i,and i ¢ I then d(A;, Tis) >1—4PA

e if i > i, and i ¢ I then d(A;, T') < 4PA

e if i <i, and i € I then d(T?, Ti) >1—4PA

e if i > iy and i € I then d(T?, Tis) < 4PA.

That completes induction since 4PA = (4P)/I\ = A. |

Next we need one more definition. Let ¢ > 0, 0 < A < 1 be constants, and let w be a {0, 1}-vector
of length |w|. Let T be a tournament with |T'| = n. A sequence of disjoint subsets (51, S2, ..., S|,|)
of V(T) is a (¢, A, w)-structure if

e whenever w; = 0 we have |S;| > cn
e whenever w; = 1 the set T'|.S; is transitive and |S;| > ¢ - tr(T)
o d(S;,S;)>1—Aforall1 <i<j<|w|.

We now use 2.8 and 2.10 to prove the following;:

2.11 Let S be a tournament, let w be a {0,1}-vector, and let 0 < X < % be a constant. Then

there exist €9, c1 > 0 such that for every 0 < € < €y, every S-free e-critical tournament contains a
(c1, A\, w)-structure.
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Fig.2 Schematical representation of the (¢, A, w)-structure. This structure consists of three linear
sets: A1, Ag, A3 and two transitive sets: 17 and T5. The arrows indicate the orientation of most of
the edges going between different elements of the (¢, A\, w)-structure. Each T; satisfies:
|T;| > ¢-tr(T) and each A; satisfies: |A;| > ¢ - n, where n = |T'|. We have here: w = (0,1,0,0,1).

Proof. Write n = |T| and w = (wy,...,wp), where P > 0 is an integer. Define C' = |{i : w; = 1}|.
Let A = ﬁ. By 2.5 we can choose ¢y small enough such that |T'| > N, where N is an integer
from 2.8. Now it follows from 2.8 that there exist a constant ¢ > 0 and sets Aj,..., Ap such that
|A;| > en fori e {1,2,..., P} and d(A;, Aj) > 1—Afori,j € {1,2,...,n},i < j. We may assume that

€0 < log%(%). We now use 2.10 to complete the proof. |

Let U be a transitive tournament with V(U) = {u1,uz,...,uy}, where (ui,uz,...,u;y)) is a
transitive ordering. An (m, c¢)-subdivision of U is defined as a sequence U, = (U1, U, ..., Uy, ), where
Uj = {uij,u,-jﬂ,...,ukj} for i1,49, ..., 9m, k1, k2, ..., km satisfying 1 < iy < k1 < is < kg < . < iy <
km <|U| and |Uj| > c|U| for j € {1,2,...,m}.

2.12 Let m,cy,co,c3,€ > 0, be constants, where m > 0 is an integer, 0 < ci,co,c3 < 1, and
0 < e <loge (1 —cac3). Let T be an e-critical tournament with |T| = n, and let A C V(T') with
|A] > ein. Tet U be a transitive subtournament of T with |U| > cotr(T) and V(U) C V(T)\A,
and let U3 = (Un,...,Up,) be an (m, c3)-subdivision of U. Then there exist vertices uy,ug, ..., Um, T
such that © € A, u; € U; and u; is adjacent to x for i € {1,2,...,m}. Similarly, there exist vertices
W1, W2,y ..o, Wy, d such that d € A, w; € U; and d is adjacent to w; fori € {1,2,...,m}.

Proof. We will prove only the first statement because the latter can be proved analogously. Suppose
no such wy,us, ..., um,z exist. That means that every a € A is complete to U; for at least one
i € {1,2,...,m}. Therefore there exists i* € {1,2,...,m} such that at least ‘mﬂ vertices of A are
complete to U;=. But this contradicts 2.6 since T is e-critical and e < log%(l — cac3). |

We continue with more definitions related to (c, A, w)-structures. Let (S1,52,...,.5,) be a
(¢, A\, w)-structure, let i € {1,...,|w|}, and let v € S;. We say that v is M-good with respect to
the set S; if either j > i and d(Sj,{v}) < M or j <i and d({v}, S;) < MA; and that v is M-good
with respect to (S1,S2, ..., S)|) if it is M-good with respect to every S; for j € {1,2,..., [w|}\{i}.
Denote by S;, the set of the vertices of S; adjacent from v for j > ¢ and adjacent to v for j < i.
Now, if v € S; is M-good with respect to (S, S2, ..., Sjy|) , then [S;,| > (1 — MN)|S;| for all j # i.
Next we list some easy facts about (¢, A, w)-structures.

2.13 Let (51,52, ..., Sw|) be a (¢, \,w)-structure. Then for every i,j € {1,2,...,|w|}, i # j all but
at most ﬁlSZ\ of the vertices of S; are M-good with respect to S;.



Proof. We may assume without loss of generality that ¢ < j (for ¢ > j the proof is analogous).
Denote by B C S; the set of the vertices of S; that are not M-good with respect to S;. From the
definition of M-goodness we have d(B,S;) < (1 — M). Therefore |B| < ££|S;| because otherwise
we get a contradiction to 2.9 taking X = B, Y = ;. |

2.14 Let (S1, 82, ..., Sjw|) be a (¢, A\, w)-structure. Then for every i € {1,2,...,|w|} all but at most
|—]\u/)[||Sl| of the vertices of S; are M-good with respect to (S1, 52, ..., Sju|)-

Proof. Denote by B; the subset of vertices of S; that are not M-good with respect to S; for
j€{1,2,....Jw|}\{i}. Denote by B the subset of vertices of S; that are not M-good with respect to
(81,82, Sj|)- We have: B = J;; B;j. From 2.13 we know that |B;| < +1S;]. Therefore we have:

1B| < 2l|g). 1

3 An overview

The goal of this section is to present the reader an overview of the key techniques that will be used
to derive main results of the paper. Full proofs will be given in the subsequent sections.

The proofs use the directed version of Szemerédi’s Regularity Lemma. Given a galaxy H, we start
with a regular partition of a H-free tournament. Using the directed version of the embedding lemma
along with a few standard techniques which we will not describe here, we can find subsets V;,,...,V;,
(for an appropriately chosen constant t), such that d(V;,,V;,) > .999 for every 1 < p < ¢ <t. This
means that for every 1 < p < g <t, vertices of V; tend to be adjacent to a substantial proportion
of the vertices of V; . On the other hand, if a substantial subset of V;, is complete to a substantial
subset of V;_, then we can apply induction to get a large transitive subtournament in 7', and so we
may assume that no such subsets exist. We now construct a copy of H in T, choosing at most one
vertex from each of V; ,...,V;,, and using the fact that for 1 < p < ¢ <t no substantial subset of
Vi, is complete to a substantial subset of V;  to obtain the backward edges in the galaxy ordering of
G, thus obtaining the result of 1.3.

Obviously, every tournament obtained from a transitive tournament by adding a vertex is a
galaxy. It is not difficult to check that there is only one tournament on five vertices that is not a
galaxy. Here it is: its vertex set is {v1,...,v5}, and v;v; is an edge if and only if (j—1) mod 5 € {1,2}.
This is a tournament C5. We remark that C5 is an example of a tournament that is obtained from
a transitive tournament by adding two vertices, and that is not a galaxy.

The proof that a tournament Cs has the Erdos-Hajnal property. uses similar ideas to the ones
in the proof of 1.3, but now instead of one specific ordering of vertices, two are used.

Theorem 1.3 and 1.5 together imply that every tournament on at most five vertices has the
FErdos-Hajnal property. Another curious corollary of 1.3 is that P, has the Erdés-Hajnal property.
This follows from the fact that, somewhat surprisingly, P, has a galaxy ordering.

4 Galaxies

Let s be a {0, 1}-vector. Denote by s. the vector obtained from s by replacing every subsequence of
consecutive 1’s by single 1. Let §° : {i : s, = 1} — N be a function that assigns to every nonzero
entry of s. the number of consecutive 1's of s replaced by that entry of s..



Let H be a regular galaxy, and let (vi,...,vy) be a galaxy ordering of V/(H); denote this ordering
by 6. Let X1, ...,%; be the stars of H. Fori € {0,...,l} define H* = H\UJ 1V( ), where H' = H,
and H? is the empty tournament. Let s be a {0,1}-vector such that s7?(i) = 1 if and only if
v; is a leaf of one of the stars of H. We say that a (¢, A\, w)-structure corresponds to H under the
ordering 6 if w = sH0.

Let (S1,52,...,S)u|) be a (¢, A\, w)-structure that corresponds to H under 6, and let i, be such
that w(iy) = 1. Assume that S; = {s} , ..., s! “"'} and (s;, ...,sfi’"‘) is a transitive ordering. Write
m(i,) = LEL%L)J Denote Sgr = {sg*l)m(mﬂ, Jm(“ } for j€e{1,2,...,0"(ir)}. For every v € Sij
denote £(v) = ([{k < ir :w(i) = 0} + Zk<ir:w(i):1 5“’(/4:)) +j. For every v € S;, such that w(i,) =0
denote {(v) = ([{k < iy : w(i) = O} + >_pc; (=1 0 (K)) + 1. We say that H is well-contained in
(51,82, ..., S}y|) that corresponds to H if there is a homomorphism f of H into 7| ULZ'l S; such that
&(f(vy)) = j for every j € {1,...,h}.

Our main goal in this section is to prove 1.3. We then deduce 1.4. Let us start with one more
technical lemma.

4.1 Let H be a regular galazy with |H| = h and let 0 be its galaxy-ordering. Let ¥1,39,...,%; be

the stars of H under 0. Let ¢ > 0, 0 < A < Wll))%“ be constants, and w be a vector. Fix
k € {0,..,1}. Let T be a tournament and let (Si,...,S),|) be a (W7(2(h 120k ) )
structure in T corresponding to H®. Then there exists €, > 0 such that if 0 < € < €, and T is
e-critical, then H* is well-contained in (Si, ..., Swl)-

Proof. Let hy,...,hyy| be the vertices of H in order 6. Let Xp,...,%; be the stars of H under 6.

Write |T'| = n. Taking e > 0 small enough we may assume that tr(7") > M by 2.5. The proof
is by induction on k. For k = 0 the statement is obvious since H Yis the empty tournament. Write
M =2h(h+1),¢= W, A= (2(h+1))2¢=R) )\, By 2.14 we know that for every i € {1, ..., |w|}
every S; contains at least (1 — 2(h+1 )|S | M-good vertices with respect to (51, ..., S},|). We call this
property the purity property of (S1,...,S),|). Assume that hg, is the center of ¥y and hy,,...hg, are

its leaves for some integer p > 0. For i € {0,...,p}, define D; to be the set of all vertices v of Uyﬂl S
with £(v) = ¢; that are M-good with respect to (81,5 Sjw))- From the purity property and the fact

that tr(T) > h(hfﬂ) it follows that |D;| > 2(h+1) tr(T) for i = {1,...,p}, and |Do| > $n. We may

assume that e < log e (1 — m) Now we use 2.12 to conclude that there exist vertices: dy, ..., d)
2h

such that d; € D; for i =0, ..., p and

e di,...,d, are all adjacent to dy if @ is a left-star, and
e dy,...,d, are all adjacent from dy if () is a right-star.

Therefore {dy,...,d,} induces a copy of ¥j. Let z € {1,...,|w|} be such that dy € S;. Now since
(S1, sy S|w|) corresponds to H* and hql;--~7hqp are leaves of the same star, we also know that there
exists y € {1, ..., |w|}\{z} so that d; € S, for all i € {1,...,p}, and T|S, is a transitive tournament.

Let i € {1,...,|w|}\{z,y}. Denote Sf "0 Sia,- Since each dj; is M-good with respect t?
(S15 -5 Sjw|) We have |S; ;| > (1 — M))|S;]. Therefore |Sf\ > (1 — MhA)|S;|. By the definition of A
we conclude that |Slf| >(1- h+1 )|Sil. Write H = {1,...,h}\{qo, ...qp}. If {v €S, : &(v) € H} # 0,
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then we define Sj = S, 4,. By a similar argument as above we conclude that if S is defined then
|S;| > (1-— ﬁ)ﬁ“ If SZ’;A is defined then define S, = {v € 5 : f(v)AG H}. Let I, = {j :

Fve S, &(v) = j}. Note that if S, is defined then I, # (). Assume now that S, is defined. For every
J € I select arbitrarily |57y h+1)w vertices v in S, with £(v) = j and denote the union of these |I,,|
sets by SJ . We can always do this selection since for every j € I, we have |v: {(v) = j| > |S“1 and
also [Sy| > (1 — thl))|S |. Thus we have defined t sets Sf where ¢ = (Jw| — 1) if Sg is defined
and t = (Jlw| —2) if Sg is not defined. We have: |S | > 2(hc+1) r(T) for every (defined) Sz-f with

w(i) =1 and ]S | > st for every (defined) Sf with w(i) = 0. Now 2.9, implies that the sets
si.. Sf form a (57577 (h+1)

z. Inductively H*~! is well-contained in this structure for ¢, > 0 small enough. But now we can
merge the well-contained copy of H*~1 and a copy of ¥ that we have already found to get a copy
of H*. This completes the proof. |

h+1
4(h+1)? A, z)-structure that corresponds to H*~! for an appropriate vector

We need one more observation before proving 1.3.
4.2 FEvery galaxy is a subtournament of a regular galaxy.

Proof. Let H be a galaxy and let 6 = (hy,..., hg|) be its galaxy ordering. Let {h;, ..., h;,} for
some 1 <4y < ... < ig < |H| be the vertices-singletons. We can assume that this set is nonempty.
Now let us consider tournament H™ with vertices: hq, ..., Pm|s hE 415 -5 P s Such that under an
ordering 07 = (hq, ..., e, hE 415 - M E|+s) the backward edges are those of H under ordering 6
and the edges of the form (hyg4;, hi;) for j =1,...;s. Ordering 07 is clearly the galaxy ordering of
H™. Under this ordering there are no longer singletons. Thus H™ is a regular galaxy. Furthermore
H™ contains H as a subtournament. That completes the proof.

Now we are ready to prove 1.3 that we restate
4.3 FEvery galary H satisfies the Erdds-Hagjnal Conjecture.

Proof. Let H be a galaxy. By 4.2 we may assume that H is regular. Let 6 be a galaxy-ordering
of H and let X1,...,%; be the stars of H under 8. Let ¢ be as in 4.1. Suppose 4.3 is false. Then
there exists an ¢-critical tournament 7" not containing H. By 2.11 T contains a (c, m, z)-
structure corresponding to H for an appropriate vector z and some constant ¢ > 0. But now, by 4.1
with k& = [ we deduce that T contains H, a contradiction. |

Now we prove an interesting corollary 1.4 which we restate below
4.4 For every k the tournament Py, satisfies the Erdds-Hajnal Conjecture.

Proof. Take a path P,. We can assume without loss of generality that k = 2[ for some [. By 4.3, it
is enough to prove that Py is a galaxy. Assume that V' (Pg) = {1, ...,2l} and that under the ordering
given by this labeling the only backward edges are of the form (i +41,7) for i = 1,...,2] — 1. Now take
the following ordering of the vertices of Py: 0 = (2,1,4,3,6,5,...,2[,2] — 1). Under this ordering the
set of backward edges is the collection of edges of the form (2s + 1,2s) for s = 1,...,1 — 1. Therefore
Py is a galaxy and the result follows. |
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5 The tournament Cj

In this section we prove 1.5. We start with some preliminary observations. Let vy, ...,v5 be the
vertices of Cs. Then there exists an ordering (vg(1), Vg(2), Vo(3), Vo(a)» Vos)) Of v1,...,v5 where the set
of backward edges is the following: {(vg(s), va(1)), (Va(a), va(1)), (Vo(s), vaca)) }- We call this ordering the
path ordering of Cs since under this ordering the set of backward edges forms a path (and one isolated
vertex). There also exists an ordering (vp(l), Up(2)s Vp(3) Up(4) s vp(5)) of the vertices of C5 where the set
of backward edges is {(v,(5), Vp(3))s (Vp(3)s Vp(1))s (Vp(5)> Vp(1))s (Vp(a), Vp(2)) }- We call this ordering the
cyclic ordering of Cs, since under this ordering the set of backward edges forms a graph containing
a cycle (a triangle plus an edge).

5.1 Letc,d > 0,0 < A< 1,e< log@(%) and w = (0,0,1,0,0). Let (Si,...,55) be a (¢, \,w)-
structure of an e-critical tournament T . 2Let s1 € 51,83 € 53,85 € S5. Assume that s is adjacent to
both s1 and s3 and s3 is adjacent to s1. Let Sy be the subset of the vertices of So adjacent to ss, Ss
and from si. Let Sy be the subset of the vertices of Sy adjacent to s5 and from s1,s3. Assume that
|S;| > d|S;| fori € {2,4}. Then T contains a copy of Cs.

Proof. By 2.7, and since T is e-critical and € < log@(%) , there exist sy € S5 and s4 € Sy such
2

that sy is adjacent to se. But now {si, ..., s5} induces a copy of C5 in T' and the ordering (si, ..., S5)
is a cyclic ordering. |

We will now prove 1.5 which we restate below:

5.2 The tournament Cy satisfies the Erdds-Hajnal Conjecture.

Fig.3 Tournament Cy - the smallest tournament that is not a galaxy.

Proof. Assume otherwise. Taking ¢ > 0 small enough, we may assume that there exists a Cs-free
e-critical tournament 7. By 2.11 T contains a (¢, A, w)-structure (S, ..., S5) for some ¢ > 0, A = ﬁ
and w = (0,0,1,0,0). We may assume without loss of generality that |S3| mod 3 = 0.

Let (Th,T%,T3) be a (3, %)—subdivision of S3. Let M = 30. Let S} be the subset of S; of M-good
vertices with respect to (S1,...,95). By 2.14 we have |Sf| > (1 — )[S;|. Denote T} = S5 N T;
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for i € {1,2,3}. We have: |T7| > $|Ti|. So by 2.9 (57,52, Ty, 51,5%) is a (£, 36, w)-structure.
Similarly, (S7, S2, T3, S4,55) is a (§, 36\, w)-structure. Write 6 = %(1 — 2). We may assume that
€< log(;(%), and so by 2.7 there exists an integer k > %c and vertices z1, ..., Tk, Y1, ..., Yi such that
x; € ST, yi € S¥ and y; is adjacent to z; for i € {1,...,k}. Denote by X the subset of {z1,...,zx}
consisting of the vertices with an inneighbor in 73, and by Y the subset of {y1,...,yx} consisting of
the vertices with an outneighbor in 77

We may assume that € < log%c(l — &), and thus 2.6 implies that [X]| > kand |Y]| > &
Consequently, there exists an index j € {1, ..., k} and vertices x;, y;, t1, t3 such that t; € T}, t3 € Ty,
t3 is adjacent to xj, and y; is adjacent to ¢1. If x; is adjacent to ¢; and t3 is adjacent to y; then
write B, = S3,, N S3,, NT;. From the fact that z;,y; are M-good with respect to (S, ..., S5)

and since |Ty| = |S—;|, it follows that |E,| > 3|73, in particular |E,| > 0. Let ¢ € E,. Then
xj,t1,q,t3,y; induce a copy of C5 in T, where the ordering (z;,%1,q,t3,y;) is the tree ordering, a
contradiction. Therefore we may assume that either ¢; is adjacent to z;, or y; is adjacent to t3.
Write E; = S; 2, N Siy NSty NSy, for i € {2,4}. From the fact that x;,y;, 1,13 are M-good with
respect to (Si, ..., 95) it follows that |E;| > (1 — 4AMX)|S;| > 5|S;| for i € {2,4}.

We may assume that € < logé(%). Observe that (ST, S2, Ty, S4,S%) and (S7, S2, T3, Sy, S2) are
both (§, 36\, w)-structures. But now, applying 5.1 to (S}, S, 17, S4, S5) if t1 is adjacent to x;, and
to (S7,52,T5,54,5%) if y; is adjacent to t3, we deduce that T" contains a copy of Cs (with the path
ordering), a contradiction. |

@0 00 T

Fig.4 Two crucial orderings of vertices of C5. The left one is the path ordering and the right one is
the cyclic ordering. Notice that none of them is the galaxy ordering.

6 Small tournaments

Our goal in this section is to prove 1.6. First, we need some definitions. A tournament S is a celebrity
if there exists a constant ¢(S), with 0 < ¢(S) < 1, such that every S-free tournament 7" satisfies
tr(T) > ¢(S)|T|. Celebrities were fully characterized in [3].

Let G; be the tournament with 5 vertices vy, ..., vs, such that under the ordering (vi,...,vs)
the backward edges are: (v4,v1), (vs,v2). Let Go be the tournament with 5 vertices wy, . .., ws, such
that under the ordering (wq,...,ws) the backward edges are: (ws,wy), (ws, w3).

We need the following result from [3].
6.1 FEwvery tournament on at most 5 vertices, except Cs, G1,Go, is a celebrity.
We are ready to prove 1.6, which we restate.

6.2 Every tournament on at most 5 vertices satisfies the Erdds-Hajnal Conjecture.
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Proof. Clearly every celebrity satisfies the Erdés-Hajnal Conjecture, so by 6.1 it is enough to prove

the result for G1,Ga,C5. Since (v1,...,vs) is a galaxy-ordering of G1, and (wy, ..., ws) is a galaxy-
ordering of G, 4.3 implies that both G; and G5 satisfy the Erdés-Hajnal Conjecture, and by 1.5 so
does (5. This completes the proof. |
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