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Abstract

We still do not know how to construct the “most general” perfect graph, not even the most general
three-colourable perfect graph. But constructing all perfect graphs with no even pairs seems easier,
and here we make a start on it; we construct all three-connected three-colourable perfect graphs
without even pairs and without clique cutsets. They are all either line graphs of bipartite graphs, or
complements of such graphs.



1 Introduction

A graph G is perfect if for every induced subgraph H, the chromatic number of H equals the size
of the largest clique in H. A hole in a graph G is an induced subgraph that is a cycle of length at
least four, and an antihole in G is an induced subgraph whose complement is a cycle of length at
least four; and a hole or antihole is odd if it has an odd number of vertices. A graph is Berge if it
has no odd hole and no odd antihole. Perfect graphs were introduced by Claude Berge in [1], where
he proposed the “strong perfect graph conjecture”, now a theorem [5], the following:

1.1 A graph is perfect if and only if it is Berge.
The recognition problem for Bergeness (and hence, by 1.1, for perfection) is also solved [2]:

1.2 There is an algorithm with running time O(|V(G)|?), to test if an input graph G is Berge.

But neither of these results gives us a way to build the most general perfect graph. Ideally we
would like a theorem that a graph is Berge if and only if it can be built from some well-understood
class of building blocks, by piecieng them together in a way that preserves Bergeness. But we are
far from such a theorem, and indeed we do not even know how to construct the most general Berge
graph with no K, subgraph, which presumably should be an easier problem.

An even pair in G is a pair u, v of distinct vertices such that every induced path in G between u
and v has even length (the length of a path or cycle is the number of edges in it), and consequently
u,v are nonadjacent. As far as we know, finding an even pair does not give us a satisfactory way to
construct our graph from a smaller graph; but still, an even pair u,v in a Berge graph G is quite a
useful thing. For instance, if we identify u, v the graph remains Berge with the same clique number,
which is helpful if we are trying to optimally colour G, or prove that G is perfect. (For a survey of
recent work on even pairs see [6].) Thus, since finding a construction for all perfect graphs seems
hopeless, what about finding a construction for all perfect graphs that have no even pairs? This
problem, while still open, seems much more tractable.

In this paper we make a start on it; we construct all Berge graphs that have no K, subgraphs
and have no even pairs. (Almost; it is helpful also to assume that the graph admits no clique cutset,
and is 3-connected.) Let us say G is K4-free if it has no Ky subgraph. A clique cutset in G is a clique
C of G such that G\ V(C) is disconnected. We denote the complement of the graph G' by G. Our
main theorem is the following:

1.3 Let G be a 3-connected K4-free Berge graph with no even pair, and with no clique cutset. Then
one of G,G 1is the line graph of a bipartite graph.

The proof is lengthy, and similar to the proof of 1.1; for a sequence of different graphs H, we
first assume that G contains H as an induced subgraph, and prove the theorem in this case, and
thereafter we can assume that G does not contain H, and move on to the next graph of our sequence.
(The sequence is shorter and the analysis easier than in the proof of 1.1, however.)

Here is a related question that has a surprisingly pretty answer: which Kj4-free graphs have no
odd hole and no even pair? In [4] (with Robertson and Thomas) we gave a construction for all K-
free graphs with no odd hole, using as building blocks the K4-free Berge graphs. Using this result,
in [8], Zwols proved that there are only two Ky-free graphs without odd holes that are not perfect
and do not admit a clique cutset, namely the complement of a seven-cycle, and a certain 11-vertex
graph with cyclic symmetry.



2 The Roussel-Rubio lemma

There was a result proved by Roussel and Rubio [7], that we used many times in the proof of 1.1,
that will be important here. All graphs in this paper are finite, and without loops or parallel edges.
Let us say a subset X C V(@) is connected if the subgraph G|X of G induced on X is connected,
and anticonnected if G|X is connected. If X, Y C V(G), we say X is complete to Y or Y -complete if
every vertex in X is adjacent to every vertex in Y (and similarly, we say a vertex v is complete to Y
or Y-complete if {v} is complete to X, and an edge uv is Y-complete if both u,v are Y-complete);
and X is anticomplete to Y if X is complete to Y in G. If P is a path p;-- - --py, say, with k > 1, its
interior is the set {pa,...,pr—1}, and we denote this by P*.

If P is an induced path in G with vertices pi----- pi in order, with k > 4, a leap for P is a pair
{z,y} of nonadjacent vertices of V(G) \ V(P) such that x is adjacent to p1, ps, px, and y is adjacent
to p1,Pr—1, Pk, and there are no other edges between {z,y} and V(P). The Roussel-Rubio lemma is
the following:

2.1 Let G be a Berge graph, and let P be an induced path in G of odd length, at least five. Let
X CV(G) \ V(P) be anticonnected, such that the ends of P are X-complete, and no edge of P is
X-complete. Then X includes a leap for P.

We also need a theorem of [5]:

2.2 Let G be Berge, let X be an anticonnected subset of V(G), and P be an induced path in G\ X
with odd length, such that both ends of P are X-complete, and no edge of P is X-complete. Then
every X -complete vertex of G has a neighbour in P*.

Next, we need:

2.3 Let G be a Berge graph, and let P be an induced path in G of odd length, with vertices p1---- -pg
in order. Let X C V(G)\ V(P) be anticonnected, such that p1,py, are X -complete, and no edge of P
is X-complete. Then k > 4 and every vertex in X is adjacent to one of pa, Pr_1-

Proof. Since no edge of P is X-complete it follows that k& > 4. Suppose that z € X is nonadjacent
to both po,pr_1. If kK = 4 then z-p1-ps-p3-ps-z is an odd hole, a contradiction, so k > 4. Choose an
anticonnected subset Z C X, with z € Z, maximal such that Z includes no leap for P. Thus Z # X
by 2.1; choose z € X \ Z such that Z U {z} is anticonnected. From the maximality of Z, Z U {x}
includes a leap, and since Z includes no leap, it follows that there is a leap {x,y} for some y € Z.

Consequently y is nonadjacent to ps,...,pr_o. But from 2.1 applied to P and Z, since Z contains
no leap, there is a Z-complete vertex p;, where 2 < ¢ < k — 1. Hence p; is adjacent to both v, z.
But z is nonadjacent to p2,pr_1, and y is nonadjacent to ps,...,pr_o, a contradiction. This proves
2.3. |

In the three-colourable case we can say more:

2.4 Let G be a Berge graph with a three-colouring ¢ : V(G) — {1,2,3}. Let P be an induced path
in G of odd length, with vertices p1-----pg in order. Let X C V(G) \ V(P) be anticonnected, such
that p1,pr are X-complete and not all members of X have the same colour. Then



e o(p1) = éd(pr) (=3 say), and in particular p,py are nonadjacent, so k > 3;

no internal verter of P is X-complete;

{¢(p2)7¢(pk71)} = {1?2}7 say ¢(p2) =1 and ¢(pkfl) =2

X is the union of two disjoint stable sets X1, Xo, where the vertices in X1 have colour 1 and
are adjacent to pp_1, and the vertices in Xo have colour 2 and are adjacent to po; and

e there is a leap {x1,x9} for P with x; € X; fori=1,2.

Proof. Since not all members of X have the same colour, we may assume that some vertex in
X has colour 1, and some vertex in X has colour 2; so every X-complete vertex has colour 3. In
particular, p1, pr have colour 3 and therefore are nonadjacent, so k > 4. For the same reason no two
X-complete vertices in P are adjacent. Choose a minimal subpath @) of P of odd length such that
both its ends are X-complete. It follows that ) has length at least three; and none of its internal
vertices are X-complete, from the minimality of (). Since p1,pr are both X-complete, by 2.2 they
both have neighbours in @Q*, and so Q = P. Consequently no internal vertex of P is X-complete.
Since p; has colour 3, it follows that X = X; U Xy where for ¢ = 1,2, X; is the set of vertices
in X with colour i. Thus X, X5 # (). Since py is adjacent to p; and pr_1 to pg, we deduce that
P2, Pk—1 do not have colour 3, and from the symmetry we may assume that py has colour 1. Thus ps
is anticomplete to X7, and so by 2.3, X is complete to pr_1. Since X7 # (), it follows that p,_1 does
not have colour 1; so it has colour 2. Thus X5 is anticomplete to pi_1, and therefore is complete
to po, again by 2.3. We have shown then that every vertex in X is adjacent to one of ps, pr_1 and
nonadjacent to the other. Finally, we need to produce the leap. If P has length at least five, this
follows from 2.1, so we may assume that P has length three, and therefore k = 4. Since ps, p3 are not
X-complete, and X is anticonnected, there is an (induced) antipath po-qi-- - - - gm-p3 between pa, p3
with q1,...,q9m € X. If m > 3 then ¢ is adjacent to both ps, ps, a contradiction; and if m = 1 then
q1 is nonadjacent to both pe,ps, again a contradiction; so m = 2 and {q1, g2} is the desired leap.
This proves 2.4. |

3 Complement line graphs

Let H be a graph with vertex set {vi,...,v9} and edges as follows:
e for 1 <i <6 v; is adjacent to v;19,v;+3,v;+4 (reading subscripts modulo 6)

e vy is adjacent to vz, vy, vs, vg; vs is adjacent to v, vg, v1,v2; and vg is adjacent to vy, ve, v3, vy,
and there are no other edges.

We call such a graph H a trampoline. In this section we study K,-free Berge graphs that contain
trampolines. We prove the following:

3.1 Let G be a Ky-free Berge graph with no even pair and no clique cutset. If G contains a
trampoline as an induced subgraph, then G is the complement of the line graph of some bipartite
graph.



The proof needs several steps. Throughout this section, let G be a K4-free Berge graph with no
even pair and no clique cutset, that contains a trampoline. Consequently we may choose t > 4, and
pairwise disjoint stable sets A;; (1 <@ < 3,1 < j <t) with the following properties:

o for 1 < < 3, there is at most one value of j € {1,...,t} such that A;; =0

o for 1 < j <t, there is at most one value of ¢ € {1,2,3} such that A;; =0

for all distinct 4,7’ € {1,2,3} and all distinct j, j’ € {1,...,t}, A;; is complete to Ay

o for 1 <¢ <3 and for all distinct j, j' € {1,...,t}, Aj; is anticomplete to A

for 1 <j <t,if Ay, Ayj, Az; are all nonempty then they are pairwise anticomplete

for 1 < j <t, and all distinct ¢,7" € {1,2,3}, if Ay, is nonempty then every vertex in A;; has
a nonneighbour in A;;.

Choose these sets with maximal union W say. For 1 <1¢ < 3 let Z; = Ui<j<tA;;, and for 1 < 5 <t
let A; = A1; U Agj U Az, Fix a 3-colouring ¢ of G. Since ¢t > 4 it follows that the only partition of
W into three stable sets is the partition Z7, Z3, Z3; and we may therefore assume that for 1 < i < 3,
p(v) =i for all v € Z;.

Let v € V(G)\ W, and let N be the set of vertices in W that are adjacent to v. We say v is major
if N is the union of two of Z1, Zs, Z3; and v is minor if there exist 4, € {1,2,3} and 7,7 € {1,...,t}
such that ¢ # ¢/ and N C A;; U Ay and N N A;j is complete to N N Ay jr.

3.2 With notation as above, every vertex in V(G) \ W is either major or minor.

Proof. Let v € V(G) \ W, and let N be the set of vertices in W that are adjacent to v. We may
assume that ¢(v) = 3. Since v therefore has no neighbours in Z3, it follows that

(1) N C Z1 U Zs,.

(2) For 1 < j <'t, if Ayj,As; are both nonempty and Ai; U Agj is neither a subset of N nor a
subset of V(G)\ N, then there exist a;; € A;j fori = 1,2, nonadjacent, such that exactly one of them
s 1 N.

For we may assume that j = 1; and suppose the claim is false. For ¢ = 1,2, let N; = N N A,
and let M; = A;; \ N;. Since the claim is false, N; is complete to Ms, and N» is complete to M.
If x € Ny, then since x has a nonneighbour in As, it follows that x has a nonneighbour in No; and
so, since by hypothesis one of Ny, Ny is nonempty, it follows that there exist n; € N for i = 1,2,
nonadjacent. Similarly M7, My are both nonempty. Since A1y is not anticomplete to Asq, it follows
that Agy = 0. If my; € My is adjacent to mo € My, then v-nj-ms-mi-ns-v is an odd hole, a contra-
diction; so M; is anticomplete to Ms. If say there exists ajo € Aj2 \ N, then v-ng-aja-mo-ni-v is an
odd hole, a contradiction; so Aj2 C N, and similarly (Z; U Z3) \ A1 € N. But then we can define
Ay = N1, Ay = Na, Ay =0, All,tJrl = M, Al2,t+1 = Mo, A:’s,t+1 = {v}, and A;j = Ay for 1 <1 <3
and 2 < j <'t, contrary to the maximality of W.



(3) We may assume that there are at least two values of j € {1,...,t} such that A;; U Ay; € N.

For suppose not; say Z3 U Zy € NUA;. If A;; = 0 and Ayy € N, then N = Z; U Zy and v is
major as required. If A;; = () and Ay € N, then we can add v to Az, contrary to the maximality
of W. Thus we may assume that Ay, # (), and similarly As; # 0. If N includes Aj1 U Ao then again
v is major, and if N is disjoint from A1; U Ao then we can add v to As;, again contradictory to the
maximality of W. Thus we may assume that N includes some but not all of A1; U As1; and so, from
(2), we may assume that there exists a;; € A1 \ N, and ag; € A9 NN, nonadjacent. Since t > 4,
there exists j € {2,...,t} such that Ay;, As; # 0, say j = 2. Choose age € Agz, and choose azy € Asz
nonadjacent to age. Then v-agi-asa-a11-aze-v is an odd hole, a contradiction. This proves (3).

(4) For 1 < j <t, NN Ay, is complete to N N Ag;.

For suppose that there exist a;; € N N A;; for ¢ = 1,2, nonadjacent. By (3) we may assume
that A1oU Agy € N. Suppose first that both Ao, Ay are nonempty, and N N (412U Ags) # 0. From
(2) we may assume that there exist ajo € A12 \ NV and agy € Azo NN, nonadjacent. Since there is no
odd hole of the form v-asq-aj2-As1-asse-v, it follows that Ag; = 0; and so Az # 0 for 2 < k < t. Since
t > 4, one of Ass, Agy is nonempty, say Ass; choose asy € Aoz. If asg € N then v-ass-ai9-as3-a0-v
is an odd hole (where a3 € Ass is nonadjacent to ags), and if ags ¢ N then v-aj1-agz-aiz-as-v is
an odd hole, in either case a contradiction. This proves that if both Ay, Ass are nonempty, then
NN (Aja U Agy) = 0. Since Ajo U Agg € N, we may assume that there exists ajo € Ajp \ N. For
3 < j < t, since there is no odd hole of the form v-asi-a12-Asj-ai1-v, it follows that As; C N.

Suppose that Agg # (). By what we just proved, N N (A2 U Agy) = 0, and from the symmetry
between Z1, Z, it follows that Ay; C N for 3 < j <t. By (3) it follows that A1; U Ay € N, and so
by (2) and the symmetry between Z1, Zs, we may assume that a}; € A1 NN and ab; € Ay \ N,
nonadjacent. If both A;j, Ag; # () for some j with 3 < j < ¢, then from the symmetry between A;
and A; it follows that A3 UAg C N, a contradiction; so for all j with 3 < j <, one of Ay;, Ag; = 0.
Consequently Asz; # 0, and since t > 4 we may assume that A3, Asz # 0. Choose a;3 € A;z for
i =1, 3; then v-a);-as3-ak;-a13-v is an odd hole, a contradiction. This proves that Ay = 0.

Consequently Ag; # () for 3 < j < t. For 3 < j < t, exchanging Ay, A; implies that A;; C N.
Since t > 4, at least one of Ajs,..., A1+ is nonempty, say Ais; and so there exist vertices in
A13N N, As3N N that are nonadjacent. By exchanging Aq, Ag, it follows that A1, Ao C N, contrary
to (3). This proves (4).

(5) There exist j,j' € {1,...,t} such that NN Z; C Ayj and NN Zy C Agjr.

For suppose that there exist a1; € NNA;j; for j = 1,2 say. Now either A3y, Az are both nonempty, or
Aso, Aoy are both nonempty, and from the symmetry we may assume the former. Choose ag; € Az
nonadjacent to aji, and choose age € Agg nonadjacent to aje. By (1) and (4), asi, a2 ¢ N. Then
v-a11-a29-a31-a12-v is an odd hole, a contradiction. This proves (5).

Let j,j' be as in (5). To show that v is minor, it remains to show that N N A;; is complete to
N N Agjr. This is true from the construction if j # j/, and by (4) if j = j’. Thus v is minor. This
proves 3.2. |



3.3 With notation as before, there is no major vertez.

Proof. We begin with:
(1) Every two major vertices are adjacent.

For suppose that b1,by are nonadjacent major vertices. We may assume that b; is complete to
Zo U Z3 say. Suppose first that by is not complete to Zo U Z3; say by is complete to Z3 U Z7. If
there exists j € {1,...,t} such that A3; = (0, we can add by to Ay and by to Ayj, contrary to the
maximality of W. Thus Agsq,..., A3 are all nonempty. But then we may define A; ;41 = {b1},
Ag i1 = {b2}, and A3y1 = 0, contrary to the maximality of W. This proves that by is complete to
Zy U Zs.

Since G has no even pair, there is an odd induced path by = pi----- pr = bo in G. Since none
of po,...,pr_1 is adjacent to both by,bo, it follows that none of them is in Zy U Z3. Moreover,
D2, Pk—1 & Z1, since by, by are anticomplete to Z1. Thus po, pp—1 € V(G)\W. Now py is not complete
to Zs U Z3 since Zy U Z3 is not stable and G is Ky-free; and since po, b are nonadjacent, and we have
already seen that every two nonadjacent major vertices have the same neighbours in W, it follows
that po is not major. Similarly pg_1 is not major. But by 2.4, one of po, pr_1 is complete to Zs and
the other to Z3, which is impossible since they are both minor. This proves (1).

Now to complete the proof of 3.3, suppose that b is a major vertex. Thus b ¢ W, and we may
assume that b is complete to Z5UZ3 and anticomplete to Z;. At least one of A11, A12 is nonempty, say
Aq1; choose a1 € Aq1. Since G has no even pair, there is an odd induced path b = py-po-- - - - Di = A11-
Thus p1, pr. are both complete to the anticonnected set (Z2 U Z3) \ A1; and this anticonnected set is
not stable since ¢ > 4. Since k is even it follows that none of py, ..., px belong to (Zy U Z3) \ Ay; and
so by 2.4, one of po,pi_1 is complete to Zs \ Ay, and the other to Z3 \ A;. Since pi_1 is adjacent
to a1 and not to b, it follows that py_1 is not in W; by (1) pr_1 is not major; and since py_1 is
complete to one of Z \ A1, Z3 \ A it follows that py_; is not minor, contrary to 3.2. This proves
3.3. |

3.4 For1<i<3andl<j<t, |A;l <1,

Proof. Suppose that u,v € A1 say are distinct. Then u, v both have the same colour, and so are
nonadjacent. Moreover, u,v are both complete to (Zy U Z3) \ A1, and there is an odd induced path
U= pp----- pr = v between u, v since they are not an even pair; so 2.4 implies that one of ps, pr_1
has colour 3 and is complete to Zs \ A, and the other has colour 2 and is complete to Z3 \ Aj; let
the first be po, say. Consequently ps is not minor; by 3.3 it is not major; and so by 3.2 it belongs to
W. Since it has colour 3 and has a neighbour and a nonneighbour in A1, we deduce that ps € Az
and Ay = (). But similarly pi_1 € Aoy, a contradiction. This proves 3.4. |

Henceforth we denote the unique member of A;; by a;; (when it exists) without further expla-
nation. Note that 3.4 implies that A;; is anticomplete to A;; for all distinct ¢,7" € {1,2,3} and all

jed{tl, ...t}

3.5 If X is a connected set of minor vertices and u,v € W both have neighbours in X, then u,v
are adjacent.



Proof. Suppose not, and choose nonadjacent u,v € W and a connected set X as in the claim, with
| X | minimum. It follows that X is the interior of an induced path u-p;----- pE-v between u,v. Since
the members of X are minor, 3.4 implies that k£ > 2.

(1) For some i € {1,2,3} there are two members of Z; with neighbours in X.

For suppose not. We may therefore assume that v = a1; and v = ag;, and (Z7 U Z3) \ Ay is
anticomplete to X. Suppose first that k is even. At most one vertex in Z3 \ A; has a neighbour in
X; choose w € Z3 \ Ay with no neighbour in X, and then w-u-p;-- - - -pg-v-w is an odd hole. So k is
odd. Now either a2, as3 both exist, or ase, a3 both exist, and from the symmetry we may assume
the first; and then u-pi----- Pr-v-a12-ae3-u is an odd hole, a contradiction. This proves (1).

In view of (1) we may assume that v = a;; and v = aj2. From the minimality of X (and since
k > 2) it follows that A;; is anticomplete to X for 3 < j <t.

(2) It is impossible that k is even.

For suppose k is even. We may assume that ags,ass exist. If agq exists, then {ags,asq,ass} is
anticonnected and not stable, and complete to u,v; so by 2.4 each of ass, asq, asq is adjacent to one
of p1, pr, contradicting that pq, px are minor. So Asy = (), amd similarly Az3 = (). Hence as1,ass, a3
exist, and since

@13-A22-U-P1-* * * -Pk-U-021-013

is not an odd hole, one of as1, ass has a neighbour in X, say ao;. Since u is adjacent to p; and non-
adjacent to as1, we deduce that ao; is adjacent to py from the minimality of X. Since as3 also has a
neighbour in X and as1, as3 are nonadjacent, the minimality of X implies that aog is adjacent to pj.
But similarly asy is adjacent to one of py, pg, contradicting that pq, py are both minor. This proves (2).

(3) It is impossible that k is odd.
For suppose that k is odd. We may assume that ao;, ase exist, and since

U-P1- -+ - -PE-U-G21-032-U

is not an odd hole, we deduce that at least one of as1,ass has a neighbour in X, say ag;. Since u
is adjacent to p;, the minimality of X implies that pj is the only neighbour of a9 in X. If also ass
has a neighbour in X, then similarly p; is its only neighbour, and then asz-pi----- Di-Q21-G32 1S an
odd hole, a contradiction. Thus agzo is anticomplete to X. We may assume that ai3, a4 exist, and
we have seen that aq3 is anticomplete to X. If also ag4 is anticomplete to X, then

U-P1- - - -Pk-A21-A13-A24-U

is an odd hole. So ag4 has a neighbour in X. From the minimality of X, its only neighbour in X is
p1; but then v-ag4-pi-- - - -pg-v is an odd hole. This proves (3).

From (2) and (3), we have a contradiction. This proves 3.5. |



Proof of 3.1.

Let G be a K4-free Berge graph with no clique cutset and no even pair, that contains a trampoline.
Define the sets A;; as before. If there is a minor vertex, let X be a maximal connected set of minor
vertices; then by 3.5 and 3.3, the set of vertices in W with a neighbour in X is a clique cutset, a
contradiction. Thus there is no minor vertex, and by 3.3 and 3.4 it follows that G is the complement
of the line graph of a bipartite graph. This proves 3.1. |

4 'Trapezes and trestles

Let H be a graph, and let G be obtained from H by adding two more vertices, nonadjacent to each
other and each adjacent to every vertex of H. We call G a suspension of H. We need to consider
suspensions of several different small graphs. A trapeze is a suspension of a graph H that has four
vertices and two edges, disjoint. A trestle is a suspension of a four-vertex path. An extended 4-wheel
is a suspension of a graph with four vertices and two edges that share an end. An octahedron is a
suspension of a cycle of length four. In this section we show that we can exclude these four kinds of
subgraphs.

4.1 Let G be a Ky4-free Berge graph with no even pair, containing no trampoline. Then G does not
contain a trapeze.

Proof. Suppose that G contains a trapeze, with six vertices aq, b1, ao, bg, c1,co, where ¢1,co are
both complete to {a1,b1,a2,b2}, and a;b; is an edge for i = 1,2. Fix a three-colouring ¢ of G; then
o(c1) = ¢(c2), and we may assume that ¢(c1) = 3, and ¢(a;) = 1 and ¢(b;) = 2 for i = 1, 2.

There is an odd induced path between ci,co, since G has no even pair. For i = 1,2, let d; be
the neighbour of ¢; in this path. For ¢ = 1,2, let X; be the set of common neighbours of ¢;, cs that
have colour i. Then X; U X5 is anticonnected and not stable (since a1,as € X1 and by, b € X5).
Since ¢y, co are common neighbours of X; U X5, we may assume by 2.4 that d; has colour 1 and is
complete to X5, and do has colour 2 and is complete to Xj.

Now there is an odd induced path ai-qi-----qi-a2 between ai,as. Since ai,as are common
neighbours of {c1,co,d2}, we may assume by 2.4 (by exchanging a1b; with agby if necessary) that
¢1 has colour 3 and is adjacent to dg, and g has colour 2 and is complete to {c1,co}. Moreover,
{c1,¢2,d2} includes a leap; and since the two vertices of the leap are nonadjacent and have different
colours, it follows that the leap is {c1,d2}. Consequently c; is nonadjacent to qi,...,qr—1, and do
is nonadjacent to ¢o,...,qg. Since g is adjacent to as,cy, co, it follows that qr € Xo, and so dj is
adjacent to qg.

Since b1, qr have the same colour, they are nonadjacent. Suppose that b; is nonadjacent to
qis-.-sqe—1. Then bi-ai-q1----- qx is an odd path between common neighbours of {¢j, c2,d; }, and so
by 2.4, it follows that d; is adjacent to gqx_1 and not to q1, . .., qx_o. But then if dq, ds are nonadjacent
then

do-q1-+- - qr—1-d1-c1-az-do

is an odd hole, a contradiction; if di,ds are adjacent and k > 4 then ds-q1-- - - -qr_1-d1-ds is an odd
hole, a contradiction; and if dy,ds are adjacent and k = 2 (and therefore dj, q; are adjacent) then



the subgraph induced on {ay, as, b1, gk, c1, c2,d1,da, g1} is a trampoline, a contradiction. This proves
that by is adjacent to g; for some i € {1,...,k — 1}. Choose ¢ minimum. From the hole

do-q1--+ - ¢i-b1-c1-az-dy

it follows that ¢ is even, and since k is even, we deduce that ¢;, i are nonadjacent. Suppose that d;
is anticomplete to {q1,...,q;}. If di,dy are nonadjacent then

do-q1-- - ¢i-b1-d1-qx-az-dy

is an odd hole, and if di,dy are adjacent then do-qi-- - - -g;-b1-d1-do is an odd hole, a contradiction.
Thus d; is adjacent to one of ¢i,...,q;. Since do-q1-----q;-b1-co-do is not an odd hole, co is also
adjacent to one of ¢i,...,q;. Consequently there is an induced path R between co and d; with
R* C{q1,...,qi}. But R can be completed to a hole via di-gi-co and via dj-c1-ag-co, and one of
these is an odd hole, a contradiction. This proves 4.1. |

4.2 Let G be a Ky4-free Berge graph with no even pair, containing no trampoline. Then G contains
no trestle.

Proof. (We remind the reader that all graphs in this paper are finite. This theorem in particular
is false if we allow infinite graphs.) Let us say an extended trestle in G is a sequence vy, ..., v, of
distinct vertices, with n > 8, such that for 1 <i < j <n, v; and v; are adjacent if j —i € {1,2,4},
and they are nonadjacent if j — ¢ ¢ {1,2,4,7}. Fix a three-colouring ¢ of G. By 4.1 it follows that
G contains no trapeze. Suppose it contains a trestle.

(1) G contains an extended trestle.

For G contains a trestle, and so there are six vertices vo,...,v7 in G such that vo-vs-vs-v7 is
an induced path, and {vs,vs} is complete to {vy,v4,vs,v7}, and there are no other edges among
va,...,v7. We may assume that vs,v5 have colour 1, and vz, vg have colour 2, and vy, v7 have colour
3. There is an odd induced path between vs, vg, say vs-p1----- Dr-Vg. Since vs, vg are both complete
to {ve,v4, v5,v7}, and the latter is anticonnected and not stable, we may assume from 2.4 and the
symmetry that p; has colour 3 and is complete to {vy, v5}, and pg has colour 1 and is complete to
{v4,v7}. But then the sequence p1,vs,...,v7, pi is an extended trestle. This proves (1).

In view of (1) and the finiteness of G, we may choose an extended trestle vy, ..., v, with n max-
imum. We may assume that:

(2) For 1 <i<mn, ¢(v;) =n—1 mod 3.

For v;, vi11,vi49 are pairwise adjacent (for 1 <i < n —2), and so are v;41, V42, V43 (for i <n —3),
and so v;, v;4+3 have the same colour for 1 <i<n—3. Thusfor 1 <i<j<n,if j—i=0 mod 3
then v;,v; have the same colour. Since we may assume that v, has colour 3 and v,,_; has colour 1,
the claim follows. This proves (2).



(3) There is a vertex vp41 # V1, ..., Un, with colour 2, adjacent to vy, Vy—1,Vn—3 and not to vy—9, Vp—4, Vp—5.

For there is an odd induced path v,_1-p1----- Di-Un—_4 between v, _1,v,_4. Since v,_1,v,_4 are
both complete to {vy,vn—2,vn_3,vn—5}, and the latter is anticonnected and not stable, it follows
from 2.4 that one of pi,pr has colour 2 and is complete to {v,,v,—3}, and the other has colour
3 and is complete to {v,_2,v,-5}. Suppose that p; has colour 3. Then v,_2,v,_5 are complete
to {vn—1,P1,Vn—a,Vn—¢}, and v,_1p1 and v,_4v,_¢ are edges, and {v,_1,p1} is anticomplete to
{Un—4,vn-6} (p1 is not adjacent to v,_¢ since they have the same colour). Thus G contains a
trapeze, a contradiction. This proves that p; has colour 2, and is adjacent to v,,v,—3, and not to
Vn—4.

Define vy, +1 = p1; we will show that v, 11 satisfies the claim. Since v,41 has colour 2, it is nonadja-
cent to vp—9,vn—5. Thus, in summary, v,41 is adjacent to vy, vn—1,vp—3 and not to vy—2, vp—4q, Vp—s.

Suppose that v,+1 = v; for some i € {1,...,n}. Then n—i =2 mod 3 by (2), since v,+; has colour
2; and i # n —5,n — 2 since v, 41 is nonadjacent to v,_4. Thus i < n — 8. But the only neighbours of
Up in {v1,...,0p_1} are v,_1,vp—2,vn—4 and possibly v,_7, a contradiction. Thus vy, is different
from vy, ...,vy,. This proves (3).

(4) vpy1 s nonadjacent to vy,_7.

For suppose vy41, vn—7 are adjacent. Since vy41-Vp—7-Up—6-Un—2-Un—1-Un+1 is Dot a hole of length five,
it follows that v,41 is adjacent to v,_¢. But then v, iv,—7 and v,_ov,_4 are edges, and {vy, 41, vp—7}
is anticomplete to {v,—2,vn_4}, and v,_3,v,_¢ are both complete to {v,_7,vp_4,Vn—2,Vn+1}, and
hence G contains a trapeze, a contradiction. This proves (4).

(5) vp41 s nonadjacent to v; for 1 <i <mn—8.

For suppose that v; is adjacent to v, for some i € {1,...,n — 8}, and choose ¢ maximum. There
are cases depending on the value of n — i modulo 6. By (2), n +1—14 # 0,3 mod 6 since v,11,v;
are adjacent and therefore have different colours; so n — 4 is one of 0,1,3 or 4 mod 6. If n —i =10
mod 6, then ¢ <n — 12, and

Un+4+1-Vi~Vi4-4-Vi46-Vi+10" - - ~Un—12-Un—8-"Un—4-Un-Un+1

is an odd hole. If n —7 =1 mod 6, then i <n — 13, and
Un+1-Vi-Vi4-4-Vi+6-Vi+10~ " " " - Un—13-Un—9-Un—5-Un—1-Un+1

is an odd hole. If n —¢ =3 mod 6 then i <n —9, and

Un+1-Vi-Vi+2-Vi4-6-Vi48- " * * - Un—13-Un—9-Un—5-Un—4-Un-Un+1

is an odd hole. If n —¢ =4 mod 6, then i <n — 10, and

Un+1-Ui-Vi4-2-Vj4-6-Vi4-8~ " "~ - Un—14-Un—10"Un—8-Un—4-Un-Un+41

is an odd hole. This proves (5).

But from (5), v1,...,v,41 is an extended trestle, contrary to the maximality of n. This proves
4.2. |

10



4.3 Let G be a Ky-free Berge graph with no even pair, containing no trampoline. Then G contains
no extended 4-wheel.

Proof. Suppose that G contains an extended 4-wheel, with vertex set {a1, az, b1, b2, c1,co}, where
a1-bi-ag is a path and {c1, co} is complete to {a,ag, b1, bo}. Fix a three-colouring of G; then we may
assume that aq,as have colour 1, and b; has colour 2, and ¢, co have colour 3 (and by has colour
1 or 2). Since G has no even pair, there is an odd induced path cj-p;i-----pg-co, and since ¢y, co
are complete to {ai,b1,as,bs}, and the latter is anticonnected and not stable, we may assume from
2.4 and the symmetry between cq, co that p; has colour 2 and is adjacent to aq,as. Since p; is not
adjacent to co, it follows that p; # b1, and co-bi-c1-p; is an induced path; but {a;,as} is complete
to the vertex set of this path, and so G contains a trestle, contrary to 4.2. This proves 4.3. |

4.4 Let G be a Ky4-free Berge graph with no even pair, containing no trampoline. Then G contains
no octahedron.

Proof. Suppose it does; consequently we may choose three disjoint stable sets A, Ay, A3 C V(G),
pairwise complete and each with cardinality at least two. Choose them with maximal union. Fix a
three-colouring of GG, and we may assume that the vertices in A; have colour ¢ for ¢ = 1,2, 3.

(1) Every Aj-complete vertex belongs to As U As.

For suppose that v is Aj-complete and v ¢ As U As. Since G is Ky-free, v is anticomplete to
at least one of Ay, Az, say Az. If v is As-complete then we may add v to Ag, contrary to the max-
imality of A; U A2 U A3. Thus v has a nonneighbour in As. Choose a1,a} € Aj. There is an odd
induced path aq-p1----- p-a) between ay, a); and since Ao UA3U{v} is anticonnected and not stable,
we may assume by 2.4 that p; is complete to A3 and anticomplete to As. Choose distinct a3, ay € As,
and choose as € As. Then pi-aj-ag-a] is an induced path, and a3, ay are complete to its vertex set,
so G contains a trestle, contrary to 4.2. This proves (1).

Now since |Aa| > 2, there is an odd induced path with both ends in As; choose such a path
with minimum length, say as-pi----- pi-ab, where ag,al, € As. From the minimality of k, it follows
that none of py,...,pg is in As; and none of them is in A; U A3 since none of them is adjacent to
both a1, a). Consequently none of py,...,px is complete to Ay, by (1). By 2.3, every vertex in A;
is adjacent to one of p1, pg; and similarly so is every vertex in As. Since p1,pr do not have colour
2 (because they have neighbours in Ay), we may assume that p; has colour 1. Consequently py is
anticomplete to A, and so p; is complete to Aj, contrary to (1). This proves 4.4. |

5 Jumps on a prism

In this section we present a collection of lemmas about attachments to a prism that we need later.
We say a vertex v can be linked onto a triangle {a1, a2,as} (via paths Pj, Py, P3) if:

® v F#aj,az, a3
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the three paths P;, P,, P3 are induced and mutually vertex-disjoint, and do not contain v

for i =1,2,3 a; is an end of P,
o for 1 <i < j <3, aja; is the unique edge of G between V(P;) and V(P;)
e v has a neighbour in each of P, P» and Ps.

Our first lemma (theorem 2.4 of [5]) is well-known:

5.1 Let G be Berge, and suppose v can be linked onto a triangle {a1,as,as}. Then v is adjacent to
at least two of a1, a9, as.

A prism is a graph consisting of two vertex-disjoint triangles {ai, a2, as}, {b1,b2,b3}, and three
paths Ry, R, R3, where each R; has ends a;, b;, and for 1 <14 < j < 3 the only edges between V(R;)
and V(R;) are a;a; and b;bj. The three paths Ry, Ra, R3 are said to form the prism. The prism is
long if at least one of the three paths has length > 1. If G is a graph, a prism in G is an induced
subgraph K that is a prism. If G is Berge, the three paths forming K are either all even or all odd,
and we call the prism even or odd respectively. A vertex w € V(G) \ V(K) is said to be major with
respect to K if it has at least two neighbours in each triangle of the prism.

If F, K are induced subgraphs of G, a vertex in V(K) is said to be an attachment of F (or of
V(F)) in K if either it belongs to V(F') or it has a neighbour in V(F'). If K is a prism in G with
R1, Ry, R3 as before, a subset X C V(K) is local with respect to K if either X C V(R;) for some 1,
or X is a subset of one of the triangles of K. If fy,..., f, is an induced path disjoint from K, we
say that fi-----f, is a corner jump in position ay with respect to K if f; is adjacent to as,as, and
there is at least one edge between f, and V(Ry) \ {a1}, and every edge between {fi,..., f,} and
V(K) \ {a1} is between f; and {a2,as} or between f,, and V(R;) \ {a1}. We define corner jumps
in positions ase, as, b1, bo, bg similarly. A corner jump means a path that is a corner jump in one of
these six positions. Note that we are distinguishing between fi----- fn and fp-----f1 here.

We need theorem 10.1 of [5], specialized to Ky4-free graphs, the following.

5.2 Let Ry, Ra, R3 form a prism K in a Ky-free Berge graph G, with triangles A = {ay,a2,a3} and
B = {b1,b2,b3}, where each R; has ends a; and b;. Let FF C V(G) \ V(K) be connected, such that
its set of attachments in K is not local. Then there exist n > 1 and an induced path fi-----f, with
fi,-.., fn € F, such that either:

e n =1 and f, is major, or

e for some distinct i,j € {1,2,3}, f1 has two adjacent neighbours in R;, and f, has two adjacent
neighbours in R;, and there are no other edges between { f1,..., fn} and V(K), or

e n > 2, and for some distinct i,j € {1,2,3}, f1 is adjacent to a;,a;, and f, is adjacent to b;, b;,
and there are no other edges between {f1,..., fn} and V(K), or

o fi---+-fn is a corner jump.

This has the following useful corollary.
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5.3 Let G be a Ky-free Berge graph containing no trestle, and let C' be a hole of G. Let Rs be an
induced path of G, with V(R3) NV (C) = 0, and with ends ag,bs. (Possibly Rs has length zero.)
Let ajas and biby be disjoint edges of C, such that the only edges between V(Rg) and V(C) are
ajas,asas,bibs, babs. Let w € V(G)\ (V(R)UV(C)), and let w be adjacent to a1, as and nonadjacent
to at least two of by,bs,bs. Then w has no neighbours in C except ai,as.

Proof. For i = 1,2, let R; be the path of C between a;,b; not using the edge ajaz, and let ¢; be
the neighbour of a; in R;. Suppose w has another neighbour in V(C). Suppose first that Rs has
positive length, so R, Ra, R3 form a prism K. The set of neighbours of w in K is not local, and so
5.2 implies that one of its outcomes holds if we set n = 1 and f; = w. Now the first outcome of 5.2
is false since w has at most one neighbour in {b1, ba, b3}, and the third is false since n = 1. Suppose
the second holds. Then w has exactly four neighbours in the hole C, namely c1, a1, a2, co. Since C
is even, and
w-cl—Rl-bl—bg-Rg-Cg—’w

is not an odd hole, it follows that C' has length four; but then the prism is odd, so R3 is odd, and
w—al—ag—Rg—bg—bg—w

is an odd hole, a contradiction. Thus the fourth outcome holds. Since w is adjacent to a1, as it follows
that w has neighbours in V(R3) \ {as}, and has no other neighbours in V(C), a contradiction.

We may therefore assume that Rs has length zero, so as = bs. Suppose that Rs has length one.
Then since the subgraph induced on (V(C) \ {ag,b2}) U {w} is not an odd hole, it follows that C
has length four; and since w has more than two neighbours in C' and is nonadjacent to one of by, ba,
it follows that G contains a trestle, a contradiction. Thus Ry has length at least two, and similarly
so does Rj. Since as-aso-Rs-bs-as is a hole it follows that Ry is even, and similarly Ry is even.
Consequently Rp, Ry are both even. Suppose that for ¢ = 1,2, w has a neighbour in R; different from
a;. Since w cannot be linked onto {b1,be, b3}, we deduce that c1,a1, a9, co are the only neighbours
of w in C, and then either C or the graph induced on (V(C) \ {a1,a2}) U{w} is an odd hole. Thus
we may assume that w has no neighbour in Ry different from as; and so it does have a neighbour
in R; different from a;. Let @ be an induced path between b; and w with interior in V' (R;y). Since
w-ao-Ro-bo-b1-Q-w is not an odd hole, it follows that () is even; but then w-as-ag-b1-Q-w is an odd
hole, a contradiction. This proves 5.3. |

We use 5.2 to prove the following.

5.4 Let G be a K4-free Berge graph containing no trapeze, trestle, octahedron or extended 4-wheel.
Let K be a prism in G, and let A, B and R;,a;,b; (i =1,2,3) be as before. Let w € V(G) \ V(K)
be major with respect to K. Let F C V(G)\ V(K) be connected, such that its set of attachments in
K is not local, and w is anticomplete to F'. Then there is an induced path fi-----f, with n > 1 and
fi,..., fn € F, such that either:

e n > 3 is odd, and for some distinct i,j € {1,2,3}, f1 has two adjacent neighbours c;,d; in
R;, and f, has two adjacent neighbours c;,d; in Rj;, and there are no other edges between
{fi,-- . fa} and V(K), and w is adjacent to all of ¢;,d;,cj,d;, or
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e K is even, and for some distinct i,j € {1,2,3}, f1 has two adjacent neighbours c;,d; in R;, and

fn has two adjacent neighbours cj,d; in Rj, and there are no other edges between {f1,..., fn}
and V(K), and w is adjacent to ai, b;, aj,b; and nonadjacent to every internal vertex of R; and
of Rj, or

e n > 2, and for some distinct i,j € {1,2,3}, f1 is adjacent to a;,a;, and f, is adjacent to b;, b;,
and there are no other edges between {fi,..., fn} and V(K), and w is adjacent to a;,aj, b;,b;,
or

o fi-----fn is a corner jump in position a; say (or b;, similarly). Moreover, if w is adjacent to

a;, and therefore nonadjacent to a; for some j € {1,2,3} \ {i}, then R; has length one, w is
adjacent to b;,b;, and w has no neighbour in R; except b;.

Proof. Let fi,..., f, beasin 5.2.
(1) The first outcome of 5.2 does not hold.

For suppose it does; thus f; is major. Let {u,v} = {w, f1}; thus, u,v are nonadjacent major
vertices, and there is symmetry between u,v. Let X be the set of vertices in K adjacent to both
u,v. Thus AN X, BN X # (). If u,v have the same neighbours in AU B, then the subgraph induced
on X N (AU B) is either a 2-edge matching, or a 3-edge path, or a cycle of length four, and so H
contains a trapeze, trestle or octahedron, contrary to the hypothesis. So we may assume that u,v
have different neighbours in A; and since they both have exactly two neighbours in A (because G
is Ky-free) we may assume that u is adjacent to aq, a3, and v is adjacent to ag,as. Hence a3z € X.
Since G contains no hole of length five, every vertex in X is adjacent to one of aj,as. In particular
by ¢ X, and for i = 1,2, if b; € X then R; has length one.
If b1,b9 € X, then Ry, Ry both have length one; but then the subgraph induced on

{(117(127(137 bla bg,’u,,’l)}

is an odd antihole, a contradiction. Thus we may assume (exchanging u, v if necessary) that by ¢ X.
Now also b ¢ X, so by € X and therefore Ry has length one. Moreover the subgraph induced on
{u, f1,b2,b3} is a path of length three between u and f;. Thus every vertex in X is adjacent to one
of by, bs; and since az € X, it follows that Rs has length one. But then aq, b3, u, v are all adjacent to
both a3, b1, and so G contains either a trapeze (if v is adjacent to b3) or an extended 4-wheel (if u
is adjacent to b3). This proves (1).

(2) If the second outcome of 5.2 holds then the theorem holds.

For suppose, say, fi has two adjacent neighbours in R;, and f, has two adjacent neighbours in
Rs, and there are no other edges between {fi,..., fo} and V(K). Let ¢1,d; be the two neighbours
of fi € Ry, where ay,c1,d1, by are in order in Rj, and choose cg,ds € V(R3) similarly. Suppose that
w is adjacent to all of c¢1,dy,ca,do. Thus n is odd, since w-c1-f1-- - - - fn-do-w is not an odd hole. If
n = 1, then the subgraph induced on the set of common neighbours of fi,w has two disjoint edges,
and so G contains a trapeze, trestle or octahedron, a contradiction. Thus n > 3 and the theorem
holds. Consequently we may assume that w is not adjacent to ¢ say, and so w cannot be linked
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onto the triangle {c;1,d;, f1}. Suppose that w is adjacent to both ca,ds. From 5.3 applied to the
hole induced on V(R;) U V(R2) and the path fi-----f,, it follows that w has no more neighbours
in V(R; U Ry), and since w is adjacent to at least one of aj,as and at least one of by, by, we deduce
that Rs has length one, and w is adjacent to as,bs. But then R; is odd (since Rs is odd), and so
w-az-a1-R1-b1-bo-w is an odd hole, a contradiction. Thus w is adjacent to at most one of co, do, and
therefore cannot be linked onto {ca,ds, fr}.

For i = 1,2, let C;, D; be the subpaths of R; between a;,c; and between d;,b; respectively.
Suppose that w has a neighbour in V(Cj) \ {a1}. Since w cannot be linked onto {ci,dy, f1}, it
follows that w is nonadjacent to by, as. Since w is major, it is adjacent to b, b3, and to ay,as. Thus
w can be linked onto {c2,ds, fr}, a contradiction. It follows that w has no neighbour in R}, and
similarly none in R3.

Suppose that w is nonadjacent to both ai,b;. Then w is adjacent to ao, as, be, b3, and K is even.
From the symmetry we may assume that ay # co; but ag can be linked onto {cg,ds, fr,}, via paths
with interiors in V/(C1) U{f1,..., fn}, V(C2) and {w} UV (D2), a contradiction. Thus w is adjacent
to at least one of ay, by, and similarly to at least one of a9, bs. If w is adjacent to all of ay,as, b1, bs
then the theorem holds, so we may assume that w is nonadjacent to b;. Hence w is adjacent to
a1, b, b3. From the hole w-aq-R1-b1-bs-w it follows that the prism is odd, and hence Rg3 is odd. Let
Q@ be the path

a1-Ci-c1- f1-+ - Jn-d2-D2-bs.

From the hole a1-Q-bo-b3-R3-a3-aq it follows that @ is odd; but then w-a1-Q-bo-w is an odd hole, a
contradiction. This proves (2).

(3) If the third outcome of 5.2 holds then the theorem holds.

Suppose the third outcome of 5.2 holds; so n > 2, and, say, f1 is adjacent to ai,as, and f, is
adjacent to by, be, and there are no other edges between {fi,..., fn} and V(K). If w is adjacent
to a1, b1, a9, by, then the theorem holds, so we assume that w is nonadjacent to a; say. Hence w is
adjacent to ag,as. By 5.3 applied to the prism K’ formed by Ry, Re and f1,..., f,, it follows that
w is nonadjacent to one of by, be, say b;, and therefore adjacent to bs. Since w-as-fi----- fn-bi-b3-w
is not an odd hole, it follows that either n is even or aso, by are adjacent; and in either case K’ is odd
and therefore n is even.

For j = 1,2, since w-ag-f1-----fy-bj-w is not an odd hole, it follows (from j = 1) that b; is
nonadjacent to w, and (from j = 2) that Ry has length one. Since w-ag-a;-R1-bi-ba-w is not an odd
hole, w has a neighbour ¢; € R]. Since w cannot be linked onto {ai,as, f1}, it follows that ¢; is ad-
jacent to by. But similarly ¢; is adjacent to a1, contradicting that R; has odd length. This proves (3).

(4) If the fourth outcome of 5.2 holds then the theorem holds.

Suppose that fi----- fn 18 a corner jump in position as, say. If w is adjacent to both a1, as then the
theorem holds, so we may assume that w, a; are nonadjacent. Thus w is adjacent to ag,as. Let Rj
be an induced path between f; and b3 with interior in {fo,..., fo} UV(R3). Then Ry, Ry, Ry form
a prism K’, and by three applications of 5.3 applied to the three holes of this prism, we deduce that
w is nonadjacent to one of by, be, and nonadjacent to one of by, bs (and hence adjacent to by, b3), and
has no neighbours in R; U R except by, bs. Consequently K’ (and therefore K) is odd. If ag has no
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neighbour in Rj, then w-as-ai-f1-R4-bs-w is an odd hole, a contradiction; so a3 has a neighbour in

4, and hence there is an induced path @) between as, bs with interior in V(R%). In particular, w has
no neighbour in @*, and @ is odd; and since w-az-Q-bs-w is not an odd hole, we deduce that as, b3
are adjacent. But then the theorem holds.

From 5.2 and (1)—(4), this proves 5.4. |

6 Prisms with balanced vertices

Let K be a prism in a graph G, formed by paths R; with ends a;,b; (1 < i < 3) as usual. We say
a major vertex w is balanced if there are two values of i € {1,2,3} such that w is adjacent to both
a;,b;; and w is clear if it is anticomplete to V(R;) for some 7 € {1,2,3}. (Thus a clear major vertex
is balanced.) In this section we prove that if G is a K4-free Berge graph, containing no even pair and
no trampoline, then no prism in G has a balanced major vertex. A 4-wheel is the graph obtained
from a cycle of length four by adding one more vertex adjacent to every vertex of the cycle. We
need:

6.1 Let G be a K4-free Berge graph containing no trapeze or trestle. Let K be a prism in G, and
let A,B and R;,a;,b; (i = 1,2,3) be as before. Let w € V(G) \ V(K) be major with respect to K.
Suppose that either w is balanced, or G does not contain a 4-wheel. Let w be nonadjacent to as, and
let ag-p1---- -pg-w be an induced path from as to w. Suppose that the set of attachments in K of
{p1,...,pPK—1} is local. Then k is odd.

Proof. Suppose that k is even. Let X be the set of attachments in K of {p1,...,pr_1}. For
i = 1,2, a; is adjacent to both w,as. In particular, a; ¢ {p1,...,px} since k is even. Moreover,
since w-a;-as-pi-----pr-w is not an odd hole, it follows that a; has a neighbour in {p1,...,px}.
Since G is Ky-free, not both ay,as are adjacent to pg; say ap is not adjacent to py without loss of
generality. Thus a; € X; and since ag € X and X is local, we deduce that X C A. In particular,
Ply-- k-1 & V(K). If pp, € V(K), then pp € X since it is adjacent to py_1, and hence pp € A,
which is impossible. Thus none of the vertices p1,...,pg, w belong to V(K).

Now w is adjacent to at least one of b, bs; let R be the induced path between w and az with
interior in V(R3) U {ba}. Since w-R-az-a;-w is a hole, it follows that R is even. Consequently

is not a hole (since it would be odd), and since no vertex in V(R) \ {as} belongs to X, it follows
that pi has a neighbour in V(R) \ {as}. Let R’ be the induced path between pj and ag with interior
in V(R). Then ag-p1-----pp-R'-a3 is a hole, and so R’ is even. Consequently w-py-R’'-az-a1-w is not
a hole, and therefore w has a neighbour in the interior of R’. We deduce that the neighbour of w in
R, and the neighbour of p, in R, are the same vertex ¢ say. Suppose that ¢ = by. Then w, py are
both anticomplete to V(Rj3), and therefore R3 is even; and since

is not a hole (because it would have odd length), and b; ¢ X, we deduce that w, p; are both adjacent
to by, and so by, by, w, pi, are pairwise adjacent, a contradiction. Consequently g # bs. Since we cannot
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link a; onto {w, pg,q}, via a;w and two paths with interiors in V' (R3), {p1,...,pr—1} respectively, it
follows that p; is the only neighbour of a; in {p1,...,pr}. Since G is Ky-free, as is nonadjacent to
p1, and so we can link ag onto {w, pg, ¢}; and so ag, pi are adjacent. Thus the set of attachments in
K of {py} is not local.

Let us apply 5.2 setting F' = {pr}. Now pj is not major, since it has only one neighbour in
A, and the third outcome of 5.2 does not hold since |F| = 1. Suppose that the second outcome of
5.2 holds; so pi has two adjacent neighbours in Ry (namely, as and its neighbour in Ry) and two
adjacent neighbours in R3 (namely, ¢ and its neighbour in R3 between ¢ and bs; this is only possible
if ¢ # b3), and pg has no other neighbours in V(K'). But then we can link py onto {ai,as,p:1}, via
paths with interiors in (V' (R2) \ {a2}) UV (R3), V(R1) \ {b1}, and {p1,...,pk—1}, a contradiction.
We deduce that the fourth outcome of 5.2 holds, and so the one-vertex path pg is a corner jump.
Since py has a neighbour in V(R3) \ {a3}, and is adjacent to as and not to ai,as, it follows that py
is a corner jump in position by, and ¢ = b3. Since pg,w, b1, b are not all pairwise adjacent, it follows
that w is nonadjacent to b1, and therefore adjacent to bo. But then w is not balanced with respect to
K, and yet the subgraph induced on B U {w,py} is a 4-wheel, a contradiction. This proves 6.1. 1

Next we show:

6.2 Let G be a Ky-free Berge graph with no even pair and no trampoline. If K is a prism in G,
then mo major vertex is balanced with respect to K.

Proof. Suppose that there is a prism with a balanced major vertex; and if possible choose one with
a clear major vertex. Thus we have chosen a vertex w, and two paths Ry, Ro, with ends a;, b; for
i = 1,2, such that

e Rj, Ry both have length at least one, and are disjoint, and w ¢ V(R; U R3)
e ajay and byby are edges, and there are no other edges between V(R;) and V(R3)
e w is adjacent to ay,as, by, by

e there is a path R3 with ends as, b3, with V(R3) disjoint from V(R; U Re) U {w}, such that as
is adjacent to a1, a9, and bs is adjacent to by, bo, and there are no other edges between Rz and
R1 U Ry

e if there is a prism in G with a clear major vertex, then w has no neighbour in Rj3.

Consequently, we may choose three sets A, B, C, pairwise disjoint and each disjoint from V(R; U
R9) U {w}, such that

e cvery vertex in A is complete to {a1, a2} and has no other neighbours in Ry U Ry
e cvery vertex in B is complete to {b;, b2} and has no other neighbours in R; U Ry
e no vertex in C' has a neighbour in Ry U Ry

e for every vertex v € AU B U C, there is an induced path containing v with one end in A and
the other end in B, and with interior in C
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e ALB#0
e if there is a prism in G with a clear major vertex, then w has no neighbour in C.

Since G is Ky-free, it follows that A, B are stable, and w is anticomplete to A U B. Choose such a
triple (A, B,C) with AU B U C maximal. If R is an induced path with one end in A and the other
end in B, and with interior in C, we call R a rung. Let W =AU BUCUV(R;y) UV (Ry).

(1) Let po-p1---- -pr be an induced path such that po € A and p1,...,pr ¢ AU B, and w is nonadja-
cent to po, ...,pi. Let X be the set of vertices in W that either belong to {p1,...,pr} or are adjacent
to some vertex in {p1,...,pr}. Then either X CAUBUC, or X C AU{aj,as}.

For suppose not, and choose k minimum such that the claim is false. From the minimality of k
it follows that p1,...,px ¢ V(R1 U Ry), and from the hypothesis we have p1,...,px ¢ AU B. (They
might belong to C, however.) For 1 <i < k let X; denote the set of vertices in W that either belong
to {pi,...,pr} or are adjacent to some vertex in {p;,...,px}. Thus X; = X and is not a subset of
AUBUC, and not a subset of AU {aj,as}. Since py € AN X1, it follows that X is not a subset of
any of AUBUC, AU{a1,a2}, BU{b1,b2}, V(R1), V(R2). Choose h < k maximum such that Xp
is not a subset of any of these five sets.

Suppose that p; € C for some j with h < 7 < k. Since X; € AU B U C, there exists ¢ with
h < i < k such that some vertex y € V(R; U Rg) is adjacent to p;. Since one of pi,...,pk_1
either belongs to C' or has a neighbour in C, the minimality of k implies that ¢ = k. Since p; € C
and therefore is nonadjacent to y, we deduce that j < k. But then p;,y € X;;1, contrary to the
maximality of h. This proves that py,...,px ¢ C, and therefore pp,...,pr ¢ W.

Choose a rung R3 with ends ag € A and b3 € B, such that the set of attachments of {pp,...,pr}
in the prism K formed by R;, Ro, R3 is not local. By 4.1, 4.2, 4.4 and 4.3, G contains no trapeze,
trestle, octahedron or extended 4-wheel. From 5.4, we deduce that one of the five outcomes of 5.4
holds; and from the minimality of k and the maximality of h, the path fi----- fr of 5.4 is either the
path pp----- pj. OT its reverse.

Suppose the first outcome holds; then £k — h + 1 > 3 is odd, and for some distinct 4, j € {1,2, 3},
pp, has two adjacent neighbours ¢;,d; in R;, and p; has two adjacent neighbours ¢;,d; in R;, and
there are no other edges between {py,...,pr} and V(K), and w is adjacent to all of ¢;,d;, ¢j, dj. The
minimality of k& implies that not both 7, j € {1,2}; and so w has neighbours in R3. Yet w is a clear
major vertex with respect to the prism induced on V/(R; UR;) U {pp,...,pi}, contrary to the choice
of Rl, RQ, w.

Suppose the second outcome of 5.4 holds; then K is an even prism, and for some distinct s,t €
{1,2,3}, p, has two adjacent neighbours cs,ds in Rg, and py has two adjacent neighbours ¢, d; in
Ry, and there are no other edges between {p,...,pr} and V(K), and w is adjacent to as,bs, a, b
and nonadjacent to every internal vertex of Rs and of R;. Since w is balanced it follows that
{s,t} = {1,2}, and since none of py,...,pr_1 has a neighbour in V(R; UR2)\ {a1, a2}, it follows that
h = k. We may assume that for i = 1,2, a;, ¢;,d;, b; are in order in R;. For i = 1,2, let C;, D; be the
subpaths of R; between a;,¢; and between d;, b; respectively. If a1 # ¢1, then we can link a; onto
{pk,c1,d1} via paths with interiors in {w} UV (Dy), V(Cy), and {a3} U{p1,...,pr}, a contradiction.
Thus a1 = ¢; and similarly as = co. Since K is even, it follows that

Pi-d1-D1-b1-ba-Do-da-py,
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is an odd hole, a contradiction.

Suppose the third outcome of 5.4 holds; then k > h, and since w is nonadjacent to as, b3, one of
Ph, Pk 1s adjacent to aj, ag, and the other to by, be, and there are no other edges between {py,...,pr}
and V(K). From the minimality of k, p, is nonadjacent to both by, by; so pi is adjacent to by, bo,
and pp, to aj,ae. But then we can add py, to A and pg to B and pp41,...,pr—1 to C, contrary to the
maximality of AUBUC.

Suppose the fourth outcome of 5.4 holds; then one of pp-- - - -pg, pr-- - - -pp, is a corner jump in one
of the six positions, say position x; € {a;,b;}. There is no j € {1,2,3} \ {i} such that w is adjacent
to just one end of R;; and so from the fourth outcome of 5.4, it follows that w is nonadjacent to
x;, and so ¢ = 3. But then we can add pp,...,pr to A, B or C (in the appropriate way, depending
whether 3 = ag or b3, and depending whether the corner jump is pp-----pi Or pg-----pp) contrary
to the maximality of AU BUC.

We have shown then that none of the outcomes of 5.4 holds, which is impossible; and this proves

(1).

(2) If P is an induced path with both ends in AU B such that w is anticomplete to V(P), then
P has even length.

We proceed by induction on the length of P. If some internal vertex of P belongs to A U B,
then the result follows from the inductive hypothesis, so we may assume that P is pg-p1-----pra1
say, where pg € A, and pgy1 € AU B, and py,...,pr € AU B. Let X be the set of vertices in
W that belong to {pi,...,pr} or have a neighbour in this set. By (1), either X C AU {a1, a2}, or
X C AUBUC. Suppose first that ppy+1 € B. Since pxy1 € X, it follows that X C AU B UC,
and so w-a1-po-P-pgr1-be-w is a hole, and therefore P has even length. Thus we may assume that
pi+1 € A. If a1-po-P-pr41-a1 is a hole then again P has even length, so we may assume that a; € X;
and so X € AU B UC, and therefore X C AU {aj,a2}. But there is an induced path @ joining
Do, Pk+1 With interior in BUC U {by}, and it has even length since it can be completed to a hole via
Pra1-a1-po- Since P U Q is a hole, it follows that P has even length. This proves (2).

Since G has no even pair, there is an odd induced path between some vertex of AU B and w.
Choose such a path as short as possible. By (2), none of its internal vertices belong to AU B. Let
this path be ag-pi-----pr-w say, where ag € As. Choose a rung R3 with a3 as one end, and let
K be the prism formed by Ri, Ro, R3. By 6.1 applied to as-pi----- Dr—1, the set of attachments of
{p1,...,pk—1} in K is not local. But this contradicts (1). This proves 6.2. |

A square in G is a hole of length four. We deduce:

6.3 Let G be a Ky-free Berge graph with no even pair and no trampoline. Then G contains no
4-wheel.

Proof. Suppose that G contains a 4-wheel, and let ai-b1-as-bs-a; be a square in G, and let ¢ be
adjacent to aq, as, by, bs. Since aq, as is not an even pair, there is an odd induced path ai-pi-- - - -pr-a1;
and therefore by, ba,c ¢ {p1,...,pr}. Suppose that there is an edge uv of the path a;-pi----- Di-a1
such that {u,v} is complete to {b1,b2}. From the symmetry we may assume that u,v # as. Since
{ag,c,u,v} is complete to {b1,bs}, and therefore includes no triangle, it follows that G contains
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a trapeze, trestle, or octahedron, a contradiction. Thus there is no such edge uv. We claim that
{b1,b2} is a leap for the path a;-p1----- pr-a1. This follows from 2.1 if £ > 3, and so we may assume
that £ = 2, and therefore neither of pq, ps is complete to {b1, ba}. But each of by, by is adjacent to at
least one of p1,ps since G has no hole of length five; and so again {b1,b2} is a leap. Thus we may
assume that by is adjacent to pj, and be to pg, and there are no other edges between {b1,b2} and
{p1,...,pr}. But then the paths p;----- Dk, a1be and bias form a prism and c is a balanced major
vertex with respect to it, contrary to 6.2. This proves 6.3. |

7 Prisms with major-general vertices

Let K be a prism in a graph G, formed by paths R; with ends a;,b; (1 <14 < 3) as usual. A vertex
w € V(G) \ V(K) is said to be major-general with respect to K if it is major and there exists
i € {1,2,3} such that R; has length at least two and w is adjacent to both ends of R;. Our next
objective is to extend 6.2, proving the analogous theorem for major-general vertices, the following.

7.1 Let G be a Ky-free Berge graph with no even pair and no trampoline. If K is a prism in G,
then no vertex is major-general with respect to K.

Proof. Suppose that there is a prism with a major-general vertex w. Then there is an induced path
R3 with length at least two, with ends ag, b3, and two other vertices a9, b1, and nine pairwise disjoint
subsets A;, C;, B; (1 <1 <3) of V(G) \ {w}, satisfying

e ao-as-R3-bs-by is an induced path

A; ={a;} for i =2,3; B; = {b;} for i = 1,3; C5 is the set of internal vertices of R3

o for 1 <i < j <3, A, is complete to A;, and B; is complete to B;, and there are no other edges
between A; U B; UC; and A; U Bj U Cj

e for 1 <4 < 3 and every vertex v € A; U B;UC;, there is an i-rung containing v, where an i-rung
means an induced path with one end in A; and the other end in B;, and with interior in Cj

e w is adjacent to ag, as, b1, b3, and
e Ay, By are nonempty.

(To see this, note that since w is major-general with respect to some prism, and not balanced, we
may assume in the usual notation that w is adjacent to as, b1, as, b3, and R3 has length at least two;
and then the claim follows.) Let W be the union of the nine sets A;,C;, B; (1 <14 < 3), and choose
Aq,Cq,Cy, By such that W is maximal.

(1) Let po-pi-----pr be an induced path such that pg € Ay and p1,...,px ¢ A1 U By, and w is
nonadjacent to py,...,pr. Let X be the set of vertices in W that either belong to {pi,...,pr} or are
adjacent to some vertex in {p1,...,pr}. Then either X C Ay U By UC, or X C A; U{ag,as}.

For suppose not, and choose & minimum such that the claim is false, and choose h < k as in

20



step (1) of the proof of 6.2. As in that proof, it follows that pp,...,pr ¢ W, and there is a prism K,
formed by a 1-rung R1, a 2-rung Ry, and the path Rs, such that the set of attachments of {pp,...,pr}
in K is not local. Choose a1, by such that for i = 1,2,3, the ends of R; are a;, b;. Again, one of the
outcomes of 5.4 holds.

The first outcome does not hold since G contains no prism with respect to which w is balanced,
by 6.2. The second and third outcomes do not hold since w is not balanced with respect to K. Thus

the fourth outcome of 5.4 holds; so one of pp----- Dhey D=+ " - P is a corner jump in one of the six
positions, say position z.
Suppose first that x = a1, and so one of pp----- Dk, Pk-**-Pr 1S a corner jump in position ay

with respect to K. If {pp,...,pr} is anticomplete to By U Cy then we can either add pj, to A; and
DPhals-- -, Dk to C1, or add pg to Ay and py, . .., pr_1 to C1 (depending whether pp,-- - - - Dk OF Pg=- - =Pp,
is the corner jump with respect to K), a contradiction to the maximality of W. Thus there is a
2-rung R), with ends ag, b, say, such that one of pp, ..., pr has a neighbour in V(R}) \ {a2}. From
the minimality of k, no vertex in {pi,...,pr—1} has a neighbour in V(R5) \ {az2}; so pi has such a
neighbour. If py is adjacent to ag, as, then the prism formed by Ry, R, R3 does not satisfy 5.3, since
Pk has at most one neighbour in {b, 5, bs}. Thus h < k, and py, is adjacent to ag, az, and py has a
neighbour in V(R;)\ {a1} and a neighbour in V(R})\{az}. If py has a neighbour in R} different from
b, we can link py onto {pp,as,as} via paths with interiors in {ppy1,...,px—1}, V(RS) \ {¥5}, and
(V(R1) \ {a1}) UV(R3), a contradiction. So b} is the only neighbour of py in R). But then we can
link b, onto {p, az,as}, via paths with interiors in V(R}), {pp,...,pr} and V(Rs3), a contradiction.
Thus = # a;.

Suppose that = by. From the minimality of k, no vertex in {pi,...,pr—1} is adjacent to bs; so
the corner jump is pp----- ph, and py is adjacent to by, bs, and pp has a neighbour in V(Rg) \ {b2}.
Then from the maximality of W, there is a 1-rung R} with ends a} and by, such that one of py, . .., p,
say p;, has a neighbour v € V(R})\{b1}. If i = k then the prism formed by R}, R2, R3 does not satisfy
5.3 (since py has at most one neighbour in {a},as,as}). Thus i < k, and consequently h < k. From
the minimality of k, p, has no neighbour in Ry except possibly as; and so pp, as are adjacent. From
the minimality of k, since py, is adjacent to as, it follows that none of py, ..., pr_1 has a neighbour in
By U Cy; and in particular v = a}. But then the prism formed by Ry, R3 and the path ag-pp--- - - Dk
does not satisfy 5.3, since a) has at most one neighbour in {b,bs, pr} (since we have shown that
pi # pk). Thus z # bs.

If x = ag, there is a prism K’ formed by Ry, R3 and a path starting with one of pj- - - -pp, pg- - - -pn
and with final vertex by, and with interior in V' (R2) \ {az2}; and this prism does not satisfy 5.3, a
contradiction. Similarly x # by; and so = € {ag,b3}. By the fourth outcome of 5.4, since w is
adjacent to x, it follows that R3 has length one, a contradiction. This proves (1).

(2) If P is an induced path with both ends in Ay U By such that w is anticomplete to V(P), then P
has even length.

We proceed by induction on the length of P. If some internal vertex of P belongs to Ay U Bo,
then the result follows from the inductive hypothesis, so we may assume that P is po-p1-----Pr+1
say, where pg € Ay, and pg11 € A1 U By, and py,...,pr ¢ A1 U By, Let X be the set of vertices in
W that belong to {p1,...,px} or have a neighbour in this set. By (1), either X C A; U {a2,as}, or
X C A UB; UCh, and in particular, pgy1 ¢ Ba. Thus pry1 € Ay. If as-po-P-pi.y1-a2 is a hole then
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again P has even length, so we may assume that as € X; and so X € Ay U By U (4, and therefore
X C Ay U{ag,a3}. But there is an induced path @ joining pg, pr+1 with interior in B; U Cy U {bs},
and it has even length since it can be completed to a hole via pr41-az-pg. Since P U Q is a hole, it
follows that P has even length. This proves (2).

Since G has no even pair, there is an odd induced path between some vertex of A; U By and w.
Choose such a path as short as possible. By (2), none of its internal vertices belong to A; U Bs. Let

this path be ai-pi-- - - -pp-w, where a; € Ay say. Choose a 1-rung R; with a1 as one end, and choose
a 2-rung Ro; and let K be the prism formed by R, Rs, Rs. By 6.1 applied to aj-pi-----pg, the set
of attachments of {p1,...,pr—1} in K is not local. But this contradicts (1). This proves 7.1. |

8 Line graphs

A cut of a graph G is a partition (A1, X, As) of V(G) such that Aj, A are nonempty and A; is
anticomplete to Ag; and it is a k-cut if | X| < k. We say G is k-connected if |V (G)| > k and there is
no (k — 1)-cut.

A branch-vertex of a graph H is a vertex with degree > 3; and a branch of H means a maximal
path P in H such that no internal vertex of P is a branch-vertex. Let J be a graph with minimum
degree at least three. If H is a subdivision of J then V(J) is the set of branch-vertices of H, and
the branches of H are in 1-1 correspondence with the edges of J in the natural way.

If H is a graph, then L(H) denotes its line graph; thus E(H) = V(L(H)). If J is 3-connected and
H is a bipartite subdivision of J, and L(H) is an induced subgraph of G, we call L(H) an appearance
of J in G. An appearance L(H) of J in G is degenerate if J = K4 and there is a cycle of H of length
four containing all the vertices of J, or H = J = K3 3, and non-degenerate otherwise. In this section
we prove the following.

8.1 Let G be a 3-connected Ky-free Berge graph, containing no even pair and no trampoline, and
no clique cutset. Suppose that there is an appearance of a 3-connected graph J in G, nondegenerate
if J = K4. Then G is the line graph of a bipartite graph.

If L(H) is an appearance of J in G, a vertex w € V(G) \ V(L(H)) is major with respect to
L(H) if for each v € V(J) C V(H), there is at most one edge = of H incidentwith v such that w is
nonadjacent to x in G.

8.2 Let G be a Ky-free Berge graph, containing mo even pair and no trampoline. For every 3-
connected graph J and every appearance L(H) of J in G, no vertex is major with respect to L(H).

Proof. Suppose that w is major with respect to L(H). There is a subgraph H' of H that is a
bipartite subdivision of Ky, and w is major with respect to L(H’). Thus if the theorem holds when
J = K4 then it holds in general. We therefore may assume that J = Kj4. Let the four vertices of J
be c1,...,cq. For all distinct i, € {1,...,4}, let B;; = Bj; be the branch of H with ends ¢;, ¢;, let
e(i,j) be the edge of B;; = Bj; incident with ¢;, and let H;; = Hj; be the subgraph of H obtained
by deleting the edges and interior vertices of B;;. Let N be the set of neighbours of w in V(L(H)).
Thus N C E(H). For 1 <i <4, exactly two of the edges of H incident with ¢; belong to N (for at
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least two are in N since w is major, and not all three since G is Ky-free).
(1) For 1 <i<j <4, N contains at least one of e(i, ), e(j,1).

For let (4,5) = (1,2) say. Suppose that no end-edge of By isin N. Thuse(1,3),e(1,4),e(2,3),e(2,4) €
N. Suppose first that Bjs has length one, and let x be its unique edge. Then {x,w} is complete
in G to {e(1,3),e(1,4),e(2,3),e(2,4)}, and so G contains a trapeze, trestle, or octahedron, a con-
tradiction. Thus Bjs has length at least two. Then L(Hs4) is an induced subgraph of G, and it is
a prism (since Bis has length at least two). Moreover, since w is nonadjacent to both end-edges of
Bjo, we deduce that w is a balanced major vertex with respect to this prism, contrary to 6.2. This
proves (1).

We may assume that e(1,2),e(1,3) € N, and therefore e(1,4) ¢ N. By (1), e(4,1) € N. From
the symmetry between ¢z and c3, we may assume that e(4,3) ¢ N, and hence €(3,4),e(4,2) € N.
Since L(Hy2) is a prism (since Bsy has at least two edges) and w is not major-general with respect
to this prism, by 7.1, it follows that e(3,1) ¢ N, and e(3,2) € N, and Bag, Ba4 both have length one
(and so e(2,1) ¢ N). But then w is major-general with respect to the prism L(Hs4), a contradiction.
This proves 8.2. |

An appearance L(H) of J in G is overshadowed if there is a branch B of H with odd length > 3,
and a vertex winV (G) \ V(L(H)), such that for each end b of B in H, there is at most one edge of
H that is incident with b in H and nonadjacent to w in G.

8.3 Let G be a Ky-free Berge graph, containing no even pair and no trampoline. For every 3-
connected graph J, there is no overshadowed appearance of J in G.

Proof. Suppose L(H) is an overshadowed appearance of J in G, and let B, w be as above. Let the
ends of B in H be by, by. Since J is 3-connected, there are three paths P, Py, P3 of H between by, bo,
vertex-disjoint except for by,be, where P3 = B. Let H' be the union of these paths; then L(H’) is
an even prism (since B has odd length) and w is a major (and therefore major-general) vertex with
respect to it, contrary to 7.1. This proves 8.3. |

Let J be a 3-connected graph. A J-strip system (S, N) in a graph G consists of a subset Sy, =
Svu C V(G) for each edge uv of J, and a subset IV, C V(G) for each vertex v of J, satisfying the
following conditions:

e The sets Sy, (uv € E(J)) are pairwise disjoint.
e For each u € V(J), N, C J(Sup : v € V(J) adjacent to u).

e For each uv € E(J), every vertex of Sy, is in a uv-rung (a uv-rung is an induced path R of
G with ends s,t say, where V(R) C Sy, and s is the unique vertex of R in N,, and ¢ is the
unique vertex of R in N,).

o If uv,wz € E(J) with u,v,w,z all distinct, then there are no edges between Sy, and Sy,.
o If uv,uw € E(J) with v # w, then N, NSy, is complete to N, N Sy, and there are no other

edges between Sy, and Sy,,.
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e For each uv € E(J) there is a special uv-rung such that for every cycle C of J, the sum of the
lengths of the special uv-rungs for uv € E(C) has the same parity as |V (C)|.

We define V(S,N) = J(Suy : wv € E(J)). If u,v € V(J) are adjacent, we define Ny, = Ny, N Sys.
So every vertex of N, belongs to N, for exactly one v. Note that Ny, is in general different from
Nyy, but Sy, and S, mean the same thing.

If L(H) is an appearance of J in G, then since L(H) is an induced subgraph of G, there is a
J-strip system (S, N) in G, defined by setting

e for each edge uwv of J, Sy, is the set of edges of the branch of H with ends u,v
e for each v € V(J), N, is the set of edges of H incident with v in H.

We call this the strip system of H.

A J-strip system (S’, N') in G extends a J-strip system (S, N) in G if V(S,N) C V(S’', N’), and
SNV (S,N) = Sy, for every uv € E(J), and N,NV(S,N) = N, for every v € V(J); and a J-strip
system (S, N) in G is mazimal if there is no J-strip system in G that extends (S, N).

Proof of 8.1.

Choose a 3-connected graph J maximal such that there is an appearance L(H) of J in G, non-
degenerate if J = Ky. (Thus E(H) C V(G).) We will prove that G = L(H). Since G is Ky-free it
follows that J has maximum degree three. Since L(H) is an appearance of J in G, we may choose a
maximal J-strip system (S, N) that extends the strip system of H.

(1) For all wv € E(J), all uv-rungs have lengths of the same parity.

This follows from theorem 8.1 of [5].

(2) For every edge uv of J, if some uv-rung has length zero then |Sy,| = 1.

For by 8.3 and theorem 8.2 of [5] it follows that every ww-rung has length zero. Suppose that

x,y € Sy are distinct. Then z,y are both complete to N, \ Ny, and both complete to N, \ Ny, ; and

so G contains a trapeze, trestle or octahedron, a contradiction. Thus |Sy,| = 1. This proves (2).
We say X C V(S,N) is local (with respect to the strip system) if either X C N, for some

veV(J),or X CS,, for some edge uv € E(J). Let F be the set of all vertex sets of components

of G\ V(S,N).

(3) For each F € F the set of attachments of F in V (S, N) is local.

This follows from theorem 8.5 of [5], because of 8.2, 8.3, the choice of J, and the maximality of

the strip system, using that L(H) is nondegenerate if J = Ky, and that (S, N) extends the strip

system of H.

(4) For every edge uv € E(J), |Nyy| = 1.
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For we prove, by induction on the length of P, that if P is an induced path with both ends in
Ny, for some edge ax of J then P is even. Let a € V(J), with neighbours z,y, z in J; and suppose
that P is an induced path of G with both ends in N,,. If some internal vertex of P belongs to N,
the result follows from the inductive hypothesis, and if some vertex of P is in Ngy U N, then P has
length two as required; so we may assume that P* N N, = (). Let the vertices of P be pj----- D
in order. Since p1,pr € Naz € Sz, (2) implies that every az-rung has positive length, and so
Nuz NN, = . Let Fy be the union of all F' € F such that every attachment of F in V (S, N) belongs
to N,, and let F5 be the union of all F' € F such that every attachment of F' is in S,, and some
attachment is not in N,. From (3), every member of F with an attachment in S, \ N, is a subset
of one of F, F>. Choose ¢ € Nyy.

Suppose first that some vertex of P belongs to Fy. Choose h,j with 1 < h < j <kand j—h
minimum such that pp,p; ¢ Fi and there exists ¢ with h < ¢ < j and p; € Fj. It follows that
Ph,Pj € Ng, and therefore i = 1 and j = k. Let R, R’ be az-rungs containing pi, pj, respectively, and
let b € N\ Nyqo. Then there is an induced path @ between pq, p with interior in V(R)UV (R')U{b},
and we claim it is even. For if b € V(Q) then @ is even since R, R’ have the same parity by (1); and
if b ¢ V(Q) then @ is even since @ can be complete to a hole via pg-c-p;. Thus in either case @ is
even; but P U @ is a hole, and so P is even as required.

Thus we may assume that no vertex of P belongs to Fj. If no vertex of P is in N4, then
P* C Fy U (Saz \ (Ngz U Nyq)), and therefore P can be completed to a hole via pg-c-p1, and so P is
even as required. Thus we may assume that there exist h,j € {2,...,k—1}, minimum and maximum
respectively such that pp,p; € Nyq. (Possibly b = j.) From the maximality of V' (S, N), the internal
vertices of p1----- pp, belong to Sy, (for otherwise they could be added to S,z ), and so pi-----pp is
an ax-rung, and so is pj-- - --p. Consequently their lengths have the same parity, by (1); and from
the inductive hypothesis the subpath pp----- pj has even length; and so P has even length. This
completes the proof that P has even length.

We deduce that for each edge uv of J, any two vertices in N, would be an even pair, and so
|Nyy| = 1. This proves (4).

Thus each N, is a clique. If there exists F' € F such that the set of attachments of F'in V' (S, N)
is contained in some N,, then G admits a clique cutset, a contradiction. For each uv € E(J), let
Ayp be the union of Sy, and all F' € F such that the set of attachments of F' in V (S, N) is a subset
of Syy. It follows that the sets Ay, (uv € E(J)) are pairwise disjoint and have union V(G).

(5) For each edge uv of J, |Auy| < 2.

For every path in G between A,, and V(G) \ Ay, contains a member of Ny, U N,,. But by (4),
| Nyy U Ny | = 2, and since G is 3-connected, it follows that |A,,| < 2. This proves (5).

From (5) it follows that G = L(H), and so G is a line graph. This proves 8.1. |

9 Degenerate K,’s

In this section we extend 8.1 to include the case when GG contains an appearance of Ky, but all such
appearances are degenerate. This case was excluded from 8.1 so that we could apply theorem 8.5 of
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[5], and we therefore need some workaround to replace that theorem. We begin with:

9.1 Let G be a Ky-free Berge graph, containing mo even pair or trampoline, and containing no
appearance of Kz3. Let L(H) be a degenerate appearance of J in G, where J is isomorphic to
Ky. Let V(J) ={c1,...,ca}, and for 1 <i < j <4 let By; be the branch of H with ends c;,c;. Let
c1-Ca-c3-c4-c1 be a cycle of H, and let by, ba, b3, by be the unique edges of Bis, Bas, B3y, B14 respectively.
Then every path in G between E(Bi3) and E(Bas) contains one of by, ..., by.

Proof. First, we observe that bi-ba-bs-bs-b1 is a square of G. Let the edges of Bis be p1,...,0m
in order; thus, pi-----p, is an induced path P of G, and p; is adjacent to by, by, and p,, is ad-
jacent to bo,bs. Similarly, let the edges of By form an induced path gi-----¢, (which we call Q)
in G, where ¢ is adjacent to b1, bs, and ¢, to b3,bs. Since H is bipartite it follows that m,n are
even. Suppose there is a path of G between V(P) and V(Q) containing none of by, ..., by, and
choose a minimal such path. Thus we may assume that ri-----r; is an induced path R, where
Ti,..., 7 & V(P UQ)U{by,be,b3,bs4}, and r; has neighbours in V(P) and r; has neighbours in
V(@), and there are no other edges between {ry,...,r;} and V(PUQ). Let us choose H and R such
that R has minimum length.

(1) If by, by are anticomplete to V(R), then r1 has ezactly two neighbours in V(P) and they are
adjacent.

For suppose that by,bs are nonadjacent to r1,...,r,. If r1 has a unique neighbour ry € V(P),
we can link 79 onto {b1, b2, q1}, a contradiction; and if r; has two nonadjacent neighbour in V' (P),
we can link 71 onto the same triangle, again a contradiction. This proves (1).

(2) At least one of by,...,bs has a neighbour in V(R).

For suppose not. By (1), r; has exactly two neighbours in V(P), and they are adjacent; and
similarly r; has exactly two neighbours in @), and they are adjacent. But then the restriction of G
to V(PUQU R) U{by,...,bs} is the line graph of a bipartite subdivision of K33, contrary to the
hypothesis. This proves (2).

(3) At least two of by, ..., by have a neighbour in V(R).

For suppose that b; has a neighbour in V(R), and be, b3, by do not. By (1), r is adjacent to one of
D2, ..., Pm; and so we can link b; onto {be, b3, py,}, a contradiction. This proves (3).

(4) Either by,bs both have neighbours in V(R), or ba,by both have neighbours in V(R).

For suppose not; then by (3) we may assume that by, by have neighbours in V(R) and b3, by do
not. By (1) and the symmetry, it follows that r; has exactly two neighbours in V(P) and they are
adjacent. Choose i € {1,...,k} minimum such that r; is adjacent to one of by, by. If r; is adjacent to
b1 and not to by, then we can link b; onto {bs, b3, p, }, & contradiction; and similarly r; is adjacent to
both by, be. Let S be the induced path between by, bs with interior in {ry,...,r,p2,...,pm}. Since
b4 is anticomplete to S*, it follows that S is even; and so b3-S-bi-¢q1--- - - gn-b3 is not a hole. Hence
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one of r1,...,r; has a neighbour in @), and therefore ¢ = k. Since b1, b2, q1, 7, are not all pairwise

adjacent, it follows that rj is nonadjacent to ¢1, and therefore r; is adjacent to one of go, ..., qy.
Moreover, from the minimality of 7, it follows that b;, by are nonadjacent to 71,...,7x_1. But then
we can link ry onto {bs, by, ¢, }, via ri-b1-by and two paths with interiors in {r1,...,7x—1,02,...,Pm}

and {q2,...,qn—1}, a contradiction. This proves (4).

From (4) there is a subpath S of R containing neighbours either of both b1, b3 or of both bo, by.
Choose such a path as short as possible. From the symmetry we may assume it contains neighbours
of both b1, b3, and so V(.S) is the interior of an induced path between by, bs.

(5) S =R, and S has even length.

Let S be s1-----s; say, where bj-s1-----s;-b3 is an induced path. Suppose first that S has odd
length. It follows (since bo-by-s1----- $¢-b3-by is not an odd hole) that be, and similarly b4, have
neighbours in V(S). From the minimality of S, and the symmetry between ¢, cq, we may assume
that sy is the unique vertex of S adjacent to b, and s; is the unique vertex of S adjacent to by. If
r1 ¢ V(S), then the subgraph induced on V(PUS)U{by, ba, b3, bs} is another degenerate appearance
of K4 in G, and there is a proper subpath of R with attachments in V(P) and V(S), contrary to
our choice of H, R. Thus r; € V(5), and so r is one of s1,s;. Consequently r; is either complete to
{b1,b2} or to {b3,bs}, and we may assume the first from the symmetry. Since S is odd, it follows that
r1 is nonadjacent to bs, by, and (since k > 1, because S is odd) r; is anticomplete to V(Q). Since
bo-b3-bs-p1-r1-bo is not an odd hole, it follows that 71, p; are nonadjacent, and so r; has a neighbour

in {p2,...,pn}; and hence we can link by onto {bs, by, gm} via bibyg, b1-q1--- - gn and a path between
b1, bs with interior in {r1,pa,...,pm}, a contradiction.
Thus S is even. Since bj-s1----- $t-b3-pm-P-p1-b1 is not an odd hole, there are edges between

V(S) and V(P), and so r1 € V(S), and similarly r, € V(S), and so R = S. This proves (5).
From (5) and the symmetry between by, by, we may assume that by-71- - - - -r;-bs is an induced path.
(6) k> 1.

For suppose that £ = 1. Thus r; is adjacent to both by, b3, and has neighbours in both V(P), V(Q).
By 8.2, 1 is not major with respect to L(H), and so from the symmetry we may assume that r; has
at most one neighbour in {bs, b4, g, }. Hence r; is nonadjacent to by, ¢,. By 5.3 applied to the prism
induced on V(Q) U {by,...,bs}, 71 is nonadjacent to by. Since r; has a neighbour in {q1,...,qn—1}
(because it is nonadjacent to g, ), we can link 71 onto {b1, ba,q1}, and so r; is adjacent to ¢;. By 5.3
applied to the same prism as before, r; has no neighbours in @) except ¢q;. Since r1-q1- - - - -qn-bg-p1-11
is not an odd hole, ry is nonadjacent to p;. This restores the symmetry between p1, g,, and so from
the symmetry r; is adjacent to p,, and has no other neighbour in P. But then by, q1, pim, b3 are all
common neighbours of r1, by, and so G contains a trapeze, a contradiction. This proves (6).

(7) Not both by, by have neighbours in R.

For suppose they do; then from the minimality of S and (5), it follows that S is the interior of
an induced path between bo,bs. In particular, one of by, by (say b;) is adjacent to r, and not to
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T1,...,Tk—1. But then by-ri-----rg-b;-b; is an odd hole, by (5) and (6), a contradiction. This proves

(7).

From (7) and the symmetry between bo,bs, we may assume that by is anticomplete to V(R).
Since by-ri----- rr-q1-b1 is not an odd hole, and R is even of length at least two by (5) and (6), we
deduce that 7, ¢1 are nonadjacent, and so 7 has a neighbour in {ga,...,q,}. We can link r; onto
{qn, b3, by}, via rg-bs, rg-R-r1-b1-bg, and and a path between ry, g, with interior in {go,...,qn—1};
and so 1, ¢q, are adjacent. Since 7, has at most one neighbour in {b1,b2,q1}, 5.3 applied to the
prism induced on V(Q) U {b1,...,bs} implies that r; has no neighbours in @ except ¢,. If b has a
neighbour in V(R) we can link bg onto {bs, qn, 7}, via ba-b3, ba-q1- - - - -g,, and a path with interior in
V(R), and so by, ri, are adjacent; but then by-g,-rg-be-b1-by is an odd hole, a contradiction. Thus bs is
anticomplete to V(R). If r; has a neighbour in {pa,...,pm}, then we can link 71 onto {bs, b3, p, } via
paths with interiors in {b;}, V(R) and {p2,...,pm}, a contradiction. Thus p; is the only neighbour
of 1 in P. But then the subgraph induced on V(P U Q U R) U {b1,b3} is an even prism, and by is
major-general with respect to this prism, contrary to 7.1. This proves 9.1. |

Now we prove the desired extension of 8.1, the following.

9.2 Let G be a 3-connected Ky-free Berge graph, containing no even pair and no trampoline, and
no clique cutset. Suppose that there is an appearance of a 3-connected graph J in G. Then G is the
line graph of a bipartite graph.

Proof. Choose a 3-connected graph J maximal such that there is an appearance L(H) of J in G.
By 8.1, we may assume that J = Ky and L(H) is degenerate. Let V(J) = {c1,...,csa}, and for
1 <i<j<4let B;; be the branch of H with ends ¢;, ¢;. Let B2, Bag, B3y, B4 all have length one,
and let C be the cycle of H with vertices cj-co-c3-c4-c1 in order.

Let us choose a maximal J-strip system (S, N) that extends the strip system of H. For con-
venience we write N; for N, for 1 < i < 4, and S;; for Scicj and Nj;; for Neie; for all distinct
i,7 € {1,...,4}. As in the proof of 8.1, for each uv € E(J), every uv-rung has the same parity, and
they either all have positive length zero or |Sy,| = 1. In particular, Si2, Sa3,S34, 514 each have a
unique member. Let bio be the unique member of S1s, and define bag, b3y, b14 similarly.

We say X C V(S,N) is local (with respect to the strip system) if either X C N, for some
veV(J),or X CS,, for some edge uv € E(J).

(1) If F CV(G)\ V(S,N) is connected, then the set of attachments of F in V (S, N) is local.

For suppose not, and choose F' minimal violating the claim. Let X be the set of attachments of
F in V(S,N). By 9.1, we may assume that X C F(C) U S13. Since X is not local, X ¢ Si3, and so
we may assume that bja € X. Suppose that also b3y € X. From the minimality of F', it follows that
there is an induced path bio-f1-- - - - fy-bss, where F' = {f1,..., fx}. Since the union of this path and
a cocy-rung induces a hole, and all cocq-rungs are odd, it follows that k is even; and so bog, b4 both
have neighbours in F. From the minimality of F', f; is the unique neighbour in F' of one of ba3, b14,
and fi is the unique neighbour of the other. If b14 is adjacent to fi then we can add f; to N7 and
add fr to N3, and add F to Si3, contrary to the maximality of V(S, N). Thus by3 is adjacent to fi,
and by4 to f, and k > 1. The minimality of F' implies that no member of F' has a neighbour in Sis;
but then we can add f; to No, add fi to N4, and add F to Sa4, again a contradiction.
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This proves that b3y ¢ X. Suppose that bj4 € X. Then similarly, beg ¢ X. Since X is not local,
it follows that X N S13 € Ni3. From the minimality of F, it follows that there is an induced path
fi-++-fr, where F = {f1,..., fx}, and f; is adjacent to bj2, b14, and fi has neighbours in S5\ Vi,
and there are no other edges between V (S, N)\ Ni3 and F. But then we can add f; to N7 and F' to
Si3, contrary to the maximality of V (S, N).

This proves that b4 ¢ X. Suppose that X N S13  Ni3. Then there is an induced path between
b12 and bsy with interior in F'U (Si3 \ Ny3); this path is even since it can be completed to a hole
via b34-b14-b12, and yet it can also be completed to a hole via a path between b3y, b1 with interior a
cocy-rung, giving an odd hole, a contradiction. Thus X N S13 C Nys.

Since X is not local, and therefore X ¢ N, it follows that by € X. But then similarly X NSi3 C
N31, and so X N Sy3 = (), contradicting that X is not local. This proves (1).

Now the proof is completed just like the proof of 8.1, using (1) above as a substitute for statement
(3) in that proof. This proves 9.2. |

This has the following consequence.

9.3 Let G be a 3-connected K4-free Berge graph, containing no even pair, no trampoline, and no
clique cutset. If G contains an even prism, then G is the line graph of a bipartite graph.

Proof. By 9.2, we may assume that there is no appearance of K, in G. Since GG contains an even
prism, we can choose in G a collection of nine sets

A Cf B
Ay Cy By
Az (O3 Bj

with the following properties:

e all these sets are nonempty and pairwise disjoint

o for 1 <i < j <3, A;is complete to A; and B; is complete to Bj, and there are no other edges
between A; U B; UC; and A; U B; U C}

o for 1 < < 3, every vertex of A; U B; UC; belongs to an induced path between A; and B; with
interior in C;

e some induced path between A; and By with interior in C] is even.

Choose these nine sets with maximal union, and let H be the subgraph of GG induced on their
union. Let us write S; = A; U B; UC; for 1 <i < 3. Let us say a subset X C V(H) is local if X is
a subset of one of Sy,.59,53, A1 U Ao U A3 or By U Bo U Bs. By 7.1, there is no prism in G with a
major-general vertex; so by the argument of step (2) of the proof of theorem 10.6 of [5], it follows that

(1) For every connected subset F' of V(G) \ V(H), its set of attachments in H is local.
Now since G is 3-connected, it follows from (1) that for i = 1,2,3, at least one of A;, B; has more
than one member. Consequently we may assume that |A;|, |A2| > 1, from the symmetry. Since G is

K,-free, A1, Ay are both stable; but then the subgraph induced on A; U Ay U A3 contains a 4-wheel,
contrary to 6.3. This proves 9.3. |
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10 Long prisms

Our next goal is to eliminate all prisms. A prism is long if it has more than six vertices, and short
otherwise. In this section we eliminate long prisms, and in the next we eliminate short prisms.

Let K be a short prism in G, and let w be a major vertex with respect to K. Let IV be the set
of vertices in K adjacent to w, and let z,y be the two vertices in V(K) \ N. We say w separates K
if every path in G between z,y has a vertex in N U {w}. In this section we prove the following.

10.1 Let G be a 3-connected K4-free Berge graph, containing no even pair, no trampoline, and no
clique cutset. Suppose that G contains no even prism, and no appearance of K4, and that |V (G)| > 6.
Then

e (G contains mo long prism,
e for every short prism K, every major vertex (with respect to K ) separates K, and

o if there is a short prism then some short prism has a major vertex.

Proof. Let K be a prism; we must show that K is short, and every major vertex separates K, and
some short prism has a major vertex. We can choose a collection of nine subsets of V(G)

A Cy B
Ay Cy By
Az (O3 Bj

with the following properties:
e all these sets are pairwise disjoint, and Ay, As, A, B, By, B3 are nonempty,

o for 1 <i < j <3, A;is complete to A; and B; is complete to B;, and there are no other edges
between A; U B; U C; and Aj U Bj U Cj,

e for 1 < < 3, every vertex of A; U B; UC; belongs to an induced path between A; and B; with
interior in Cj, and

e for s = 1,2,3 there is an induced path between A; and B; with interior in C;, such that these
three paths form the prism K.

Choose these nine sets with maximal union, and let H be the subgraph of G induced on their
union. Let A = A1 U A5 U As, and define B, C similarly. For 1 <i <3, let S; = A; U B; UCj, and
let us say an induced path between A; and B; with interior in Cj is an é-rung. Since G contains no
even prism, it follows that for 1 <i < 3, every i-rung is odd. Let us say a subset X C V(H) is local
if X is a subset of one of S1,S53, 53, A or B. We say v € V(G) \ V(H) is major with respect to H if
v has neighbours in at least two of Ay, Ay, A3 and at least two of By, By, Bs.

(1) Let F C V(G) \ V(H) be connected, and contain no major vertex. Let X be the set of at-
tachments of F' in H. Then X is local.
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Suppose not, and choose F' minimal with this property. Thus we may choose an ¢-rung R; for
i = 1,2,3, forming a prism K’ say, such that X N V(K’) is not local with respect to K’. For
1 =1,2,3, let R; have ends a; € A; and b; € B;. By 5.2, and the minimality of F', there is an induced
path fi-----f, in F with n > 1 and F = {f1,..., fn}, such that (up to symmetry) either:

e n =1 and f; is major with respect to K’, or

e for some distinct 4, j € {1,2,3}, f; has two adjacent neighbours in R;, and f,, has two adjacent
neighbours in R;, and there are no other edges between {fi,..., f,} and V(K), or

e n > 2, and for some distinct i, j € {1,2,3}, fi is adjacent to a;,aj, and f, is adjacent to b;, b;,
and there are no other edges between {fi,..., fn} and V(K), or

o f1----- fn is a corner jump.

The first is impossible since no vertex in F' is major with respect to K’ (since any such vertex
would also be major with respect to H), and the second is impossible there is no appearance of Ky
in G. Suppose that the third holds, with ¢ = 1,57 = 2 say. It follows that n is even. Suppose that
there exists a} € A; \ {a1}. If f1 is adjacent to af, then the subgraph induced on {a1,a, a2, as, f1}
is a 4-wheel, a contradiction. Thus fi,a)] are nonadjacent. Let R} be a 1-rung with ends a} and
b} € By. Since

Ji- -+ - fa-bo-bi-RY-ah-az-ai- f1

is not an odd hole, it follows that F' is not anticomplete to V(R}). Consequently the set of attach-
ments of F' in the prism formed by R}, Ra, R3 is not local with respect to this prism; and yet f; is
nonadjacent to af, and F is anticomplete to V(Rj3), contrary to 5.2. Thus there is no such vertex
ay, and hence A; = {a1}, and similarly Ay = {az2}, and B; = {b;} for i = 1,2. But then we can add
f1 to Az, and f,, to Bs, and fo,..., f—1 to Cs, contrary to the maximality of V/(H). This proves
that the third outcome above does not hold.

We deduce that the fourth holds, and, say, f; is adjacent to a1, as, and there is at least one edge
between f, and V(R3) \ {as}, and there are no other edges between {fi,..., f,} and V(K')\ {as}.
Let R} be a 1-rung, with ends a} € A; and b} € B;. Thus the set of attachments of F' in the prism
formed by R), Ra, R3 is not local with respect to this prism, and so by 5.2 applied to this prism,
there is a unique edge between F' and V(R]), and either f; is adjacent to af, or f, is adjacent to
b} and the only edges between V(K') UV (R}) and F are fiai, fiaz, fub), fnbs. Suppose the latter.
Then n is odd, since fi----- fn-b3-b1-Ri-a1-f1 is a hole. Since bi-Ry-ai- fi-- -« - fn-b)-be-b; is not an
odd hole, it follows that b} is not anticomplete to V(R;), and so there is a 1-rung with ends aq, b};
but this is impossible from what we showed above, since there are two edges between this 1-rung
and F. This proves that for every choice of R} (with ends a},b] as above) f; is adjacent to ¢} and
there are no other edges between F' and V(R}). Consequently, fi is complete to A;, and there are
no other edges between F' and Si. Similarly, the analogous statement holds for As, So; but then we
can add f; to Az and fs,..., f, to Cs, contary to the maximality of V(H). Thus there is no such
F. This proves (1).

Let W be the set of all major vertices with respect to H. From (1), we may partition V(G) \
(V(H)U W) into five (possibly empty) sets Ag, By, D1, D2, D3, pairwise anticomplete, such that
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e every attachment of Ay in V(H) belongs to A, and every attachment of By in V(H) belongs
to B

e for i =1,2,3, every attachment of D; in V(H) belongs to S;; and for every component X of D;,
some attachment of X in V(H) does not belong to A, and some attachment does not belong
to B.

(2) Fori = 1,2,3, if P is an induced path with both ends in A; or both ends in B;, and with no
verter in W, then P has even length.

Suppose not, and choose ¢ and P such that P is odd, with the length of P as small as possible.
We may assume that both ends of P belong to A; say. If some internal vertex of P belongs to Ay,
then it divides P into two subpaths, one of which is odd, contrary to the minimality of P. Thus
no internal vertex of P is in Aj. Since As, A3 are complete to Aq, it follows that no vertex of P
is in Ao U As. Let P have vertices pi-----pr say. Now there is an induced path @ between p1, py
with interior in C7 U By U Bs, since p1, pr both belong to 1-rungs. Since () can be completed to a
hole via pg-as-p; (where asz € As) it follows that @ is even. Consequently the union of P and @ is
not a hole, and so some internal vertex of P is equal to or adjacent to some internal vertex of Q.
Consequently P* is not a subset of Ay, and (since no attachment of Ay belongs to P*) it follows
that V(P)N Ag = 0. Thus po,pr_1 € B1UCL U Dy. If po,...,pp_1 € C; U Dy, then P can be
completed to a hole via pg-as-p1, where ag € Az, which is impossible since P is odd. Thus there exist
i,j €{2,...,k — 1} such that p;,p; € By, minimum and maximum respectively. The path pi----- Di
is therefore a 1-rung, and so is pj-----py; both these 1-rungs are odd, and so the path p;-----p; is
also odd (and in particular p; # p;) contrary to the minimality of P. This proves (2).

(3) W £ 0.

For suppose that W = (. By (2), since there is no even pair, it follows that |A;] = |B;| = 1
for i+ = 1,2,3. Since G admits no clique cutset, and A is a clique, it follows that Ay = (), and
similarly By = (0; and since G is 3-connected, we deduce that C; U D; = () for 1 < i < 3. Hence G
has only six vertices, a contradiction. This proves (3).

(4) If w € V(G) \ V(H) is major with respect to H, then (up to symmetry) w is complete to
A1 U By, and has a unique neighbour ag € Az and by € Bs, and ag, b3 are adjacent, and every 3-rung
contains one of ag,bs, and |Ai| = |Bs| = 1.

For let X be the set of neighbours of w in V(H). We may assume that X N Ay, X N A3, X N Bs # 0.
Consequently X N Ay = (), since G is Ky-free. For 1 < ¢ < 3 let R; be an i-rung, with ends a; € A;
and b; € B;, such that ay,b3 € X. Since w-aj-as-Ra-bs-b3-w is not an odd hole, it follows that w
has a neighbour in V(Rg) \ {a2}. Thus w can be linked onto {b1, b2, b3}, and so one of by, by € X. If
by ¢ X, then similarly a3 € X, and so w is balanced with respect to the prism formed by Ry, Ra, R3,
a contradiction. Thus by € X, and so X N By = ). Since this holds for all choices of Ry, we deduce
that By C X, and similarly Ay C X. If there exist distinct a1,a} € A1, then the subgraph induced
on {a1,d},w,as,as} is a 4-wheel (where ay € Ay and ag € A3 N X), contrary to 6.3. Thus |A4;| =1,
and similarly |Bg| = 1. Let Ay = {a;} and By = {bo}. If there exist distinct az,ay € A3 N X,
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then the subgraph induced on {as, a4, w, a1, as} is a 4-wheel (where as € As), again a contradiction.
Thus |A3 N X| = 1, and similarly |[B3 N X| = 1. Let A3 N X = {a3} and B3 N X = {b3} say.
Suppose there is a 3-rung Rj containing neither of ag, bs; let its ends be a5 € Az and b € Bjs say.
Since w-aj-as-R5-ba-ba-w is not an odd hole, w has a neighbour in the interior of R%; but then w
can be linked onto {ai,as,as} (where as € As), a contradiction. Thus every 3-rung contains one
of as,bs. Next, suppose that as, bs are nonadjacent, and let R3 be a 3-rung containing as. Let
by be its end in Bs. If by = b, then w is major-general with respect to the prism formed by Rj
and some 1-rung and 2-rung, contrary to 7.1. Thus bs # b, and so b5 ¢ X. Moreover, we cannot
choose a 3-rung with ends ag, b3, and so b3 is anticomplete to V(R3). Since we cannot link w onto
{bl,bg,bg} (Where b1 € Bl), it follows that X N V(Rg) = {ag}. But then w—ag—Rg—bg—bl—bg—’w is an
odd hole (where b; € By), a contradiction. This proves that as, bs are adjacent, and so this proves (4).

(5) [W] = 1.

For suppose that u,v are distinct major vertices. By (4), we may assume that v is complete to
A1 U B>, and has a unique neighbour a3 € A3 and b3 € Bs, and ag, bs are adjacent, and every 3-rung
contains one of as, b3, and |A;| = |Ba| = 1. Let A1 = {a1} and By = {ba}. Take a 3-colouring of G.
We may assume that every vertex in A; has colour i, for ¢ = 1,2,3. Since v has neighbours in A;
and in Az it follows that v has colour 2; since b3 is adjacent to v and to as, we deduce that b3 has
colour 1; since by is adjacent to b3 and to v, by has colour 3; and therefore every vertex in By has
colour 2, and every vertex in B3 has colour 1.

Suppose first that u has a neighbour in A; and one in By; thus u is adjacent to a; and to some
by € By. Consequently aj,b; are adjacent, by (4) applied to u. Moreover, u has colour 3, and
therefore u is anticomplete to A3 U By. Hence by (4) applied to u, u is adjacent to bs, and so {a1, b3}
is complete to {u,v,as, b1}, and G contains a trapeze or trestle, a contradiction. This proves that u
is anticomplete to one of Ay, By, and similarly to one of As, By. By (4), u has neighbours in both
As, Bs. It follows that u has colour 2, and therefore u,v are nonadjacent, and u is anticomplete
to Ay U By. By (4), u is adjacent to aq,bs. Now every 3-rung has a vertex adjacent to u, by (4),
and since as-bs is a 3-rung, we may assume from the symmetry that az is adjacent to u. Let b} be
the unique neighbour of w in Bs. If b3 = b5 then the subgraph induced on {u,v,a;,as, b, b3} is a
trestle, and if bg # b5 then the subgraph induced on {ag, ba, b3, bs, u, v} is a trapeze, in either case a
contradiction. Thus |[W| < 1, and the result follows from (3). This proves (5).

Let W = {w}. By (4) we may assume that w is complete to A; U By, and has a unique neigh-
bour az € As and b3 € Bs, and ag, b3 are adjacent, and every 3-rung contains one of ag, b3, and
‘A1| = |B2| = 1. Let A1 = {(11} and B2 = {bg}

(6) w is anticomplete to C3 U Ds.

For let X be a component of Cs3 U D3, and suppose that w has a neighbour in X. Let N be the
set of all vertices not in X with a neighbour in X; thus, w € N C A3 U Bs U {w}. Since {w,as,bs}
are pairwise adjacent and G does not admit a clique cutset, it follows that N € {w,as,bs}, and so
we may assume that some by € Bs \ {b3} belongs to N. Choose by € Bj; then we can link w onto
{b1, b2, b5}, a contradiction. This proves (6).
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(7) For each ay € Az, every odd induced path between as and w contains a vertex in As \ {as};
and consequently |As|,|Bs| > 2 and |Ag| = |B1| = 1.

For let ag-pi----- pr-w be an odd induced path, and suppose that p1,...,pr ¢ As \ {as}. Choose asy
and py,...,pr with £ minimum. If some p; € As, then none of py,...,p; is in W, and so 4 is odd by
(2); and S0 p;- - - - -pr-w is an odd induced path, contrary to the minimality of k. Thus p1,...,px & Ao.
Since p; is adjacent to as and p; is nonadjacent to w, it follows that either p; € Co U Dy or p1 € Ag
(since p; ¢ As by hypothesis). If py € Cy U Ds, then since none of p,...,pp_1 is adjacent to w,
and therefore none of pa, ..., pr_1 belongs to Ay U By U {w}, it follows that pa,...,px—1 € Co U Ds.
Consequently pr € CoUDsU By, But then ag-p1--- - - Dr-w-as-ag is an odd hole, a contradiction. Thus
p1 € Ag. Since ps,. .., pr are nonadjacent to as and therefore not in A, it follows that ps,...,pr € Ag.
But there is an induced path ) between as and w with interior in Cy U Bs, since ao belongs to a
2-rung with ends a9, bs; and @ is even since ao-Q-w-as-as is a hole; and so as-pi--- - Dr-w-Q-ay is
an odd hole, a contradiction. This proves the first assertion of (7). Since w,ay is not an even pair,
we deduce that Az \ {as} # 0, and so |As| > 2; and similarly |Bs| > 2. Finally, note that that if also
|A2| > 2 then G|A contains a 4-wheel, a contradiction. This proves (7).

Let A2 = {CLQ} and Bl = {bl}
(8) C1, D1,Co, Dy = 0.

For let a5 € As\ {as}. Since we cannot link w onto {ai,as,as}, it follows that w is anticom-
plete to Cy U Dy; and since G is 3-connected, it follows that Cy U Dy = ), and similarly C; U Dy = ().
This proves (8).

(9) If |As| > 3 then w is anticomplete to Ayp.

For by (8), ag,by are adjacent. Suppose that w has a neighbour in some component X of Ajg.
Since G admits no clique cutset, there is an attachment of X in one of {as}, Az \ {as}, and so there
is an induced path w-pi----- pr-u between w and some u € {az2} U A3 \ {as}, with p1,...,pr € Ao.
Choose u and pi----- P with k£ minimum. We claim that ao, py are adjacent. For suppose not; then
u € As \ {as}. Since there is a 3-rung Rs3 with ends v and b3, and w-p;----- pr-u-R3-b3-w is a hole
by (6), it follows that k is odd; and since as is anticomplete to {p1,...,px} (by the minimality of k,
and since ag, py are nonadjacent) and asg, by are adjacent, it follows that w-pi--- - Pr-U-G-bo-w is an
odd hole, a contradiction. Thus as,pr are adjacent, and so w-p1----- pr-a2 is an induced path. By
(7), k is odd.

Let af € Ag\ {as}; we claim that a}, py, are adjacent. For suppose not; then from the minimality
of k, it follows that af is anticomplete to {p1,...,px}, and so w-p;----- Pr-a2-as-R3-bs-w is an odd
hole (where Rj3 is a 3-rung with ends af, b3), a contradiction. This proves that pj is complete to
As \ {az}. Choose distinct =,y € As \ {as} (this is possible since |A3| > 3); then the subgraph
induced on {a1,pg, a2, z,y} is a 4-wheel, a contradiction. This proves (9).

(10) ‘A3|, ‘Bg‘ = 2, and Cg,Dg = @
Suppose first that either
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° |A3‘ > 3, or
e |A3| = 2 and there is an induced path between the two members of A with interior in C3U Ds.

Since G has no even pair, there is an odd induced path as-pi----- pr with pi, € Az \ {as}; choose
such a path with £ minimum. By (2) w belongs to this path, and since a3 is adjacent to w it follows
that w = p1, and k > 3. If py, € As for some h with 1 < h < k, then h > 2, and w does not belong
to the path pp----- P, and so this path is even by (2); and so az-pi----- pp, is odd, contrary to the
minimality of k. Thus pi,...,px—1 ¢ As. Now since the path is induced, none of pi,...,pp_1 € A;
and since w = p1, none of ps, ..., px is adjacent to w, since w = p1. Since pi_1 is adjacent to py € As,
it follows that py_1 € Ag or py_1 € B3 UC3U Ds.

Suppose that pr_1 € B3 U C3 U D3. Now pr_1 # bz since prp_1 is not adjacent to as, and
pr—1 ¢ Bs \ {bs} since px_1px is not a 3-rung (because every 3-rung contains az or bs). Thus
pr—1 € C3U D3. Since w is anticomplete to C3 U Ds, it follows that po ¢ C3 U D3, and so we may
choose ¢ with 2 < i < k — 1 maximum such that p; ¢ C3 U Ds. It follows that i < k — 2, and so
pit1 € C3 U D3, and therefore p; € A3 U Bs. Since 2 < i < k it follows that p; ¢ As, so p; € Bs.
Since p; € C3 U D3 for i < j < k, it follows that p;-p;11-----pi is an induced path with ends in B3
and As, and with interior in C3 U D3. From the maximality of V(H), this path belongs to H and
therefore is a 3-rung; so p; = b3, a contradiction since none of ps,...,p;r are adjacent to as.

Thus pr—1 € Ag. Since none of po, ..., pr—1 belongs to AU{w}, it follows that po,...,pr—1 € Ap.
Since po is adjacent to p; = w, it follows that w has a neighbour in Ay, and so |As| = 2 by (9);
and therefore A3 = {as,pr}. By hypothesis there is an induced path @ between as, py with interior
in C3 U D3. Since @) can be completed to a hole via pg-ai-as, it follows that @) is even; and so
as-pi----- pi-QQ-az is an odd hole, a contradiction.

Thus the bulletted statements above are both false. In particular, |As| = 2, and similarly |Bs| = 2.
If C3 U D3 = () then the claim holds; so we may assume (for a contradiction) that X is a component
of C3UDs. Let N be the set of vertices not in X with a neighbour in X. Now N C A3U B3 since w is
anticomplete to C3 U D3 by (6), and N ¢ {ag, b3} since G does not admit a clique cutset. Thus from
the symmetry we may assume that a4 € N, for some aj € Ag \ {ag}. Consequently Az = {as,a}}.
Since the second bulletted statement above is false, it follows that az ¢ N. Since G is 3-connected,
we deduce that N Z {a4,bs}; choose b € N \ {a5,b3}. Thus by € B3\ {b3}. There is an induced
path between aj, b with interior in X, and hence this is a 3-rung (from the maximality of V(H)),
contradicting that every 3-rung contains either ag or bs. This proves (10).

Now (8) and (10) imply that C7,Cs, Cs are all empty; and so the prism K is short. This proves
the first assertion of the theorem. Let K’ be the subgraph induced on {ay,as,as, b1, bs,bs}. Now
suppose that x is a major vertex with respect to K. Then x is major with respect to H, and so
x = w, and therefore K = K’ (since w is not major with respect to any other prism contained in H)
and so w separates K. Thus the second assertion of the theorem holds. Finally the third assertion
holds since K’ is a short prism and w is a major vertex with respect to it. This proves 10.1. |

11 Short prisms

In this section we complete the elimination of prisms. We prove the following.
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11.1 Let G be a 3-connected K4-free Berge graph, containing no even pair, no trampoline, and no
clique cutset. Suppose that G contains a prism. Then G is the line graph of a bipartite graph.

Proof. If |V(G)| = 6 then since G contains a prism, it follows that G is a short prism and therefore
the theorem holds; so we may assume that |V(G)| > 6. Suppose that G contains no appearance of
K, and no even prism. By 10.1, G contains no long prism; and G contains a short prism with a major
vertex w say. Let the short prism have vertex set {a1, as,as, b1, ba, b3} where {a1,a2,as},{b1,b2,b3}
are triangles, and for 1 <14, j < 3 a; is adjacent to b; if and only if ¢ = j. Since w is not balanced by
6.2, we may assume that w is adjacent to aq, bs, as, bs.

Let us say a prism-sequence in G is a sequence vy, .. ., v, of distinct vertices of G such that n > 7
and for 1 <i < j < n, v;,v; are adjacent if and only if j —i € {1,2,5}. We observe that the sequence

az,ai,as,w, b37 b?a bl

is a prism-sequence. Let us choose a prism-sequence vq,...,v, in G with n maximum. Choose a
3-colouring of G. We may assume that v, has colour 1, and v,_; has colour 2; and so v,_o has
colour 3, v,_3 has colour 1, and so on.

Since v,_3,v, is not an even pair, there is an odd induced path P in G between v,_g3,vy,.
Now vy,_1,Vp—2,v,—5 are all complete to {v,_s3,v,}. By 2.4, {vn_1,vn—2,v,_5} contains a leap
for P, and since G contains no long prism it follows that P has length three. Let P have vertices
Up—3-2-Y-vy in order. Thus one of z,y has colour 2 and is adjacent to v,_s,v,_5 and not to v,_1,
and the other has colour 3 and is adjacent to v,_1 and not to v,_9,v,_5. Suppose that x has colour
3. Then {v,_2,v,_5} is complete to y, vy, vp—3,vn—q; and y # v,_4 since y is adjacent to vy, so
Yy U, Un—3,Up—q are all different, and the subgraph induced on {v,_2,vn—5,Y, VU, Un—3,0n_4} is a
trapeze, a contradiction. Thus x has colour 2. Hence z is adjacent to v,_o,v,_5 and not to v,_1,
and y is adjacent to v,—1 and not to v,_a,v,—5. The subgraph induced on {z,v,_5, Vp—4,Vn—3,Vn—2}
is not a 4-wheel, and so z € {vp_5,Vp—4,Vn—3,0,—2}; and since x has colour 2 it follows that
r = vp_q4. We deduce that y is adjacent to vy, vn—1,Vp—4, and not to v,_9, vy_3, vy_5. Consequently
Y # Un_1,Un_2,Un_5, and since y is adjacent to v, it follows that y is different from vy,...,v,. Now
the subgraph induced on {v,_¢, Vn—5,Vn—4a,Vn—2,Vn_1,v,} is a short prism K say, and v,_3 is a
major vertex with respect to K. By 10.1 it follows that v,_3 separates K, and so y is anticomplete
to {v1,...,vn—_6}. Hence the sequence vy, ...,v,,y is a prism-sequence, contrary to the maximality
of n.

This proves that G contains either an appearance of K4 and or an even prism. From 9.2 and 9.3
it follows that G is the line graph of a bipartite graph. This proves 11.1. |

We deduce:

11.2 Let G be a 3-connected K4-free Berge graph, containing no even pair, no trampoline, and no
clique cutset. Suppose that G contains a square. Then G is the line graph of a bipartite graph.

Proof. Fix a three-colouring of G. Choose a square ai-bi-as-ba-a1, such that if possible a1, as have
different colours. Since b1, by is not an even pair, there is an odd induced path P between b1, by. Let
the vertices of P be pi-----pg, where p; = by and py = be. If {a1, a2} contains a leap for this path,
then G contains a prism and the result follows from 11.1. Thus we suppose that {a;,a2} contains
no leap. By 2.4 it follows that a1, as have the same colour, say colour 1. From the choice of the
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square a1-b1-as-bs-aq, it follows that there is no square in which some two nonadjacent vertices have
different colours. In particular, by, by have the same colour, say colour 2.

We claim that some edge of P is complete to {a1,as}. For if k& > 4 this follows from 2.1, so we
assume k = 4. Since a1-p1-- - --pg-aq is not an odd hole, a; is adjacent to one of ps, p3, and similarly
so is ag. If neither of po, p3 is complete to {aj,as}, then {a;,as} is a leap, a contradiction; so from
the symmetry we may assume that po is complete to {a1,as}, and so the edge pips is complete to
{a1,a2}. This proves that some edge of P is complete to {a1,as}, and consequently there exists ¢
with 1 < ¢ < k such that p; is complete to {a1,a2} and p; has colour different from 2. Now p; is
nonadjacent to one of by, by, say bj; and so p;-ai-bj-az-p; is a square, and p;, b; have different colours,
a contradiction. This proves 11.2. |

12 0Odd wheels

An odd wheelin G is a pair (C, W), where C is a hole in G of length at least six, and W C V(G)\V(C)
is an anticonnected set, such that there are at least three vertices in C' complete to W, and there is
a path P of C' with odd length at least three, such that the ends of P are not complete to W and
the internal vertices are complete to W. If we could eliminate odd wheels (as well as all the other
things we have eliminated in this paper so far), it would follow that G is “impoverished”, and we
could use a result of [3] to complete the proof of 1.3; but we were unable to do so. Instead we need
a more complicated argument.

Let us say G is square-free if it has no square. The graphs G that concern us at this stage are
square-free, and therefore every odd wheel (C,W) in G satisfies [W| =1 (let us call the member of
W the hub of the wheel); and we can prove that at least one vertex is not the hub of an odd wheel.
Consequently we need to rework the result of [3], replacing the hypothesis that there is no odd wheel
by the weaker hypothesis that some vertex is not the hub of an odd wheel. (In compensation, our
graphs are Ky-free and square-free, so they are much more restricted than the graphs of [3].) We
begin by modifying some of the lemmas from [5].

First, we need a result proved in [5], the following (this result is not stated explicitly in that
paper, but the proof of theorem 16.3 of [5] also proves the present statement.) A double diamond is
a graph defined in [5]; all that matters here is that no square-free graph has a double diamond.

12.1 Let G be a Berge graph, containing no double diamond, and such that G and G contain no
long prism. Choose an anticonnected set W mazimal such that there is an odd wheel (C, W), and let
N be the set of all vertices of G complete to W. Then V(G) \ (N UW) is not connected.

If G is square-free, then it contains no double diamond, and G contains no long prism; and if w
is a hub of an odd wheel in G then W = {w} is maximal such that there is an odd wheel (C, W).
Consequently 12.1 implies

12.2 Let G be a square-free Berge graph containing no long prism, and let (C,{w}) be an odd wheel.
Let N be the set of all neighbours of w. Then V(G) \ (N U{w}) is not connected.

Furthermore, we have:
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12.3 Let G be a Ky4-free square-free Berge graph, not complete, containing no even pair and no clique
cutset, and no long prism. Then there is a vertex w such that, if N denotes the set of neighbours of
w, then V(G) \ (VU {w}) is connected and nonnull, and every vertex in N has a neighbour in this
set.

Proof. For X C V(G) we define N(X) to be the set of all vertices not in X but with a neighbour
in X, and M(X) = V(G) \ (X UN(X)). Since G is not complete, we may choose a nonempty
connected set X such that M (X) # (. Choose such a set X maximal. From the maximality of X, if
y € N(X), then X U{y} UN(X U{y}) = V(G), and so M (X) is complete to N(X). Since G has no
clique cutset, there are two nonadjacent vertices in N(X); and since G is square-free it follows that
M(X) is a clique. Suppose that |M(X)| > 2. Since G is Ky-free, it follows that N(X) is stable, and
|M(X)| = 2. But every induced path with both ends in N(X) is even (to see this, we may assume
that no internal vertex is in N (X)), and no vertex is in M (X), and then the path can be completed
to a hole via a vertex of M (X)), and so any two vertices in N(X) are an even pair, a contradiction.

Thus |M(X)| = 1; let M(X) = {w} say. Then N(X) is the set of neighbours of w, and V(G) \
(N(X)U{w}) is connected, since this is X. This proves 12.3. |

Next we need a modification of theorem 17.2 of [5], the following.

12.4 Let G be a square-free Berge graph containing no long prism. Let vi-ve-vs-vq be an induced
path of G, and let F|Y be disjoint subsets of V(G) \ {vi,...,va}, such that F is connected and Y
s anticonnected. Suppose that ve,v3 are complete to Y and anticomplete to F', and vi,v4 are not
complete to 'Y and not anticomplete to F. Suppose also that every vertex in Y has a neighbour in
F. Then for each y € Y, there is an odd wheel in G with hub y.

Proof.

(1) If y € Y is nonadjacent to both vy,vq, then there is an odd wheel (C,{y}), with V(C) C
{v1,v9,v3,v4} UF and with vy,...,vqy € V(C).

For choose a minimal connected subset X of F' containing neighbours of all three of v1,v4,y. There
is an induced path P between vi,v4 with interior in X, and if y has a neighbour in P then the
claim holds; so we assume (for a contradiction) that y is anticomplete to V(P). Let P have vertices
v1 = p1-++--pm = v4. Choose a minimal path y-qi-----¢, such that qi,...,q, € X and ¢, has a
neighbour in V(P). Choose i,7 € {1,...,m}, minimal and maximal respectively, such that g, is
adjacent to p;,pj. From the minimality of X, at least one of v1,v4 is anticomplete to {qi,...,qn},
say vy, and so j < m. If j = 1 then we can link p; onto {y,ve,v3}, a contradiction, so 2 < j < m—1.
From the minimality of X, X = {po,...,pm—1,q1,.--,aqn}. If j > i+ 1, we can delete p;11 from X;
if j =i+ 1, then G contains a long prism; and if j = 4, then we can link p; onto {y, va,v3}, in each
case a contradiction. This proves (1).

(2) If there exists y € Y nonadjacent to both vy, vy, then the theorem holds.

For let us prove that every member of Y is nonadjacent to both v, v4, and then the theorem holds
by (1). Suppose not; then since Y is anticonnected, there exist y,z € Y, nonadjacent, such that y is
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nonadjacent to both vy, v4, and z is adjacent to at least one of vy, v4. By (1) there is an odd wheel
(C,{y}), with V(C) C {v1,v2,v3,v4} UF and with vy,...,vq € V(C). Since G is square-free and y, z
are nonadjacent, no vertex in V(C) is adjacent to both y, z except ve,vs. By theorem 2.10 of [5],
either one of y, z has no neighbours in C' except vs, v3, or each of y, z has no neighbours in C' except
for v, v3 and one of vy, vs. The first is impossible, since (C,{y}) is an odd wheel and z is adjacent
to one of vy, v4; and the second is impossible since (C, {y}) is an odd wheel. This proves (2).

We therefore assume that every vertex in Y is adjacent to one of v, vy, for a contradiction. Let
Y1 be the set of vertices in Y that are adjacent to y;, and Ys those adjacent to y4. Since G is
square-free it follows that Y7, Y2 are both cliques, and since |Y'| > 1 (because v1, v4 are not complete
to Y') and therefore every member of Y has a nonneighbour in Y, it follows that Y7 N'Ys = (). Since
Y is anticonnected, there exist y; € Y7 and ys € Yo, nonadjacent. Thus y; is adjacent to v; and not
vy, and yo is adjacent to v4 and not v;.

(3) There is no path P between vy and vy with P* C F such that y1 or ya has a neighbour in
P*.

For suppose there is such a path P, and let C be the hole v4-P-vi-vo-v3-v4. Then yi,y2 both
have at least three neighbours in C, and one of them has at least four; so by theorem 2.10 of [5] some
vertex of C different from vy, v3 is complete to {y1,y2}, which is impossible since G is square-free.
This proves (3).

Now y1,y2 both have neighbours in F. Choose a minimal connected subset X of F' such that
v1,v4 and at least one of y1,y2 has a neighbour in X. There is a path P from v; to vy with interior
in X, and ¥,y are anticomplete to P*, by (3). From the symmetry between y1, 2, we may assume
that there is a path yi-q1-----g, with q1,...,¢9, € X, such that g, has a neighbour in P*. Choose
such a path with n minimum. Thus X = P*U{q,...,qn}. Since X \ {¢1} is connected, it follows
from the minimality of X that y;,ys are both anticomplete to X \ {g;}. There is an induced path
between y;,v4 with interior in X; it is even since it can be completed to a hole via v4-vs-y;1; and
so it cannot be completed to a hole via v4-y2-vo-y1. Consequently yo,q; are adjacent. But then
q1-Y1-v2-yY2-q1 is a square, a contradiction. This proves 12.4. |

Now we apply these result to our even pairs problem. The main result of this section is the
following. (The following proof is almost identical with the proof of the theorem 3.5 of [3], with a
few small but critical differences.)

12.5 Let G be a Ky-free square-free Berge graph, containing no long prism, with no even pair and
no clique cutset. Then G is complete.

Proof. We suppose (for a contradiction) that G is not complete. Thus by 12.3, there is a vertex w
such that if N denotes the set of neighbours of w, and M = V(G) \ (N U {w}) then M is connected
and nonnull, and every vertex in N has a neighbour in M. By 12.2, there is no odd wheel with hub
w. Let us say an outer path is an induced path of length at least two, with both ends in N and every
internal vertex in M.

Now N is not a clique, since G admits no clique cutset and M # (); and since every vertex in N
has a neighbour in M, and M is connected, it follows that there is an outer path. Choose an outer

39



path R of minimum length, with vertices ro-71-72- - - - -rg-ri4+1 in order, say; thus k is odd, since this
path can be completed to a hole via ri1-w-rg, and k& > 1 since this hole is not a square. Let A be
the set of all vertices in N that are adjacent to r; and to none of o, ..., rg. (Thus rg € A.) Similarly
let B be the set of all vertices in N adjacent to r; and to none of ry,...,7r;_1. Since G is square-free,
A, B are cliques; and if a € A and b € B then since a-r1--- - - r,-b-a is not an odd hole, it follows that
a, b are nonadjacent. Thus A is anticomplete to B.

(1) If ve N\ (AU B) then either v has no neighbour in R* or v is complete to AU B.

Suppose that v has a neighbour in R*, and has a nonneighbour a € A say. Choose i € {1,...,k}
minimum such that v, r; are adjacent. Then ¢ < k since v ¢ B; and so a-rq----- r;-v is an outer path
of length less than that of R, a contradiction. This proves (1).

(2) Every induced path between A and B with no internal vertex in AU B has even length.

For suppose that P is a path between A and B of odd length, with no internal vertex in A U B.
Let P have vertices pg----- Pn+1 in order, where pg € A and p,41 € B. Let us say a segment is
a maximal subpath of P such that all its vertices belong to N. Thus an edge of P belongs to a
segment if and only both its ends are in N, and then it belongs to a unique segment; and otherwise
it belongs to a unique outer path included in P. Since all outer paths have even length and P has
odd length, it follows that some segment has odd length, say p;-----p;. By (1) {pi,...,p;} N P* is
anticomplete to R*. Choose i" < ¢ maximum such that p; has a neighbour in R* (this is possible
since po has a neighbour in R*); and similarly choose j' > j minimum such that p;; has a neighbour
in R*. Then j' —¢ > 2. Choose a path @ between py,p,;s with interior in R*, and let P’ be the
subpath of P between p;,pj. Then P'UQ is a hole C say, and p;-- - - -p; is a maximal path of C|N.
If 5 > i+ 1 then C has length at least six and (C, {w}) is an odd wheel, a contradiction, so j =i+ 1.
Suppose first that ¢ > 1 and j <n. Theni > 2 and j <n — 1, and ¢/ < i and j < j/, and the path
Di—1-Pi~Pi+1-Pi+2 (= S say) is an induced subgraph of C. Both ends of S have neighbours in the
connected set V(R) U {po,...,pi—2,Di+3,..-,Pnt+1} (= F say) and the internal vertices of S do not;
and the ends of S are nonadjacent to w, and the internal vertices are adjacent to w. But w has a
neighbour in F', and so by 12.4, there is an odd wheel with hub w, a contradiction. Thus we may
assume that ¢ = 0 and j = 1. Hence p; € N, and therefore p; is anticomplete to R* by (1). Since G
is square-free, r1 is nonadjacent to pa. Thus r1-po-p1-p2 is a path S say; its ends have neighbours in
the connected set {ro,...,rgsr1} U {ps,...,Dnt1}, and its internal vertices do not; and its ends are
nonadjacent to w, and its internal vertices are adjacent to w, and w is adjacent to p,+1. Again this
is contrary to 12.4. This proves (2).

For z,y € A, distinct, let us say an (x,y)-path is an induced path between y and some vertex in
B, such that x is nonadjacent to every vertex of this path except y. If there is an (z,y)-path, we
write x — y. We need:

(3) If z,y € A are distinct, then not both x — y and y — .

For suppose that P is an (z,y)-path and @ is a (y,z)-path. We may assume that both P,Q have
only their final vertex in B. Moreover, since x has no neighbours in P except y, and A is a clique, it
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follows that y is the only vertex of P in A, and similarly x is the only vertex of @ in A. By (2), both
P, @ have even length. Let P have vertices y-pi- - - - -py, in order, and let Q) have vertices z-q1-- - - - qn
in order. Since G is square-free, p1, g1 are nonadjacent, and so pi-y-z-q; is a three-edge path. Let F’
be the union of the sets V(P)\{y,p1}, V(Q)\{z,q1} and V(R)\{ro,r1}. Then F' is connected (since
all three paths contain a vertex in B); and pj, ¢; have neighbours in F, and z,y do not. Moreover,
{r1,w} is anticonnected (=Y say); and x,y are complete to Y, and p;, ¢ are not. (This last holds
since if p; € N then p; is nonadjacent to r1 by (1).) Moreover, every vertex in Y has a neighbour in
F; for w is adjacent to rp1 € F', and r; is adjacent to ro € F'. This contradicts 12.4, since there is
no odd wheel with hub wj; and therefore proves (3).

Since G is Ky-free, it follows that |A|,|B| < 2. From (3) there exists a € A such that a /4 o for
all ' € A\ {a}; that is, every induced path from a to B contains no vertex of A except a. Similarly
choose b € B such that every induced path from A to b contains no vertex of B except b. Suppose
that P is an induced path between a, b; then no internal vertex of P belongs to AU B from the choice
of a,b, and so P has even length by (2). Consequently (a,b) is an even pair, a contradiction.

We deduce that G is a clique. This completes the proof of 12.5. |

Now we can complete the proof of the main theorem.

Proof of 1.3. Let G be a 3-connected Ky4-free Berge graph with no even pair and no clique cutset.
If G contains a trampoline, then G is a line graph by 3.1. Thus, we assume that G contains no
trampoline. If G contains a prism or square, then G is the line graph of a bipartite graph, by 11.1
and 11.2. Thus we may assume that G contains no prism or square. By 12.5, G is complete, and
hence is the line graph of a bipartite graph. This proves 1.3. |

References

[1] C. Berge, “Farbung von Graphen, deren sdmtliche bzw. deren ungerade Kreise starr sind”, Wiss.
Z. Martin-Luther-Univ. Halle- Wittenberg Math.-Natur. Reihe 10 (1961), 114.

[2] M. Chudnovsky, G. Cornuéjols, X. Liu, P. Seymour and K. Vuskovi¢, “Recognizing Berge
graphs”, Combinatorica, 25 (2005), 143-186.

[3] M. Chudnovsky and P. Seymour “Even pairs in Berge graphs”, J. Combinatorial Theory, Ser.
B, to appear.

[4] M. Chudnovsky, N. Robertson, P. Seymour and R. Thomas, “Ky-free graphs with no odd holes”,
submitted for publication (manuscript 2001).

[5] M. Chudnovsky, N. Robertson, P. Seymour and R. Thomas, “The strong perfect graph theorem”,
Annals of Mathematics 164 (2006), 51-229.

[6] H. Everett, C.M.H. de Figueiredo, C. Linhares Sales, F. Maffray, O. Porto and B.A. Reed, “Even
pairs”, in Perfect Graphs (J. L. Ramirez-Alfonsin and B.A. Reed, eds.), Wiley Interscience, New
York, 2001, 67-92.

41



[7] F.Roussel and P. Rubio, “About skew partitions in minimal imperfect graphs”, J. Combinatorial
Theory, Ser. B 83 (2001), 171-190.

[8] Y. Zwols, “Even pairs and circular chromatic number in graphs with no K, and no odd hole”,
in preparation.

42



