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Abstract

A graph is claw-free if no vertex has three pairwise nonadjacent neighbours. In this series of papers
we give a structural description of all claw-free graphs. In this paper, we achieve a major part of
that goal; we prove that every claw-free graph either belongs to one of a few basic classes, or admits
a decomposition in a useful way.



1 Introduction

Let G be a graph. (All graphs in this paper are finite and simple.) If X C V(G), the subgraph
G|X induced on X is the subgraph with vertex set X and edge-set all edges of G with both ends in
X. (V(G) and E(G) denote the vertex- and edge-sets of G respectively.) We say that X C V(G)
is a claw in G if | X| =4 and G|X is isomorphic to the complete bipartite graph K; 3. We say G is
claw-free if no X C V(@) is a claw in G. Our objective in this series of papers is to show that every
claw-free graph can be built starting from some basic classes by means of some simple constructions.

For instance, one of the first things we shall show is that if G is claw-free, and has an induced
subgraph that is a line graph of a (not too small) cyclically 3-connected graph, then either the whole
graph G is a line graph, or G admits a decomposition of one of two possible types. That suggests
that we should investigate which other claw-free graphs do not admit either of these decompositions;
and that turns out to be a good question, because at least when a(G) > 4 there is a nice answer.
(We denote the size of the largest stable set of vertices in G by «(G).) All claw-free graphs G with
a(G) > 4 that do not admit either of these decompositions can be explicitly described, and fall into
a few basic classes; and all connected claw-free graphs G with a(G) > 4 can be built from these basic
types by simple constructions. (When «(G) < 3 the situation becomes more complicated; there are
both more basic types and more decompositions required, as we shall explain.)

There is a difference between a “decomposition theorem” and a “structure theorem”, although
they are closely related. In this paper we prove a decomposition theorem for claw-free graphs; we
show that they all either belong to a few basic classes or admit certain decompositions. But this can
be refined into a structure theorem that is more informative; for instance, every connected claw-free
graph G with a(G) > 4 has the same overall “shape” as a line graph, and more or less can be
regarded as a line graph with “strips” substituted for some of the vertices. For reasons of space, that
development, and its application to several open questions about claw-free graphs, is postponed to
a future paper.

2 Trigraphs

To facilitate converting this decomposition theorem to a structure theorem, it is very helpful (indeed,
necessary, as far as we can see) to work with slightly more general objects than graphs, that we call
“trigraphs”. In a graph, every pair of vertices are either adjacent or nonadjacent, but in a trigraph,
some pairs may be “undecided”. For our purposes, we may assume that this set of undecided pairs
is a matching. Thus, let us say a trigraph G consists of a finite set V(G) of vertices, and a map
0 : V(G)? — {1,0,—1}, satisfying:

e for all v € V(G), 0g(v,v) =0
e for all distinct u,v € V(G), 0g(u,v) = 0g(v,u)
e for all distinct u,v,w € V(G), at most one of 0;(u,v), g (u, w) = 0.

We call g the adjacency function of G. For distinct u,v in V(G), we say that u,v are strongly
adjacent if O (u,v) = 1, strongly antiadjacent if Og(u,v) = —1, and semiadjacent if g (u,v) = 0. We
say that u, v are adjacent if they are either strongly adjacent or semiadjacent, and antiadjacent if they
are either strongly antiadjacent or semiadjacent. Also, we say u is adjacent to v and w is a neighbour



of v if u,v are adjacent (and a strong neighbour if u,v are strongly adjacent); u is antiadjacent to v
and u is an antineighbour of v if u,v are antiadjacent. We denote by F'(G) the set of all pairs {u,v}
such that u,v € V(G) are distinct and semiadjacent. Thus a trigraph G is a graph if F(G) = 0.

For a vertex a and a set B C V(G) \ {a} we say that a is complete to B or B-complete if a
is adjacent to every vertex in B; and that a is anticomplete to B or B-anticomplete if a has no
neighbour in B. For two disjoint subsets A and B of V(G) we say that A is complete, respectively
anticomplete, to B, if every vertex in A is complete, respectively anticomplete, to B. (We sometimes
say A is B-complete, or the pair (A, B) is complete, meaning that A is complete to B.) Similarly,
we say that a is strongly complete to B if a is strongly adjacent to every member of B, and so on.

Let G be a trigraph. A cligue in G is a subset X C V(G) such that every two members of X are
adjacent, and a strong clique is a subset such that every two of its members are strongly adjacent.
A set X C V(Q) is stable if every two of its members are antiadjacent, and strongly stable if every
two of its members are strongly antiadjacent. We define a(G) to be the maximum cardinality of a
stable set.

If X C V(G), we define the trigraph G|X induced on X as follows. Its vertex set is X, and its
adjacency function is the restriction of 85 to X?2. Isomorphism for trigraphs is defined in the natural
way, and if G, H are trigraphs, we say that G contains H and H is an induced subtrigraph of G if
there exists X C V(@) such that H is isomorphic to G|X.

A claw is a trigraph with four vertices ag, a1, az,as, such that {aj,a9,as} is stable and ag is
complete to {a1,a2,a3}. If X C V(G) and G|X is a claw, we often loosely say that X is a claw;
and if no induced subtrigraph of G is a claw, we say that G is claw-free. Thus, our object here is to
obtain a decomposition theorem for claw-free trigraphs.

An induced subtrigraph G| X of G is said to be a path from u to v if | X| = n for some n > 1, and
X can be ordered as {p1,...,pn}, satisfying

e pr =wuand p, =v
e p; is adjacent to p;4q for 1 < i < n, and
e p; is antiadjacent to p; for 1 <4,5 <n with i 4+ 2 < j.

We say it has length n — 1. (Thus it has length 0 if and only if v = v.) It is often convenient to
describe such a path by the sequence pi-po--- - - pn. Note that the sequence is uniquely determined
by the set {p1,...,pn} and the vertices u,v, because F(G) is a matching.

A hole in G is an induced subtrigraph C' with n vertices for some n > 4, whose vertex set can be
ordered as {ci,...,cy}, satisfying (reading subscripts modulo n)

e ¢; is adjacent to ¢;41 for 1 <4 <mn, and
e ¢; is antiadjacent to ¢; for 1 <4,j <n with j #¢—1,4,7+ 1.

Again, it is often convenient to describe C' by the sequence c¢1-co- - - - -¢,-c1, and we say it has length n.
The sequence is uniquely determined by a knowledge of V' (C'), up to choice of the first term and up to
reversal. An n-hole means a hole of length n. A centre for a hole C'is a vertex in V(G) \ V(C) that
is adjacent to every vertex of the hole. A hole C' is dominating in G if every vertex in V(G) \ V(C)
has a neighbour in C.



3 The main theorem

In this section we state our main theorem, but first we need a number of further definitions. A
clique with cardinality three is a triangle. A triad in a trigraph G means a set of three vertices of G,
pairwise antiadjacent. Let us explain the decompositions that we shall use in the main theorem.

The first is that G admits “twins”. Two strongly adjacent vertices of a trigraph G are called
twins if (apart from each other) they have the same neighbours in G, and the same antineighbours,
and if there are two such vertices, we say “G admits twins”. If X C V(G) is a strong clique and
every vertex in V(G) \ X is either strongly complete or strongly anticomplete to X, we call X a
homogeneous set. Thus, G admits twins if and only if some homogeneous set has more than one
member.

For the second decomposition, let A, B be disjoint subsets of V(G). The pair (A, B) is called
a homogeneous pair in G if A, B are strong cliques, and for every vertex v € V(G) \ (AU B), v is
either strongly A-complete or strongly A-anticomplete and either strongly B-complete or strongly
B-anticomplete. (This is related to, but not the same as, the standard definition of “homogeneous
pair”, due to Chvatal and Sbihi [5]; it was convenient for us to modify their definition a little.) Let
(A, B) be a homogeneous pair, such that A is neither strongly complete nor strongly anticomplete
to B, and at least one of A, B has at least two members. In these circumstances we call (A, B) a
W-join. A homogeneous pair (A, B) is nondominating if some vertex of G\ (AU B) has no neighbour
in AU B (and dominating otherwise); and it is coherent if the set of all (A U B)-complete vertices in
V(G)\ (AU B) is a strong clique.

Next, suppose that Vi, Vs is a partition of V(G) such that Vi, V5 are nonempty and V; is strongly
anticomplete to V5. We call the pair (Vi,V3) a 0-join in G.

Next, suppose that Vi, Vs is a partition V(G), and for i = 1,2 there is a subset A; C V; such that:

o A, Vi\A; #0fori=1,2
e A; U Ay is a strong clique, and
e 17\ Ay is strongly anticomplete to V5, and V; is strongly anticomplete to V5 \ As.

In these circumstances, we say that (V1,V3) is a 1-join.
Next, suppose that Vp, Vi, Vs are disjoint subsets with union V(G), and for ¢ = 1,2 there are
subsets A;, B; of V; satisfying the following:

e VhUAjUAy and VyU B U By are strong cliques, and Vj is strongly anticomplete to V;\ (4; U B;)
fori=1,2;

o for i =1,2, A;N B; =0 and A;, B; and V; \ (4; U B;) are all nonempty; and

e for all v; € V4 and vy € V5, either vy is strongly antiadjacent to ve, or v; € A; and vo € As, or
v1 € By and v € Bs.

We call the triple (Vp, Vi, V2) a generalized 2-join, and if Vi = () we call the pair (V1, V) a 2-join.
(This is closely related to, but not exactly the same as, what has been called a 2-join in other papers.)

We use one more decomposition, the following. Let (V1,V5) be a partition of V(G), such that for
i = 1,2 there are strong cliques A;, B;, C; C V; with the following properties:



e V1, V5 are both nonempty;
e for i = 1,2 the sets A;, B;, C; are pairwise disjoint and have union V;;

e if v; € V] and vy € Vo, then vy is strongly adjacent to vy unless either v; € A; and vo € As, or
v1 € By and vy € By, or v; € (1 and vy € Cy; and in these cases v1, vo are strongly antiadjacent.

In these circumstances we say that G is a hez-join of G|V; and G|V,. Note that if G is expressible
as a hex-join as above, then the sets A1 U By, By U Cy and C7 U Ay are three strong cliques with
union V(G), and consequently no trigraph with four pairwise antiadjacent vertices is expressible as
a hex-join.

Next, we list some basic classes of trigraphs. First some convenient terminology. If H is a graph
and G is a trigraph, we say that G is an H-trigraph if V(G) = V(H), and for all distinct u,v € V(H),
if u,v are adjacent in H then they are adjacent in G, and if u, v are nonadjacent in H then they are
antiadjacent in G.

e Line trigraphs. Let H be a graph, and let G be a trigraph with V(G) = E(H). We say that
G is a line trigraph of H if for all distinct e, f € E(H):

— if e, f have a common end in H then they are adjacent in GG, and if they have a common
end of degree at least three in H, then they are strongly adjacent in G

— if e, f have no common end in H then they are strongly antiadjacent in G.

We say that G € Sy if G is isomorphic to a line trigraph of some graph. It is easy to check
that any line trigraph is claw-free.

e Trigraphs from the icosahedron. The icosahedron is the unique planar graph with twelve
vertices all of degree five. For k = 0,1,2,3, icosa(—k) denotes the graph obtained from the
icosahedron by deleting k pairwise adjacent vertices. We say G € S if G is a claw-free icosa(0)-
trigraph, icosa(—1)-trigraph or icosa(—2)-trigraph. (We prove in 5.1 and 5.2 below that for
k = 0,1, every claw-free icosa(—k)-trigraph G satisfies F'(G) = () and therefore is a graph; and
every claw-free icosa(—2)-trigraph G satisfies |F(G)| < 2.)

e The graphs S;. Let G be the trigraph with vertex set {vi,...,v13}, with adjacency as fol-
lows. wi-----vg is a hole in G of length 6. Next, v7 is adjacent to vy, vo; vg is adjacent to
vy, v5 and possibly to vr; vg is adjacent to vg, vy, ve,vs; v1g is adjacent to wvs, vy, vs, Vg, Vo; V11
is adjacent to vs,v4, vg, v1, Vg, V10; V12 is adjacent to v, v3, v, vg, Vg, V10; and vi3 is adjacent to
v1, V9, V4, U5, U7, Vs. INO other pairs are adjacent, and all adjacent pairs are strongly adjacent
except possibly for vy, vg and vg, v19. (Thus the pair v7vg may be strongly adjacent, semiadja-
cent or strongly antiadjacent; the pair vgvyg is either strongly adjacent or semiadjacent.) We
say H € Sy if H is isomorphic to G\ X, where X C {v7,v11,v12,v13}.

e Long circular interval trigraphs. Let 3 be a circle, and let F, ..., Fi C 3 be homeomorphic
to the interval [0, 1]. Assume that no three of Fi, ..., Fy have union ¥, and no two of Fi, ..., Fy
share an end-point. Now let V' C X be finite, and let G be a trigraph with vertex set V in
which, for distinct u,v € V,



— if u,v € F; for some 7 then u, v are adjacent, and if also at least one of u, v belongs to the
interior of F; then wu,v are strongly adjacent

— if there is no ¢ such that u,v € F; then u,v are strongly antiadjacent.

Such a trigraph G is called a long circular interval trigraph. We write G € S3 if G is a long
circular interval trigraph. (“Long” refers to the fact that no three of Fi, ..., F; have union ¥;
in later papers we shall need to omit this condition.)

Modifications of L(Kj). Let H be a graph with seven vertices hy,...,h7, in which h7 is
adjacent to hg and to no other vertex, hg is adjacent to at least three of hy,..., hs, and there
is a cycle with vertices hi-ho- - ---hs-hy in order. Let J(H) be the graph obtained from the line
graph of H by adding one new vertex, adjacent precisely to those members of E(H) that are
not incident with hg in H. Then J(H) is a claw-free graph. Let G be either J(H) (regarded
as a trigraph), or (in the case when hy, hs both have degree two in H), the trigraph obtained
from J(H) by making the vertices hghy, h1hs € V(J(H)) semiadjacent. Let Sy be the class of
all such trigraphs G.

The trigraphs S5. Let n > 2. Construct a trigraph G as follows. Its vertex set is the
disjoint union of four sets A, B,C and {di,...,ds}, where |A| = |B] = |C| = n, say A =
{ai,...,an}, B = {b1,...,by} and C = {c1,...,cn}. Let X C AUBUC with [ X NA[,|X N
B|,|X NC| < 1. Adjacency is as follows: A, B,C are strong cliques; for 1 <14,j <n, a;,b; are
adjacent if and only if i = j, and ¢; is strongly adjacent to a; if and only if i # j, and ¢; is
strongly adjacent to b; if and only if ¢ # j. Moreover

— a; is semiadjacent to ¢; for at most one value of ¢ € {1,...,n}, and if so then b; € X
— b; is semiadjacent to ¢; for at most one value of i € {1,...,n}, and if so then a; € X
— a; is semiadjacent to b; for at most one value of ¢ € {1,...,n}, and if so then ¢; € X

— no two of A\ X, B\ X, C\ X are strongly complete to each other.

Also, dj is strongly AUBUC-complete; ds is strongly complete to AUB, and either semiadjacent
or strongly adjacent to dj; ds is strongly complete to A U {da}; d4 is strongly complete to
BU{dy,ds}; ds is strongly adjacent to ds, ds; and all other pairs are strongly antiadjacent. Let
the trigraph just constructed be G, and let H = G|(V(G) \ X). Then H is claw-free; let S5 be
the class of all such trigraphs H.

Near-antiprismatic trigraphs. Let n > 2. Construct a trigraph as follows. Its vertex
set is the disjoint union of three sets A, B,C, where |A| = |B| = n+ 1 and |C| = n, say
A = {ap,a1,...,a,}, B = {bg,b1,...,b,} and C = {c1,...,¢c,}. Adjacency is as follows.
A, B, C are strong cliques. For 0 <14, j < n with (7,7) # (0,0), let a;, b; be adjacent if and only
if i =j,and for 1 <i <nand 0 <j <nlet ¢; be adjacent to aj,b; if and only if ¢ # j # 0.
ag, bp may be semiadjacent or strongly antiadjacent. All other pairs not mentioned so far are
strongly antiadjacent. Now let X € AU B UC \ {ag,bp} with |C'\ X| > 2. Let all adjacent
pairs be strongly adjacent except:

— a; is semiadjacent to ¢; for at most one value of ¢ € {1,...,n}, and if so then b; € X

— b; is semiadjacent to ¢; for at most one value of i € {1,...,n}, and if so then a; € X



— a; is semiadjacent to b; for at most one value of ¢ € {1,...,n}, and if so then ¢; € X

Let the trigraph just constructed be G, and let H = G|(V(G) \ X). Then H is claw-free; let
Sg be the class of all such trigraphs H. We call such a trigraph H near-antiprismatic, since
making ag, by strongly adjacent would produce an antiprismatic trigraph.

e Antiprismatic trigraphs. Let us say a trigraph is antiprismatic if for every X C V(G) with
|X| =4, X is not a claw and there are at least two pairs of vertices in X that are strongly
adjacent. We give a structural description of such trigraphs elsewhere (for instance, the first
two papers of this series [1, 2] describe all antiprismatic trigraphs that are graphs). Let S; be
the class of all antiprismatic trigraphs.

Now we can state the main result of this paper, the following.

3.1 Let G be a claw-free trigraph. Then either
e GeSU---USy, or

o G admits either twins, a nondominating W-join, a 0-join, a 1-join, a generalized 2-join, or a
hezx-join.

The proof is given in the final section of the paper. We postpone to future papers the problem
of converting this decomposition theorem to a structure theorem.

4 More on decompositions

Before we begin the main proof, it is helpful to develop a few tools that will enable us to prove more
easily that trigraphs are decomposable. First, here is a useful decomposition. Suppose that there is
a partition (V1,Va, X) of V(G) such that X is a strong clique, and |V1],|Va2| > 2, and V; is strongly
anticomplete to V5. In these circumstances we say that X is an internal clique cutset. This is not
one of the decompositions used in the statement of the main theorem (indeed, it is not the inverse
of a composition that preserves being claw-free, unlike the other decompositions we mentioned).
Nevertheless, we win if we can prove that our trigraph admits an internal clique cutset, because of
the following, proved in [3]. We say that a trigraph G is a linear interval trigraph if the vertices of
G can be numbered v1,...,v, such that for all 4,7 with 1 <7 < j < n, if v; is adjacent to v; then
{vi,vigy1,...,vj_1} and {vi1,viq2,...,v;} are strong cliques. (Every such trigraph is a long circular
interval trigraph, as may easily be checked.)

4.1 Let G be a claw-free trigraph. If G admits an internal clique cutset, then either G is a linear
interval trigraph, or G admits either a 1-join, a 0-join, a coherent W-join, or twins.

For brevity, let us say that G is decomposable if it admits either a generalized 2-join, or a 1-join,
or a 0O-join, or a nondominating W-join, or twins, or an internal clique cutset, or a hex-join. There
follow four lemmas that will speed up our recognition of decomposable trigraphs.

4.2 Let G be a claw-free trigraph, and let A,C C V(QG) be disjoint, such that



A is a strong clique

if C =10 then |A| > 1

every vertex in V(G) \ (AU C) is strongly C-anticomplete, and either strongly A-complete or
strongly A-anticomplete

V(G)\ (AUQ)| > 2.

Then G is decomposable.

Proof. If C is empty then |A| > 1 and any two members of A are twins. So we may assume that
C is nonempty. If A is strongly anticomplete to C' then G' admits a 0-join, so we may assume that
a € A and c € C are adjacent. Let Y be the set of vertices in V(G) \ (AU C) that are A-complete,
and let Z =V (G)\ (AUCUY). If y1,y2 € Y, then since {a,c,y1,y2} is not a claw, it follows that
Y1, Y2 are strongly adjacent, and so Y is a strong clique. If Z is nonempty then (AUC, Y UZ) is a
1-join, so we assume that Z is empty. But |Y| > 2 by hypothesis, and all members of Y are twins,
and so GG is decomposable. This proves 4.2. [ ]

4.3 Let G be a claw-free trigraph, and let (A, B) be a homogeneous pair in G.

e If (A, B) is nondominating and at least one of A, B has cardinality > 1, then G admits twins
or a nondominating W-join.

e [f (A, B) is dominating and coherent, A is not strongly anticomplete to B, and AUB # V(G),
then G admits a hex-join.

In either case G is decomposable.

Proof. Suppose that (A, B) is nondominating and at least one of A, B has cardinality > 1, say
|A| > 1. If B is either strongly complete or strongly anticomplete to A then the elements of A are
twins, and otherwise (A, B) is a nondominating W-join. Thus in this case G is decomposable.

Now suppose that (A, B) is dominating and coherent, A is not strongly anticomplete to B, and
AUB#V(G). Let V=V(G) \ (AU B); thus V # (. Let X,Y be the sets of vertices in V that are
strongly adjacent to A, and strongly adjacent to B, respectively. Since (A, B) is a homogeneous pair,
every vertex in V' \ X is strongly antiadjacent to A, and similarly for B; since (A4, B) is dominating,
it follows that X UY = V; and since (A, B) is coherent, X NY is a strong clique. We claim that
X \Y is a strong clique; for suppose not. Let u,v € X \'Y be antiadjacent. Choose a € A and b € B,
adjacent (this is possible since A is not strongly anticomplete to B by hypothesis). Then {a,b,u, v}
is a claw, a contradiction. This proves that X \ Y is a strong clique, and similarly so is Y \ X.
Moreover, A and B are strong cliques, since (A, B) is a homogeneous pair. But then if we define
P=X\Y,P,=Y\Xand Ps;=XNY, and Q1 = B,Q2 = A, Q3 = (), we see that each of the sets
Py, Py, P3,Q1,Q2,Qs is a strong clique, and their union is V(G), and P; is strongly anticomplete to
Q; if i = j, and otherwise P; is strongly complete to @Q;. Since A, B # 0 and V # 0, it follows that
then G admits a hex-join. This proves 4.3. [ |



We say a triple (A, C, B) is a breaker in G if it satisfies:
e A, B,C are disjoint nonempty subsets of V(G), and A, B are strong cliques

e every vertex in V(G) \ (AU B UC) is either strongly A-complete or strongly A-anticomplete,
and either strongly B-complete or strongly B-anticomplete, and strongly C-anticomplete

e there is a vertex in V(G) \ (AU BUC) with a neighbour in A and an antineighbour in B; there
is a vertex in V(G) \ (AU B U (') with a neighbour in B and an antineighbour in A; and there
is a vertex in V(G) \ (AU B UC) with an antineighbour in A and an antineighbour in B

e if A is strongly complete to B, then there do not exist adjacent z,y € V(G) \ (AU BUC) such
that = is AU B-complete and y is A U B-anticomplete.

The reason for interest in breakers is that they allow us to deduce that our trigraph admits one
of our decompositions, without having to figure out which one, in view of the following theorem.

4.4 Let G be a claw-free trigraph. If G admits a breaker, then G admits either a 0-join, a 1-join,
or a generalized 2-join.

Proof. Let (A;,C1,B1) be a breaker; let Vi = A1 U By U C, let V) be the set of all vertices
not in V; that are Ay U Bi-complete, and let Vo = V(G) \ (V4 U Vp). Let As be the set of Ap-
complete vertices in V3, and Bs the set of Bj-complete vertices in V,. Let Co = V5 \ (A2 U By). By
hypothesis, As, Bo, Cy are all nonempty. If (' is strongly anticomplete to A; U By, then G admits
a 0-join, so from the symmetry we may assume that C] is not strongly anticomplete to A;. Since
Ay UCT U Ay UV includes no claw, it follows that As U Vj is a strong clique. We claim that also
By UV is a strong clique. For suppose not; then by the same argument, C] is strongly anticomplete
to Bi. Let A’ be the set of vertices in A; with a neighbour in C;. Since By # () and we may assume
that (C1UA", V(G)\ (C1UA)) is not a 1-join, it follows that A’ is not strongly anticomplete to Bj.
Consequently some vertex a € A; has a neighbour b € By and a neighbour ¢ € Cy; and since C is
anticomplete to By, it follows that {a,b,c,as} is a claw (where as € As) a contradiction. This proves
that By UV is a strong clique.

Suppose that Vj is not strongly anticomplete to Cs, and choose z € Vy and y € Cs, adjacent.
By hypothesis, Ay is not strongly complete to By; choose a € A1 and b € By, antiadjacent. Then
{z,y,a,b} is a claw, a contradiction. It follows that V{ is strongly anticomplete to C, and conse-
quently (Vp, V1, V2) is a generalized 2-join. This proves 4.4. [ |

Here is another shortcut, this time useful for handling hex-joins.

4.5 Let G be a claw-free trigraph, and let A, B, C be disjoint nonempty strong cliques. Suppose that
every verter in V(G) \ (AU BUC) is strongly complete to two of A, B,C and strongly anticomplete
to the third. Suppose also that one of A, B,C has cardinality > 1, and AUBUC # V(G). Then G
admits either a hex-join, or a nondominating W-join, or twins.

Proof. Let V; = AUBUC, and V5 = V(G) \ V1. Let Az be the set of vertices in V5 that are
anticomplete to A, and define By, Cy similarly. If As, Bo, Cy are strong cliques, then G is the hex-
join of G|V; and G|V, so we may assume that there exist antiadjacent u,v € As. For w € A and
x € BUC, {x,w,u,v} is not a claw, and so w,z are strongly antiadjacent; and consequently A is



strongly anticomplete to BU C'. Thus (B, C) is a homogeneous pair, and it is nondominating since
A is nonempty; so by 4.3 we may assume that |B|,|C| = 1, and therefore |A| > 1 by hypothesis, and
yet every two members of A are twins. This proves 4.5. [ |

5 The icosahedron

Our first main goal is to prove that claw-free trigraphs that include a “substantial” line trigraph
either are line trigraphs or are decomposable. To make this theorem as useful as possible, we want
to weaken the meaning of “substantial” as far as we can; and on the borderline where the theorem
is just about to become false, there are two situations where the theorem is false in a way we can
handle. It is convenient to deal with them first before we embark on line trigraphs in general. We do
one in this section and the other in the next, and then start on line trigraphs proper in the section
after that. Some general notation; if G is a trigraph and v € V(G), we denote by N¢(v) the union of
{v} and the set of all neighbours of v in G, and by N} (v) the union of {v} and the set of all strong
neighbours of v in G. (Sometimes we abbreviate these to N(v), N*(v) when the dependence on G is
clear.)

In this section we study the icosahedron and some of its subgraphs. We begin by proving the
assertions of the previous section about icosa(—k) for k= 0,1,2.

5.1 Let G be a claw-free icosa(0)-trigraph or a claw-free icosa(—1)-trigraph. Then F(G) = .

Proof. Let H be a graph obtained from the icosahedron by deleting one vertex, and let G be a
claw-free H-trigraph. We must show that F'(G) = (). Number V(H) as {v1,...,v11}, where for
1 <i < j <10, v; is adjacent to v; if either j —¢ < 2 or j —¢ > 8, and vy is adjacent to
v1, V3, Us, U7, Vg, and all other pairs are nonadjacent in H. We recall that V(G) = V(H), and every
pair of vertices that are adjacent in H are adjacent in GG, and every pair that are are nonadjacent
in H are antiadjacent in G. We show first that all pairs that are nonadjacent in H are strongly
antiadjacent in G. From the symmetry, it suffices to check three pairs, namely vovy1, v1v7 and vivg.
Since {va,v11,v4,v10} is not a claw, v1; is strongly antiadjacent to ve in G since {vi,vs,v7,v10} is
not a claw, v; is strongly antiadjacent to v7; and since {vg,v1,v4,vs} is not a claw, vy is strongly
antiadjacent to vg. This proves that all pairs that are nonadjacent in H are strongly antiadjacent in
G.

Next we claim that all pairs that are adjacent in H are strongly adjacent in GG. Again, from the
symmetry it suffices to check four pairs, namely vjv11, v1v2, v1V3, VovV19. Since {vs, vy, v1,v11} is not
a claw, vy, v1; are strongly adjacent; since {vs, vs,v1,v2} is not a claw, v1,ve are strongly adjacent;
since {v11,v7,v1,v3} is not a claw, vy, vs are strongly adjacent; and since {v1,v11,v2,v10} is not a
claw, ve,v1g are strongly adjacent. This proves that all pairs that are adjacent in H are strongly
adjacent in G. Consequently F(G) = ().

Next we assume that H is the icosahedron and G is a claw-free H-trigraph. Again we must show
that F'(G) = (. Suppose not, and choose v € V(G) such that some member of F(G) does not contain
v. Then deleting v from G yields a claw-free H \ {v}-trigraph G’ with F(G") # (), a contradiction to
what we proved before. This proves 5.1. [ ]

Next we need a similar statement for icosa(—2). This graph has ten vertices, and they can be
labelled as

{alablaCl>d17a2762>027d2767f}7



where its edges are the pairs a;c;, b;jc;, a;d;, bid;, c;d;, ae,d;e, b, f,d; f for i = 1,2, together with
aiag,biby and ef.

5.2 Let H be icosa(—2), and let G be a claw-free H-trigraph. Label the vertices of H as above.
Then F(G) g {albl,agbg}.

Proof. We claim first that every pair of vertices that is adjacent in H is strongly adjacent in G. To
show this, it suffices from the symmetry to check the pairs

aici,aiaz,ardy,are,cidy, die, ef.

Because {dy, f,a1,c1} is not a claw, it follows that aj,c; are strongly adjacent; and the other six
pairs follows similarly, since the sets

{67 f,al,ag},{e,dg,al,dl},{dl,bl,al,e},{al,a2,61,d1},{f, bg,dl,€},{d1,01,€, f}

are not claws, respectively. Now to check the pairs that are nonadjacent in H, it suffices to check
the pairs

c1e, c1az, €102, c1dy, dyag, didz, a1 f, arba, arb;.
Since {e, c1,ag, f} is not a claw, ¢, e are strongly antiadjacent. Similarly the next seven pairs listed
are strongly antiadjacent, because the sets

{a27 C1, 6702}7 {02)cl)a27 b2}7 {d2,01,a2, b2}7 {dl,GQ,Cl, f}7 {d1>d27 az, b2}7 {f)ala b17 d?}) {62)a17 b17 CQ}

respectively are not claws. (The last pair a;b; cannot be shown strongly adjacent this way.) This
proves 5.2. |

Frequently we assume that our current claw-free trigraph G has an induced subtrigraph H that
we know, and we wish to enumerate all the possibilities for the neighbour set in V(H) of vertices in
V(G)\ V(H). And having done so, then we try to figure out the adjacencies between the vertices
in V(G)\ V(H). To aid with that, here are three trivial facts that are used so often that it is worth
stating them explicitly. (All three proofs are obvious and we omit them.)

5.3 Let G be a claw-free trigraph, and let v € V(G); then Ng(v) includes no triad.

5.4 Let G be claw-free, let X C V(G), and let v € V(G) \ X. Then there is no path of length 2 in
G| X with middle vertex in Ng(v) and with both ends not in N} (v).

5.5 Let G be claw-free, and let X C V(G). Let u,v € V(G)\X have a common neighbour a € X and
a common antineighbour b € V(H). If a,b are distinct and adjacent then u,v are strongly adjacent.

The icosahedron is claw-free, and in this section we study claw-free trigraphs which contain it
(or most of it) as an induced subtrigraph.

5.6 Let G be claw-free, containing an icosa(—1)-trigraph. Then either G € Sy, or two vertices of
G are twins, or G admits a 0-join. In particular, either G € S1, or G is decomposable.
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Proof. Since G contains an icosa(—1)-trigraph, 5.1 implies that there exist disjoint strong cliques
Vi,..., Vi1, Vig in V(G), such that

e V1,..., Vi1 are nonempty (possibly Vi = 0)

o for 1 <17 < j <10, V;,V; are strongly complete if either j —47 < 2 or j —i > 8, and otherwise
Vi, Vj are strongly anticomplete

e for 1 < i < 10 and j € {11,12}, if ¢, j are both odd or both even then V;,V; are strongly
complete, and otherwise they are strongly anticomplete.

Let W be the union of Vi,...,Vis, and choose these cliques with W maximal. Suppose first that
W = V(G). If some V; has at least two members, then they are twins, so we may assume that
Vil =1for 1 <i <11 and |Vi2| < 1; but then G € §;. We may therefore assume that W # V(G).
If V(G) \ W is strongly anticomplete to W then G admits a 0-join, so we may assume that there
exists v € V(G) \ W such that N(v) "W # 0. Let N = Ng(v) N W and N* = Nj(v) N W.

Suppose first that there exists v1; € N NVy1. For v1 € Vi and vs € V5, 5.4 applied to the path
v1-v11-v5 tells us that at least one of v1,v5 € N*, and so N* includes one of V7, V5. (We will need this
argument many times, and we speak of “5.4 applied to V;-V11-V5” or “5.4 with V1-V31-V5” for brevity.)
Similarly N* includes at least one of every antiadjacent pair of sets in the list Vi, V3, V5, V7, Vg, and
so we may assume that Vi, V3, V5 C N*, from the symmetry. From 5.3, NN Vg, NNVis = (). Suppose
that N N V7, N N Vy are both nonempty. Then 5.3 implies that N is disjoint from V5, Vy, Vi, Vio;
5.4 applied to Vo-Vi-Vy implies that Vo C N*, and similarly V7 C N* and 5.4 applied to Vo-V1-Vi
implies that V17 € N*, and so v can be added to Ni1, contrary to the maximality of W. Hence from
the symmetry we may assume that N N Vy = (). By 5.4 with V5-V;-Vj, it follows that V5 C N*, and
by 5.3, it follows that N N Vg = (). By 5.4 with V5-V7-Vy, NN Vz = 0, and by 5.4 with V;-V5-V7,
V4 € N*. By 5.3, NNVig = 0, and by 5.4 with V;1-V5-Vg, Vi1 € N*. But then v can be added to V3,
contrary to the maximality of W. This proves that NN Vy; = . If V15 # (), then from the symmetry
between Vi, ..., Via, it follows that N NV; = () for 1 < < 12, a contradiction. Thus Vis = 0.

Suppose next that N NV; # (. By 5.4 with V41-V1-V,, Vo € N*, and similarly Vo € N*. By
5.4 with V3-V1-Vgy, one of V3,Vy C N*, and from the symmetry we may assume that V3 C N*. By
5.4 with V;-V3-Vi1, V4 € N*. By 5.3, N is disjoint from Vg, V7, Vs. By 5.4 with V5-V5-Vi1 and with
Vs-Vo-V11, N is disjoint from Vs, Vy; and by 5.4 with V;-V3-V5, Vi1 € N*. But then v can be added
to Vo, contrary to the maximality of W.

Hence N is disjoint from V7, and similarly from V3, V5, V7, Vy. By 5.4 with V1-V5-V; and Vo-Vy-Vs,
it follows that either N* includes Vo UV or N is disjoint from V5 U Vy; and the same holds for all
adjacent pairs of Vo, V4, Vi, Vs, Vig. Since N is nonempty, it follows that N* = Vo UV, U Vg U Vg U Vig.
But then v can be added to Vio, contrary to the maximality of W. This proves 5.6. [ |

5.6 handles claw-free trigraphs that contain icosa(—1)-trigraphs; next we need to consider icosa(—2).

5.7 Let G be a claw-free trigraph containing an icosa(—2)-trigraph. Then either G € S1, or G is
decomposable.

Proof. Since G contains an icosa(—2)-trigraph, we may choose ten disjoint nonempty strong cliques
Al, Bl, Cl, AQ, BQ, Cg, Dl, DQ, E, Fin G, satisfying:
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e The following pairs are strongly complete: Aj;As, BiBs, EF, and for ¢ = 1,2, the pairs
A;Ci, BiCi, AiD;, BiD;, C;D;, A;E, D; E, B;F, D; F.

e The pairs A1 By and Ay By are not strongly complete (but not necessarily anticomplete).
e All remaining pairs are strongly anticomplete.

Let us choose such a set of cliques with maximal union W say. Suppose first that W = V(G).
Then (A, By) is a homogeneous pair, nondominating since Cy # ), and so by 4.3 we may assume
|A1| = |B1] = 1, and similarly |As| = Ba| = 1. If one of the other six cliques has cardinality > 1,
say X, then the members of X are twins and the theorem holds. If all ten cliques have cardinality
1 then G € &y, as required. So we may assume that W # V(G). If W is strongly anticomplete to
V(G) \ W, then G admits a 0-join, so we may assume that there exists v € V/(G) \ W with N # (),
where N = Ng(v) N W. Let N* = NA(v) N W.

(1) At least one of NN C1, N NCy is nonempty.

For suppose that N N C; = () for i = 1,2. Suppose first that N N Ay # (). Then 5.4 (with C1-A;-As
and A;-As-Cy) implies that Ay, A1 € N*. 54 (with C1-A;-F) implies that £ C N*. Suppose in
addition that N N (B; U By) # (. Then from the symmetry, By U Bo U F' C N*; and 5.3 (with
A1, B1, Dy and Ag, Bo, D1) implies that N is disjoint from Dj, Do, contrary to 5.4 (with Di-FE-Ds).
So NN(B1UBy) = 0. 5.4 (with D1-E-Ds) implies that N* includes one of Dy, Dy, say D1; 5.4 (with
C1-D1-F) implies that F' C N*; 5.4 (with By-F-Ds) implies that Dy C N; but then v can be added
to E, contrary to the maximality of W. This proves that N is disjoint from A;, and by symmetry
from By, Ay, Bs. 5.4 (with A1-D1-By) implies that N N Dy = ), and by symmetry N N Dy = ); and
then 5.4 (with Di-E-Dy and Dy-F-Ds) implies that N is disjoint from E,F. But then N = ), a
contradiction. This proves (1).

(2) Both NN Cy, N NCy are nonempty.

For suppose not; then from (1) and the symmetry, we may assume that NN Cy # ) and NN Cy = 0.
Suppose first that NN Ay # (). Then 5.4 (with A;-As-Co and with E-Ay-Cy) implies that A, E C N*.
5.3 (with Ay, C1, F) implies that N N F = (). 5.4, applied in turn to the triples As-E-F; Cy-Bo-F;
Co-Do-F'; D1-E-Dy; C1-D1-F implies that Ay C N*; NN By = @; NNDy = @; Dy C N*, and
C1 € N*. But then v can be added to Aj, contrary to the maximality of W. This proves that
NN Ay = 0, and by symmetry N N By = (. 5.4 (with As-Ds-Bs) implies that N N Dy = . 5.4
(with A;-C1-Bj) implies that N* meets one of Ay, By. (Recall that A; is not necessarily strongly
anticomplete to By, so we cannot deduce that N* includes one of Ay, By). 5.4 (with D1-A;-As if N
meets Ay, and D;-B;-Bs otherwise) implies that D; € N*. Suppose first that IV is disjoint from both
E,F. Then 5.4 (with B1-D1-FE and A;-D1-F) implies that By, A; C N*, and 5.4 (with As-A;-C1)
implies that C7 € N*. But then v can be added to C, contradicting the maximality of W. Hence
N is not disjoint from both E, F, and from the symmetry we may assume that NN E # (). 5.4 (with
Ag-E-F) implies that ' C N*, and from symmetry £ C N*. 5.4 (with A1-E-D5) implies 47 C N*,
and by symmetry B; C N*; and 5.4 (with C1-A1-As) implies that C; C N*. Then v can be added
to Di, contrary to the maximality of W. This proves (2).
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From (2) and 5.3, N is disjoint from E,F. Since A;, By are not strongly complete, 5.3 (with
A1-B1-Cs) implies that A1 UB; € N; and so 5.4 (with A;-D1-F if Ay € N, and By-D1-FE otherwise)
implies that Dy NN = (). Similarly Do N N = (). Since A, By are not strongly complete, 5.4 (with
A1-C1-By) implies that N meets at least one of Ay, By, say A;. Then 5.4 (with D;-A;-As) implies
Ay C N*, and by symmetry A; C N*. Similarly, if N N (B; U By) # (), then B; U By C N*, contrary
to 5.3 (with As, By, C1), and so N N (By U By) = (). Then G contains an icosa(—1)-trigraph (choose
one vertex from each of the ten cliques, choosing neighbours of v from C4, (%, and such that for
i = 1,2 the representatives of A;, B; are nonadjacent; and take v as the eleventh vertex). Then the
theorem holds by 5.6. This proves 5.7. [ ]

Next we need to consider deleting from the icosahedron two vertices at distance two. This is a
case of what we call an “XX-configuration”. Let J be a graph with ten vertices

ag, az, bla b27 b37 C1,C2,C3, dlu d27
where the following pairs are adjacent:
didz, and a;b;, a;c;, bici, bid;, c;id;, bbs, cic3, d;bs, d;cg for i = 1,2,

and possibly the edge ajas. Let H be a claw-free J-trigraph. We call any such trigraph H an
XX-configuration.
We need the following lemma:

5.8 Let J be as above, with vertices labelled as above, and let H be a claw-free J-trigraph. Then
F(H) - {alag, dldg}.

The proof is straightforward and we leave it to the reader.

5.9 Let G be a claw-free trigraph containing an XX-configuration. Then either G € S§ U Ss, or G
18 decomposable.

Proof. Since G contains an XX-configuration, by 5.8 we may choose fourteen disjoint subsets
Ala AQ: A37 B17 BQ: B37 017 027 037 Dlu D27 Ela E27 Fu
with the following properties:

e all fourteen sets are strong cliques except possibly As; and the ten sets
A17A27B17327B37017027037D17D2
are nonempty

e the pairs
A;B;, A;Cy, B;C;, B;Bs, C;Cs, B;D;, C; D;, B3D;, C3D;

are strongly complete for ¢ = 1,2; E; is strongly complete to By, Bs, D1, Do, C5,Cy; Es is
strongly complete to Be, B3, D1, Do, C3, C1; and F'is strongly complete to Ay, By, Cy, As, Bo, Cs.
All other pairs of the fourteen subsets named are strongly anticomplete, with the possible ex-
ception of DlDQ, AlAQ, AlAg, A2A3
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e D, is not strongly anticomplete to Ds.

Consequently we may choose these fourteen sets with maximal union W say.

Suppose first that W = V(G). Any two vertices of By are twins in G, and the same holds
for Bs, B3, C1,C5,Cs, Ey, Es, F, and so we may assume that these sets all have cardinality at most
one (and therefore the first six of them have cardinality exactly one.) Moreover, (Dq,Ds) is a
homogeneous pair, nondominating since A; # (), and so by 4.3, we may assume that Dy, Dy both
have cardinality 1. Now every vertex not in Ay U As U Ag is either strongly Aj-complete or strongly
Aj-anticomplete, and either strongly As-complete or strongly As-anticomplete, and strongly As-
anticomplete. Also, if z,y € V(G) \ A1 U A2 U A3 and z is A; U Ag-complete and y is Ay U As-
anticomplete, then x € F and y € B3 U C3 U D1 U Dy U E; U Es, and so z,y are not adjacent.
Consequently if A3 # () then (A;, A3, As) is a breaker, and the theorem holds by 4.4, so may assume
that A3 = (). Then (A1, Ay) is a homogeneous pair, nondominating since Dy # (), and therefore by
4.3 we may assume that |A;| =1 for i = 1,2. But then G € Sy, and the theorem holds.

We may therefore assume that W # V(G). If W is strongly anticomplete to V(G) \ W then G
admits a 0-join, so we may assume that there exists v € V(G)\W with N # (), where N = Ng(v)NW.
Let N* = Ng&(v) N W.

First assume that N N B3, N N C3 # (). By 5.3, N is disjoint from A; U As U A3. By 5.4 (with
B1-Bs-Bs), N* includes one of By, Bg, and we may assume that it includes By from the symmetry.
By 5.3, NN By = (). By 5.4 applied in turn to Bo-Bs-Dq, A1-B1-Bs, A1-B1-E1, A1-F-Bs we deduce
that Dy C N*, B3 C N*, E; C N*, and NN F = (). Suppose that N N C} is nonempty. By 5.3,
N N Cy = (; by 5.4 applied in turn to C1-C3-Cy, C3-C1-A; and Cy-Cs-FEs, we deduce that Cy C N*,
C3 C N*, and F5 C N*; but then v can be added to D1, contrary to the maximality of W. Thus
NNCy = 0. By 5.4, applied to Ds-C3-Cy, C1-C3-Cy, Bs-Do-C3, and Ci-Fs-Bsy, we deduce that
Dy C N*, Cy C N*, C3 C N* and N N Ey = (; but then v can be added to Ej, contrary to the
maximality of W.

So we may assume that N is disjoint from one of B3y and (3, say C3. Next assume that N meets
both D1 and DQ. By 5.4 (Wlth Bg—Dl—Cg), Bg - N*. By 5.4 (Wlth Bl—Dl—Cg), Bl - N*, and
similarly Bs C N*. By 5.3, N is disjoint from A; U Ay U As. By 5.4 (with A;-By-Dq), D1 € N*, and
similarly Do C N*. By 5.4 (with A1-C1-C5), N N C; = 0, and similarly N N Cy = (). By 5.4 applied
to A;-B;-FE; for i = 1,2 and to C1-F-Cs, we deduce that Ey, B C N* and NN F = (). But then v
can be added to Bs, contrary to the maximality of W.

So we may assume that N is disjoint from both Cs and D5y say. Choose d; € Dy and do € Do,
adjacent. Suppose that dy € N. By 5.4, applied in turn to By-di-C3, Bs-d1-Cs, Ci-dy-do, and
A1-C1-C5 we deduce that By C N*, B3 C N*, C; € N* and Ay C N*. By 5.3, NN(ByUCy) =0
and N N (A2 @] Ag) = @ By 5.4 applied to BQ—Bg—Dl, El—Bg—DQ, BQ—EQ—Cg and F—Cng, we deduce
that D; C N*, By C N*, NN Ey; =), and FF C N*. But then v can be added to By, contrary to the
maximality of W.

Hence d; ¢ N. Suppose next that N N Bs is nonempty. By 5.4 (with d;-Bs-Bsy), By C N*,
and similarly B; C N*. By 5.4 (with dy1-B1-A1), A1 € N*, and similarly Ay C N*. By 5.3, A; is
complete to Ay, and for the same reason, N is disjoint from A3 UC7 U CyU Dq. But then G contains
an icosa(—1)-trigraph (choose one vertex from each of the eight sets Ay, Ay, By, B, B3, C1,Cso,Cs,
together with dy, d2,v), and the theorem holds by 5.6.

So we may assume that N N B3 = (). By 5.4 (with B3-D1-C3), NN Dy =, and so N is disjoint
from all four of B3, Cs, D1, Dy. By 5.4 (with Bs-E;-Cs for i = 1,2) it follows that N is disjoint from
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Ey,Ey. If N intersects none of By, By, C1,Cy, then 5.4 (with By-F-Bs) implies that N N F = {),
and then v can be added to As, contrary to the maximality of W. So we may assume from the
symmetry that N meets B;. By 5.4 (with C1-B1-Bs), C1 € N*, and similarly By C N*; by 5.4 (with
Bs3-B1-A;p), A1 € N*; and by 5.4 (with B3-B;-F), F C N*. If N intersects either By or Co, then
similarly it includes As U By U Cy, and by 5.3, N is disjoint from Ag, but then v can be added to F',
contrary to the maximality of W. So we may assume that N is disjoint from Bs U C5. But then v
can be added to A1, contrary to the maximality of W. This proves 5.9. [ |

6 The second line trigraph anomaly

Now we handle the second peculiarity that will turn up when we come to treat line trigraphs. Let J
be a graph with eleven vertices

ai,az,as, bla b27 b3701702, 637d17 d27

and the following edges: for i = 1,2, {a;, b;, ¢;,d;} are cliques, and so are {b1, b, b3} and {c1, ca,c3};
di,ds are nonadjacent, and every other pair of as, b, c3,d1,ds are adjacent; and there are no other
edges except possibly ajas. We call any claw-free J-trigraph a YY-configuration. We begin with a
lemma:

6.1 Let J be as above, with vertices labelled as above, and let H be a claw-free J-trigraph. Then
F(H) C {d1d2, araz, a1a3, azas}.

The proof is straighforward (analogous to that of 5.1), and we leave it to the reader. The main result
of this section is the following.

6.2 Let G be a claw-free trigraph containing a YY-configuration. Then G is decomposable.

Proof. Since there is a YY-configuration in G, by 6.1 we may choose nine strong cliques A;- (1<
i,j < 3), with the following properties (for 1 < i < 3, A’ denotes A% U A U A%, and A; denotes
Al UAZU AD):

e these nine sets are nonempty and pairwise disjoint

o for 1 <i,5,4,5/ <3,if i #4 and j # j' then A; is strongly anticomplete to A;’,
o for 1 <j <3, Ajis a strong clique

o for i = 1,2, A’ is a strong clique

e A3 and A3 are not strongly complete to A3

o for 1 < j < 3, let S; be the set of all vertices that are strongly anticomplete to A; and
strongly complete to the other two of Ay, Ag, Az; then S; is not strongly complete to Sy (and
consequently Sp, Se are nonempty)

e subject to these conditions, the union W of the sets A; (1 <i,j <3) is maximal.
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(To see this, take a YY-configuration, with vertices aj,as, ... as before, and let AJI- = {bj},A? =
{cj},Ag? = {a;} for j = 1,2,3; then d;, dy belongs to Sy, S1 respectively.)

Let Z =V(G)\ (W US; USyUS3), and for i = 1,2, let H; be the set of vertices in A? that are
strongly antiadjacent to A3. Choose s; € S; and sy € S, antiadjacent.

(1) Every vertex in W U Sy U So U S3 with a neighbour in Z belongs to Hy U Ha.

For let v € Z, and let N, N* be respectively the intersections of Ng(v), N&(v) with WU.S1US2U Ss.
We will show that
Nﬂ(WUSlUSQUSP,) C Hy U Hs.

Assume for a contradiction that s1,s2 € N. We claim that A} C N*. For suppose not. 5.4 (with
Al-59-(A3 U A3)) implies that A7 U A3 C N*, and similarly A3 U A3 C N*. Since A} is not strongly
complete to A3, 5.3 (with A3, A3, A3) implies that A3 € N. 5.4 (with A}-so-A3 and A}-s1-A3) implies
that A}, AL C N* and then three applications of 5.3 imply that N N A3 = (). But then v € S3, a
contradiction. This proves our claim that A C N*, and similarly A2 C N*. Suppose that A3 ¢ N*.
Then for 1 <i,j <2, 5.4 (with Ag-Aé-A;) implies that A; C N*, and 5.3 implies that N is disjoint
from A3, contrary to 5.4 (with A$-s5-A3). Thus A3 C N*. Since v cannot be added to A3, N meets
one of the sets A; where 1 < 4,7 < 2, and from the symmetry we may assume that N N Al # 0. 5.3
implies that N is disjoint from A3, A3. If N meets AL, then similarly N is disjoint from A2, A3, and
5.4 (with A2-Aj-Al) implies that A} C N*, and similarly A} C N*; but then v can be added to A},
a contradiction. Thus N N A} = ). By 5.4 (with A}-A}-(42 U A3)), A2 U A3 C N*, and by 5.4 (with
A%-A%-A%), A% C N; but then v € Sy, a contradiction. This completes the case when sq,s0 € N.

Next assume (for a contradiction) that s; € N and sy ¢ N. Suppose first that A} ¢ N*. 5.4
(with A}-s1-(A3 U A3)) implies that A3 U A3 C N*; 5.4 (with so-A}-Al) implies that NN A} = (; 5.4
(with A}-s1-A3) implies A3 C N*; 5.3 (with A}, A3, A3) implies that NN A? = 0); and this contradicts
5.4 (with A3-A3-Al). This proves that A} C N*. Similarly A3 C N*. If A3 ¢ N*, then 5.4 (with
A3-Aj-A%) implies that A5 C N*, for i = 1,2 and j = 1,3; and then 5.3 implies that N is disjoint
from both A3, A3, contrary to 5.4 (with A3-s1-A3). Hence A3 C N*. Suppose that NN (AU A3) = 0.
Since v cannot be added to A3, it follows that N N (A} U A2) # 0, and from the symmetry we may
assume that N N Al # 0. 5.4 (with (A? U A3)-A]-A}) implies that A? U A3 C N*, and similarly
A}l C N*, and 5.3 implies that NN A3 = (J; but then v € S3, a contradiction. Thus NN (AU A3) # 0,
and from the symmetry we may assume that N N A} # (). Suppose that Al ¢ N*. Then 5.4 (with
A}-AL-(A3UA3)) implies that A3U A3 C N*; three applications of 5.3 imply that NN A; = 0; and 5.4
(with A3-A%-A}) implies that A} C N*; but then v € Sy, a contradiction. This proves that Al C N*.
By 5.3, NN A% = () for i = 2,3 and j = 1,3; and 5.4 (with A3-Aj-A3) implies that A} C N*. But
then v can be added to A%, a contradiction. This completes the case when s; € N and sy ¢ N.

We deduce that s; ¢ N, and similarly sy ¢ N. 5.4 (with s1-As-s9) implies that NN Ag = (). Sup-
pose that N N (A1 U A?) # (). Then 5.4 (with A}-A}-A3 and A3-A3-(A} U A3)) implies that A; C N*.
Also 5.4 (with sp-Al-A) implies that A} C N*, and so similarly Ay C N* and therefore v € Ss,
a contradiction. This proves that N N (A}l U A3) = 0, and similarly N N (A} U A3) = (. 5.4 (with
A}-Sp-A3) implies that N N Sy = @), and similarly N NSy = N NSz = 0. 5.4 (with Aj-(A7\ Hj)-A3)
implies that N N A;)? C Hj for j =1,2. Consequently N C Hy U Hy. This proves (1).
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(2) Let v e (W \ (HHUH3))US1USyUSs. Ifv e AU Sy USs then v is strongly complete to
Hy, and otherwise v is strongly anticomplete to Hi. An analogous statement holds for Hs.

For if v € A; U S U S3 then v is strongly complete to Hy, and if v € A3 U S; U Al U A2 then
v is anticomplete to Hy, so we may assume that v € A3. Let a3 € A3. Since v ¢ Ha, v has a neigh-
bour ag € Ag; and if v also has a neighbour h; € Hy, then {v, hy,a3, ag} is a claw, a contradiction.
Thus v is strongly anticomplete to Hy. This proves (2).

We claim that there do not exist adjacent =,y € (W \ (Hy U H2)) US; U Sy U S3 such that x is
Hy U Hy-complete and y is Hy U Ho-anticomplete. For suppose that such z,y exist. By (2), x € Ss,
and y € As; but then x,y are strongly antiadjacent, a contradiction. If Z # (), then (Hy, Z, Hs) is a
breaker, by (1) and (2), and the theorem holds by 4.4. We may therefore assume that Z = ). Now
S1, 52,83 are strong cliques by 5.5, and so G is the hex-join of G|W and G|(S1 U Sa U S3). This
proves 6.2. [ |

7 Line graphs

Our next goal is to prove that if a trigraph G is claw-free and contains an induced subtrigraph which
is a line trigraph of some graph H, and H is sufficiently nondegenerate, then either G itself is a line
trigraph or it is decomposable. It is helpful first to weaken slightly what we mean by a line trigraph.

If H is a graph and e, f € E(H), we say that e, f are cousins if they have no common end in H,
and there is an edge xy of H such that e is incident with x and f is incident with y and x,y both
have degree two in H. Let H be a graph, and let G be a trigraph with V(G) = E(H). We say that
G is a weak line trigraph of H if for all distinct e, f € E(H):

e if e, f have a common end in H then they are adjacent in G, and if they have a common end
of degree at least three in H, then they are strongly adjacent in G

e if ¢, f have no common end in H then they are antiadjacent in G, and if they are not cousins
in H then they are strongly antiadjacent in G.

We remark:

7.1 Let G be a claw-free trigraph with o(G) > 3 and |V(G)| > 7. If G is a weak line trigraph of
some graph H, then either G € Sy or G is decomposable.

Proof. We may assume that G is not decomposable, and that H has no vertex of degree zero. If
there do not exist any pair of cousins in E(H) that are semiadjacent in G, then G is a line trigraph
of H as required, so we suppose that a,b € E(H) are cousins that are semiadjacent in G. Let
v1, V2, U3, V4 be vertices of H such that a = vivg, b = v3vy, there is an edge ¢ = vovs, and vo, v3 both
have degree two in H.

Suppose first that ¢ has no neighbours in G except a,b. Let A, B,C, D be respectively the sets
of edges of H different from a,b, c that are incident with v; and not v4, v4 and not vy, neither of
v1,v4, and both vy, vy respectively. Since G is not decomposable, it follows that ({a}, {c},{b}) is not
a breaker, and so one of A, B,C' is empty. Suppose that C' = (). Then {a}, {b}, D are strong cliques,
and so are A, B, {c}; and each of the first triple is strongly complete to two of the second triple and
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anticomplete to the third, and so G is expressible as a hex-join, a contradiction. Thus C' # (), and
so we may assume that A = (). But then ({a,b,c¢} UD, BUC) is a 1-join, a contradiction.

Thus ¢ has a neighbour in G different from a,b; and so c is semiadjacent to some cousin of c.
Hence we may assume that there is a vertex vs of H adjacent to v4, so that vy has degree two,
and ¢, d are semiadjacent in G where d = v4vs; and vs # v9,v3,v4. Let A, B,C, D be respectively
the sets of edges of H different from a,b,c,d that are incident with v; and not vs, vs and not vy,
neither of vy, vs, and both vy, vs respectively. (Thus if v5 = v; then A = B = ().) Suppose that
vs = v1; then C' # () since o(G) > 3, and so ({a,b,c,d},C U D) is a 1-join, a contradiction. Thus
vy # vs. Since ({a},{b,c},{d}) is not a breaker, one of A, B,C is empty. Suppose that C' = 0.
Since (A, B) is a nondominating homogeneous pair, we may assume by 4.3 that |A|,|B| < 1. Since
[V(G)| > 7, it follows that D # 0, and so G is expressible as a hex-join, with the six cliques
AU {a},Bn{d},{b,c},0,0,D, a contradiction. Thus C # (), and we may therefore assume that
A = (. But then ({a,b,¢,d} UD,BUC) is a 1-join, a contradiction. This proves 7.1. [ |

In this paper, a separation of a graph H means a pair (A, B) of subsets of V(H), such that
AUB =V (H) and A\ B is anticomplete to B\ A. A k-separation means a separation (A, B) such
that |A N B| < k, and a separation (A, B) is cyclic if both H|A, H|B contain cycles. We say that H
is cyclically 3-connected if it is 2-connected and not a cycle, and there is no cyclic 2-separation. (For
instance, the complete bipartite graph K 3 is cyclically 3-connected, but the graph obtained from
K4 by deleting an edge is not. This differs slightly from the definition used in [4].)

A branch-vertex of a graph H means a vertex with at least three neighbours; and, if a graph H is
cyclically 3-connected, a branch of H means a path B of H with distinct ends, both branch-vertices,
such that no internal vertex of B is a branch-vertex. (The reason for insisting that H is cyclically
3-connected is because of our convention that all “paths” are induced subgraphs, and that is not our
intention for branches; but no conflict arises when H is cyclically 3-connected.) A graph H is robust
if:

e H is cyclically 3-connected,
e |V(H)| > 7, and
e |V(H)\V(B)| >4 for every branch B.

There is an analogue of 5.1 and 5.2 for line trigraphs, as follows.

7.2 Let H be a robust graph. Let L(H) be its line graph, and let G be a claw-free L(H)-trigraph.
Then either G is a weak line trigraph of H, or G contains an XX-configuration or a YY-configuration.

Proof. Thus V(G) = E(H), and for all distinct e, f € E(H), if e, f share an end in H then they
are adjacent in G, and if e, f are disjoint in H then they are antiadjacent in G. We must check that
either G contains an XX-configuration or a YY-configuration, or

e if e, f share an end in H that has degree at least three in H, then e, f are strongly adjacent in

G

e if ¢, f are disjoint in H and not cousins then they are strongly antiadjacent in G.
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For the first claim, let ¢ € V(H) be incident with ey, ..., ex say, where k > 3, and suppose that ej, es
are antiadjacent in G. For 1 < i < k let e; have ends t,¢;. For 3 <i <k, if g € E(H) is incident
with t; and different from e;, then since {g, ¢;,e1,e2} is not a claw in G, it follows that g is incident
in H with one of t1,t2; and so t; has no neighbours in H except ¢t and possible ¢1,ts. Since H is
cyclically 3-connected, each of 3, ..., % is adjacent to both of ¢1, 5. For 3 < i < k let the three edges
of H incident with t; be €; = tit, fititl and g; = tita. Now ({t, tl, e ,tk}, V(H) \ {t, t3, e ,tk}) is a
2-separation of H, and so either V/(H) = {t,t1,...,tx}, or H\{t,ts,...,tx}) is a path between t1, to.
Suppose the first holds. Then k£ > 6 since |V (H)| > 7; and then G contains a YY-configuration (take
the vertices called
ai,as,as, bl, bg, b3, C1,C9,C3, dl, d2

in the definition of a YY-configuration to be

f6: 96, €5, f3, 93, €3, fa,94,€4,€1,€2

respectively). Now suppose the second holds, that is, H \ {t,t3,...,t;}) is a path between ¢1,t2. Let
a1, as be the edges of this path incident with 1, ¢s respectively. Then k& > 5, since there are at least
four vertices of H not in the branch between ¢1,t9, and again G contains a Y Y-configuration (take
the same bijection as before, except use a1, as in place of fg, gg). This proves the first claim.

For the second claim, let e, f be disjoint edges of H, and suppose they are adjacent (and therefore
semiadjacent) in G. Since H is robust, there is a cycle C of H of length at least five, containing
e, f. Let e1,es be the two edges of C' that share an end with e, and define fi, fo similarly. Since
{e,e1,€e2, f} is not a claw in G, f is strongly adjacent in G to one of ej, es, and therefore f shares
an end with one of e1, es in H. Hence we may assume that es = fo. Let C have vertices ¢q-- - - -cp-c1
in order, where e is cjco, € is cacs, eg 18 c3cy, fis cycs, and fy if cscg (where ¢g = ¢p if £ = 5). If
e, f belong to the same branch of H, then so does e, and therefore c3, ¢y both have degree two in
H and e, f are cousins as required; so we may assume that e, f do not belong to the same branch of
H, and therefore ({co,c3,c4,¢5}, V(H) \ {c3,ca}) is not a 2-separation of H. Hence we may assume
that c3 is adjacent in H to some vertex x # ca, c3,cq4,¢5. If  # ¢q then {e,e1,c3z, f} is a claw in G,
a contradiction, and so x = ¢y. Since H is cyclically 3-connected, and no branch contains all vertices
except three, it follows that

({c1,c2,¢3,ca,05}, V(H) \ {c2,¢3,c4})

is not a 2-separation, and so one of ¢, ¢3, ¢4 has a neighbour y € V(H) \ {c1, ¢2, ¢3, ¢4, c5}. We have
already seen that c3 has no such neighbour, and if ¢y, y are adjacent then {e, coy, c1c3, f} is a claw in
G, a contradiction; and so ¢4,y are adjacent. Since {f, f1, cay, e} is not a claw, it follows that y = cg.
If c9, c5 are adjacent then G contains an XX-configuration (take the vertices called

ai,az, b17 b?a b37 c1,C2,C3, dl) d2
in the definition of an XX-configuration to be
C1Ck, C6CT, C1C3, C4C6, €2, €1, f1,C2C5,¢€, f

respectively), so we assume not. Since the neighbours c1, 3 of ¢y are adjacent and H is cyclically
3-connected, it follows that co has a neighbour z # ¢1,c3; and since {e,coz,c1c3, f} is not a claw
in G, z is incident with f. Hence ¢, ¢4 are adjacent, and similarly so are c3, c5. But then again G
contains an XX-configuration, since exchanging co, c3 puts us back in the previous case. This proves

7.2. [ |
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7.3 Let H be a robust graph, and let X C E(H), satisfying the following:
(Z1) there do not exist three pairwise nonadjacent edges in X

(Z2) there do not exist distinct vertices ty,to,t3,t4 of H, such that t; is adjacent to t;1q fori=1,2,3,
and the edge tots belongs to X, and the other two edges tito,t3t4 do not belong to X.

Then one of the following holds:

o There is a subset Y C V(H) with |Y| <2 such that X is the set of all edges of H incident with
a vertex in Y .

e There are vertices s1, S2, S3,t1,ta, t3,ui, us € V(H), all distinct except that possibly t1 = to, such
that the following pairs are adjacent in H: sit;, s;u1, s;ue for i = 1,2,3, and s1s3. Moreover,
X contains exactly siz of these ten edges, the six not incident with si.

e There is a subgraph J of H isomorphic to a subdivision of K4 (let its branch-vertices be
U1,...,v4, and let B;; denote the branch between v;,v;); and B3, B34, Ba4 all have length
1, Bi2,Bi13 have length 2, and B4 has length > 2. Moreover, the edges of J in X are
precisely the five edges of By2,B13 and Ba 3.

Proof. Since H is cyclically 3-connected, we have:
(1) No vertex of H of degree 2 is in a triangle.
(2) If there is a vertexy € V(H) such that every edge in X is incident with y, then the theorem holds.

For suppose y is such a vertex; let N be the set of neighbours v of y such that the edge yv € X, and
M the remaining neighbours of . If M = () or N = () then the first statement of the theorem holds,
so we assume that there exist m € M and n € N. The only edge in X incident with n is ny, and by
(Z2), there is no edge in E(H) \ X incident with n except possibly nm. Since n has degree > 2, it
follows that n has degree 2 and is in a triangle, contrary to (1). This proves (2).

(3) If there exist two wvertices y1,y2 of H such that every edge in X is incident with one of y1,ya,
then the theorem holds.

For let us choose y1,ys with the given property, adjacent if possible. For ¢ = 1,2, let N; be the
set of all neighbours v € V(H) \ {y1,y2} of y; such that the edge y;v € X, and let M; be the other
neighbours of y; in V(H) \ {y1,y2}. If My, My are both empty, then the first statement of the the-
orem holds, so we may assume that there exists m; € M;. By (2) we may assume that there exists
ni1 € Ni. Let a be any neighbour of ny different from y;. If an; € X then a = y9, since every edge
in X is incident with one of y;,y2; and if an; ¢ X then a = mq, by (Z2) applied to m;-y;-ni-a. In
particular, if ny ¢ Ny then n; has degree 2 and belongs to a triangle, contrary to (1). It follows that
Nj C Ns. Suppose that |[M;| > 1. Then no vertex in Nj has a neighbour in M, and therefore every
vertex in N has degree 2. Since H is cyclically 3-connected, it follows that N; = {n;}; and so every
edge in X is incident with one of ni,ys. From the choice of y, yo it follows that v,y are adjacent,
and so n; belongs to a triangle, contrary to (1). This proves that M; = {m;}. If there exist distinct
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u,v € Ny both nonadjacent to my, then ({u,v,y1,y2}, V(H) \ {u,v}) is a 2-separation of G contra-
dicting that H is robust. Thus every vertex in N7 is adjacent to m; except possibly one. Moreover,
(N1U{y1,y2,m1}, V(H)\ (N1U{y1})) is a 2-separation of H, and so either Ny U{y1,y2,m1} =V (H),
or H\ (N1U{y1})) is a path of length > 1 between my, y2. In the first case, it follows that |N;| > 4
since |V (H)| > 7, and the second statement of the theorem holds. Thus we assume the second case
applies. Let P be the path H\ (N1 U{y1})). By hypothesis, at least four vertices of H do not belong
to V(P), and so [N1| > 3. Let x be the neighbour of y, in P; then & # m;. Choose n} € N; adjacent
to mq; then from (Z2) applied to z-y2-nj-m; we deduce that the edge zys belongs to X. But then
again the second statement of the theorem holds. This proves (3).

(4) If there are three edges in X forming a cycle of length 3, then there is a fourth edge in X
incident with a vertex of this cycle.

For suppose that y1,y2,ys are vertices such that yiys, yoys, ysy1 € X, and for ¢ = 1,2,3 no other
edge in X is incident with y;. Since H is cyclically 3-connected and |V (H)| > 7, it follows that there
are two edges between {y1,y2,y3} and V(H)\{y1, y2, y3}, with no common end. But then both these
edges belong to E(H) \ X, and (Z2) is violated. This proves (4).

(5) There do not exist Y C V(H) with |Y| = 3 and ya € V(H)\ 'Y, such that every two mem-
bers of Y are joined by an edge in X, and every other edge in X is incident with yy.

For let Y = {y1,y2,y3}, and suppose first that there is a matching of size 2 consisting of edges
of H \ {y4}, each with one end in Y and the other not in this set. These two edges therefore do
not belong to X, and so (Z2) is violated. Thus there is no such matching. Consequently, there is a
vertex ys such that every edge of H with one end in Y and the other not in this set is incident with
one of y4,ys. It follows that (Y U{ys,y5}, V(H)\Y) is a 2-separation of H, and therefore H \ Y is
a path between yy4, y5, contrary to the hypothesis. This proves (5).

In view of (3),(4),(5), (Z1) and (for instance) Tutte’s theorem [6], it follows that there is a set
Y C V(H) with |Y| = 5 such that every edge in X has both ends in Y, and H|(Y \ {y}) has a 2-edge
matching with both edges in X, for every vertex y € Y. (We call this “criticality”.) Criticality
implies that among every three vertices in Y, some two are joined by an edge in X. Suppose that
there is a 3-edge matching between V(H)\Y and Y. None of these three edges belongs to X, and so
from (Z2) it follows that no two of y1,y2,ys are joined by an edge in X, contrary to criticality. We
deduce that no such matching of size 3 exists. Consequently there is a set Z C V(H) with |Z| < 2,
such that every edge between Y and V(H) \ Y is incident with a member of Z. By choosing Z
with Z UY minimal, we deduce that every vertex in Z \ Y has at least two neighbours in Y. Now
YUZ (V(H)\Y)UZ) is a 2-separation. Since H|Y has a cycle, it follows that H \ (Y \ Z) has
no cycle; and consequently, either Y U Z = V(H) (which implies that |Z| = 2, since |V (H)| > 7), or
|Z]| =2 and H \ (Y \ Z) is a path joining the two members of Z. Thus in either case, |Z| = 2.

Suppose first that Y N Z = (). From the choice of Z minimizing Y U Z, it follows that we can
write Z = {z1,22} and Y = {y1,...,y5} such that z1y1, 20y2, 20y3 are edges. By criticality, some
two of y1,¥2,ys are joined by an edge in X. From (Z2), this edge is not y1y2 or y1ys, so it must
be yoys; that is, Yo, y3 are adjacent and X contains the edge joining them. Consequently, by (Z2),
z1,y1 are both nonadjacent to both of yo,y3. Since z; has at least two neighbours in Y, we may
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assume that z; is adjacent to y4; and so, by the symmetry between y;,ys we deduce that y, is
nonadjacent to yo,ys, and exchanging z;, zo implies that y1y4 € X, and 29 is nonadjacent to y1, y4.
Then ({z1,y1,y4,y5}, V(H) \ {21,y5}) is a cyclic 2-separation of H, a contradiction.

So Y'NZ is nonempty, and in particular YUZ # V (H), since |V (H)| > 7. Consequently H\(Y'\Z)
is a path P say, joining the two vertices in Z. Let Z = {21,202} and Y = {y1,...,y5}. Suppose first
that Z ¢ Y; then we may assume that zo = y4 (since we have shown that Y N Z is nonempty),
and z; is adjacent to y1,y2, and P has length > 2. By criticality, some two of y1,ys,y4 are joined
by an edge in X, and by (Z2) it must be y;1y2; and therefore, by (Z2) again, y4 is nonadjacent to
y1,y2. Consequently, by criticality, y4 is adjacent to ys3,ys, and the edges ysy4, yays € X. Thus z;
is nonadjacent to ys3,y5. Since H is cyclically 3-connected, we may assume that yoys, y1ys are edges;
and (Z2) implies they are both in X. Thus all edges of the cycle y1-y2-y3-y4-y5-y1 belong to X. But
then the third statement of the theorem holds.

Finally, we may assume that Z C Y; but then |V(H) \ V(P)| = 3, contrary to the hypothesis.
This proves 7.3. [ |

We need a small lemma for the next proof.

7.4 Let H be a cyclically 3-connected graph, and let B be a branch of H. Let Y C V(B) with
Y| <2, such that if |Y'| = 1 then the member of Y is an internal vertez of B. Let e be an edge of H
not in E(B) and not incident with any vertex in Y. There is no Z C V(H) with |Z| < 2 such that
for every edge f € E(H), f has an end in Z if and only if either f = e or f has an end in Y.

Proof. Suppose Z is such a subset, and let N be the set of edges of H with an end in Y. Since
N U {e} is the set of edges with an end in Z, it follows that N # @, and therefore Y # (). Since
Y C V(B), it follows that N N E(B) # 0, and therefore ZNV(B) # 0. Let z € Z be incident with e.
Since e ¢ E(B), z does not belong to the interior of B, and therefore is incident with an edge €’ # e
and not in B. Hence €’ € N, and therefore is incident with a member of Y, say y; and consequently
y is an end of B. There is an edge €’ # €' incident with y and not in B, and since ¢’ € N, it
follows that y € Z. But y # z since e is not incident with any member of Y; and so Z = {y, z}, and
z ¢ V(B) since H is cyclically 3-connected. Since y is an end of B, by hypothesis there is a second
member y' € Y. There is an edge incident with ¥’ and not incident with y or z, a contradiction.
This proves 7.4. [ |

Let us say a graph H is a theta if it is cyclically 3-connected and has exactly two branch-vertices
and three branches. If G is a trigraph, a subset X C V(G) is connected if X # () and there is no
partition of X into two nonempty sets that are strongly anticomplete to each other. A component of
a trigraph G is a maximal connected subset of V(G). The earlier results of this section are combined
with 5.9 and 6.2 to prove the following.

7.5 Let H be a robust graph, and let G be a claw-free trigraph, containing an L(H)-trigraph. Then
either G € S US1 USs, or G is decomposable.

Proof. We assume that G ¢ S§; U Ss, and G is not decomposable; and we shall prove that G € Sy.
We may choose H with |V (H)| maximum satisfying the hypotheses of the theorem (we call this the
“maximality” of H). By hypothesis, F(H) C V(G), and G|E(H) is an L(H)-trigraph. By 7.2, 5.9
and 6.2, we may therefore assume that G|E(H) is a weak line trigraph of H. For each h € V(H),
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let D(h) denote the set of edges of H incident with h in H. We begin with:

(1) Letv e V(G) \ E(H).

o There exists Y C V(H) with |Y| < 2 such that N(v) N E(H) =J(D(y) : y € Y), and there is
a branch B of H including Y .

o IfN*(V)NE(H)# N(w)NE(H), then Y| =2,Y = {y,y'} say, where y belongs to the interior
of B, and y,y' are either adjacent or have a common neighbour in B, and the (unique) edge
of H in N(v) N E(H) \ N*(v) is the edge of B incident with y that is not in the subpath of B
between y and y'.

e If|Y| =2 and the two members of Y are adjacent in H, joined by an edge q of H say, let H'
be obtained from H by deleting the edge q and adding a new edge v with the same two ends as
q; then G|E(H') is an L(H')-trigraph.

For let N = N(v)NE(H) or N*(v) N E(H). Then N C E(H), and satisfies the hypotheses of
7.3, by 5.3 and 5.4. Thus one of the three conclusions of 7.3 holds. Suppose that the second holds;
then there are s, s9, 83,11, t2,t3,u1, us € V(H), all distinct except that possibly ¢; = t9, such that
the following pairs are adjacent in H: s;t;, s;u1, S;us for ¢ = 1,2, 3, and s1s3. Moreover, N contains
exactly six of these ten edges, the six not incident with s;. Since {ugs9, v, u152,u2s1} is not a claw,
it follows that ujse € N*(v), and similarly wu;ss, ussa, usss € N*(v); since {ujs9,v, sata, uist} is
not a claw, soto € N*(v) and similarly ssts € N*(v); and since {v, u1s1,u282, ssts} is not a claw,
u18s1 ¢ N(v), and similarly ussy, s1t1 ¢ N(v). Thus each of these six edges that belong to N also
belongs to N*(v), and the four that do not belong to N also do not belong to N(v), except possibly
for s1s3. It follows that G contains a YY-configuration (take the vertices called

a1, az,as, by, ba, b3, c1,co,c3,d1,ds

to be
s1t1, Soto, S3t3, S1U1, SaU1, S3UL, S1U2, SaU2, S3U2, $153, U

respectively), and so by 6.2, we deduce that G is decomposable, a contradiction.

Suppose that the third conclusion of 7.3 holds. Then there is a subgraph J of H isomorphic to a
subdivision of Ky (let its branch-vertices be vy, ..., v4, and let B; ; denote the branch between v;, v;);
and Bs 3, B34, Bo 4 all have length 1, By 2, By 3 have length 2, and Bj 4 has length > 2. Moreover,
the edges of J in IV are precisely the five edges of By 2, B13 and By 3. As in the previous case, it
follows that the edges of B2 and Bj 3 belong to N*(v), and the edges of By 4, Ba 4, B34 are not
in N(v). But then G contains an XX-configuration (take the edges of J incident in J with one of
v1,. .., 0y, together with v), and by 5.9, either G is decomposable, or it belongs to S; U Sz, again a
contradiction.

Thus the first outcome of 7.3 holds (when N = N(v) N E(H) and when N = N*(v) N E(H)).
Choose Y, Z C V(H) with |Y|,|Z] < 2such that N(v)NE(H) =J(D(y) :y € Y)and N*(v)NE(H) =
UD(y) :y € Z).

Suppose that N(v)NE(H) # N*(v)NE(H). Choose ey € E(H) semiadjacent to v in G. Choose
y € Y incident with eg in H. Let D(y) = {eo,...,er}, and for i = 0,...,k let x; be the vertex of
H different from y that is incident with e; in H, and let B; be the branch of H containing e;. Thus
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k > 1. Since H is cyclically 3-connected, z; has a neighbour different from y, zg; let f be an edge of
H incident with 27 and not with xg,y. Since G is claw-free, it follows that f € N*(v), and so there
exists ¥y € Y\ {y} incident with f. Hence |Y| = 2, and Y = {y,y'}, and if 21 # ¢/ then x1,y are
adjacent in H and 7 has no neighbours in H except y, 4’ and possibly xg. Suppose that k = 1. Then
By = Bj, and y is an internal vertex of By, and zg,z1 € V(By). Moreover, g,z are nonadjacent,
and so either ¥/ = x1 or x1 has only two neighbours y,%’. In either case the result holds. We may
therefore suppose (for a contradiction) that & > 2, and so By, By, ..., By are all distinct. Now from
the choice of Z,

D(y) U D(y)\ {eo} = | J(D(2) : z € 2).

In particular, y,z9 ¢ Z, and since k > 2 and e¢; € N*(v) for 1 < i < k, it follows that k£ = 2 and
Z = {x1,22}. From the symmetry between By and By, we may assume that y’ does not belong to
B;. Hence z1,y’ are adjacent in H and z1 has no neighbours in H except ¥,y and possibly zg. In
particular, z; has no neighbour in B; except y, and so z; is a branch-vertex. Thus z; is adjacent
to xg. If also ¢ does not belong to B, then similarly xo is a branch-vertex with neighbours set
{y,v',z0}, and so ({y, ¥, x0, x1, 22}, V(H) \ {y, x1,22}) is a 2-separation of H. Hence H \ {y, x1,z2}
is a branch of H between xq,y’, and it contains all except three vertices of H, a contradiction. Thus
y’ belongs to Bs. Since 3/ is adjacent to x1, it follows that 1 is a branch-vertex, and so y, %’ are the
ends of the branch By. Since every edge incident with 3’ belongs to N*(v) and so has an end in Z,
and |Z| < 2, it follows that ¥’ € Z, and so ¢y = z2. But then ({y,z0, 21,22}, V(H) \ {y,21}) is a
2-separation, and so H \{y, z1} is a branch of H containing all its vertices except two, a contradiction.

This proves the second assertion of (1), and the third assertion follows. If |Y| <1, or |Y| = 2 and
some branch of H contains both members of Y, then the first assertion of (1) holds, so we assume
(for a contradiction) that Y = {hj, ha} say, and no branch of H contains both hj, he. Consequently
N@w)NE(H)= N*(v)NE(H). Let H' be the graph obtained from H by adding the edge v incident
with both hy,he. Then H' is robust (since hi, he do not belong to the same branch of H), and yet
G|E(H') is an L(H')-trigraph, a contradiction to the maximality of H. This proves (1).

For each v € V(G) \ E(H), let Y (v) C V(H) be the set Y described in (1). For each v € E(H),
let Y (v) be the set consisting of the two vertices of H incident with v in H. Make the following
definitions:

e For each branch-vertex t of H, let M(t) = {v e V(G) : Y (v) = {t}}.

For each branch B with ends t1,t5 say, let M(B) = {v € V(G) : Y(v) = {t1,t2}}.

For each branch B and each end t of B, let

M(t,B) ={v e V(G) : Y(v) = {t,h} for some h in the interior of B}.

For each branch B with ends t1,to say, let

S(B)={veV(G):0#Y(v) S V(B)\{t1,t2}}.

Let Z ={v e V(G) : Y(v) = 0}.
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From (1), we see that all these sets are pairwise disjoint (unless H is a theta, in which case all the
sets M (B) are equal), and have union V(G).

(2) Let B be a branch of H with ends t1,t2, let v € M(B), and let w € V(G) be adjacent to v.
Then Y (u) contains at least one of t1,ts.

For Y (v) = {t1,t2}, and we may assume that ¢;,t2 ¢ Y (u). Suppose that |Y(u)] < 1. Let By # B
be a branch incident with ¢; and with V(B;) N Y (u) = 0, with ends ¢1,t3 say. Let e; be the edge of
By incident with t1, and let ey be any edge incident with to. Since {v, e, e2,u} is not a claw of G,
we deduce that for every choice of eg, either es is incident with a member of Y (u) or es shares an
end with e;. Since there are at least three choices of ey, and at most two of them share an end with
e1, and at most one is incident with a member of Y (u), it follows that we have equality throughout;
that is, to has degree three, |Y(u)| = 1, Y(u) = {s} say, and t¢;,ts are adjacent (and consequently
H is not a theta, and therefore t3 # t2), and the pairs tos, t1ts, tots are adjacent. By exchanging
t1,t2 we deduce also that ¢; has degree 3 and t1, s are adjacent. Consequently H is a subdivision of
Ky, and there is a branch of H with ends s,t3. There are only two vertices of H not in this branch,
contrary to hypothesis.

This proves that |Y (u)| = 2, say Y (u) = {s1,s2}. Let B’ be a branch with Y (u) C V(B'). Since
we have already seen that one of s1, so does not belong to B, it follows that B’ # B. Suppose that
B, B’ share an end, say t1, and let t3 be the other end of B’. There is an edge e; of H incident
with ¢1, that belongs to neither of B, B’. Let es be any edge incident with to; for each such choice,
{v,u,e1,e2} is not a claw in G. By choosing ey from B we deduce that ti,te are adjacent and
therefore H is not a theta. It follows that for all choices of ey, either es has an end in Y (u) (which,
since H is not a theta, implies that es is incident with ¢35 and t3 € Y (u)), or es shares an end with
e1. There is at most one choice for which the first occurs, and two for which the second occurs; and
since t9 has degree > 3, we have equality throughout. More precisely, to has degree 3, t3 € Y (u),
and the pairs t1t9, tots, toty are adjacent, where e; has ends t1,t4. Moreover, no other choice of ey is
possible, and so t; also has degree 3. Consequently H is a subdivision of K4, and there is a branch
P between t3,t4. By hypothesis, at least four vertices of H do not belong to P, and so B’ has length
> 3. Let fi be an edge of B’ incident with a vertex in Y (u) but not incident with either of ¢1,t3
(this exists since B’ has length > 3 and one of its internal vertices is in Y (u)). Let fy be the edge of
P incident with t3. Then {u,v, f1, fo} is a claw in G, a contradiction.

This proves that B, B’ do not share an end, and so H is not a theta. We have already seen that
one of s1,s9 is adjacent to one of tq,to, say sq,t; are adjacent. Consequently s; is an end of B’.
Suppose that so belongs to the interior of B’. Let e; be an edge incident with ¢1, not in B and not
incident with s1; and let ey be any edge incident with ¢2. Since {v,u,e1, ez} is not a claw in G, it
follows that for all choices of es, either es is adjacent to s; or to an end of e;. Consequently ¢y has
degree 3, and to is adjacent to s; and to both ends of e;. Since this also holds for all choices of eq,
we deduce that t; also has degree 3. Let e; have ends t1,t3 say. Since H is cyclically 3-connected,
it follows H is a subdivision of K4 and t3 is an end of B’. But then only two vertices of H do not
belong to the branch B’, contrary to hypothesis.

This proves that s1, sy are both ends of B’, and so u € M (B’). Thus there is symmetry between
u,v. Suppose that B has length 1, and let g be the edge of H incident with ¢1,t5. Let H' be the
graph obtained from H by deleting ¢ and adding a new edge v with the same ends t1,ts as ¢. Then
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H' is isomorphic to H, and by (1), G|E(H') is an L(H’)-trigraph, and so from (1) applied to H’,
there is a set Y C V(H') with |Y| < 2 such that an edge of H' is adjacent to v in G if and only if
it is incident in H' with a member of Y. But the edges of H' adjacent to u in G are precisely those
with an end in {s1, s2}, together with the new edge v, and this contradicts 7.4. We may therefore
assume that B has length > 1, and by symmetry we may assume the same for B’.

Let e; be the edge of B incident with ¢1, and let es be any edge of H incident with ¢5. Since
{v,u,e1,e2} is not a claw in G, it follows that for all choices of es, either ey is incident in H with one
of s1, s9, or it shares an end with e;. Consequently to has degree 3, and ¢, is adjacent to both s1, so,
and B has length 2. Similarly t1, s1, s2 have degree 3, and B’ has length 2, and si, s9 are adjacent
to both of t1,t2. But then |V(H)| = 6, a contradiction. This proves (2).

(3) Let py---- - pr. be a path of G such that k > 2, p1,px, ¢ Z, and pa,...,pr—1 € Z. Then either

e there is a branch B of H with ends t1,ts say, such that p1, pr both belong to
M(t1) U M(t2) U M(t1, B) U M(t2, B) US(B),
or

o k=2, and Y(p1) NY (p2) contains a branch-vertex of H.

For suppose first that p; € M (B) for some branch B. By (2), kK = 2 and the second statement of
the claim holds. So we may assume that p; does not belong to any M (B), and the same for pg. Since
p1 & Z, it follows that either Y (p;) = {¢1} for some branch-vertex ¢; of H, or there is a branch B; of
H such that Y (p1) C V(Bj) and some internal vertex of B; belongs to Y (p1). Analogous statements
hold for pi. Suppose that |Y(p1)] = 1 and |Y(pr)| = 1, say Y(p1) = {y1} and Y (pr) = {y2}. We
claim that y1,y2 belong to the same branch of H. For suppose not. Then we may assume that p;, p;
are strongly antiadjacent for 1 < 4,5 < k with j > i+ 2. Let H' be the graph obtained from H by
adding a new branch between yi,yo with edges p1,...,px. Then H' is robust, and G|E(H’) is an
L(H')-trigraph, contrary to the maximality of H. This proves that y1,y2 belong to the same branch
of H; and so the first statement of the claim holds.

Thus we may assume that at least one of |Y (p1)], |Y (pr)| = 2, say |Y (p1)| = 2. Then N (p1)NE(H)
is not a strong clique, and since po is adjacent to p; and G contains no claw, it follows that p, has a
strong neighbour in N(p;) N E(H), and in particular py ¢ Z. Thus k = 2.

Since |Y (p1)| = 2, it follows that for some branch By of H, Y(p1) C V(B;) and some internal
vertex of B; belongs to Y (p1). Let Y(p1) = {y,y'} say, where y’ belongs to the interior of B;. Next
suppose that |Y(p2)| =1, say Y (p2) = {z}. We may assume that z ¢ V(Bj), for otherwise the first
statement of the claim holds. Let ¢’ be an edge of B; incident with 3’ and not with y. Let e be an
edge of H incident with y, not incident with z, and with no common end with ¢’. (This exists, since
if y is an end of By there are at least two edges incident with y and disjoint from €', and at most
one of them is incident with z.) But then {p1,po,e,€¢'} is a claw in G, a contradiction. This proves
that |Y(p2)| = 2. Let Y(p2) = {z,2'} say, and let By be a branch of H with z,2’ € V(Bs) and with
2" in the interior of By. We may assume that By # By, for otherwise the first statement of the claim
holds.

Suppose that Y (p1) N Y (p2) # 0. It follows that y = z is a common end of By, By. But then
p1 € M(y,B1) and p2 € M(y, B2), and the second statement of the claim holds. We assume therefore
that Y'(p1) N Y (p2) = 0.
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If po € E(H), then its ends in H are z, 2/, and therefore it has no end in Y (p;), a contradiction
since p1, pa are adjacent in G. Thus py ¢ F(H), and similarly py ¢ E(H). We claim that z, 2’ are
nonadjacent in H. For suppose they are adjacent. Let g be the edge of By joining them. Since
Y (p1)NY (p2) = 0, it follows that ¢, p; are strongly antiadjacent in G. Let H' be the graph obtained
from H by deleting ¢ and replacing it by an edge po, joining the same two vertices z,2’. Then
G|E(H') is an L(H')-trigraph, by (1). Since H' is isomorphic to H, it follows from (1) applied to
H' that there is a subset Y C V(H') such that the set of members of E(H') adjacent in G to p;
equals the set of edges of H' with an end in Y. Now the set of members of E(H') adjacent in G to
p1 equals (N(p1) N E(H)) U {p2}, since ¢ is not adjacent to p; in G. Moreover, N(p;) N E(H) is the
set of edges of H with an end in Y (p1), and since ¢ has no end in Y (p;), this is equal to the set of
edges of H' with an end in Y (p1). Consequently, the set of edges of H' with an end in Y equals the
union of {ps} and the set of edges of H' with an end in Y (p;). But this is impossible, by 7.4. This
proves that z, 2z’ are nonadjacent, and similarly y,y’ are nonadjacent.

Since y,y’ are nonadjacent vertices of By and ¢ is in the interior of By, there are edges e, ¢
of B; incident with y,y’ respectively, such that e,e¢’ have no end in common. Since {p1,pa,e, €'}
is not a claw in G, it follows that po is adjacent in G to one of e, e/, and so some vertex of Y (ps)
belongs to V(B1). Since 2’ is an internal vertex of By, we deduce that By, By have a common end 2.
Similarly their common end is y, and so y = z, contradicting that Y (p;)NY (p2) = 0. This proves (3).

(4) Let t € V(H) be a branch-vertex. If vi,va € V(G) are distinct and antiadjacent in G, and
t € Y(v1) NY(ve), then there are distinct branches By, Ba, both of length > 2, with v; € M(B;) (i =
1,2); and every vertex of V(H) adjacent to t in H either belongs to one of By, B, or has degree 3
in H and is adjacent in H to all the ends of By, Bs.

For since vy, vy are antiadjacent in G, and ¢ € Y (v1)NY (v2) is a branch-vertex, it follows that vy, vy ¢
E(H). By (1), there are branches Bj, By of H, incident with ¢, such that Y (v;) C V(B;) (i = 1,2).
(If H is a theta, and some Y (v;) consists of the two branch-vertices, then we can choose any branch
to be B;; in this case, choose a shortest branch.) Let B; have ends t,t; (i = 1,2) say. Let = be
adjacent in H to t, and not in V(B1) UV (Bsg). Let y # t be a second neighbour of x. Let e, f be the
edges tx,zy of H. Since {e, f,v1,v2} is not a claw in G, it follows that f is strongly adjacent in G to
at least one of vy, vy, and in particular, y € Y (v1) UY (v2). Since Y (v;) C V(B;) (i = 1,2), we deduce
that for some i € {1,2}, y =t; € Y(v;). If H is a theta, then x is the internal vertex of some branch
of length 2; and since v; € M (B;), from the choice of B; it follows that B; has length < 2. But then a
branch of H contains all its vertices except two, contrary to the hypothesis. Thus, H is not a theta.
Since no two branches have the same pair of ends, it follows that x is a branch-vertex; and since
this holds for all choices of y, we deduce that x has degree 3 and is adjacent in H to both ¢1, s, and
t; € Y(v;) (i = 1,2). Moreover, By, By are distinct. Suppose that say Bo has length 1, and let ¢ be
the edge tty. Let H' be obtained from H by deleting ¢ and adding a new edge v, incident with the
same two vertices t,t3. Then H' is isomorphic to H, and by (1) G|E(H') is an L(H')-trigraph, and
so by (1) applied to H', we may assume that there exists Y C V(H') = V(H) with Y| < 2, such
that the set of edges of H’ with an end in Y equals the set of edges of H' that are adjacent to vy in
G. But in the triangle {z,t,t2} of H’, exactly one of its edges is adjacent to v in G, a contradiction.
This proves that By, and similarly Bj, has length > 2, and so proves (4).

27



(5) If B is a branch of H of length 1, with ends t1,to, then M (t1) is strongly anticomplete to M (ts).

If there exists v € M (t1) adjacent to some vo € M(ta), let H' be the graph obtained from H
by deleting the edge of B, and adding a two-edge path between t1,ts, with edges vi,ve (with v;
incident with ¢; for i« = 1,2, and the middle vertex of this path being a new vertex). Then H’ is
robust, and G|E(H') is an L(H')-trigraph, contrary to the maximality of H. This proves (5).

For each branch B of H with ends t1,t2, we define C(B), A(t1, B), A(t2, B) as follows. Let C(B)
be the union of S(B) and the set of all v € Z such that there is a path with interior in Z from v to
some vertex in S(B). (Thus if B has length 1 then C(B) is empty.) Let A(t1, B) be the set of all
v e M(t1)UM(t1, B) with a neighbour in C(B). Define A(t2, B) similarly.

(6) For every branch B with ends ti,ta2, every vertex in V(G) \ C(B) with a neighbour in C(B)
belongs to A(t1, B) U A(ta, B).

For let v € V(G) \ C(B), with a neighbour in C'(B). From the definition of C'(B), v ¢ S(B) U Z.
Let P be a minimal path of G between S(B) and v with interior in Z. By (3),

v € M(t1) UM(t1, B) U M(ta) U M(te, B).
Hence v € A(t;, B) U A(ta, B). This proves (6).

(7) Let B be a branch with ends t1,t2. If v e V(G)\ (A(t1, B) UA(te, B)UC(B)) has a neighbour in
A(ty, B), then there is a branch B’ of H incident with t1 such that v € M(t;) U M(B")U M (t1,B’).
In particular, v is either strongly complete or strongly anticomplete to A(t1, B).

The second claim follows from the first and (4). To prove the first, let v € V(G) \ (A(t1,B) U
A(t2, B) UC(B)), and assume it has a neighbour in A(¢1, B). Since A(t1, B) is nonempty, it follows
that ¢, ty are nonadjacent in H. If t; € Y'(v), then the claim holds, so we may assume that t; ¢ Y (v).
Suppose first that v is adjacent in G to every e € D(¢1) that is not in B. Since t; ¢ Y (v), it follows
that Y (v) contains all vertices of H that are adjacent to ¢; and not in V(B). There are at least two
such vertices, and |Y (v)| < 2, and so ¢; has degree 3, and its two neighbours not in B are both in
Y (v). By (1), there is a branch B’ joining these two vertices, and v € M (B'), contrary to (2). Thus
there exists e € D(¢1) not in B, such that no end of e belongs to Y (v). Now v has a neighbour
a € A(ty, B). By definition of A(t1,B), a has a neighbour ¢ € C(B). Also, a is adjacent in G to
v, €e,c, and v, e are nonadjacent. Moreover, v,e ¢ A(ty, B) U A(te, B) U C(B), and since ¢ € C(B), it
follows from (6) that ¢ is nonadjacent to v,e. But then {a,v,e,c} is a claw in G, a contradiction.
This proves (7).

(8) There is no branch B of H with S(B) nonempty, and consequently every branch has length
at most 2. In particular, H is not a theta.

For suppose that B is a branch with S(B) nonempty. Let its ends be 1, 2. Since S(B) is nonempty,

it follows that B has length > 2. We claim that (A(t1, B),C(B), A(t2, B)) is a breaker. To show
this, in view of (6) and (7) it remains to check that:
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e A(t1,B), A(te, B) are nonempty strong cliques

e there is a vertex in V(G) \ (A(t1,B) U A(t2, B) U C(B)) with a neighbour in A(¢1, B) and
an antineighbour in A(ty, B); there is a vertex in V(G) \ (A(t1, B) U A(ty, B) U C(B)) with
a neighbour in A(te, B) and an antineighbour in A(ty, B); and there is a vertex in V(G) \
(A(t1, B)UA(t2, B)UC(B)) with an antineighbour in A(t2, B) and an antineighbour in A(t;, B)

o if A(t1,B) is strongly complete to A(ta, B), then there do not exist adjacent z,y € V(G) \
(A(t1, B) U A(te, B) U C(B)) such that z is A(t1, B) U A(te, B)-complete and y is A(ty, B) U
A(to, B)-anticomplete.

Since B has length > 1, and S(B) # 0, it follows that M(t1, B) is nonempty and is a subset of
A(t1, B), and in particular, A(t1, B) # (), and similarly A(te, B) # 0. By (4), A(t1, B), A(t2, B) are
strong cliques, and so the first statement holds. For the second, let e € E(H) \ E(B) be incident
with ¢1; then e has a neighbour in A(¢;, B) and an antineighbour in A(ty, B), namely the first and
last edges of B. Moreover, since H is cyclically 3-connected and at least four vertices of H do not
belong to B, it follows that some edge f of H has no end in V(B), and therefore is antiadjacent in G
to both the first and last edges of B. The second claim follows. Thus, it remains to check the third.

Suppose then that z,y € V(G) \ (A(t1, B) U A(t2, B) UC(B)); = is A(t1, B) U A(ta, B)-complete
and y is A(t1, B) U A(ts, B)-anticomplete, and x,y are adjacent. By (7), € M(B). Since x,y are
adjacent, (2) implies that y € M(t;) U M(B’") U M(t1, B") for some branch B’ incident with ¢;. But
then y is complete to A(t1, B), by (4). Since A(t1, B) is nonempty, it is not also anticomplete to
A(t1, B), a contradiction. Consequently (A(t1, B),C(B), A(ta, B)) is a breaker. By 4.4, G is decom-
posable, a contradiction. This proves (8).

9) Z = 0.

For suppose not, and let W be a component of G|Z. Since G does not admit a 0-join, there
are vertices not in W with neighbours in W; let X be the set of all such vertices. Thus, for each
x € X, x ¢ E(H) (since it has a neighbour in Z) and Y (x) is nonempty (since W is a component
of G|Z). Moreover, the set of neighbours of = in E(H) is a strong clique, since G contains no claw;
and consequently |Y(z)| = 1, say Y(x) = {t}. If ¢t belongs to the interior of a branch B then
x € S(B), contrary to (8); and so t is a branch-vertex. Suppose that there exists x1,zo € X with
Y(x;) = {t;} (i = 1,2), where t; # t3. There is a minimal path P between x1,xs with interior
in W; and by (3) applied to this path, there is a branch B with ends t1,t3. By (8), B has length
< 2. Let H' be obtained from H by deleting the edges and interior vertices of B, and adding the
members of V(P) to H as the edges of a new branch B’ between t1,t2, in the appropriate order.
Then H' is robust, and G|E(H') is an L(H')-trigraph, and so by the maximality of H, we deduce
that B’ has length at most that of B. In particular, B’ has length at most 2, and so |V (P)| < 2.
But x1,z9 € V(P), and so x1,x2 are adjacent; and moreover, B has length 2. Now we recall that
x1 has a neighbour w say in W. Since {z1,w, x2,€e} is not a claw in G (where e is some edge of H
incident with ¢; and not with t3), it follows that x5 is strongly adjacent to w. Thus z1,z9 are the
only edges of H' that are adjacent to w in G. We deduce that when H is replaced by H', and Y’
denotes the function analogous to Y for H’, then Y’(w) contains the middle vertex of B’, contrary
to (8) applied to H'. Consequently there is no such z9; and so there is a branch-vertex ¢t of H such
that Y (z) = {t} for all z € X. By 5.5, X is a strong clique. By (3) and (4), every vertex of G not in
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W U X is either strongly complete or strongly anticomplete to X. But then the result follows from
4.2. This proves (9).

(10) For every branch B with ends ti,te, if v; € M(t;) U M(t;, B) for i = 1,2, and vy,vs are
adjacent in G, then B has length 2 and v1,vs are its two edges.

For let Fy be the set of vertices in M (t1) U M (t1, B) with a neighbour in M (t3) U M(t2, B), and
define Fy similarly. By (4), F1, Fy are strong cliques. We claim that every vertex v ¢ Fj U F; is either
strongly complete or strongly anticomplete to F;, for ¢ = 1,2. For let v have a neighbour f; € Fj
say. We may assume that t; ¢ Y (v), for otherwise v is strongly complete to Fi, by (4). By (3) and
(9), there is a branch B’ with ends ¢1,t3 say, such that v € M (t3) U M (t3, B'), and in particular,
ts € Y(v) C V(B')\ {t1}. Since v ¢ Fy, it follows that B’ # B, and therefore t3 # to, since H is
not a theta. Since v, f1 are adjacent, (3) implies that f; ¢ M(t1, B), and so f1 € M(t1). Let e be
an edge of H incident with ¢; and not in B, B’, and let fo € F, be adjacent in G to f;. Then f;
is adjacent in G to all of v, fo,e. Since Y (v) C V(B’) \ {t1}, it follows that v,e are antiadjacent in
G. Similarly, since fo € M(t2) U M (ta, B), fo2,e are antiadjacent in G. Since {f1,v, f2,e} is not a
claw, it follows that v, fy are strongly adjacent in G. By (3), v ¢ M (t3, B’), and so v € M (t3); and
similarly fo € M(t9); and also by (3), there is a branch B” of H with ends to,t3. Let H' be the
graph obtained from H by adding a new vertex x and three new edges f1,v, fo, joining = to 1,9, t3
respectively. Then H’ is robust, and G|E(H') is an L(H')-trigraph, contrary to the maximality of
H. This proves our claim that every vertex not in F} U Fj is either strongly complete or strongly
anticomplete to F;, for ¢ = 1,2. Thus (F}, F») is a homogeneous pair, nondominating since H is not
a theta and therefore some edge of H is incident with no vertex in B; and so by 4.3 Fi, F» both
contain at most one element. To deduce the claim, let v1,vy be as in the statement of (10); if B
has length 2, then the edges of B belong to F} U F5 and the claim follows. If B has length 1, then
v; € M(t;) for i = 1,2, contrary to (5). This proves (10).

From (10), every vertex of G not in E(H) belongs either to M (B) for some branch B, or to M (t)
for some branch-vertex ¢. If for all pairs vq, vy of vertices in V(G) \ E(H), v; is adjacent to vy if and
only if Y (v1) NY (vg) # 0, then G is a weak line trigraph and the theorem holds by 7.1 (for a(G) > 3
and |V (G)| > 7 since H is robust). And we have already shown that this statement holds for all
v1,v9 such that one of |Y (v1)|,|Y (v2)] = 1, by (4) and (10), and the “only if” implication holds for
all v1,v9, by (2). From (4), we may therefore assume that there are antiadjacent vy, ve € V(G), and
distinct branch-vertices t1, t9, t3 of H, and branches Bj, Bo between t1,t3 and t9, t3 respectively, such
that:

e v, € M(B)) (i=1,2)
e B, Bs both have length 2, and

e every vertex of V(H) adjacent to t3 in H either belongs to one of By, By, or has degree 3 in H
and is adjacent to all the ends of By, Bs.

Now H is not a theta. Let B3 be the branch of H with ends t1, to, if it exists. Let N be the set
of all neighbours of t3 that do not belong to By, Be, let Vi = N U {t1,t2,t3} UV (B1) UV (B2) and let
Vo = (V(H)\ V1) U{t1,t2}. Since (V1,V3) is a 2-separation of H, we deduce that either V(H) = V1,
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or the branch Bj exists and V(H) = V; U V(Bs). In either case, no branches of H have length > 1
except possibly Bi, Bo and Bs if it exists.

(11) For uy,uz € V(G)\ E(H), either uy,us belong to distinct sets M(B;) (i = 1,2,3), or ui,us are
adjacent if and only if Y (u1) NY (ug) # 0.

For we have seen that if wi,us are adjacent, then Y (uy) N Y (uz) # 0; and the converse holds
by (4) unless uy € M(B) and uy € M(B’) for distinct branches B, B’, both of length > 2. But
Bi, Bo, Bs are the only such branches. This proves (11).

(12) M (t) = 0 for all branch-vertices t # t1,ta,t3 of H.

For suppose that x € M(t) where t # t1,ts,t3. We have seen that t is adjacent in H to all of
t1,t2,t3. Let e be the edge of H between t,t3. Then e is adjacent in G to all of x,vq,ve. But vy, v

are antiadjacent, and z is antiadjacent to vi,ve by (2). Hence {e,z,v1,v2} is a claw, a contradiction.
This proves (12).

For i =1,2,3, let E; = E(B;) UM(B;), setting E3 = () if Bs does not exist. Thus Ey, Ea, F3 are
three strong cliques. For i = 1,2, 3, let

F, = M(t;)U U(M(B) : B # By, B, Bs is a branch of H incident with ¢;).

From (8), (9), (10), (12) it follows that the six sets Ei, Ea, Es3, F1, Fa, F3 are pairwise disjoint and
have union V(G). From (4) and (11), Fy, Fy, F3 are strong cliques. By (4) and (11) E; is strongly
complete to F; and to F3 for ¢ = 1,2, and Ej3 is strongly complete to F} U Fy. By (2), Ej is strongly
anticomplete to Fb, and F» is strongly anticomplete to Fi, and FEj is strongly anticomplete to F3.
Thus G is expressible as a hex-join, a contradiction. This proves 7.5. [ |

8 Prisms

We say a trigraph G is a prism if it is a line trigraph of a theta graph. If G is a prism, then there are
disjoint strong triangles {a1, as,as}, {b1,be, b3}, and three paths Py, P, P3, where each P; has ends
a;, bi, such that V(G) = V(P) UV (P,) UV (P3) and for 1 <i < j <3, if ue V(P;) and v € V(F;)
are adjacent then (u,v) = (a;,a;) or (b;,b;). We say the three paths Pi, P», P3 form the prism. A
prism formed by paths of length ny,n9,n3 > 1 is called an (nq, ne, ng)-prism.

Our objective in this section is to handle the claw-free trigraphs that contain certain prisms.
For big enough prisms, this is accomplished by 7.5. More precisely, we have (immediately from 7.5,
taking H to be the theta):

8.1 Let G be a claw-free trigraph, containing an (ni,ng,ns)-prism, where either ni,ny,ng > 2, or
ni,ng > 3. Then either G € So U S1 U Sy, or G is decomposable.

In this section we prove the same thing for some slightly smaller prisms, namely the (3,2, 1)-
prism, the (2,2, 1)-prism and the (3,1, 1)-prism. We need first some lemmas about strips. A strip in
a trigraph G means a triple (A, C, B) of disjoint subsets of V(G), such that
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e A, B are nonempty strong cliques

e cvery vertex of AU B belongs to a rung of the strip (a rung means a path between A and B
with interior in C')

e for every vertex v € C, there is a path from A to v with interior in C, and a path from v to B
with interior in C.

Let (A;, B;, C;) be a strip for i = 1,2. We say they are parallel if
(] Al, Bl, Cl are diSjOiIlt from AQ, BQ, Cg
e A; is strongly complete to Ay and Bj is strongly complete to By, and

e if vy € AyUBLUC] and v € As U By U Cy are adjacent then either v; € A; for ¢ = 1,2, or
v; € B; fori=1,2.

Then (A; U Ay, C1 U Cy, By U By) is a strip that we call the disjoint union of the first two strips. If
a strip is not expressible as the disjoint union of two strips, we say it is nonseparable. We need the
following lemma.

8.2 Let G be a claw-free trigraph, and let (Ay, B1,Ch), (Ag, By, Cs) be parallel strips. Suppose that
(A1, C1, By) is nonseparable and Cy is nonempty. Then Cy is connected and every vertexr of Ay U By
has a neighbour in C.

Proof. Let C3 be a component of C; and Cy = C; \ Cs. Let Az be the set of members of A; with
a neighbour in C3, and Ay = A; \ A3, and define Bs, By similarly.

(1) If a € As, then no neighbour of a belongs to By U Cy.

For suppose that x € By U Cy is a neighbour of a. By definition of As, a has a neighbour ¢ € Cs;
and let ag € As. Since {a,ag, x,c} is not a claw, it follows that x is adjacent to c¢. Since = ¢ C3 and
(3 is a component of C7, we deduce that x ¢ Cy; and since x has a neighbour in C3, we deduce that
x ¢ By, a contradiction. This proves (1).

(2) Let R be a rung of (A1,Ch, By). Then either V(R) C A3UCsU B3, or V(R) C Ay UCy U By.

For suppose first that some vertex of the interior of R belongs to 3. Then Cs contains all the
interior of R, since C is a component of C7, and so the ends of R belong to A3 U Bs and the claim
holds. We may therefore assume that C' is disjoint from the interior of R. Let a be the end of R in
Aj. Let r be the neighbour of a in R. If a € As, then by (1), » € B3 U (3, and since Cj is disjoint
from the interior of R, we deduce that R has length 1 and r € B3 and the claim holds. Thus we may
assume that a ¢ As, and similarly the other end of R is not in Bs; but then V(R) C A4 U Cy U By
and the claim holds. This proves (2).

(3) (A3, Cs, Bs) is a strip.
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For since C3 is nonempty, and (Aj, B1,C1) is a strip, it follows that there is a path between Cj
and A; with interior in C] and hence in Cs; and consequently As is nonempty, and similarly Bj is
nonempty. Consequently (As, C3, Bs) is a strip, by (2). This proves (3).

Suppose that A4 U By # 0. Then by (2), (A4,Cy4, By) is a strip, and by (1) the two strips
(A3, Cs, Bs), (A4, Cy, By) are parallel, contrary to hypothesis that (A1, By, C1) is nonseparable. Thus
Ay = By = (. If there exists v € C4, then there is a path from v to A; with interior in C7, which is
therefore disjoint from Cs; and consequently this path has interior in Cy4. Let its end in A; be a. By
(1), a € Ay, a contradiction since Ay = (). This proves 8.2. [ |

In several applications later in the paper, we shall have two parallel strips, and a path between
them. Here is a lemma for use in that situation.

8.3 Let G be a claw-free trigraph, and for i = 1,2 let R; be a path in G of length > 1, with ends
a;, b;. Suppose that ai-Ry-bi-by-Ra-az-ay is a hole. Let X C V(G)\ {a1,b1,az2,b2} be connected, and
for i = 1,2 let there be a vertexr in R; with a neighbour in X. Then there is a path p1---- -py with
p1y--0k € X\ (V(R1) UV(R2)) such that:

e none of p1,...,pr belong to Ry U Rs, and

o for 1 <i <k, p; has a neighbour in V(Ry) if and only if i = k, and p; has a neighbour in Ry
if and only if i =1, and

e p;,pj are strongly antiadjacent for 1 <1i,5 <k with i < j — 2.
Moreover, either:

1. p1 has exactly two neighbours in Ro and they are strongly adjacent, and the same for py in Ry,
or

2. k =1, and one of Ry, Ry has length 1, and the other has length 2, and p; is complete to
V(Rl) @] V(Rg), or

3. k=1 and fori = 1,2 the neighbours of p1 in R; are {a;,b;}, and py is strongly adjacent to all
Of at, bla az, b2} or

4. k=1, and p; is adjacent to both {a1,as} or to both {by,bs}, and p1 has a unique neighbour in
one of Ri, Ro.

Proof. We may assume that X is minimal with the given property, and therefore X is disjoint from
V(R1) UV(Rg), and X = {p1,...,px} for some path p;-----p; satisfying the three bullets above.
Let M = Ng(p1) NV (R2) and N = Ng(pr) NV (Ry1). Suppose first that |[N| = 1. By 5.4, the vertex
of N is not an internal vertex of Ry, and so we may assume that N = {a;}. By 5.4, py is adjacent
to as, and therefore k = 1 and as € M. But then the final statement of the theorem holds.

We may therefore assume that |M|,|N| > 2. If M consists of two strongly adjacent vertices,
and so does N, then the first statement of the theorem holds. So we may assume that there exist
x,y € N, antiadjacent. Since {pg,,y,px—1} is not a claw, k = 1. Since {p1,x,y, 2z} is not a claw for
z in the interior of Ry, it follows that M = {ag,bs}. Since {p1,x,y,as} is not a claw, it follows that
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a; € {x,y} and the same for b;. If |[N| = 2 then the third statement of the theorem holds, and so
we may assume that N contains some vertex ¢ from the interior of Ry. Since {p1,c,as,b2} is not a
claw, Ro has length 1. Since {p1,c, a1, b} is not a claw, c is adjacent to a; and similarly to b;. But
then R; has length 2 and the second statement of the theorem holds. This proves 8.3. [ |

Next we show, for several different prisms, that if a claw-free trigraph G contains one of these
prisms, then either GG is decomposable, or belongs to one of our basic classes. These proofs are quite
similar, so we have extracted the main argument in the following lemma.

8.4 Let G be a claw-free trigraph, and let the three paths Ry, Ro, Rg form a prism in G. Let R; have
ends a;,b; for 1 <i <3, where {a1,a2,a3} and {b1,be,bs} are strong triangles. Suppose that Ry has
length > 1. Then one of the following holds (possibly after exchanging R, R3):

e Ry has length 2, Ry has length 1, and there is a vertex v complete to V(Ry) U V(R2) and
strongly anticomplete to V(R3), or

e Ry has length 1, and either Rs has length 1 or Ry has length 2, and there is a vertex v that
is complete to V(Ry) and strongly anticomplete to V(Rs), with exactly two neighbours in Ry,
namely either the first two or last two vertices of Ry, or

e Ry and R3 both have length 1, and there is no vertex w that is complete to one of V(R2), V (R3)
and anticomplete to the other and to V(Ry), or

e G S USIUS,, or G is decomposable.

Proof. For i = 2,3, let A; = {a;}, B; = {b;} and C; be the interior of R;. Then (4;,C;, B;) is a
strip with a unique rung R;. It follows that there is a strip (A1, C1, B1) such that:

e (A;,C;, B;) (i =1,2,3) are three parallel strips,
e R;is arung of (A1, By,C4), and
e (Aj, B1,(Cq) is nonseparable.

Choose (A1, By,C1) such that W is maximal, where W denotes the union of the vertex sets of the
three strips.

(1) We may assume that every vertex v € V(G) \ (A1 U By U CY) is strongly anticomplete to C;.

For let v € V(G) \ (41 U B U (), and suppose it has a neighbour in Cj. Consequently v ¢ W.
Let N = Ng(v) N W,N* = Ng(v) N W. From the maximality of W, it follows that N meets
one of V(Rg),V(R3). Suppose first that ag,as € N. Since N meets C1, it follows from 5.3 that
NNV(R;) = {a;} for i = 2,3. Let co be the neighbour of ay € Re. By 5.4 (with ag-ag-co and
Aj-ag-c3), it follows that ag € N* and Ay C N*, and similarly as € N*, and so v can be added to
Ay, contrary to the maximality of W. Thus N contains at most one of ag, as, and at most one of
ba, b3 by symmetry. By 5.3, it follows that N meets exactly one of Ra, R3, say Rs.

Now C; U {v} is connected, and so by 8.3 there is a path pi----- pr of G with v = p; and
with pa,...,pr € C1, satisfying one of the four statements of 8.3. Certainly none of py, ..., pg have
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neighbours in R3, and so 5.4 implies that that the fourth statement of 8.3 is impossible. Also 5.4
implies the third is impossible, since Ry has length > 1. If the second statement of 8.3 holds, then
the first statement of the theorem holds. Consequently we may assume that the first statement of
8.3 holds.

Since Ri, Ry, R3 form a prism, there is a theta H say with two branch-vertices ¢1, %9, and three
branches Bi, Bo, Bs, where the edges of B; are the vertices of R; in order. For i = 1,2, choose a
vertex s; of H, in the interior of B;, such that the two edges of B; incident with s; are the two
neighbours of py in Ry (if ¢ = 1) and the two neighbours of p; in Ry (if i = 2). Let H' be obtained
from H by adding a new branch between sy and s; with edges p1,...,px in order. Then G|E(H') is
an L(H')-trigraph, and so by 7.5, we may assume that H’ is not robust. But H’ is a subdivision of
Ky, and |[V(H')| > 6 . If [V(H')| = 6 then k = 1 and the second statement of the theorem holds. If
|[V(H'")| > 7 then some branch of H’ contains all its vertices except at most three, and so k = 1 and
again the second statement holds. This proves (1).

(2) We may assume that every vertex v € V(G) \ (A1 U By U Cy) is either strongly complete or
strongly anticomplete to Aj.

For let v € V(G) \ (41 U By U C1), and suppose it has a neighbour and an antineighbour in Aj.
Then v ¢ W. Let N = Ng(v) "W, N* = Ni(v) N W. By (1), we may assume that N N C; = (). By
8.2, every vertex in A; has a neighbour in C;. Since N meets Ay, 5.4 (with as-A;1-C7 and az-A;1-Ch)
implies that ag,a3 € N*. Choose a} € Ay such that a] ¢ N*. For i = 2,3, if C; is nonempty then 5.4
(with a}-a;-C;) implies that N* meets C;, and if C; = () then 5.4 (with a}-a;-b;) implies that b, € N*.
By 5.3, NN (By UC(Cy) is complete to N N (B3 U C3); and so Cq,C3 are empty, and be, b3 € N*.
Suppose there is a vertex w that is complete to one of V(R3), V(R3) and anticomplete to the other
and to V(Ry). Thus w ¢ W. Let w be complete to V(Rg2) say. By 5.4 (with a}-ag-w) it follows that
w € N*; but that contradicts 5.3, since N N (A; U{w,bs}) includes a triad. Thus there is no such w;
but then the third statement of the theorem holds. This proves (2).

If every vertex in V(G) \ (41 U B; U () is strongly complete to one of A, By, then the third
statement of the theorem holds. If not, then from (1) and (2), (A;,C1, By) is a breaker, and so by
4.4 G is decomposable. This proves 8.4. [ |

Now we can process the little prisms.

8.5 Let G be a claw-free trigraph, containing an (ni,ng,ng)-prism, where ny > 3 and ng > 2. Then
either G € So US1 USy or G is decomposable.

Proof. By 8.1 we may assume that no = 2 and n3 = 1. Then the result is immediate from 8.4. [

8.6 Let G be a claw-free trigraph, containing an (ni,ng,ng)-prism, where ni,ng > 2. Then either
G eSUS T USy or G is decomposable.

Proof. By 8.5 and 8.1, we may assume that ny = no = 2 and ng3 = 1. Let Ry, Ro, R3 be three
paths of G, forming a prism, with lengths 2,2,1. Let W be the union of their vertex sets. Let R;
be a;-¢;-b; for i = 1,2, and let R3 have vertices as-bs, where {ai,as,as} and {b1,be,b3} are strong
triangles. By 8.4, we may assume there is a vertex v; € V(G) \ W, complete to V(R3), strongly
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anticomplete to V(R3), and adjacent to ¢; and to at least one of a;,b;. By exchanging R;, Ry, we
may also assume there exists vy € V(G) \ W complete to V(Rj3), strongly anticomplete to V(Ry),
and adjacent to ¢y and to at least one of ao,by. Suppose first that v is adjacent to both aq,b;.
Since {v1,v2,a1,b1} is not a claw, v; is antiadjacent to ve. Since {as,v1,v2,a2} is not a claw, vy is
adjacent to ag, and by symmetry v is adjacent to bs. But then the subtrigraph induced on these
ten vertices is an icosa(—2)-trigraph, and the theorem follows from 5.7. We may therefore assume
that v; is adjacent to exactly one of a1,b;, and ve to exactly one of ag,bs. Since {as,a1,v1,v2} and
{b3,b1,v1,v2} are not claws, vy, vy are strongly adjacent. Then the subtrigraph induced on these ten
vertices is an L(H)-trigraph, where H is a graph consisting of a cycle of length six and one more
vertex with four neighbours in the cycle, not all consecutive. In particular, H is robust, and the
result follows from 7.2. This proves 8.6. [ |

Let (A, 0, B) be a strip. A step (in this strip) means a hole aj-ag-bo-b1-a; where aq,as € A and
b1,by € B. We say the strip is step-connected if for every partition (X,Y") of A or of B with X,Y # (),
there is a step meeting both X, Y. We say an (n1,ng, ng)-prism is long if ny +ng + ng > 5.

8.7 Let G be a claw-free trigraph, containing a long prism. Then either G € So U S1 U S, or G is
decomposable.

Proof. Let the paths R;, Ro, R3 form a long (n1,n9,ng)-prism in G. By 8.6 we may assume that
ni1 > 3, and no = n3 = 1. Let the paths R; have ends a;, b; as usual, where R; has length > 3, and
Ry, R3 have length 1.

(1) We may assume that, for every such choice of Ry, Ro, R3, there is no vertex w that is com-
plete to one of V(R2),V(Rs3) and anticomplete to the other and to V(Ry).

For if not then by 8.4, we may assume that there is a vertex v that is complete to V(Rg) and
anticomplete to V(R3), with exactly two neighbours in Rp, namely either the first two or last two
vertices of R;. From the symmetry we may assume that v is adjacent to a; and its neighbour in
R;. But then G|(V(R1) UV (R2) UV (R3) U{v}) \{az} is a (2,2,1)-prism (or longer), and the result
follows from 8.6. So we may assume that the statement of (1) holds.

Let Ay = {a1},B1 = {b1}, and let Cy be the interior of R;. Now ({az,a3},0,{bas,bs}) is a
step-connected strip, parallel to (A1, Cy, By); and therefore we may choose a strip (As,?, Bs) such
that

o (As, 0, By) is step-connected, and as, a3 € As and by, by € Bo
e the strips (A1,C1, By), (A2,0, By) are parallel, and
e Ay U By is maximal.

Let W = V(Rl) U A U Bs.
(2) Every vertex v € V(G) \ (A2 U Ba) is either strongly complete or strongly anticomplete to Asa.

For let v € V(G) \ (A2 U By), and suppose it has a neighbour and an antineighbour in Ay. Thus
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v ¢ W. Let N = Ng(v) N W,N* = Ni(v) N W. Since (Ag,0, By) is step-connected and |As| > 2,
there is a step ah-aj-bs-bh-ay such that af € N and af ¢ N*. 5.4 (with aj-ab-b)) implies that
by € N*. Suppose that b5 € N. Then 5.4 (with a4-b5-b;) implies that by € N*; 5.3 implies that
CiNN = 0; 5.4 (with a5-a;-C1) implies that a; ¢ N; and 5.4 (with Bs-b;-C4) implies that By C N*.
If we add v to Bs then ab-as-bs-v-al, is a step of the enlarged strip, showing that this new strip
is step-connected; but this contradicts the maximality of W. Thus b5 ¢ N. Let RS, R4 be the
rungs ah-b, and a4-by; then v is complete to V(R)), and anticomplete to V(Rj). By (1) applied to
the paths Ry, R}, Rs, v has a neighbour in V(R;). Let us apply 8.3 to Ry, R5. Since af, b ¢ N,
the third and fourth outcomes of 8.3 contradict 5.4, and so one of the first two outcomes applies.
The second is impossible since Ry, R, both do not have length 2, and so v has two adjacent neigh-
bours in both Ry and Rj. If the neighbours of v in R; both belong to the interior of Ry, then
GI((V(R1) UV(R,) UV (RS) U {v}) is an L(H)-trigraph where H is a graph consisting of a cycle
and one extra vertex with three pairwise nonadjacent neighbours in the cycle; and in particular, H
is robust and the result follows from 7.5. So we may assume that v is adjacent to a; and to its
neighbour in Ry. Hence G|((V(R1) UV (R,) UV (R5) U{v}) \ {a)} is a (2,2,1)-prism or longer, and
the result follows from 8.6. This proves (2).

Let ¢; € C; be a neighbour of a;. For u,v € As, since {ai,u,v,c1} is not a claw, it follows
that As is a strong clique in G, and similarly so is Bs. From (1) and (2), we deduce that (A, B2)
is a homogeneous pair, nondominating since C # (), and the result follows from 4.3. This proves

8.7. [ |

9 Neighbours in holes

Our goal in the next few sections is to handle claw-free trigraphs that contain holes of length > 7.
We begin with some definitions. An n-hole in a trigraph G means a hole in G of length n. Let
C be a n-hole, with vertices ¢i-----¢,-¢1 in order; we call this an n-numbering. (We shall read
these and similar subscripts modulo n, usually without saying so.) Let v € V(G) \ V(C), and let
N = Ng(v) NV (C),N* = Ni(v) NV (C). We say that

e v is a hat (relative to C, and to the given n-numbering) if N* = {¢;, ¢;+1} for some 4
e v is a clone if one of N, N* equals {c¢;_1,¢;, ¢i+1} for some i

e v is a starif n > 5 and one of N, N* equals {¢;_1, ¢;, ¢iy1,¢it2} for some i

e v is a centre if N =V/(C) (and therefore n < 5)

e cisa hubif n > 6 and N = N* = {¢;,¢iq1,¢j,¢j41} for some 4, j such that ¢ — 1,4, 4+ 1,5 —
1,7,75 + 1 are all distinct modulo n.

Since N, N* may be different, it is possible for v to be both a hat and a clone, and various other
combinations are also possible. If N* = N, we say that v is a strong hat, clone etc.

9.1 Let G be a claw-free trigraph, and let C,v, N, N* as above. If N* = N then either N = (), or v
is a hat, clone, star, hub or centre with respect to C. If N £ N*, then v is either both a hat and a
clone, or both a clone and a star, or both a star and a centre, or (if n = 4) both a clone and a centre.
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The proof is clear. We also need:

9.2 Let G be a claw-free trigraph, and let C' be a hole in G. Let vi,vo € V(G)\ V(C), and for
i=1,2, let N;, N} be respectively the sets of neighbours and strong neighbours of v; in V(C).

o [f there exist x € Ny N Ny and y € V(C)\ (N7 UN5J), consecutive in C, then vi,ve are strongly
adjacent.

o If there exist x,y € N1 \ N3 that are antiadjacent, then vy, vy are strongly antiadjacent.

Again, the proof is clear.

9.3 Let G be claw-free, and let C' be a hole in G of length > 7, with a hub. Then either G €
SoUS1 USy or G is decomposable.

Proof. Let w be a hub for C. Let w have neighbours a1, as,b1,be in C, where a; is adjacent to as,
and by is adjacent to ba, and a1, b1, bo, as lie in this order in C'. Consequently there are two disjoint
paths Ry, Re in C between {aj,as} and {b1, b2}, with V(C) = V(R1) UV (R32), where R; is between
a;,b; for i = 1,2, and Ry, Ry both have length at least two, and one of them, say R;, has length at
least three. Let Ay = {a;1}, B1 = {b1}, and let C; be the interior of R;. If u € V(R;) and v € V(Ry)
are adjacent, then either u € {a1,b1} or v € {ag,be}, for otherwise {u, v, z,y} would be a claw (where
x,y are the neighbours of v in R;); and if say u = aq, then since {u, w, x,v} is not a claw (where z is
a neighbour of u in Ry \ {a2}), it follows that v € {as,b2}; and if u = a; and v = by, then {u, v, az, z}
is a claw, with z as before. Hence (u,v) is one of (a1, as), (b1,b2). Moreover, since {w, a1, az,b1} is
not a claw, it follows that aq is strongly adjacent to as and similarly b; is strongly adjacent to bs.
We may therefore choose a strip (Asg, Cs, Bs) with the following properties:

e (A;,C;, B;) (i = 1,2) are parallel strips

e as € Ay, by € By and Ry is a rung of (Ag, Cy, Bs)

e (As,Cy, By) is nonseparable

e w is strongly complete to As U By and strongly anticomplete to Cs, and
e W =V(R;)UAs UC5U By is maximal with these properties.

(1) We may assume that every v € V(G) \ (Az U By U Cy) is strongly anticomplete to Cs.

For suppose that v € V(G) \ (A2 U By U C2) has a neighbour in Cy. Then v ¢ W; let N =
Ng(v) NW,N* = Ni(v) N W. From the maximality of W, N meets {w} UV (Ry). Suppose first
that w € N. From 5.4 (with a;-w-b1), we may assume that a; € N*. From 5.3 (with Co, w,Cy
and Cy,a1,b1) it follows that NN Cy = 0, and by ¢ N. From 5.4 (with As-a;-Ch), it follows that
As C N*. But then v can be added to Ay, contrary to the maximality of W. Thus w ¢ N. Conse-
quently N meets V(R;). Now Co U {v} is connected, by 8.2; choose pi-----py as in 8.3 (with Ry, R
exchanged, and taking X = Cy U {v}), where p; = v, and pa,...,pr € Cy. Then none of py,...,px
are adjacent to w. By 9.1 applied to pi and the hole w-aq-Ra-bo-w, it follows that pi has at least two
neighbours in Ry, and similarly p; has at least two neighbours in ;. Thus the fourth outcome of 8.3
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is impossible; and since R; has length at least two, 5.4 implies the third is impossible. The second is
false since R1, Ro have length at least two, and so the first holds. If either £ > 1 or the four vertices
of N in the hole C are not consecutive or Ry has length > 2, then G|(V(C) U {w,p1,...,pr}) is an
L(H)-trigraph, where H is a robust graph, and the result follows from 7.5. If k¥ = 1 and the four
vertices of NV in C are consecutive and Ry has length 2, we may assume that v is adjacent to ai, as
and their neighbours in C. But then G|(V(C) U {v,w} \ {az2}) is a (2,2, 1)-prism or longer, and the
result follows from 8.6. This proves (1).

(2) Every v € V(G) \ (A2 U Bo U Cy) is either strongly complete or strongly anticomplete to As.

For suppose that v € V(G) \ (A2 U By U C2) has a neighbour and an antineighbour in As. Then
v ¢ W. By the assumption of (1), Ng(v) NC2 = 0. By 8.2, every vertex in A has a neighbour in
Cy, and so 5.4 (with Cy-Ag-w; Co-Az-ay; As-w-by; and As-a1-Ct) implies that w, aq1,b; € Ng(v), and
N¢(v) contains the neighbour of a; in R;. But this contradicts 5.3. This proves (2).

From (1) and (2) we deduce that (As, Csy, Bs) is a breaker, and the result follows from 4.4. This
proves 9.3. |

9.4 Let G be a claw-free trigraph, and let C be a hole in G of length > 7. Let a1, a9,bs,b1 be four
consecutive vertices of C, in order, and let h,w € V(G) \ V(C), such that the neighbours of w in C
are ai,as,ba, b1, and the strong neighbours of h in C are as,by. Then G is decomposable.

Proof. By 9.1, w and h are strongly antiadjacent; and by 9.1 again, it follows that h has no
neighbours in C' except ag,be. By 5.3 (with aj,as,b;) it follows that a;,ae are strongly adjacent,
and similarly so are by, be. Let Ry be the path C'\ {a2,b2}, and let C; = V(C) \ {a1, a2,b1,b2}. Let
Ry be the path as-by. Thus ({a1},C1,{b1}) is a strip, and ({a2}, {h},{b2}) is another. We claim
that these strips are parallel. For suppose that u € V(R;) and v € {ag, ba, h} are adjacent. Then
v # h, so we may assume that v = ag. Since {v,h,w,u} is not a claw, u is adjacent to w, and so
u € {a1,b1}; and w # by since {ag, h,a1,b1} is not a claw. Thus (u,v) = (a1,a2). This proves that
the two strips are parallel. Hence we may choose a strip (Ag, Co, By) with the following properties:

e (Ay,Cy, By) is parallel to ({a1},C1,{b1})

o ay € Ay, h € Cy, by € By

e (Ag, (5, By) is nonseparable

e w is strongly complete to Ao U By and strongly anticomplete to Co
e W =V(R;)U Ay U By U (s is maximal subject to these conditions.

(1) We may assume that every v € V(G) \ (A2 U Ba U Cs) is strongly anticomplete to Cs.

For suppose that v € V(G) \ (A2 U By U C32) has a neighbour in Cy. Then v ¢ W; let N =
Ng(v) "W, N*N¢(v) N W. From the maximality of W, N meets {w} UV (Ry). Suppose first that
w € N. From 5.4 (with aj-w-b;), we may assume that a; € N*. From 5.3 (with Cy,w,C; and
Cy,a1,by) it follows that NN Cy = (0, and by ¢ N. From 5.4 (with As-a1-Cq), it follows that
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As C N*. But then v can be added to Ay, contrary to the maximality of W. Thus w ¢ N. Con-
sequently N meets V(Ry). Choose pi-----pi as in 8.3 (with Ry, Ry exchanged), where p; = v, and
p2,...,pr € Co. Then none of py,...,pr are adjacent to w. By 9.1 applied to p; and the hole
w-a1-R1-b1-w, it follows that p; is adjacent to more than one vertex of R;. Let ¢; be the vertex in R
consecutive with a;. Suppose that the fourth outcome of 8.3 holds; then k = 1, and v = p; = py, has
a unique neighbour in Rs, say ao, and v is adjacent to a;. By 5.4 applied to w-as-h, it follows that
v is adjacent to h. Then by 5.4 applied to w-aj-c;, v is adjacent to c¢;. By 5.3, v has no neighbours
in C except c1, a1, az; but then the subgraph of G induced on (V(C) \ {a2}) U{h,v} is a long prism,
and the result follows from 8.7. Thus we may assume that the fourth outcome of 8.3 does not hold.
Since R; has length > 1, 5.4 implies the third outcome is impossible. The second is false since R;
has length > 3, and so the first holds. If k£ > 1 then G|(V(C) U {p1,...,pr}) is a long prism, and
the result follows from 8.7; so we assume that k = 1. If the four vertices of N in the hole C are not
consecutive, then v is a hub for C' and the result follows from 9.3. We may therefore assume that v
is adjacent to c1, aj, as, by. But then G|(V(C)U{v,w} \ {az}) is a long prism, and the result follows
from 8.7. This proves (1).

The remainder of the proof of 9.4 is identical with the latter part of the proof of 9.3, and we omit
it. This proves 9.4. [ |

10 Circular interval trigraphs

So far, our method has been to show that claw-free trigraphs containing subtrigraphs of certain types
either are line trigraphs, or are decomposable (with a few sporadic exceptions). That is not adequate
to handle all claw-free trigraphs with holes of length > 7, because there is another major basic class
of them, the long circular interval trigraphs. In this section we prove the following (we recall that
Ss is the class of all long circular interval trigraphs):

10.1 Let G be a claw-free trigraph with a hole of length > 7. Then either G € SoU---US3, or G
18 decomposable.

To prove this we need two lemmas. A subset X C V(G) is said to be dominating if every vertex
of GG either belongs to X or has a neighbour in X; and a subtrigraph H of G is said to be dominating
if V(H) is dominating. Let us say a mazimum hole is a hole in G of maximum length. Dominating
holes are convenient because of the following;:

10.2 Let C be a hole in a claw-free trigraph G, and let v € V(G) \ V(C) with a neighbour in C.
Then v has two consecutive strong neighbours in C'.

Proof. Let C have vertices ci----- ¢p-c1 in order, where v is adjacent to ¢; say. Then 5.4 (with
¢n-c1-c2) implies that v is strongly adjacent to one of co, ¢, say co; and 5.4 (with ci-co-c3) implies
that v is strongly adjacent to one of c1,c3. This proves 10.2. [ |

10.3 Let C be a maximum hole (of length n say) in a claw-free trigraph G. Then either G contains
an (ny,ne,ns)-prism, for some ny,no,ng > 1 with n; +ng =n — 2, or G is decomposable, or C is
dominating.
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Proof. Let Z be the set of all vertices of G that are not in V(C') and have no neighbour in V(C'). We
may assume that Z is nonempty; let W be a component of G|Z. Let X be the set of all vertices not in
W but with a neighbour in W. Let x € X; we claim that it has exactly two neighbours in V(C) and
they are strongly adjacent and therefore consecutive in C'. For if it has two antiadjacent neighbours
u,v € V(C), let w € W be adjacent to z; then {z,u,v,w} is a claw, a contradiction. From 9.1, this
proves that x has precisely two neighbours in C and they are consecutive in C. Suppose there exist
xr1,22 € X with distinct sets of neighbours in C. Let P be a path between x1, x5 with interior in
W. If z1, 29 have no common neighbour in C, then the subgraph of G induced on V(C) U V(P)
is an (n1,ne, |E(P)|)-prism for some ni,my > 1 with ny + ne = n — 2, and the theorem holds. If
c € V(CO) is adjacent to both z1,x, then the subgraph induced on V(C) UV (P) \ {c} is a hole of
length > n, a contradiction. We may therefore assume that there are no such xz1,x2. Let C have
vertices ci- - - - -c,-C1 say, where every member of X is adjacent to ¢; and ¢ and to no other vertex of
C. By 5.5, X is a strong clique. Let v € V(G) \ (X UW); we claim that v is either strongly complete
or strongly anticomplete to X. If v € V(C) this is true, so we assume v ¢ V(C). Suppose that v is
adjacent to r1 € X and antiadjacent to x9 € X. Let w € W be adjacent to x1. Since v ¢ W U X it
follows that v, w are antiadjacent. Since {x1,w,v,c;1} is not a claw, v is adjacent to ¢; and similarly
to co. Since {cg, c3,v, X2} is not a claw, v is adjacent to c3 and similarly to ¢,; but then {v,z1,c3,¢,}
is a claw, a contradiction. This proves that v is either strongly complete or strongly anticomplete to
X. By 4.2, G is decomposable. This proves 10.3. [ |

Before the second lemma, we need a few definitions. Let C be a hole in a trigraph G, with vertices
c1-Ca- -+ - -Cp-c1 in order. Let vy,..., v, € V(G) \ V(C), and for 1 < i < k let N; C V(C) such that
v; is complete to INV; and anticomplete to V(C) \ Nj.

o If k=2 and Ny = {¢;,cit1} and Ny = {¢;, ¢j11} for some ¢, 7, and N1 N Ny = (), and vy, vy are
adjacent, we call {v1,va} a hat-diagonal for C.

e Ifn>5and k =2and Ny = {¢;,¢i+1} and No = {¢;—1, ¢, ¢iy1, Cit2 } for some i, we call {vy,va}
a coronet for C.

e If n >5 and k = 2 and Ny = {¢;, ¢it1, Cit2, Cits} and No = {ciy1, Civo, Civs, Ciya} for some i,
and vy, vy are antiadjacent, we call {v1,va} a crown for C.

elf n=5o0r6and £k = 2 and N1 = {CZ',CZ'+1,CZ'+2,CZ'+3} and NQ = {ci+3,ci+4,ci+5,ci+6} and
vy, vy are adjacent, we call {vy,v2} a star-diagonal for C.

e If n=6and k£ = 3 and N1 = {ci,ci+1,ci+2,ci+3} and N2 = {ci+2,ci+3,ci+4,ci+5} and N3 =
Ci—2,Ci—1,Ci, Ci+1} for some i, and {v1,ve,v3} is a clique, we call {v1,va,v3} a star-triangle for
C.

The second lemma we need is the following, the main result of [3].

10.4 Let G be a claw-free trigraph with a hole. Suppose that every mazximum hole is dominating,
and has no hub, coronet, crown, hat-diagonal, star-diagonal, star-triangle or centre. Then either G
admits a coherent W-join, or G is a long circular interval trigraph.

Now we are ready to prove the main result of this section.
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Proof of 10.1. Let G be a claw-free trigraph with a hole of length at least seven. By 8.7, we
may assume that G does not contain a long prism, and that G is not decomposable. By 10.3, every
maximum hole is dominating. By 9.3, we may assume that no maximum hole has a hub, and by
9.4, we may assume that no maximum hole has a coronet. If {s1, s2} is a crown for a maximum hole
C, then G contains a long prism (obtained from G|V (C) U {s1, s2} by deleting the middle common
neighbour of s1,s9 in C), which is impossible. Also no maximum hole has a hat-diagonal, since G
has no long prism. By 10.4, we deduce that G € S3. This proves 10.1. [ |

11 Near-antiprismatic trigraphs

We turn now to a very special type of claw-free trigraph, which nevertheless turns up surprisingly
often as an exceptional case.

11.1 Let G be a claw-free trigraph, and let ag,by € V(G) be semiadjacent. Suppose that no vertex
is adjacent to both ag, by, and the set of vertices antiadjacent to both ag, by is a strong clique. Then
one of the following holds:

e G admits twins or a nondominating or coherent W-join.

The trigraph obtained from G by making ag, bg strongly antiadjacent is a linear interval trigraph,
and ag, by are the first and last vertices of the corresponding linear order of its vertex set (and
in particular, G € S3).

e G is a line trigraph of some graph H, and ag,by have a common end in H with degree two.

o There is a graph H with E(H) = V(G), such that ag, by have a common end in H with degree
two, and there is a cycle of H of length 4 with edges ag, a,b,by in order, such that every edge
of H 1is incident with some vertex of this cycle, and a,b are antiadjacent in G, and the trigraph
obtained from G by making a,b strongly adjacent is a line trigraph of H (and consequently G
is expressible as a hez-join).

e G=H or H\ {ax}, where H is the trigraph with vertex set {ag, a1, as, by, b1,be,bs,c1,c2} and
adjacency as follows: {ag,ay,az2},{bo,b1,b2,b3}, {az,c1,ca} and {a1,b1,ca} are strong cliques;
ba, co are semiadjacent; by, c1 are strongly adjacent; bs,cy are semiadjacent; ag,by are semiad-
jacent; and all other pairs are strongly antiadjacent. (Moreover if G = H then G is expressible
as a hex-join, and if G = H \ {a2} then G admits a generalized 2-join,).

e (G is near-antiprismatic.

In particular, either G € Sy U S3 U Sg or G is decomposable.

Proof. We assume that G does not admit a nondominating or coherent W-join or twins. Let A, B
and C be the sets of all vertices different from ag, by that are adjacent to ag, to by and to neither
of ag, by respectively. Thus V(G) = AU BUC U {ag,bp}. Moreover, ag is strongly complete to A
since ag, by are semiadjacent and F(G) is a matching; and therefore AU {ap} is a strong clique since
AU {ap, by} includes no claw. Similarly B U {by} is a strong clique, and by hypothesis C' is a strong
clique.
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(1) We may assume that A,B # 0. Moreover, if a € A and b € B are adjacent, they have the
same neighbours in C' (and in particular no vertex in C is semiadjacent to either of a,b).

For suppose that A = (), say. Then (B,C) is a homogeneous pair, nondominating, and so 4.3
implies that |B],|C|] < 1. But then G is obtained from a linear interval trigraph as in the second
outcome of the theorem. This proves the first claim. For the second, note that if ¢ € C' is adjacent
to a € A and antiadjacent to b say, then {a,ag,b,c} is a claw, a contradiction. This proves (1).

(2) Every vertex in A has at most one neighbour in B, and vice versa.

For let H be the graph with vertex set A U B and in which ¢ € A and b € B are adjacent if
they are adjacent in G. Let X be any component of H with |X| > 1; then by (1), (X N A, X N B) is
a homogeneous pair, coherent since all X-complete vertices belong to C' (because | X| > 1), and so
|X N A|,|X NnB| <1. This proves (2).

(3) Every vertex in AU B has a neighbour in C; and in particular, C # (), and we may assume
that |C| > 2.

For let Ay be the set of vertices in A with no neighbour in C, and define By similarly. By (1),
Ay is strongly anticomplete to B\ By, and By is strongly anticomplete to A \ Ag. Consequently,
(AoU{ap}, BoU{bp}) is a homogeneous pair, coherent since ag, by have no common neighbours. Since
G admits no coherent W-join, it follows that Ay, By are empty. This proves the first assertion of (3),
and in particular C' # (). Now suppose that |C| = 1, say C = {¢}. Thus ¢ is complete to AU B. If
it is strongly complete to AU B, then (A, B) is a coherent homogeneous pair, and so |[A| = |B| =1
since G does not admit twins or a coherent W-join; and then G arises as in the second outcome of
the theorem. We assume therefore that ¢ is semiadjacent to some a € A say. Then c is strongly
complete to (A \ {a}) U B, since F(G) is a matching; and «a is strongly anticomplete to B, by the
second assertion of (1). Hence (A \ {a}, B) is a coherent homogeneous pair, and so |A| < 2 and
|B| = 1 since G does not admits twins or a coherent W-join; and then again G arises as in the second
outcome of the theorem. This proves (3).

(4) If every vertex in A is either strongly C-complete or strongly B-anticomplete, and every ver-
tex in B is either strongly C-complete or strongly A-anticomplete, then the theorem holds.

For then, let A; be the set of vertices in A with a neighbour in B, and define B; similarly. It
follows that (A, By) is a coherent homogeneous pair, and so |A41|,|B1| < 1 since G does not admit
twins or a coherent W-join. Let us say that ¢, ¢’ € C are A-incomparable if there exists a € A adjacent
to ¢ and antiadjacent to ¢/, and there exists a’ € A adjacent to ¢’ and antiadjacent to c¢. Let H be
the graph with vertex set C, in which ¢, ¢’ are adjacent if they are A-incomparable, and suppose that
some component X of H satisfies |X| > 2. Let Y be the set of vertices in A with a neighbour in X
and an antineighbour in X. Thus A1 NY = (). We claim that (X,Y’) is a homogeneous pair. For if
u € A\Y then w is strongly Y-complete, and either strongly X-complete or strongly X-anticomplete,
from the definition of Y. If u € B, then u is strongly Y-anticomplete, since A1 N'Y = (). Suppose
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that u € B has a neighbour in X and an antineighbour in X; let X; be the set of neighbours of u in
X, and let X5 be the set of its antineighbours in X. Thus |X; N X5| < 1. From the definition of H,
and since |X| > 2, there exist distinct ¢; € X7 and ¢y € X9 which are A-incomparable; and so there
exists a € A adjacent to ¢; and antiadjacent to co. Hence a is antiadjacent to u; but then {c1, a, ca, u}
is a claw, a contradiction. This proves every u € B is either strongly X-complete or strongly X-
anticomplete. Now let u € C'\ X; then wu is strongly X-complete, and we claim that it is either
strongly Y-complete or strongly Y-anticomplete. For let X7 be the set of vertices € X such that
every vertex of A adjacent to x is strongly adjacent to u, and let X5 be the set of all z € X such that
every vertex in A adjacent to u is strongly adjacent to x. For all x € X, x, u are not A-incomparable,
from the definition of X, and so z € X; U X5. Hence X7 U Xy = X. For all 1 € X7 and 25 € X5,
every vertex in Y adjacent to 1 is strongly adjacent to v and therefore strongly adjacent to zo; and
so T1, T are not A-incomparable. Consequently one of X1, Xo = ). If X; = (), then every neighbour
of u in A is strongly complete to X, and so u is strongly Y-anticomplete; and if X5 = (), then every
antineighbour of u in A is strongly X-anticomplete, and so w is strongly Y-complete. This completes
the proof of our claim that (X,Y’) is a homogeneous pair. It is nondominating, because of by, and
so 4.3 implies that | X| < 1, a contradiction. Thus there is no such X.

This proves that no two vertices in C' are A-incomparable. For distinct ¢, ¢ € C, we write ¢ >4 ¢
if every vertex in A adjacent to ¢ is strongly adjacent to c. We define ¢ >p ¢ similarly. We write
c>cife>4 ¢ and ¢ >p ¢. We claim that the relation > is a total order of C. To see this we
observe:

e For distinct ¢, € C, not both ¢ > ¢’ and ¢’ > ¢. For if both these hold, then ¢ >4 ¢, ¢ >g c,
d >4 ¢, and ¢ >p ; and so ¢, ¢ have the same neighbours in AU B and in C'\ {¢,}, and no
vertex is semiadjacent to either of them, and so they are twins, a contradiction.

e For distinct ¢,d € C, either ¢ > ¢ or ¢ > c¢. For if both are false, then we may assume
that ¢ 24 ¢, and so ¢ >4 ¢ since ¢, ¢ are not A-incomparable; choose a € A adjacent to ¢/
and antiadjacent to c¢. Since ¢ Z ¢, it follows that ¢ 25 ¢’; choose b € B adjacent to ¢’ and
antiadjacent to ¢. Then a ¢ A; and b ¢ By, and so {¢,¢,a, b} is a claw, a contradiction.

e For distinct c¢1,co,c3 € C, not all of ¢; > ¢o,c9 > ¢3, and c3 > ¢; hold. For if they do all hold,
then since ¢; >4 ¢ and ¢y >4 c3, it follows that ¢; >4 c¢3, and similarly ¢3 >p ¢, and so
c1 > c3; yet c3 > c1, contrary to the first observation above.

From these three observations, we see that > is a total order of C'. But then the second outcome of
the theorem holds. This proves (4).

Let A = {a1,...,ap} and B = {b1,...,b,}, where for 1 < ¢ < k qa; is adjacent to b;, and
otherwise each a; is strongly antiadjacent to each b;. By (4), we may assume that & > 0. Define
A" ={ags1,...,am}, and B' = {bgy1,...,b,}. For each c € C, let

I.={i:1<i<kand cis adjacent to a;,b;.}

We observe that, by (1), each ¢ € C' is strongly adjacent to a;,b; for all i € ..

(5) If e, € C, and i € I.\ I, then a;,b; are the only vertices in AU B that are adjacent to ¢
and antiadjacent to ¢. In particular, |I.\ Is| < 1.
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For suppose that a; is adjacent to ¢ and antiadjacent to ¢/, say, where j # i. Then {c,c,a;,b;}
is a claw by (2), a contradiction. This proves (5).

Let j be the maximum cardinality of the sets I, (c € C). By (5), [I.] =jorj—1forall ce C.
By (3) j > 1. Let
P={ceC:|l|=j-1}

and Q = C'\ P. Let Z be the set of vertices in A’ U B’ with a neighbour in Q. By (5), if p € P and
q € Q, then I, C I, and every vertex in A’ U B’ that is adjacent to ¢ is strongly adjacent to p. In
particular, Z is strongly complete to P. By definition, () is nonempty. Now there are four cases:

e P is empty and I, = I, for all ¢1,q2 € Q

e There exist q1,¢2 € Q with I, # I,

e There exist pi,ps € P with I, # I,, and

e P is nonempty, I, = I, for all ¢1,¢2 € Q, and I,, = I,,, for all p;,p> € P.

We treat these cases separately. The first case is easy; for if P is empty and I, = I, for all ¢1,¢2 € @,
then by (3), j = k and the hypotheses of (4) are satisfied, and so (4) implies that the theorem holds.

(6) If there exist q1,q2 € Q with I, # I,, then the theorem holds.

For then by (5), no vertex of A U B is semiadjacent to either of qi,¢2, and ¢q1, g2 have the same
neighbours in A’ U B’. Let X be the set of neighbours of ¢; (and hence of ¢2) in A’ U B’. For any
third member ¢ € Q, I, is different from one of I, I,,, and so by the same argument, X is the set
of neighbours of ¢ in A’ U B’. Consequently @ is strongly complete to X and strongly anticomplete
to (A’U B’)\ X. Hence X = Z, and therefore X is strongly complete to P and hence to C.

Choose q1,q2 € Q with I, # Iy, and let Y = I,, N 1,,. Now I, =Y for every p € P, by (5).
Suppose that there exists g3 € Q with Y Z I,. (Hence P = (), and therefore X = A" U B’ by (3).)
Let Y/ =1, Uly,. Since |I,U Iy| < j+1forall ¢,¢' € Q, it follows that |Y'| = j+ 1 and I, C Y";
and since no subset Y C Y’ with |Y”| < j — 1 has intersection of cardinality > j — 1 with each of
Iy, 14,14y, it follows that I, C Y’ for all ¢ € Q. By (3), j + 1 = k. Moreover, there do not exist
¢,q" € Q with I, = I, since then ¢,¢" would be twins. Consequently, G is near-antiprismatic, and
the theorem holds.

We may therefore assume that Y C I, for all ¢ € Q. If p € P has a neighbour a € A"\ Z and
b€ B'\ Z then {p,q1,a,b} is a claw, a contradiction; so P = P; U P, where Py, P, are the sets of
vertices in P strongly anticomplete to B'\ Z, A"\ Z respectively. Since I, =Y for all p € P, it follows
that (P, A’\ Z) is a homogeneous pair, nondominating because of by, and so |P;|,|A"\ Z| < 1; and
similarly |Py|,|B"\ Z| < 1. Moreover

({ai i€ YYUA' NZ),{bi:icYIU(B' NZ))

is a coherent homogeneous pair, and so |Y| < 1 since G does not admit twins or a coherent W-join,
that is, j < 2; and moreover, either j =1 or Z = (). If Z = (), then the third outcome of the theorem
holds; and if j = 1 then the fourth outcome holds. This proves (6).
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(7) If there exist p1,ps € P with I,,, # Ip,, then the theorem holds.

For let Y = I, U I,,; then |Y| = j. By (5), I; = Y for all ¢ € Q. Choose ¢ € Q; then by
(5), I, C I, =Y forall pe P. By (3), j =k, and so @ is strongly complete to (A\ A")U (B \ B’).

By (5), no vertex of AU B is semiadjacent to either of py,po, and p1,ps have the same set of
neighbours in A’ U B, say W. Moreover, if p € P then I, is different from one of I, , I,,,, and so W
is the set of neighbours of p in A’ U B’. We deduce that P is strongly complete to W and strongly
anticomplete to (A’ U B’) \ W. But by (3), every vertex in A’ U B’ has a neighbour in C, and so
ZUW = A"U B’; and since Z is strongly complete to P, it follows that Z C W, and so W = A'U B’
and therefore A’ U B’ is strongly complete to P.

We claim there is at most one value of i € {1,...,k} that belongs to all the sets I, (p € P);
for if 4,7’ were two such values, then ({a;,a;},{b;,by}) would be a coherent homogeneous pair, a
contradiction. Thus there is at most one such i, and therefore we may assume that for 1 < ¢ < k
there exists p; € P with ¢ ¢ I,,. There is at most one p € P with 7 ¢ P;, since two such vertices p, p/
would have I, = I,y and therefore would be twins; and so P = {p1,...,px—1} or {p1,...,pi}, where
P, is the unique vertex p € P with k ¢ I,, if such a vertex exists. Moreover, if for some i € {1,...,k},
ai, b; are semiadjacent, then i € I, for all p € P; for if i ¢ I, for some p, choose p’ € P with i € Iy,
and then {p’,p,a;,b;} is a claw, a contradiction. Hence a; is strongly adjacent to b; for 1 < i < k,
and also for ¢ = k if p; exists.

If ¢ € @ has antineighbours o’ € A" and b’ € B, then {p1,q,d’,b'} is a claw, a contradiction; so
Q = Q1UQ2, where Q1, Q2 are the sets of vertices in ) strongly complete to B’, A’ respectively. Since
(Q1,4") is a homogeneous pair, nondominating because of by, 4.3 implies that |@Q1],|A’| < 1, and
similarly |Q2],|B’| < 1. If |@Q] < 1 then G is near-antiprismatic; so we may assume that Q1 = {¢q1}
and Q2 = {g2}, and @1 N Q2 = 0. In particular, ¢; is not strongly complete to A’, and so A’ is
nonempty; let A" = {a’} say, where ¢1,a’ are antiadjacent. Similarly, B’ = {b'} where V/, ¢y are
antiadjacent. But then again, G is near-antiprismatic. This proves (7).

In view of (6),(7), we may henceforth assume that P is nonempty, I, = Iy, for all ¢1,¢2 € @, and
I,, =1Ip, forallp;,ps € P. Let [, =Y forallp € P. Then |Y| =j—1,and ({a; :i € Y},{b; :i € Y'})
is a coherent homogeneous pair, and so j < 2 since G does not admit twins or a coherent W-join.
By (3), k = j. If some ¢ € @ has antineighbours o’ € A'NZ and b’ € B'N Z, then {p,q,da’,b'} is
a claw where p € P, a contradiction. Thus Q = @1 U @2, where @1, Q2 are the sets of members
of @ which are strongly complete to B’ N Z and to A’ N Z respectively. Since (Q1,A' N Z) is a
homogeneous pair, nondominating because of by, 4.3 implies that |Q1],|A’ N Z| < 1, and similarly
|Q2|,|B' N Z] < 1. If some p € P has neighbours o' € A’\ Z and V/ € B'\ Z then {p,q,d’,V'}
is a claw, where ¢ € @, a contradiction. Thus P = P, U P,, where P;, P, are the sets of mem-
bers of P that are strongly anticomplete to B\ Z and to A"\ Z respectively. Since (P, A"\ Z) is
a nondominating homogeneous pair, 4.3 implies that |P;|,|A’\ Z| < 1, and similarly | P»|,|B'\ Z| < 1.

(8) If |Q| > 2 then the theorem holds.
For in this case it follows that Q1,Q2 # Q. Since Q1 U Q2 = @ and |Q1],|Q2] < 1, we deduce

that @ = {q1, 492}, where Q; = {¢;} for i = 1,2. Since q1 ¢ @2, there exists a’ € A’ N Z antiadjacent
to q1. Suppose that there exists p € P\ P;. Since p ¢ P;, p has a neighbour & € B’ \ Z; but
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then {p,q1,a’,b'} is a claw, a contradiction. This proves that P, = P, and similarly P, = P. Hence
|P| =1, P = {p} say. Since p € P;, p has no neighbours in B’ \ Z; but every vertex in B\ Z is
adjacent to p, by (3), and so B’ C Z. Similarly A’ C Z, and so G is near-antiprismatic, and the
theorem holds. This proves (8).

In view of (8) we may assume that |Q| = 1. If Z = () then the third outcome of the theorem holds,
so we may assume that Z is nonempty. If Y # (), let 1 € Y, say; then ((ZNA")U{a1},(ZNB")U{b1})
is a coherent W-join, a contradiction. Thus Y = (), and so k = 1. If Q is strongly complete to Z,
and one of Z N A, Z N B is empty, then again the third outcome of the theorem holds; while if @ is
strongly complete to Z and Z N A, Z N B are both nonempty, then the fourth outcome holds. Thus
we may assume that @ = {q} say, and ¢ is antiadjacent to z € Z N B. Hence Z N B = {z}. Since
z has a neighbour in @, we deduce that g,z are semiadjacent. Now ¢ ¢ @1, and so ¢ € Q2 and
therefore ¢ is strongly complete to Z N A. If there exists p € P\ Py, let a € A"\ Z be adjacent to
p; then {p,a,q,z} is a claw, a contradiction. Thus P = P,, and so |P| = 1, say P = {p}. Since
A"\ Z is therefore strongly anticomplete to C, (3) implies that A’ C Z. If also B’ C Z then G is
antiprismatic, so we may assume that |B’\ Z| = 1, and the vertex in B"\ Z is adjacent to p. If it is
strongly adjacent to p, then (B’,{q}) is a nondominating homogeneous pair, contrary to 4.3. Thus
the vertex in B’ \ Z is semiadjacent to p. Any two vertices in Z N A are twins, and so |[Z N A| < 1.
If ZN A =0, then G admits a generalized 2-join ({b1}, AU {ag,bp}, BUC \ {b1}); and if ZN A # 0,
then G admits a hex-join, since Z N A, {ap} UA\ Z,C,{bp} U B are four strong cliques with union
V(G) and the first is strongly complete to the second and third and strongly anticomplete to the
last. Thus the fifth statement of the theorem holds. This proves 11.1. [ |

The previous result has a convenient corollary, the following.

11.2 Let G be a claw-free trigraph with a(G) > 3, and let ag,by € V(G) be antiadjacent. Suppose
that the set of all vertices in V(G)\{ao,bo} adjacent to ag is a strong clique, and they are all strongly
adjacent to ag; and the same for by. Suppose that no vertex is adjacent to both ag, by, and the set
of wvertices antiadjacent to both ag,by is a strong clique. Then either G € Sy U S3 U Sg or G is
decomposable.

Proof. Let G’ be the trigraph obtained from G by making ag, by semiadjacent, and leaving the
adjacency of all other pairs unchanged. Then G’ is claw-free, from the hypothesis, and therefore
satisfies the hypotheses of 11.1. Hence either G’ € Sy U S3 U Sg or G’ is decomposable. Certainly if
G’ is decomposable then so is G, so we assume that G’ is not decomposable. It is easy to see that if
G’ € 83 then the same holds for G, and if G’ € Sg then G € Sg U S7. Suppose then that G’ € Sy,
and let G’ be a line trigraph of some graph H. Since ag, by are semiadjacent in G’, there is a vertex
of degree two in H incident with them both in H. It follows that G is also a line trigraph, for G
is an L(H')-trigraph where H' is obtained from H by “splitting” v into two vertices both of degree
one. This proves 11.2. [ |

12 The icosahedron minus a triangle

Now we begin the next part of the paper. The objective of the next several sections is to prove 17.2,
that every claw-free trigraph with a hole of length > 6 either belongs to one of our basic classes or
is decomposable. We begin by outlining the plan of the proof, as follows.
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e We can assume G is a claw-free trigraph with a maximum 6-hole, and with no long prism.
Consequently we may assume that every 6-hole is dominating, by 10.3.

e (In 13.6) If some 6-hole has a hub, and either a clone or a semiadjacent pair of consecutive
vertices, then either G belongs to one of the basic classes or G is decomposable.

e (In 13.7) If some 6-hole has both a star-diagonal and a clone then either G belongs to one of
the basic classes or G is decomposable.

e (In 14.3) Every 5-hole is dominating (or else either G is decomposable, or it belongs to one of
our basic classes). Consequently, no 6-hole has a coronet.

e (In 15.1) If some 6-hole has both a hub and a hat, then either G is in one of the basic classes
or it is decomposable.

e (In 15.2) If some 6-hole has both a star-diagonal and a hat, then either G is in one of the basic
classes or GG is decomposable.

e (In 16.3) If no 6-hole has a hub, but some 6-hole has both a star-triangle and either a hat or
clone, then G is decomposable.

e (In 16.4) If no 6-hole has a hub or star-diagonal, but some 6-hole has a crown, then G is
decomposable.

e (In 17.1) If no 6-hole has a hub, star-diagonal, star-triangle or crown, then either G is a circular
interval trigraph or G is decomposable.

e To complete the proof of 17.2, we may therefore assume that some 6-hole has either a hub,
a star-diagonal, or a star-triangle, and has no hat or clone. We deduce that G is either
decomposable or antiprismatic.

The first step is to handle icosa(—3), and that is the goal of this section. We recall that icosa(—3)
is the graph obtained from icosa(0) by deleting three pairwise adjacent vertices. Thus it has nine
vertices c1,...,cg,b1,bs,bs, where {b1,b3,b5} is a triangle, c;-----cg-¢; is a 6-numbering, and for
1 =1,3,5, b; is adjacent to ¢;—1, ¢;, ¢;41 and antiadjacent to the other three of 1, ..., cg.

12.1 Let G be claw-free, and with no long prism or hole of length > 6, containing an icosa(—3)-
trigraph. Then G is decomposable.

Proof. Let c1,...,c6,b1,b3,b5 € V(G) such that the subtrigraph induced on these nine vertices
is an icosa(—3)-trigraph, labelled as above. By 10.3 we may assume that {c1,...,cs} is dominat-
ing. For i = 1,3,5, let B; be the set of all v € V(@) such that v is adjacent to by, bs, bs,c;. Let
W:{Cl,...,c6}U31U33UB5.

(1) For i = 1,3,5, if v € B; then ¢;—1,¢i,¢iv1 € N*(v), and cit2,Cit3,civa & N(v), and in par-
ticular, B1, B3, Bs are pairwise disjoint. Moreover, B1 U Bs U By is a strong clique.

For let v € B;. By 5.3 it follows that c3,c5 ¢ N(v), so the sets Bj, Bs, Bs are pairwise disjoint.

48



By 5.4 (with ¢3-c4-c5), ¢4 ¢ N(v). By 5.4 (with c4-bs-c¢ and ¢4-bs-c2), ca,c6 € N*(v); and by 5.4
(with cj-co-c3), ¢4 € N*(v). This proves the first two claims. For the final claim, suppose that
u,v € B U Bg U Bj are antiadjacent. From the symmetry we may assume that u,v ¢ By; and then
{b1,u,v,c1} is a claw, a contradiction. This proves that B; U B3 U Bj is a strong clique, and therefore
proves (1).

For i = 1,3,5, let C; be the set of all v € V(G) \ (By U B3 U Bs) such that B; C N*(v) and
B;_9,Bito € N*(v). For i = 2,4,6, let C; be the set of all v € V(G) \ (B1 U Bs U Bj) such that
Bi717Bi+1 - N*(U) and Bi+3 SZ N*(U)

2) We may assume that the nine sets C1,...,Cg, B1, Bs, Bs are pairwise disjoint and have union

V(G).

For we have seen that Bj, Bs, Bs are pairwise disjoint, and therefore the nine sets are pairwise
disjoint. We must show they have union V(G). Let v € V(G). Since each ¢; € C; and b; € B;, we
may assume that v # by, b3, bs, c1,...,c6. If N*(v) includes either one or two of By, Bs, Bs, then v be-
longs to one of C1,...,Cs; so we may assume that N*(v) includes none or all of By, B3, Bs. Suppose
first that By, B3, Bs C N*(v). If ¢; € N(v) then v € By, so we may assume that ¢; ¢ N(v), and sim-
ilarly c3,c5 ¢ N(v). By 5.4 (with ¢j-ce-c3), ca ¢ N(v), and similarly ¢g ¢ N(v), contrary to 5.4 (with
ca-bi-cg}). Second, suppose that By, Bs, Bs € N*(v). If N(v) contains at least two of co, ¢4, cg, say
2, ¢4, then 5.4 (with ¢j-co-Bs}) implies that ¢; € N(v) and similarly ¢5 € N(v); 5.4 (with ¢3-c4-Bs)
implies that c3 € N(v); and then {v,c1,c3,¢5} is a claw, a contradiction. Thus N(v) contains at
most one of cg, ¢4, and we may assume that co,cy ¢ N(v). By 5.4 (with ca-c3-¢4), c3 ¢ N(v); by
5.4 (with ¢3-Bs-Bs), BsN N(v) = (); and by 5.4 (with By-Bs-c¢4 and Bs-Bi-c2), N(v) is disjoint from
Bi, Bs. If ¢; € N(v) then 5.4 (with cg-c¢1-co) implies that ¢g € N(v); and if ¢g € N(v) then 5.4 (with
Bs-cg-c1) implies that ¢; € N(v). Since {ci,...,cs} is dominating, it follows that cs,cg,c1 € N(v).
But then the subtrigraph induced on {ci,...,cg, b1, b3, b5, v} is an icosa(—2)-trigraph, and the result
follows from 5.7. This proves (2).

We remind the reader that v € N(v).

(3) Let 1 <i <6 and let v € C;.

o [fi is odd then N(v) N W = B; U{ci_1,¢i,cit1} U X, where X is a subset of one of Bj_o U

{ci—2}, Biva U{ciya}.

o Ifiis even then N(v)NW = B;_1UB;11U{¢;—1, ¢, ¢it1 }UX, where X is one of 0, {c;—2}, {cit2}-

For let v € C;. Thus By C N*(v), and Bs, B; € N*(v). By 5.4 (with Bs-Bi-cy and Bs-Bi-¢q if
v # ¢1), c2,¢1 € N*(v) and similarly ¢g € N*(v). By 5.3, ¢4 ¢ N(v), and not both c3,¢c5 € N(v);
we assume cg ¢ N(v). By 5.4 (with ¢3-B3-Bs), N(v) N B = (). This proves the first claim. For the
second, let v € Cy. Thus By, B3 C N*(v) and Bs € N*(v). By 5.4 (with Bs-Bj-c if v # ¢g, and

Bs-Bi-c1), ¢1,c2 € N*(v), and similarly c3 € N*(v). By 5.3, B U {c5} is disjoint from N(v), and
not both c4,cs € N*(v). This proves the second claim and hence proves (3).

(4) For1=1,3,5, B;UC; is a strong clique, and for i = 2,4,6, C; is a strong clique.
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For first suppose that u,v € By U Cy are antiadjacent. By (1), at least one of u,v € C1, say
v € C1. By (3) we may assume that N(v) N (BsU{c3}) = 0. If also u € C4, choose = € Bz antiadja-
cent to u; then {by,z,u,v} is a claw, a contradiction. So u € Bj; but then {c2, c3,u,v} is a claw, a
contradiction. This proves the first claim. For the second, suppose that u,v € Cs are antiadjacent.
Then {bs, b5, u,v} is a claw, a contradiction. This proves (4).

(5) For1=1,3,5, B; UC; is strongly complete to C;—1 U Cjt1.

For let w € B; Uy and v € (5 say, and suppose that u,v are antiadjacent. Since Bj is strongly
complete to Cs from the definition of Cs, it follows that u € (. Choose x € Bs antiadjacent to wu.
Then {b1,z,u,v} is a claw, a contradiction. This proves (5).

(6) For1=1,3,5, B; UC; is strongly anticomplete to Ciys.

For let w € By U C} and v € C4 say, and suppose that u,v are adjacent. From (3), u ¢ Bj, so
u € C1. Choose x € Bj antiadjacent to u. Since {v,u,x,c3} is not a claw, it follows that c3 € N(u),
and similarly ¢; € N(u), contrary to (3). This proves (6).

From (2),(4),(5),(6), it follows that G is expressible as a hex-join and therefore decomposable.
This proves 12.1. |

13 6-holes with clones

Let ci----- ¢p-c1 be an m-numbering in a trigraph G, and let v € V(G). We saw in 9.1 that if
v # c1,...,Cpn, and is neither strongly complete nor strongly anticomplete to {ci,...,¢,}, and not a
hub, then there is an “interval” ¢;, ¢;y1,..,¢; of C' with

@# {Ciyci+17°°° 7Cj} ;é {Cla"'7cn}7

such that v is adjacent to the vertices in this interval and antiadjacent to the other vertices of
€1,...,¢pn. In this case we say that v is in position (i + j)/2 relative to ¢1--- - - ¢n-c1. (Possibly there
are two such intervals, if v is semiadjacent to one of ¢y, ..., c,, and then v has two positions relative
to c1- -+ --cp-c1.) It is helpful also to say that for 1 < i < n, ¢; is in position i relative to c1-----c,-c1.

Let ¢q-----cg-c1 be a 6-numbering of a 6-hole C. If v is a hub relative to C, we say that v is in
hub-position i if v is adjacent to ¢;_2, ¢;—1, ¢it1, ¢ir2. (Thus hub-position i is the same as hub-position
i+3.)

13.1 Let G be a claw-free trigraph. Let C' be a 6-hole in G with vertices c1---- -cg-c1 in order, and
let w be a hub in hub-position i. Let v € V(G) \ (V(C) U {w}). Then w,v are strongly adjacent if
and only if either:

e v is a hub in hub-position i, or

e v is a hat in position i + 1% or in position 1 — 1%, or
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e v is a clone in position i + 1,i + 2,1 —2 ori—1, or
® v s a star in position i + %,i—i—?%,i - % ori— 2%
and strongly antiadjacent otherwise.

Proof. In each case listed, if v, w are antiadjacent there is a claw; and in the cases not listed, if v, w
are adjacent there is a claw. We leave the details to the reader. [ |

This has the following consequence.

13.2 Let G be a claw-free trigraph, and let C be a 6-hole in G with vertices c1--- - -cg-c1 in order.
If there are two hubs in the same hub-position, then G admits twins.

Proof. By 13.1, any two hubs in the same hub-position are strongly adjacent, and every other
vertex is either strongly adjacent to them both, or strongly antiadjacent to them both. Thus they
are twins. This proves 13.2. [ ]

Two n-numberings are prozimate if they differ in exactly one place (and therefore they number
n-holes with n — 1 vertices in common; the exceptional vertex of each is a clone with respect to the
other). Note that we regard ci-----c¢,-¢1 and co-c3-- - - - cn-c1-co as different numberings; the choice
of initial vertex is important. A nonempty set C of n-numberings is connected by prozimity if the
graph with vertex set C, in which two n-numberings are adjacent if they are proximate, is connected.
The proximity distance between two n-numberings is the length of the shortest path between them
in this graph, if such a path exists, and is undefined otherwise. A proximity component of order n
means a set C of n-numberings that is connected by proximity and maximal with this property.

13.3 Let G be a claw-free trigraph, and let C be a proximity component of order 6. Let v € V(G) be
a hub in hub-position i for some member of C. Then v is a hub in hub-position i for every member

of C.

Proof. It suffices to show that if ¢1-----cg-c; and ¢}j-----c4-¢| are proximate, and v is a hub in
hub-position ¢ for the first 6-numbering, then v is a hub in hub-position ¢ for the second. We may
assume that 7 = 1. From the symmetry we may assume that c¢; = c;- for j = 3,4,5; and since v
is adjacent to csz,c; and not to cg4, it follows from 9.1 that v is a hub in hub-position 1 relative to
/

- ¢4-¢}. This proves 13.3. n

If C is a proximity component of order n, we denote the union of the vertex sets of its members
by V(C); and for 1 < i < n, the set of vertices that are the ith term of some member of C is denoted
by A;(C), or just A; when there is no ambiguity. If these n sets are pairwise disjoint, we say that C
is pure.

13.4 Let G be a claw-free trigraph containing no long prism, with a maximum hole of length siz, in
which every mazimum hole is dominating. Let C be a pure proximity component of order 6. Then

o For1<i<6, A; is a strong clique, and A; is strongly anticomplete to A;13

o IfveV(G) andv ¢ A1 U---U Ag, then for 1 < i <6, v is either strongly complete or strongly
anticomplete to A;; and v is strongly complete to either two or four of the sets Aq,..., Ag.
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e For1 < i <6, everyv € A; is either strongly complete to A; 11 or strongly anticomplete to
AZ‘+2.

e For1l<1i<6, either A; is strongly complete to A;_1 or A; is strongly anticomplete to A;1o.
e Forl<1i<6, A; is strongly complete to one of A;_1, Ajy1.

Proof. For each vertex v € V(G), let P(v) be the set of all k£ such that v is in position k relative
to some member of C (and therefore v is not a hub relative to this 6-numbering). Since v may
be semiadjacent to a vertex of the 6-numbering, it may have two distinct positions relative to the
same 6-numbering, and therefore the same 6-numbering may contribute two different terms to P(v),
differing by %

(1) For every vertex v € V(Q), if k is an integer, then k € P(v) if and only if v € Ay. More-
over, |P(v)| < 3, and the members of P(v) are consecutive multiples of & modulo 6.

For suppose first that v € Aj. Then since the sets A1,..., Ag are pairwise disjoint, v is the kth
term of every member of C that contains it, and there is such a member since v € Aj; and so
k € P(v). For the converse, suppose that k is an integer and k € P(v). We may assume that k = 1.
Choose a 6-numbering c¢i-----cg-¢c; € C such that v is in position 1 relative to this 6-numbering.
Hence either v = ¢ or v is a clone in position 1. In either case the 6-numbering v-co- - - - -cg-v also
belongs to C, because of the maximality of C, and so v € A;. This proves the first claim. For the
second claim, we may assume that P(v) is nonempty, and so by 13.3, v is not a hub with respect
to any member of C. Since every member of C is dominating (by hypothesis) and has no centre,
it follows that v has (at least) one position with respect to every member of C. But for any two
proximate 6-numberings, v has a position with respect to each of them such that these two positions
differ by at most 3; and so the members of P(v) are consecutive multiples of 3 (modulo 6). Since
P(v) contains at most one integer, as we have seen, it follows that |P(v)| < 3. This proves (1).

To prove the first statement of the theorem, we may assume that i = 1. Let u,v € Ay, and let
cr-- - cg-c1 € C with ¢; = u. Since v € Ay, it follows that 1 € P(v); and so P(v) C {3,1,13} by
(1). In particular, v is in position %, 1or 1% relative to ¢1- - - - cg-c1; and in each case, it is strongly
adjacent to u. Hence A; is a strong clique. Now let u € Ay and v € A4. As before, P(u) C {%, 1, 1%}
Choose c1-----cg-c1 € C with ¢4 = v; then u is in position %, 1or 1% relative to ¢1----- cg-c1, and in
each case u,v are strongly antiadjacent. This proves the first statement.

For the second statement, let v € V(G) with v ¢ A; U---U Ag. By 13.3 we may assume that v is
not a hub relative to any member of C. By (1), P(v) contains no integer, and so P(v) = {i + 4} for
some integer ¢. Thus v is in position ¢ + % relative to every member of C, and it is either a hat or a
star. Since it is not a clone (because P(v) contains no integer), it follows that v is not semiadjacent
to any member of A; U---U Ag. If v is sometimes a hat and sometimes a star, then there are two
proximate members of C such that v is a hat relative to one and a star relative to the other, which is
impossible. Hence either it is a hat in position i+ % relative to all members of C, or it is a star in the
same position for them all, and in either case the claim follows. This proves the second statement.

For the third statement, we may assume that ¢ = 1; let v € A1, and suppose it has a neighbour
az € As and an antineighbour as € As. Choose ¢1-¢co-- - --cg-¢1 € C so that ag = ¢o. Since v € Ay it

follows that P(v) C { %, 1, 1%}, and since v is antiadjacent to co, we deduce that v is in position %
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relative to cj-co--- - - c¢-c1. Hence v is either a hat or a star. If v is a star, then v is semiadjacent to
c2, and therefore v is also a clone in position 6, a contradiction, since 6 ¢ P(v). Thus v is a hat. Since
ag € As, it follows that P(ag) C {2%,3,3%}. If a3 is adjacent to both cg, ¢y then {as,co,cq,v} is a
claw; and so a3 is a hat in position 2% or 3% relative to ¢i-co- -« - - cg-c1. But then G|{c1,...,cq,v,a3}
is a long prism, a contradiction. This proves the third statement.

For the fourth statement, let us first prove the following.

(2) If 1 < i < 6, then every vertex in A; is either strongly complete to A;—1 or strongly anti-
complete to Ajto.

For we may assume that ¢ = 2. Let v € Ay, and suppose that v has a neighbour a4 € A4 and
an antineighbour a; € A;. Choose ci-co-- - - - cg-c1 and c)-ch-- - - cg-c) in C, with ¢; = a1 and ¢} = ay,
and choose these two 6-numberings so that their proximity distance (k say) is as small as possible.
Since v € Ay, it follows that P(v) C {11,2,21}. Since v is antiadjacent to ¢; we deduce that, relative
to c1-co- - - - cg-c1, either v is a hat in position 2%, or v = cp and cy is semiadjacent to c1; and in
either case v is strongly antiadjacent to ¢4 (since 3 ¢ P(v)). Similarly, relative to ¢j-c5-----c§-c},
either v is a star in position 2%, or v = ¢, and ¢, is semiadjacent to ¢4; and in either case v is
strongly adjacent to ¢j. In particular, ¢; # ¢}, and ¢4 # ¢j. It follows that the two 6-numberings
are not proximate, and so k > 1. Consequently there is a third 6-numbering ¢}{-c5-----cg-¢{ in C,
proximate to ¢j-ch----- ¢4-c}, and with proximity distance to ¢j-co--- - ce-c1 less than k. From the
minimality of k, it follows that ¢ is strongly antiadjacent to v, and therefore ¢ # a4; and so ¢} = ¢}
for all 4 € {1,...,6} with i # 4. Consequently ¢}-v-ch-c/j-c§-c4-¢} is a 6-numbering, and therefore
belongs to C. Since ¢; is antiadjacent to v, and P(c1) C {3,1,11}, it follows that relative to this last
6-numbering, c; is in position % and is a hat. Consequently ¢; is strongly antiadjacent to ¢4, ¢, ¢,
and is strongly adjacent to cj.

Suppose that ¢; is in position 1 relative to ¢j-ch-----c4-¢j. Then c¢j-ch-cs- - - -cg-c1 belongs to
C, and yet v is in position 3 relative to it, contradicting that P(v) C {13,2,21}. So ¢ is not in
position 1 relative to ¢j-ch----- cy-cy. Since P(c1) C {1,1,11} and ¢; is strongly antiadjacent to ¢}
and strongly adjacent to cj, we deduce that ¢; is in position 1 relative to {-ch-- - --c4-c}. Since ¢; is
strongly antiadjacent to ¢f, it follows that ¢; is antiadjacent to c.

Since {c2,c, ), c1} is not a claw, it follows that cg,c are strongly antiadjacent and therefore
v # c9; and since Ay is a strong clique, ¢ is strongly adjacent to ¢4. Since {c},v,cs,c6} is not a
claw, ¢ is strongly antiadjacent to ¢g. Thus if ¢} is in position 4% relative to ¢1--- - - cg-c1, then it is
a hat and therefore antiadjacent to cs; but then G|{ci,...,cq,v,c}} is a long prism, a contradiction.
If ¢} is in position 4 relative to ¢1-co-- - - - ce-c1, then v is in position 3 relative to ¢1-co-c3-cj-c5-cg-c1,
contradicting that P(v) = {13,2,24}. Thus, ¢} is in position 31 relative to cj-co--- - cg-c1, and
therefore is a hat, since cq,c) are strongly antiadjacent. Then c¢j-co-v-cj-c4-c5-cg-c1 is a 7-hole, a
contradiction. Thus there is no such vertex v. This proves (2).

To complete the proof of the fourth statement of the theorem, again we may assume that i = 2.
Suppose that v,v" € Ay, and v has a neighbour ay € A4, and v’ has an antineighbour a; € A;. By
(2), v/, a4 are antiadjacent, and v, a; are adjacent. But then {v,v’,a1,a4} is a claw, a contradiction.
This proves the fourth statement of the theorem.

For the fifth statement, let us first prove the following:
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(3) For 1 <1i <6, every vertex in A; is either strongly A;y1-complete or strongly A;_1-complete.

For we may assume that ¢ = 2. Let ay € As, and assume it has antineighbours a; € A; and
as € As. Since aj is not strongly complete to Ao, it is therefore strongly anticomplete to A by the
third statement of the theorem; and in particular, ay, ag are strongly antiadjacent. Choose z,y € As
adjacent to ai,as respectively. Since {z,a1,a2,as} is not a claw, it follows that x is not adjacent to
as, and similarly y is not adjacent to a;. Thus ai-z-y-as is a path. Choose ¢1-co- - - - -cg-¢1 € C with
as = ¢3. Now P(aj) C {%, 1, 1%}, and a1 is antiadjacent to ao; and so relative to ci-co- - - - -cg-c1, a7 is
a hat in position % Similarly, ag is a hat in position 3%. Now « is strongly anticomplete to Ay, As, Ag,
by respectively the third, first and fourth statements of the theorem, since x is not strongly complete
to As. Similarly y is strongly anticomplete to A4 U A5 U Ag. It follows that ai-x-y-as-c4-c5-cg-aq is
a 7-hole in G, a contradiction. This proves (3).

Now to prove the fifth statement of the theorem, we may assume that ¢ = 2. Suppose that
a; € Ay and a3 € As both have antineighbours in Ay. By (3) they have no common antineighbour,
and so there is a path a;-z-y-az where x,y € Ay. Choose ¢; € A; for i = 4,5,6, such that c4-c5-cg is
a path. By (3) and the first, third and fourth statements of the theorem, aq-z-y-as-c4-c5-c-aq is a
7-hole in G, a contradiction. This proves the fifth statement, and therefore proves 13.4. [ |

We have two applications for the previous theorem, but first we need another lemma.

13.5 Let G be a claw-free trigraph containing no long prism, with a mazimum hole of length siz,
in which every maximum hole is dominating. Let C be a pure proximity component of order 6, such
that there is a hub for some member of C. Suppose that for some i € {1,...,6}, A;(C) is not strongly
complete to A;+1(C). Then either G € Sy U S3U S, or G is decomposable.

Proof. Let A; = A;(C) for 1 <i<6,and let W = A1 U---UAg. Fori =0,...,5, let Hi+% and Si+%

be respectively the set of all hats and stars in V(G) \ W in position i+ % relative to C. For i = 1,2,3,
let W; be the set of all vertices in V(G) \ W that are strongly complete to A;y1, Ajro, Ai—1, Ai—a
(and therefore strongly anticomplete to A;, A;y3). Then since every 6-hole is dominating, from 9.2,
9.1 and 13.4 we have:

® Si,...,8:1,H1,...,H1, Wy, Wo, W3 are pairwise disjoint strong cliques with union V(G)\ W
2 2 2 2

e for 1 <7 <6, H; 1 is strongly complete to 4; U A;;1, and strongly anticomplete to A; for
2
jAii+1
e for 1 <i <6, 5,1 is strongly complete to A;_1, 4;, Ai+1, Ai12 and strongly anticomplete to
2
A3y Aiga

e fori,j € {1,...,6}, H, 1 is strongly complete to S, 1 if i — j € {1,—1}, and strongly anti-
2 2
complete otherwise

e H.,...,H;, are pairwise strongly anticomplete (since G' has no 7-hole or long prism)
2 2

o for 1 <4,j <6, W; is strongly complete to Hj+1% if j € {i+1,i—2} and strongly anticomplete
otherwise
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o for 1 <14,57 <6, W; is strongly anticomplete to Sj+11 if 7 € {i+1,i—2} and strongly complete
2

otherwise.

Thus the only adjacencies that are not yet determined are between some pairs of A;’s and between
some pairs of Sj+%’s.

From the symmetry we may assume that A; is not strongly complete to Az, and so 13.4 implies
that A; is strongly complete to Ag and strongly anticomplete to As, and similarly A, is strongly
complete to Az and strongly anticomplete to A4. Moreover S, 1 is strongly anticomplete to .S, 1 since
SI% U S4% U A1 U Ay includes no claw.

(1) S%,SQ%,H%,W:; are all empty.

For there exist ¢; € Ay and ¢y € Ay, antiadjacent. If there exists v € S1, choose ¢; € As; then by
13.4, ¢5 is antiadjacent to ¢, ca, and so {v,c1,co,c5} is a claw, a contra(giiction. Thus S% =, and
similarly SQ%, W3 are empty. If there exists v € Hl%’ then choose aq----- ag-c1 in C; by 13.4, ¢ is
antiadjacent to ag since ¢; is not strongly complete to As, and similarly ¢, is antiadjacent to ag, and
SO

C1-V-C2-03-a4-a5-06-C1

is a 7-hole, a contradiction. This proves (1).

(2) If W1 # 0, then As is strongly complete to Ag, Ay is strongly anticomplete to As, and Ag is
strongly anticomplete to Ay.

For Aj is strongly complete to Ag since Wi U A5 U Ag U A3 includes no claw; A; is strongly an-
ticomplete to Ag since A3 U A; U A4 U Wy includes no claw; and Ag is strongly anticomplete to Ay
since Ag U A4 U A1 U W7 includes no claw. This proves (2).

(3) If Ay is not strongly complete to As then either G € Sy or G is decomposable.

For then it follows as in (1) that 53%755 1, Hyy are all empty. Moreover, 13.4 implies that for
i € {2,3,5,6}, A; is strongly complete to A;;1, and for ¢ € {2,5}, A; is strongly anticomplete to
A;io. Since one of Wi, Wy is nonempty, from the symmetry we may assume that W; # (. By (2),
As is strongly complete to Ag, A; is strongly anticomplete to As, and Ag is strongly anticomplete to
Ay. If also Wy # (), then similarly Az is strongly complete to Ay, Ag is strongly anticomplete to As,
and Aj is strongly anticomplete to As; and so A; is strongly anticomplete to A; o for i =1,...,6,
and 9.2 implies that G € Syg. We may therefore assume that Wy = (). But then

(AQUH2% USI%,Al UH%,A(;)
is a breaker, and 4.4 implies that G is decomposable. This proves (3).

In view of (3) we assume henceforth that Ay is strongly complete to As.

(4) IfHS% # () then:
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Ay is strongly anticomplete to Ag,

As is strongly complete to Ag,

° 53% s strongly complete to 5’5%,

° 55% s strongly complete to S1%: and

e S,1 is strongly anticomplete to Sy1 .
2 2

For let h € H 1. Then Ay is strongly anticomplete to Ag since Ag U Ay U A; U {h} includes no
claw; As is strongly complete to Ag since G contains no 7-hole; S, 1 is strongly complete to Sy 1 since
As U 5'3% U 555 U {h} includes no claw; 5’5% is strongly complete to SI% since Ag U 55% U ‘91% U {h}
includes no claw; and S, 1 is strongly anticomplete to Sy 1 since S, 1 US; 1 U Az U {h} includes no
claw. This proves (4).

(5) If H5% and S5% are both nonempty then either G € Sg or G is decomposable.

For let h € H;1 and s € S;1. By 9.2, h, s are strongly antiadjacent. Since S51 U Sy1 U Ay U {s}
2 2 2 2
includes no claw, it follows that S;1 is strongly anticomplete to S,1. Since Ag U Ay U {h, s} includes
2 2

no claw, Ag is strongly anticomplete to Ao, and similarly Ajs is strongly anticomplete to As. If Ay is
strongly anticomplete to Az and S, 1 is strongly complete to S51 then G' € Sp; so we may assume that
2 2

not both these hold. If W; # () then (2) implies that A; is strongly anticomplete to As, and since
{W1,8,1,851,h} includes no claw, it folows that S;1 is strongly complete to S;1, a contradiction.
2 2 2 2

Thus W, = (), and so there exists w € Wa. By (2), A3 is strongly complete to A4. If S;1 = (@, then
2
(4g USS%,Ag, UH5% UH4%,A4US4%)

is a breaker, and the result follows from 4.4. So we may assume that S, 1 # 0. If also H, 1 # (), then
from the symmetry between Wi, W5 we deduce that Wy = (), a contradiction. Consequently H, 1= 0.
Suppose that there exists s, 1€ Sy 1. We recall that either A; is not strongly anticomplete to A3 or
Sl% is not strongly complete to 53%. But if a1 € A; is adjacent to a3 € As, then {as3, a1, 54%,83%} is
a claw (where s,1 € S,1), and if s;1 € S;1 is antiadjacent to s,1 € S,1 then {as, s;1,851,5,1} is a
claw (where ag ?A?)),Bi]?n either casle2a coiléradiction. Thus S, 1 3:2 0. Bglit then R

(Ag UH%,H5%,A5 UHZ%)
is a breaker, and again the result follows from 4.4. This proves (5).
(6) If Hy1 is nonempty then either G € Sy or G is decomposable.
2

For suppose that H.1 # (. By (5) we may assume that S;1 = (. By (4), A4 is strongly anti-
2 2
complete to Ag, and Ay is strongly complete to Ag. Suppose that Wo = 0; then Wi # 0. By (2),
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As is strongly anticomplete to A;. Since Wi U S;1 U S;1 U Hy1 includes no claw, S;1 is strongly
2 2 2 2
complete to S;1. But then
2

(A5US4%,A4UH3% UH4%,A3US3%)

is a breaker, and the result follows from 4.4. Thus we may assume that Wy # (. By (2), Ag is
strongly complete to A4, and As is strongly anticomplete to As, and As is strongly anticomplete to
Ag. Suppose that Sy1 = 0. If also Wi = ) then

2

(Al ) Sl%vAQ U HQ%aA?))

is a breaker and the result follows from 4.4. On the other hand, if Sy 1= () and Wy # 0, then from
(2) A; is strongly anticomplete to A3 and therefore G € Sy. We may therefore assume that S31 £ ().
By (5) we may assume that H31 = (). Since S, 1V 531 UWa U H 53 includes no claw, it follows that
S 41 is strongly anticomplete to 531 If Wy # 0, then by (2), A; is strongly anticomplete to As, and
Sll is strongly complete to 531 since Wy U 511 U 531 U H51 includes no claw; and then G € Sy. So
we may assume that Wp = 0. 1t S 4L = () then (Ag,, 515 A6) is a breaker, and the result follows from
4.4; so we may assume that 5’4% =+ (b Since Az U Sl% U 53% U SZ% includes no claw, Sl% is strongly
complete to S 1 and since Az3U A1 U S, 1 us, 1 includes no claw, A is strongly anticomplete to As.
But then again G € Sp. This proves (6).

In view of (6) and the symmetry between H, 51, Ha1, we henceforth assume that H, 51 =Hg1 = .
2 2 2 2
(7) If H41 41 are both nonempty, then either G € Sy or G is decomposable.

For since Sy 1 us, 1 UAdsUH, 1 includes no claw, S, 1 is strongly anticomplete to S, 1 and sim-
ilarly S, 1 is strongly anticomplete to S, 1. Since A3z U S, 1 U S, 1 usS, 1 includes no claw, S, 1 is
strongly complete to S, 1 and similarly S, 1 is strongly complete to S 1. Since S, 1 # () it follows
that Aj is strongly complete to A4, and As is strongly complete to Ag. Since A5 U A3 U H,1 U Ag
includes no claw, As is strongly anticomplete to As, and similarly A4 is strongly anticomplete to Ag.
Since A5 U Sy 1 U S 1 us, 1 includes no claw, S, 1 is strongly complete to S, 1. If also A, is strongly
anticomplete to Ag and A; is strongly anticomplete to A3 then G € Sp; so we may assume that Ay
is not strongly anticomplete to Ag, from the symmetry. By (2), Wi = 0, and so Wy # ), and by
( ), Ag is strongly anticomplete to Ag. Since A3 U S 1 U A1US, 1 includes no claw, it follows that
31 = (). But then

N)

(Al USlé,AQUHQ%,Ag)

is a breaker, and the result follows from 4.4. This proves (7).

(8) If either S|1 # () or some vertex in S31 USy1 is strongly complete to S,1, or S;1 =0, then either
2 2 2 2 2
G € Sy or G is decomposable.

For let S;Jrl be the set of all vertices in S;, 1 that are strongly complete to 5’4%, for i = 3,5.

2 2
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(Thus if S, 1 = then S/ 1 =S,

1+

)Fori:35 letS” 1= 1\S SlnceAgLJS 1U511US41

includes no claw it follows that S” is strongly complete to Sl , and sumlarly S” is strongly com-

plete to S;1. Moreover, since S’ 1 U S” ! us ! U As includes no claw, it follows that S’ . is strongly
2 33

anticomplete to Sy, , and sumlarly St s strongly anticomplete to SY;. But
2 2 2

A1UA6UH%US UWQ,AQUAgUH21U UW17A4UA5UH41US41

are strong cliques; also, 531,551,
2 2
have union V(G); and for ¢ = 1,2, 3, the ith clique of the first three is strongly anticomplete to the
ith clique of the second three, and strongly complete to the other two of the second three. Since
the first three cliques are certainly nonempty, we may assume that the second three are all empty,
for otherwise G admits a hex-join. This proves the first two assertions of the claim. In particular,

11 = (). For the third assertion, suppose that also 541 = (). Then since 531,5’; , =0, it follows

2
that S,1,S-1 = (. From the symmetry we may assume that W; # (), and so from 2), As is strongly
31,95
2 2

S,1 are strong cliques; these six cliques are pairwise disjoint and
2

complete to Ag, A; is strongly anticomplete to A3, and Ag is strongly anticomplete to A4. If also
Wo # (), then similarly As is strongly complete to Ay, Ag is strongly anticomplete to Ay, and As is
strongly anticomplete to Az, and therefore G € Sy. We may therefore assume that Wo = (). But
then (Ag¢, A1 UH 1 Ay) is a breaker, and the result follows from 4.4. This proves (8).

Thus we may assume that S; 1= 0 and S, 1 # (); and no vertex in Sy 1 U S, 1 is strongly complete
to S, 1. Consequently H, 1= (), from (7). Suppose that A; is not strongly anticomplete to Az. From
(2), Wi = 0; and so Wy # (), and therefore from (2), A3 is strongly complete to A4, A is strongly
anticomplete to Ag, and A3 is strongly anticomplete to As. Since A3z U H, 1 UAiUS, 1 includes
no claw, HQ% = (. If there exists S31 € 53%, choose S41 € 54% antiadjacent to S31 (this exists, by
(8)); and choose a1 € Ay and a3 € As, adjacent. Then {a3,a1,83%,s4%} is a claw, a contradiction.
Hence S, 1= (). Consequently (Aj, As, A3) is a breaker, and the result follows from 4.4. Thus we
may assume that A; is strongly anticomplete to As, and similarly As is strongly anticomplete to
Ag. Hence (A1, Ag) is a nondominating homogeneous pair of cliques. By 4.3, we may assume that
|A1| = |A2| = 1; let A; = {a;} for i = 1,2. It follows that a1, as are semiadjacent. The set of vertices
antiadjacent to both ay,ag is A4UA5US, 1 and this is a strong clique. No vertex is adjacent to both
a1,az. Thus the hypotheses of 11.1 are satisfied, and therefore 11.1 implies that G € Sy U S5 U Sg
and the theorem holds. This proves 13.5. [ |

Our first application of 13.4 is the following.

13.6 Let G be a claw-free trigraph containing no long prism, in which every maximum hole is
dominating; and let Cy be a maximum hole of length sixz. Suppose that there is a hub for Cy, and
either some vertex of V(G) \ V(Cy) is a clone with respect to Cy, or some two consecutive vertices
of Cy are semiadjacent. Then either G € Sy U S3 U Sg, or G is decomposable.

Proof. Let Cjy have vertices ai-----ag-a1 in order, and let w be a hub, adjacent to a1, as, a4, as say.
Let C be the proximity component containing Cp, and let A; = A;(C) for 1 < i < 6. By 13.3, w
is a hub in hub-position 3 relative to every member of C. Consequently, w is strongly complete to
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A1 U As U A4 U As, and strongly anticomplete to Ag U Ag, and in particular, As, Ag are disjoint from
Aq, Asg, Ay, A5. We observe first that:

(1) Let 1 < i <6, and let v € A;. Let ¢1-+---cg-c1 € C. If i = 3,6, then N(v) contains ¢; and
at least one of ¢;—1,¢i11, and none of ¢i19,¢it3,Ciya. (Consequently, As is strongly anticomplete
to As U Ag U Ay.) If i = 1,2, then N(v) contains both of ci,co, and at most one of cy4,c5 (and
symmetrically if i = 4,5).

For v belongs to some member of C, and the claim holds for that member. Consequently it suf-
fices to show that if ¢1----- cg-c1 and ¢}- - - - -¢4-¢)] are proximate members of C, and the claim holds
for ¢y--- - cg-c1 then it holds for ¢j-----c4-c}. Let these two 6-numberings differ in their jth entry.
Assume first that ¢ € {3,6}, say ¢ = 3. Thus N(v) contains at least two of ¢z, c3,cs and none of
w, ¢5,cs,c1. Hence if j € {5,6,1} then N(v) contains at least two of ¢, ¢4, ¢}, and if j € {2,3,4}
then N (v) contains none of ¢, cj, c}; and in either case, since w ¢ N(v), it follows from 13.1 that
N(v) contains ¢ and at least one of ¢4, ¢, and contains none of ¢f, ¢, ¢} as required. Now assume
that i € {1,2}, and consequently ci, co,w € N(v), and not both c4,c5 € N(v). Thusif j € {3,4,5,6}
then ¢}, € N(v), and if j € {6,1,2,3} then not both ¢}, cf € N(v). Since w € N(v) and v is not a
hub relative to ¢}-----c4-¢} (by 13.3), it follows in either case from 13.1 applied to ¢}-----c§-¢) that
v is {c}, ¢, }-complete and not {c}, ¢} }-complete, as required. This proves (1).

(2) C is pure.

We must show that Aq,..., Ag are pairwise disjoint. The members of A, A, A4, A5 are adjacent
to w, and those of Az, Ag are not. Also, by (1), members of A; U Ay are {ay, as}-complete and not
{ay4, a5 }-complete; and members A4 U As are {ay4, as}-complete and not {aj, as}-complete. Thus the
three sets AgU Ag, A1 U Ay, A4U Aj are pairwise disjoint. To prove the claim, it remains to show that
the intersections AsN Ag, A1 N As, A4N A5 are all empty. Now members of A3 are adjacent to ag and
not to ag by (1), and vice versa for Ag, and so A3 N Ag = (. Suppose that v € A; N Ay say. Since
v € Aq, there exists ¢i-- - --cg-c1 € C with ¢; = v; and since cg € Ag, it follows that v has a neighbour
x say in Ag. Similarly v has a neighbour y in As; and since As, Ag are anticomplete by (1), it follows
that {v,w,z,y} is a claw, a contradiction. Thus A; N Ay = () and similarly A4 N A5 = (. This proves

2).

We deduce that the five statements of 13.4 hold. In particular, each A; is a strong clique, and
A; is strongly anticomplete to A;13, and every vertex not in A; U --- U Ag is strongly complete or
strongly anticomplete to each A;. By (2) and 13.5, we may assume that fori = 1,...,6, A; is strongly
complete to A;11. (In particular, every two consecutive vertices of Cy are strongly adjacent, and so by
hypothesis, some member of V(G)\ V(Cp) is a clone relative to Cy). Now if ¢g € Ag and ¢ € Ay are
adjacent, choose c3 € As; then {co,c3,c6,w} is a claw, a contradiction Consequently Ag is strongly
anticomplete to Ay, and similarly A; is strongly anticomplete to A; o for ¢ = 1,3,4,6. It follows
that A3 is a homogeneous set, and (A, A4) is a homogeneous pair, nondominating since Ag # ); and
so we may assume that Ao, A3, A4 all have cardinality one, for otherwise GG is decomposable by 4.3.
Similarly we may assume (for a contradiction) that As, Ag, A all have cardinality one, contradicting
the hypothesis that some member of V(G) \ V(Cp) is a clone relative to Cy. This proves 13.6. W
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Let ¢1----- cg-c1 be a 6-hole. We recall that if by, by are adjacent stars in positions 7 + %,i + 3%
for some i € {1,...,6}, we call {b1,b2} a star-diagonal. The trigraph induced on these eight vertices
is also an induced subtrigraph of the icosahedron, obtained by deleting two vertices at distance two
and both their common neighbours. If v is a star relative to a hole C', we say v is a strong star if v
is not semiadjacent to any vertex of C. The next result is our second application of 13.4.

13.7 Let G be a claw-free trigraph containing no long prism, and such that every maximum hole
is dominating; and let Cy be a mazimum hole of length six, with a star-diagonal. Then no two
consecutive vertices of Co are semiadjacent. Moreover, if some vertex of V(G) \ V(Cy) is a clone
with respect to Cy, then either G € Sy U S3 U Sg, or G is decomposable.

Proof. Let Cy have vertices a1- - - - -ag-a1, and let by, by be adjacent stars in positions 1%, —1% respec-
tively, say. Since {b1, b2, a1, a2} is not a claw, a; is strongly adjacent to ag; and since {b1, as, as, ag} is
not a claw, as is strongly adjacent to as. Similarly every two consecutive vertices of Cy are strongly
adjacent. This proves the first assertion.

We oberve also that by, by are strong stars relative to Cy. For by is strongly adjacent to a; since
{ag,a1,b1,a5} is not a claw; and by is strongly adjacent to as since {bg, b1, as,as} is not a claw; and
by is strongly antiadjacent to a4 since {b1, as, a4, a6} is not a claw. Similarly b; is strongly adjacent
to each of ag, a1, a9, a3 are strongly antiadjacent to a4, as, and so by is a strong star; and similarly
80 is bo.

We may assume that some vertex of V(G) \ V(Cp) is a clone with respect to Cy. By 12.1, we
may assume that G does not contain an icosa(—3)-trigraph. By 13.6, we may assume that no vertex

is a hub for Cy. Let C be the proximity component containing a;-----ag-aq, and let A; = A;(C) for
1<i<6.

(1) For every ci-----cg-c1 € C, by, by are strong stars in positions 1%, —1% respectively.

For let ¢i-----cg-¢1 and ¢j----- cg-¢) be proximate members of C, differing only in their jth term
say; it suffices to show that if the claim holds for ¢;----- cg-c1 then it holds for ¢}--- - cg-c). Let

N = Ng(c;-) and N* = Né(c;) Thus ¢j_1,¢j,¢j41 € N, and c¢ji2,¢j43,¢j44 ¢ N*. From the
symmetry we may assume that j € {2,3}. Suppose first that j = 2. Then we must prove that
by € N* and by ¢ N. Now 5.4 (with bj-c3-c4) implies that by € N*; and 5.4 (with c4-ba-cg) implies
that bo ¢ N. Next, suppose that j = 3; we must prove that by,be € N*. If by,by ¢ N, then
Gl{c1,...,c6,b1,b2,c5} is an icosa(—3)-trigraph, a contradiction. Thus N contains at least one of
b1, b2, and from the symmetry we may assume it contains by. By 5.4 (with ¢1-b1-b3), it follows that
by € N*, and similarly b; € N. This proves (1).

(2) Let 1 < i < 6 and let v € A;. Let ¢c1-----cg-c1 € C. If i = 3,6, then civ3 ¢ Ng(v), and
Ci—1,Cis Civ1 € NE(v). If i = 1,2, then N*(v) contains both of ci,ca, and Ng(v) contains at most
one of cq,c5 (and symmetrically if i = 4,5). In particular, As is strongly anticomplete to Ag.

For v belongs to some member of C, and the claim is true for that member. Consequently, it
suffices to show that if ¢i-----cg-c; and ¢}-----¢4-¢] are proximate members of C, and the claim
holds for ¢1----- cg-c1, then it holds for ¢}----- ¢4-c}. Let these two 6-numberings differ in their jth
entry. Assume first that ¢ € {3,6}, say i = 3. Thus N (v) contains by, by, ¢z, c3, ¢4 and cg ¢ Ng(v).
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If j # 6, then ¢ = ¢ ¢ Ng(v), and by 5.4 (with cy-bi-cf, ¢5-bi-cg, and cj-ba-cg), it follows that
ch, s, ¢y € Ni(v). If j = 6, then ¢, ¢} € NAi(v), and so ¢ ¢ Ng(v) by 5.3. Thus in either case the
claim holds. Now assume that i = 1. Thus by € N} (v) and by ¢ Ng(v). By 5.4 (with b-bi-c}),
¢, € N (v) and similarly ¢, € N (v). Since v is not a hub relative to ¢j----- cg-¢) by 13.3, it follows
that Ng(v) contains at most one of ¢, ¢5. This proves (2).

(3) C is pure, and A; is strongly complete to A;1q for 1 <i <6.

We must show that Aj,..., Ag are pairwise disjoint. By (1), the members of A3 U Ag are strongly
adjacent to both b1, bs; the members of A; U Ay are strongly adjacent to b; and strongly antiadja-
cent by; and the members of A4 U A5 are strongly adjacent to by and strongly antiadjacent to b;.
Consequently the three sets A3 U Ag, A1 U Ay, Ay U A5 are pairwise disjoint. By (2), the members
of A3\ {as} are strongly adjacent to az, and the members of Ag are strongly antiadjacent to as, and
so A3 N Ag = 0. Suppose that v € A} N Ay say. Since v € Ay, there exists ¢y----- cg-c1 € C with
c1 = v; and since c3 € Ag, it follows that v has an antineighbour x say in As. Similarly v has an
antineighbour y in Ag; and since As, Ag are anticomplete by (1), it follows that {b1, v, z,y} is a claw,
a contradiction. Thus A; N Ay = () and similarly A4 N A5 = (). Thus C is pure, and the final claim
follows from (2). This proves (3).

We deduce that the five statements of 13.4 hold. In particular, each A; is a strong clique, and
A; is strongly anticomplete to A;13, and every vertex not in A; U --- U Ag is strongly complete or
strongly anticomplete to each A;.

(4) We may assume (possibly after renumbering Ay, ..., Ag) that there is a vertex h € V(G) \ (41 U
- -UAgU{b1,b2}), such that h is strongly A1UAs-complete and strongly anticomplete to Az, Ay, As, Ag.

For since some vertex is a clone relative to Cp, at least one of the sets Aq,..., Ag has at least
two members, and therefore from the symmetry we may assume that not all of Ay, A3, A5 have car-
dinality 1. Now Aj, A3, A5 are strong cliques, all nonempty, and their union is not equal to V(G);
so by 4.5, we may assume that some h € V(G) \ (A1 U A3 U A5) does not have the property that
it is strongly complete to two of Aj, Az, As and strongly anticomplete to the third. Consequently
h¢ Ay U---UAgU{by,ba}, and therefore h is strongly complete or strongly anticomplete to each
A;, and is complete to exactly two of Aq,..., Ag, necessarily consecutive. If say h is complete to
Ag, As, then by 9.1 h is adjacent to by and antiadjacent to be; and then {b1,be, h,a1} is a claw, a
contradiction. Thus h is complete to either A;, As or to A4, As, and anticomplete to the other four
sets. This proves (4).

(5) Ag is strongly anticomplete to Ay U Ag, and A; is strongly anticomplete to Az U As.

For let x € Ay and y € Ay, and let h be as in (4). Then h is adjacent to = and antiadjacent
to y; and h is antiadjacent to by by 9.2. Since {z,b1,y,h} is not a claw, it follows that z,y are
strongly antiadjacent. Thus As, A4 are strongly anticomplete, and similarly so are A;, As. Now let
x € Ay,y € Ag. Let z be a neighbour of x in A3 (this exists, since x belongs to a member of C).
Since {x,y, z, h} is not a claw, x, y are strongly antiadjacent, and so Ag, Ag are strongly anticomplete.
Similarly Ay, A3 are strongly anticomplete. This proves (5).
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To complete the proof, we recall that one of Ay, ..., Ag has cardinality > 1 since there is a clone

relative to aq----- ag-a1. But (As, As) is a homogeneous pair, nondominating since A; # ); and
similarly (A4, Ag) is a nondominating homogeneous pair, and Aj, As are homogeneous sets. Hence
4.3 implies that G is decomposable. This proves 13.7. [ |

14 Nondominating 5-holes

Let us say that a triple (A, C, B) is a generalized breaker in a trigraph G if it satisfies:
e A, B,C are disjoint nonempty subsets of V(G), and A, B are strong cliques

e every vertex in V(G) \ (AU BUQC) is either strongly A-complete or strongly A-anticomplete,
and either strongly B-complete or strongly B-anticomplete, and strongly C-anticomplete,

e there is a vertex in V(G) \ (AU B UC) with a neighbour in A and an antineighbour in B; there
is a vertex in V(G) \ (AU B U C) with a neighbour in B and an antineighbour in A; and there
is a vertex in V(G) \ (AU B UC) with an antineighbour in A and an antineighbour in B.

Thus, this is the same as the definition of a breaker, except that the final condition has been
removed. There is an analogue of 4.4 for generalized breakers, the following.

14.1 Let G be a claw-free trigraph. If there is a generalized breaker in G, then either G is decom-
posable, or G € So U S;5.

Proof. We assume G is not decomposable. Let (Ds, D5, Dy) be a generalized breaker; let V; =
Ds U Dy U D5, let Dy be the set of vertices in V(G) \ Vi that are D3 U Dy-complete, and let
Vo = V(G) \ (D2 UVy). Let A be the set of vertices in V5 that are Ds-complete, and B the set
that are Dy-complete. Let D; be the set of all vertices in V2 \ (A U B) with a neighbour in D,. By
hypothesis, D3, D4, A, B are nonempty, and as in the proof of 4.4, it follows that AU Dy and B U Dy
are strong cliques. By 4.4, Dy # () and Dj is strongly complete to D4. Since D3 U Dy is not an
internal clique cutset (because G is not decomposable), it follows that |Ds| = 1, D5 = {ds} say. We
may assume that ds has a neighbour ds € Ds. Let dy € D4 and a € A; then since {d3,dy,ds,a} is
not a claw, it follows that ds,d4 are strongly adjacent, and therefore that ds is strongly complete
to Dy. Similarly ds is strongly complete to Ds. Hence Dj is a homogeneous set, so D3 = {d3} and
similarly Dy = {d4}, and d5 is strongly adjacent to ds,ds. Every vertex in D; has a neighbour in
Dy, and since Dy U AU Dy U Dy includes no claw, A U D is a strong clique and similarly B U Dy is
a strong clique. Let V3 =15\ (AU BU Dy).

(1) A is not strongly complete to B.

For suppose it is. Since Dy U AU B is not an internal clique cutset and D; # (), it follows that
V3 = (). But then (DsU Dy, AU B) is a coherent homogeneous pair, a contradiction. This proves (1).

Let C be the set of vertices in V3 with a neighbour in Dy, and Z = V3 \ C. For each ¢ € C, let
N., M, be the sets of neighbours and antineighbours of ¢ in A U B respectively.
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(2) For each ¢ € C, M, is a strong clique, and M.N A is strongly anticomplete to N.N B, and M.N B
is strongly anticomplete to N. N A. Moreover, C' is strongly complete to D1; and |Dy| = |Ds| = 1.

For let ¢ € C, and let dy € Dy be adjacent to c¢. If a € M. N A and b € M. N B, then since
{di,a,b,c} is not a claw, it follows that a,b are strongly adjacent; and so M, is a strong clique. If
a€ M.NAandbe N.NB, then since {b,a,c,ds} is not a claw, a, b are strongly antiadjacent. Hence
M. N A is strongly anticomplete to N.N B, and similarly M. N B is strongly anticomplete to N.N A.
Now choose a € A and b € b, antiadjacent (this is possible by (1)). Then one of a,b ¢ M., say a.
For all d; € Dy, since {a,ds,d,c} is not a claw, it follows that c is strongly adjacent to d;. Hence
C' is strongly complete to Dy, and so (D7, D2) is a nondominating homogeneous pair. Consequently
|D1| = |D2| = 1. This proves (2).

Let D1 = {dl} and D2 = {dg}
(3) Z is strongly anticomplete to AU B, and |Z| <1, and M. # () for each c € C.

For since {a,z,d3,d;} is not a claw, it follows that each z in Z is strongly antiadjacent to each
a € A, and so Z is strongly anticomplete to A and similarly to B. Since C' is not an internal clique
cutset, it follows that |Z] < 1. If ¢ € C and M, = 0, then c is strongly anticomplete to Z (since
{c,z,a,b} is not a claw, where a € A,b € B are antiadjacent and z € Z), and so ({da2},{c,d1}) is a
nondominating homogeneous pair, a contradiction. This proves (3).

Let Ag be the set of vertices in A with no neighbour in B, and define By C B similarly.

(4) Every vertex in A has at most one neighbour in B and vice versa. Moreover, if ¢ € C' then
M.N N, C Ag U By.

For suppose that H is a component with |V (H)| > 2 of the bipartite graph with vertex set AU B
in which a € A and b € B are adjacent if and only if they are adjacent in G. For each ¢ € C, ¢ is
either strongly complete or strongly anticomplete to V(H) by (2), and so (ANV(H),BNV(H)) is
a nondominating homogeneous pair. Hence |V (H)| = 2, and the claim follows.

Let A\ Ay = {a1,...,a,}, and for 1 < i < n let b; be the neighbour of a; € B. Thus
B\ By = {b1,...,b,}. Let P,Q be the set of all ¢ € C' with M, C Ay and M. C By respec-
tively, and for 1 <1i < n let C; be the set of vertices ¢ € C' with M. = {a;, b;}.

(5) The sets P,Q,Ch,...,Cy, are pairwise disjoint and have union C. Moreover, if ¢ € C has a
neighbour in Z, then either

e n =0 and M. is one of Ay, By, or
e n =1 and one of Ay, By is empty, say By, and M, is one of Ag,{a1,b1}, or

e n=2 and Ay, By =0 and M. = {a;,b;} for some i€ {1,2};
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and in each case M.N N, = 0.

For let ¢ € C. Since M, # 0, ¢ belongs to at most one of the sets P, Q,C4,...,C,. If M.NA, M.NB are
both nonempty, then since M, is a strong clique it follows that M. = {a;,b;} for some i € {1,...,n},
and so ¢ € C;. We may assume then that M, C A. For 1 < i < n, since b; € N, (2) implies that
a; ¢ M., and so M, C Ag and ¢ € P. This proves the first claim.

For the second, suppose that ¢ is adjacent to z € Z. Since {c,z} U N, includes no claw, N, is a
strong clique. Suppose first that M, C Ay. Then by,...,b, ¢ M., and so by (2), ai,...,a, € N.\ M.
Then since there exists b € B, it follows that b € N, and so b is strongly adjacent to all members
of AN N.. Hence [ANN,| <1, and N.N Ay = (; and son < 1, and M. N N, = ), and M, = Ay,
and if n = 1 then b is the unique member of B and so By = (). Similarly if M. C By then the claim
holds. Suppose then that M. = {a1,b1} say. By (4), M. NN, C M. N (AgUBy) =0. Ifa € A\ {a1}
and b € B\ {b1}, then a,b € N,, and so they are strongly adjacent; and therefore n = 2, and
Ayg = By =0, and a = ag,b = by, and N, = {ag, b}, and the claim holds. We may assume then that
there does not exist b € B\{b1}, and son = 1 and By = (), and again the claim holds. This proves (5).

(6) If Z # 0 then G € Ss.

For suppose that Z # (), and let Cy be the set of all ¢ € C that are strongly anticomplete to
Z. Since G admits no 0-join, it follows that Cy # C. Let Z = {z}. Let N be the union of all the
sets N, (c € C'\ Cp). If ¢g € Cp and m € N, for some ¢ € C'\ Cp, then since {c,cy,m,z} is not a
claw, it follows that m, ¢y are strongly adjacent; and so Cj is strongly complete to N. Suppose first
that N. = N for all ¢ € C'\ Cp. Then N is a strong clique, and hence N U Cj is a strong clique, and
therefore is an internal clique cutset (since C'\ Cy, Z # (), a contradiction. This proves that there
exist ¢1,c2 € C'\ Cy with N¢, # N,,, and therefore with M., N M., =0, by (5). Hence N = AU B,
and since M, # () and M., N N = () for every ¢y € Cy, it follows that Cy = 0. We claim that z is
strongly complete to C'; for let c3 € C. Then M., is different from one of M., M,,, say M., and so
there exists v € M., \ M,,, by (5). Since {c1,cs,z,v} is not a claw, it follows that z,cs are strongly
adjacent. This proves that Z is strongly complete to C. Hence each set C; is a homogeneous set,
and so each |C;| < 1. Moreover, (P, Ap) and (Q, By) are nondominating homogeneous pairs, and so
P, Q, Ay, By each have cardinality at most one.

By (5) there are now three cases, n = 2, n = 1 and n = 0. Suppose first that n = 2. By (5),
C1UCy = C, and so |C] = 2; and then G € Sy. Next, suppose that n = 1. Then by (5), one of
Ay, By is empty, say By, and C' = C7 U P. Since there exists ¢ € C' with N, # {a1,b1}, it follows
that P, Ay # 0, and so |P| = |Ap| = 1. But then again G € Ss. Finally, suppose that n = 0. Thus
C =PUQ, and so P,Q, Ay, By all have cardinality one; and again G € Sy. This proves (6).

Henceforth we therefore may assume that Z = (). Consequently each C; is a homogeneous set,
and so |C;] < 1 for 1 < i < n. Now again (P, Ap) is a nondominating homogeneous pair, and so
|P|,|Ap| < 1, and similarly |Q|,|Bo| < 1. We claim there is at most one value of i € {1,...,n}
with C; = 0; for if there were two, say i = 1,2, then ({a1,as}, {b1,b2}) would be a nondominating
homogeneous pair, contrary to 4.3. Thus we may assume that C1,...,C,_1 are all nonempty. For
1 < < mn, since {d1, a;,b;} UC; includes no claw, it follows that either a;, b; are strongly adjacent or
C; = 0 (and hence i = n). Moreover, if C' is strongly complete to B then G is the hex-join of G|{ds}
and G \ {ds}, which is impossible; so C' is not strongly complete to B, and similarly not to A. But
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then G € S5. This proves 14.1. [ |

Before the main result of this section, we prove another lemma.

14.2 Let H be a graph with seven vertices vy, ...,vy, where vi-----v5-v1 s a cycle of length 5, vg
has three neighbours in this cycle, and vy has two. Then some subgraph of H is a theta with seven
vertices.

Proof. By deleting one (appropriately chosen) edge incident with vg, we obtain a subgraph consisting

of the cycle vi----- v5-v1, a vertex with two consecutive neighbours (say v1,v9) in this cycle, and a
second vertex with two nonconsecutive neighbours in the cycle. Delete the edge vive from this
subgraph; the result is a 7-vertex theta. This proves 14.2. [ |

The main result of this section is the following, which will have a number of consequences.

14.3 Let G be a claw-free trigraph, containing no hole of length > 6 or long prism. If some 5-hole
in G is not dominating, then either G is decomposable or G € Sy U S U Sy U Ss.

Proof. We assume that G is not decomposable. Let Cjy be a 5-hole, and let ¢i-----c5-c1 be a
5-numbering of it. Let Z be the set of all vertices that are strongly V (Cj)-anticomplete, and assume
that Z is nonempty. Let z € Z, and let Y be the set of vertices in V(G) \ Z that have a neighbour
in the component of Z containing z.

(1) Z is strongly stable, and Y is a strong clique, and Y is the set of neighbours of z. More-
over, every member of Y is a strong hat relative to ci--- - -c5-c1.

For let Zy be the component of Z containing z, and let y € Y. Then y has a neighbour in Zp,
say zo, and has a neighbour in {c1,...,¢c5} from the maximality of Zy. For any two of its neighbours
x1,x9 € {c1,...,¢5}, {y,20,21,22} is not a claw, and so x1,x9 are strongly adjacent. Hence y is
a strong hat. To see that Y is a clique, let y1,y2 € Y, and suppose that they are antiadjacent.
Both y1,yo are strong hats relative to cy--- - - c5-c1, and are not in the same position, since they are
antiadjacent and G is claw-free; let P be a path between yi,y, with interior in Zy. If y1,y2 share
a neighbour in {c,...,¢s}, say cs, then G|({c1,...,ca} UV(P)) is a hole of length > 6, a contra-
diction. If y1,y2 share no neighbour in {ci,...,c5}, then G|({c1,...,c5} UV(P)) is a long prism, a
contradiction. Consequently Y is a strong clique. Since Y is not an internal clique cutset, it follows
that |Zy| = 1, and therefore Zy = {z}. In particular, Y is the set of neighbours of z, and z has no
neighbours in Z. Since the latter holds for all choices of z, it follows that Z is strongly stable. This
proves (1).

For 1 <i <5, let Y; be the set of all members of Y that are strong hats in position ¢+ 2% relative
toci-----c5-¢1. ThusY =Y U---UY5.

(2) Let v € V(G)\ (Y U{z}). Then for 1 < i < 5, v is either strongly complete or strongly
anticomplete to Y;. Moreover, if v is a hat relative to c1-----c5-c1, then v is complete to Y; if and
only if v is in position i + 2%.

For suppose that v has a neighbour y; and an antineighbour ye, both in Y;. Since v ¢ Y U {z},
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it follows that v is antiadjacent to z. Now yi1,y2 are hats in position i + 2%. By 5.4 applied to
ci+2-y1-2, it follows that v is adjacent to c;42 and similarly to ¢;+3. By 5.4 applied to yo-¢i12-¢it1,
we deduce that v is adjacent to ¢;y; and similarly to ¢;—;. But then {v,y1,ciy1,¢,-1} is a claw, a
contradiction. This proves the first claim of (2). For the second claim, suppose that v is a hat, in
position j + 2% say. Since v ¢ Y, it follows that v, z are antiadjacent. If j = i then v is Yj-complete
by 5.5. If j # i, choose a € {¢;t2,ci—2} antiadjacent to v; then for y € Y;, {y, z,a,v} is not a claw,
and so v is antiadjacent to y, and hence to Y;. This proves (2).

(3) We may assume that Y; # 0 for at least three values of i € {1,...,5}. Also, every hat anti-
adjacent to z is strongly antiadjacent to every other hat except those in the same position relative to
C1---+-C5-C1.

For if all the sets Y; are empty except possibly for say Y;, then G is decomposable, by (2) and
4.2 applied to Yi,{z}, a contradiction. If exactly two of the sets are nonempty, say Y;, Y}, then
(Y:,{2},Y]) is a generalized breaker by (2), and the result follows from 14.1. This proves the first
assertion of (3). For the second, let h be a hat antiadjacent to z, and let A’ be some other hat in
a different position. Suppose that h,h’ are adjacent. By (2), h,h’ are strongly antiadjacent to z.
Choose three hats adjacent to z, all in different positions, say y1,y2,y3. Then, since (1) implies that
Y1,Y2, Y3 are pairwise strongly adjacent, it follows that G|{c1, ..., ¢s5,y1,¥2,y3, h, h'} is a line trigraph
of a graph satisfying the hypotheses of 14.2; and so by 14.2, G contains a long prism, a contradiction.
This proves (3).

4) |Z] = 1.

For choose y1,y2,y3 € Y, all hats in different positions relative to ci----- cs-c1. Suppose that 2’ € Z
is different from z; then similarly there are vertices yi, v, y4, all hats in different positions, and all
adjacent to z’. If say y] is adjacent to z, then {y], z,2’, a} is a claw, where a € {c1,...,c5} is adjacent
to yj. Thus y},vh, y5 are antiadjacent to z, and yet they are adjacent to each other by (1), contrary
to (3). This proves (4).

Let C be the proximity component containing ci-----cs-c1, and for 1 <i <5 let A; = A;(C).

(5) z has no neighbours in Ay U---U As. Moreover, for 1 <i <5 and each y € Y, if a1---- -a5-a1
belongs to C then y is a strong hat in position i + 2% relative to ai---- -a5-a1.

For let aj-----as-a; and a- - - --az-a} be proximate, with a’; # a; say. Suppose first that z is strongly
antiadjacent to aj,...,as; then since {a;-,aj_l,aj+1,z} is not a claw, it follows that z is strongly
antiadjacent to a;-. Consequently z has no neighbours in A; U---U As. Now, with aq----- as-a1 and
al----- ak-a} as before, suppose that y € Y is a strong hat in position i+ 23 relative to aj-- - -- as-aj.
If j = i+ 2, then by 9.2, a;- is strongly adjacent to y and therefore y is a strong hat in position
i+ 23 relative to aj-----ak-a}. If j =i, then by 9.2, a is strongly antiadjacent to y, and again y
is a strong hat in position 7 4 2% relative to a}-----ag-a)j. Thus from the symmetry we may assume
that j =i — 1. Since {y,a},z,a;42} is not a claw, it follows that y,a; are strongly antiadjacent, and
again the claim holds. This proves (5).
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From (3) we may assume that there exist y3 € Y3, and y5 € V5.

(6) Ay,...,As are pairwise disjoint; Ay is strongly anticomplete to Ay, As; Ay is strongly anti-
complete to As; Ao is strongly anticomplete to As; and A1 U As, As U As, Ay are strong cliques.

For by (5), y3 is strongly complete to A5 U A; and strongly anticomplete to Ay U Ag U Ay, and
ys is strongly complete to Ay U A3 and strongly anticomplete to A1 U A4 U As. Consequently
As U Ay, Ay U A3, Ay are pairwise disjoint. Let H be the bipartite subgraph of G with vertex set
A1 U As and edges all pairs (z,y) with z € Ay and y € As such that x,y are adjacent in G. Since
C is a proximity component, it follows that H is connected. Let a4 € A4, and assume that a4 has
a neighbour in A; U Ay. Since it also has an antineighbour in A; U As (because a4 belongs to some
member of C), it follows that for some edge of H, a4 is adjacent to one of its ends and antiadjacent to
the other; say a1 € A; and as € As are adjacent, and a4 is adjacent to a; and antiadjacent to as. But
then {ai,a2,a4,y3} is a claw, a contradiction. This proves that ay is strongly A; U As-anticomplete,
and so Ay is strongly A; U As-anticomplete. Since no vertex of As is strongly Aj-anticomplete, it
follows that As N A3 = 0, and similarly A; N A5 = (). Thus Ay,..., A5 are pairwise disjoint. Let
a; € Ay and a3 € Az, and let ag € Ay be adjacent to az. Since {as,a1,ys,a4} is not a claw, it
follows that a1, ag are strongly antiadjacent. So A; is strongly anticomplete to As, and similarly As
is strongly anticomplete to As. Next, let u,v € A; U As; since {ys3, z,u, v} is not a claw it follows that
u, v are strongly adjacent. Consequently A; U As and similarly Ay U A3 are strong cliques. Finally,
suppose that u,v € Ay are antiadjacent. Choose ai-----a5-a; € C with a4 = u. Since A4 is strongly
anticomplete to A; U Ao, it follows that v is strongly antiadjacent to a1, as, a4, and therefore also to
as, as, since there is no claw. But then by (5), with v, z exchanged, it follows that v has no neighbour
in any member of C, a contradiction. Thus Ay is a strong clique. This proves (6).

Let W =A4,U---UAs.

(7) For every vertex v € V(G) \ W, let N,N* be the sets of neighbours and strong neighbours of
v in W, respectively. Then either

e N=N*=0 andv ==z, or
e for someic{l,...,5}, N=N*=A,10UA; o (let H; be the set of all such v), or
o for someie€{l,...,5}, N=N*"=W\A; (let S; be the set of all such v), or

o N* contains at least four of ai,...,as for every ai-----as-a1 € C, and N contains all five
vertices for some choice of aj-----as-aq (let T be the set of all such v).

For we may assume that v # z. From the maximality of C, it follows that for every a;-----as-a1 €

C, either N, N* both contain exactly two of a1, ..., as, or N* contains at least four of aq,...,as; and

since C is connected by proximity, the claim follows. This proves (7).
(8) The sets H; and S; are strong cliques, for 1 < ¢ < 5, and so is T. For 1 < i,j <5, H; is

strongly complete to Sj if j =i+ 1 ori— 1, and otherwise H; is strongly anticomplete to S;. Also,
T is strongly anticomplete to H; for 1 <¢ <'5.
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For H; and S; are strong cliques by 5.5, and the adjacency between the sets H; and the sets S;
is forced by 9.2. Let t € T’ if ¢ is adjacent to some h € H;, then {¢,h,a;11,a;1} is a claw (where

ai----- as-a; € C is chosen so that t is adjacent to all of ay,...,as), a contradiction. Thus T is
strongly anticomplete to all the sets H;. Let t1,to € T. Since they are both adjacent to at least four
of ¢1,...,c5, they have at least three common neighbours in {ci,...,c5}; and consequently one of

these common neighbours, say a, is adjacent to one of ys, ys, say to ys. Since {a,ys,t1,t2} is not a
claw, it follows that ¢1,te are strongly adjacent, and so T is a strong clique. This proves (8).

(9) For 1 <i <5, if H; # 0, then T is strongly complete to A;_1 and to A;y1.

For let t € T and h € H;. By (8), t,h are strongly antiadjacent. Let ai-----as-a; € C. Since
t, h are strongly antiadjacent and ¢ has at least four strong neighbours in the hole a;----- as-ay, 9.2
implies that t,a;_1 are strongly adjacent. This proves (9).

(10) For 1 < i <5, if T is not strongly complete to A;, then i € {3,5}, |A;| = |T| = 1 and the
vertices in A; and in T are semiadjacent, Y;_o,Yi10,Y; are nonempty, and H;_1, H;11 = 0.

For by (9), T is strongly complete to A; U Ay U Ay, and so i € {3,5}. By (9), Hy = (). From
the symmetry we may assume that i = 3. By (9), Ho = 0 (and so H;_1, H;y1 = 0 as claimed). By
(3), there exists y; € Y7, and so T is strongly complete to As by (9). By (6) with y5,y1 exchanged,
As is strongly complete to A4 and strongly anticomplete to As. Let v € V(G) \ (T U A3); we claim
that v is either strongly T-complete or strongly T-anticomplete. If v € W then v is strongly T-
complete, and if v € H; for some i then v is strongly T-anticomplete by (8). So we may assume
that v € Sy U---US5. If v € 51 then v is strongly T-complete, since for t € T, {cs,v,t,y3} is not
a claw. Similarly v is strongly T-complete if v € S5. If v € Sy then v is strongly T-complete, since
for t € T, {as,v,t,ys} is not a claw, where ag € As is adjacent to t; and similarly v is strongly
T-complete if v € Sy. If v € S3 then v is strongly T-complete, since for t € T, {cy4,v,t,y1} is not
a claw. This proves the claim. But every such v is also strongly complete or strongly anticomplete
to A3, and so (A3, T) is a homogeneous pair, nondominating since Z # (J; and therefore 4.3 implies
that |As| = |T'| = 1, and therefore the members of Az, T are semiadjacent. This proves (10).

(11) The following hold:
e Forl<i<5,S; is strongly complete to Siyo
o For1<i<5,if H #0 then S; is strongly anticomplete to S;+1,Si—1
o T is strongly complete to Si,...,S5.

For suppose first that s € S; and s’ € S; o are antiadjacent. If there exists h € H;, then
{¢i—2,8,h,s'} is a claw, a contradiction. Thus H; = (), and similarly H; o = (). By (3), there exists
Yi+1 € Yir1; but then {y;41,s,s',2} is a claw, again a contradiction. This proves the first claim.
For the second, if h € H; and s € S; and s € S;;; are adjacent, then {s',h,s,¢;} is a claw, a
contradiction. This proves the second claim. For the third, suppose that ¢t € T" and s; € S; are
antiadjacent, for some j with 1 < j <5. Now one of Hj, H; 9, H;_5 is nonempty, and both ¢, s; are
anticomplete to these three sets; so there is a hat h antiadjacent to both ¢, s;. But one of ¢1,...,c5 is
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adjacent to all of ¢, s;, h, and hence these four vertices form a claw, a contradiction. This proves (11).

(12) We may assume that Ai,...,As all have cardinality 1; and for 1 < i < 5, A; is strongly
complete to A;+1 and strongly anticomplete to A;ya.

For by (10), T is strongly complete to AU A3, and so (A7, As) is a homogeneous pair, nondominating
since Z # (); and hence |A;| = |A2| = 1. Suppose that there exists y; € Y7. Then from the symmetry
between Ay and Ay (fixing As), it follows that |A4| = |As| = 1 and Ag is strongly anticomplete to As
and so the third claim holds. If [A3| > 1 then by (10) all members of A3 are twins, a contradiction,
and so |Az| = 1, and the first claim holds. Moreover, T" is complete to W; and since T'U W includes
no claw, the second claim holds. Hence (12) holds if Y7 # 0.

Thus we may assume that Y7 is empty, and similarly Yo = (). By (10), T is strongly complete to
W and by (3) there exists y4 € Y. Since {ya4, 2}UA1UA; includes no claw, A; is strongly complete to
As. Suppose that Ay is not strongly complete to As, and choose as € A4 and a5 € As, antiadjacent.
If there exists ¢ € S; U S3UT then {t,a4,as,c2} is a claw, and so T, .S1, S5 = (). Suppose that there
exists h € Hy, necessarily antiadjacent to z; then by (2) it is strongly antiadjacent to ys,ys. Let
as € Az be adjacent to ag. Since {as,aq4,as,ys5} is not a claw, as is antiadjacent to as; but then
co-a3-a4-h-as-ys-ys-co is a T-hole, a contradiction. Thus H is empty. Suppose that also A4 is not
strongly complete to As; then similarly Sy, S5, Hy = (). But then (As, A4, As) is a breaker, contrary
to 4.4. Thus Ay is strongly complete to As. Let AL be the set of vertices in A5 with an antineighbour
in Ay, and let A7 be the set of vertices in A5 with a neighbour in As. If there exists af € AL N AY,
then {af, a}, al,ys} is a claw, where a5 € Ag is a neighbour of af and a); € A4 is an antineighbour of
as. Also, both (A5 \ A%, As) and (A5 \ A%, A3) are nondominating homogeneous pairs, and hence by
4.3, |Ag| = |A4| =1 and |A5 \ AZ|,|A5 \ A5| < 1. Suppose that |A5| > 1; then A5 = {af,al}, where
AL = {at} and AY = {a?}. By (11), Sz is strongly complete to Sy; and S5 = 0 since {cs, y5,a% } U S5
includes no claw. But then (As, A4 U Hy, A5 U S2) is a breaker, contrary to 4.4. Thus |A5| = 1; but
then G € 8.

This proves that the claim holds if A4 is not strongly complete to As, so we may assume that
Ay is strongly complete to A5 and similarly to As. Hence (A3, As) is a nondominating homogeneous
pair, and so As, As both have cardinality 1; and all members of A4 are twins, so |A4] = 1. Let
A; = {a;} for 1 < i < 5. Since T is a homogeneous set it follows that |T| < 1. Suppose that
as, as are semiadjacent. Since {as, as,ys} U S5 includes no claw, it follows that S5 = ), and similarly
S3 = (. Since {as, as,ys} U H;p includes no claw, we deduce that H; = (), and similarly Ho = (). Since
({as} U S1,{as} U S3) is a nondominating homogeneous pair, it follows that S =Sy = 0. If T' =0
then ({as},{as},{as}) is a breaker, a contradiction; so T' # () and so |T| = 1, T' = {t} say. Since
{a1,t,y4} U H3 includes no claw, H3 = Y3, and similarly Hs = Y5; and since {a,t,y3} U Hy, includes
no claw, Hy = Yy. Since Y3,Yy, Y5 are all homogeneous sets, they each have cardinality one. But
then G € §;. Thus we may assume that ag is strongly antiadjacent to as. This proves (12).

(13) Let 1 <1i <5. Then S; is strongly anticomplete to Sii1.
For suppose that S;,S;11 are not strongly anticomplete. By (11), H;, H;1+1 are both empty, and

since Hs, Hs are nonempty, it follows that ¢ = 1, and Y} is nonempty. By (10), T is strongly com-
plete to W. Choose s1 € S1 and s9 € So, adjacent. If there exists s3 € Ss, then by (11) s3 is adjacent
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to s1 and antiadjacent to sy (since Hs # (), and so {s1, s3, $2,y5} is a claw, a contradiction. Thus S3
is empty, and similarly Sy is empty. But then (Se U Aj,S1 U A3) is a nondominating homogeneous
pair, and |S2 U As| > 2, contrary to 4.3. This proves (13).

Now (11) and (13) imply that |S;| < 1 for each ¢; by (12), |A;| = 1 for each 4; and by (8) and (3),
|H; \Y;|,|Y:| <1 for each i. From (8), (10) and (11) it follows that |T| < 1. If ' = () then G € Sy, so
we may assume that T = {t} say. If T is strongly complete to W and H; =Y} for 1 < j <5, then
G € S4. Thus we may assume that for some j € {1,...,5}, either there exists h € H; \ Y or t is
semiadjacent to a;. Suppose that there exists h’ € H;_;. Then by (10), t is strongly adjacent to a;,
so h € Hj\Y; and {cjt2,h, I, t} is a claw by (3), a contradiction. Thus H;_; and similarly H;; are
empty. Since Y3, Y5 are nonempty, it follows that j € {3,5} and from the symmetry we may assume
that j = 3. Thus Hs, Hy are empty, and therefore there exists y; € Y;. Moreover j is unique, and
so H; =Y; for i = 1,5. Suppose that there exists s € Sy. If h € Hz \ Y3 then {s,h,t,y;} is a claw,
while if ¢ is semiadjacent to ag then {s,t,as3,ys} is a claw, in either case a contradiction; so So = 0,
and similarly Sy = (). If S3 # ), then (S35 U T, A3) is a nondominating homogeneous pair, contrary
to 4.3; and so S3 = (). But then G € S,. (To see this, let vy,...,v13 in the definition of Sy be

C5,C1,C2,Y5,Y1,C4, h‘v Z,t,Cg, 51,55, Y3

respectively, where v1; = s1 is the unique member of Sy if S; # () and vy; is undefined otherwise,
and similarly either v1o € S5 or is undefined, and either v; € H3 \ Y3 or is undefined.) This proves
14.3. |

15 6-holes with hubs and hats
In this section we handle 6-holes that have both a hub and a hat.

15.1 Let G be a claw-free trigraph, containing no long prism and no hole of length > 6, and such
that every hole of length 5 or 6 is dominating. If there is a 6-hole in G relative to which some vertex
1s a hub and some vertex is a hat, then either G € Sy U S3 U Sg, or G is decomposable.

Proof. For a contradiction, we assume that G is not decomposable. Let Cy be the 6-hole, and let its
vertices be al, al, a3, a?,a$, a3 in order. Define Aé- = {aé} for 1 <4, <3 withi#j. For1<i¢<3
let A! be the set of all hubs that are antiadjacent to ai, a;‘-‘, where {7, j,k} = {1,2,3}. By hypothesis,
at least one of the sets A} is nonempty. By 13.2, |A!| <1 for 1 < i < 3, since G is not decomposable;
if A? is nonempty, let a! be its unique member. Let W be the union of the nine sets A;

For 1 < i < 3, define A® = AilUAQUA", and for 1 < j < 3 define A; = A}UA?UA?. For
1<i<3, let H, H;, 5", S; be four subsets of V(G) \ W, defined as follows. For v € V(G) \ W, let
N, N* denote the set of neighbours and strong neighbours, respectively, of v in W; then

e ve H if N =N*=A
evc H;if N=N*"=A;

e veESIf N=N"=W)\A
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e vESIfN=N"=W\A4,.

(1) The twelve sets H', H;, S*, S; (1 < i < 3) are pairwise disjoint strong cliques, and they have union
V(G)\ W, and at least one of H*, H? H3, Hy, Hy, H3 is nonempty.

For clearly they are pairwise disjoint, and they are all strong cliques by 5.5. Let v € V(G) \ W, and
let N, N* be as before. If v is a hub relative to Cp, then v belongs to one of the sets A, and therefore
belongs to W, a contradiction. Since Cp is dominating, it follows from 9.1 that 2 < |[N*| < |[N| <4
and the members of N are consecutive in Cy. If |N| = 3 or |[N*| = 3 then v is a clone relative to Cj,
which we may assume is false by 13.6 since G is not decomposable. Thus either |[N| =4 or |[N*| = 2;
and since |[N| — |N*| < 1, it follows that |N| = |N*|. Hence v belongs to one of the twelve sets. Thus
the twelve sets have union V(G) \ W. The final assertion follows since by hypothesis there is a hat
relative to Cy. This proves (1).

(2) The sets Ay, Ag, Az, AL, A% A3 are strong cliques. Moreover, if A} # () and x,y € W are adja-
cent, then either {z,y} is a subset of one of these cliques, or z,y € AL U A3, or z,y € AL U A2. The
analogous statements hold for A3, A3.

The first claim follows from 13.6 and 9.1. For the second, let x € A; and y € Aé-/, say. We may
assume that none of the six cliques includes {z,y}, and so i # ¢’ and j # j'. If ¢ = j, then z is
a hub and 9.1 implies that y € A’ U A;, a contradiction. Thus ¢ # j and similarly ¢/ # 5/, and so
x,y € V(Cp). If x,y are opposite vertices of Cy (that is, if i = j' and j = '), then there is a claw
with members z,y and the two vertices of Cjy consecutive with x, a contradiction. In particular,
at least one of x,y is adjacent to ai; so from the symmetry we may assume that i = 1,5 = 2, and
so (',7) is one of (2,3),(3,1). In the first case {z,y,al,a3} is a claw, a contradiction, and in the
second case the claim holds. This proves (2).

(3) The siz sets H', H*, H3, Hy, Hy, H3 are pairwise strongly anticomplete. Moreover, for 1 < i,j <
3, H' is strongly anticomplete to Sj; and H' is strongly complete to S7 if j # i, and strongly anti-
complete to S*. Analogous statements hold for H;.

For the members of distinct sets H', H?, H®, H,, Hy, H3 are hats in different positions relative to

Cy; if some two are adjacent, then either G contains a hole of length > 6 or a long prism, in either
case a contradiction. This proves the first assertion. The second follows from 9.2. This proves (3).

(4) For 1 <i <3 one of H',S; is empty, and one of H;, S is empty.

For suppose that h! € H! and s; € S say. Then si-a3-a?-a3-a3-s; is a 5-hole that does not
dominate h', a contradiction.

(5) For 1 <i<3,S"is strongly anticomplete to S;.
For suppose that s € S! and s; € S; are adjacent, say. By (4), H', H; = (), and so from the

symmetry we may assume that there exists h? € H?. Then {s!,s1,h? a$} is a claw, a contradiction.
This proves (5).
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(6) For 1 <i<3,if S"#0 and Hy U Hy U Hy # () then Al = 0.

For suppose that, say, s' € S! and h € H; U Hy U H3, and A} = {al}. By (4), h ¢ Hy, and
so we may assume that h € Hs. But then s'-a}-al-ai-a3-s' is a 5-hole not dominating h, a contra-

diction. This proves (6).
(7) If Hy U Hy U H3 # 0 then S*, 52,83 are pairwise strongly complete.

For suppose that s' € S! is antiadjacent to s> € S? say, and let h € H; U Hy U Hs. By (4),
h € Hs. By (6), Al = A3 =0, and so A3 = {a3}. But then {a3, s!, s h} is a claw, a contradiction.
This proves (7).

(8) We may assume that S' U S? U S3 is not strongly anticomplete to Sy U Sy U S3.

For suppose it is. If also S, 2, 53 are pairwise strongly complete and Sy, Sz, S3 are pairwise strongly
complete then G is a line trigraph by (1),(3), so we may assume that, say, S', S? are not strongly com-
plete. By (7), Hi, Ho, H3 = (). Suppose that there exists s; € S; for some j with 1 < j < 3. Choose
st € S and s? € S2, antiadjacent. One of a3, a3 is adjacent to sj, say z; and then {z, s;, s!,s%} is a
claw, a contradiction. Thus S1,So,.53 = (). Now each of the three strong cliques S!, 52,83 is strongly
complete to two of the three strong cliques A' U H', A2 U H?, A3 U H? and strongly anticomplete to
the third, and so G is the hex-join of G|(W U H' U H? U H3) and G|(S' U S? U S3), a contradiction.
This proves (8).

(9) For 1 <i<3, at least one of H', H; is empty.

For suppose that h' € H' and hy € H; say. By (4), S; = S' = 0. By (7), S? is strongly complete
to S3, and S5 is strongly complete to S3. By (5), S? is strongly anticomplete to S; for i = 2,3. By
(8) we may assume from the symmetry that there exist s> € S and sy € S, adjacent. From (6),
A3 = A3 =0, and so Al = {al}. By (4), H3 = H? = (). Then (A} U S3 A3 U S,) is a homogeneous
pair by (2), nondominating since A3 is nonempty, a contradiction. This proves (9).

(10) At least one of H* U H?> U H3, Hy U Hy U H3 is empty.

For suppose they are both nonempty; then by (9), we may assume from the symmetry that there
exist hy € Hy and h? € H?. By (4), S',S2 = ), and by (9), H', H, = (). By (7), S; is strongly
complete to S3 and S? is strongly complete to S3. By (5), S? is strongly anticomplete to S3. Suppose
first that S? = (). From (8), there exist s3> € S% and s; € 1, adjacent. From (6), Ai, A3 = (). Then
by (2) and (3), (A} U S;, A3 U S3) is a homogeneous pair, nondominating since A3 # (), a contradic-
tion. Hence S? # (), and similarly S; # (). From (6), A] = A3 = (), and therefore A3 = {a3}. By
(6) again, S = S3 = (). But now (A3, H{UH?UA?, A3) is a breaker, contrary to 4.4. This proves (10).

(11) Ezactly one of H*, H?, H3, Hy, Hy, H3 is nonempty.
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For by hypothesis, at least one is nonempty, say Hy. By (10), H', H?, H®> = (). Suppose that
Hy # 0. By (4), S1,5? = 0, and by (8), S3 is nonempty. From (4), Hy = 0, and from (6), A3 = ().
Since {a3,a?,al, ha} is not a claw, al is strongly antiadjacent to a3, and similarly a3 is strongly
antiadjacent to a?. Since one of Al, A2 # (), (2) implies that (H; U A3, Hy U A3) is a homogeneous

pair, nondominating since A} # (), a contradiction. This proves (11).

In view of (11) we assume henceforth that Hj is nonempty, and therefore H', H?, H3, Hy, Ho are
empty. Choose hg € Hs. By (4), S® = 0.
(12) Either S* is nonempty or a3 is semiadjacent to ag; and either S? is nonempty, or a3 is semi-
adjacent to a}. Consequently A} = A3 =0, and A3 = {a3}.

For suppose that S? = (), say. From (8), S* # 0. From (6), Al = 0. Since (Hz U A}, A}) is
not a homogeneous pair, (nondominating since A? # (), it follows that some vertex of Cj is semi-
adjacent to one of a},al. By (2), one of the pairs aal, a3a}l, a3al, a}al is semiadjacent. The first is
impossible since {aé, a%, a%, hs} is not a claw; the second is the desired result; the third is impossible

since {ag,aé,a%, hs} is not a claw. Suppose that the fourth holds, that is, a:f is semiadjacent to a%.

By (2) A2 = A3 = (), and so Al # 0, a contradiction. This proves that either S? is nonempty, or aj
is semiadjacent to al. Similarly either S! is nonempty or a} is semiadjacent to a3. If S1 # () then
(6) implies that A} = 0, and if a? is semiadjacent to a% then (2) implies that A} = ); so in either
case A} = () and similarly A3 = 0, and so A3 = {a3}. This proves (12).

(13) S3 is strongly complete to ST U S2.

For suppose not; then from the symmetry we may assume that there exist s3 € S3 and s? € 52,
antiadjacent. If S1 # 0, choose s' € S, and otherwise let s! = a?; then in either case, s! is adjacent
to a2 by (12). By (7) if s! € S!, and by definition otherwise, s, s> are adjacent. If s3, s are antiad-
jacent, then 83-&%-82—81—a%—83 is a 5-hole, not dominating Hs, a contradiction. If s3,s' are adjacent,

then {s!, s3,s% a2} is a claw, a contradiction. This proves (13).

Let 57 be the set of vertices in S with an antineighbour in S?, and let S} be the set of vertices
in Sy with an antineighbour in S*.

(14) S{U S, is strongly anticomplete to Ss, Sy is strongly complete to Sa, and SY is strongly complete
to Sl.

For suppose that some vertex s; € S} say has a neighbour s3 € S3. Let s? € S? be an antineighbour
of s1. Then by (13), {s3,s1,5%, a2} is a claw, a contradiction. Thus S3 is strongly anticomplete to
S1, and similarly to S5. Now suppose that some s; € S| has an antineighbour sy € S3. Let s2 € S?
be an antineighbour of sq; then by (5), {a3, s2, s1, 5%} is a claw, a contradiction. Hence S is strongly
complete to Sy. Similarly S5 is strongly complete to S;. This proves (14).

But now the following six sets are strong cliques: S7 \ S7; Sz \ Sh; S3; ST U Ay; S?U Ag; H3 U

A3 U S1U S, Every vertex belongs to exactly one of these cliques; and each of the first three cliques
is strongly complete to two of the last three, and strongly anticomplete to the other, in the manner
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required for a hex-join. Consequently G is expressible as a hex-join, a contradiction. This proves
15.1. |

There is an (easy) analogue of 15.1 for 6-holes with a star-diagonal and a hat, the following.
15.2 Let G be a claw-free trigraph, containing no long prism and no hole of length > 6, and such

that every hole of length 5 or 6 is dominating. If there is a 6-hole in G with a star-diagonal, relative
to which some vertex is either a hat or a clone, then either G € Sy U S3 U Sg, or G is decomposable.

Proof. Let Cy be the 6-hole, with vertices cy,...,cg-c1. Let by, by be adjacent stars, in positions
1%, —1% respectively. Let h be either a hat or clone relative to Cy. If it is a clone, the result follows

from 13.7. We assume then that h is a strong hat. From the symmetry we may assume that it is in
position % or 1%. If it is in position %, then by 9.2 h is adjacent to b; and antiadjacent to by, and then
{b1, h,by,c3} is a claw, a contradiction. If it is in position 1%, then it is strongly antiadjacent to by
by 9.2, and then bj-c4-c5-cg-c1-b1 is a nondominating 5-hole, a contradiction. This proves 15.2. [

16 Star-triangles.

We recall that, if ¢----- c¢-c1 is a 6-hole, and there are three pairwise adjacent stars in positions
1%,3%, 5% respectively, we call the set of these three stars a star-triangle for the 6-hole. Our next
goal is to prove an analogue of 13.7 for star-triangles. We need the following lemma.

16.1 Let G be claw-free, and let By, Bs, Bs be strong cliques in G. Let B = B1 U Bs U Bs. Suppose
that:

e B£V(G),
e there are two triads Ty, To C B with |Th N Ts| = 2, and
e there is no triad T in G with |T N B| = 2.

Then either

o there exists V. C B with T1,To C V such that V is a union of triads, and G is a hex-join of
G|V and G|(V(G)\ V), where (VN B,V N By, VN Bs) is the corresponding partition of V into

strong cliques, or

e there is a homogeneous set with at least two members, included in one of By, By, Bs, such that
all its members are in triads, or

e there is a nondominating homogeneous pair (Vi, V) with max(|Vi|, |Va|) > 2, such that Vi is a
subset of one of B, Bo, By and Vs is a subset of another.

In particular, G is decomposable.

Proof. Since |Th N T,| = 2, it follows that there are distinct uy,...,u; € B with ¢ > 4, such that
Ty UTy = {uy,ug,us,us}t, and for 3 < s <t, {uy,...,us} is expressible as a union of triads. Choose
such a sequence with ¢ maximum, and let U = {uy,...,u;}. Since every triad included in B contains
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only one vertex of By, Bo, By, each vertex of such a triad belongs to only one of Bi, By, B3; and
hence U N B1,U N By, U N Bsy are disjoint.

(1) Every vertex not in U is strongly complete to two of U N By, U N By, U N By and strongly anti-
complete to the third.

For let v € V(G) \ U. We claim that there is no triad 7" with T\ U = {v}. For if v € B, this
holds from the maximality of ¢ (for otherwise we could set u;+1 = v), and if v ¢ B it follows from a
hypothesis of the theorem. On the other hand, v is not complete to any triad, since G is claw-free;
and so for every triad T' C U, v is strongly adjacent to two members of T" and strongly antiadjacent
to the third. In particular, since {u1,ug2,us} is a triad, we may assume that v is strongly antiadjacent
to w1 and strongly adjacent to usg,us, and u; € B; for i = 1,2,3. We claim that for 1 < s <, v
is strongly adjacent to ug if s € By U Bs, and strongly antiadjacent to ug if us € Bi; and we prove
this by induction on s. The claim holds when s < 3, so let 4 < s < ¢; we shall prove that the claim
holds for s assuming that it holds for s — 1. There is a triad 7" with us € T' C {uy,...,us}; let
T = {t1,t9,t3} say, where t; € B; for i = 1,2,3. As we saw, v is strongly adjacent to exactly two
of t1,ts,t3 and strongly antiadjacent to the third. If uw = ¢, then to,t35 € {u,...,us—1}, and from
the inductive hypothesis v is strongly adjacent to them both, and therefore strongly antiadjacent
to t1 = u. If u = t9, then t1,t3 € {uy,...,us—1}, and from the inductive hypothesis v is strongly
adjacent to t3 and strongly antiadjacent to t1; and therefore strongly adjacent to to = u. Similarly
if u = t3 then v is strongly adjacent to u. This completes the inductive proof, and therefore proves

(1).

Let X; = UNB; for i = 1,2,3, and let Y; be the set of vertices in V(G) \ U that are strongly
complete to U \ X; and strongly anticomplete to X;. By hypothesis, U # V(G) since B # V(G). As
in the proof of 4.5, if Y7, Y5, Y3 are strong cliques then the result holds, so we assume that Y3 is not
a strong clique say. Hence X3 is strongly anticomplete to X; U X5; and so X3 is a homogeneous set,
and (X7, X2) is a homogeneous pair, and since one of Xj, X2, X3 has at least two members (because
t > 4), again the result holds. This proves 16.1. [ |

16.2 Let G be a claw-free trigraph, and let A = {a1,a2,a3} be a dominating triangle. Suppose that
there are distinct vertices uy,ug,us,uq € V(G) \ A such that:

® ui,...,us each have at least two neighbours in A, and at least one antineighbour in A, and
e at most one pair of ui,...,us are strongly adjacent.

Then G is decomposable.

Proof. For i =1,2,3, let B; be the set of all vertices in V(G) \ A that are antiadjacent to a; and
adjacent to the other two members of A. From 5.5 it follows that Bj, By, Bs are strong cliques. Let
B = B1 UBs U Bs. Thus uq,...,us4 € B, and from the hypothesis, there are two triads included in
B that have two vertices in common, and so the first two hypotheses of 16.1 hold. For the third, let
v € V(G)\ B, and suppose that there is a triad {v, b1, ba}, where by € By and by € By. By 5.4 (with
b1-az-by) it follows that v is strongly antiadjacent to as. Since v ¢ Bs, it is strongly antiadjacent to
at least one of aj,as, and from the symmetry we may assume that v is strongly antiadjacent to as.
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From 5.4 (with as-aq-b9) it follows that v is strongly antiadjacent to aj, contrary to the hypothesis
that A is dominating. Thus all the hypotheses of 16.1 hold, and the result follows. This proves
16.2. [ |

16.3 Let G be a claw-free trigraph, such that every 5- and 6-hole in G is dominating, and no 6-hole
in G has a hub. Let Cy be a 6-hole in G, with a star-triangle. If some vertex of V(G) \ V(Cy) is a
hat or a clone with respect to Cy, then G is decomposable.

Proof. Let Cj have vertices c1--- - - cg-c1, and let A = {a1,as, a5} be a star-triangle, where a1, as, as
are in positions 1%, 3%, 5% respectively.

1

55 OT 5% relative to cq-- -+ -cg-cq.

(1) There is no hat in position 15,3
For suppose that A is a hat in position 1% say. Then h is strongly antiadjacent to aj, by 9.2; h
is strongly antiadjacent to cs, since {c3, h,a1,c4} is not a claw; and similarly h is strongly antiadja-
cent to cg. Consequently the 5-hole a1-c3-c4-c5-cg-a1 is not dominating, a contradiction. This proves

(1).
(2) A is dominating.

For suppose that v € V(G) \ A, with no neighbour in A. Then v ¢ V(Cy), and so, since there
is no hub for Cy, it follows that v is a hat, clone or star relative to Cy. By (1) and 9.2, v is not a
hat; and by 9.2 it is not a clone, and not a star in position 1%, 3% or 5%. Thus we may assume v is a
star in position 2% say; but then v-c3-as-cs5-cg-c1-v is a 6-hole, and a; is a hub for it, a contradiction.
This proves (2).

By hypothesis, some vertex v € V(G) \ V(Cp) is either a hat or a clone with respect to Cp, say
either a hat in position % or a clone in position 1 without loss of generality. By 9.2, v is adjacent to
a; and antiadjacent to ag. Since {a1,v,as,c3} is not a claw, v is adjacent to as. But then cj,c3,c5,v
each have at least two neighbours and at least one antineighbour in A, and only one pair of them is

strongly adjacent (namely vcy) and so the result follows from (1) and 16.2. This proves 16.3. [ |

16.4 Let G be a claw-free trigraph, such that every 5-hole in G is dominating, and there is no 6-hole
with a hub or with a star-diagonal. Suppose that some 6-hole has a crown. Then G is decomposable.

Proof. Let C be a 6-hole with vertices ci-----cg-c1 in order, and let s, so be antiadjacent stars in
positions 2%, 3% respectively. By 9.2, s; is strongly adjacent to co, c3, and so is strongly adjacent to
¢3, ¢q; and by four applications of 5.3, ¢; is strongly adjacent to ¢; 41 for i = 1,2,3,4. Also, by 5.4 (with
S9-C4-C5), So is strongly adjacent to cs, and similarly s; is strongly adjacent to ¢;. Since {c2, cg, s1, s2}
is not a claw, cg is strongly antiadjacent to cg, and similarly c4, cg are strongly antiadjacent. Thus
the strip ({s1,c2},0,{s2,cs}) is step-connected and parallel to the strip ({c1},{cs},{cs}). Choose
a step-connected strip (A, 0, B) with s1,¢; € A and s2,¢4 € B, with A U B maximal such that c3
is strongly A U B-complete and the strips (A,0, B), ({¢1},{cs},{cs}) are parallel. Suppose that
v € V(G)\ (AUB), and v has both a neighbour and an antineighbour in A. Then v ¢ {c1, ¢3, 5, ¢6}-

Let N = Ng(v), N* = N/ (v). Choose a step aj-ag-ba-bi-a1 in the strip (A, 0, B) such that a; € N
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and az ¢ N*. By 5.4, by € N*. Suppose that by € N. Then 5.4 implies that ¢5 € N*; 5.3 implies
that cg ¢ N; 5.4 implies that ¢; ¢ N; 5.4 implies that B C N* and ¢35 € N*; and then v can be
added to B, contrary to the maximality of AU B. Thus by ¢ N, and so 5.4 implies that a; € N*,
and from the symmetry it follows that as ¢ N. Since c1-cg-c5-ba-as-c1 is dominating, we may assume
from the symmetry that c¢1,c6 € N. If c5 ¢ N, then v-cg-c5-ba-ag-ai-v is a 6-hole, and b; is a hub for
it, a contradiction. Thus ¢5 € N; but then 5.3 implies that c¢5 ¢ N, and so ¢1-cg-c5-b1-c3-as-cq is a
6-hole, with a star-diagonal {a1,v}, again a contradiction. So there is no such vertex v. We deduce
from the symmetry that (A, B) is a homogeneous pair, nondominating because of cg, and so by 4.3,
G is decomposable. This proves 16.4. [ ]

17 6-holes in non-antiprismatic trigraphs
The next lemma, a consequence of 10.4, is complementary to the last few results.

17.1 Let G be a claw-free trigraph, containing no hole of length > 6 or long prism, and such that
every hole of length 5 or 6 is dominating. Suppose that G contains a 6-hole, but there is no 6-hole
in G with a hub, a star-diagonal, or a star-triangle. Then either G € S3, or G is decomposable.

Proof. Since every 5-hole is dominating, no 6-hole has a coronet; by hypothesis, no 6-hole has a
hub, star-diagonal or star-triangle; by 16.4, we may assume that none has a crown; and none has a
hat-diagonal since G contains no long prism. By 10.4, this proves 17.1. [ |

We recall that G is antiprismatic if for every X C V(G) with |X| = 4, X is not a claw and
there are at least two pairs of members of X that are strongly adjacent. We combine 17.1 with the
previous results, to prove the next theorem, which has been the goal of the last several sections.

17.2 Let G be a claw-free trigraph with a hole of length > 6. Then either G € SoU---US7, or G
18 decomposable.

Proof. By 8.7, 10.1, 10.3 and 14.3, we may assume that G' has no hole of length > 6 or long prism,
and every hole of length 5 or 6 is dominating.

(1) We may assume that there is a 6-hole C' in G such that no vertex of G is a hat or clone relative
to C, and every two consecutive vertices of C are strongly adjacent.

For by hypothesis there is a hole of length > 6, and therefore of length 6. If there is no 6-hole
in G with a hub, a star-diagonal, or a star-triangle, then either G € S3, or GG is decomposable, by
17.1. Thus we may assume that there is a 6-hole C' with either a hub, a star-diagonal, or a star-
triangle, choosing C' with a hub if possible. Suppose first that C has a hub. By 13.6 we may assume
that no vertex is a clone relative to C, and no two consecutive vertices of C' are semiadjacent; and by
15.1 we may assume that no vertex is a hat with respect to C, as claimed. Thus we may assume that
C has no hub, and therefore no 6-hole has a hub. Next suppose that C' has a star-diagonal. By 13.7,
we may assume that no vertex is a clone, and no two consecutive vertices of C' are semiadjacent; and
by 15.2, no vertex is a hat, as claimed. Finally, suppose that C' has a star-triangle. By 16.3, again
we may assume that no vertex is a hat or clone with respect to C'. It remains to show that no two
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consecutive vertices of C' are semiadjacent. We have shown that every vertex not in V(C) is a strong
star relative to C. Let C have vertices ci----- c¢-c1 in order, and let s1, s3, 5 be pairwise adjacent
stars in positions 1%,3%, 5% respectively. Since {s1,cg,c2,c3} is not a claw, ¢y is strongly adjacent
to c¢3, and similarly the pairs cqcs and cgep are strongly adjacent. We assume therefore that cq, co
are semiadjacent. It follows that there are no stars in positions %, 2%. We claim that the triangle
{s1, 83,55} is dominating. For certainly it dominates all vertices in C, and all stars in positions
1%, 3%, 5%, by 9.2, so suppose that there is a star s4 in position 4% that is strongly antiadjacent to all
of s1,s3,55. But then cq-ca-c3-54-c5-55-¢1 is a 6-hole, and sz is a hub relative to it, a contradiction.
This proves that {si,ss, s} is dominating. But ¢y, 2, ¢4, ¢ each have at least two neighbours and
at least one antineighbour in this triangle, and only one pair of c1,co, ¢4, cg are strongly adjacent,
and the result holds by 16.2. We may therefore assume that no two consecutive vertices of C are

semiadjacent. This proves (1).
(2) There do not exist four pairwise antiadjacent vertices in G.

For suppose that aq,...,a4 are pairwise antiadjacent. Not all of aq,...,a4 belong to C'; and each
a; that does not belong to C has exactly four strong neighbours in C, since C' is dominating and
no vertex is a clone or hat relative to C. We may assume that a; ¢ V(C). Since it has four strong
neighbours in C' and is antiadjacent to as, as, a4, at most two of as, as, as belong to C, and we may
assume that ay ¢ V(C). By 5.5, aj,a2 do not have exactly the same four neighbours in C, and
so at most one vertex of C' is antiadjacent to both aj,as; and so not both as,aq € V(C), and we
may assume that ag ¢ V(C). Then aq, as, ag each have four strong neighbours in C'. But they have
no common neighbour, and therefore every vertex of C' is strongly adjacent to exactly two of them.
Consequently ay ¢ V(C), and therefore a4 also has four strong neighbours in C; and so some three
of aj,...,as have a common neighbour in V(C'), a contradiction. This proves (2).

Let C have vertices ¢i----- cg-c1 in order.

(3) If there exist stars si,s2,s3, each in position 1% or 2% such that s is antiadjacent to both

27
81, 82, then G is decomposable.

For suppose that such si,s9,s3 exist. s1,s3 are in different positions, by 9.2, and so are ss, s3,
and therefore s1, sy are in the same positions. Choose A, B with A U B maximal such that:

e A is a set of stars in position 1%
e B is a set of stars in position 2%
® 51,859,83€ AUB

e let H be the graph with V(H) = A U B, in which z,y are adjacent if and only if z,y are
antiadjacent in G and exactly one of z,y belongs to A; then H is connected.

Suppose that some v ¢ AU B has a neighbour and an antineighbour in A say. Since H is connected,
we may choose a1,a2 € A and b € B such that v is adjacent to a1 and antiadjacent to ao, and b is
antiadjacent in G to both a1, as. (Note that aj,as may be equal.) Since v has a neighbour and an
antineighbour in A, it follows that v ¢ V(C'), and therefore v has exactly four strong neighbours in
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C. Since v has an antineighbour in A, it is not a star in position 1% or a hub in hub-position 2; and
from the maximality of AU B, it is not a star in position 2%. Consequently v is adjacent to c¢5. Since
{v,a1,b,c5} is not a claw, v is antiadjacent to b. But v is adjacent to one of ¢y, ¢, c3, say ¢;, and then
{ci,a2,b,v} is a claw, a contradiction. Thus there is no such vertex v; and similarly every vertex
not in A U B is either strongly complete or strongly anticomplete to B. This proves that (A, B) is
a homogeneous pair, nondominating because of ¢, and so G is decomposable, by 4.3. This proves (3).
(4) If there exist a hub t in hub-position 1, and stars so,ss,S4, each in positions 2% or 5%, such
that s4 is antiadjacent to so,s3, then G is decomposable.

For choose A, B with A U B maximal such that:
e A is a set of stars in position 2%
e B is a set of stars in position 5%
® 59,83,54€ AUB

e let H be the graph with V(H) = A U B, in which z,y are adjacent if and only if x,y are
antiadjacent in G and exactly one of x,y belongs to A; then H is connected.

We claim that (A, B) is a homogeneous pair. For let v € V(G)\ AUB, and suppose it has a neighbour
and an antineighbour in A say. Thus v ¢ V(C). Since H is connected, we may choose aj,as € A
(not necessarily distinct) and b € B such that v is adjacent to a; and antiadjacent to ag, and b is
antiadjacent to both aj,as. By 13.1, v is not a hub, and by 9.2 v is not a star in position 2%; and by
the maximality of AU B, v is not a star in position 5%. Hence v is a star in some other position. Con-
sequently v is adjacent to ¢ by 13.1, and v is adjacent to one of ¢, ¢4, say c¢;. By 13.1, ¢ is antiadjacent
to all of a1, a9,b. If v is antiadjacent to b, then {c1, v, as,b} is a claw, while if v is adjacent to b, then
{v,a1,b,t} is a claw, in either case a contradiction. Thus (A, B) is a homogeneous pair. By 13.1, ¢ has
no neighbours in AUB, and so (A, B) is nondominating. By 4.3, G is decomposable. This proves (4).

5) If there exist stars si,...,S4, each in position 1%, 3L or 51 and all pairwise antiadjacent except
27 93 2
for s3s4, then G is decomposable.

For let By, Bo, Bg be the set of all stars in positions 1%, 3% and 5% respectively. By 5.5, Bj, By, B3
are all strong cliques. Let B = By U By U B3. Because of si,...,s4, there are two triads in B with
two vertices in common. Suppose that 7" is a triad with |T'N B| = 2; say T' = {v, b1, b2}, where v ¢ B
and by € By,by € Bs. Since every vertex of C' is adjacent to one of by, bs it follows that v ¢ V(C),
and therefore v has four strong neighbours in C. Since {ca,v,b1,b2} is not a claw, v is antiadjacent
to co and similarly antiadjacent to c3; and so it is a star in position 5%, contradicting that v ¢ B.
Thus there is no such triad. By 16.1, it follows that G is decomposable. This proves (5).

We may assume that G is not antiprismatic. Therefore there are four vertices aq, ..., a4, pairwise
antiadjacent except possibly for asas. By (2), as,as4 are strongly adjacent. Suppose first that
ay,az € V(C). Then, since no two consecutive vertices of C' are semiadjacent, at least one of as, aq
is not in V' (C), say ag; and therefore as is strongly adjacent to every vertex of C' except ap,as. Since
a1, as are antiadjacent, it follows that ag is a hub, and so we may assume that a; = ¢1,as = ¢4. Then
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every other vertex of C' is strongly adjacent to one of a1, aq, and so ag ¢ V(C); and therefore ay is
also a hub, in the same hub-position as ¢3. Then G is decomposable, by 13.2.

We may therefore assume that not both a1,as € V(C), say a; ¢ V(C). Consequently a; has
four strong neighbours in V(C). Assume that ag,a3 € V(C). Then since aq,as,as are pairwise
antiadjacent, it follows that a; is a hub, and we may assume that as = c1,a3 = c4. Since a4 is
adjacent to a3 and a4 ¢ V(C), it follows that a4 is a star in position 2%, 3%, 4%, or 5%, or a hub in
hub-position 2 or 3. Since a4 is antiadjacent to as = ¢1, we may assume from the symmetry that a4
is a star in position 2%; but then it is strongly adjacent to a; by 13.1, a contradiction.

This proves that not both as, a3 € V(C). Assume that as € V(C), say ag = ¢1. Then az ¢ V(C),
and similarly a4 ¢ V(C). Each of a1, as, a4 is strongly adjacent to four of cg, ..., cs, and is therefore
either a star in position 3% or 4%, or a hub in hub-position 1. If any of them is a hub in hub-position
1, then it is adjacent to both the others by 13.1, a contradiction; and so all three are stars. But then
the result follows by (3). So we may assume that as ¢ V(C).

Since aj,as do not have exactly the same neighbours in C' by 5.5, it follows that at least one
of as,ay ¢ V(C), say as. Hence aq,as,as each has four strong neighbours in V(C), and yet they
have no common neighbour. Consequently each vertex of C' is strongly adjacent to exactly two of
ai,az,as, and therefore ag ¢ V(C). Thus a4 also has exactly four strong neighbours in C, and no
vertex is adjacent to all of ai,as, a4, and therefore a3, a4 have the same neighbours in C'. By 13.2
we may assume that ag, aq are not hubs, and so we may assume that they are both stars in position
2% say. Hence a1, ao are both strongly adjacent to both cs, cg, and each of ¢, ¢, c3,cq is adjacent
to exactly one of aj,as. Thus either one of ay,as is a star in position 5% and the other is a hub in
hub-position 1, or one of a1, as is a star in position 4% and the other is a star in position % In the
first case the result follows from (4), and in the second case from (5). This proves 17.2. [ |

18 Stable sets of size 4

For a trigraph G, we recall that «(G) is the maximum cardinality of stable sets in G. In this section
we finish the case that «(G) > 4. We have already (in 17.2) handled such graphs that have a hole of
length at least 6, so it suffices to prove the following.

18.1 Let G be a claw-free trigraph, such that G has no hole of length > 5, every 5-hole in G is
dominating, a(G) > 4, and G is not decomposable. Then G is either a line trigraph or a long circular
interval trigraph.

The proof of 18.1 falls into several parts, as follows. Let G satisfy the hypotheses of 18.1. We
shall prove the following.

(In 18.7) If some 5-hole has a coronet, then G is a line trigraph.

(In 18.8) If G contains a (1,1, 1)-prism, then G is a line trigraph.

(In 18.9) If G has a 5-hole, but no 5-hole has a coronet, and G contains no (1,1, 1)-prism, then
G is a long circular interval trigraph.

(In 18.10) If G has a 4-hole but no 5-hole, then G is a line trigraph.
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e (In 18.11) It is impossible that G has no holes at all.

We begin with a few lemmas.

18.2 Let B be a clique in a claw-free trigraph G, and let a1,a9 € V(G)\ B be antiadjacent. If ai,as
are not strongly B-complete and not strongly B-anticomplete, then there is a path of length 3 between
ai, as with interior in B.

Proof. For i = 1,2, let IV;, N be the set of neighbours and strong neighbours of a; in B. By
hypothesis, N; # 0 and N} # B. Suppose that Ny C Nj. Since N; # 0, there exists € Ni; and
since Ny # B, there exists y € B\ N5. But then {z,y,a1,a2} is a claw, a contradiction. Thus
N; € N3, and similarly No Z Ny. Choose ny € N1 \ N3, and na € Ny \ Nf. Then aj-nj-no-ag is a
path. This proves 18.2. [ |

18.3 Let G be a claw-free trigraph, with no hole of length > 5, not decomposable, and such that every
5-hole is dominating. Let the paths ai-b1, as-ba and as-c3-bs form a prism in G, where {a1,as,as}
and {by,ba,bs} are strong triangles. Then there is a 5-hole in G with a strong centre, and every
neighbour of cs that is antiadjacent to all of a1, b1, as,by is strongly adjacent to both of as, bs.

Proof. Choose a step-connected strip (A, (), B) with ay,as € A and by, bs € B, parallel to the strip
({as},{c3},{b3}), and maximal with this property. Since c3 is strongly anticomplete to AU B and G
is not decomposable, 4.3 implies that (A, B) is not a homogeneous pair. Thus we may assume that
there exists v € V(G) \ (AU B) with a neighbour and an antineighbour in A. Then v ¢ {as, b3, c3}.
Choose a step aj-ah-bh-bi-a) such that v is adjacent to a} and antiadjacent to af. By 5.4, v is
strongly adjacent to b). If v is adjacent to b}, then by 5.4 v is strongly adjacent to bs; by 5.3 v is
strongly antiadjacent to cs; and by 5.4 v is strongly antiadjacent to as. But then v can be added to
B, contrary to the maximality of AU B. Thus v is strongly antiadjacent to b}. From the symmetry
between @} and b} it follows that v is strongly adjacent to a} and strongly antiadjacent to af. Since
the 5-hole ag-c3-bs-b-ah-as is dominating, v has a neighbour in the path as-cs-bs, and therefore is
adjacent to at least two consecutive vertices of this path. In particular, v is strongly adjacent to cs.
Since v-c3-bs-by-ak-a’-v is not a 6-hole, v is strongly adjacent to bs and similarly to as. Hence v is a
strong centre for the 5-hole as-c3-b3-b-a)-as. Now suppose that d is a neighbour of ¢z, antiadjacent to
a1,b1,a92,bs. Hence d has an antineighbour in A. If d also has a neighbour in A, then by exchanging
v,d we deduce that d is strongly adjacent to both ag, b3 as required. Thus we may assume that d has
no neighbour in A, and similarly none in B. From the symmetry, we may assume that d is strongly
adjacent to ag. By 5.4 (with d-as-a}), v is adjacent to d; and by 5.3 (with {d, a},b3}) it follows that
d is strongly adjacent to b3 as required. This proves 18.3. [ |

18.4 Let G be a claw-free trigraph, with no hole of length > 5, and such that every 5-hole is
dominating. Let C be a 4-hole. If there exist adjacent vertices of G\ V(C), both with no neighbour
in V(C), then G is decomposable.

Proof. Let C have vertices c¢1-----c4-¢1 in order. Let Z C V(G) \ V(C) be maximal such that Z is

connected and no vertex in Z has a neighbour in V(C), with |Z| > 1. Let Y be the set of vertices of
V(G)\ Z with a neighbour in Z. Then from the maximality of Z, every vertex of Y has a neighbour
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in V(C); and since G is claw-free, it follows that every vertex in Y is a strong hat relative to C'. Let
Y=Y U---UYy, where for i = 1,...,4, Y; is the set of vertices in Y that are adjacent to ¢;, c;1
(reading subscripts modulo 4).

(1) Y1,...,Yy are strong cliques; and for 1 <i < 4,Y; is strongly complete to Y.

The first assertion follows from 5.5. For the second, suppose that y; € Y; and y» € Y5 say are
antiadjacent, and let P be a path between yi,ys with interior in Z. Then yi-c1-c4-c3-y2-P-y1 is a
hole of length > 6, a contradiction. This proves (1).

(2) We may assume that if y,y' € Y are antiadjacent then every vertex in Z is strongly adja-
cent to both v,y .

For let y € Y1,y € Y3 say (without loss of generality, by (1)). Let P be a path between y,y’
with interior in Z. Since the hole y-co-c3-y'-P-y has length < 5, it follows that P has length 2, and
the hole has length 5. Let z be the middle vertex of P. Since every 5-hole is dominating, every
vertex in Z \ {z} has a neighbour in P, and therefore is adjacent to z and to at least one of y,y/’.
By 18.3, applied to the prism formed by the three paths ci-cg, c4-c3 and y-z-y/, it follows that every
member of Z is strongly adjacent to both y,y’. This proves (2).

(3) For 1 < i< j <4, ify; €Y and y; € Y; then y;,y; have the same neighbours in Z, and
no vertex in Z is semiadjacent to one of y;,y;.

For if y;,y; are antiadjacent this follows from (2). If they are strongly adjacent, suppose that
z € Z is adjacent to y; and antiadjacent to y;, and choose ¢ € V(C') adjacent to y; and antiadjacent
to y;; then {y;, z,y;,c} is a claw, a contradiction. This proves (3).

If Y is a strong clique then Y is an internal clique cutset and the theorem holds. Thus by (1),
we may assume that Y] is not strongly complete to Y3 (and therefore Y7,Y3 are nonempty). By (2)
and (3) it follows that Y is complete to Z, and therefore Z is a strong clique by 5.5; but then all
members of Z are twins. This proves 18.4. [ |

18.5 Let G be a claw-free trigraph, let C' be a dominating 5-hole in G, and let X C V(G) be stable
with | X| = 4. Then there is a 5-numbering ci---- -cs-c1 of C such that either

e there are three strong hats in X, in positions 1%, 2% and 3%, or

o X consists of two strong hats in positions 1% and 2% and two clones in positions 4,5, or

® c4,c5 are semiadjacent, and X consists of ¢y, c5 and two strong hats in positions 1% and 2%, or

e X consists of three strong hats in positions 1%, 2% and 4% and a strong star in position 4%.

Proof. Let C have vertices cj----- cs-c1 and let X = {vy,...,v4}. Each member of X \ V(C)
has at least two strong neighbours in V(C'), consecutive in C, since C' is dominating; and on the
other hand, every vertex of C is adjacent to at most two members of X, since GG is claw-free. For
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1 <¢ <5, not all of ¢, ¢i41,ci12 € X, since ¢;41 is strongly adjacent to at least one of ¢;, ¢;10; and
hence |X NV(C)| < 3. We may therefore assume that v, ¢ V(C).

Suppose that vy, v3,v4 € V(C). Now v; has two strong neighbours in C', consecutive in C, say
c1,c2; and so X NV(C) = {3, cq, 5}, which is impossible as we already saw. Thus we may assume
that V1,02 ¢ V(C)

Suppose that vs, vy € V(C). Since vy,vy both have at least two strong neighbours in C, con-
secutive in C, and since v1,ve are not hats in the same position by 5.5, it follows that vs, vy are
consecutive in C' and therefore semiadjacent; say vs = c4,v4 = c5. Hence v, vy are strongly antiad-
jacent to ¢4, cs (since F(G) is a matching); and so by 9.2 it follows that the third outcome of the
theorem holds. Thus we may assume that vy, v, v3 ¢ V(C).

Suppose that vy € V(C), say v4 = ¢5. Then each of ¢1, ¢y is adjacent to at most one of vy, v, v3,
and each of co, c3 is adjacent to at most two of v1,v2,v3. On the other hand, vy, ve,v3 each have at
least two strong neighbours in C. Hence equality holds, and therefore vi,vs,v3 are strong hats in
positions 1%, 2%, 3%, as required.

We may therefore assume that vy ¢ V(C). Now ci,...,c5 are each adjacent to at most two of
members of X, and every member of X is strongly adjacent to at least two of ¢y, ..., c5. Consequently
at least two members of X are strong hats, say v1,ve. Suppose that no two members of X are strong
hats in consecutive positions. Then we may assume that v;, vy are in positions 1%, 3%, and vs, vy are
not strong hats; and from counting the edges between V(C') and X, it follows that vs,v4 are clones,
in positions 1,4. But since they are antiadjacent to vy, vo, this contradicts 9.2. Thus at least two
members of X are strong hats in consecutive positions, and so we may assume that v{, vy are strong
hats in positions 1%, 2% respectively. If vs,vs are not strong hats, then they are clones in positions
4,5 and the theorem holds. Thus we may assume that v3 is a strong hat. If it is in position 3% or
% then the theorem holds, so we may assume it is in position 4%. If vy is a strong hat, then it is in
position 3% or % and the theorem holds; and by 9.2 is it not a clone. So we may assume it is a strong
star, and hence in position 4%; but then the theorem holds. This proves 18.5. [ |

18.6 Let G be a claw-free trigraph, such that G has no hole of length > 5, every 5-hole in G is
dominating, and a(G) > 4. Then no 5-hole in G has a centre; and G does not contain a (2,1,1)-
PTisSM.

Proof. For suppose first that ¢----- cs-c1 is a 5-hole C, with a centre z. Since a(G) > 4, we may
assume by 18.5 that there are antiadjacent hats hq, ho in positions 1%, 2% say. Since {z, h1,c3,c5} is
not a claw, z is antiadjacent to hq, and similarly it is antiadjacent to hs. But then {co, z, hi, ho} is a
claw, a contradiction. This proves that no 5-hole has a centre. The second assertion of the theorem
follows from 18.3. This proves 18.6. [ ]

The following completes the first step of the proof of 18.1.

18.7 Let G be a claw-free trigraph, such that G has no hole of length > 5, every 5-hole in G is
dominating, a(G) > 4, and G is not decomposable. If some 5-hole has a coronet then G is a line
trigraph.

Proof. Let ¢i-----c5-¢1 be a 5-numbering of a 5-hole C, such that there is a hat h and a star s both
in position 1%. By 9.2, h and s are strongly antiadjacent, and h is a strong hat and s is a strong
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star. Let C be the proximity component of order 5 containing C'.
(1) For every aj-----as-ay in C, h is a strong hat and s is a strong star, both in position 1%.

For it suffices to show that if two 5-numberings are proximate, and the claim is true for one of
them, then it is true for the other. Thus, suppose that ai-----as-a; is a 5-numbering and A is a
strong hat and s is a strong star, both in position 1%, relative to aq----- as-a1. Let 1 <17 <5, and
let @} be a clone in position ¢ relative to aj----- as-a;. We must show that a; and a] have the same
neighbours in {h,s}. If i = 1, then a} is strongly adjacent to s, h by 9.1. If i = 4, then a, is strongly
antiadjacent to h by 9.1, and strongly antiadjacent to s by 18.6, since otherwise s would be a centre
for aj-ag-as-aj-as-a;. Thus from the symmetry we may assume that ¢ = 5. Since {af,h, s, a4} is
not a claw, it follows that af is strongly antiadjacent to at least one of h,s. Since {ai,ak,h,s} is
not a claw, af is strongly adjacent to at least one of h,s. If af is adjacent to h and not to s, then
the 5-hole h-ag-s-as-af-h has a centre aj, contrary to 18.6. Thus af is strongly adjacent to s and
strongly antiadjacent to h. This proves (1).

For 1 < i <5, let A; = A;(C). From (1), A1 U Ay is strongly complete to both h,s; As U As
is strongly complete to s and strongly anticomplete to h; and Ay is strongly anticomplete to both
h,s. Let W = A; U---UA;s. For each v € V(G) \ {h, s}, let P(v) be the set of all k such that v is
in position k relative to some member of C. (Note that since every 5-hole is dominating, and none
has a centre, it follows that v has a position relative to each member of C.) If two 5-numberings are
proximate, then the positions of v relative to them differ by at most %, and it follows that P(v) is a
set of consecutive %—integers modulo 5, that is, P(v) is an “interval”.

(2) The sets A, ..., As are pairwise disjoint; and every vertex in V(G)\W is either strongly complete
to four of A1,...,As and strongly anticomplete to the fifth, or strongly complete to two consecutive
of Ay, ..., As and strongly anticomplete to the other three.

For certainly the sets A1 U As, A3 U A5 and Ay are pairwise disjoint. Suppose that there exists
v € A1 N Ay. Then 1,2 € P(v), and v is strongly adjacent to h,s. Hence 3,4,5 ¢ P(v), by (1), and
since P(v) is an interval, it follows that 13 € P(v). So relative to some member of C, v is a hat
or star in position 1%. But by 9.2, a hat in position 1% is antiadjacent to s, and a star in position
1% is antiadjacent to h, in either case a contradiction. This proves that Ay N As = (. Now assume
that there exists v € A3 N As. Thus 3,5 € P(v), and by (1) v is strongly adjacent to s and strongly
antiadjacent to h. By (1) 1,2,4 ¢ P(v), contradicting that P(v) is an interval. This proves that
A1, ..., As are pairwise disjoint. Now if v € V(G) \ W, it follows that P(v) contains no integer,
and so P(v) has only one member, since it is an interval; and the final assertion of (2) follows. This
proves (2).

For 1 < i < 5, let H; be the set of all vertices in V(G) \ W that are strongly complete to
Ai1o U Ajys and strongly anticomplete to A;_1, A;, A;+1, and let S; be the set of all vertices in
V(G) \ W that are strongly complete to W \ A; and strongly anticomplete to A;. By (2), V(G) is
the union of W, Hy,...,Hs and S1,...,S55. Moreover, h € Hy and s € S4. From 5.5, each H; and
each §; is a strong clique.

84



(3) A1 U Ag is strongly anticomplete to Ay; Aj is strongly anticomplete to As, and Ay to As; As is
strongly complete to Ay, and Ay to Ag, and As to As; and A; = {¢;} fori=1,2.

For if a1 € Ay and aq4 € Ay, then since {a1, a4, h, s} is not a claw it follows that a1, a4 are strongly
antiadjacent. Thus A; U A is strongly anticomplete to A4. Let ai-----as-a1 be in C, and suppose
that some v € A; is adjacent to as. Since v is strongly anticomplete to A4 as we saw, it follows that
v is strongly adjacent to ao; by 9.2 v is strongly antiadjacent to cs, since it is adjacent to h, and so v
is strongly adjacent to a, since otherwise v-ag-a4-as-a1-h-v would be a 6-hole. Hence v is in position
2 relative to aj-----as-a1, and so v € Ay N Ag, contrary to (2). This proves that A; is strongly
anticomplete to As, and similarly As is strongly anticomplete to As. Now let ai-----as-a; be in C,
and suppose that some a} € A; is antiadjacent to as. Then {s,d},as,as} is a claw, a contradiction.
Consequently A; is strongly complete to As, and similarly Ay to As. Moreover, if aj,a} € Ay are
antiadjacent then {s,aj,a},cs} is a claw, a contradiction, and so A; is a strong clique, and similarly
so is Ay. Since every vertex in V(G) \ W is either complete or anticomplete to A; for i = 1,2, it
follows that (A1, As) is a homogeneous pair, nondominating since A, # ; and so by 4.3, A1, Ay both
have cardinality 1, since G is not decomposable. Thus A; = {¢;} fori = 1,2. If ¢1, co are antiadjacent
then h-co-c3-c4-c5-c1-h is a 6-hole, a contradiction. Thus ¢y, co are strongly adjacent. This proves (3).

(4) As, Ay, A5 are strong cliques.

For if a3,af € A3 then they are strongly adjacent since {s,as,aj,c;} is not a claw, and so Az is

a strong clique, and similarly so is As. Now let ai----- as-a; be in C, and let a, € A4 be different
from a4. Since Ay is disjoint from As, As, it follows that 3,5 ¢ P(a}); and since 4 € P(a}) and
P(d}) is an interval, it follows that P(a}) C {3%,4,4%}. In particular, relative to aq----- as-ai, aj

has position one of 3%, 4, 4%, and therefore is strongly adjacent to a4. This proves that Ay is a strong
clique, and therefore proves (4).

For i = 3,5, let A, be the set of members of A; with an antineighbour in Ay.

(5) A% is strongly complete to AfL; A% is strongly anticomplete to As \ Af; and As \ A is strongly
anticomplete to AL.

For suppose that ag € A5 and a5 € AL are antiadjacent. Each of them is not strongly As-complete
and not strongly As-anticomplete, and therefore by 18.2; there is a path between them of length 3
with interior in A4. But also as-c1-co-ag is a path, and the union of these two paths is a 6-hole, con-
trary to hypothesis. This proves the first assertion of (5). Now suppose that a3 € A% and a5 € A5\ AL
are adjacent. Choose a4 € A4 antiadjacent to as. Since as ¢ AL, it follows that a4, a5 are adjacent;
but then {as, a3, as,c1} is a claw, a contradiction. Thus Af is strongly anticomplete to As \ Af, and
the third assertion of (5) follows by symmetry. This proves (5).

(6) One of A%, AL is empty.
For suppose they are both nonempty. Choose aj € A5 and af € Af. Choose aq,a) € Ay (pos-

sibly equal) with a4 adjacent to a4 and a/ antiadjacent to aj. Since {af, a5, a}, ¢} is not a claw, a)y
is strongly antiadjacent to af, and since {aj,af, aq, co} is not a claw, a4 is strongly adjacent to af.
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Thus a4 # a}. Let G be the complement of G. Since C is connected by proximity, it follows that
G|(A3 U Aj3) is connected, and so A} U (A5 \ AL) is not strongly complete to A U (As \ A%). Hence
by (4) and (5), there exist ag € A3\ Aj and a5 € A5 \ A%, antiadjacent. But then ag-a}-as-ai-as-as
is a 5-hole with a centre a4, contrary to 18.6. This proves (6).

(7) A; = {c;} for 1 <i<5.

For from (6) we may assume that AL = (). Then (A, A4) and (A3 \ A%, As) are both homogeneous
pairs, by (3) and (5), and they are both nondominating because of h, and so by 4.3, A5, Ay, A3\ A, A5
all have cardinality at most 1. In particular Ay = {¢4} and A5 = {c5}. Thus we may assume that
|A3] > 1, and so |A§] = |Ag \ A5 = 1. Let A5 = {a4} and A3 \ A5 = {af}. Since af has a
neighbour in Ay, it follows that af,cs are semiadjacent. If af is strongly antiadjacent to cs then
(As, Ay) is a nondominating homogeneous pair, a contradiction; so af is semiadjacent to c¢s. If there
exists hy € Hyp, then hi-cs-cs-ci-co-ah-hy is a 6-hole, a contradiction; so Hy = (. If there exists
hy € Ha, then {cs, he,a4,c1} is a claw, a contradiction; so Hy = ). If there exists s’ € Sy U S5,
then {5, c4,a},c1} is a claw, a contradiction; so So = S5 = ). Since «(G) > 4, and every stable set
contains at most two neighbours of ¢ (since G is claw-free), there are two antiadjacent vertices that
are both strictly antiadjacent to co; and they therefore both belong to Hs U {c4,c5}. Hence there
exists hg € Hy. If there exists s3 € S3, then {cs5, hs, s3,a5} is a claw, a contradiction; so Sg = 0. If
there exist s; € S1 and s4 € Sy that are antiadjacent then {ca, s1,s4,h} is a claw, a contradiction;
so 57 is strongly complete to Sy. Hence (Hs U {c1}, Hy, H5 U {c2}) is a breaker, and 4.4 implies that
G is decomposable, a contradiction. This proves (7).

(8) The following hold:

o For 1 <i,j <5, H; is strongly complete to S; if j =i+ 1 or j =1 — 1, and otherwise H; is
strongly anticomplete to S;

o forl<u:<j <5, H;jis strongly anticomplete to H;

o For1<i<5,if Hi # 0 then S; is strongly anticomplete to S;_1,Si+1
o For1<i<5,if H #( then S; is strongly complete to S;_2, Sit2

e For1<i<5,if H;,S; # 0 then S;_1 1is strongly complete to S;y1.

For the first claim follows from 9.2. No two hats in consecutive positions are adjacent, since oth-
erwise G would contains a 6-hole, and no two hats in distinct nonconsecutive positions are adjacent,
by 18.6, since the union of two such adjacent hats with C' would be a (2,1,1)-prism. Hence the
second claim holds. The other three claims are trivial if S; = (), so we may assume that S;, H; are
both nonempty; and therefore, since Sy, H4 are nonempty by hypothesis, we may assume that ¢ = 4.
Since S5 U Sq U {h,c4} includes no claw, S3 is strongly anticomplete to Sy, and similarly Sy to Ss,
and so the third claim holds. Since {c1, h} U Sy U Sy includes no claw, So is strongly complete to Sy
and similarly S; is strongly complete to Sy, and therefore the fourth holds. Finally, the fifth holds
since {c1, s} U S3 U S5 includes no claw. This proves (8).

(9) If Sy is strongly complete to S5 and ¢y, c5 are semiadjacent then G is a line trigraph.
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For if there exists hy € Hs, then ho-cs-ci-ca-c3-c4-ho is a 6-hole, a contradiction; so Hy = (. If
there exists s’ € S1 U S3 then {s', ¢y, c5,c2} is a claw, a contradiction; so S; = S3 = (). But then G
is a line trigraph, by (8). This proves (9)

(10) If
e S, is strongly anticomplete to S;+1 for alli € {1,2,5}, and
e S; is strongly complete to S;yo for alli € {1,5}, and
® c3,c5 are strongly antiadjacent,

then G is a line trigraph.

For suppose these conditions hold. By (9) we may assume that ¢4 is strongly adjacent to ¢ and
similarly to ¢3. But then G is a line trigraph, by (3) and (8). This proves (10).

(11) If one of Hy, Hy is nonempty then G is a line trigraph.

For suppose that there exists hy € Hj say. Since S U Ss U {s,h1} includes no claw, Sy is strongly
anticomplete to S3. By (8), S is strongly anticomplete to S5, Sy and strongly complete to S3. Since
{e3,¢5, h1,c2} is not a claw, ¢ is strongly antiadjacent to c5. By (10), we may assume that there exist
s9 € Sy and s5 € S5, antiadjacent. Then s-co-$5-c4-c5-s is a 5-hole; and relative to this 5-numbering,
c3, h are a star and a hat both in position 2%, and s9 is a clone in position 5, contrary to (7) applied
to this 5-hole. This proves (11).

(12) If Hs, H5 are both nonempty then G is a line trigraph.

For then (8) implies that S3 is strongly complete to S; and strongly anticomplete to So; and Ss
is strongly complete to Ss and strongly anticomplete to S;. By (10), we may assume that either
S1 is not strongly anticomplete to Sy, or cg is semiadjacent to c5. In the first case, when S7 is not
strongly anticomplete to So, it follows that S3 = @) since S U Sy U S3 U Hs includes no claw, and
similarly S5 = (. In the second case, when c3 is semiadjacent to cs, it follows that S3 = ) since
{¢5,¢3} U S3 U Hs includes no claw, and similarly S; = (. Thus in both cases S5 = S5 = (). By
(11) we may assume that H;, Hy are empty. But then (S; U{c3}, S2 U{c5}) is a homogeneous pair,
nondominating because of h, and so 4.3 implies that S; = So = (). But then G is a line trigraph.
This proves (12).

By (7), there are no clones relative to ¢1---- - ¢s-c1, and so by 18.5 and (11), (12), it follows that
the third case of 18.5 holds, and therefore we may assume that Hs # () and ¢4, c5 are semiadjacent.
But then (8) implies that Sy is strongly complete to S5, and so G is a line trigraph by (9). This
proves 18.7. [ |

Let the paths a;-b; (i = 1,2,3) form a (1,1, 1)-prism. For 1 < ¢ < 3, a hat on a;-b; means a vertex
strongly adjacent to a;, b; and strongly antiadjacent to the other four vertices in {a1, as, as, b1, b, b3}.
The following completes the second step of the proof of 18.1.
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18.8 Let G be a claw-free trigraph, such that G has no hole of length > 5, every 5-hole in G is
dominating, «(G) > 4, and G is not decomposable. If G contains a (1,1,1)-prism then G is a line
trigraph.

Proof. Since G is not decomposable and a(G) > 4, 4.3 implies that G does not admit a coherent
W-join. By 18.7, we may assume that no 5-hole has a coronet.

(1) G contains a (1,1,1)-prism with a hat.

For let the paths a;-b; (i = 1,2,3) form a (1,1, 1)-prism, where A = {a1,a2,a3} and B = {b1,b2, b3}
are triangles. Suppose first that A U B is dominating. By hypothesis, a(G) > 4, and so there exist
pairwise antiadjacent vertices v1,...,vs. For 1 <4 <4, let N; be the set of neighbours of v; in AUB,
together with v; itself if v; € AU B. Thus each |N;| > 2 by 5.4, and if |V;| = 2 then v; is a hat, so
we may assume that |N;| > 3 for each ¢. If |N;| = 3, then v; ¢ AU B and N; = A or B; and so by
5.5, |V;| = 3 for at most two values of i. Consequently |Ni|+ |Na| + |N3| + |N4| > 14, and therefore
we may assume that a; belongs to N; for at least three values of i. Hence a; is strongly adjacent to
at least one of vq,...,vs, and so a; ¢ {v1,...,v4}; but then G contains a claw, a contradiction. So
if AU B is dominating then (1) holds.

Now assume that AU B is not dominating. Let z € V(G) have no neighbours in AU B, and let
Y be the set of neighbours of z. For y € Y, let N(y) be the set of neighbours of y in AU B. By 18.4,
N(y) is nonempty; and since G is claw-free, N(y) is a strong clique. We claim we may assume that
either N(y) = A or N(y) = B. For we may assume that a; € N(y). If by € N(y) then since N(y)
is a strong clique, it follows that y is a hat as required. We assume then that b; ¢ N(y). By 5.4,
az,as € N(y), and since N(y) is a strong clique, we deduce that N(y) = A. Thus for every y € Y,
N(y) = A or N(y) = B. Suppose there exist y1,y2 € Y with N(y;) = A and N(y2) = B. If y1, 99
are antiadjacent, then the paths y1-2-y2, a1-by and ag-bs form a (2,1, 1)-prism, contrary to 18.6. If
y1,y2 are adjacent, then the paths y1-y2, ai-by, ag-by form a (1,1, 1)-prism with a hat z on y;-ys, as
required. Thus we may assume that N(y) = A for all y € Y. By 5.5, Y is a strong clique.

Let X be the set of all vertices in V(G) \ (Y U {z}) with a neighbour in Y. We claim that X is
a strong clique. For suppose that x1,x2 € X are antiadjacent. For ¢ = 1,2, choose y; € Y adjacent
to x;. Since A is a strong clique, not both x1,x9 € A, say x1 ¢ A. Since y; is adjacent to z; and to
z, 5.4 implies that z; is strongly complete to A, and therefore zo ¢ A. If y; is adjacent to xo then
{y1,2, 21,22} is a claw, a contradiction. Thus z is strongly antiadjacent to y;, and similarly x; is
strongly antiadjacent to xe, and in particular y; # yo. Since {a;,y2,21,b;} is not a claw, it follows
that x1 is adjacent to b; for 1 < ¢ < 3 and similarly xo is complete to B. Hence bi-x1-y1-y2-T2-b1
is a 5-hole with a centre aj, contrary to 18.6. Thus X is a strong clique, and therefore X is an
internal clique cutset (unless Y = (), when G is expressible as a 0-join). Hence G is decomposable, a
contradiction. This proves (1).

(2) G contains a (1,1,1)-prism with hats on two different paths.
For by (1) we may choose paths a;-b; (i = 1,2,3) forming a (1,1, 1)-prism, where A = {a1,a2,a3}
and {b1, by, b3} are triangles, such that there is a hat h on ag-bs. Choose a step-connected strip

(A,0, B) with a1,as € A and by,by € B, parallel to ({asg}, {h},{bs3}), and with AU B maximal with
this property. Since (4, B) is not a nondominating homogeneous pair, by 4.3, we may assume there is
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a vertex v ¢ AU B with a neighbour and an antineighbour in A. Let N, N* be the set of neighbours
and strong neighbours of v, and let a}-a}-b5-bi-a) be a step with a] € N and a), ¢ N*. By 5.4,
by € N*. If b, € N, then by 5.4, bs € N*; by 5.3, h ¢ N; by 5.4, B C N*; by 5.4, az ¢ N; and then
v can be added to B, contrary to the maximality of AU B. Thus b}, ¢ N. From the symmetry it
follows that @} € N* and ay ¢ N. Suppose that h € N. Since v-h-az-ab-by-b}-v is not a 6-hole, it
follows that ag € N*, and similarly b3 € N*. But then v-as-a)-bh-bj-v is a 5-hole, and {a},h} is a
coronet for it, a contradiction. Thus h ¢ N. From 5.4, ag,bs ¢ N; and so h,v are both hats for the
prism formed by a)-b), a5-b,, and ag-bs, on different paths. This proves (2).

From (2), we may choose k > 3, and disjoint strong cliques A1, ..., Ag, B1,..., B and Cq,...,Cy
with the following properties (let A=A U---UAg, B=BjU---UByand C=C;U---UCy):

e Ay,...,Ap_1,B1,...,Br_1 and C4,...,Cy_1 are all nonempty; and if & = 3 then As, B3 are
both nonempty

e A and B are strong cliques
o for 1 <i,j <k with i # j, A; is strongly anticomplete to B;
o for 1 <i<k—1, A; is strongly complete to B;

e every vertex in Ay has a neighbour in By, and every vertex in By has a neighbour in Ag; and
if C), is nonempty then Ag, By are both nonempty and are strongly complete to each other

e for 1 < i <k, Cj is strongly complete to A; U B;, and strongly anticomplete to AU B\ (A; U B;)
e AU BUC is maximal with these properties.

Note that if C}, is nonempty then there is symmetry between Cy and C1, ..., Ck_1 (this will be used
in the case analysis below).

(3) C1,...,C are pairwise strongly anticomplete.

For suppose not; then from the symmetry we may assume that ¢; € Cp is adjacent to ¢y € Cs.
Choose a; € A; and b; € B; for i = 1,2,3, such that as,bs are adjacent (this is possible even if
k = 3). Then c¢j-co-be-b3-az-ai-cy is a 6-hole, a contradiction. This proves (3).

(4) For every v € V(G)\ (AUBUC), let N,N* be the set of neighbours and strong neighbours
ofvin AUBUC; then N=N*=0,A,B or AUB.

For suppose first that N N C # 0; there exists ¢; € N N Cy, say. Suppose that N meets both
A\ Ay and B\ B;. By 5.3, NN (A\ A;) is strongly complete to N N (B \ By), and so there exists i
with 2 < i < k such that NNAC AjUA; and NNB C BiUB;. Choose a; € NNA; and b; € NN B;,
necessarily adjacent. Choose j # ¢ with 2 < j < k, and choose a; € A; and b; € Bj, adjacent. For
a1 € Ay, v-ci-a1-a;-b;-b-v is not a 6-hole, and so a; € N. But then v-ai-aj-bj-b;-v is a 5-hole, and
{a;,c1} is a coronet for it, a contradiction. Hence N does not have nonempty intersection with both
A\ A; and B\ B;. Suppose next that N meets A\ A; (and therefore does not meet B \ B;). If
A\ Ay € N*, we may choose distinct ¢, j with 2 <4, j <k, such that a; € N and a; ¢ N*; but then
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{ai,aj,v} U B; includes a claw, a contradiction. Thus A\ A; C N*. 5.4 (with A;-Ay-By) implies
that A; C N*. 5.3 (With Cq, CQ,A3) implies that N N Cy = @, and similarly NNC C Cy. If by € By
is antiadjacent to v, then v-c1-b1-b3-ag-v is a 5-hole (where ag € Az and bs € Bs are adjacent), and
it does not dominate the vertices in Cs, a contradiction. Thus By C N*. By 5.4 (with C1-B1-B3),
Cy € N*; but then v can be added to A;, a contradiction. Finally, if N meets neither of A\ A; and
B\ Bj, then Ay U A3 U By U Bs includes a 4-hole that does not dominate either of v, ¢1, contrary to
18.4. This proves that NN C = (.

Next assume that N N A; # (0. 5.4 (with C1-A;-A;) implies that A\ A; € N*. In particular,
NN Ay # 0, and so 5.4 (with Cy-As-Ap) implies that A C N*. If N intersects B\ By, then the
same argument implies that B C N* and the claim holds. We assume then that N N B C By. If
N N By, = () then again the theorem holds; and otherwise v can be added to Ay, a contradiction.

Thus we may assume that NN A C A, and NN B C By; and since we may assume that N # (), it
follows that C, = (). By 5.4 (with A;-(NNAg)-Bi\N), it follows that NN Ay, is strongly anticomplete
to B\ N, and similarly N N By, is strongly anticomplete to A\ N. Also, NN Ay is strongly complete
to N N By, for otherwise G contains a (2, 1, 1)-prism, contrary to 18.6. Let Cj = {v}, A = Ay NN,
B, =By NN, A}, = A\ N, and B, = B, \ N (and set A} = A; and so on, for 1 <4 < k); then
this contradicts the maximality of AU B U C'. This proves (4).

Let Ao, By, M, Z be the sets of vertices v € V(G)\ (AUBUC) whose set of neighbours in AUBUC
is A,B,AU B and () respectively. By 5.5, Ag, By, M are strong cliques. Suppose that there exist
adjacent a € Ag and b € By. If O}, = (), we can add a to Ay and b to By, and if Cy # (), we can define
Agy1 = {a} and Byy; = {b}, in either case contradicting the maximality of AU B U C. Thus Ay is
strongly anticomplete to By. Since A3 UC1 U AgU M includes no claw, M is strongly complete to Ag
and similarly to By. Suppose that there exists z € Z, and let N be the set of neighbours of z. Then
by 18.4, N C AgUByUM, and NNM = ) since M N A;UBsU{z} includes no claw. If N meets both
Ap and By, then G contains a (2,1, 1)-prism, contrary to 18.6, so we may assume that N C Ag. Since
G is claw-free and Z is stable by 18.4, no other member of Z has a neighbour in N. Hence every
vertex in V(G) \ (N U {z}) is strongly {z}-anticomplete, and either strongly complete or strongly
anticomplete to N. By 4.2, applied to N,{z}, it follows that G is decomposable, a contradiction.
This proves that Z = (). Moreover, (Ag, By) is a homogeneous pair, nondominating since Cy # (),
and so Ay, By both have cardinality < 1. Also each of the sets A4;,B;,C; (1 < i < k—1) is a
homogeneous set, and so they all have cardinality 1; and also the sets Ag, By, M are homogeneous
sets and therefore have cardinality < 1. But then G is a line trigraph. This proves 18.8. [ |

The following completes the third step of the proof of 18.1.

18.9 Let G be a claw-free trigraph, such that G has a 5-hole, G has no hole of length > 5, every
5-hole in G is dominating, a(G) > 4, and G is not decomposable. If no 5-hole has a coronet, and G
contains no (1,1,1)-prism, then G is a long circular interval trigraph.

Proof. By 10.4 it suffices to show that no 5-hole has a coronet, crown, hat-diagonal, star-diagonal
or centre. Let C be a 5-hole. By hypothesis, C' has no coronet. Also, if {s1, s2} is a crown for C, then
G|(V(C) U {s1,s2}) contains a (1,1, 1)-prism (delete the middle of the three common neighbours of
s1, 892 in ('), a contradiction. C' has no hat-diagonal since by 18.6, G contains no (2,1, 1)-prism. By
18.6, C' has no centre; so it remains to prove that C' has no star-diagonal.
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Suppose that it does; let C have vertices ci-----c5-c; in order, and let s1, sy be adjacent stars,

adjacent respectively to ci,. .., ¢4 and to c3, ¢4, c5,c1. Since {s1,c1,c3, ¢4} is not a claw, cs is strongly
adjacent to c4; since C' has no coronet, there are no hats in positions 2%,4%; and there is not both

a hat and a star in position 3%. Consequently, the first, third and fourth outcomes of 18.5 are
impossible, and so 18.5 implies that there is a stable set X with |X| = 4, consisting of two hats
T1,xo in positions % and 1% respectively, and two clones x3, x4 in positions 3,4 respectively. By 9.2,
s1 is adjacent to xo, x3 and antiadjacent to x1, and ss is adjacent to x1, x4 and antiadjacent to xo. If
x3 is adjacent to sg then {s9,x1,x3, 24} is a claw, while if x3 is antiadjacent to sg then {s1, so, x2, 23}
is a claw, in either case a contradiction. Hence C has no star-diagonal, and 10.4 implies that G is a
long circular interval trigraph. This proves 18.9. [ |

For the fourth step of the proof of 18.1, we use the following.

18.10 Let G be a claw-free trigraph, such that G has a hole of length 4, G has no hole of length
>4, a(G) > 4, and G is not decomposable. Then G is a line trigraph.

Proof. By 18.8, we may assume that G contains no (1, 1, 1)-prism. Let ¢1-----c4-¢1 be a 4-hole. It is
dominating, by 10.3, since G contains no (1,1, 1)-prism. By hypothesis, there is a stable set X with
|X| = 4. Thus each member of X either belongs to {ci,...,cs4} or has at least two strong neighbours

in this set, by 10.2. If ¢1,c2 € X, and so c1, ¢y are semiadjacent, then the other two members of X
are not in V(C'), and are both adjacent to c3, c4 and antiadjacent to cj, ca, and therefore are strongly
adjacent to each other by 5.5, a contradiction. Thus [ X NV (C)| < 1. If ¢; € X, then c2,¢4 ¢ X, and
each is adjacent to at most one member of X \ {c;}, which is impossible. Thus ¢y,...,cs ¢ X. Also,
c1,--.,cq4 each are adjacent to at most two members of X, and so equality holds, and therefore each
member of X is a strong hat relative to ¢;----- cy4-c1, all in different positions. Let X = {z1,..., 24},
where z; is a strong hat adjacent to c;, ciy1.
Consequently there are four nonempty strong cliques Ay, ..., Ay, pairwise disjoint, such that:

e A; is strongly complete to A;y; and strongly anticomplete to A;19 for 1 < i < 4 (reading
subscripts modulo 4)

e 1; is strongly complete to A;, A;11 and strongly anticomplete to A;12, Ajys, for 1 < i < 4.

Choose Ay, ..., Ay with maximal union W. Let B be the set of all vertices v € V(G) \ W that are
strongly W-complete. For i = 1,2,3,4, let H; be the set of all v € V(G) \ W such that v is strongly
complete to A; U A; 1 and strongly anticomplete to A; 1o U A;13. Thus z; € H; (1 <i <4).

(1) V(G)ZWUBUH1UH2UH3UH4.

For suppose that v € V(G) \ W. We claim that v € BU H; U Hy U H3 U Hy. For let N, N* be
the sets of neighbours and strong neighbours of v respectively. Since every 4-hole is dominating, we
may assume that A; C N*. 5.4 (with A4-A;-Ay) implies that N* includes one of A4, Ay, and from
the symmetry we may assume that As C N*. Suppose that N N A3 # () and A3 € N*. Choose
as,a € As (possibly equal) such that a3 € N and a5 ¢ N*. Then 5.4 (with z1-As-af) implies
that z; € N*; 5.3 implies that x4 ¢ N; 5.4 (with a4-A4-z4) implies that N N Ay = (; 5.4 (with
x9-az-Ay) implies that zo € N*; and then v-z2-a5-as-a1-v is a 5-hole (where a; € Ay and ag € Ay),
a contradiction. Thus either A3 € N* or A3 N N = (), and the same holds for A4. If N is disjoint
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from both Az, A4 then v € Hi as claimed, and if N* includes both Ag, A4 then v € B as claimed.
We assume therefore that N* includes just one of them, say As, and N is disjoint from A4. By 5.4,
x1,x9 € N* and by 5.3, 23,24 ¢ N, and so v can be added to Ag, contrary to the maximality of .
This proves (1).

It follows from (1) that for 1 < i < 4, all members of A; are twins, and therefore |4;| = 1, and
so A; = {¢}. For 1 <i < 4, H; is strongly anticomplete to H;;1, since G has no 5-hole, and H;
is strongly anticomplete to H;yo since G contains no (1,1, 1)-prism. Thus Hy,..., Hy are pairwise
strongly anticomplete. By 5.5, each H; is a strong clique. Let B; be the set of all v € B that are
strongly complete to Hy U Hs and strongly anticomplete to Ho U Hy, and let By be those that are
strongly complete to Hy U H4 and strongly anticomplete to H; U Hs. We claim that B = By U Bo.
For let b € B, and let N, N* be the sets of its neighbours and strong neighbours. 5.4 (with Hy-co-Hs)
implies that N* includes one of Hy, Hs, say Hy. By 5.3, N is disjoint from at least two of Ho, H3, Hy.
By 5.4 (with Hs-c3-Hs and Hs-c3-Hy), H3 C N*, and so N N (Hy U Hy) = (). Thus v € B;. This
proves that B = B; U By. Consequently all members of H; are twins, and so H; = {z;} for 1 <i < 4.
Now if by € By and by € By then {b1,be,z1,23} is not a claw, and so by, by are strongly antiadjacent.
Thus Bj is strongly anticomplete to By. By 5.5, By, By are strong cliques, and so for ¢ = 1,2, all
members of B; are twins. Hence |B1|,|Bz| < 1. But then G is a line trigraph. This proves 18.10. W

Finally, we handle graphs without any holes at all, in the following.

18.11 Let G be a claw-free trigraph, such that G has no holes and o(G) > 4. Then G is decompos-
able.

Proof. For a contradiction, suppose that G is not decomposable.

(1) There do not exist distinct x1,...,x4 € V(QG) such that xi is adjacent to xa, and x3 is adja-
cent to x4, and {x1,z2} is strongly anticomplete to {x3, x4}.

For suppose that such z1,...,x4 exist. Choose connected sets Ay, Ay with A1 U A maximal such
that z1,x9 € Ay, 23,14 € Ay, Ay N A = (), and A; is strongly anticomplete to As. Let X be the set
of vertices in V(G) \ (A1 U Ay) with a neighbour in A; U As. We claim that X is a strong clique; for
let u,v € X. By the maximality of Ay U As, both u,v have neighbours in both A; and As; and so
for i = 1,2, there is a path P; between u,v with interior in A;. If u,v are antiadjacent, P; U P, is
a hole, a contradiction. This proves that X is a strong clique, and therefore it is an internal clique
cutset, since |A1|,|A2| > 1, a contradiction. This proves (1).

Say asubset Y C V(QG) is splitif |Y| > 4 and every connected subset C' C Y satisfies |C| < |Y|—2.
Since a(G) > 4, there is a split subset Y C V(G). Choose Y maximal, and let the components of
G|Y be Cy,...,Ck. Let V(G)\Y = X. For each x € X, we observe that = has neighbours in at
most two of C4,...,C}, since G is claw-free; and if it has neighbours in at most one of C1,...,C%,
then Y U{x} is split, a contradiction. Thus each x € X has neighbours in exactly two of C1,. .., Cy.
By (1) we may assume that |C;] =1for 1 <i <k —1.

(2) k=3, and |Cy| > 1, and every x € X has a neighbour in Cj.
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For since Y is split and |C;| = 1 for 1 < ¢ < k, it follows that £ > 3. Since G is not decom-
posable, it does not admit a 0-join, and so X # (). Choose z¢ € X, with neighbours in C;, C; say.
Since Y U {zo} is not split, it follows that |Y \ (C; U C;)| < 1, and so k = 3. Since |C;| = 1 for
1 <i<k,and |Y| >4, it follows that |Cy| > 2. Every z € X therefore has a neighbour in C, since
Y U {x} is not split. This proves (2).

For ¢« = 1,2 let X; be the set of vertices in X with a neighbour in C;. Thus X = X; U Xs. If
x € X1 N X5 then since x has a neighbour in Cj it follows that G contains a claw, a contradiction.
Thus X7 N Xo = 0. Let z; € X; (i = 1,2). Since x;, ¢; are adjacent for i = 1,2, it follows from (1)
that x1,x9 are adjacent. Moreover, if ¢ € C3 is adjacent to x1, then since {z1, ¢, 1,22} is not a claw,
it follows that c is strongly adjacent to xo; and so every vertex in Cj3 is either strongly adjacent to
both x1, 2o or strongly antiadjacent to both. Since X7, Xo # ) (because G does not admit a 0-join)
and the same holds for all choices of x1, x2, we deduce that C's = M U N, where N, M are the sets of
vertices in C3 that are strongly complete and strongly anticomplete to X respectively. If ny,no € N
are antiadjacent then {x1,n1,n9,c1} is a claw, where 1 € Xi; so N is a strong clique. By 4.2 it
follows that G is decomposable. This proves 18.11, and therefore completes the proof of 18.1. [ |

19 Non-antiprismatic trigraphs

In view of 18.1 and 17.2, to complete the proof of 3.1 it remains to study non-antiprismatic trigraphs
G with a(G) < 3 and with no hole of length > 5, and that is the topic of this section. We need a
number of lemmas before the main theorem.

19.1 Let G be a claw-free trigraph with a(G) < 3, and let z,y € V(G) be semiadjacent, such that
no vertex is strongly adjacent to both x,y. Then either G € Sy U S3U Sg or G is decomposable.

Proof. Let C be the set of vertices of G that are antiadjacent to both z,y. Then C is a strong
clique since a(G) < 3, and the result follows from 11.1. [ |

19.2 Let G be a claw-free trigraph, such that there is no hole in G of length > 5, every hole of
length 5 is dominating, and o(G) < 3. Let C be a 5-hole in G with vertices c1-----c5-¢1, and let
there be hats in positions 1%, 2% respectively. Then G is decomposable.

Proof. For i =1,...,5, let C; be the set of all clones in position 7, and let H, 1,5, 1 be the set
2 2

of all hats and stars in position 7 + % respectively. (These sets are not necessarily disjoint.) Since G
has no 6-hole, H,; 1 is strongly anticomplete to H; 1 fori=1,...,5. By hypothesis, we may choose
2 2
hi € Hll and hsy € HQl.
2 2

(1) There is no centre for C.

For suppose that z is a centre for C. Since {z,h1,c3,c5} is not a claw, z is antiadjacent to hi,
and similarly z is antiadjacent to hy. But then {cg, h1, ho, z} is a claw, a contradiction. This proves

(1).

(2) The following hold:
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o CyU{c1} is strongly antiadjacent to Hy1, and C3 U {c3} is strongly antiadjacent to H,1, and
2 2
in particular Co N (Hy1 UH,1) =0
2 2

o H.,Hs1 are empty;
2 2
e at least one of Hy1,S,1 is empty; and
2 2
o CyU{ca} is strongly complete to Cs U {c5}.

For let ¢} € C1 U {c1}. Then ¢ is adjacent to hy,cs, and since {c}, h1,c5,h} is not a claw, it
follows that ¢}, h are strongly antiadjacent for all h € H, 1. Thus C7 U {c1} is strongly antiadjacent
to HQ%, and in particular Cy N HQ% = (). Similarly C5U {c3} is strongly antiadjacent to H1%7 and
CoNH, 1= (). This proves the first assertion. For the second, suppose that there exists h3 € Hy 1 say.
Since H,, 1 is strongly anticomplete to H, 1 it follows that ho, hg are strongly antiadjacent. But hs is
strongly antiadjacent to c;, as we saw, and similarly to ¢4, and so since every 5-hole is dominating,
hi-hg-c4-c5-c1-hy is not a 5-hole (because ho has no neighbours in it). Hence hy, hg are antiadjacent.
But then {hi, ho, h3,cs} is stable, contradicting that «(G) < 3. This proves the second assertion.
Next, suppose that h € H4% and s € 54%. By 9.2, s is strongly antiadjacent to h,hi,hs. If h is

antiadjacent to both hy, he then {s, h, hi, ha} is stable, a contradiction; if h is adjacent to say hi and
strongly antiadjacent to ho then s-c4-h-hi-c1-s is a 5-hole and hs has at most one neighbour in it,
a contradiction; while if A is adjacent to both hy,hy then {h, hi, ha,cs} is a claw, a contradiction.
Thus not both H, 1,51 are nonempty, and this proves the third assertion of (2). For the fourth

assertion, suppose that x € Cy U{cs} and y € C5 U {c5} are antiadjacent. By 9.2, x is antiadjacent
to hy and y is antiadjacent to hg. Since {z,y, h1, ha} is not stable, we may assume that z is strongly
adjacent to ho, and so x # c¢4; but then x-c4-y-c1-co-ho-z is a 6-hole, a contradiction. This proves

(2).
Let

Bl = HjUGU{}USyUS,

By, = HZ%UC;gU{Cg}USg%USl%

By = C4UC5U{C4,C5}US4%UH4%
B = B, UByU Bs.

(3) B1, Bs, Bs are strong cliques.

First we show that By is a strong clique. By 9.2, H;1 UC1U{c;}US1 is a strong clique, and S,1 is a
2 2 2
strong clique. We must show that every s € S,1 is strongly adjacent to every t € H;1 UC1U{c; }US1.
2 2 2

But every such t is adjacent to ¢, and antiadjacent to he by (2), and since {c, ha, s,t} is not a claw,
it follows that s,t are strongly adjacent. This proves that Bj is a strong clique, and similarly so
is By. By 5.5, the sets Cy U {c4},C5 U {65}754%, 41 are strong cliques; by (2), it follows that
CyUCs5U{cs,c5) and S, 1 UH, 1 are strong cliques; and by 9.2, C4UC5U {¢y, c5} is strongly complete
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to Sy1 U Hy1, and therefore Bs is a strong clique. This proves (3).
2 2
(4) There is no triad T with |T' N B| = 2.

For suppose that {z,y,z} is a triad, where z,y € B and z ¢ B. Since C is dominating and
has no centre, and H 1 H, 1 are empty, it follows that z € Cy U {c2}. By 9.2, z is strongly complete
to all of HI%, HQ%, SI%, SQ%, and so x,y ¢ H1% UHQ% USI% USQ%. If z € Cy U{c1}, then x is
adjacent to hy by 9.2, and so x-hj-z-c3-c4-c5-z is a 6-hole, a contradiction. Thus z ¢ Cy U {c1}, and
similarly z,y ¢ C1 UC3U {c1,c3}.

Since B is the union of the three cliques By, Bs, Bs, and there is symmetry between Bi, By, we
may assume that x € By, and therefore z € S 1 Moreover, y € By U Bs, and so

yEC4UC5U{C4,C5}US?)%US4%UH4%.

SmcexESl it follows that z # 9, and so z € Co; and y # c4,c5. By 9.2, y¢C5UH41 Since z,y, z

have no common neighbour (since G is claw-free) it follows that y is strongly antladjacent to c1,ca,
and so y ¢ S;1 U S,1. We deduce that y € Cy. By 9.2, x is adjacent to hy, and y is antiadjacent to
2 2

hi; but then x-hi-2z-c3-y-cs-x is a 6-hole, a contradiction. This proves (4).
Now {hi, ha,cs} and {hi, ho,c5} are triads, both contained in B and sharing two vertices. From
16.1, we deduce that G is decomposable. This proves 19.2. [ |
Let G be a trigraph. We say a triple (A, As, A3) is a spread in G if

o A, As, A3 are nonempty strong cliques, pairwise disjoint and pairwise anticomplete
° |A1‘ + |As| + ‘A3| >4
e every vertex in V(G) \ (A1 U As U A3) is anticomplete to at most one of Ay, As, As.

If (A, Ay, A3) is a spread, no vertex has neighbours in all three of A;, A, A3 since G is claw-free.
For 1 <i,j < 3 with i # j, let M;; be the set of all vertices in V(G) \ (A1 U Ay U A3) that are
strongly complete to A; U A;, and let IV; ; be the set of all vertices in V(G) \ (A1 U A2 U A3) that are
strongly complete to A; and have both a neighbour and an antineighbour in A;. Thus M; ; = M;;
but N;; and N;; are disjoint. If {7, j,k} = {1,2,3}, then M, ;, N; ; are both strongly anticomplete
to Ay, since no vertex has neighbours in all three of A;, Ao, As.

19.3 Let G be claw-free, with o(G) < 3, with no hole of length > 5, and such that every 5-hole in
G is dominating; and let (A1, As, A3) be a spread. Then

o the sets A1, Az, Ag, M;; (1 <i<j<3)and N;j (1 <i# j <3) are pairwise disjoint and
have union V(Q)

o ifi,j,k €{1,2,3} are distinct, then N;; is strongly anticomplete to M; U Nj,

o ifi,5 € {1,2,3} are distinct, then N;; is a strong clique

o ifi,j,k € {1,2,3} are distinct, and M U Nji U Ny ; # 0, then N;j is strongly complete to
Nk,
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o ifi,j,k € {1,2,3} are distinct, and M;;, UN;,UNy ; # 0, then either N;; is strongly complete
to Ny ; or G is decomposable

o ifi,j,k € {1,2,3} are distinct, and some x € M; j UN;; has an antineighbour y € N; i, and G
is not decomposable, then Ny ;j = M; =0, and z,y are strongly complete to Nj .

Proof. For the first claim, clearly these sets are pairwise disjoint. Let v € V(G)\ (A1 U A3 U A3); we
must show that v belongs to one of the given sets. Since no vertex has neighbours in all of A, As, As,
we may assume that v has no neighbour in As. If it has both an antineighbour a; € A; and an
antineighbour as € Ay, then {v,a;,as,a3} is a stable set of size 4 (for any a3 € As), contradicting
that a(G) < 3. Thus we may assume that v is strongly Aj-complete. From the third condition in
the definition of a spread, v has a neighbour in As. If v is strongly As-complete then v € M; 5, and
otherwise v € Nj 2, and in either case the theorem holds. This proves the first claim of the theorem.

For the second claim, suppose that z € N;; is adjacent to y € M;; U N;;. Choose a; € A;
antiadjacent to z, and choose a;, € Ay adjacent to y. Then {y,x,a;,a;} is a claw, a contradiction.
This proves the second statement.

For the third, let 7,7,k € {1,2,3} be distinct, and suppose that z,y € N; ; are antiadjacent. Let
a; € A; and ay, € Ai. By 18.2, there is a path x-p-¢-y with p,q € A;. Then z-p-g-y-a;-z is a 5-hole,
and ag has no strong neighbour in it, and therefore has no neighbour in it since G is claw-free, a
contradiction. This proves the third claim.

For the fourth claim, suppose that z € V;; is antiadjacent to y € N;j, and there exists z €
M; ;U Nj UNg . There is a path between x, 2 with interior in A;, and a path between z,y with
interior in Ag; let P be the path formed by the union of these two paths. Let a; € A;; then P can be
completed to a hole C' via y-a;-x. Since G has no hole of length > 5, C' has length < 5, and so P has
length < 3. Since z belongs to P, we may assume that no vertex of A; is in P. Let a; € A; be an
antineighbour of x. Then a; has at most one strong neighbour in C, and therefore it has no neighbour
in C at all; and since every 5-hole is dominating, it follows that C has length 4. Consequently P is
x-z-y. Now z is strongly complete to one of A;, Ay, say A;; and so z € M, UNj, and yet x € N, ;
and x, z are adjacent, contrary to the second assertion above. This proves the fourth claim.

For the fifth claim, suppose that x € IV, is antiadjacent to some y € N; ;. By hypothesis there
exist a; € A; and a; € Aj, and a vertex z € M; U N;, U Ny ; adjacent to a;,a;. Hence there is a
path P between z,y with interior in {a;,a;, 2}, using z. Since x,y are both not strongly complete
and not strongly anticomplete to Ay, it follows from 18.2 that there is a path @ of length 3 between
x,y with interior in Ag. The union of P, @ is a hole, and since G has no hole of length > 5 it follows
that P has length 2, and therefore x,y are adjacent to z. Relative to this 5-hole, a;,a; are hats in
consecutive positions, and therefore G is decomposable by 19.2. This proves the fifth claim.

For the sixth claim, suppose that = € M; ; U N;; and y € N;;, are antiadjacent. Choose a; € A;
adjacent to x. Choose z € M, U N UNy ; (if there is no such z then the claim is vacuously true).
Suppose first that z is antiadjacent to x. Let a; € A; be adjacent to z, and take a path P between
y, z with interior in Ay. Then z-a;-y-P-z-a;-z is a hole, and since every hole has length at most five,
it follows that P has length 1, and so y, z are adjacent. But in that case the hole has length five,
and since every 5-hole is dominating, 10.2 implies that every vertex in Ay has two consecutive strong
neighbours in the hole, and in particular, every vertex in Ay is strongly complete to y, contradicting
that y € N; ;. This proves that x is strongly adjacent to z. Suppose that y, 2z are antiadjacent. If 2
is not strongly complete to Ay, there is a three-edge path between y, z with interior in Ay, by 18.2,
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and it can be completed via z-z-a;-y to a 6-hole, a contradiction. Hence z is strongly complete to Ay.
Choose ay, € Ay strongly adjacent to y (this exists since y is anticomplete to only one of Ay, As, As,
namely A;), and a;, € Ay, antiadjacent to y. Thus ay,a), are distinct, and z-a;-y-a-z-x is a 5-hole,
and a}, a; are hats in consecutive positions, (where a; € A;), and the result follows from 19.2. We
may therefore assume that y, z are strongly adjacent. By the second claim above, N; ;. is strongly
anticomplete to M, U Ny, j, and so z € N, ;. This proves that Ny ; = M;; = 0, and that z,y are
strongly complete to N, j, and therefore proves 19.3. [ |

With notation as before, a spread (A, As, A3) is poor if My 9 = Njo = Naj = .

19.4 Let G be claw-free, with a(G) < 3, with no hole of length > 5 and such that every 5-hole in G
is dominating. If G has a poor spread then either G € So U S3U Sg or G is decomposable.

Proof. We assume that G is not decomposable. Choose a poor spread (Aj, As, A3) with |A3| max-
imum, and define M; ; etc. as before. If some vertex in A; is semiadjacent to some vertex in As,
then they have no common neighbours, and the result follows from 19.1. Thus we may assume that
Aq, Ay are strongly anticomplete.

(1) N31,N32 are both empty.

For suppose that N3 is nonempty, and choose x € N3; with as few strong neighbours in A; as
possible. Let Y be the set of vertices in A; strongly adjacent to x. Let X be the set of all ver-
tices in N3 that are strongly complete to Y and anticomplete to A; \ Y; thus, x € X. Define

5 =A3UX, Al = A1\ Y, and A} = Ay. We claim that (A}, A), A}) is a poor spread. For cer-
tainly A), A} are strong cliques, and so is Aj from the third statement of 19.3; and since Y # Ay, it
follows that A}, A5, A5 are all nonempty. Moreover, A}, A5, A are pairwise anticomplete. Suppose
that v € V(G) \ (4] U A, U Aj), and is anticomplete to two of A, A}, A% (and therefore strongly
complete to the third, since a(G) < 3; let the third be A} say). Consequently v ¢ A; \ 'Y, Ay, As.
Moreover, every vertex in Y is strongly adjacent to x and to each vertex in A}, and so v ¢ Y. Hence
v & Ay, Ay, Az, and therefore v has strong neighbours in two of Ay, Ag, A since (A, Ao, A3) is a
spread. Since this spread is poor, v has a strong neighbour in As and in A; U As. Hence v has a
strong neighbour in Aj, and so ¢ = 3 and v is strongly complete to A5 and anticomplete to A}, Af.
Since A, = As, v has no strong neighbour in Ay, and therefore it has a strong neighbour in A;; and
since it has none in A}, it follows that v € N3, and every strong neighbour of v in A; belongs to
Y. From the choice of z, v is strongly complete to Y, and so v € X, contradicting that v ¢ Aj.
This proves that (4], A}, AS) is a spread. Since (Aj, Ag, A3) is poor, My = Nj o = Naj = (). Since
also A1, Ag are stronly anticomplete, it follows that no vertex of G has neighbours in both A}, A,
and therefore the spread (A}, A}, A}) is poor. But this contradicts the maximality of |Ag|. Hence
N3 1 =0, and similarly N3 o = (. This proves (1).

Choose a; € A; for i =1,2. For i = 1,2, let P; be the set of members of M; 3 with an antineigh-
bour in N; 3, and let @Q; be the set of members of N; 3 with an antineighbour in M; 3. Note that, by
the second assertion of 19.3, Ny 3 is strongly anticomplete to M 3, and N3 3 is strongly anticomplete
to M173.

(2) Py is strongly complete to Ms 3, and Py is strongly complete to My 3. Moreover, Q1 is strongly
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complete to No3, and Q2 is strongly complete to Ny 3.

For if py € P has an antineighbour € Ms 3, choose ¢1 € @1 antiadjacent to pi, and let az € A3
be adjacent to ¢;. Then {as,p1,q1,2} is a claw, a contradiction. This proves the first assertion, and
the second follows by symmetry. For the third, suppose that ¢; € 1 has an antineighbour x € N3 3;
let p1 € Py be antiadjacent to ¢, and let ag € A3 be adjacent to q;. Then ai-p1-as-qi1-a1 is a 4-hole,
and since x,as are adjacent and as has no strong neighbour in this 4-hole, it follows that x has two
strong neighbours in this 4-hole, by 18.4 and 10.2. But « is antiadjacent to g1, p1, a1, a contradiction.
This proves the third claim, and the fourth follows by symmetry. This proves (2).

(3) Either M, 3 is strongly complete to N1 g or Ma 3 is strongly complete to No3.

For suppose not; then Pp,Q1, P>, Q2 are all nonempty. For ¢ = 1,2 choose p; € F; and ¢; € Q;,
antiadjacent. By (2), p; is adjacent to ps and ¢ to ga. But then aj-pi-pa-ag-ga-qi-a; is a 6-hole, a
contradiction. This proves (3).

(4) We may assume that Ny 3, Na g are both nonempty, and M 3, My 3 are both strong cliques.

For suppose that, say, Na 3 = ). If also My 3 = (), then since G admits no 0-join, it follows that there
exist vertices in As, As that are semiadjacent; but these two vertices have no common neighbours,
and the theorem holds by 19.1. Thus we may assume that there exists m € My3. Let S,T be the
set of all v € My 3 U Nj3U Ay U A3 that are strongly M 3-complete and strongly M 3-anticomplete
respectively. Thus A3 C S and A1 U Ny 3 C T. We claim that (S,T) is a homogeneous pair. First
let us see that S,T" are strong cliques. If s1, sy € S are antiadjacent, then {m, s1, s9,a2} is a claw, a
contradiction; so S is a strong clique. If t1,%y € T" are antiadjacent, then since A; U N; 3 is a strong
clique, it follows that at least one of ¢1,to € M 3, and therefore ¢,y have a common neighbour in
As, say as; but then {as,t1,t2,m} is a claw, a contradiction. This proves that S,T are both strong
cliques. Now suppose that v € V(G) \ (SUT). We claim that v is either strongly S-complete or
strongly S-anticomplete, and either strongly T-complete or strongly T-anticomplete. Since v ¢ SUT
it follows that v ¢ A3 U A; U Ny 3, and if v € Ay U My 3 the claim holds, so we may assume that
v € My 3. Since v ¢ T, it has a neighbour x € M, 3 say; and since every s € S is adjacent to z,
and {z,s,v,a2} is not a claw, it follows that v is strongly complete to S. Since v ¢ S, it has an
antineighbour y € My 3. If t € T is antiadjacent to v, then t ¢ A;, and so ¢ has a neighbour a3 € As;
then {as,v,t,y} is a claw, a contradiction. Thus v is strongly T-complete. This proves that (S,7)
is a homogeneous pair, nondominating because As # (). By 4.3, it follows that |S|,|T| < 1. Hence
|A;| = |A3| =1 and Ny 3 = (. By exchanging A;, Ay, we deduce that |As| = 1, contradicting the
definition of a spread.

This proves that Ny 3, Na3 are both nonempty. If there exist x,y € M; 3, antiadjacent, choose
z € Na3, let az € Ag be a neighbour of z, and then {as3,z,y, 2z} is a claw, a contradiction. Thus M; 3
is a strong clique, and similarly Ms 3 is a strong clique. This proves (4).

(5) M;3 C B fori=1,2.

For by (3) and the symmetry, we may assume that My 3 is strongly complete to Na3. Define
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Vi=(Miz\P1)UDMss, and Vo = V(G) \ V5. If Vi = 0 then the claim holds, so we may assume that
V1 # (; and clearly V2 # (). We claim that G is the hex-join of G|V} and G|Va. For Vi is the union of
the two strong cliques M 3 \ Pi and M 3, and V3 is the union of the three strong cliques N3 U Ag,
Ni3UA; and Py U As. Since M; 3\ P is strongly anticomplete to Na 3 U Ay and strongly complete
to N1 3U Ay and P U A3, and My 3 is strongly anticomplete to Ny 3 U Ay and strongly complete to
Ny 3 U Ay and P U As, it follows that G is a hex-join and therefore decomposable, a contradiction.
This proves (5).

(6) M1,3 = M2,3 = (Z)

For from (3) we may assume that P» = (), and therefore from (5) My 3 = ). Suppose that M 3 # 0.
By (5), Pi # 0, and therefore Q1 # . Choose p; € P, and ¢; € Q1, antiadjacent. If x € N; 3 and
y € Ny 3 are adjacent, and ag € Ag, then since {z, a1, a3, y} and {y, a3, az, z} are not claws, it follows
that ag is either strongly complete or strongly anticomplete to {z,y}. Consequently x,y have the
same neighbours in As, for every such adjacent pair x,y. Let Z be the set of neighbours of ¢; in Ag
(so Z # () since g1 € N1 3). By (2), q1 is strongly complete to No 3, and therefore every vertex in No 3
is strongly complete to Z and strongly anticomplete to A\ Z. In particular, every vertex in As is
either strongly complete or strongly anticomplete to No 3. We claim that every vertex x € V(G)\Na3
is either strongly complete or strongly anticomplete to N 3. For suppose not; then z € Nj 3\ Q1.
Since x has a neighbour in Ny 3, it follows as before that x is strongly complete to Z and strongly
anticomplete to A3 \ Z. Let y € N 3 be antiadjacent to . Choose z € Z, and a3 € A3 antiadjacent
to x (such a vertex ag exists since € Ny 3.) Thus a3 ¢ Z, and so y is antiadjacent to az; but then
{#,a3,z,y} is a claw, a contradiction. This proves our claim that every vertex in V(G) \ Ny is
either strongly complete or strongly anticomplete to Na 3. Hence every vertex in V(G) \ (V2,3 U Az)
is either strongly complete or strongly anticomplete to N3 3, and anticomplete to Az. Suppose that
there exist a)y, € As and af € Ag that are semiadjacent. If aj € Z, then af is adjacent to ¢, and
so {a%,p1,q1,a5} is a claw, a contradiction. If af ¢ Z, then af, a5 have no common neighbours and
the result follows from 19.1. Thus we may assume that As is strongly anticomplete to As. By 4.2 it
follows that G is decomposable, a contradiction. Hence M; 3 = (). This proves (6).

(7) If A1, Ay are strongly anticomplete to As then the result holds.

For then A, As are both homogeneous sets, and so have cardinality one; and for ¢ = 1,2, the
set of neighbours of a; is IV; 3, which is a strong clique. Moreover, the set of vertices antiadjacent to
both ai,as is As, which is also a strong clique, and the result follows from 11.2.

In view of (7) we may assume that a; € A is semiadjacent to some ag € A3. Now if ag is adjacent
to some v € Ny 3 (and hence a3, v are strongly adjacent since F/(G) is a matching) choose u € Az
antiadjacent to v (this exists, since v € Ny 3, and is different from a3 since v is strongly adjacent
to ag); then {as3,u,v,a;1} is a claw, a contradiction. Hence a3 is strongly anticomplete to Na 3. Let
S be the set of neighbours of a3 in Nj 3. Since S U Ny 3 U {as,a;} includes no claw, it follows that
S is strongly anticomplete to N3 3. Since we may assume that As is not an internal clique cutset,
by 4.1, it follows that S # Ni3. Let ny € Ni13\ S, and let Z be the set of neighbours of n; in As.
Thus a3 ¢ Z # 0. For each z € Z, aj-ny-2-as-a; is a 4-hole, and by 18.4 and 10.2, applied to the
pair noag, it follows that every no € Np 3 has two strong neighbours in this 4-hole, and therefore is
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strongly adjacent to ni, z. Hence Ny 3 is strongly complete to N1 3\ S. If x € Ny 3\ S andy € Na3,
and af € Ag, then since {x,a1,a%,y} and {y,ah,a2,x} are not claws, it follows that af is either
strongly complete or strongly anticomplete to {x,y}. Consequently x,y have the same neighbours
and the same strong neighbours in As, for every such pair z,y. Hence Ny 3\ S, Na 3 are both strongly
complete to Z and strongly anticomplete to Az \ Z. But then (N7 3\ S)U Z is an internal clique
cutset and the result follows from 4.1. This proves 19.4. [ |

Now we can prove the main result of this section.

19.5 Let G be a claw-free trigraph, with a(G) < 3, with no hole of length > 5 and such that every
5-hole in G is dominating. Then either G € Sy U S3U Sg U S7, or G is decomposable.

Proof. We assume that GG is not decomposable and not antiprismatic. We claim that G contains a
spread. For since G is not antiprismatic, and a(G) < 3, it follows that there are three strong cliques
A1, Ay, Az, all nonempty and pairwise disjoint and anticomplete, such that |43 U Ay U Az| > 4.
Choose three such cliques with |A3| maximum (thus |A3| > 2), and subject to that with A; UAsU A3
maximal. Since a(G) < 3, every vertex v ¢ Ay U Ay U Ag is strongly complete to at least one of
A1, Ay, As, and therefore from the maximality of A; U As U Az, v has strong neighbours in two of
Ay, Ay, Az. Consequently (Aq, Az, A3z) is a spread. Define the sets M; ;, N; ; as before. By 19.4, we
may assume that the spreads (Aq, Aa, As), (A2, A3, A1), (A3, A1, Ag) are not poor.

(1) N12UNg 1 UM, o is a strong clique.

For suppose that there are two antiadjacent vertices in this set, say x,y. Since z,y both have
neighbours in Aj, and both have neighbours in Aj, there is a hole C' containing z,y with V(C) C
Ay U Ay U{x,y}. No vertex of A3 has a strong neighbour in C, and since G has no hole of length
> 5 and every 5-hole is dominating, it follows that C has length 4. But this contradicts 18.4 and
10.2 (applied to two vertices in As). This proves (1).

(2) N33 = N3z = 0; N1,2 is strongly complete to My 3; and No 1 is strongly complete to Mo 3.

For suppose that there exists + € N3;. Choose a; € A; antiadjacent to x. Then the strong
cliques {a1}, Ao, and A3 U {z} are pairwise disjoint, and pairwise anticomplete, contradicting the
maximality of |A3|. Hence N33 = N3o = (). Now suppose that 2 € Nj 2 has an antineighbour
y € My3. Let ay € Az be an antineighbour of x. Then the three strong cliques {z}, {a2} and
As U {y} again contradict the choice of Ay, A, A3. This proves (2).

(3) Either My 3 is strongly complete to Ny 3, or Ms 3 is strongly complete to Na 3.

For suppose that for ¢ = 1,2 there exist m; € M;3 and n; € N;3, antiadjacent, and choose
a; € A; for i = 1,2. Now nj,ne are adjacent, by the fifth assertion of 19.3. If mi,mo are adja-
cent, then mi-a1-ni-ng-as-mo-my is a 6-hole, a contradiction. Thus m, mg are antiadjacent, and
SO M1-a1-ni-no-as-meo is a path P of length 5. Choose ag € As antiadjacent to nm;. Then since
{n2,n1,as,as} is not a claw, as is antiadjacent to ng; and so P can be completed to a 7-hole via
ma-ag-my, a contradiction. This proves (3).
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For i = 1,2, let X; be the set of all vertices in M; 2 with an antineighbour in N;3. Let
Xo = Ml,g \ (Xl U Xg)

(4) X1N Xy =0, and one of X1, M3 =10, and one of X9, M; 3 = 0.

For if x € Xj, then by the sixth claim of 19.3, M3 = (), and z is strongly complete to Na3;
and therefore x ¢ Xo. This proves (4).

(5) At least one of M 3, M3 is nonempty.

For suppose not. Since Ny 3U Nj 3 is a strong clique, by the third and fifth claims of 19.3, and since
G is not decomposable, it follows from 4.1 that Ni 3 U N33 is not an internal clique cutset. Hence
some vertex in Aj is semiadjacent to some vertex in A1 U As, say a3 € As is semiadjacent to a; € A;.
By 19.1, there exists ny € N; 3 adjacent to both ay,a3. Choose ny € Ny 3 (and therefore adjacent to
n1), and choose a4 € Az antiadjacent to ng. If ng, a3 are antiadjacent then {ni,a;, ag,na} is a claw,
and if ng, ag are adjacent then {as, no, a§, a1} is a claw, in either case a contradiction. This proves (5).

(6) It is not the case that M 3 is strongly complete to N1z and My 3 is strongly complete to Na 3.

For let By = A1 U Nl,g U N1,3 U Xy, By = Ao U NQJ U N273 U X1, and By = A3. Then By, Bo, B3 are
disjoint strong cliques, by 19.3 and (4), and their union is not V(G), by (5); and since {a1,as,as} is
a triad for each choice of a; € A; (i = 1,2,3), and there are at least two such vertices ag, it follows
from 16.1 that there is a triad {tl,tg,tg} with t1,t2 € B; U By U B3 and t3 ¢ B; U By U Bsg (and
therefore t3 € M; 3 U Ma3 U X). Not both t1,t2 € Bs, so we may assume from the symmetry that
t1 € Bj. Since Xy is strongly complete to By, it follows that t3 ¢ X, and so t3 is strongly complete
to As, and therefore to ¢ As. Hence ty € B, and t3 € M; 3 U My 3, and from the symmetry we may
assume that t3 € M 3. By (4), X2 = (), and since M 3 is strongly complete to Ny 3 U Ay, it follows
that t; € Ni. Since t3 € My 3, we deduce that Nj o is not strongly complete to M 3, contrary to
(2). This proves (6).

In view of (3) and (6), we may assume that M; 3 is strongly complete to Ny 3 and Ma 3 is not
strongly complete to No 3. In particular, My 3 # 0, and so X; = () by (4).

(7) |A1| =1 and NLQ = Ng,l = @
For choose my € Na3 and mg € My 3, antiadjacent; let azg € A3 be adjacent to no, and choose
as € As. Then as-ma-az-no-as is a 4-hole; no member of A; has a strong neighbour in it, and no
member of Nj2 has two strong members in it, by the second assertion of 19.3; and so by 18.4 and
10.2 it follows that |A;| =1 and Nj 2 = . Since every member of No; has a strong neighbour in A,
and an antineighbour in Aj, it follows that N1 = (). This proves (7).

Let A; = {a;1}, and let Y be the set of all vertices in M5 3 with an antineighbour in Ny 3.

(8) Y is strongly complete to M 3; Y is strongly anticomplete to Xo; and Y is a strong clique.
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For let y € Y, and choose x € Nj3 antiadjacent to y. If y is antiadjacent to some m € M; 3,
choose ag € As adjacent to xz; then {as,z,y,m} is a claw, a contradiction. Thus Y is strongly
complete to M; 3. If y is adjacent to some m € Xy, then {m, z,y,a,} is a claw, a contradiction. Now
suppose that there exist antiadjacent y1,y2 € Y. Since the spread (As, A1, A2) is not poor, one of
M, 3, Ny 3 is nonempty. If there exists n € Ny 3, let az € A3 be adjacent to n; then {a3,n,y1,y2} is
a claw, a contradiction. Thus there exists m € M 3, adjacent to yi,y2 since Y is complete to M 3.
But then {m,a1,y1,y2} is a claw, a contradiction. Thus Y is a strong clique. This proves (8).

Let Bi = A1 U N173 UXs, By =AsU N273 and B3 = A3UY. By (1), (2), (4), (8) and 19.3, these
three sets are all strong cliques.

(9) By UByU B3 = V(G)

For suppose not. Since {a1, as,as} is a triad for all a; € A; (i = 2,3), 16.1 implies that there is a triad
{tl, to, t3} with t1,t9 € B1UByU B3 and t3 ¢ B1UByU Bs. It follows that t3 € XoUM1,3U (M2,3\Y).
Now X is strongly complete to By U By, and M 3 is strongly complete to By U B3, by (4) and (8);
and therefore t3 € My 3\Y. Hence t3 is strongly complete to Bz, and so we may assume that ¢; € B
and tp € B3. Since t3 is strongly complete to Ajs, it follows that ¢, € Y. If there exists n € Ny 3,
let a3 € Az be adjacent to n, and then {ag,n,t2,t3} is a claw, a contradiction. Thus Ny 3 = 0.
Since (As, A, A) is not poor, there exists m; € M;3. By (4), Xo = 0, and so Xg = M; . For
a € Ag U As, since {a, a1, ta,t3} is not a claw, it follows that a;,a are strongly antiadjacent; and so
ay is strongly anticomplete to Aa, Az. Choose mgy € Mj . Let Z = Ay U A3 U Ms 3 U Ny 35 thus, Ay
is strongly anticomplete to Z. Let P be the set of all vertices in Z strongly complete to M; 2 and
strongly anticomplete to M 3, and let ) be the set of all vertices in Z that are strongly complete to
M, 3 and strongly anticomplete to M 2. Since mq,mo exist, it follows that P N @Q = (. Moreover,
AsUNy3 C P,and AsUY C Q, by (8). If p1,p2 € P are antiadjacent, then {ma, a1, p1,p2} is a claw,
while if ¢1, g2 € @ are antiadjacent then {mi,a1,q1, g2} is a claw, in either case a contradiction; thus,
P, Q are strong cliques. We claim that (P, @) is a homogeneous pair. For let v € V(G)\ (PUQ). We
claim that v is either strongly complete or strongly anticomplete to P, and either strongly complete
or strongly anticomplete to ). This is true if v ¢ Z, so we assume that v € Z, and consequently
veZ\(PUQ)C Mz \Y. Suppose first that v has an antineighbour p € P. Since v is strongly
complete to Ap U A3 U Ny 3, it follows that p € My 3. If v has a neighbour x € M; o, then {x,a1,p, v}
is a claw, while if v has an antineighbour x € M; 3 then {a3,z,p,v} is a claw, in either case a
contradiction; and otherwise v is strongly complete to M 3 and strongly anticomplete to M; 2, and
therefore belongs to (), a contradiction. Thus v is strongly complete to P. Suppose that v has an
antineighbour ¢ € (). Since v is strongly complete to As U Az U Na 3, it follows that ¢ € Ma3. If v
has a neighbour z € M; 3 then {z,a;1,v,q} is a claw, and if v has an antineighbour x € M; 5 then
{a2,z,v,q} is a claw, in either case a contradiction; and otherwise v is strongly anticomplete to M 3
and strongly complete to M 2, and therefore belongs to P, a contradiction. This proves that (P, Q)
is a homogeneous pair, nondominating since A; # ). Since A3 C @ and |A3| > 2, 4.3 implies that G
is decomposable, a contradiction. This proves (9).

From (9) it follows that Xo = M; 3 = () and Y = My 3. Since (A3, Aj, A2) is not poor, Ny 3 is
nonempty; and we have already seen that Mj 3 is not strongly complete to N3 3, and therefore both
Y and Np3 are nonempty. If x € Ny3 and y € Na3, then x,y are adjacent by the fifth claim of
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19.3; and if ag € As, then since {z,a1,a3,y} and {y,as,as,z} are not claws, it follows that as is
adjacent to both or neither of x,y. Consequently z,y have the same neighbours in As, and they
are both strongly adjacent to all their neighbours in Az. Since this holds for all choices of z,y, and
since Ny 3, N2 3 are both nonempty, it follows that there exists Z C A3z such that every vertex in
N1,3U Ny 3 is strongly complete to Z and strongly anticomplete to Az \ Z. Since every vertex in Nj 3
has a neighbour and an antineighbour in As, it follows that () # Z # As. If a3 € A3\ Z, then no
vertex is strongly adjacent to both ai,as, and so aj, a3z are not semiadjacent by 19.1; and as, as are
not semiadjacent where ay € Aj since {ag,as,z2,n2} is not a claw, where x5 € X3 and ng € N3
are antiadjacent. Thus Ag\ Z is strongly anticomplete to A; U As, and so all members of A3\ Z are
twins; and therefore |Az \ Z| = 1. Let A3 \ Z = {ag} say. We claim that all neighbours of a3 are
strongly adjacent to ag and to each other. For the set of neighbours of ag is ZUY, and ZUY U{as}
is indeed a strong clique. Moreover, all neighbours of a; are strongly adjacent to a; and to each
other; for a; is strongly antiadjacent to all ay € As (since {ag,a1,z,y} is not a claw, where y € Y
and x € Np 3 are antiadjacent), and so the set of neighbours of a; is Ny 3 U Xo, and Ny 3U Xo U {a;}
is indeed a strong clique. But then the hypotheses of 11.2 are satisfied by the pair a1, as, and the
result follows from 11.2. This proves 19.5. [ |

Finally, let us explicitly prove the main theorem.

Proof of 3.1. If some hole has length > 6, the result follows from 17.2, so we assume that every
hole has length at most 5, and in particular, G contains no long prism. By 14.3, we may assume
that every 5-hole is dominating. If a(G) > 4, the result follows from 18.1, and otherwise it follows
from 19.5. This proves 3.1. [ |
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