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Abstract

A graph G is a quasi-line graph if for every vertexv 2 V(G), the set of neighbors ofv in G can
be expressed as the union of two cliques. The class of quasid graphs is a proper superset of
the class of line graphs. Hadwiger's conjecture states thaif a graph G is not t-colorable then it
contains K41 as a minor. This conjecture has been proved for line graphs bjReed and Seymour
[10]. We extend their result to all quasi-line graphs.



1 Introduction

Let G be a nite graph. Denote the set of vertices ofG by V (G) and the set of edges ofs by E (G).

v;w 2 V(G), c(v) 6 c(w). We may also refer to ak-coloring simply as a \coloring". The chromatic
number of G, denoted by (G), is the smallest integer such that there is a (G)-coloring of G.

For v ZSV(G), we denote the set of neighbors ot/ in G by Ng(v), and for X  V(G) we de ne
Ng(X) = ,ox N(x). For X  V(G), let GjX denote the subgraph ofG induced on X and let
G n X denote the subgraph ofG induced onV(G) n X . For G;; G, induced subgraphs ofG, let
Gi[ G2 = Gj(V(Gy) [ V(G2)). We say that X V(G) is a claw if GjX is isomorphic to the
complete bipartite graph K1.3. A graph G is then claw-free if no subset of V(G) is a claw. We
de ne a path P in G to be an induced connected subgraph oG such that either P is a one-vertex
graph, or two vertices of P have degree one and all the others have degree two. The compient
of G is the graph G, on the same vertex set asG, and such that two vertices are adjacent inG
if and only if they are non-adjacent in G. A hole in a graph G is an induced cycle with at least
four vertices. An antihole in G is a hole in G. A hole (antihole) is odd if it has an odd number
of vertices. A clique in G is a set of vertices ofG that are all pairwise adjacent. A stable setin
G is a clique in the complement of G. The clique number of G, denoted by ! (G), is the size of
a maximum clique in G. The complete graphon t vertices, denoted byK, is a graph such that
JV(Ky)j = t and V(K}) is a clique. A component is a maximal connected subgraph ofG. A set
S V(G)is acutsetif GnS has more components thanG. We say that S is a clique cutsetif it
is both a clique and a cutset.

We say that two subgraphs S;; S, of G are adjacent if there is an edge betweerV (S;) and
V(S2). A graph H is said to be aminor of a graph G if a copy of H can be obtained from G

V(Ai\ Aj)=,and A; and A; are adjacent if v; is adjacent to v;. We say that a graph G has a
clique minor of sizet if G hasK as a minor.

In 1943, Hadwiger [7] conjectured that for every loopless giph G and every integert O,
either G is t-colorable, or G has a clique minor of sizet + 1. In the same paper, Hadwiger proved
his conjecture fort 3. Six years earlier, Wagner [12] proved that the casé = 4 is equivalent
to the four color theorem, which states that every planar graph admits a 4-coloring. The four
color theorem was proved by Appel and Haken [1], [2] in 1977. nl 1993, Seymour, Robertson,
and Thomas [11] proved Hadwiger's conjecture fot = 5 also using the four color theorem. Thus,
Hadwiger's conjecture is known to be true fort 5 and remains unsolved fort > 5.

Hadwiger's conjecture has also been proved for some specidasses of graphs. Thdine graph
of a graph G, denoted by L (G), is a graph whose vertices are the edges @, and if u;v 2 E(G)
thenuv 2 E(L(G)) if u and v share a vertex inG. In a recent work, Reed and Seymour [10] proved
Hadwiger's conjecture for line graphs. In this paper, we prge Hadwiger's conjecture for a class
of graphs that is a proper superset of line graphs and a propesubset of claw-free graphs, the set
referred to asquasi-line graphs A graph G is a quasi-line graph if for every vertexv, the set of
neighbors ofv can be expressed as the union of two cliques. Note that this ia partition of the
vertex set of the neighborhood ofv. The main result of this paper is the following:

Theorem 1.1. Let G be a quasi-line graph with chromatic number . Then G has a clique minor
of size .

Our proof of Theorem 1.1 uses a structure theorem for quaskie graphs that appears in [3].
The structure theorem asserts that every quasi-line graph lelongs to one of two classes: the rstis



the class of the so-called \fuzzy circular interval graphs, and the second is \compositions of fuzzy
linear interval strips," which is a generalization of line graphs. The word \fuzzy" in both cases
refers to the presence of a certain structure in a graph thats called a \non-trivial homogeneous
pair" (we give precise de nitions in the next section). We also use the following result from [6]:

Theorem 1.2. Let G be a quasi-line graph. Then (G) %! (G).

The remainder of this paper is organized as follows. In Seain 2, we state the structure
theorem for quasi-line graphs and all of the necessary de fions. In Section 3 and Section 4, we
prove Theorem 1.1 for circular interval graphs and composibns of linear interval strips, respectively
(these are precisely the quasi-line graphs that have no notrivial homogeneous pairs). In Section 5,
we use the results of the two previous sections and deal with an-trivial homogeneous pairs, to
complete the proof of Theorem 1.1.

2 Structure theorem for quasi-line graphs

We start this section by introducing some de nitions from [3] and [4] and then state the structure
theorem of [3].

Let be acircle and let F1;:::;Fx be subsets of , each homeomorphic to the closed interval
[0;1]. Let V be a nite subset of , and let G be the graph with vertex setV in which vi;v, 2 V
are adjacent if and only if vi;vo 2 F; for somei. Such a graph is called acircular interval graph.

block if S = F;\ V for someF; 2 F. We then call S the block of F;. A linear interval graph is
constructed in the same way as a circular interval graph exget we take to be a line instead of a
circle. It is easy to see that all linear interval graphs are dso circular interval graphs.

The structure theorem that we use states that there are two types of quasi-line graphs. The
rst subclass is a generalization of the class of circular iterval graphs and we proceed to describe
it below. Once again, we start with a few de nitions.

Let X;Y be two subsets ofV(G) with X \ Y = ;. We say that X and Y are complete to each
other if every vertex of X is adjacent to every vertex of Y, and we say that they are anticomplete
if no vertex of X is adjacent to a member ofY. Similarly, if A V(G) and v 2 V(G) nA, then
v is A-complete if it is adjacent to every vertex in A, and A-anticomplete if it has no neighbor
in A. A pair (A;B) of disjoint subsets of V(G) is called a homogeneous pairin G if for every
vertex v 2 V(G) n(A [ B), v is either A-complete or A-anticomplete and either B-complete or
B -anticomplete.

vj to v with j < k is called amaximal edgeif fvj;vj+1;:::;vg is a block. In this case the
following operation produces another quasi-line graph: rplacev; and vy by two cliques A and B,
respectively, such that every member ofA has the same neighbors asg; and every member ofB
has the same neighbors asgy in V(G) nfy;;vkg, and the edges betweer\ and B are arbitrary. The
pair (A;B) is then a homogeneous pair of cliques

Let (A;B) be a homogeneous pair of cliques in a circular interval gralp. We say that (A;B) is
non-trivial if there exists an induced 4-cycle inG with exactly two vertices in A and exactly two
vertices in B. It is easy to see that if a fuzzy circular interval graph is na a circular interval graph,
then it has a non-trivial homogeneous pair.

We proceed with the construction of graphs that belong to thesecond subclass of quasi-line
graphs. A vertex v 2 V(G) is simplicial if the set of neighbors ofv is a clique. A claw-free graph
S together with two distinguished simplicial vertices a; bis called astrip (S;a;b, with ends a and



simplicial. If either
Ns(a1)\ Ns(an) = ;, or
Ns(a1) = Ns(an) = V(S) nfai;ang,

then (S;v1;vp) is a strip, called a linear interval strip. Let us call a strip (S;a; b with Ng(a) =
Ns(b) = V(S) nfa;bg a line graph strip. Since linear interval graphs are also circular interval
graphs, we can de nefuzzy linear interval strips by introducing homogeneous pairs of cliques in
the same manner as before; with the exception that edges indent with the two ends of the strip
cannot be replaced by homogeneous pairs.

Let (S;a;b and (S%a%b?) be two strips. Then they can be composed as follows. LeA;B be
the set of neighbors ofa;bin S respectively, and de ne A% B? analogously. Consider the disjoint
union of Snfa;bg and S°n fa® by, and make A complete to A®and B complete to B2

This method of composing two strips described above can be ed as follows. LetSy be a
graph which is the disjoint union of complete graphs with jV (Sp)j = 2n. We arrange the vertices

(S%a%P) be a strip, Let S; be the graph obtained by composing § 1;a;b) and (S%a% ). The
resulting graph S, is then called acomposition of the strips (S% a’ ).
We are nally ready to state the structure theorem for quasi-line graphs [3] that we will use to

prove our main result.

Theorem 2.1. Let G be a connected, quasi-line graph. Thei& is either a fuzzy circular interval
graph or a composition of fuzzy linear interval strips.

3 Circular Interval Graphs

We begin the proof of Theorem 1.1 by proving the result for cicular interval graphs. Let G be a

is the set of vertices containednon-strictly underneath the edgev;v;. The length of an edge is the
number of vertices non-strictly underneath it. We further say that v; has an edge of lengthiSj in
the clockwise direction andv; has an edge of lengthjSj in the counterclockwise direction.

Theorem 3.1. Let G be a circular interval graph with representation( ;F) whereF = fFq;:::;Fkg
and such that (G) = ! (G) + i. Then G has a clique minor of size! (G) + i.

Proof. Let! =1(G), = (G),and n = jV(G)j. We proceed by induction onn.
(1) For all v2 V(G), we may assumedeqlv) ! +i 1.

Suppose there existsy 2 V(G) such that degv) ! +i 2. If (Gnfvg)="! +i 1 then
there is still a color left for v implying that (G)="! + 1 1, which is a contradiction. Otherwise,
(Gnfvg) = ! + i and the theorem holds by induction. This proves (1).

(2) For every v 2 V(G), there is an edge of lengthi + 1 in each direction.

By (1), for every v 2 V(G) the sum of the lengths of maximal edges in each direction istdeast
I +1+1, and the maximum length in either direction is ! . Therefore, the length in each direction
must be at leasti + 1. This proves (2).



(3) If there is no clique of size! which is a block, then the theorem holds.

Suppose there is no clique of size which is a block. Let|; be the block of Fj forl i m and

are not all contained in the same block. Hence there exist{;12;153 2 | such that a;;a; 2 14,
aj;az 2 1y, ax;a32 lz3andaz 621, ap 625, a1 623. Then V(G) = I1[ I2[ I3.
Choosel 1;15; 13 such that

vy
1€ 3
is maximal.

If possible, permutel;l2;13 sothat Q\ (Iyn(l2[ 13)) 6 ;.

Let fi;j;kg=11,2,3g. Let Jj =i n(Q[ Ij [ Ix), and let J; and Jx be de ned similarly.

SinceV(G) nJ;  N(ag), it follows that V(G) nJ; is the union of two cliques, and hence by
[8] can be colored with! colors. Since =! + i, it follows that jJ;j i. Analogously,jJjj i for
j =2;3. Consider the graph induced onJ; [ J2[ Js3 and let H be that graph with all the edges
deleted except for those between the members af; and the members ofJ, [ J3. Then H is a
bipartite graph with bipartition ( J1;J2[ J3).

Suppose rst that H has a matchingM of sizei. We claim that the elements of M together
with the members of Q form ! + i disjoint connected subgraphs ofG that are pairwise adjacent.
SinceJ; | is aclique, every two members iM are adjacent, and every member oM is adjacent
to every member of Q\ I;1. SinceQ is a clique, every two members ofQ are adjacent. Suppose
somem 2 M is non-adjacent to someq 2 Q. We may assume thatm is the edgevw with v 2 J;
andw 2 J,, g2 Izn(ly[ I2), and g is anticomplete to fv;wg. But then, since G is a circular
interval graph, it follows that qis non-adjacent to a;, contrary to the fact that Q is a clique. This
proves the claim, and so we may assume that no such matchinigl exists.

Consequently, there existsv 2 J;1 such that jNy (v)j <i. Then v has at most! 2 neighbors in
I 1, sincejl1j <! ,andithas at mosti 1 neighborsinJ,[ J3. Furthermore, v has no other neighbors
in 12\ I3, since if it did, the structure of circular interval graphs would imply that either J, Ng(V)
orJz Ng(v). But jJyj;jJ3j 1 andv has fewer thani neighbors inJ,[ Js, a contradiction. Since
by (1), degv) ! +i 1, itfollows that v has a neighborinQn(l1[ (I2\ I3)), and, in particular,
Qn(l1[ (I2\ I3)) is non-empty. From the choice ofl 1, this implies that Q\ (I1n(l2[ 13)) 6 ;. From
the symmetry, we may assume that followingly n(l>[ 13) in the direction in which a, precedesas,
starting at v, we encounter a vertexq 2 Q. Sincev is anticomplete to I, \ |3, it follows that for
somes2fl;:::;mgnfl;2;3g, (Q\ I3)[f qg Is. Butthen

[ [
VWLV (VI3 [fag VI(Q)\ (Ii\ 1s)
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contrary to the choice of I1;12;13. This proves (3).
So we may assume that there is a clique of size which is a block.
(4) For every v2 V(G), jV(G) nNg(v)] i+1.

Suppose there existsy 2 V(G) such that jV(G) nNg(v)j=j i. Let N = Ng(v) [f vg and
M = V(G)nN. The graph H = GjN is the complement of a bipartite graph and so by Kenig's
theorem [8] we can color it with! colors. SincejMj =] 1, we can colorM with j 1 colors.
Butnow (G) ! +j 1<! +i, whichis a contradiction. This proves (4).

4



(®) If n<! +2i, then the theorem holds.

Let v2 V(G). By (1), [Ng(v)] ! +i 1 andsojV(G)nNg(v)] i, contradicting (4). This
proves (5).

@®)If n=1+2i+j withO j<i, then the theorem holds.
is a clique.

(6.1) For kK i, ax is non-adjacent to c.

But then jV(G) nNg(v)] i, contradicting (4). This proves (6.1).

By symmetry, a; k+1 iS hon-adjacenttoly ¢+1. Deneacoloringc:V(G)!f 1;:::;! +jgas
follows:
clak) = k
c(a) = k
cb) = !'+k i
cdy) = ! +k:

Sincei '7 by Theorem 1.2, it follows from (6.1) that this is a coloring of G. Butnow (G) ! +]
and j <i , which is a contradiction. This proves (6).

So we may assume thatn = ! + mi + | wherem 3and 0 | i 1. Let V(G) =

forl t i, and }:1 V(Sj) B, then the theorem holds.

By (2), by is adjacenttohofor 1 t<t® i andsoS;;:::;S; are pairwise adjacent. By (1),
foreveryl s ! and1l t i, asis adjacent to at least one ofly and by, 1yi+j+¢. But now,

that are pairwise adjacent. This proves (7).
(8) If there is a clique of size 2 in B, then the theorem holds.
| f L:::;kgandjlj i. Let BO= fh :i 2 Igand let G°= GjB% We claim that G°is

i-connected. Suppose not. Then there existX  BCsuch that jXj <i, B°nX = B1[ By, By is
anticomplete to B, and both B; and B, are non-empty. But then there existsh; 2 B; and b 2 B>

such that jt sj i. By symmetry, we may assume thatt > s. But then b is non-adjacent to
every bo with s° s, contradicting (2). This proves the claim.
Now by Menger's theorem [9] and the claim, there existi vertex disjoint paths P1;:::;P; such



V(Pt) + V(Qu). Therefore, the ends ofS; are by and by 1)i+j+1, and V(S)  B. Now by (7), (8)
follows.

(9) If m is even, then the theorem holds.

Sincem is even, it follows that m 4. Suppose rst that for 2i+1 s 3i, b is adjacent to
bs+i+j. By (2) and the assumption,

bq h+q b2i+q b3i+q+j b4i+q+j b(m 1)i+qtj
isapathforl q i. Butnow, by (7), the theorem holds. So we may assume thabsbs. i+ is not
an edge for somes  2i + 1. Since by (8) bsbs 241 is not an edge, and by (1)degbs) ! +i 1,
it follows that (i+j 1)+2i 1 ! +i landso2+ | I +1. But now we can de ne a
coloringc:V(G) !'f 1;:::;! + jgas follows:

c(a)=tforl t !

t si for s=0:2;:::;m 2andl+si t 2+ si
'+t mi for m+1 t mi+]

co(k) =

We claim that cis a coloring of G. The only colors used on more than one vertex are the colors
1;::::2i. Let 1 t 2i. Then the vertices v 2 V(G) with c(v) = t are a; and h+js for
s=0;2;:::;m 2. It suces to check that each one of these vertices is non-afcent to the next
one in clockwise order. By (8),bsi+t is non-adjacent to bs.p)i+¢. Next, since there is no edge of
length greater than ! a is non-adjacent to by, and since 2 + j > ! it follows that by, )i+t is
non-adjacent to a;. Hence,c is a coloring of G with ! + j <! + i colors, which is a contradiction.
This proves (9).

In view of (9), we may assume from now on thatm is odd.
(20) If ' 3 andm 4, then the theorem holds.

We have! +i 1 4i 1 and so every vertex has an edge of length at leasi 2n some direction.
For by this implies that there is a clique of size 2 in B and so the result holds by (6). This proves
(10).

(11) If ' 3i and m = 3, then the theorem holds.
Letc:V(G)!f 1;:::;! +i 1g be a coloring de ned as follows:

c(ay)=tforl t !

8
< t for 1 t i+j+1

ch)=_ !+t i j 1 for i+j+2 t 2i+]j
oo+t 3 ) for 2i+j+1 t 3+

We claim that cis a coloring of G. The colors used on more than one vertex are;1::;i+j +1;!
i+1;:::;!. We note that since! 3i, itfollowsthat ! i+1>i+j+1. Letl t i+j+1. Then



the verticesv 2 V(G) with c(v) = t area; and by. We check that these vertices are non-adjacent. In
the clockwise direction there is no edge between; and by because there is no clique of size greater
than ! and in the counterclockwise direction there is no edge by (8) Now let! i+1 t I,
Then the verticesv 2 V(G) with ¢(v) = t area; and bi+3i+j 1. By symmetry with the previous case
these vertices are non-adjacent. Hence we can col@ with fewer than ! colors, a contradiction.
This proves (11).

(12) If 3i>!> 2i, then the theorem holds.

Letc:V(G)!f 1;:::;! +i 1g be a coloring de ned as follows:
c(ay)=tforl t !
8
< I+t for 1t
c(h) = . t is | for s=0;2:::;m 3andl+is+] t 2i+is+]
P+t (m 1)i j 1 for (m Li+1+j t mi+]
Once again, we claim thatc is a coloring of G. The colors used on more than one vertex are
L2t +j.Letl t 2. Then the verticesv 2 V(G) with c(v) = t are a; and b+ s+

for s =0;2;:::;m 3. Once again, it suces to check that each one of these is noradjacent
to the next one in clockwise order. By (8), bsi+t is non-adjacent to Bs.p)i+t. Next, bym z)i+j+t
is non-adjacent to a; since 3 > ! and there is no edge of length greater than . Similarly, a
is non-adjacent to by+j. Now let ! +1 t I +j. The vertices with color t are iy ; and
b+t 1+ j+1. Since in the clockwise direction fromb, | there are more than 2 vertices betweenh, |
and b+t 1 j+1, there is no edge in that direction by (8). In the other direction, there are at least

I 1 vertices strictly between them, and therefore they are noradjacent. Finally, the two vertices
with color ! area and by j+;. These two are non-adjacent for the same reasons as in the @&s
I'+1 t ! +j. Hencecis a coloring of G with ! + i 1 colors, which is a contradiction. This
proves (12).

Now by Theorem 1.2 we may assume that =2i. (13) If j<i 1 then the theorem holds.

Once again, we nd a coloring of G with fewer than ! + i colors, thus obtaining a contradiction.
Let ¢ be a coloring de ned as follows:

c(a)=tforl1 t !

8
< I+t for 1t j+1
chy) = | t is jJ 1 for s=0;2:::;m 3and2+j+is t 2i+j+1+is
'+t (m 1)i 1 j for (m LDi+j+2 t mi+]|
We claim that c is a coloring of G. Since! = 2i the colors used on more than one vertex are
Loyt +j+1. Letl t ! =2i. Then the verticesv 2 V(G) with c(v) = t are a; and

b+is+j for s=0;2;:::;m 3. It suces to check that each of these is non-adjacent to the next
one in clockwise order. By (8),bsi+t is non-adjacent to bys,p) i+t and by 3)i+j+¢ IS Non-adjacent
to a. Next, a is non-adjacent to y+; since there is no edge of length greater tharh . Now let
I'+1 t ! +]j+1. The vertices with color t areby \ andb¢ 1+ j+1. Since! = 2i, there are at
least! 1 vertices betweenb, ; and b+t 1 j+1 in both directions, and so they are non-adjacent.
Hence,cis a coloring of Gwith ! +j +1 <! + i colors, which is a contradiction. This proves (13).

In view of (13), we may assumg = i 1. It follows that

n="!+(m 21i+2i L



We de ne the coloring c as follows:
c(a)=tforl t !

t is for s=0;2;:::;m 3andl+is t 2i+is
t (m 1)i+1 for (m i+l t (m+1)i 1
We verify that cis a coloring of G. Since! = 2i, there are 4 colors in this coloring. Let2 t 2i.
The vertices with color t are a;, b+js for s = 0;2;:::;m 3 and bym 1) 1. By (8), bsi+y is
non-adjacent to Bspyi+¢ for s=0;2;:::;m 3 and b,y 3) is non-adjacent tob,(m 1) 1. Since
I'=2i, b4y(m 1) 1isnon-adjacenttoa; and similarly a is non-adjacent toky. The same argument
shows that the vertices colored 1 are also pairwise non-adignt. Hence,c is a coloring of G with
I colors, which is a contradiction. This completes the proof & Theorem 3.1.

o(k) =

O

4 Compositions of linear interval strips

In this section we prove the main theorem for compositions ofinear interval strips (meaning that
every strip is a linear interval graph rather than a f uzzy linear interval graph). We begin with two
lemmas.

Lemma 4.1. Let G be a composition of linear interval strips each of which is aihe-graph strip.
Then G is a line-graph.

Proof. Since G is a composition of line-graph strips, there exists a graphSy which is the disjoint
union of complete graphs withjV (Sp)j = 2n, and so that the vertices of Sy are arranged into pairs

(Si°, aio; qo) Let H be the graph whose vertices are the complete subgraphs 8f, and such that two

This proves Lemma 4.1. O

Lemma 4.2. Let G be a quasi-line graph which is a counterexample to Theorem L with jV (G)j
minimum and let K 1; K2 be two cliques inG. Then there existmin (jK 1j; jK 2j) vertex disjoint paths
betweenK ; and K.

Proof. Suppose not. LetS be a smallest cutset separating 1 and K,. Then Menger's Theorem [9]
implies that jSj < min(jK 1j;jK 2j). It follows that there exists a partition ( X 1;X2) of V(G) nV(S)
such that K; X[ S and there are no edges betweeX; and X,. Let G; be the graph obtained
from Gj(X; [ S) by adding an edges;s; for every pair of non-adjacent verticess;;s, 2 S.

(1) max( (G1); (G2))  (G).

Suppose not. Then there exist colorings 06G1; G, with fewer than (G) colors. We can permute
the colors of these colorings so that they agree o8 and from this obtain a coloring of G with fewer
than (G) colors, which is a contradiction. This proves (1).

(2) For all v2 S, v has a neighbor inX; and in X».

8



Without loss of generality, suppose there existsy 2 S with no neighbor in X 1. Then if v 62K,
we can addv to X, and obtain a smaller cutset, S n fvg separating K1 and K, contradicting the
minimality of S. SoK1 S. But jSj <min (jK4j;jK2j), which is a contradiction. This proves (2).

(3) G;i is a quasi-line graph fori =1;2.

For v 2 X, v has the same neighbors irG; as in G and the edges between the neighbors if5;
are a superset of those inc. Hence, the neighbors olv in G; are still the union of two cliques. For
v 2 S, we claim that the set of neighbors ofv in X; is a cliqgue. For supposev has two neighbors
x1;x9 2 X that are non-adjacent to each other. By (2), v has a neighborx, 2 X,. But now
x1;X3; X, are three pairwise non-adjacent vertices in the neighborhod of v in G, contrary to the
fact that G is a quasi-line graph. This proves (3).

Without loss of generality, let  (G1) (G2). Let S=fsyg;::i;spgandletP= fPq;:::;Pygbe
jSj vertex disjoint paths between S and K, in G, such that s; 2 P;. Such paths exist by Menger's
Theorem [9] and the minimality of S. Let :S! P be a bijection de ned by (si) = P;.

By the minimality of jV(G)j, there exists a setS of (G;) connected disjoint subgraphs ofG4
that are pairwise adjacent in G;. For H 2 Sdene (H) by

[
(H)=(Hn9)| (S):
S2V(H)\' S

Then (H) is a subgraph of G. Dene Q=f (H):H 2 Sg. Then Q is a set of (G3) (G)
connected disjoint subgraphs ofG. We claim that the members of Q are pairwise adjacent. Suppose
not. ChooseQ1;Q> 2 Q that are not adjacent. For i =1;2, let H; be the member ofS such that
Qi = (H;). SinceK, is a cligue in G, it follows that not both V(Q31) and V (Q>) contain a vertex
of K,, and therefore, not both V(H;) and V(H;) contain a vertex of S. SinceH; and H, are
adjacent, we deduce that there existh, 2 V(H1) and h, 2 V (H3) such that not both hjy; h, are in
S and h;h, is an edge ofG;. But now by the de nition of and G1, hy 2 V(Q1), h, 2 V(Q») and
h1h, is an edge ofG, contrary to the fact that Q1 and Q» are non-adjacent. This proves the claim.
HenceG has a clique minor of size (G), contrary to the fact that G is the minimal counterexample
to Theorem 1.1. This completes the proof of Lemma 4.2. O

For two disjoint subsets U; W of V (G) and a coloring ¢ of G, let m¢(U; W) denote the number
of repeated colorson U and W (the number of colorsi such that i 2 c(U)\ c(W)). We can now
prove the main result of this section.

Theorem 4.3. Let G be a connected, quasi-line graph with chromatic number and with no clique
minor of size , and subject to that withjV (G)j minimum. Then G is not a composition of linear
interval strips.

Proof. Suppose thatG is a non-trivial composition of strips. Let r > 0 be an integer and letF be
a family of strips (Sj;a;b) with 1 i r such that G is a composition of the members of. Let
k be the number of members ofF which are not line graph strips.

If k =0, the result follows from [10] and Lemma 4.1. So we may assuek > 0 and (S1;as; by)
is not a line-graph strip. Let A; = Nsg,(a1), B1 = Nsg,(b1), A2 = Ng(A1) nV(S1), and B, =
Ng(B1) NV (S1). Let C; = V(S1)n(A1[ B1) and Co, = V(G) n(V(S1) [ A2[ B»). Then V(G) =
Ai1[ Bi[ Ci[ A2[ B2 Co. Note thatif C, = ;, and A, = B, then G is a circular interval
graph, and the theorem follows from Theorem 3.1. Thereforeywe may assume that eitherC, 6 ;,
or A, 6 B».



Let n be the maximum size of a clique minor inG. Then n< . Without loss of generality, we
may assume thatjA1[ Azj j Bi[ Bzj. Then, by Lemma 4.2, there existjA1[ Ajj vertex disjoint
paths betweenA;[ A, and B[ B, in G. From the de nitions of A1;A,;B1, and B, it follows that
fori=1;2,jA;j j B;j and that there exist jA;j vertex disjoint paths from A; to B; in G;.

Let GY be the graph obtained fromGj(A;[ B1[ Ci[ A) by making A, complete to B;. Then
since there existjA,j vertex disjoint paths between A, and B, in G, it follows that G{ is a minor
of G. We claim that G{ is a quasi-line graph. Forv 2 Cy, v has the same neighbors irG} as in
G and the edges between those neighbors are likewise the samEor v 2 A;, we claim that the
set of neighbors ofv in B1 [ C; is a cligue. For supposev has two neighborsvy;ve 2 B1[ Cy
that are non-adjacent to each other. Letvsz 2 A,. Then vi;V»; V3 are three pairwise non-adjacent
vertices in the neighborhood ofv in G, contrary to the fact that G is claw-free. This proves the
claim. Therefore, forv 2 Aj, the set of neighbors ofv in G? is the union of two cliques, namely
Ngiji.[ c)(V) and (A1 [ Az) nfvg. Similarly, for v 2 B; the set of neighbors ofvin A;[ C;is a
clique and the set of neighbors of/ in GY is the union of two cliques. Finally, for v 2 A,, the set
of neighbors ofv is the union of two cliques, namelyA; [ A, nfvg and B;. This proves the claim.

Similarly, let G9 be the graph obtained from Gj(A, [ B[ C2[ Aj) by making A; complete
to B,. Then G is also a quasi-line graph and a minor ofG. Since (S3;a;;by) is not a line-
graph strip, it follows that jV(G9)j < jV(G)j; and since eitherC, 6 ;, or A, 6 By, it follows that
iV(GY)j < jV(G)j. SinceG? and G$ are minors of G, it follows that they contain no clique minors of
size greater thann and so by the minimality of jV (G)j, it follows that  (G?); (G3) n. Fori=1;2,
let C,-O be ann-coloring ofGP. Further, let m; = mCP(Ai;Bi), a = jA;jj mj,andb = jBjj m;. Then
mi+ai+ b+ jAzj = m+ag+ b+ me+a; nandma+ ax+ b+ jAjj= me+a+bp+mi+a;  n.

Suppose thathy a,. Thensincea; byanda, Ly, itfollowsthat a; Iby. Notice c‘f induces

c1(V(Gy)) T. Construct the following coloring cof G. For v 2 A1[ B1[ Cy let c(v) = ci(v). Next,
usem; colors of T nc(A1[ B1) on both A, and B (this is possible sincgc(A1[ B1)j= a1+ b+ my
anda; + b+ my+ my n). Next, use a, colors of ¢(B1) nc(A;) on the remaining vertices of
A, and b, colors ofc(A1) nc(B1) on the remaining vertices of B, (this is possible becausdy ap
anda; Ip). Now since mcg(Az; B,) = my, it follows that the coloring constructed so far can be
extended to ann-coloring of G, using the colors of T. We see thatc(A») is disjoint from c(A;) and
c(B>) is disjoint from ¢(B1). Thus cis an n-coloring of G, a contradiction.

Hence,b; > a, and from symmetry b, > a;. Let T be as before. We construct the following
coloring ¢ of G. We usejB1j + jBj distinct colors of T on B3 [ B> (this is possible sinceB;[ B>
is a clique in G). Next, we usem; colors of ¢(B1) and a; colors of ¢(B,) to color A;. Then we
usemy colors of ¢(B>) nc(A1) and a, colors ofc(B1) nc(A1) to color A, (this is possible because
b, >aq, and by > a,). Now since mcg(Al; B1) = m; we can extendc to an n-coloring of G; using
the colors of T and sincemcg(Az; B,) = m, we can extendc to an n-coloring of G, using the colors
of T. Once again we see thatt(A») is disjoint from c(A1) and c(B>) is disjoint from c(B1). But
now c is an n-coloring of G, a contradiction. This proves Theorem 4.3. O

5 Homogeneous Pairs

We start with a lemma, that appears in [3], but we include its proof here, for completeness.

Lemma 5.1. Let G be a quasi-line graph and lef{A;B) be a homogeneous pair of cliques, such
that A is not complete and not anticomplete toB. Let H be a graph obtained fromG by arbitrarily
changing the adjacency between some vertices &Afand some vertices oB (all the other adjacencies
remain unchanged). ThenH is a quasi-line graph.
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Proof. Let C be the set of vertices ofG that are A-complete andB -complete, D be the set of vertices
of G that are A-complete and B -anticomplete, E the set of vertices ofG that are A-anticomplete
and B-complete, andF the set of vertices ofG that are A-anticomplete and B -anticomplete. Let
v 2 V(H). We need to show that the setNy (v) is the union of two cliques of H. We do so by
considering the following cases:

1.v2D][ E[ F. Inthis caseHj(Ny(v)) = Gj(Ng(v)) and henceH j(Ny (v)) is the union of
two cliques sinceG is a quasi-line graph.

2.v2 A[ B. Fom the symmetry, we may assume thatv 2 A. Let B(v) = Ny(v)\ B.
Then Ny(v) = A[ B(v)[ C[ D. Let a2 A be a vertex such that Ng(a)\ B 6 ;. Let
B(a) = Ng(a)\ B. Then Ng(a) = A[ B(a)[ C[ D. SinceG is a quasi-line graph, there
exist two cliques, X1; X5, of G, such that X1 [ X2 = Ng(a). SinceB is anticomplete to D,
we may assume thatD X1, andB(a) X32. This impliesthat C =(C\ Xj1)[ (C\ Xby).
Let XY= A[ D[ (C\ Xy)and X9= B(v)[ (C\ X3). Then X2, X are both cliques ofH,
and Vi (v) = X9[ X3, as required.

3. v 2 C. First, we note that v has no neighbors inF. Supposev has a neighborf 2 F.
Since (A;B) is a non-trivial homogeneous pair inG, there exista 2 A and b2 B that are
non-adjacent. But then f;a;b are three pairwise non-adjacent vertices inNg(Vv), contrary to
the fact that G is a quasi-line graph. This implies thatNy(v) A[ B[ C[ D[ E. We
observe thatNy (v) = Ng(v). Let C(v) = C\ Ny (v), D(v) = D\ Ny (v), E(v) = E\ Ny (V).
Since G is a quasi-line graph, it follows that there exist two cliques X 1; X» of G, such that
A[B[CWV)[ D(V)[ E(v) = X1[ X2. Let a2 A and b2 B be non-adjacent inG. We
may assume thata 2 X1 and b2 X,. SinceX ;X are cliques, it follows that D(v) X1
and E(v) Xaz. SinceNg(v) = X1 [ Xgo, it follows that C(v) = (C(v)\ X1)[ (C(v)\ X»).
Let X?= A[ D(v)[ (C(v)\ X1)and X9= B[ E(v)[ (C(v)\ X3). then X% X9 are both
cligues ofH, and Ny (v) = X1 [ X2, as required.

This proves 5.1. O
Next we prove a lemma that allows us to handle non-trivial homogeneous pairs.

Lemma 5.2. Let G be a quasi-line graph. Assume that admits a non-trivial homogeneous pair
of cliques. Then there exists a grapiH with the following properties:

1. H is a quasi-line graph, andjE(H)j < JE(G)j.
2. For every coloring of H, there is a coloring of G with the same number of colors.

3. H is a minor of G.

Proof. Let (A;B) be a non-trivial homogeneous pair of cliqgues inG. Let C be the set of vertices
of G that are A-complete andB-complete, D be the set of vertices ofG that are A-complete and
B -anticomplete, E the set of vertices of G that are A-anticomplete and B-complete, and F the
set of vertices ofG that are A-anticomplete and B -anticomplete. We note that both D and E are
cliques. LetJ = Gj(A[ B). Then J is bipartite. Let M be a maximum matching in J and let
jMj = m. We claim that we can colorJ with jAj+ jBj m colors. This follows from the fact that
we can color the vertices ofM with m colors andjA[ B nV(M)j = jAj+ jB] 2m.

By Konig's Theorem [8], jM | equals the minimum size of a vertex cover ofJ, that is, the
minimum number of vertices hitting all edges of J. Let X be a minimum vertex cover ofJ. Then
AnX is complete toB nX in G.
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Let A= A\ X and B%= B\ X. Let H be the graph obtained from G by deleting the edges
between the members ofA® and the members ofB and the edges between the members &°and
the members of A. Then JE(H)j < JE(G)j. Since (A;B) is a non-trivial homogeneous pair inG,
it follows that A is not complete and not anticomplete to B in G, and therefore, by 5.1,H is a
quasi-line graph, and thus the rst assertion of the theorem holds.

To prove the second assertion of the lemma we need to show thavery coloring of H can be
used to obtain a coloring of G using the same number of colors. Lety be a coloring ofH. Recall
that J = Gj(A[ B) can be colored using/Aj + jBj m colors. Now since AnAY[ (B nBYis a
clique in H and jA°[ BY = m , it follows that every coloring of Hj(A [ B), and in particular ¢y,
uses at leastjAj+ jBj m colors. Hence, at mostm colors appear on bothA and B. We construct
a coloring of G as follows. We use each of the colors @l that appears on both A and B to color
the vertices of V(M) and the rest of the colors ofcy, which are all di erent, to color the remaining
vertices in A[ B. This yields a coloring of J. We keep the colors of the vertices o (G) n(A[ B)
unchanged. The coloring just de ned is a proper coloring ofG, and it uses the same number of
colors ascy . This proves the second assertion of the lemma.

SinceH is a subgraph ofG the third assertion of the lemma follows. This completes theproof
of Lemma 5.2.

]

We are now ready to prove the main result of this paper.

Proof of Theorem 1.1. Let G be a quasi-line graph. The proof is by induction onjE (G)j. We may
assume thatG is connected. IfG has no non-trivial homogeneous pairs, then by Theorem 2.1G
is either a circular interval graph or a composition of linea interval strips, and the result follows
from Theorem 3.1 and Theorem 4.3. Otherwise, let A;B) be a non-trivial homogeneous pair in
G. Let H be a graph as in Lemma 5.2. Inductively, sincgE(H)j < JE(G)j, it follows that H has
a clique minor of size (H). By property (2) of Lemma 5.2, (H) (G) and by property (3) of
the same lemma,H is a minor of G, and so every cligue minor ofH is also a cligue minor ofG.
Hence,G has a clique minor of size (H) (G). This completes the proof of the theorem.

O
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