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Abstract

A graph is prismatic if for every triangle T', every vertex not in T" has exactly one neighbour in 7T'. In
a previous paper we gave a complete description of all 3-colourable prismatic graphs, and of a slightly
more general class, the “orientable” prismatic graphs. In this paper we describe the non-orientable
ones, thereby completing a description of all prismatic graphs.

Since complements of prismatic graphs are claw-free, this is a step towards the main goal of this
series of papers, providing a structural description of all claw-free graphs (a graph is claw-free if no
vertex has three pairwise nonadjacent neighbours).



1 Introduction

Let G be a graph. (All graphs in this paper are simple, and finite unless we say otherwise.) A clique
in GG is a set of pairwise adjacent vertices, and a triangle is a clique with cardinality three. We say
G is prismatic if for every triangle T', every vertex not in T has exactly one neighbour in 7. Our
objective in this paper is to describe all prismatic graphs.

A graph is claw-free if no vertex has three pairwise nonadjacent neighbours. The main goal of
this series of papers is to give a structure theorem describing all claw-free graphs. Complements of
prismatic graphs are claw-free, and we find it best to handle such graphs separately from the general
case, since they seem to require completely different methods.

Let T' = {a,b,c} be a set with a,b,c distinct. There are two cyclic permutations of 7', and we
use the notation a — b — ¢ — a to denote the cyclic permutation mapping a to b, b to ¢ and c to a.
(Thus a - b — ¢ — a and b — ¢ — a — b mean the same permutation.)

Let G be a prismatic graph. If S,T are triangles of G with S N'T = (), then since every vertex
of S has a unique neighbour in T and vice versa, it follows that there are precisely three edges of
G between S and T, forming a 3-edge matching. An orientation O of G is a choice of a cyclic
permutation O(T') for every triangle T' of G, such that if S = {s1,s2,s3} and T' = {¢1,12,t3} are
triangles with S NT = ), and s;t; is an edge for 1 < i < 3, then O(S) is s1 — s9 — s3 — s7 if
and only if O(T) is t; — to — t3 — t1. We say that G is orientable if it admits an orientation, and
non-orientable otherwise.

A complete description of all orientable prismatic graphs was given in [2]. Our goal in this paper
is to describe the non-orientable prismatic graphs.

2 Rigidity

We begin with some more definitions. If X C V(G), we denote the subgraph of G induced on X by
G|X, and G\ X means G|(V(G)\ X). f Y CV(G) and z € V(G) \ Y, we say that = is complete to
Y if z is adjacent to every member of Y; and x is anticomplete to Y if x is adjacent to no member
of Y. If X|Y C V(G) are disjoint, we say that X is complete to Y if every vertex of X is adjacent
to every vertex of Y, and X is anticomplete to Y if X is complete to Y in the complement graph of
G. If G is prismatic, its core is the union of all triangles of G.

Vertices in the core are quite tightly structured, as we shall see, but vertices outside the core are
less under control. This is for two reasons. First, if v is a vertex not in the core, in some prismatic
graph G, then we can “replicate” v; replace v by several vertices, all with the same set of neighbours
as v (and nonadjacent to each other), and the graph we construct will still be prismatic. Second, if
G is prismatic and e is an edge joining two vertices not in the core, then deleting e yields another
graph that is still prismatic.

Let us say a prismatic graph G with core W is rigid if

e there do not exist distinct u,v € V(G) \ W adjacent to precisely the same vertices in W, and

e cvery two nonadjacent vertices have a common neighbour in W.
We observe the following convenient lemma:

2.1 Let G be a non-orientable prismatic graph. Then either



e there exist nonadjacent u,v, not in the core, and with no common neighbour, or

e GG can be obtained from a rigid non-orientable prismatic graph by replicating vertices not in the
core.

Proof. Let W be the core. Suppose that there are two nonadjacent vertices u,v with no common
neighbour in W. If u € W, then since v has a neighbour in a triangle containing w, it follows that u, v
have a common neighbour in W, a contradiction. Thus v ¢ W and similarly v ¢ W. If they have no
common neighbour at all then the claim holds, so we suppose that w € V(G)\ W is adjacent to both
u,v. Let Ny, Ny, Ny, be the sets of vertices in W adjacent to u,v,w respectively. Since u,v,w ¢ W,
it follows that Ny, N,, N,, are stable. By hypothesis, N, N N, = 0. Since u,v,w ¢ W, it follows
that N, N N, = () and N, N N, = 0, and so N, N, N,, are pairwise disjoint. For every triangle T
of G, since T' C W, it follows that N,, N,, N, each intersect 1, and so T' C N, U N, U N,,. Hence
W = N, UN,UN,, and so G|W is 3-colourable, contradicting that G is non-orientable (by theorem
4.1 of [2]).

Thus we may assume that every two nonadjacent vertices have a common neighbour in W. Hence
the second condition in the definition of “rigid” is satisfied. But also, every two vertices in V(G)\ W
are adjacent if and only if they have no common neighbour in W (for the “only if” part is clear).
It follows that any two vertices in V(G) \ W with the same set of neighbours in W have the same
set of neighbours in V(G), and so G is obtained from a rigid prismatic graph by replicating vertices.
This proves 2.1. |

To understand the structure of all non-orientable prismatic graphs, it suffices to understand the
rigid non-orientable prismatic graphs, because the previous result implies that

2.2 FEvery non-orientable prismatic graph can be obtained from a rigid non-orientable prismatic
graph by replicating vertices not in the core, and then deleting edges between vertices not in the core.

Proof. Let G be a non-orientable prismatic graph with core W. We proceed by induction on the
number of nonadjacent pairs of vertices of G. By 2.1, we may assume that there exist nonadjacent
u, v, not in the core, and with no common neighbour; but then adding the edge uv yields a prismatic
graph with the same core, and the result follows from the inductive hypothesis applied to this graph.
This proves 2.2. [ |

3 Operations on prismatic graphs

Thus, the goal of this paper is to describe explicitly all the rigid non-orientable prismatic graphs.
We will prove that every such graph belongs to one of several possible families of graphs. Before we
can give a precise statement of the main theorem, we need to list these families; and to simplify that,
it is helpful first to introduce some operations on prismatic graphs.

First, let H be prismatic, and let X C V(H). For each x € X let A, be a finite set of new
vertices, pairwise disjoint. Let A = (J, .y Az, and let ¢ be a map from A to the set of integers,
injective on A, for each x € X. Let G be the graph with vertex set (V(H) \ X)U A and with edges
as follows. Let v,v’ € V(G) be distinct.

o If v,v' € V(H) \ X then v,v" are adjacent in G if and only if they are adjacent in H.



o Ifve V(H)\ X and v/ € A, where z € X, then v,v" are adjacent in G if and only if v,z are
adjacent in H.

e If v,v' € A, where x € X, then v,v" are nonadjacent in G.

e Ifve A, and v/ € A, where 2,2/ € X are distinct and adjacent, then v,v’" are adjacent in G
if and only if ¢(v) = ¢(v').

e Ifve A, and v/ € A, where z,2' € X are distinct and nonadjacent, then v, v’ are adjacent in
G if and only if ¢(v) # ¢(v').

We say that G is obtained from H by multiplying X. (This operation does not always produce a
prismatic graph, and we only use it in special circumstances.) For z € X, we call the set A, the set
of new wvertices corresponding to x, and we call ¢ the corresponding integer map.

Here is a special case when the result of multiplication is always prismatic. Let T be a triangle
of a prismatic graph H, say T' = {a,b,c}. We say T is a leaf triangle at c if a,b both only belong
to one triangle of H (namely, 7). Suppose that T is a leaf triangle at c¢. Then any graph obtained
from H by multiplying {a,b} is prismatic (we leave checking this to the reader).

We need a variant of this. It can only be applied to leaf triangles that have a certain additional
property. Thus, let H be prismatic with core W, and let T' = {a,b,c} be a leaf triangle at ¢ in H.
Define subsets D1, Do, D3 of the set of neighbours of ¢ as follows. If v is adjacent to ¢ in H, let

e v € D if v belongs to a triangle that does not contain c;
e vEDyifveW\T, and every triangle containing v also contains ¢ (and hence is unique);
eveD3gifvgWW.

Thus the four sets Dy, D, D3, {a,b} are pairwise disjoint and have union the set of neighbours of
c in H. Suppose that Dy, Dy are both stable. Let A, B,C be three pairwise disjoint sets of new
vertices, and let G be obtained from H by deleting a,b and adding the new vertices AU BU C', with
adjacency as follows:

e A, B and C are stable;
e every vertex in A has at most one neighbour in B, and vice versa;

e every vertex in V(H) \ {a,b} adjacent to a in H is complete to A in G, and every vertex in
V(H) \ {a,b} nonadjacent to a in H is anticomplete to A in G;

e every vertex in V(H) \ {a,b} adjacent to b in H is complete to B in G, and every vertex in
V(H) \ {a,b} nonadjacent to b in H is anticomplete to B in G,

e cvery vertex in C' is complete to D; U D3, and anticomplete to V(H) \ (D1 U D3 U {a,b});

e cvery vertex in C is adjacent to exactly one end of every edge between A and B, and adjacent
to every vertex in AU B with no neighbour in AU B.

We say that G is obtained from H by exponentiating the leaf triangle {a, b, c}.



4 A menagerie of prismatic graphs
In this section we list the classes of prismatic graphs that we need to state the main result.
Schlafli-prismatic graphs

Let G have 27 vertices {r;'», sé»,té- : 1 <14,j < 3}, with adjacency as follows. Let 1 <4,4,j,5 < 3.

e If i #4¢ and j # j/ then 'r;- is adjacent to 7“;1/,, and 53‘ is adjacent to 83-//, and t; is adjacent to t;-/,;

while if either i = ¢/ or j = j' (and not both) then the same three pairs are nonadjacent.

e If j =4 then rj» is adjacent to 83-,/, and 83’ is adjacent to t;l,, and t; is adjacent to 7”;,/; while if
j # i’ then the same three pairs are nonadjacent.

This graph is the complement of the Schlafli graph, and is much more symmetrical than is apparent
from this description — see [1], for instance. (Our thanks to Adrian Bondy, who identified this
mysterious graph for us.) All induced subgraphs of G are prismatic, and we call any such graph
Schlafli-prismatic.

Fuzzily Schlafli-prismatic graphs

Let {a,b,c} be a leaf triangle on ¢ in a Schlafli-prismatic graph H. If G can be obtained from H
by multiplying {a,b}, and A, B are the two sets of new vertices corresponding to a,b respectively,
we say that G is fuzzily Schldfli-prismatic (at (A, B,c)). (Note that this operation is not iterated:
we only permit one leaf triangle to be multiplied.)

Graphs of parallel-square type

Let X be the edge-set of some 4-cycle of the complete bipartite graph K33, and let z be the edge
of K33 disjoint from all the edges in X. Thus X induces a cycle of the line graph H of K33. Any
graph obtained from H by multiplying X, and possibly deleting z, is prismatic, and is called a graph
of parallel-square type.

Graphs of skew-square type

Let K be a graph with five vertices a, b, ¢, s,t, where {s,a,c} and {t,b,c} are triangles and there
are no more edges. Let H be obtained from K by multiplying {a, b, c}, let A, B, C be the sets of new
vertices corresponding to a, b, ¢ respectively, and let ¢ be the corresponding integer map. Add three
more vertices di,ds,ds to H, with adjacency as follows:

e di,do,ds, s,t are pairwise nonadjacent
e for 1 <i<3andve AU B, d; is adjacent to v if and only if 1 < ¢(v) < 3 and ¢(v) # i

e for 1 <i<3and v € C, d; is nonadjacent to v if and only if 1 < ¢(v) < 3 and ¢(v) # i.



Any such graph is prismatic, and is called a graph of skew-square type. Note that these are closely
related to graphs of parallel-square type. For instance, if we take a graph of skew-square type and
delete one of the vertices dp, ds, d3, we obtain a graph of parallel-square type.

The class Fi.

Let G be a graph with vertex set the disjoint union of sets {s,t}, R, A, B, where |R| < 1, and
with edges as follows:

e s,t are adjacent, and both are complete to R;
e s is complete to A; ¢ is complete to B;

e every vertex in A has at most one neighbour in A, and every vertex in B has at most one
neighbour in B;

e if a,a’ € A are adjacent and b,b' € B are adjacent, then the subgraph induced on {a,a’,b,b'}
is a cycle;

e if a,a’ € A are adjacent, and b € B has no neighbour in B, then b is adjacent to exactly one of
a,a’;

e if b1/ € B are adjacent and a € A has no neighbour in A, then a is adjacent to exactly one of
b,b';

e if a € A has no neighbour in A, and b € B has no neighbour in B, then a, b are adjacent.

We define F; to be the class of all such graphs G.
The class F.

Take the line graph of K33, with vertices numbered 33- (1 < i,57 < 3), where sé» and sé-l/ are
adjacent if and only if i’ # i and j' # j. Let H be obtained from this by multiplying {s}, s3, s3, s3};
thus, H is of parallel-square type. Let A}, AL A% A3 be the sets of new vertices corresponding to

83, Sé, 52,53 respectively, and let ¢ be the corresponding integer map. Suppose that

e there do not exist u € A3 and v € A} with ¢(u) = ¢(v);
e there exist a3 € Al and a? € A? such that ¢(ad) = ¢(a?) = 1;
o $(v) £ 1 forallve AT U AL

Let G be obtained from H by exponentiating the leaf triangle {a},a?,s3}. We define 7 to be the
class of all such graphs G (they are all prismatic).

The class F3.

i
J
if and only if 7/ # i and j’ # j. Let H be obtained from this by deleting the vertex s3 and possibly
s%, and then multiplying {s%, szl)), s%, s:f}; thus, H is of parallel-square type. Let A%, Azl)), A%, A:f be the

sets of new vertices corresponding to s3, 53, s2, s3 respectively, and let ¢ be the corresponding integer

map. Suppose that

Take the line graph of K3 3, with vertices numbered 83- (1 <i,j <3), where s and 83-/, are adjacent



e there exist a3 € A and a3 € A3 such that ¢(al) = ¢(a?) = 1;
o ¢(v) £ 1 for all v e AL U A%,
e there exist a3 € Al and a? € A2 such that ¢(al) = ¢(a?) = 2;
o ¢(v) #2 forallve AL U A3

Let G be obtained from H by exponentiating the leaf triangles {a},a},s3} and {a, a3, s3}. We define
F3 to be the class of all such graphs G (they are all prismatic).

The class Fy.

Take the complement of the Schlafli graph, with vertices numbered rﬁ-, 83’? t; as usual. Let H be
the subgraph induced on '
YU{s: (i,4) € [} U {t],13,3},

where 0 £ Y C {r$,r3,r3} and I C {(4,7) : 1 <4,j <3} with |I| > 8 and including
{(4,j): 1<i<3and1<j <2}

Let G be obtained from H by exponentiating the leaf triangle {t1,t3,#3}. We define F; to be the
class of all such graphs G (they are all prismatic).

The class Fs.

Take the complement of the Schlafli graph, with vertices numbered r;-, 83-, t; as usual. Let H be
the subgraph induced on

{rj s (g) € YU {s;: (i,7) € LY U{ts: (i,)) € I3},
where I, I5, I3 C {(i,7) : 1 <4,j < 3} are chosen such that
o (1,1),(3,1),(3,2),(3,3) € I and (2,2),(2,3) ¢ I,
o (1,1) ¢ 1
e (1,2),(1,3),(2,3),(3,3) € Is and (2,1),(3,1) ¢ Is.

Let G be obtained from H by adding the edge rit3. We define F5 to be the class of all such graphs
G (they are all prismatic).

The class Fg.

Graphs of the previous class sometimes admit a leaf triangle, that we can multiply. More precisely,
take the complement of the Schlafli graph, with vertices numbered r7}, s%,t% as usual. Let H be the
subgraph induced on

{ri s (i,5) e L} U{s}i : (i,5) € LYU{t: : (4,5) € I3},

where



o [ = {(17 1)7 (172)7 (37 1)7 (37 2)7 (373)}
o [h = {(172)7 (27 1)7 (272)7 (37 3)}
o I5=1{(1,2),(2,2),(1,3),(2,3),(3,3)}.

Let G be obtained from H by adding the edge 7{t}, and then multiplying {r3,¢3}. We define Fg to
be the class of all such graphs G (they are all prismatic).

The class F7.
The siz-vertex prism is the graph with six vertices ai, ao, as, by, b2, b3 and edges
ajaz, aias, a2as, biba, bybs, babs, a1b1, azba, asbs.

Let K be a graph with six vertices, with the six-vertex prism as a subgraph. Construct a new graph
G as follows. The vertex set of G consists of E(K') and some of the vertices of K, so E(K) C V(G) C
E(K)UV(K); two edges of K are adjacent in G if they have no common end in K; an edge and a
vertex of K are adjacent in G if they are incident in K; and two vertices of H are adjacent in G if
they are nonadjacent in K. The class of all such graphs G is called F7 (they are all prismatic).

The class Fg.

Let H be the graph with nine vertices v1,...,v9 and with edges as follows: {vj,ve,v3} is a
triangle, {v4,v5,v6} is complete to {v7,vs,vg}, and for i = 1,2, 3, v; is adjacent to v;y3,vi16. Let G
be obtained from H by multiplying {v4, v}, {vs,vs} and {vg,v9}. We define Fg to be the class of
all such graphs G (they are all prismatic).

The class Fy.

Take the complement of the Schlafli graph, with vertices numbered rﬁ-, 83’? t; as usual. Let H be
the subgraph induced on

{rj: (i,5) € hYU{s): (1)) € LY ULt : (i.]) € I3},
where I, Io, Is C {(i,7) : 1 <4,j < 3} satisfy

e (2,1),(3,1),(3,2),(3,3) € I1, and I; contains at least one of (1,2), (1,3), and (1, 1), (2,2),(2,3) ¢
5L

e (1,1),(2,2),(3,3) € Iz and (1,2),(1,3) ¢ I,

e (1,3),(2,3),(3,3) € I3, and I3 contains at least one of (1,2), (2,2), (3,2), and (1,1),(2,1),(3,1) ¢
I3

e cither (1,2),(1,3) € Iy, or I3 contains (1,2) and at least one of (2,2),(3,2).



Let G be obtained from H by adding a new vertex z adjacent to rg’,rg’, 5%, and to t% if (2,2) € I3,
and to t3 if (3,2) € I3. We define Fy to be the class of all such graphs G (they are all prismatic).

That concludes the list of “basic” prismatic graphs. Let us say that G is in the menagerie if either
G is of parallel-square or skew-square type, or is Schlifli-prismatic or fuzzily Schlafli-prismatic, or
G e FrU---UFy. Now we can state the main theorem properly.

4.1 FEwvery rigid non-orientable prismatic graph is in the menagerie.

The proof will occupy all the remainder of this paper.

5 Wickets

A wicket in G is a triple (r,s,t) of distinct vertices such that
e s,t are adjacent, and r is nonadjacent to both s,t
e every triangle in G contains one of r, s,
e the set of vertices nonadjacent to both r, s is stable, and
e the set of vertices nonadjacent to both r,t is stable.

It is helpful to study prismatic graphs with wickets separately from those without, because they lead
to different structures.

5.1 Let G be a rigid prismatic graph containing o wicket. Then G € Fy U Fs.

Proof. Let (r,s,t) be a wicket. Define subsets A, B,C, R, S,T,U of V(G) \ {r,s,t} as follows. For
veV(G)\ {rs,t}, let

e v € Aif vis adjacent to 7, s and not to ¢

e v € B if v is adjacent to r,t and not to s

v € C if v is adjacent to both s,t

v € R if v is adjacent to r and to neither of s,¢

v € § if v is adjacent to s and to neither of r, ¢
e v €T if v is adjacent to t and to neither of r, s
e v € U if v is adjacent to none of r, s, t.

Thus every vertex in V(G) \ {r, s,t} belongs to exactly one of these seven sets.
(1) |C] <1, and C is complete to R,U, and anticomplete to A, B,S,T.

For let ¢ € C. Any other member of C' would have two neighbours in the triangle {c,s,t}, and



so C ={c}. If x € RUU, then since z has a neighbour in the triangle {c, s, t} it follows that z, ¢ are
adjacent. Thus c is complete to RUU. If y € AU B USUT, then since y is adjacent to one of s,t
and has only one neighbour in the triangle {c, s,t}, it follows that ¢,y are nonadjacent. This proves

(1).
(2) AUR,BUR,SUU, TUU are stable.

If z,y € AU R are adjacent, then ¢ has no neighbour in the triangle {z,y,r}, which is impossi-
ble. Thus AU R is stable, and similarly so is B U R. Since (r, s,t) is a wicket and therefore the set
of vertices nonadjacent to both r, s is stable, it follows that T"U U is stable, and similarly S UU is
stable. This proves (2).

Because r is complete to A U B, it follows that every vertex in A has at most one neighbour in
B and vice versa. Because s is complete to AU S, every vertex in A has at most one neighbour in .S
and vice versa; and similarly every vertex in B has at most one neighbour in T and vice versa. Let
Aj be the set of all members of A with a neighbour in S, and let As be the set of vertices in A with
a neighbour in B. Let Ag = A\ (A1 U Ag), let A3 = Ay \ As, and let A4 be the set of vertices in
As \ A1 whose neighbour in B has no neighbour in 7. Define By, By, By, B3, By C B similarly. Let
S1 be the set of all members of S with a neighbour in A, and let S5 be the set of vertices in 57 with
a neighbour in As. Let Sy = S\ S;. Define Ty, 17,73 C T similarly.

(3) Ag U Ay is complete to T, and anticomplete to (B '\ Bs)) URU S.

For let a € Ag U Ay. If a € Ay and v € T, then a,v have no common neighbour, and so rigid-
ity implies that a,v are adjacent. Thus we may assume that a € A4. Let b € B be adjacent to a;
then b has no neighbour in 7', from the definition of A4, and so b, v are nonadjacent. Since v has a
neighbour in the triangle {r, a,b}, it follows that a,v are adjacent. Thus Ay U A4 is complete to T'.
The other part of the claim is immediate from the definition of A4, B4. This proves (3).

(4) As is complete to Ty UU and anticomplete to BURU (S \ S3).

For let @ € A3, and let v € T3 UU. Let z € S be adjacent to a. Since v has a neighbour in
the triangle {a,s,z} and v, s are nonadjacent, it follows that v is adjacent to one of a,z. If v € U,
then (2) implies that v is adjacent to a as required, so we assume that v € Ty. Let b € B be adjacent
to v. Now a,b are nonadjacent since a € As, and since a has a neighbour in the triangle {b,¢, v}, it
follows that a,v are adjacent. This proves that As is complete to T3 U U. The second part of (4) is
immediate. This proves (4).

(5) U is complete to Ay U Ag, and to By U By, and U is anticomplete to As \ (A1 U Ayg), and to
By \ (B U By).

For let w € U and a € A; U Ay. If a € Aj, u has a neighbour in the triangle {a,s,x}, where
x € S is adjacent to a, and so a,u are adjacent by (2). If a € Ap, then a,u have no common
neighbour, and therefore are adjacent by rigidity. This proves the first claim. For the second, let
u€e U and a € Ay \ (A1 UAy). Let b € B be adjacent to a. Since a ¢ Ay and a ¢ Ay, it follows that



b € By, and so b, u are adjacent (by the first claim). This proves (5).

Now there are two cases, depending whether R and C' are both nonempty or not.
(6) If R and C are both nonempty then |C| = |R| = 1.
This is immediate since G is prismatic.
(7) If R, C are both nonempty then S is anticomplete to T, and Ay is anticomplete to Bj.

For let ¢ € C and m € R. Since every vertex in S U T has a neighbour in the triangle {c,r,r}, it
follows that r; is complete to SUT, and since every triangle contains one of r, s, ¢, it follows that S is
anticomplete to 1. This proves the first claim. For the second, let « € A; and b € By. Let z € S be
adjacent to a, and let y € T be adjacent to b. Then y has a neighbour in the triangle {a,s,z}, and
since S is anticomplete to T', it follows that y is adjacent to a, and therefore a,b are nonadjacent.
This proves (7).

(8) If R,C are both nonempty, and a € A and v € T, then a,v are adjacent unless they have a
common neighbour in B.

This is immediate from rigidity, because every common neighbour of v, a belongs to B.
(9) If R, C are both nonempty, then G € Fs.

To see this, let C = {s}} and R = {s3}, and rename r,s,t by s3, s3, s3 respectively. The sets called

AL AL A2 A3 in the definition of Fy are {ad} U (A \ Ay),T,{a3} U (B \ By), S respectively, where

ab,a? are new vertices; and (A4, B4, U) is the triple of new vertices introduced by exponentiatin
2y Y] 9 9 9 p y p g

{a},a?,s3}. This proves (9).
In view of (9) we henceforth assume that one of R, C is empty.

(10) There is a 4-cycle with vertices a-b-y-x-a in order, where a € A1,b € B,y € Ty and © € Sy.
Consequently R =U = ().

For suppose there is no such r-cycle. Since one of R,C is empty, every triangle of G containing
r consists of r, a vertex of A and a vertex of B. Define O as follows:

e For every triangle D containing s and not t, let D = {a,s,z} where a € A and x € S, and
define O(D) to be s = & — a — s.

e For every triangle D containing ¢ and not s, let D = {b,t,y} where b € B and y € T, and
define O(D) tobet — b —y — t.

e For every triangle D containing 7, let D = {r,a,b} where a € A and b € B, and define O(D)
tober —a—b—r.

e If there exists ¢ € C and D is the triangle {c, s,t}, define O(D) to be c — s =t — c.
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It is easy to check (since there is no 4-cycle as in the statement of (10)) that O is an orientation,
a contradiction. This proves the first claim. Let a-b-y-z-a be vertices in order of this 4-cycle, with
acAbe ByyeT andx € S. If u € U, then by (5), {u,a,b} is a triangle containing none of r, s, t,
a contradiction. Thus U = (. If v € R, then since v has a neighbour in the triangle {a,s,z}, (2)
implies that v,z are adjacent, and similarly so are v,y; but then {v,z,y} is a triangle containing
none of 7, s,t, a contradiction. Thus R = (). This proves (10).

But from (10) it follows that G € F3. (To see this, map r, s, and ¢ € C (if it exists) to s3, 53, 53, s
respectively. Take the sets A, A2, AL, A3 to be

(A\ A3) U{az}, (B\ Bs) U{ai}, T° U {az}, $° U {al}

respectively, where ad,a},al,a? are new vertices. Take (A3, S3,T \ T1) and (T3, B3, S \ S1) to be
the triples of new vertices introduced by exponentiating the leaf triangles {a},a$,s3} and {a},a?,s3}
respectively.) This proves 5.1. [ |

6 Minimal non-orientable prismatic graphs

Here are two graphs that will be important in the remainder of the paper.

e A rotator. Let G have nine vertices v, ve,...,v9, where {v1,vs,v3} is a triangle, {v4, vs,vg}
is complete to {v7,vs, v}, and for i = 1, 2,3, v; is adjacent to v; 3, v;+¢, and there are no other
edges.

e A twister. Let G have ten vertices ui,ug,v1,...,vs, where uy, uo are adjacent, fori =1,...,8

v; is adjacent to v;_1, V41, Vi+4 (reading subscripts modulo 8), and for ¢ = 1,2, u; is adjacent
to v, Vit2, Vitd, Vite, and there are no other edges. We call uy,us the azis of the twister.

It is easy to see that both these graphs are prismatic and not orientable. But more important is the
converse, the following:

6.1 Let G be prismatic. Then G is orientable if and only if no induced subgraph of G is a twister
or rotator.

Proof. The “only if” part is clear, since these two graphs are not orientable. To prove the “if”
part, suppose that G is prismatic and not orientable. Let H be the graph with vertex set the set of
all triangles of T', in which two triangles are adjacent if they are disjoint in G. For each triangle T’
of G, choose an arbitrary cyclic permutation 3(7T) of T. For each edge ST of H, we define its “sign”
as follows. Let ((S) be s1 — so — s3 — s1 say, and for i = 1,2,3, let t; € T be adjacent to s;.
Then the two cyclic permutations of T' are t; — to — t3 — t1 and t; — t3 — to — t1, and so (7))
is one of them. If 5(T) is the first of these permutations, we say the edge ST has positive sign, and
otherwise it has negative sign.

Suppose that every cycle of H has an even number of edges with negative sign. It follows that
if we contract all the edges of H with positive sign, we obtain a bipartite graph; and so there is a
partition (X,Y") of V(H) such that for every edge ST of H, this edge has negative sign if and only
if exactly one of S, T belongs to X. Consequently, we may construct an orientation of G' by defining
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O) =p(T)ifT €Y, and O(T) to be the cyclic permutation of T" different from 5(T) if T € X, a
contradiction since G is not orientable. Consequently there is a cycle of H so that an odd number
of its edges have negative sign.

Let Th----- T,-T1 be the shortest such cycle of H. It follows that it is an induced cycle of H; that
is, for 1 <i<j<n,T;NT;=0ifand only if j =i+ 1 or (i,5) = (1,n). In particular, T4,...,T,,—1
all meet both of T1,T5. Now every triangle that meets both of 77,75 contains both ends of one of
the three edges between T and T5, and for each such edge there is at most one triangle that contains

both its ends. It follows that each of the triangles Ty, ...,T,_1 contains a unique vertex of 77, and
no two of these triangles contain the same vertex of 77. Since no edge of G belongs to two triangles,
it follows that Ty,...,T,_1 are pairwise disjoint. If n > 7 then T meets T§, a contradiction; and so
n < 6.

Let W =Ty U---UT,. We claim that G|W is not orientable. For suppose that O is an orientation
of GIW. Let X ={T € {T1,...,T,,} : B(T)#O(T)}, and Y ={T1,...,T,,} \ X. Let ST be an edge
of the cycle. Since the matching of G between S and 7" maps O(S) to O(T), this matching maps
B(S) to B(T) if and only if X contains both or neither of S,T. Hence there are an even number of
edges ST of the cycle such that the matching between S and T" does not map 3(S) to 3(T"); in other
words, an even number of edges of the cycle have negative sign, a contradiction. This proves that
G|W is not orientable.

Suppose that n = 6. Since T1,73,75 pairwise intersect, and no two vertices belong to two
triangles, it follows that there is a vertex vy € T1 NT3 N T5. Similarly there exists vy € To NTy N Tg.
Since T, T3, T5 are each disjoint from one of Ty, Ty, T§, it follows that v ¢ T7 UT5UT5, and similarly
vy ¢ Ty UTy UTs. Let T; = {vy,a4,b;} for ¢ = 1,3,5, and T; = {ve,a;,b;} for i = 2,4,6. Since
T, NTy # 0, we may assume that b; = by, and similarly b3 = bg and b5 = by. Now wvib3 and
bive are edges, and since ag has a neighbour in 71, it follows that a1, ag are adjacent. Similarly
a;,a; are adjacent for all odd i and even j with 1 < ¢,57 < 6 and |j — i| # 3. Define O(T;) to be
v — a; — by — vy for i = 1,3,5, and to be v — b; — a; — vy for ¢ = 2,4, 6; then it is easy to see
that O is an orientation of G|W, a contradiction. Thus n < 5.

Suppose that n = 5. Since no three of 11, ..., T5 pairwise intersect, and yet every nonconsecutive
pair of triangles in the sequence T1,...,T5, T} intersect, we may label W as {vy,...,vs,u1,...,us}
where for i = 1,...,5, T; = {u;,viy2,vi43} (reading subscripts modulo 5). Let 1 < i < 5. Now

v; has a unique neighbour in 7;41, and so v;,v;+3 are not adjacent; and similarly v;,v;12 are not
adjacent. Since v; has a neighbour in T;, it follows that wu;,v; are adjacent. Define O(T;) to be
U; — Vipo — V43 — u; for 1 <4 < 5; then O is an orientation of G|W, a contradiction. Thus n < 4.

Suppose that n = 4. Choose u; € T1 N T3, and uy € To NTy. Now 17 U T3 is disjoint from
To U Ty, so |W| =10 and we may label W\ {uj,ua2} as {vi,...,vs} where T; \ {u1,us} = {vi, viya}
for i = 1,2,3,4 (reading subscripts modulo 8). Suppose first that wu;,us are nonadjacent. Then
we may assume that u; is adjacent to vg,v4, and us to v1,v3. Since vs has a neighbour in 75, and
each vertex of T» has a unique neighbour in 77, it follows that vs,vg are adjacent, and similarly
{vs,v7} is complete to {vg,vs}. Define O(T;) to be uy — v; — vigqg — uy if @ = 1,3 and to be
Uy — Viyq — v; — ug if i = 2,4; then O is an orientation of G|W, a contradiction. This proves
that u1,us are adjacent. Now since every vertex of 77 has a unique neighbour in 75 and vice versa,
we may assume that v1ve and vsvg are edges. Similarly (by exchanging vs, v7 if necessary) we may
assume that vovs and vgvr are edges; and (exchanging vy, vs if necessary) that vsvy and wvyvg are
edges. It remains to determine the edges between T} and Ty. If v1v4 and vsvg are edges, then G|W is
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orientable (define O(T;) to be uy — v; — vi4q4 — uy for i = 1,3, and to be ug — v; — v;44 — uy for
i = 2,4), a contradiction. Thus v;vg and vqvs are edges; but then G|W is a twister, and the theorem
holds. Thus we may assume that n = 3.

Now T3,T», T3 are pairwise disjoint, and so |[W| = 9, and we may label T; = {t}, 2 ¢3} for

SRR
j =1,2,3. Since there is a 3-edge matching between 7T and T», we may assume that ¢}t is an edge
for i = 1,2,3, and similarly 4t} is an edge for i = 1,2,3. It remains to determine the edges between

T1,T5. Up to isomorphism, there are three distinct possibilities for these edges:
o i1ty 1313, 1313
o t1t3, 1313, t5t]
o titd 1313, t3t3

In the first two cases, G|W admits an orientation (we leave this to the reader), and in the third case
G|W is a rotator. This completes the proof of 6.1. [ |

7 Excluding a rotator

To understand all non-orientable prismatic graphs, it suffices therefore to understand those that
contain a rotator, and those that contain a twister and no rotator. The second is the goal of this
section. We begin with a lemma.

7.1 Let G be prismatic, and suppose that G|\W is a twister. Let W = {uy,ug,v1,...,0s}, as in the
definition of a twister, and suppose that for 1 < i < 8, there is no vertex adjacent to both v;,vii1
(reading subscripts modulo 8). Then G € F.

Proof. We claim that every vertex is adjacent to at least one of uj,us. For let v € V(G), and
suppose it is nonadjacent to both uj,us. Since it has a neighbour in the triangle {u;,v;,vi44} for
i = 1,3, we may assume from the symmetry that v is adjacent to vi,v3. But it has a neighbour in
{ug,v4,vg}, and so is adjacent either to v; and vg, or to vs and vy, in either case a contradiction.
This proves that every vertex is adjacent to one of uy, us. The remainder of the proof is easy and we
leave it to the reader. [ |

The main result of this section is the following.

7.2 Let G be a rigid non-orientable prismatic graph, such that no induced subgraph of G is a rotator.
Then either G is Schafli-prismatic, or G belongs to F1 U Fo U F3 U Fy.

Proof. Let G be as in the theorem. By 6.1, G contains a twister as an induced subgraph, and so
there is a set W = {ag, bo,v1,...,vs}, such that ag,by are adjacent, for i = 1,...,8 v; is adjacent
to vi—1, Vit+1, Vi+4 (reading subscripts modulo 8), ag is adjacent to v, vs,vs, vz, and by is adjacent to
V9, V4, Vg, vg. Define A, B, C, D as follows: A is the set of all vertices adjacent to ag and not to by; B
is the set adjacent to by and not to ag; C' is the set of (at most one) vertex adjacent to both ag, bo;
and D is the set adjacent to neither of ag, bg.
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(1) For each d € D, there exists i € {1,...,8} such that the neighbours of d in {vi,...,vs} are
Uiy Vit1, Vit3s Vit6-

For d has a unique neighbour in each of the triangles {ag, v1, vs}, {ao, v3,v7}, and so from the sym-
metry we may assume that d is adjacent to vs,v7 and nonadjacent to vy, vs. Since {d,vg} is a subset
of at most one triangle, d is not adjacent to vg; and since it has a unique neighbour in each of
{bo,v2,v6}, {bo,v4,vs}, it follows that d is adjacent to ve, and to one of vg,vs. But then the result
holds with ¢ = 4 or ¢ = 7. This proves (1).

For each d € D, let i(d) be the (unique) value of ¢ that satisfies (1).
(2) If d,d’ € D are distinct, then i(d") =i(d) £ 1 or i(d) £2; and consequently D is stable.

For let d,d’ € D be distinct. We may assume that i(d) = 1, and let T" be the triangle {d, v, v2}.
Since d' has a unique neighbour in 7' it follows that i(d’) # 1. Suppose that i(d’) = 5. Then since d’
has a neighbour in T, it follows that d,d’ are adjacent; but then the subgraph induced on

!
{U1>U2>U57v67v77 aq, d’d }

is a rotator, a contradiction. Next suppose that i(d’) = 4. Since d’ is adjacent to v and has a unique
neighbour in T, it follows that d,d are nonadjacent; but then the subgraph induced on

!
{U1>U2>U47v5av77 agp, d’d }

is a rotator, a contradiction. Thus i(d') # 4 and similarly i(d") # 6. Consequently i(d') is one of
2,3,7,8, and so d' is adjacent to one of vy,vy. Since d’ has a unique neighbour in 7, it follows that
d,d are nonadjacent. This proves (2).

For 1 < <8, let X; be the set of all vertices in V(G) \ W that are adjacent to v;_1 and to v;y1,
and are nonadjacent to all other v; for j € {1,...,8}. It follows that X; C A if i is odd, and X; C B
if ¢ is even.

(3) A= {vl,v3,v5,v7} UXiUX3UX5U Xy, and B = {’Ug,’U4,’U6,Ug} UXoUXy U XU Xg.

For let x € X; say. Since x has a neighbour in the triangle {ag,v1,vs}, it follows that z is ad-
jacent to ap; and since it has only one neighbour in {bgy, ve,vs}, it follows that x, by are nonadjacent.
Thus x € A, and similarly X; C A for ¢ odd, and X; C B for ¢ even. For the reverse inclusion, let
x € A\W say. Then z is nonadjacent to v; for ¢ odd (since it has only one neighbour in {ag, vi, vi+4}).
Since x has a unique neighbour in each of the triangles {bg, va, vg}, {bo,v4,vs}, it follows that x be-
longs to one of X7, X3, X5, X7. This proves (3).

(4) If d € D and x € X;, then i # i(d) + 4,i(d) + 5; and z,d are adjacent if and only if i = i(d) + 3
or i(d) + 6.

For let i(d) = 1 say. Now z has a unique neighbour in the triangle {d,vi,v2}, and so x,d are
nonadjacent if and only if x is nonadjacent to both vy, ve, that is, if and only if i € {4,5,6,7}. This

14



proves the second claim. For the first, suppose that ¢ € {5,6}; then from the symmetry (exchanging
ag, by if necessary) we may assume that ¢ = 5. Therefore z,d are adjacent; but then the subgraph
induced on

{Ul,UQ,U4,’l)5,'U6, agp, b(),d,.l‘}

is a rotator, a contradiction. This proves the first claim, and so proves (4).

If C' is nonempty, let ¢ be its unique member, and otherwise ¢ is undefined.

(5) If T is a triangle of G, then either
e ¢ cxists and T = {ag, by, c}, or
o T'={ag,z,y} for some x € X; U{v;} andy € X;y4 U{viza}, for some odd i € {1,...,8}, or
o T'={by,z,y} for some x € X; U{v;} and y € X; 44 U {visa}, for some even i € {1,...,8}, or
o T' = {d,vi(a),Vi(a)+1} for some d € D.

For if both ag, by € T, then its third member is ¢, so we may assume that by ¢ T'. Suppose first that
ap € T, and let T' = {ag, t1,t2} say. Then t1,ts are adjacent to ap and not to by, and therefore belong
to A; and if one of them is in W, then so is the other and the claim holds, by (3); and so we may
assume that t1,to ¢ W. By (3), t1,t2 € X1 U X3U X5 U X7. Now vy, v4, vg, vg all have a neighbour
in T', and they are nonadjacent to ag, and so t; € X; and to € X; 4 for some ¢, and the claim holds.
We may therefore assume that ag, by ¢ A. Since D is stable by (1), at most one member of T is in
D; and since ag, by have unique neighbours in 7', it follows that D = {x,y,d} where x € A,y € B
and d € D. From the symmetry we may assume that i(d) = 1. Suppose that {z,y} # {v1,v2}; then
{d,v1,v2} and {d, x,y} are distinct triangle, and so {z,y} N {vi,v2} = 0 and {z,y} is anticomplete
to {v1,v2}. But then the subgraph induced on

{’Ul,’Ug,'U5,’Uﬁ, agp, bo’dvxvy}

is a rotator, a contradiction. Thus {z,y} = {v1,v2} and the claim holds. This proves (5).
(6) If there exist di,ds € D with i(d1) =1 and i(ds) = 3, then G is Schlifli-prismatic.

For then by (3), either D = {d;,ds}, or D = {dy,d2,ds} where i(d2) = 2. Let da be the third
member of D if it exists, and otherwise ds is undefined. By (4), X5, X4, X7, Xg are all empty, and
so from (5), the core of G is {ag,bo,v1,...,v8} UC U D. By rigidity, it follows that |X;| < 1 for
1 =1,2,3,4, and X; is complete to X;y1 for ¢« = 1,2,3, and X; is complete to Xy. Moreover, X;
is anticomplete to X3 by (5) since X;, X3 are both complete to vy, and X5 is anticomplete to Xy
similarly. Let H be the complement of the Schlafli graph, with vertices labelled ré, 83-, t;- 1<id,5 <3,
as in the definition of the Schléfli graph. We define a map ¢ from V(G) to V(H) as follows. The
images of wvg, ¢, v3, do, v7, by, ag, v are respectively r%,r%,r%,r%,r%,r%,r{’,rg; the images of ds, vg, v1
are s7,53, s5, and the images of vs,dy, vy are t1,t3,43. For x € X1, X2, X3, X4 we define ¢(x) to be
sg, t3, sé, t%, respectively. We leave the reader to verify that ¢ is an isomorphism between G and an
induced subgraph of H. This proves (5).
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In view of (2) and (6) we may assume that i(d’) = i(d) £ 1 for all distinct d,d’ € D, and in
particular |D| < 2.

(7) If |D| = 2 then G € Fy.

For let D = {d;,d2}; we may assume that i(d;) = 1 and i(d2) = 2. By (4), X5, X, X7 are empty.
Since no vertex in the core has a neighbour in X; U X3 and a neighbour in Xs, rigidity implies
that X9 is complete to X; U X3, and |Xo| < 1. But then G € F;. (To see this, map the vertices
ag, by, dy,ds,v1,...,vg and ¢ (if it exists) to

13 1.1 3 .2 3,2 2.3 .2, .3
83,t3,32,81,81,83,82,t2,82,?”2,81,t1,7“1

respectively. The three sets of “new” vertices are X4 U {vs}, Xg U {vg} and X; U X3.)
(8) If ID| =1 then G € Fo U F3.

For let D = {d} say; we may assume that i(d) = 1. Then X5, X are empty, by (4). The set
of vertices nonadjacent to both d, ag is {vg,vs} U X2 U Xg, and since X5 is anticomplete to XgU {vg},
it follows that this set is stable. Similarly the set of vertices nonadjacent to both d, by is stable, and
so (ao, bo,d) is a wicket and the result follows from 5.1. This proves (8).

If D = (), then every vertex is adjacent to one of ag, by, and so for 1 < i < 8 no vertex is adjacent
to both v;,v;41, and G € Fy by 7.1. In view of (7) and (8), this proves 7.2. [ |

8 Parallel-square and skew-square

A pair (s,t) of vertices of G is called a square-forcer if s,t are nonadjacent, and the set of vertices
nonadjacent to both s,t is stable. Next we study graphs containing square-forcers. We begin with a
lemma.

8.1 Let (s,t) be a square-forcer in a prismatic graph G, and suppose that G contains a rotator.
Then there are distinct vertices ag, by, co,dg € V(G) \ {s,t}, in the core of G, such that

e ag-co-bo-do-ag is a 4-hole
e s is adjacent to ag,co and not to by, dy, and

e t is adjacent to by, co and not to ag,dg, s.

Proof. Let D be the set of vertices nonadjacent to both s,t. Thus D is stable. Choose vy, ..., vg
as in the definition of a rotator. Suppose first that s = v;. Since s,t are nonadjacent, either
t € {vs,vg,v8,v9}, or t & {v1,...,v9}. In the first case, we may assume from the symmetry that
t = vg; and then we may take ag = v3,bp = v5,c9 = vo,dy = vg. In the second case, since t has a
neighbour in {v1,vs,v3}, we may assume that ¢ is adjacent to v, and so ¢ is nonadjacent to vs, vg;
but then vy, vg are adjacent members of D, a contradiction.
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Thus we may assume that s,t # vy, v9,v3. Since D is stable, it contains at most one member
of each triangle, and in particular at most one of vi,v9,v3 € D. Hence we may assume that s is
adjacent to vy and t to v9, and so vg € D. Consequently, s,t # vg,vg, and since at most one of
vs, Vg, Vg € D, it follows that one of vg, vg is adjacent to s and the other to t. From the symmetry we
may assume that s is adjacent to vg and ¢ to vg. Thus s,t # vs, v7. Since vs, v7 are adjacent, they are
not both in D, and from the symmetry we may assume that vs is adjacent to one of s,¢. We claim
that ¢ = vg. For suppose not. Then ¢ is nonadjacent to vs since it has only one neighbour in the
triangle {vg,vs,vg}; and therefore s is adjacent to vs, a contradiction since then ¢ has no neighbour
in the triangle {s,vs,v9}. Thus ¢t = vg. Since s has a neighbour in {ve, vs,vs}, and s is nonadjacent
to ve,vg, it follows that s,vs are adjacent. But then we may take ag = vg, by = v9,co = vs5,dy = vs.
This proves 8.1. [ |

The main result of this section is the following.

8.2 Let G be prismatic and rigid, containing a square-forcer and containing a rotator, and with no
wicket. Then G is of parallel-square type, or of skew-square type.

Proof. Let (s,t) be a square-forcer in G. Thus s,t are nonadjacent. Let A, B,C, D be the set of
all v € V(G) \ {s,t} adjacent respectively to s and not to ¢, to ¢ and not to s, to both s,t, and to
neither of s,t. By hypothesis, D is stable. Let W be the core of G. Choose ayg, by, co,dy as in 8.1;
then ag, bg, cg, dy are all in W, and belong respectively to A, B,C, D.

(1) A,B,C, D are stable.

For D is stable by hypothesis. If a1,a2 € A are adjacent, then ¢ has no neighbour in the trian-
gle {s,a1,as}, a contradiction. Thus A is stable, and similarly so is B. If ¢1,co € C are adjacent
then ¢ has two neighbours in the triangle {s, 1,2}, a contradiction. This proves (1).

(2) Every triangle in G containing s consists of s, some vertex of A, and some vertex of C. A
similar statement holds for t. Every triangle containing neither of s,t consists of a vertex of A, a
vertex of B, and a vertex of D.

The first assertion follows from (1). Suppose then that T is a triangle with s,¢ ¢ T. By (1),
T ¢ CU D, and so we may assume that T"N A is nonempty. Since s has only one neighbour in T it
follows that TN C = (). By (1), this proves (2).

(3) Every vertex in AU B has at most one neighbour in C. FEvery vertex in C' has at most one
neighbour in A and at most one in B, and every vertex in C N'W has at least one neighbour in
AUB. Ifa € A has a neighbour ¢ € C, then every member of B is adjacent to a except for the (at
most one) member of B that is adjacent to c.

For if say a € A has two neighbours ¢1,ca € C then ¢ has two neighbours in the triangle {s,a,c; },
a contradiction. Thus every member of A U B has at most one neighbour in C, and similarly every
vertex in C' has at most one neighbour in A and at most one in B. If c € C'NW, then since ¢ is in a
triangle, it follows from (2) that ¢ has a neighbour in AU B. For the final claim, let a € A and c € C
be adjacent, and let b € B. Since b has a unique neighbour in the triangle {s,a, c}, it follows that b
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is adjacent to exactly one of a,c; and there is at most one choice of b adjacent to ¢, as we already
saw. This proves (3).

(4) If a € A and ¢ € C are adjacent, then every vertex in D is adjacent to exactly one of them.
If a € A and b € B are nonadjacent, then they have the same set of neighbours in C. Finally, if a,b
have a common neighbour in C then they are nonadjacent and have the same set of neighbours in D.

For suppose first that a € A and ¢ € C are adjacent. Since every vertex in D has a unique
neighbour in the triangle {s, a, c}, the first claim follows. For the second claim, suppose that a € A
and b € B are nonadjacent, and that a is adjacent to some ¢ € C say. Since b has a neighbour in
the triangle {s,a,c}, it follows that b, ¢ are adjacent. This proves the second claim. For the third,
suppose that a € A and b € B have a common neighbour ¢ € C. Since b has a unique neighbour in
the triangle {s,a,c}, it follows that a,b are nonadjacent. Every d € D is adjacent to exactly one of
a,c and to exactly one of ¢,b, and therefore to both or neither of a,b. This proves the third claim,
and therefore proves (4).

(5) Ifa € ANW and b € B are nonadjacent, then every vertex in D adjacent to a is also adjacent to b.

For suppose that d € D is adjacent to a and not to b. By (4), both a,b have no neighbours in
C, and in particular, a # ag and b # by. By the final assertion of (3), a is adjacent to by, and b
to ag. It follows that d, by are nonadjacent, for otherwise b would have no neighbour in the triangle
{a, by, d}. Consequently, d # dy. By (4), d is adjacent to ¢p, and hence not to ag. Now a € W, and
since a has no neighbour in C, (2) implies that there exist d; € D and by € B such that {a,by,d;}
is a triangle. In particular, by # b, and since b has a neighbour in this triangle, it follows that dy, b
are adjacent. Hence dy # d. Now d has no neighbour in {ag, b, d; }, and so dj, ag are nonadjacent.
In particular, dy # d;. Since d has no neighbour in {ag,b,dp}, it follows that b, dy are nonadjacent.
Since b has no neighbour in {a, by, do}, we deduce that a,dy are nonadjacent. Since dy has a neigh-
bour in the triangle {a, b1, d; }, we deduce that by, dy are adjacent. By (3), ag is adjacent to b;. Since
d has a neighbour in the triangle {ag, b1, dp}, it follows that d,b; are adjacent; but then d has two
neighbours in the triangle {a, b, d;}, a contradiction. This proves (5).

(6) Every vertex in ANW has at most one nonneighbour in BNW, and vice versa.

For suppose that some a1 € AN W has two nonneighbours by,bo € BN W. By (4), a1, b1,be all
have the same neighbours in C, and since every vertex in C' has at most one neighbour in B by (3),
it follows that a1, b1, b have no neighbours in C'. Since by is in a triangle, and has no neighbour in
C, it follows from (2) that there is a triangle {az, ba, d2} for some ay € A and dy € D. Since aq, by, by
have the same neighbours in D by (5), it follows that b; is adjacent to do and therefore nonadjacent
to ag. Consequently aq,as, by, bs all have the same neighbours in D by (5), and in particular dy is
adjacent to all or none of them. If dy is adjacent to all of them, then since by, by are both adjacent to
ag, the edge apdyp is in two triangles, a contradiction. If dy is adjacent to none of a1, as, b1, ba, then
dp has no neighbour in the triangle {a9, b2, d2}, again a contradiction. This proves (6).

Let H be the graph with V(H) = (AU BUC)N W, in which u,v € V(H) are adjacent in H if
and only if either
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e u, v are adjacent in G and exactly one of u,v belongs to C, or

e u,v are nonadjacent in G and one of u,v is in A and the other is in B.

By (3), (4) and (6), every component of H is a clique (in H), and contains at most one vertex of
each of A, B, C. Moreover, since every member of C'NW belongs to a triangle and therefore (by (2))
has a neighbour in (AU B) N W, it follows that every component of H contains a vertex of AU B.
For d € D, let Z; be the set of all v € W such that either v € AU B and v is adjacent to d, or v € C
and v is nonadjacent to d.

(7) For every d € D, Zg is the union of some set of components of H. If {a,b,d} is a triangle
with a € A,b € B and d € D, and X,Y denote the components of H containing a,b respectively,
then X,Y are distinct and Zg = X UY . Consequently, if d € D N\W then Zy is the union of exactly
two components of H.

For let d € D. By (4) and (5), if w,v are adjacent in H then both or neither of them belong
to Z4, and so Z, is a union of components of H. This proves the first assertion. For the second, let
a,b,d, X, Y be as given. Since X,Y are cliques in H, and a,b are nonadjacent in H, it follows that
X #Y. We must show that X UY = Z;. For we have seen that X UY C Zy; let v € Z; \ {a,b}. If
v € A, then v,d are adjacent in G; so v,b are nonadjacent in G since v has a unique neighbour in
the triangle {a,b,d}; therefore v, b are adjacent in H; and so v € Y. Similarly if v € B then v € X.
Finally, if v € C, then v, d are nonadjacent in G; hence v is adjacent to one of a,b in G, since v has
a neighbour in the triangle {a,b,d}; and therefore v is adjacent to one of a,b in H, and so again
v € X UY. This proves that X UY = Z,, and therefore proves the second assertion. The third
follows from (2). This proves (7).

(8) If d,d' € D are distinct with d € W, then ZyN Zg is a component of H.

For since d € W, there exist a € A and b € B such that {a,b,d} is a triangle; choose X,Y as
in (7), and then X #Y and Z; = X UY. Since d' has a unique neighbour in the triangle {a,b,d},
it is adjacent to exactly one of a,b, and so ZgN Zy # () and Zy # Zy. The claim follows from (7).

Let Xo = {ao, bo, co}; thus, Xy is a component of H, and Xy C Zy,.
(9) No member of A is complete to (BNW)UD in G.

For suppose that a € A is complete to (BN W)U D in G. We claim that (¢,s,a) is a wicket.
For certainly a, s are adjacent, and ¢ is nonadjacent to them both. Suppose that there is a triangle T
containing none of ¢, s,a. By (2), T' = {a1,b1,d;} for some d; € D and some ay,by € Zg with a; € A
and by € B. Let X1, X5 be the components of H containing ai, by respectively. Then X; # X5 and
Zq = X1 U Xy by (7). Since a ¢ T it follows that a # a;. Since a € Z; (because a is complete
to D), we deduce that a € X5, and therefore a,bs are nonadjacent. But by € W since by € T, and
yet a is complete to BN W, a contradiction. This proves that every triangle contains one of ¢, s, a.
But certainly the set of vertices nonadjacent to both a,t is stable, because this set equals A \ {a}
since a is complete to D; and the set of vertices nonadjacent to both s,t is stable since (s,t) is a
square-forcer. This proves that (¢, s,a) is a wicket, a contradiction. This proves (9).
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(10) One of the following holds:

e There is a component X1 of H such that X1 C Zg for every d € D; and then X1 N A, X1 NB
are both nonempty.

e DCW, and |D| =3, D = {dy,ds,ds} say; and there are three components X1, Xo, X3 of H
such that Zg, = Xo U X3, and Zg, = X3 U X1, and Zg, = X1 U Xa.

e DNW ={dp}, and Zy, = X1 U Xo, where X; N A, X; N B # 0 fori=1,2, and one of X1, Xs
equals Xo. Moreover, for every d € D\ W, either Zg = X1 or Zg = Xs, and there exist
d,d € D\W with Z; = X1 and Zy = X.

For suppose first that there is a component X; of H such that X; C Z; for every d € D If X1 N
A, X1 N B are both nonempty then the first outcome of the theorem holds. Thus we may assume
that X1 N B = (. Since every component of H meets A U B, there exists a; € AN Xy, and aq is
complete to D in G (since X; C Z; for every d € D), and to BNW (since X1 N B = {)), contrary to
(9). Thus we may assume there is no such Xj.

Now suppose there is a component X7 of H such that X1 C Z; for every d € DNW. If possible,
choose such a component X; such that X; N A, X; N B are both nonempty. From what we just
proved, there exists d; € D\ W with X3 N Z;, = 0. Suppose that d; has a neighbour as € ANW,
and a neighbour by € BN W. Since d; ¢ W, it follows that as,be are nonadjacent; and so by (6),
ag, be are the only neighbours of dy in (AU B) N W. Since every component of H meets AU B, it
follows that Z;, = Xo where X3 is the component of H containing ag, bs. By (8), Z; includes X» for
every d € DN W, and also by hypotheses Z; includes X for every d € D N'W. From the choice of
X it follows that X7 N A, X3 N B # (. From (8), D = {dp}, and so one of X7, X, is Xy. Also from
(8), for all d € D\ W, Z; includes one of X7, X5 and hence equals one of X7, X5. By our assumption
of the previous paragraph, there exists d € D\ W with Xy € Z;, and there exists d' € D\ W with
X1 € Zy; and so the third outcome of the claim holds.

Thus we may assume that dy does not have neighbours in both of A, B, and so we may assume
that d; has no neighbour in BN W. It follows that dy is nonadjacent to by, and therefore has no
neighbour in {dy,a1,bp}. Consequently {dp,a1,bp} is not a triangle. But dy is adjacent to by by
definition, and dy is adjacent to a; since dyp € W, and therefore X; C Z;,. Consequently a,by are
nonadjacent, and so a; = ag, that is, X; = Xy. Suppose that there is a triangle containing none of
s,t,bo, say {ag,ba,da} where ay € A,by € B and dp € D. Since dy € W, it follows that X; C Z,,
and so dy is adjacent to ap,bg. Hence {ag,bo,ds} is a triangle, and d; has no neighbour in it (for
d; has no neighbour in BNW and ag ¢ Z4, ), a contradiction. Hence there is no such triangle, and
so every triangle contains one of s,¢,by. Let Zg, = Xo U Xa; then Xo N B = (). Since (s,t,bp) is
not a wicket, it follows that the set of vertices nonadjacent to both s, by is not stable, and therefore
there exists do € D with a neighbour by € B and yet nonadjacent to by. Let ay € Xo N A. By (8),
Xo C Z4,, and so ag,ds are adjacent. But do ¢ W, since by is complete to D N W, and therefore
{d2, a2,bs} is not a triangle; and hence by € Xo, contradicting that Xo N B = ().

Thus the claim holds when there is a component X; of H such that Xy C Z; for every d € DNW.
We may therefore assume that there is no such component X;. By (7) and (8), there exist distinct
components X1, Xo, X3 of H, and dy,ds,d3 € DNW, such that Z;, = Xo U X3, and Z;, = X3 U X1,
and Zg, = X7 UXjy. For any fourth member d € D different from dy, da, d3, (8) implies that Z; meets
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each of Zy, for 7 = 1,2,3 and so Z; includes some Z;, with 1 <7 < 3. But then d has two neighbours
in each triangle containing d;, a contradiction. Hence D = {d;,d2,ds}, and the claim holds. This
proves (10).

(11) A\ W is anticomplete to D and complete to BN W; and B\ W is anticomplete to D and
complete to ANW.

For let a € A\ W. Then a is anticomplete to (A \ {a}) UC, since a ¢ W. We must show that
A is anticomplete to D and complete to B N W. Suppose first that a is anticomplete to D. For
b € BN W, since there is a triangle 7" containing b with 7"\ {b} a subset of {t} UAUC U D, and a
is anticomplete to {t} U (A \ {a}) UC U D, it follows that a,b are adjacent, and so a is complete to
B NW and the claim holds. We may therefore assume that a has a neighbour in D.

Suppose that the first outcome of (10) holds, and let X; be a component of H included in Z; for
every d € D, and let a; € ANX; and by € BN X;. Since a ¢ W and a; € W, it follows that a # a;.
Suppose that a is not adjacent to b;. Now a has a neighbour in the triangle {¢,bg, o}, and since a
is nonadjacent to t,cg, we deduce that a, by are adjacent. In particular, by # b1, and so ag, b; are
adjacent. Moreover a,dy are nonadjacent (since a ¢ W), and do, b; are adjacent (since X; C Zg,),
and therefore a has no neighbour in the triangle {ag, b1,dp}, a contradiction. This proves that a is
adjacent to b;. But since a has a neighbour in D, and every member of D is adjacent to by, this
proves that a is in a triangle, a contradiction.

Next, suppose that the second outcome of (10) holds. Let dy,ds,ds, X1, X2, X3 be as in that
statement. Since Xo C Z4,, we may assume from the symmetry that d; = dp and X3 = Xj. Since
d3 € W, we may assume (by exchanging X, Xo if necessary) that there exist a; € X; N A and
by € XoN B. Since a has a neighbour in the triangle {¢, by, ¢}, it follows that a, by are adjacent, and
s0 @ is nonadjacent to di,dy (because a ¢ W). Since a has a neighbour in D, it follows that a, d3 are
adjacent. Since a ¢ W, we deduce that a, by are nonadjacent; but then a has no neighbour in the
triangle {ag, b2, d; }, a contradiction.

Next, suppose that the third outcome of (10) holds. Thus D N W = {dp}, and Zg, = X; U Xo,
where X; N A, X; N B # () for i = 1,2. We may assume that X = Xj. For i = 1,2 let D; be the set
of vertices in D\ W with Z; = X;; then Dy, Dy # (), and D1 UDy = D\ W. Let X1 N A = {a1}
and X1 N B = {b1}. Now a ¢ W, and so a ¢ X; U X; hence a is nonadjacent to ¢y, and since a has
a neighbour in the triangle {¢,bg, o}, it follows that a is adjacent to by. Since a ¢ W, {dy,a,bo} is
not a triangle, and so a,dy are nonadjacent. Since a has a neighbour in both triangles {dy,a1,bo}
and dy, ag, by }, it follows that a is adjacent to both by, b;. Since every vertex in D is adjacent to at
least one of ag, a1, and a ¢ W, and a has a neighbour in D, it follows that a is in a triangle and so
a € W, a contradiction.

From (10), this completes the proof of (11).

(12) A\ W is complete to B, and B\ W is complete to A.
For from (11), it suffices to show that if a € A\ W and b € B\ W then a,b are adjacent. Suppose
not; then from rigidity, a,b have a common neighbour in W. But they are both anticomplete to C

since they are not in the core, and anticomplete to D by (11); a is anticomplete to (AU {t}) N W,
and b is anticomplete to (B U {s}) N W, a contradiction. This proves (12).
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(13) C'\ W is anticomplete to AU B, and complete to D.

For let c € C'\ W. Since ¢ ¢ W, it is anticomplete to AU B, and by (1) anticomplete to C'\ {c}. Let
d € D, and suppose that ¢, d are nonadjacent. Then ¢, d have a common neighbour in W (for if d € W
this is trivial, and otherwise it follows from rigidity). But all neighbours of ¢ are in (D \ {d}) U {s, t},
and d has no neighbour in this set, a contradiction. This proves (13).

It follows from (11)—(13) that if the second or third outcome of (10) holds then G is of skew-square
type. We therefore assume henceforth that the first outcome of (10) holds. Let X; be a component
of H such that X1 C Z; for every d € D, and let a1 € X1 N A and b; € X1 N B.

(14) [ID\W| <1, and ifd € D\ W then Zg = X;.

For suppose that d € D\ W. Since X; C Zg, it follows that d is adjacent to aj,b;. Since d is
in no triangles, and a; is complete to (BN W)\ {b1}, it follows that d has no neighbours in BN W
except by, and similarly none in A NW except a;. Since every component of H contains a vertex of
A U B, it follows that Z; = X;. Consequently, every two members of D \ W have the same set of
neighbours in W, and therefore rigidity implies that |D \ W| < 1. This proves (14).

From (11)—(14), we deduce that G is a graph of parallel-square type. This proves 8.2. [ |

9 A triangle meeting all triangles
It is helpful to handle one other special case separately, as follows.

9.1 Let G be a rigid, non-orientable prismatic graph containing a rotator. If there is a triangle Z
such that every triangle contains a vertex of Z, then G € Fg.

Proof. Let Z = {v1,vs,v3} be a triangle that meets all triangles. For i = 1,2, 3, let N; be the set
of vertices in V(G) \ Z that are adjacent to v;. Since G is prismatic, the sets N1, No, N3 are pairwise
disjoint and have union V(G) \ Z. Since G contains a rotator, no two vertices meet all triangles of
G; so for i = 1,2,3, there is a triangle disjoint from Z \ {v;}, and therefore it contains v;; choose
such a triangle 7T; say.

Let T3 = {as,bs,vs3}. For i = 1,2, every vertex in N; is adjacent to exactly one of as, b3, since it
has a unique neighbour in 73; let B; be the set of vertices in N; adjacent to ag, and A; = N; \ B; (so
A; is the set adjacent to b3). We may write T; = {a;, b;,v;} where a; € A; and b; € B; for i = 1,2.
Since ag is complete to By U By and every triangle meets Z, it follows that By U B, is stable, and
similarly Ay U As is stable. But every vertex in N has a neighbour in T5, and so by is complete to
Aq and as to Bi. Similarly by is complete to Ay and a; to Bs.

Suppose that some vertex v has a neighbour b € By and a neighbour a € As. Then v ¢ Z. Since
v has a neighbour in Bj, it follows that v ¢ B U Bg, and similarly v ¢ A; U Ay. Hence v € Ns.
Since a1, by are adjacent and every triangle meets Z, v is nonadjacent to at least one of a1, by, and
from the symmetry we may assume v is nonadjacent to by. Hence v is adjacent to ao since it has a
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neighbour in T5. Also, b is adjacent to as, since b has a neighbour in 75 and is nonadjacent to by
(for By U By is stable). But then {v,b,as} is a triangle disjoint from Z, a contradiction. This proves
that there is no such vertex v. Since G is rigid, it follows that B; is complete to Ao, and similarly
Aq is complete to Bs.

We defined As to be the set of vertices in Ny adjacent to b3, and we just showed that it is also
the set of vertices in Ny adjacent to b;. Let As, Bs be the sets of vertices in N3 adjacent to a1, by
respectively; then it follows that A; U Ao U A3 and By U By U B3 are stable, and A; is complete to B;
for all distinct 4,5 € {1,2,3}. In particular {aj, a2, a3} is complete to {b1, by, bs}. But then G € Fg
(to see this, take vy,...,v9 to be a1, a9, as, by, be, by respectively). This proves 9.1. [ |

10 Schlafli-prismatic graphs

In this section we prove the following.

10.1 Let G be a rigid prismatic graph containing a rotator and with no square-forcer. Then G is
in the menagerie.

The proof is in several steps, and we first set up some notation that we use throughout this
section. A set X C V(G) is a homogeneous stable set if it is stable and all its members have the
same set of neighbours. In a rigid graph, every homogeneous stable set has at most one member.

Let G satisfy the hypotheses of 10.1. The complement of the Schléfli graph has an induced
subgraph which is a rotator, for instance the subgraph induced on the vertex set

{rd s rd b, 83,43 U {sj + (6,0) € T},

where I = {(1,1),(2,2),(3,3)}. (The reason for this puzzling notation will appear in a moment.)
Since G also contains a rotator, we have therefore found an induced subgraph of G that is isomorphic
to an induced subgraph of the complement of the Schlafli graph, but it might not be maximal. If
possible, let us enlarge it, adding to it any further vertices that can be labelled 33- for some 1, j
with adjacency consistent with the complement of the Schlafli graph, and adding these new pairs
(7,7) to the set I. Moreover, it is helpful for purposes of symmetry to replace the hypothesis that
(i,7) € I (1 < i < 3) by the weaker hypothesis that I “includes a permutation”.

Let us state this more precisely. We choose a subset I C {(4,7) : 1 < i,j < 3}, maximal such

that there are distinct vertices r$,73,75,t3, 13,3 and s’ ((4, ) € I) satisfying the following:

o {r3 r3,r3} and {t},t3,43} are each stable, and complete to each other;

there exist (4,7), (¢, j), (¢",5") € I such that {i,7,i"} = {j,7,7"} = {1,2,3} (briefly, we say
“I includes a permutation”);

for distinct (4, 7), (¢, 5') € I, 83‘ and sz-l, are adjacent if and only if i # ¢’ and j # j';
e for (i,j) € [ and k =1,2,3, r,?; and 53- are adjacent if and only if k = 4;

e for (i,j) € I and k = 1,2,3, t§ and 83- are adjacent if and only if k& = j.
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Let S = {5; : (i,5) € I}, let R® = {r} 73, r3}, and let Ty = {ti,#3,43}. For i = 1,2,3 let
St={sj:1<j<3and(ij) € I}, and for j =1,2,3 let S; = {s; : 1 <i <3 and (i,j) € I[}. Let
Z = R¥USUTs. Fori=1,2,3 let R; denote the set of all vertices in V(G) \ Z that are complete to
StU(R3\{r}}) and anticomplete to {r3}U (S \S")UTs; and let R = Ry U Ry URs. For j =1,2,3 let
T7 denote the set of all vertices in V(G) \ Z that are complete to S; U (15 \ {t}}) and anticomplete
to R3U(S\ S;)U{t}}; and let T =T UT?UT?.

10.2 The sets Ry, Ra, R3, R3, S, T, T2, T3, T3 are pairwise disjoint and have union V(G).

Proof. Clearly they are pairwise disjoint. Let v € V(G)\ Z, and let N be the set of neighbours of v
in Z. Since I includes a permutation, we may assume from the symmetry that (1, 1), (2, 2), (3,3) e 1.
Since {s1, 3,53} is a triangle and v has a unique neighbour in it, we may assume that s1 € N and
s3,s3 ¢ N. For 2 =1,2,3, {r}, st ,ti} is a triangle, and it follows that r3.ti ¢ N, and for i = 2,3
exactly one of r ,t4 € N. From the symmetry we may assume that 3 € N and 3 ¢ N. Suppose
first that r3 ¢ N, and t3 € N. Let (,7) € I. Since {r3, sj,tj} is a triangle, it follows that s; € N if
and only if both r} tJ ¢ N, that is, if and only if ¢ 7& 2 and j # 3. Moreover, since v has a unique
neighbour in this trlangle it follows that not both r} tJ € N, that is, (4,7) # (2,3), and so (2,3) ¢ I.
But then we could set s3 = v and add the pair (2,3) to I, contrary to the maximality of I. This

proves that rj € N and t3 ¢ N. Let (i,j) € I; then {r?, Si t1} is a triangle, and therefore si eEN
if and only if both r} tj ¢ N, that is, if and only if ¢ = 1. Consequently v € R as required. This
proves 10.2. |

Let {i,j,k} = {1,2,3}, and let r; € R; and r; € R; be adjacent. Then {r;,r;,r3} is a triangle,
and we call such a triangle an R-triangle. We define T-triangles similarly. If (i,j) € I and r; € R; is
adjacent to t/ € T, then {r;, st ¢! '} is a triangle, and we call triangles of this form diagonal triangles.

Finally, if (i, ) € I then {r?, sj, t%} is a triangle, and we call triangles of this form marginal triangles.

10.3 The sets R; U {r3} (i = 1,2,3) and the sets T U {té} (j = 1,2,3) are stable. Moreover, every
triangle in G is either a subset of S, or an R-triangle, or a T-triangle, or a diagonal triangle, or a
marginal triangle.

Proof. For the first claim, suppose that u,v € R;U{r3} are adjacent, say. Choose j € {1,2,3} such
that (i,7) € 1. Thus {3 u,v} is a triangle D say. Since t] has a unique neighbour in D, and t3 is
adjacent to SJ, 3. it follows that u,v # r}. Choose k € {1,2,3} with k # i. Then r} is adjacent to
both u, v, and therefore has two neighbours in D, a contradiction. This proves the first claim.

For the second, let D = {u,v,w} be a triangle. Suppose that v € S. We may assume that D € S,
and so we may assume that u € R; U {rf’} say. Then v € S* since u,v are adjacent, say v = s;, where
(i,7) € I. Now v has no neighbour in S%, and u has no neighbour in S\ S, and therefore w ¢ S.
Since u has no neighbour in R; and v has none in R\ R’ it follows that w ¢ R. For j = 1,2,3, u is
nonadjacent to 7“;? or equal to it if j = ¢, and v is nonadjacent to r?’ if j # i, and so w ¢ R3. Thus
w € TUT3. If u € R; then u is anticomplete to T3 and v is anticomplete to T\ T7, and so w € T}
and D is a diagonal triangle. If u = 73 then u is anticomplete to T and v is anticomplete to T3 \ {tg},
and so w = té and D is a marginal triangle. Hence the result holds if v € S.

Consequently we may assume that D NS = (). Now suppose that |D N R| > 2. Then from the
symmetry we may assume that |[D N (R; U Rg)| > 2, and therefore r3 has two neighbours in D. Tt
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follows that r§ € D, and so D is an R-triangle. We may assume therefore that |[D N R| < 1, and
similarly that |[D N T| < 1. But also |D N R3|,|D N T3] < 1, since R3, T3 are stable. Hence D has
nonempty intersection with three of the sets R, T, R3, T3, which is impossible since R is anticomplete
to T3 and T is anticomplete to R3. This proves 10.3. [ |

The next lemma is a useful assortment of easy facts.
10.4 The following hold.

1. If u,v € R are adjacent, then every vertex in T is adjacent to exactly one of u,v.

2. If{i,j,k} = {1,2,3} and u € R; and v € R; are adjacent, then every vertex in Ry, is adjacent
to exactly one of u,v.

3. Leti,j € {1,2,3} be distinct; then every vertex in R; has at most one neighbour in R;.
4. If (i,5) € I, then every vertex in R; has at most one neighbour in T7.

5. If (i,j) € I, and v € R; and v € TV are adjacent, then every vertez in R\ R; is adjacent to
exactly one of u,v.

The analogous statements with R, T exchanged also hold.

Proof. For the first and second statements, let v € Ry,v € Ry say; then {u,v, rg’} is an R-triangle.
Every vertex in TURg has a unique neighbour in this triangle, and is nonadjacent to 3, and therefore
is adjacent to exactly one of u,v. This proves the first two statements.

For the third, suppose that v € R; has two neighbours v,v" € R;. Then v’ has two neighbours
in the R-triangle containing u,v, a contradiction. For the fourth, suppose that u € R; has two
neighbours v,v" € T7. Then v’ has two neighbours in the triangle {u, v, 8;}, a contradiction. Finally,
for the fifth statement, if (4,j) € I, and u € R; and v € T7 are adjacent, then every vertex in R\ R;
has a unique neighbour in the triangle {u,v,sz-} and is nonadjacent to sé», and so is adjacent to
exactly one of u,v. This proves 10.4. [ |

10.5 Ewvery component of G|R is either a path with at most five vertices, or a cycle of length six.
Moreover, one of the following holds:
o R is stable
e cxactly two of Ry, Ry, R3 are nonempty, and each component of G|R has at most two vertices
e Ry, R, R3 are nonempty, and G|R is connected

e R, Ro, R3 are nonempty; and two of Ry, Ro, R3 have only one member, say Ry, Rs; the third
(Rs3) has at least two members; one of its members is complete to Ry U Ra, and all the other
members are anticomplete to Ry U Ro.
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Proof. Every component of G|R is either a path or a cycle by 10.4.3. Suppose that vj----- Vg is
an induced path in G|R. We may assume that v; € R; and ve € Ry. By 10.4.3, it follows that
vy € R3,v4 € R1,v5 € Ry and vg € R3. But then vg is nonadjacent to vy, ve contrary to 10.4.2. Thus
every component of G has at most five vertices unless it is a cycle of length six. This proves the first
claim.

For the second claim, if two of Ry, Ro, R3 are empty the first outcome holds, and if one of them
is empty then the second holds, by 10.4.3. Thus we may assume that R;, Ra, R3 are all nonempty,
and r; € Ry is adjacent to r3 € R3. Every member of Ry is adjacent to one of ri,r3, by 10.4.2,
and so we may assume that there exists ro € Ry adjacent to r3. Let C' be the component of G|R
containing 71,72, 73. We may assume that G|R is not connected, and so there exists v € R that does
not belong to C'. Every vertex in Ry is adjacent to one of ry,r3 by 10.4.2, and therefore belongs to
C, and similarly Ry C C, and so v € R3 \ {r3}. If there exists u € Ry \ {r1}, then u is not adjacent
to r3 by 10.4.3, and so u is adjacent to r9 by 10.4.2; and then v is adjacent to one of u,ro by 10.4.2,
contradicting that v ¢ C. So Ry = {r;} and similarly Ry = {r2}. Hence all members of R3\ {73}
are anticomplete to R U R, and the fourth outcome holds. This proves 10.5. [ |

Let us say u,v € R are collinear if u,v € R; for some i € {1,2,3}; and similarly, u,v € T are
collinear if u,v € T7 for some j € {1,2,3}. If u,v € T, we say that they are R-equal if they have
the same set of neighbours in R, and R-opposite if every vertex in R is adjacent to exactly one of
them. They are R-consistent if either they are R-equal or R-opposite. (Being T-equal, T-opposite
and T-consistent is defined analogously.) Here is a convenient corollary of 10.5.

10.6 If u,v € R are adjacent, then they are T-opposite. If u,v € R are nonadjacent and non-
collinear, and in the same component of G|R, then they are T-equal.

Proof. The first claim follows from 10.4.1. For the second, let u,v € R be nonadjacent and
noncollinear, and let P be a path of G|R between u,v. From 10.4.3 and 10.5 it follows that P has
even length. Since every two consecutive vertices of P are T-opposite, it follows that u, v are T-equal.
This proves 10.6. [ |

Let H,J be the graphs with vertex set R,T respectively, in which distinct vertices u,v are
adjacent if they are noncollinear and nonadjacent in G.

10.7 The following hold:
1. If at least two of Ry, Ro, Ry are nonempty, then H has at most two components.

2. If at least two of Ri, Ro, R3 are nonempty, then no vertex in T is complete in G to more than
one component of H, and no vertex in T is anticomplete in G to more than one component of

H.
3. If all of Ry, Ra, R3 are nonempty, then every component of H is stable in G.

The analogous statements with R, T exchanged also hold.

Proof. For the first statement, suppose that at least two of Ry, Ry, R3 are nonempty, and that
C1,Cq,C3 are distinct components of H. Hence (from the symmetry, and by choosing C7,Cy, Cs
appropriately) we may assume that there exist v1 € C1 N Ry and vy € Cy N Re. Consequently vy, vo
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are adjacent in G (because they are nonadjacent in H). Choose v3 € C3. By 10.3, v is adjacent in
G to at most one of vy, vy, and therefore we may assume that vs is nonadjacent to v1 in G. Since
v1,v3 belong to different components of H, it follows that v, vs are collinear and so vz € Rj; but
then vo has two neighbours in Ry, contrary to 10.4.3. This proves the first statement.

For the second, let t € T. From the first statement, we may assume that H has exactly two
components C1,Cs say. Since at least two of Ry, Ro, R3 are nonempty, we may assume that there
exist v1 € Ch1 N Ry and v9 € C5 N Ry. Since vy, vy are nonadjacent in H, they are adjacent in G.
By 10.4.1, t is adjacent to exactly one of v1,vs, and therefore complete to at most one of Cq,Cy,
and anticomplete to at most one of C7,Cy. This proves the second statement. The third statement
follows immediately from 10.5. This completes the proof of 10.7. [ |

One reason for the usefulness of 10.7 is that it can often be combined with the following to deduce
that G is Schlafli-prismatic.

10.8 If all the following hold, and so do the analogous statements with R,T exchanged, then G is
Schlafli-prismatic:

e H has at most two components;
e cvery component of H is stable in G;
e cvery two nonadjacent noncollinear vertices in T' are R-equal;

e cvery vertex in T is complete in G to at most one component of H, and anticomplete in G to
at most one component of H.

Proof. Suppose the bulleted conditions hold. For each component C of H, C'N R; is a homogeneous
stable set for i = 1,2,3. Thus |C N R;| <1 for i = 1,2,3, and the same holds in J, and it follows
easily that G is Schléafli-prismatic. This proves 10.8. [ |

Let us apply these lemmas to dispose of some of the easier cases.

10.9 If either R=0, or T =0, or at least four of Ri, Ra, R3, T', T? T? are empty then G is either
Schlafli-prismatic or fuzzily Schlifli-prismatic.

Proof. Suppose first that T' = (). If also R3 = (), then G is fuzzily Schlifli-prismatic at (Ry, Ra,73),
and the theorem holds. So we may assume that R, Ry, Rs are all nonempty. By 10.7 and 10.8, G is
Schlafli-prismatic and again the theorem holds.

We may therefore assume that Ry, 7' # 0, and therefore Ry = R3 = T2 = T3 = (. If Ry
is complete to T! then Ry, T' are homogeneous stable sets, and so |R|,|T| = 1; but then the
theorem holds by 10.8. We therefore assume that R; is not complete to 7. Since G is rigid, there
is a vertex with a neighbour in R; and a neighbour in T, and so (1,1) € I; but then G is fuzzily
Schlifli-prismatic at (Ry, T, s}) and the theorem holds. This proves 10.9. [ |

Henceforth, therefore, we assume that R,7 # () and at least three of Ry, Ry, R3, T, T2, T3 are
nonempty. Now we can bootstrap 10.8 to a stronger version. Let us say that u,v € R are distant
if they are nonadjacent, noncollinear, and belong to different components of G|R. (We define when
u,v € T are distant analogously.)
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10.10 If every two distant vertices inl' are R-equal, and every two distant vertices in R are T'-equal,
then G is Schldifli-prismatic.

Proof.

(1) Every two nonadjacent noncollinear vertices in R are T-equal, and every two nonadjacent non-
collinear vertices in T are R-equal.

For let u,v € R be nonadjacent and noncollinear. If they belong to different components of G|R
then they are distant and therefore T-equal by hypothesis. If they belong to the same component of
G|R, they are T-equal by 10.6. This proves (1).

(2) Every two members of R are T-consistent, and every two members of T' are R-consistent.

For from the symmetry between R and T, we may assume that at least two of Ry, Ry, R3 are
nonempty. We claim that every two members of R are T-consistent. For let w,v € R. If they are
adjacent in G, they are T-opposite and therefore T-consistent by 10.4.1; if u, v are noncollinear and
nonadjacent, they are T-equal and therefore T-consistent by (1); and if u, v are collinear, then since
at least two of Ry, R, R3 are nonempty, there exists z € R noncollinear with both w, v and therefore
T-consistent with both u,v, and again it follows that u,v are T-consistent. This proves that every
two members of R are T-consistent. Consequently there is a subset Y C T, such that for every r € R,
its set of neighbours in 7" is either Y or T\ Y. Let X be the set of vertices in R with neighbour set
Y. Then for every t € T, if t € Y then the neighbour set of ¢t in R is X, and otherwise it is R\ X.
Consequently every two members of T" are R-consistent. This proves (2).

Now we verify that the four hypotheses of 10.8 hold. First, we must show that H has at most
two components. This follows from 10.7.1 if at least two of R, Rs, R3 are nonempty; so we may
assume that Ry = R3 = (). By (2), every two members of R are T-consistent. But no two members
of R are T-equal, since Ry = R3 = () and G is rigid; and so |R| < 2, and therefore H has at most
two components. Thus the first hypothesis of 10.8 holds.

Moreover, by (1), if ¢ € T then ¢ is either complete or anticomplete in G to every component of
H. By 10.4.1, t € T is neither complete nor anticomplete to any subset of R that is not stable, and
so (since there exists t € T'), every component of H is stable in G. Hence the second hypothesis of
10.8 holds. The third obviously holds; and the fourth follows from 10.7.2. Thus the claim follows
from 10.8. This proves 10.10. [ |

Let us tackle the next easiest case.

10.11 If exactly three of Ry, Ry, R3, T, T? T3 are empty then G is either Schlifli-prismatic or
fuzzily Schldfli-prismatic, or G € Fy.

Proof. By 10.9, we may assume that Ry = Ry = T2 = (), and Ry, T',T? are nonempty. From 10.10
we may assume that there exist ' € 7' and 2 € T2, nonadjacent and not R-equal. Choose € R;
adjacent to exactly one of them; say 7 is adjacent to t? and not to t'. Thus (1,2) ¢ I, by 10.4.5. If
(1,1) € I, then (s},t3) is a square-forcer, a contradiction.
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So (1,1) ¢ I, and similarly (1,2) ¢ I, and therefore (1,3) € I. If (2,1) ¢ I, then (2,2) € I,
since I includes a permutation, and then (s3,3) is a square-forcer, a contradiction. So (2,1) € I,
and similarly (2,2), (3,1),(3,2) € I. If a vertex in 7! and a vertex in R; are nonadjacent, then they
have a common neighbour since G is rigid, and this must be in 72. Consequently any member of T
with no neighbour in 72 is complete to Ry. Similarly any member of 72 with no neighbour in 7! is
complete to R;. But then G € F; (there is an isomorphism from G to the graph, G’ say, described
in the definition of F4, mapping the vertices

2, 1 .2 .2,3 .3 3,2 .1.3

t37 t3> 83,51,582,73,51,32,73,73, t3
of G to the vertices of G’ called si,s3,...,s3,73,t3 in the definition of F;, and mapping s} to r3 and
s3 to r3 if they exist.) This proves 10.11. [ |

Another special case:
10.12 Suppose that R,’T" are both stable and there is no diagonal triangle. Then G € Fr.

Proof. For then the only triangles in G are either included in S or are marginal triangles. For
1 <i,j <3, if (i,5) € I then R; is anticomplete to 77, because there are no diagonal triangles; and
if (4,7) ¢ I then R; is complete to T7, since no vertex has a neighbour in R; and in 77 and G is rigid.
Hence each of the sets Ry, Ry, R3, T, T?, T3 is a homogeneous stable set, and therefore has at most
one member. The subgraph of G induced on

{r v, r3Y U {s’ : (i,5) € I} U {t3, 3,3}

is the complement of the line graph of some graph K with six vertices (for instance, if |I| = 9 this
graph is the complement of the line graph of Kg). Since I includes a permutation, there exists I’ C T
with |I'| = 3 such that the subgraph of K formed by the edges

{ri. 3 gy U{s) « (i.5) € 'Y U {t3, 15,13}

is the six-vertex prism; for each member of RUT), its set of neighbours in E(K) is the set of edges of
K incident in K with a vertex of K; and two such members of RUT are adjacent if and only if the
corresponding vertices of K are nonadjacent in K. It follows that G € F7, and the theorem holds.
This proves 10.12. |

We find that if there is a stable 3-vertex set that meets every triangle of G, then G can admit
structures that do not otherwise show up, so it is helpful to handle this case separately. That is the
objective of the next result.

10.13 Suppose that (1,1) € I, and every triangle of G contains one of r%’,r%,s%. Then G is in the
menagerie.

Proof. Let Z = {r3,r3,si}. Since every triangle meets Z, it follows that (1,2),(1,3) ¢ I, and T is
stable. Since I includes a permutation, we may assume that (2,2),(3,3) € I. Since every triangle
meets Z, it follows that R; is anticomplete to T* for i = 2, 3.

(1) Either Ry # 0 or (3,1) € I; and either R # () or (2,1) € 1.

29



For since (s3,73) is not a square-forcer, it follows that either Ry = ) or (3,1) € I, proving the

first claim, and the second follows similarly. This proves (1).
(2) If Ry = R3 =0, then G is in the menagerie.

For then R, T are stable, and by rigidity R; is complete to T2 UT3. But then G is fuzzily Schlifli-
prismatic at (Ry, T, s}). This proves (2).

(3) If R3 =0 and Ry # 0 then G is in the menagerie.

For then (2,1) € I by (1), and so Ry is anticomplete to T since Z meets every triangle. By
rigidity, Ry is complete to T2, and consequently T? is a homogeneous stable set and so |T?| < 1.

Suppose that T = (). Since (13, s3) is not a square-forcer, it follows that (2,3) € I; then there
is symmetry between 72 and T3, so similarly 72 is complete to R; and anticomplete to Ry, and
therefore G is fuzzily Schlifli-prismatic at (Ry, Re,73). We may therefore assume that T # (). By
10.11 we may also assume that T2 U T3 # 0.

We claim that R; is complete to T3; for suppose that 7 € Ry and t3 € T2 are nonadjacent. By
rigidity, they have a common neighbour, and this must belong to Rs, say ro € R is adjacent to both
r1,t3. Choose t! € T'. Now 3 has no neighbour in {ry,si,t'}, and Z is disjoint from {rs, s?,¢'},
and so neither of these are triangles; and hence t! is nonadjacent to both 71, ry, contrary to 10.4.2.
This proves that Ry is complete to T3.

Let R} be the set of vertices in R; with a neighbour in Ry UT'. By 10.12 we may assume that
either R is not stable or there is a diagonal triangle, and in either case it follows that R} # 0. Since
Ry is anticomplete to T, 10.4.1 and 10.4.5 imply that every vertex in R; with a neighbour in Ry is
complete to T, and every vertex in Ry with a neighbour in T is complete to Ry. Since Ry, T # 0,
it follows that every vertex in R] is complete to Ry UT}. In particular, 10.4.3 and 10.4.4 imply that
|R}| = |R2| = |T'| = 1. By 10.4.1, Ry is anticomplete to T°. Since T° and R; \ R} are homogeneous
stable sets, they have at most one member. If Ry = R/, then G is Schléfli-prismatic; and if there
exists z € Ry \ R}, then G € Fy (to see this, let R) = {r?}, let Ry = {ri}, and let 77 = {t}} if
T7 # () for j =1,2,3). This proves (3).

(4) If Ro, R3 are both nonempty and R is stable, then G is in the menagerie.

Suppose that R is stable. Then by 10.12 we may assume there is a diagonal triangle, and since
Z meets all triangles, there is an edge between some 1, € Ry and some t' € T'. By 10.4.5, every
vertex in Ry U R3 is adjacent to t'. Since Ry, R3 # () and Z meets all triangles, it follows that
(2,1),(3,1) ¢ I. If also (2,3),(3,2) ¢ I then every triangle contains one of si,s3,s3 and so G € Fg
by 9.1; so from the symmetry we may assume that (2,3) € I. Since Z meets all triangles, Ry is
anticomplete to T2 UT3. If (3,2) € I, then Rj is also anticomplete to T2 UT3, and then G is fuzzily
Schlifli-prismatic at (Rq U {t3}, 71 U {r$},s}). Thus we assume that (3,2) ¢ I. By rigidity, Rj is
complete to T2. Hence Ry, R3,T?, T2 all have cardinality at most one since they are homogeneous
stable sets. Then G can be obtained from the subgraph G \ (R UT!) by multiplying {r$,¢}; and
so G € Fg. This proves (4).
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(5) If Ro, R3 are both nonempty and R is not stable, then G is in the menagerie.

For R} be the set of vertices in Ry that have a neighbour in Ry U R3. Since Rs U R3 is stable,
and R is not stable, it follows that R} # 0. Since Ry, R3 are nonempty, 10.4.2 implies that R} is
complete to Ry U R3. Since Ry # (), 10.4.3 implies that |R}| = 1, say R} = {r}}. For t? € T?, since
t? has no neighbour in Ry, 10.4.1 implies that ¢? is adjacent to r}, and similarly for 3 € T°; so r{ is
complete to T2 UT3. Also Ry \ R} is complete to T2 UT? by rigidity, so R; is complete to T2 U T3.
Let TV be the set of vertices in 7! adjacent to 7}. By 10.4.1, T is anticomplete to Ry U R3. Also,
10.4.4 implies that T is anticomplete to Ry \ {r1'}, and 10.4.1 implies that T\ T is complete to
Ry U R3. Since 7} is complete to Ry U R3 UT? U T3, 10.3 implies that Ry U R3 is anticomplete to
T?UT3. Since Ry, R3, TV, T?, T3 are homogeneous stable sets, they each have at most one member.
Suppose that TY = T!. Then R; \ R} is also a homogeneous stable set and so has cardinality at
most one. If Ry = R/, then G is Schléfli-prismatic, so we may assume that there exists z € Ry \ R].
The set of neighbours of z is precisely Z together with all vertices that are anticomplete to Z, and
so G € Fy. Hence we may assume that T # T'. Since T' \ T" is complete to Re U R3, and Ry, R3
are nonempty, and Z meets every triangle, it follows that (2,1),(3,1) ¢ I. But then G is fuzzily
Schlafli-prismatic at ((Ry \ R}) U{ti}, (TT\ TY) U {r$}, s1). This proves (5).

From (2)—(5), this proves 10.13. H

10.14 If R, T are both stable, then G is in the menagerie.

Proof. If R is complete to 7', then G is Schlafli-prismatic by 10.10, so we assume that R is not
complete to T. By 10.12, we may assume that (1,1) € I and R; is not anticomplete to T!. Let R}
be the set of vertices in R; with a neighbour in 7!, and let TV be the set of vertices in T with a
neighbour in Ry; thus, R}, TY # (. By 10.4.5, R} is complete to T2 U T3, and T is complete to
Rs U R3.

(1) If Ry = R3 = () then G is in the menagerie.

For if (1,2),(1,3) ¢ I, then every triangle contains one of si,r3,73, and the result follows from
10.13. Thus from the symmetry we may assume that (1,2) € I. By 10.4.5, R} is complete to
T?UT3. By the same argument with 7', T? exchanged, every vertex in R; with a neighbour in Ry is
complete to T, and therefore belongs to R}. Hence R} is complete to T, and R; \ R} is anticomplete
to T'UT?. By 10.4.4, |[Ry| = 1, and |T'| = |T?| = 1. If in addition (1,3) € I, then similarly Ry \ R}
is anticomplete to T3, and so |R; \ Rj| < 1 (since Ry \ X is a homogeneous stable set), and G is
Schléafli-prismatic, by 10.10. Thus we may assume that (1,3) ¢ I. Then no vertex has a neighbour in
Ry and a neighbour in T3, and so since G is rigid it follows that R; is complete to 7. Consequently
the sets R}, Ry \ R}, T? each have cardinality at most 1, since they are all homogeneous stable sets.
But then G € F5. This proves (1).

In view of (1) we assume henceforth that least one of Ro, R3 is nonempty, and similarly at least
one of T?,T? is nonempty.
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(2) Not both (2,1),(3,1) € I.

For suppose that (2,1),(3,1) € I. Then since T is complete to Ry U R3, 10.4.4 implies that
|Ra|,| R3] <1 and |TY| =1, say TY = {t'}. We claim that |R;| = 1 and R is complete to T2 U T3.
For at least one of Rs, R3 is nonempty, say R;; choose r; € R;. Since {ri,sﬁ,tl} is a diagonal tri-
angle, there is symmetry between Rj, R;, and so by exchanging R;, R; it follows that |R;| = 1, say
Ry = {r1}, and R; is complete to T? UT3. Thus R is complete to T2 U T3. This proves our claim.

Since R is not complete to T, it follows that there exists t € 7 \ T'. Thus ¢ is anticomplete to
R. At least one of T2, T3 is nonempty, so we may assume that there exists t*> € T?; choose j such
that (j,2) € I. Now 3 is complete to R;, and if there exists r € R; then ¢ is nonadjacent to both
r,t/, contrary to 10.4.5. Thus R; = (). Consequently j # 1, so (1,2) ¢ I; and we may assume that
j=3;s0(3,2) € I and Ry = (). Hence Ry # (), and therefore (2,2) ¢ I. By the same argument, if
T3 # () then (3,1),(3,2) ¢ I, which is impossible since I includes a permutation. Thus R3 = ). But
then (s3,3) is a square-forcer, a contradiction. This proves (2).

(3) If Ry # 0 and (2,1) € I then G is in the menagerie.

For then by (2) we may assume that (3,1) ¢ I. Suppose that there is no pair (i,7) € I with
i € {1,2} and j € {2,3} such that 77 # (). Since one of T2 T3 is nonempty, say 172, it follows
that (1,2),(2,2) ¢ I, and therefore (3,2) € I; and since one of (1,3),(2,3) € I (because I includes
a permutation), it follows that T3 = (. But then (s3,#) is a square-forcer, a contradiction. Thus
there is a pair (i, j), and we may therefore assume that (i,5) = (1,2), that is, (1,2) € I and T? # 0.
By (2) (with R,T exchanged), (1,3) ¢ I. Moreover, |R1| = |Rz| = |T?| = |T?| = 1; and R; U Ry is
complete to T, and T' U T? is complete to R. Since R is not complete to T, there exists r3 € R
and t3 € T°, nonadjacent. Since G is rigid, there is a vertex adjacent to both r3, 3 and so (3,3) € I.
Then G is fuzzily Schlifli-prismatic at (Rs, T, s3). This proves (3).

Since at least one of Ry, R3 is nonempty, we may assume that Ry # ), and so by (3) we may
assume that (2,1) ¢ I. Similarly we may assume that T2 # () and (1,2) ¢ I. Suppose that R3 = ().
By (3) we may assume that not both (1,3) € I and T2 # 0; but then (73, s}) is a square-forcer, a
contradiction. Thus Rz # (), and similarly 72 # (. By (3) we may assume that (1,3),(3,1) ¢ I.
We have shown then that if (i,5) € I and 83’ belongs to a diagonal triangle, then (i,j") ¢ I for all
j' # j,and (i',j) ¢ I for all i’ # 4. If there is no (i,5) # (1,1) such that sé» belongs to a diagonal
triangle, then every triangle contains one of r3, 73, s} and the result follows from 10.13. Thus we may
assume that (2,2) € I and s3 belongs to a diagonal triangle. Consequently (2,3),(3,2) ¢ I, and so
I=1{(1,1),(2,2),(3,3)}; but then every triangle contains one of si, s2, s3 and the result follows from
9.1. This proves 10.14. [ ]

10.15 If ezactly two of Ry, Ro, Ry are empty and T', T? T3 are all nonempty, or exactly two of
TY, T2, T3 are empty and Ry, Ry, R3 are all nonempty, then G is in the menagerie.

Proof. We may assume that Ry, R3 are empty, and Ry, T', T2, T3 are nonempty. By 10.10 we may
assume that G|T is not connected, and by 10.14 we may assume that 7" is not stable. By 10.5 we
may assume that t' € T is adjacent to t? € T? and to t3 € T3, and |T?| = [T?| = 1, and |T?| > 1.
Let X be the set of neighbours of ¢! in Ry, and Y = Ry \ X. By 10.4.1, Y is the set of neighbours
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in Ry of t2, and also of #3. Suppose first that (1,1) € I. Then by 10.4.4, |X| < 1. Then G is fuzzily
Schlifli-prismatic at (Y, Th\ {t'},s1).

Thus we may assume that (1,1) ¢ I, and since [ includes a permutation, we may assume from
the symmetry that (1,2),(2,1),(3,3) € I. Since Y is complete to t2, 10.4.4 implies that |Y| < 1. If
71 € Ry and t € T1\ {t'}, then rq,t have no common neighbour, and therefore they are adjacent
since G is rigid. Thus R; is complete to 71\ {t'}. Then X, 7'\ {t!'} are homogeneous stable sets,
so | X[, | TP\ {t'}] < 1. f X =0 or T'\ {t'} = 0 then G is Schlifli-prismatic, by 10.10; so we may
assume that |X| = |T!\ {t'}| = 1. But then G € F5. This proves 10.15. [ |

10.16 If exactly one Ry, Ry, Ry is empty and exactly one of T, T?, T3 is empty, then G is in the
menagerie.

Proof. We may assume that R3 = T3 = (), and Ry, Ry, T',T? are nonempty.

(1) If (1,1) € 1, then one of (1,2),(2,1) € I.

This follows since (r3, s) is not a square-forcer.

(2) If there is no vertex of R that belongs to a diagonal triangle and has a neighbour in R, then
G is in the menagerie.

For let @Q1,Q2 be the sets of vertices in R;, Ro respectively that do not belong to diagonal tri-
angles. We may assume by 10.14 that there is an edge rir2 with both ends in R, and so from the
hypothesis of (2), we may assume that r; € Q1 and 2 € Q2. Let X be the set of neighbours of
r1 € T. Thus T\ X is the set of neighbours of r9 in 7', and from the symmetry we may assume that
X NT' # (. Since 71 belongs to no diagonal triangle, (1,1) ¢ I.

Suppose that T2\ X # (). Then (2,2) ¢ I, and therefore one of (1,2),(2,1) € I since I includes
a permutation, contrary to (1). So T? C X, and since T? # (), we deduce that X N T? # (). By
exchanging T' and T2, it follows that (1,2) ¢ I, and T* C X, and so X = T. Hence (1,3) € I. Also
no vertex of R; is in a diagonal triangle, and so Q1 = Ry. At least one of (2,1),(2,2) € I, and hence
both by (1). Since r; is complete to T, 10.4.1 implies that 7" is stable; and from the definition of @3,
Q)5 is anticomplete to T

By 10.13, we may assume that not every triangle contains one of 73,73, si, and so there is a
diagonal triangle, that is, Q2 # Re. Choose 1y € Ry \ Q2. It belongs to a diagonal triangle, say
{rh, s3,t1} with ¢! € T* without loss of generality. Every vertex of T2 has a neighbour in this triangle,
and since T is stable, it follows that 4 is complete to T'. In particular, there is a diagonal triangle
{r}, s%, 2} with t? € T2, and so by the same argument with 7, 72 exchanged, 7}, is complete to T L
Hence Rs \ Q2 is complete to T'. From the hypothesis of (2), Rz \ Q2 is anticomplete to Q1 = Ry,
and so Rg \ Q2 is a homogeneous stable set; and hence Ry \ Q2 = {r}}. By 10.4.4, |T?| = 1 for
i=1,2; let T° = {t'} for i = 1,2. Since 10.4.5 implies that every vertex in R; is adjacent to one of
rh, " for i = 1,2, and is nonadjacent to 1}, it follows that R; is complete to T. But then G is fuzzily
Schlifli-prismatic at (Ry,Q2,73). This proves (2).

From (2), we may assume that (1,1) € I, and {ry, s},#'} is a diagonal triangle, with 71 € Ry and
t! € T say; and r; is adjacent to a vertex ry € Ry. Let X be the set of neighbours of 71 in T; thus
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by 10.4.1, T'\ X is the set of neighbours of 7o in 7. We need to determine the adjacencies between
the eight sets
{ri}, R\ {1}, {ro}, B2\ {r2}, X nTH T\ X, X NT%T?\ X.

From 10.4.3 and the definition of X, {r1} is complete to {r2}, X N T, X N T? and anticomplete to
the other four sets. Also {ra} is complete to T\ X, T?\ X, and anticomplete to Ry \ {r1}, R2\ {r2},
XNTHXNT? By 10.4.4, X NT' = {t'}, and it is anticomplete to 7'\ X. Next, we determine the
adjacencies between ¢! and the other sets.

(3) The adjacencies between X NT' = {t'} and the other sets are as follows:
o t! is complete to Ry \ {r2} and to T?\ X
o t! is anticomplete to X N T? and to Ry \ {r1}.

These are consequences of 10.4.5. t! is complete to Ry \ {r2} because ry is the only neighbour of
r1 in Ro by 10.4.3; t! is complete to 72 \ X because vertices in T2 \ X are nonadjacent to 7o; t! is
anticomplete to X N7T2 by 10.4.1; and ¢! is anticomplete to Ry \ {r1} by 10.4.4. This proves (3).

(4) |T?\ X| <1, and the adjacencies between T? \ X and the remaining sets are as follows:
e T2\ X is anticomplete to X NT?, to T*\ X, and to Ry \ {ra}, and
e T2\ X is complete to Ry \ {r1}.

For T2\ X is certainly anticomplete to X N7, and by 10.4.1 T2\ X is anticomplete to T\ X. From
(3) and 10.3, it follows that T2\ X is anticomplete to Ry \ {ro}. If v} € Ry \ {r1} and t? € T?\ X,
then they are adjacent by 10.4.1, since t!,¢? are adjacent and r}, ! are nonadjacent. Hence T2\ X is
complete to Ry \ {r1}. Consequently 72\ X is a homogeneous stable set, and so |T? \ X| < 1. This
proves (4).

Thus the only adjacencies between the eight sets that are still undetermined are those between
the four sets
Ry \ {?”1}, Ry \ {TQ},Tl \X,X nT2.

There are a couple more that we can determine.

(5) X NT? is complete to T* \ X.

For let t? € XNT? and t € X NT*'. If (1,2) € I then t,t? are adjacent by 10.4.5, and if (1,2) & I
then by (1), (2,1) € I and t? is adjacent to one of ro,¢ (and hence to t) by 10.4.5. In either case ¢, t?
are adjacent. This proves (5).

(6) X NTy is complete to Ry \ {ra}.

For let t2 € X NT? and rh € Ry \ {ro}. If (2,1) € I then ¢*> has a neighbour in the triangle

{rh,s3,t1}, and if (2,1) ¢ I then by (1), (1,2) € I, and r} has a neighbour in the triangle {r, s3,#}.
In either case it follows that 7, ¢? are adjacent. This proves (6).
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(7) If (2,1) € I then G is in the menagerie.

For let (2,1) € I. For all r{ € Ry \ {r1} and 5, € Ry \ {r2}, 7} has a neighbour in the triangle
{r}, s%,t1}, and therefore is adjacent to 75; and hence R; \ {r1} is complete to Ry \ {r2}. Secondly,
for all t € T\ X and vy € Ry \ {ra}, since r; has no neighbour in {r},s? ¢}, it follows that the
latter is not a triangle and so 75,¢ are nonadjacent; and hence T!\ X is anticomplete to Rg \ {ra}.
Third, for all ¥ € Ry \ {r1} and t € T\ X, since 10.4.5 implies that ] is adjacent to one of 7o, ¢, it
follows that 7/, ¢ are adjacent, and hence Ry \ {r1} is complete to 7'\ X. Thus in this case the only
undecided adjacency is between X N7T? and Ry \ {r1}. If X N T? is anticomplete to Ry \ {r1}, then
G is Schlifli-prismatic by 10.10. So we may assume that there exist t> € X NT? and 7} € Ry \ {r1}
that are adjacent. Since ] is complete to T\ X, 10.4.1 implies that 7'\ X = . Since any vertex
in Ry \ {r2} is adjacent to both ends of the edge 7/¢2, 10.4.1 implies that Ry \ {r2} = 0. Also, since
71 would have no neighbour in a triangle {7, s1,#2}, it follows that (1,2) ¢ I. Since no vertex has
a neighbour in Ry \ {r1} and a neighbour in 7?2\ {t?}, these two sets are complete to each other,
and therefore are homogeneous stable sets and hence have cardinality one. But then G € F5 and the
claim holds. This proves (7).

Hence we may assume that (2,1) ¢ I, and so (1,2) € I by (1). For r} € Ry\{r1} and t* € XNT?,
10.4.5 implies that 7 is adjacent to only one of r1,t?, and so 7},#? are nonadjacent; and hence
R\ {r1} is anticomplete to X NT?. Consequently X NT? is a homogeneous stable set, and therefore
X NT? < 1.

(8) If X NT? # () then G is in the menagerie.

For let t2 € X NT?% Ift € T'\ X and r] € Ry \ {r1}, 10.4.1 implies that 7} is adjacent to t,
since it is not adjacent to ¢?; and hence T' \ X is complete to Ry \ {r1}. Moreover, for t € T'\ X
and 75 € Ra \ {r2}, 10.4.1 implies that 7 is nonadjacent to ¢, since it is adjacent to t?; and hence
T'\ X is anticomplete to Ry \ {ro}. If Ry \ {r1} is complete to Ry \ {ra} then G is Schlifli-prismatic
by 10.10, so we may assume that there exist 7} € Ry \ {r1} and 7}, € Ry \ {r2} that are nonadja-
cent. Since r5 would have no neighbour in the triangle {r},si ¢} for t € T1\ {t!}, it follows that
T! = {t'}; and since r, would have no neighbour in a triangle {r},ss, ¢t} for t € T?\ X, it follows
that 72\ X = (). Moreover, ] is nonadjacent to 5,2, and so 10.4.5 implies that (2,2) ¢ I. Then G
is fuzzily Schlifli-prismatic at (Ry \ {r1}, R2 \ {r2},73). This proves (8).

Thus we may assume that X N T2 = (), and therefore To \ X # . Let t> € T?\ X. For
i€ Ry\{ri}and t € T'\ X, 10.4.5 implies that ¢ is adjacent to one of r{,t2, and therefore 7/, ¢ are
adjacent; and hence Ry \ {r1} is complete to T\ X. Moreover, for ] € Ry \ {r1} and ry € Ro\ {r2},
10.4.5 implies that 7 is adjacent to one of 7}, ¢?, and so r},r4 are adjacent; and hence Ry \ {r1} is
complete to Ry \ {r2}. Consequently R; \ {r1} is a homogeneous stable set, and so |Ry \ {r1}| < 1. If
T!\ X is anticomplete to Ry \ {r2}, then both these sets have cardinality at most 1 (since they are
both homogeneous stable sets) and G is Schlafli-prismatic and the claim holds. So we may assume
that there exist t € T1\ X and 7} € Ry \ {r2}, adjacent. By 10.4.1, Ry \ {r1} = 0, since any member
of Ry \ {r1} would form a triangle with ¢ and 7}, contrary to 10.3. No vertex has a neighbour in
Ry \ {ra} and a neighbour in 7'\ X, and since G is rigid it follows that Rs \ {r2} is complete to
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T'\ X; and so Ry \ {ra},T*\ X are homogeneous stable sets, and hence |Rg \ {r2}| = [T\ X| =1,
and therefore G € F5. This proves 10.16. [ |

10.17 If exactly one of Ry, Ro, R3, T, T%, T3 is empty, then G is in the menagerie.

Proof. We may assume that R3 = (), and the other five sets are nonempty.
(1) If every two distant vertices in T are R-equal, then the theorem holds.

For then every two vertices in T are R-equal or R-opposite. Choose C; C R such that for ev-
ery vertex in 7', its neighbour set in R is either Cy or Cy, where Cy = R\ C;. For i = 1,2 let D; be
the set of vertices in T" whose neighbour set in R is C;. Thus D1, Dy are disjoint and have union T
By 10.10, we may assume that there are two distant vertices in R that are not T-equal; and therefore
one belongs to C7 and the other to Cy, say 71 € R1NC1 and r9 € RoNCs. Since r; is complete to D,
it follows from 10.4.1 that D; is stable for ¢ = 1,2. Since every two distant vertices in 7" are R-equal,
no two such vertices belong to different sets Dy, Do; and therefore there is no edge of J between D,
and Ds. So each of the six sets D;NT7 : i € {1,2} and j € {1,2,3} is a homogeneous stable set and
so has cardinality at most one. From the symmetry we may assume that (1, 1), (2,2),(3,3) € I. Since
r9 would have no neighbour in a triangle {ry, si,t'} where t! € D; NT?, it follows that D; N T*' = 0,
and similarly Do N T2 = (). Since T, T? are nonempty and |Dy NT1|,|Dy N Ty| < 1, it follows that
there are vertices t1,¢% so that T = {t'} for i = 1,2, and t! € Dy, > € Dy. Since T3 # ), we may
assume that there exists t3 € Dy N T3 from the symmetry. For j = 2,3, since t/ € D; NT7 and
7o is nonadjacent to both r1,#/, 10.4.5 implies that (1,5) ¢ I; that is, (1,2),(1,3) ¢ I. Similarly
(2,1) ¢ I, and if Do N'T3 # () then (2,3) ¢ I. Since (r3,si) is not a square-forcer, it follows that
T? U T3 is not stable, and so Dy N'T3 # (); and therefore (2,3) ¢ I. Since t! is complete to Cy it
follows that Cs is stable, and similarly C is stable. Hence Cy N Ry, C1 N Ry are both homogeneous
stable sets, and therefore have cardinality at most one. Consequently G is fuzzily Schlafli-prismatic
at (Cy N Ry, Cy N Ry, 73) and the theorem holds. This proves (1).

In the case when T is stable, we may assume that R is not stable, by 10.14. In this case let
A, B,C be respectively the sets of vertices in R that are complete to T, anticomplete to T, and
neither complete nor anticomplete to T'.

(2) If T 1is stable, then A, B # ), and every edge with both ends in R is between A and B.

For let 1 € Ry,79 € Ry be adjacent, say. If one of r1,79 is in A U B, then by 10.4.1 the edge
is between A and B. So suppose they are both in C. Let X be the set of neighbours of 1 in T'; then
T\ X is the set of neighbours of r9, and both X, 7"\ X are nonempty. Suppose that r; belongs to
a diagonal triangle, say {r1, s}, ¢!}, where (1,1) € I and t! € T'. Since every vertex in 7% U T? has
a neighbour in this triangle, it follows that 72, 7% C X. Hence T' ¢ X. But then, since a vertex
in T\ X is nonadjacent to both r! 2, where t> € T2, 10.4.5 implies that (1,2) ¢ I, and similarly
(1,3) ¢ 1. Also, since rq is nonadjacent to ro,t, where t € T\ X, 10.4.5 implies that (2,1) ¢ I. But
then (rg, s}) is a square-forcer, a contradiction.

This proves that r; is not in a diagonal triangle, and similarly neither is ro. From the symmetry
we may assume that there exists ! € T' N X and > € T3N X, and t? € T?\ X. Since 71,73 are not
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in diagonal triangles, (1,1), (

1,3),(2,2) ¢ I. Consequently (1,2) € I, and (r3, s3) is a square-forcer,
a contradiction. This proves (2)

(3) If T is stable, then every vertex of R in a diagonal triangle belongs to A.

For let {r1,si,t'} be a diagonal triangle, where (1,1) € I and 1 € Ry and t' € T', and sup-
pose that 71 ¢ A. Every vertex in 7 \ 7! has a neighbour in this triangle and therefore is adjacent
to r1, so rq is complete to T2 U T3. Consequently 71 has a nonneighbour in 7%\ {t'}; so |T}| > 1,
and (1,2),(1,3) ¢ I. Also, r; is the only vertex of Ry adjacent to ¢! by 10.4.4, so AN Ry = ). But
A # () by (2). Choose 3 € A; then r9 € Ry. Since ro is complete to 71 and [T > 1 it follows that
(2,1) ¢ I. But then (r3, s1) is a square-forcer, a contradiction. This proves (3).

(4) If T is stable then G is in the menagerie.

For we may assume that (1,1),(2,2) € I. By (3), C N R; is anticomplete to T" for i = 1,2. Since R
is not stable, (2) implies that A # ().

Suppose that (1,3),(2,3) € I. Then by (3), C is anticomplete to 7°. From the symmetry we
may assume that there exists 71 € AN Ry. Any vertex in C'N Ry is nonadjacent to both 71,3 where
t3 € Ty; so 10.4.5 implies that C' N Ry = 0, and therefore C N Ry # (. By the same argument, it
follows that AN Ry = (). Choose ¢ € C'N Ry. Since ¢ has a neighbour in T, necessarily in T2, (3)
implies that (1,2) ¢ A. But then no vertex has a neighbour in R; \ 4 and a neighbour in 72, and
since G is rigid it follows that R1\ A is complete to 72. Then R;\ A, T? are both homogeneous stable
sets, and so |R; \ A] <1 and |Tz| = 1; since () # C' C Ry, it follows that BN R; = 0 and |C| = 1; also
AN Ry, BN Ry, T, T? are all nonempty homogeneous stable sets, and so all have cardinality one;
and then G € Fs5.

Thus we may assume that not both (1,3),(2,3) € I. If (1,3) ¢ I, then (r3, s}) is not a square-
forcer, and if (2,3) ¢ I then (r3,s3) is not a square-forcer, and in either case it follows that one of
(1,2),(2,1) € I. We claim that not both of AN R;,C N Ry are nonempty. For suppose that there
exist 1 € AN Ry and 79 € C'N Re. By (2) (or 10.4.1) they are nonadjacent. If (2,1) € I, then ry
is anticomplete to 7! by (3), and so has no neighbour in the triangle {ry, s}, t'} where t' € T, a
contradiction. If (1,2) € I, then 72 has no neighbour in the triangle {r, si,#*} where t*> € T2, again
a contradiction. This proves our claim that not both of AN R1,C'N Ry are nonempty. Similarly not
both AN Ry, CN Ry are nonempty. Since C' # (), from the symmetry we may assume that CN Ry # (.
Therefore A C Ry, and in particular AN Ry # 0; and so C C R;. Hence Ry C B. Every vertex
in BN Ry has a neighbour in each of the diagonal triangles that contain a vertex of A N Ry, and so
BN Ry is complete to AN R;. Since C' C Ry is nonempty and a vertex in C' has a neighbour in 7" and
is not in a diagonal triangle, it follows that not both (1,2),(1,3) € I. If (1,2),(1,3) ¢ I, then every
triangle contains one of r3, 73, s, and the claim follows from 10.13. Thus we may assume that exactly
one of (1,2),(1,3) belongs to I. There is not quite symmetry between (1,2), (1, 3), since we assumed
that (2,2) € I; to restore the symmetry, let us drop that assumption, and then we may assume that
(1,2) € I and (1,3) ¢ I. Since (1,2) € I, C is anticomplete to T2. No vertex has a neighbour
in R \ A and a neighbour in 7%, and so R; \ A is complete to T2 since G is rigid. Consequently
BN Ry =0and |C|=|T?% =1. Also, T*,T?, AN Ry, BN Ry are all nonempty homogeneous stable
sets, and so they all have cardinality one. But then G € F5 and the theorem holds. This proves (4).
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In view of (4), we may assume that 7' is not stable. By 10.7.3, each component of J is stable in
G, so J has at least two components; and by 10.7.1 it has exactly two, say D, D’. By (1), we may
assume that there are distant vertices in 7" that are not R-equal; say t' € T' and t3 € T° are distant
and not R-equal. Hence G/|T is not connected, so by 10.5 we may assume that |T!| = |T?| = 1, and
there exists d € T3 \ {t*} complete to T* U T?, and T3 \ {#3} is anticomplete to 7' U T2. Then J
has two components, D = {d} and D' = T \ {d}. Let T® = {t'} for i = 1,2. Let X be the set of
neighbours of d in R. Thus by 10.4.1, X and R\ X are stable. Since d is adjacent to t!,#2, it follows
that R\ X is the set of neighbours of t!,#2 in R.

(5) If {i,i'} = 1,2 and (4,3) € I, then |R; N X| <1, R; N X is complete to Ry \ X, and R; N X is
anticomplete to T3\ {d}.

For |[R; N X| <1 by 10.4.4; R; N X is complete to R; \ X since 10.4.5 implies that for r; € R; N X,
every vertex in Ry \ X is adjacent to one of r;,d; and R; N X is anticomplete to 7%\ {d} by 10.4.4.
This proves (5).

(6) If {i,7'} = {1,2} and (i,j) € I for some j € {1,2}, then |R; \ X| < 1 and R; \ X is com-
plete to (Ry N X) U (T3\ {d}).

For |R;\ X| < 1 by 10.4.4, since t/ is complete to R;\ X; and R;\ X is complete to (Ry NX)U(T3\{d})
since 10.4.5 implies that for 7; € R; \ X, every vertex in (Ry N X) U (T2 \ {d}) is adjacent to one of
7;, 7. This proves (6).

(7) If (1,1),(2,3) € I then G is in the menagerie.

For suppose that (1,1),(2,3) € I. Then by (5) and (6), |R; \ X|,|[Ro N X| < 1, (ReNX) U (T3\ {d})
is complete to Ry \ X, and RyN X is anticomplete to T2\ {d}. Now suppose in addition that R; N X
is complete to Ry \ X and anticomplete to T3\ {d}. Since t',#3 are not R-equal, it follows that ¢3
has a nonneighbour r9 € Re \ X. But R; N X is a homogeneous stable set, and so |R; N X| < 1; and
then G is fuzzily Schlifli-prismatic at (R \ X, T3 \ {d}, s3). Hence we may assume that Ry N X is
not both complete to Re \ X and anticomplete to T3\ {d}. From (5), (1,3) ¢ I; and since (r3, s3)
is not a square-forcer, it follows that I contains one of (2,1),(2,2), say (2,7). From (6) (applied to
(2,7)), |R2 \ X| <1 and Ry \ X is complete to (R; N X) U (T3 \ {d}). Since t!,#> are not R-equal,
t3 has a neighbour 1 € Ry N X. Since rq, t3 are complete to R \ X, 10.3 implies that Ry \ X = 0.
But then G € F5. This proves (7).

Thus we may assume that if (2,3) € I, then (1,1) ¢ I and similarly (1,2) ¢ I, and consequently
(1,3) € I since I includes a permutation. Consequently if I contains either of (1,3),(2,3), then it
contains both, and contains none of (1,1),(1,2),(2,1),(2,2), which is impossible since I includes a
permutation. Thus (1, 3),(2,3) € I.

Since I includes a permutation, we may assume that (1,1),(2,2),(3,3) € I. By two applications
of (6), we deduce that |Ry \ X|,|Re \ X| <1, and Ry \ X is complete to (Ry N X) U (T3 \ {d}), and
Ry \ X is complete to (R; N X) U (T2 \ {d}). Since t!,#* are not R-equal, 3 has a neighbour in X,
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and from the symmetry we may assume that t3 is adjacent to r; € Ry N X. Since 3, r; are complete
to Ry \ X, it follows from 10.3 that R \ X = (). By 10.13, we may assume that, there is a triangle
containing none of 3,43, s3, and therefore Ry \ X # 0. Since Ry \ X is complete to T3 \ {d} and to
Ry N X, 10.3 implies that T3\ {d} is anticomplete to Ry N X. No vertex has a neighbour in 7%\ {d}
and a neighbour in R; N X, and so T3\ {d} is complete to Ry N X since G is rigid; and therefore both
these sets are homogeneous stable sets, and so T3 = {t3,d} and Ry N X = {r;}. But then G € F;
and the theorem holds. This proves 10.17. [ |

The last case is:
10.18 If Ry, Ry, R3, T, T?%, T3 are all nonempty, then G is in the menagerie.

Proof. By 10.7.1, H and J both have at most two components.

(1) We may assume that if R is not stable, then H has exactly two components C,C’, where C = {c}
and ¢ € R; say, and |R;| =1 and c is complete to R; for all j € {1,2,3}\ {i}.

For if G|R is not connected, this follows from 10.5. We assume therefore that G|R is connected.
By 10.5, G|R is a path or cycle, with at least three vertices since Rj, Ry, R3 are nonempty. If it is
a path with exactly three vertices, then the claim holds, so we may assume that it has at least four
vertices. Hence H has exactly two components, say C,Ca, and |C1[, |C2| > 1, and they are stable in
G. By 10.6, every two nonadjacent noncollinear vertices in R are T-equal. Consequently, for i = 1,2
all vertices in C; have the same set of neighbours in T'; call this set X;.

By 10.10 we may assume that there exist distant vertices in 7" that are not R-equal; say t' € T
and t2 € T?. Since t1,#? are not R-equal, we may assume that t! € X; and t?> ¢ X;. Since
|C1],]|C2| > 1, there exists ¢ € {1,2,3} such that C; N R;,Cy N R; are both nonempty (for if say
R1URy = Cy and R3 = C then C5 is a homogeneous stable set, contradicting that |Ca| > 1). Hence
we may assume that C1 N Ry, Cy N Ry # (). Choose ¢; € C; N Ry for ¢ = 1,2. Since there exists
ro € Ry, and ro belongs to one of C, (s, it follows that 7o is T-equal to one of ¢, co, and adjacent
(and therefore T-opposite) to the other. Consequently ci,cy are T-opposite; that is, X; U Xo =T
and X; N X3 = (). Since #? is nonadjacent to both c¢;,t', 10.4.5 implies that (1,1) ¢ I, and similarly
(1,2) ¢ I, and therefore (1,3) € I. Choose t* € T3. Since X; U X5 = T, we may assume that 3 € X3
without loss of generality. Since 10.4.5 implies that t? is adjacent to one of 71,3, it follows that t2, 3
are adjacent; since 10.4.2 implies that ¢! is adjacent to one of 2,3, it follows that ¢!, 3 are adjacent;
and so {c1,t!,#3} is a triangle violating 10.3, a contradiction. This proves (1).

By 10.14 we may assume that 7" is not stable. Hence by (1) (with R,T exchanged), we may
assume that J has two components D, D’, where D = {d} and d € T?, and |T!| = |T?| = 1, and
d € T3 is complete to T UT?. Let X be the set of neighbours of d in R, and let T% = {t'} for
i=1,2. By 10.6, R\ X is the set of neighbours in R of both t!, 2.

(2) We may assume that X is a union of components of H.
For suppose not; then there is a component of H meeting both X and R\ X, and therefore there

exist two nonadjacent noncollinear vertices in R, exactly one of which is in X. Thus we may assume
that ;1 € Ry N X and r3 € Rg \ X are nonadjacent. Since r3 is nonadjacent to both ri,d, 10.4.5
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implies that (1,3) ¢ I; and since r; is nonadjacent to both r3, ', 10.4.5 implies that (3,i) ¢ I for
i =1,2. Hence (3,3) € I. Choose ry € Ry. Since r1,r3 are not T-equal, they are not both adjacent
to 2 by 10.4.1, so all three belong to the same component of H, and therefore ry is nonadjacent to
both 71,73 by 10.7.3. Thus Ry is anticomplete to r1,73. Now I contains at least one of (2,1),(2,2)
since it includes a permutation, say (2,4). Since r; has no neighbour in {rq, s?,#'}, the latter is not
a triangle and so 7y € X. Hence Ro C X. From the symmetry between r; and ro, it follows that
(2,3) ¢ I and R; is anticomplete to ro,7r3, and Ry C X. But then every triangle contains one of
s3,t3,12, and the theorem holds by 10.13. This proves (2).

(3) If R is not stable then G is in the menagerie.

For then by (1) we may assume that H has two components C,C’, where C' = {c} and ¢ € R3
say, and |R;| = 1 for ¢ = 1,2, and c is complete to Ry U Re. Let R; = {r;} say (i = 1,2). Suppose
first that ¢, d are adjacent. Since ¢ has a neighbour in C’, it follows that d is not complete to C’; and
therefore d is anticomplete to C’ by (2), and similarly ¢ is anticomplete to D’. Thus X = {c}; and
so R\ {c} is the set of neighbours of both r1,72 in R. Similarly 7"\ {d} is the set of neighbours of
both 1,79 in T. If R3 is complete to T2 then G is Schlifli-prismatic, so we may assume that there
exist nonadjacent 73 € R3 and t3 € T3. Since G is rigid, there is a vertex adjacent to both 73,13,
and so (3,3) € I; and then G is fuzzily Schlifli-prismatic at (R3,T3,73), and the claim holds. Now
suppose that ¢, d are nonadjacent. By 10.4.1, d is adjacent to 71,72, and therefore d is complete to
(', since X is a union of components of H. Hence R\ {c} is the set of neighbours of d in R, and
similarly 7'\ {d} is the set of neighbours of ¢ in T'. It follows that ¢ is the unique neighbour in R
of t!, and of t?, and d is the unique neighbour in T of ry,75. If R3 is anticomplete to T then G is
Schlifli-prismatic, so we assume there is an edge r3t® with r3 € R3 and t3 € T3. By 10.4.4, (3,3) ¢ I.
Hence no vertex has a neighbour in Rz and a neighbour in 72, and therefore R3 is complete to T2
since G is rigid. Thus R3, T are both homogeneous stable sets, so Rz = {r3}, T3 = {t3}. Then
G € Fs, and the claim holds. This proves (3).

We may therefore assume that R is stable. Hence H has only one component, and so X = ()
or X = R. Suppose first that X = ), and so d has no neighbours in R. Hence t1,t are complete
to R. If T3\ {d} is also complete to R, then by 10.10 the theorem holds; so we may assume that
there exists t3 € T3\ {d} and say r3 € R3 that are nonadjacent. For j = 1,2, #3 is nonadjacent to
both r3,#7, and so 10.4.5 implies that (3,1),(3,2) ¢ I; and therefore (3,3) € I, and we may assume
that (1,1),(2,2) € I. For i = 1,2 and every r; € R;, 10.4.5 implies that every vertex in 7%\ {d}
is adjacent to one of 7, ¢!, and so T\ {d} is complete to Ry, Ry. For i = 1,2, |R;| = 1 since R;
is a homogeneous stable set. But then G is fuzzily Schlifli-prismatic at (Rs, T3 \ {d},s3), and the
theorem holds.

Finally suppose that X = R; so d is complete to R, and t!,¢? are anticomplete to R. If also
T3\ {d} is anticomplete to R, then G is Schlifli-prismatic and the theorem holds; so we assume
that there exist 3 € T%\ {d} and say r3 € R3 that are adjacent. Thus r3 has two neighbours in
T3, and so (3,3) ¢ I by 10.4.4. Hence we may assume that (1,3) € I. By the same argument
it follows that T3 \ {d} is anticomplete to Ry. If (2,3) ¢ I, then every triangle contains one of
t3, 13,53, and the theorem follows from 10.13. Thus we may assume that (2,3) € I, and therefore
T3\ {d} is anticomplete to Re. No vertex has a neighbour in 73\ {d} and a neighbour in R3, and so
T3\ {d} is complete to R3 since G is rigid. Both these sets are therefore homogeneous stable sets, so
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T3\ {d} = {t*} and R3 = {r3}, and G € F5 and the theorem holds. This completes the proof. Wl

Now we can prove 4.1, which we restate.
10.19 FEwvery rigid non-orientable prismatic graph is in the menagerie.

Proof. Let G be a rigid non-orientable prismatic graph. By 6.1, there is an induced subgraph of G
which is either a twister or a rotator. If no induced subgraph is a rotator, then the theorem holds by
7.2. Thus we may assume that some induced subgraph is a rotator. If G contains a square-forcer,
then by 8.2, GG is of parallel-square or skew-square type. If it does not contain a square-forcer, then
the theorem holds by 10.1. This proves 10.19. [ |

11 Changeable edges

Let us say an edge e = uv of a prismatic graph G is changeable if the graph G \ e is also prismatic;
that is (by a theorem of [2]) if either w, v are both in no triangle, or there is a leaf triangle {u, v, w} at
some w. In a future paper, we claim to have an explicit description of all claw-free “trigraphs”, and
for part of that description, we need to describe all the pairs (G, X ) where G is a prismatic graph and
X C E(G) is a set of changeable edges forming a matching. For the orientable case we accomplished
this in [2], and for the nonorientable case it suffices to list all leaf triangles in nonorientable prismatic
graphs G; and we may assume that G is rigid, and so we just have to go through all the classes
of graphs in the menagerie, and figure out which of their triangles can be leaf triangles. This is
mechanical, but tedious and we leave it to the reader. Here are two observations that might help.

First, if {a,b,c} is a leaf triangle at ¢ of some prismatic graph H, and G is obtained from H
either by multiplying or by exponentiating this leaf triangle, with new sets A, B corresponding to
a, b respectively, then any edge of G between A and B is changeable. Since many of our basic classes
of prismatic graphs are defined by multiplying or exponentiating some leaf triangle in some other
prismatic graph, they have changeable edges in the corresponding positions. Let us call such leaf
triangles “expected”.

There are other leaf triangles as well; but we can limit where we need to look, to cut down the
case analysis, by the following device. Suppose that T' = {u,v,w} is a leaf triangle at w in some
nonorientable prismatic graph G. Let G’ be obtained from G by multiplying the leaf triangle T,
replacing u by a set A" and v with a set B’ where |A’| = |B’| and every vertex in A’ has a neighbour
in B’ and vice versa, with |A’| = |B’| = 101. Moreover, we may assume that v € A" and v € B'.
Now we apply 4.1 to G’ rather than to G; and we are able to eliminate most possibilities for u,v
very quickly. For instance, because |V (G')| > 27, G’ is not Schlafli-prismatic; suppose it is fuzzily
Schlafli-prismatic. Let {a, b, ¢} be a leaf triangle on ¢ in a Schlafli-prismatic graph H, so that G’ can
be obtained from H by multiplying {a, b}, and A, B are the two sets of new vertices corresponding
to a, b respectively. Now |A’'N (AU B)| > 74, so we may assume that |AN A’| > 37. Since A is stable
and there are at least 37 vertices in B’ with a neighbour in AN A’] it follows that |[B N B’| > 20.
Thus w = ¢, and we may assume that u € A and v € B. Since G’ is obtained from H by multiplying
{a,b,c}, it follows that G is also obtained from an induced subgraph of H by multiplying the same
leaf triangle, and so G is fuzzily Schlafli-prismatic, and the leaf triangle T is is one of those that are
expected when we multiply {a,b, ¢} to produce G. A similar argument can be applied in all the other
cases of 4.1 (although in some there are two or three different possible positions for leaf triangles to
be listed). We omit the details.
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12 Colouring
In another future paper, we need the following:

12.1 Let G be prismatic, with at least one triangle. Then one of the following holds:

e there is a rigid, Schlifli-prismatic, non-orientable prismatic graph Gy with no changeable edges,
such that G can be obtained from Gy by replicating vertices not in the core, or

o for some k with 1 < k < 3, there is a list of 4k stable sets of G such that every vertex belongs
to exactly k of them.

The main part of the proof of 12.1 is the following lemma.

12.2 Let G be prismatic, non-orientable, and rigid. Then either
o G is Schlifli-prismatic and has no changeable edges, or

o for some with 1 < k < 3, there is a list of 4k stable sets of G such that every vertex belongs to
exactly k of them.

Proof. We may assume that

(1) For k = 1,2,3, there is no list of 4k stable sets of G such that every vertex belongs to k of
them.

Since G is rigid and non-orientable, we may apply 4.1, and deduce that G is in the menagerie.
Thus either G is of parallel-square or skew-square type, or is Schlafli-prismatic or fuzzily Schlafli-
prismatic, or G € Fy U ---U Fg. We treat these cases separately.

(2) G cannot be obtained from any graph by multiplying or exponentiating a leaf triangle.

For suppose that T' = {a,b,c} is a leaf triangle at ¢ in a prismatic graph H. For v = a,b,c, let
N, be the set of vertices in V(H) \ T" adjacent to v; thus the sets Ny, Ny, N, are pairwise disjoint
and have union V(G) \ T. Moreover, N,, N, are stable, since T is a leaf triangle. Also, since every
vertex in N, has at most one neighbour in N, it follows that N, is the union of two stable sets
P,Q say. Suppose first that G is obtained from H by multiplying {a, b}, and let A, B be the two
corresponding sets of new vertices of G. Then AU P, BUQ are stable in GG, and so the four sets Then
N, U{c}, Ny, AUP, BUQ are four stable sets of G and every vertex belongs to one of them, contrary
to (1). Suppose now that G is obtained from H by exponentiating 7', and let A, B,C, D1, Do, D3 be
as in the definition of exponentiating a triangle. Then the four sets N, U C U {c}, Ny, AUP,BUQ
are stable sets of G and every vertex belongs to one of them, contrary to (1). This proves (2).

From (2) we deduce that G is not fuzzily Schlafli-prismatic, and not in Fy, F3, Fy, Fg, Fg. Since
there do not exist four stable sets with union V(G), it follows that G is not of parallel-square or
skew-square type, and G ¢ Fj. (For the same reason, G ¢ Fy, but we show that explicitly below.)
If G € Fs, let ré, 83-, t; (1 <14,7 <3) be as in the definition of F5; then the twelve sets
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1.2 .1 1 42 ,3 3,3 .2 .3 41 41 1.2 ,3 .1 2 _3
{Tl,rl,82,83,t3,t3},{?”2,?”3,81,81,tl,t2},{7“1,?”1,7“1,83,83,83},

1.1 .1 .2 43,3 1.1 .1 41 ,2 ,3 1.1 .1 .3 4,2 ,2
{r1,72, 83,83, 5, t3}, {r1, 72,73, 13, 13,13}, {r1, 13, 52, 85, 13, 13},

{7”1,?”1,7“%,8%,82,82} {31a327837t1¢t2>t3} {T3,T3,81,82,t2,t }

{Tlv T27 T37 t27 t27 t2}7 {T27 T27 8?7 53, t27 t2}7 {817 527 837 tlv t27 t3}7

are stable sets of the complement of the Schlafli graph, containing every vertex of G at least three
times, and none containing both r%, t%; so there are twelve stable sets of G containing every vertex
three times, contrary to (1).

Next suppose that G € F7, and let K be as in the definition of F7. For each v € V(K), let M,
be the set of vertices of K different from and nonadjacent to v, and let D, be the set of edges of K
incident with v. Then D, is a stable set of G; M, is anticomplete in G to D,; and M, NV (G) is a
stable set of G (because K has no stable set of size three). Thus D, U (M, NV (G)) is stable in G,
and this gives a list of six stable sets of G such that every edge of K belongs to two of them, and
each v € V(K) N V(G) belongs to |M,| of them. Let X; be the set of all v € V(K) N V(G) with
|M,| =1, for i = 0,1. Then X is a clique of K, and complete in K to X, and every vertex in X; is
nonadjacent in K to at most one other vertex of X;. Consequently there are two cliques of K (and
hence stable sets of G) covering every vertex in Xy twice, and every vertex in X; once. Combined
with the other six, we have eight stable sets of G containing every vertex in G twice, contrary to (1).

Next suppose that G € Fy. Let rj, 537t§ (1 <1i,j <3) be as in the definition of Fy, and let z be
the new vertex. Then

{r, 13,51, 3,15}
{ri, i, i, 87,15, 13}
{ra, 53, 53,13, t3}
{rs, 3,55, 2}
is a list of four stable sets of G with union V(G), contrary to (1).
We deduce from 4.1 that G is Schlafli-prismatic. Suppose that uv is a changeable edge. Since
G has no leaf triangle by (2), it follows that w,v are not in the core, and so have no common
neighbour. Let N,, N, be respectively the sets of vertices in V(G) \ {u,v} adjacent to u and to
v. Since u is not in the core, N, is stable, and so is N,. But for every edge of the complement of
the Schlafli graph, the set of vertices nonadjacent to both ends of the edge can be partitioned into
two stable sets (for instance, if we take the edge sis3 in the usual notation, then the set of vertices
nonadjacent to both si, s3 is the union of the stable sets {t3,3,t3, 57}, {r$,r3, 73, s3}). Consequently
V(G)\ (NyUN, U {u,v}) can be partitioned into two sets P, Q both stable in G, and so V(G) is the

union of four stable sets N, U {v}, N, U{u}, P,Q, contrary to (1). Thus G has no changeable edge
and so the theorem holds. This proves 12.2. [ |

Proof of 12.1. If G is orientable, the result follows from a theorem proved in [2], so we assume that
G is nonorientable. By 2.2, G can be obtained from a rigid non-orientable prismatic graph Gq by
replicating vertices not in the core, and then deleting edges between vertices not in the core. If for
some k € {1,2,3} there is a list of 4k sets, stable in Gy, such that every vertex of V(Gp) is in k of
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them, then the same 4k sets are also stable in G and therefore GG satisfies the theorem. We assume
therefore that there is no such list. By 12.2, Gy is Schlafli-prismatic and has no changeable edges.
In particular, since Gg has no changeable edges, it follows that no two vertices of Gy not in the core
are adjacent, and so G is obtained from Gy just by replicating vertices not in the core. But then the
theorem holds. This proves 12.1. [ |
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