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Abstract

A cligue-transversalof a graph G is a subsetof vertices that meetsall the cliques
of G. A cligue-indeendent set is a collection of pairwise vertex-disjoint cliques. A
graph G is clique-perfect if the sizesof a minimum clique-transversaland a maximum
clique-independert setare equalfor every induced subgraphof G. The list of minimal
forbidden induced subgraphsfor the classof clique-perfect graphs is not known.
Another open guestion concerning clique-perfect graphs is the complexity of the
recognition problem. Recerily we were able to characterize clique-perfect graphs
by a restricted list of forbidden induced subgraphswhen the graph belongsto two
di erent subclassesof claw-free graphs. These characterizations lead to polynomial
time recognition of clique-perfect graphsin theseclassesf graphs. In this paper we
solve the characterization problem in two new classesof graphs: diamond-free and
Helly circular-arc (HCA) graphs. This last characterization leadsto a polynomial
time recognition algorithm for clique-perfect H CA graphs.
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1 Intro duction

Let G be a simple nite undirected graph, with vertex setV(G) and edgeset
E(G). Denoteby G, the complemen of G. Giventwo graphsG and G°we say
that G contains G%if G°is isomorphicto an induced subgraphof G. When we
needto refer to the non-inducedsubgraphcontainment relation, we will say
so explicitly.

A classof graphs C is hereditary if for every G 2 C, ewery induced subgraph
of G alsobelongsto C.

The neighborhood of a vertex v is the set N (v) consisting of all the vertices
which are adjacer to v. The closedneighborhood of vis N[v] = N(v) [ fvg.
A vertex v of G is universalif N[v] = V(G). Two verticesv and w are twins
if N[v] = N[w]; and u dominatesv if N[v] N /[u]. For an induced subgraph
H of G and a vertex v in V(G) nV(H), the set of neighlors of v in H is the
setN(v)\ V(H).

A completesetor just a completeof G is a subsetof verticespairwise adjacen.
A cliqueis a completeset not properly cortained in any other. We may also
usethe term clique to referto the correspnding completesubgraph.A stable
setin a graph G is a subsetof pairwise non-adjacem verticesof G.

A family of setsS is said to satisfy the Helly property if every subfamily of it,
consistingof pairwise intersecting sets,hasa commonelemet.

Considera nite family of non-empty sets. The intersection graph of this
family is obtained by represeting ead set by a vertex, two vertices being
adjacen if and only if the correspnding setsintersect.

A circular-arc graphis the intersectiongraph of arcsof the unit circle. A repre-
sentation of a circular-arc graphis a collection of circular intervals (of the unit
circle), eat correspnding to a unique vertex of the graph, sud that two in-
tervalsintersectif and only if the correspnding verticesare adjacer. A Helly
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circular-arc (HCA) graphis a circular-arc graph admitting a represetation
whose arcs satisfy the Helly property. In particular, in a Helly circular-arc
represemation of a graph, for every clique there is a point of the circle that
belongsto the circular intervals correspnding to the verticesin the clique,
and to no others. We call such a point an anchor of the clique (pleasenote
that an anchor may not be unique).

A graphis clique-Hely (CH) if its cliquessatisfy the Helly property, and it is
hereditary clique-Hely (HCH) if H is clique-Helly for every inducedsubgraph
H of G.

Let G beagraphandH a subgraphof G (not necessarilyinduced). The graph
H is a clique sulgraph of G if ewery clique of H is a clique of G.

A complete graph on n verticesis denotedby K,. A diamond is the graph
isomorphicto K4 nfeg, wheree is an edgeof K4. A graph is diamond-free if
it doesnot cortain a diamond.

A claw is the graph isomorphicto Ki.3. A graph is claw-free if it does not
cortain a claw. The line graph L(G) of G is the intersection graph of the
edgesof G. A graph F is a line graph if there exists a graph H sud that
L(H) = F. Clearly, line graphsare a subclassof claw-free graphs.

A holeis achordlesscycleof lengthn 4, andit is denotedby C,. An antihole
is the complemenm of a hole. A hole or antihole on n verticesis saidto be odd

is a hole and vs is adjacert to all of vi;Vs; v3; Vs.

A clique cover of a graph G is a subsetof cliques covering all the vertices
of G. The clique covering numker of G, denoted by k(G), is the cardinality
of a minimum clique cover of G. An obvious lower bound is the maximum
cardinality of the stable setsof G, the stability numter of G, denotedby (G).
A graph G is perfect if (H) = k(H) for every induced subgraphH of G. It
has beenproved recerly that a graph G is perfectif and only if no induced
subgraphof G is an odd hole or an odd antihole [11], and that perfectgraphs
can be recognizedin polynomial time [10].

The clique graph K (G) of G is the intersection graph of the cliquesof G. A
graph G is K-perfect if K (G) is perfect.

A clique-transversalof a graph G is a subsetof vertices that meetsall the
cliquesof G. A clique-indegndentsetis a collection of pairwise vertex-disjoirt
cliques. The clique-transversalnumkbker and clique-indegndene numkter of G,
denotedby (G) and ((G), arethe sizesof a minimum clique-trans\ersaland
a maximum clique-independen set of G, respectively. It is easyto seethat
«(G) <(G) for any graph G. A graph G is clique-gerfect if (H) = <(H)



for every inducedsubgraphH of G. Say that a graphis clique-imperfect when
it is not clique-perfect. Clique-perfect graphs have been implicitly studied
quite extensiwely, but the terminology \clique-perfect" hasbeenintroducedin
[16]. Someknown classesof clique-perfect graphs are dually chordal graphs
[8], comparability graphs[1] and balancedgraphs|3].

The list of minimal forbidden induced subgraphsfor the classof clique-perfect
graphsis not known. Another open questionconcerningclique-perfect graphs
is the complexity of the recognition problem.

There are somepatrtial resultsin this direction. In [17], clique-perfect graphs
are characterized by minimal forbidden subgraphsfor the class of chordal
graphs. In [18], minimal graphs G with (G) = 1 and (G) > 1 are ex-
plicitly descriled. In [5], clique-perfect graphs are characterizedby minimal
forbidden subgraphsfor two subclasseof claw-free graphs. Thesecharacteri-
zationslead to polynomial algorithms for recognizingclique-perfect graphsin
thesesubclasses.

In this paper, we characterize diamond-free clique-perfect graphs by a list
of non minimal forbidden subgraphs.Moreover, we give a characterization
of clique-perfect graphs for the whole class of Helly circular-arc graphs by
minimal forbidden subgraphs.As a corollary of this characterization we can
nd a polynomial time recognition algorithm for clique-perfect H CA graphs.

Preliminary results of this paper appearedin [4,6].

2 New families and partial characterizations

In this sectionwe intro ducevariousfamilies of clique-imperfectgraphs,needed
to characterize diamond-freeand H CA clique-perfect graphs by forbidden
subgraphs.

A sun (or trampoline) is a chordal graph G on 2r vertices whosevertex set

sudh that W is a stable set and for ead i and j, w; is adjacert to u; if and
onlyifi=jori j+21(modr). Asunisoddifr isodd. A sunis complete
if U is a complete.

A geneanlized sun is de ned as follows. Let G be a graph and C be a cycle
of G not necessarilyinduced. An edgeof C is non proper (or improper) if it
formsatriangle with somevertex of C. An r-genealized sun,r  3,isagraph
G whosevertex set can be partitioned into two sets:a cycle C of r vertices,
with all its non proper edgesf e g;»; (J is permitted be an empty set) and a



stable setU = fu;g»,, sud that for eadh j 2 J, u; is adjacen only to the
endpoints of g . An r-generalizedsunis saidto be oddif r is odd. Clearly odd
holesand odd sunsare odd generalizedsuns.

Theorem 1 [7] Odd geneglized suns and antiholes of lengtht = 1;2 mod 3
(t 5) are not clique-perfect.

Unfortunately, not every odd generalizedsun is minimally clique-imperfect
(with respectto taking inducedsubgraphs).Newertheless,odd holesand com-
plete odd sunsare minimally clique-imperfect, and we will distinguish other
two kinds of minimally clique-imperfect odd generalizedsunsin order to state
acharacterizationof H CA clique-perfectgraphsby minimal forbiddeninduced
subgraphs.

A viking is a graph G sudh that V(G) = fa;:::;ax+ ;b kg, k2,8, 11
ax+1 @1 IS a cycle with only onechord a,as; by, is adjacen to a, and az; by is
adjacen to az and a4, and there are no other edgesin G.

A ZV|k|ng is a graph G sud that V(G) = fay;:::;ax+1 ;bbb l3g, kK 2,
a; .. ax+1 & IS acyclewith only two chords, a,a, and azas; by is adjacer to
a and as; by is adjacen to az and a4; b; is adjacen to a, and as, and there
are no other edgesin G.

Prop osition 2 Vikings and 2-vikings are clique-imperfect.

PR OOF. They are odd generalizedsuns,wherein both caseghe odd cycleis
a; .. ax+1 a1, and the stable setsarefby; b,g and f by; by; lzg, respectively. 2

Next we introduce two new families (which are not odd generalizedsuns or
antiholes) of minimal clique-imperfect graphs.

De ne the graph S, k 2, asfollows: V(Sk) = fag;:::;ax+1 ;b g, a;
T ax+1 &1 IS acyclewith only onechord aszas; by is adjacen to a; and ay; b,
is adjacen to a4 and as; bs is adjacen to a;; a,; a3 and a4, and there are no
other edgesin Sy.

De ne the graph Ty, k 2, asfollows: V(Ty) = fag;:::;am+1; b0 0,
a; .. .ax+1 a; is acyclewith only two chords, a,ay and azas; b, is adjacen to
a; and ap; by, is adjacen to a;; a, and ag; bs is adjacen to a;; ay; as; a4; b and
by; by is adjacen to asz; a4 and as; by is adjacen to a4 and as, and there are
no other edgesin Ty.

Prop osition 3 Letk 2. Then S¢ and Ty are clique-imperfect.



«(Sk) k. Thesameholdsfor Ty, so ((Tx) k. On the other hand, consider
in S¢ the family of cliquesf a;; a; g, fay; as; zg, faz; ay; xg, fas; as; g and
either fas; a;g, if k = 2, or fas; agQ, ..., fax+1;a1g, if K > 2. No vertex of Sy
belongsto morethan two of these2k+ 1 cliques,so (Sk) k+ 1.Analogously
considerin Ty the family of cliquesfa;; ay; b g, fa,; az; by; 0, fas; as; bs; ug,
fay; as; g and either fas; a;0, if k= 2, orfas;agQ, ..., fax+; a1, if k> 2.
No vertex of Ty belongsto morethan two of these2k + 1 cliques,so (Tk)
k+1. 2

The minimality of vikings, 2-vikings, Sy and Ty (k  2) will be proved asa
corollary of the main theorem of Section4.

In [18]the minimal graphsG sud that K (G) is complete(i.e. (G) = 1) and
no vertex of G is universal (i.,e. ((G) > 1) are characterized.The graph Q,,
n 3,isde ned asfollows:V(Q,) = fuy;:::;ung[ fvi;:::;vagisasetof 2n
vertices;vy;:::;V, induceC,; foreah 1 i n,N[u]=V(Q,) fvg.

The following result will be usefulto us:

Theorem 4 [18]For k 1, (Qux+1) = 1land (Qux+1) = 2. Moreover, if
G is a graphsuchthat (G) = 1 and (G) > 1, then G contains Qx+; for
somek 1.

For someclasse®f graphs,it is enoughto excludesomeodd generalizedsuns
and someantiholes in order to guarartee that the graph is clique-perfect:

Theorem 5 [17] Let G be a chordal graph. Then G is clique-gerfect if and
only if no induced sulgraph of G is an odd sun.

Theorem 6 [5] Let G be a line graph. Then G is clique-perfect if and only if
no induced sulgraph of G is an odd hole or a 3-sun.

Theorem 7 [5] Let G be an HCH claw-free graph. Then G is clique-perfect
if and only if no induced sulgraph of G is an odd hole or an antihole of length
seven.

A similar result holds for diamond-freegraphs. This, howe\er, is not the case
for HCA graphs. The graphs Sy and T, are minimal clique-imperfect HCA
graphs; but theseare the only minimal clique-imperfect H CA graphs which
are not odd generalizedsunsor antiholes.

Our main results are the following two theorems:

Theorem 8 Let G be a diamond-free graph. Then G is clique-gerfect if and



only if no induced sulgraph of G is an odd genealized sun.

Theorem 9 Let G be an HCA graph. Then G is clique-gerfect if and only if
it doesnot contain a 3-sun, an antihole of length seven,an odd hole, a viking,
a 2-viking or one of the graphsSi or Ty.

In the next two sectionswe prove Theorems8 and 9.

3 Diamond-free graphs

The following lemmaestablishesa connectionbetweenthe parametersinvolved
in the de nition of clique-perfect graphs and those correspnding to perfect
graphs.

Lemma 10 [7] Let G be a graph. Then:

1) «(G)= (K(G)).
(2) (G) Kk(K(G)). Moreover,if G is clique-Hely, then (G) = k(K (G)).

Hereditary clique-Helly graphs are of particular interest becausein this case
it follows from Lemma10that if K (H) is perfectfor every induced subgraph
H of G, then G is clique-perfect (the converseis not necessarilytrue).

The classof hereditary clique-Helly graphscan be characterizedby forbidden
induced subgraphs.

Theorem 11 [19] A graph G is hereditary clique-Hely if and only if it dces
not contain the graphsof Figure 1.

BN AR

Fig. 1. Forbidden induced subgraphs for hereditary clique-Helly graphs: (left to
right) 3-sun(or O-pyramid), 1-pyramid, 2-pyramid and 3-pyramid.

As a direct corollary of this characterization, it follows that diamond-free
graphsare HCH.

The following is a usefulfact about hereditary clique-Helly graphs:

Prop osition 12 Let L be a hereditary graph class,whichis HCH and such
that everygraphin L is K-perfect. Then everygraphin L is clique-perfect.



PROOF. Let G beagraphin L. Let H be aninducedsubgraphof G. Since
L is hereditary, H isagraphin L, soit is K-perfect. SinceL isan HCH class,
H is cligue-Helly and then, by Lemma 10, ¢(H) = (K(H)) = k(K(H)) =
c(H), and the result follows. 2

We can now prove the main result of this section.

Pro of of Theorem 8. By Theorem1, if G is clique-perfectthen no induced
subgraphof G is an odd generalizedsun. Let us prove the corverse.Let G bea
diamond-freegraph sud that no inducedsubgraphof G is an odd generalized
sun.

First we shav that K (G) cortains no odd holesor odd antiholes, and therefore
it is perfect. By [9], G being diamond-freeimplies that K (G) is diamond-free,
and henceK (G) cortains no antihole of length at least 7. Suppose K (G)

G contains an odd cycleviV; :::Von+1 V1, Wherev; belongsto ki \ ki+; and no
other k;. SinceG cortains no odd generalizedsuns,we may assumethat some
edgeof this cycle, say, vV, is in a triangle with another vertex of the cycle,
s&/ Vin. Now vy; v, both belongto k,, and v,,, doesnot. Sincek; is a clique, it
follows that v,, hasa non-neigtbor w in k,. But now fvy; v; v, ; Wg inducesa
diamond, a cortradiction. Finally, Proposition 12 completesthe proof. 2

4 Helly circular-arc graphs

The main result of this sectionis the following: if a graph G is HCA, then G
is clique-perfectif and only if it doesnot cortain the graphsof Figure 2. (This
is Theorem9.)

AED (7

3-sun C; odd holes Sk Tk viking 2-viking

Fig. 2. Minimal forbidden subgraphsfor clique-perfect graphs inside the class of
H CA graphs. Dotted lines replaceany induced path of odd length at least 1.

In fact, we shav that an H CA graphthat doesnot cortain any of the graphsof
Figure 2 is K-perfect. In general,the classof clique-perfect graphsis neither a
subclassnor a superclassof the classof K-p erfectgraphs.But the K-perfection
allowsusto useargumeris similar to thoseusedin the proof of Proposition 12,
in orderto prove Theorem9 for H CA graphsthat arealsoH CH. The graphs
in HCA nHCH are handled separately



We start with someeasyresults about HCH and H CA graphs.
Theorem 13 [7] Let G be an HCH graph suchthat K (G) is not perfect.

(1) If K(G) contains C; as induced sulgraph, then G contains a clique sub-
graph H in whichidentifying twin verticesand then removingdominated
vertices we obtain C7, and suchthat K (H) = C;.

(2) If K(G) contains Cyx+; as induced sulgraph, for somek 2, then G
contains a clique sulgraph H in which identifying twin vertices and then
removing dominated vertices we obtain Cx.+1, and suchthat K(H) =
CZk+l .

In this sectionwe will call a sector an arc of a circle de ned by two points,
in order to distinguish them from arcs correspnding to vertices of an HCA
graph. For example,in Figure 3, the bold arc is one of the two sectorsde ned
by the points a and b. Given a collection C of points on the circle, for a;b;c2 C
we sa& that c is Cbetwesn a and b if the sector de ned by a and b that
corntains c doesnot cortain any other point of C. For example,in Figure 3, ¢
is fa;b;c;d; eg-betweena and b but d is not.

Fig. 3. Example of notation. The bold arc is one of the two sectors de ned by the
points a and b of the circle. cis f a; b;c;d; eg-between a and b but d is not.

Lemma 14 Let G be an HCA graph that hasan H CA representationwith
no two arcs covering the circle. Then G is HCH.

PR OOF. Supposenot. By Theorem11, G contains a 0-,1-, 2-, or 3-pyramid

is adjacen to v, and v3 but not to v;; vs is adjacen to v; and vs but not to
V,; Vg Iis adjacen to vy, and v, but not to vs. SinceP is an induced subgraph
of G, P hasan H CA represetation with no two arcs covering the circle. Let
A = fAjg; i ¢ besud arepresetation, wherethe arc A; correspndsto the
vertex v;. The setsC; = fvy;Vv,;vag and C, = fvy;vo; Vg are cliquesof P,
let a be an andhor of C; and b of C,. Then a and b are distinct points of
the circle. Let S; and S, be the two sectorswith endsa;b. SinceA; A, do
not cover the circle, and a; b belongto both A; and A,, we may assumethat
S, is included both in A; and in A,. Sincea 2 Az but b 62A3, it follows
that Az has an endpoint, sa ¢, in S; nfhy (seeFigure 4). But now, since
the pairs A;;As; and A,; Az do not cover the circle, it follows that either



A\ A; Ay or A,\ A; Aj;. In the former casethere is no anchor for the
clique fvy; vs; vsg, and in the later there is nonefor the clique f v,; v3; v4g; in
both casesa cortradiction.

Fig. 4. Schemeof represenmation of arcs Ag, A1, A and As, in the proof of Lemma
14.

Lemma 15 Every HCA representation of a 4-wheel has two arcs covering
the circle.

PR OOF. Let a;; ay; az; as; bbethe verticesof a4-wheelW, wherea;a,azasag
is acycleof length four and bis adjacen to all of a;; a,; az; a4, andlet A = fA4,
A, Az, A4, Bg be an HCA represetation of W. Let py;p.; ps and ps be
ancdhorsof the cliquesf a;; a,; by, fay; as; by, f az; as; by, f as; a;; by, respectively.
Then there are only two possiblecircular orders of the andhors: pi; po; Ps; P4
and the reverseone,andfor 1 i 4, eat arc A; passesxactly through p;
andp; ; (index operationsare donemodulo 4). Sincethe arc B passeshrough
the four points pj, it follows that B and one of the A; cover the circle. 2

Lemma 16 Let G be an HCA graphandlet A be an HCA representationof
G, suchthat no two arcs of A cover the circle. Then no three arcs of A cover
the circle.

PR OOF. Let Cdenotethe unit circle. Supposethat there are three arcsA,
B, and C in A covering C. SinceA [ B doesnot cover C, there is a point cin
Cn(A[ B). SinceC= A[ B[ C, it followsthat c 2 C. Analogously there
exist points aandbin An(B[ C) andB n(A[ C), respectively. Sincethe
arcsareopen,C= A[ B[ C, and the union of any two of A; B; C doesnot
include C, it followsthat A\ B, A\ C and B\ C are all non-empty. Since
A satis es the Helly property, there existsa point p2 A\ B\ C. But since
a2 An(B[ C), andb;c62A, it followsthat p doesnot lie f a;b;cg-betweenb
and c. Similarly, p doesnot lie f a;b;cg-betweena and b or f a; b;cg-betweena
and c, a cortradiction. 2

Lemma 17 Let S denotethe unit circle. Let G be an HCA graph that has
an HCA representation with no two arcs covering S, and let A be sucha

10



representation.Let H be a clique sulgraph of G. Then H is HCA and hasan

ke the cliquesof H, and for 1 i s let a; be an anchor of M; in A.
Let" = 3 miny i s dist(a;a), whee dist(a;; &) denotesthe length of the
shortestsector of S between a; and g . For anarc A 2 A that contains at least

u be the point of S whichis at distane " from a;, going anti-clockwise,and v
the point of S whichis at distane " from a;,, going clockwise.Then ACis the

PR OOF. Let H?be the intersection graph of the arcs of A% We claim that
HO is isomorphicto H. Sincethe arcs of A° are sub-arcsof the arcs of A
that correspnd to verticesof G that belongto ~{_; M, there is a one-to-one
correspndencebetweenthe verticesof H ° and the verticesof H, and we may
assumethat V(H) = V(H9. Moreover, for every clique M; and every A 2 A,

on H® and & is an andhor of M;. Sincetwo verticesof a graph are adjacert if
and only if there exists a clique cortaining them both, in order to show that
H is isomorphicto HC it remainsto ched that every two adjacert verticesof
H%belongto M; for somei. But it follows from the construction of A° (and
in particular from the choice of ") that A\ A9 6 ; for A};AS 2 AS if and
only if & 2 A9\ AS for somel i s, which meansthat the correspnding
vertices of H® belongto the clique M;. This provesthat E(H) = E(H9 and
completesthe proof of the lemma. 2

An exampleof the construction of Lemma 17 can be seenin Figure 5.

Fig. 5. HCA represertation of the clique subgraphH of G whosecliquesare a;c;d
and f .

Remark 18 Let G be an HCA graphwith representationA, and let H be a
clique sulgraph of G with representationA ° givenby Lemma17, with anchors

11



Letw 2 M; nS non-adjaent to vi+, . Then the neighlors of w in S are either
fviiviaa @, or fvi 1;Visvier g, or fvi 2;vi 13V Viea Q.

PROOF. For1l i k let m; be an anchor of M;, let A; be the arc of A
correspnding to v;, and let W be the arc correspnding to w. Sincefor every
i, Aj cortains m; ; and m;, andnom; with j 6 i 1;i, it followsthat there

reverseone. Sincew belongsto M, it is adjacen to v; and vi;;, and m; 2 W.
Sincew is non-adjacen to vi.,, w doesnot belongto Mj.;, and m;,; 62W.
Sincew 2 M; and M; is disjoint from M; forj 6 i 1;i;i+ 1, it follows that
m; 62V forj 6 i 1;i (seeFigure 6). Now, if m; ; 62W, then the neighbors
ofwin Sarev; andvjs; orv; 1;Vi;Vis1, andif m; ; 2 W, then the neighbors
ofwin W arevi 1;Vi;Vis1 OrVi 2;Vi 1;Vi;Visr. 2

Fig. 6. Scheme of represeration of arcs A; 3;:::;Aj+2 and W, in the proof of
Lemma 19.

In the next theorem we give a su cient condition for the clique graph of an
H CA graph to be perfect.

Theorem 20 Let G be an HCA graph. If G does not contain any of the
graphsin Figure 2, then K (G) is perfect.

PR OOF. Let G beanH CA graphwhich doesnot cortain any of the graphs
in Figure 2, and A be an HCA represetation of G. Assume rst that there
aretwo arcsA1; A, 2 A covering the circle, and let vy; v, be the correspnding
verticesof G. Then the clique-trans\ersalnumber of G is at most two, because
ewvery anchor of a clique of G is cortained in oneof A; A,, and thereforeevery

12



clique cortains either v, or v,. Since,by Lemma10,the clique covering number
of K(G) is lessor equal to the clique-transwersal number of G, K (G) is the
complemen of a bipartite graph, and soit is perfect.

Sowe may assumeno two arcsof A cover the circle, and soby Lemma16 no
three arcs of A cover the circle. By Lemma 14, G is HCH, soK (G) is also
HCH [2]. Consequetly, if K (G) is not perfect, then it contains an odd hole
or C; (for ewery antihole of length at least eight cortains a 2-pyramid, and
thereforeis not HCH by Theorem11).

Suppose rst that K (G) cortains C;. By Theorem 13, G cortains a clique
subgraphH in which idertifying twin verticesand then removing dominated
vertices we obtain C;. Considerthe HCA represemation A°of H given by

arefvy; vs; vsg, fVs; Vs; V70, T Vs; V7, Va0, V75 Vo; Vag, T V2, Va; Ve, T Va; Ve; V10 and
fVe; v1;Vv3g. That is essetially the unique circular order of the cliques (the

Ay
Fig. 7. HCA represenation of C5.
If somepair of non adjacer verticesv;;v; in H are adjacert in G, then there
induce C; in G, a cortradiction.

Next supposethat K (G) cortains Cy+1, for somek 2. By Theorem 13,
G contains a cligue subgraphH in which identifying twin vertices and then
removing dominated verticeswe obtain Cy.1, and sud that K (H) = Cyy41 .
Considerthe H CA represetation A°of H givenby Lemma17 corresmnding

must appearin A®asin Figure 8.

Now it is possiblethat two disjoint arcs A% A? 2 A° are derived from arcs

13



As
Az 1

Fig. 8. HCA represettation of Cox+1, kK 2.

Ai;A; 2 A whoseintersection is non-empty, but it follows from Remark 18
that in this casejj ij = 2 (throughout this proof, indices of verticesin a
cycle should be read modulo the length of the cycle). The proof now breaks
into casesdepending on the valuesof k and N .

Casek = 2:
Sincethere are no three arcsin A covering the circle, C hasat most onechord
incidert with ead vertex and soN 2. The possibleH CA-represetations

A = fay;ay; as; ag; asg.

(\ Azan A

Fig. 9. Possiblecasedor k = 2, corresponding to no chords, one chord or two chords
in the cycle.

1. N=0: In this caseG cortains an odd hole, a cortradiction.

2. N=1: Supposethat the verticesv,; and vs are adjacert in G. As vz doesnot
belongto M, thereis a vertex w; in M3 which is not adjacert to v;. Anal-
ogously there is a vertex w, in M, which is not adjacen to v;. The vertices
w; and w, are non-adjacen, otherwisevs;Vvs;Ws;Wy;V, induce a 4-wheel,
which doesnot have an H CA represetation with no two arcscovering the
circle (Lemma 15). For i = 1;2, w; can have two, three or four neighbors
in C.

2.1. If w; and w, have two neighbors ead one,then fvy, Vo, Vs, Vg4, Vs, Wy,
w,g induce a viking.

14



2.2.

2.3.

2.4

If w; and w, have four neighbors ead one, then fvy, wy, Wy, Vs, Vs,
Vs, V40 induce C;.

If oneof wy; w, hasthree neighbors, say w, for the other caseis sym-
metric, then if follows from Lemma19that w; is adjacen to vs; vy; Vs.
But now fwsy, V,, V3, V4, V50 induce Cs.

If oneof wy; w, hastwo neighborsand the other onehasfour neighbors,
we may assumethat w; hastwo and w, has four (the other caseis
symmetric). The clique M, does not intersect M,, so w, does not
belongto M4 and there is a vertex ws in M4 which is not adjacert to
Wo.

If the arcs correspnding to wz and vs intersect in a point of the
circle that is A-betweenasz and a4, then one of them passeshrough
a point that belongsboth to the arc correspnding to vs and to the
arc correspnding to w,, but ws is non-adjacen to w, and vs is non-
adjacen to vs, a cortradiction. If the arcscorrespnding to ws and v
intersect in a point of the circle A-betweena; and a,, then the arcs
correspnding to vs; Vv, and wz cover the circle. Sows and v; are not
adjacen, and w; can be adjacen either to vy, Vs, V1 and v,; or to vq,
Vs and vq; or only to v, and vs. In the rst casethe verticesvy, Wy, ws,
Vs, Vs, Vo, V4 induce C5. In the secondcase the verticesvy; Vo, Wa; Va; W
induce Cs. In the last case,the eight verticesinduce S,.

3. N=2: The samevertex cannot belongto two chords, so all the casesare
symmetric to the casewherev; is adjacen to v; and v, to v4. As vz does
not belongto M,, there is a vertex w; in My which is not adjacen to vs.
Analogously asv, doesnot belongto M3, thereis a vertex wz in Mz which
is not adjacert to v;.

Pleasenote that if wz is adjacen to v; then their correspnding arcs
must intersectin a point of the circle A-betweena, and as, becausews is
not adjacer to v,. But in this casethe arcs correspnding to v, vz and
w3 cover the circle, sows is not adjacert to v;. Analogously we can prove
that w; is not adjacert to v;.

3.1.

3.2.

3.3.

If w; and ws are adjacen, then their correspnding arcsmust intersect
in apoint of the circle A-betweena, and as, becausew; is non-adjacen
to v; and v4 and ws is non-adjacen to v; and v,. Soboth are adjacen
to vs, and the verticesvy, V4, W1, V3, Vs, Vo, W3 induce C;.

If w; and ws are not adjacen but both of them are adjacert to vs, the
verticeswy, Vo, V3, Ws, Vs induce Cs.

The remaining caseis whenw; and ws are not adjacert but at most
one of them is adjacert to vs.

For this case,we have to considerthe cligue M ,. Sincev; and v, do
not belongto M, there is a vertex in M, which is not adjacen to v
and there is a vertex in M, which is not adjacert to v;.

3.3.1. If thereis a vertex w which is non-adjacen to v, and vy, then w
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3.3.2.

cannot be adjacen either to w; or ws, otherwisevy, vs, W, Wy,
V, (Or Vo; W; Ws; Vg, V3, respectively) induce a 4-wheel,a cortra-
diction by Lemma 15.

Therefore,if eah of w; and wz hastwo neighborsin C, then

if w; and ws have two and three neighbors (respectively) in C,
the verticesvy; vo; V3; W3; Vs; Wi; W inducea viking in G (the case
whenw; hasthree neighbors and ws hastwo neighborsin C is
symmetric).

If there is no such a vertex w, ewery vertex of M, is either
adjacen to v; or to v4. Then there exist two verticesw, and
w, in M,, sud that w, is adjacen to v, but not to v; and wy
is adjacer to v; but not to v4. Sinceby Lemma 15 G doesnot
cortain a 4-wheel,it follows that w, is not adjacer to w; and
W, is not adjacen to ws. If neither w, nor w; is adjacert to vs,
then the vertices vi; W, Wo; Va; Vs induce Cs. If w, and w, are
both adjacen to vs, then the arcs correspnding to w,, w, and
Vs cover the circle. Otherwise, supposew; is adjacen to vs and
w, is not (the other caseis symmetric), so by the circular-arc
represemation w, belongsto M3z, and it is adjacern to ws.

In this casew, is atwin of v3 in H. Considerthe hole formed
by fva;Vo; Wy Vs Vsg in H, say CO In G, fvq;Vo; Wy, Vs Vsg in-
ducesa cycle with two chords, v,v4 and w,vs. If vertex ws has
only two neighoorsin C, then it hastwo neighoorsin C% namely
W, and v,4, and it is non-adjacem to v, and vs, sowe get a con-
tradiction by a previouscase(Case3.3.1).

The last caseis whenws; hasthree neighborsin C and w; has
only two. If wz belongsto M4 then w; and v, are twins in H,
but the cycle of H obtained by replacing v, with ws in C has
only onechord in G, cortrary to the choiceof C.

If ws doesnot belongto My, let ws be a vertex of My, that
minimizesthe distanceof the endpoint of its correspnding arc
that lies A-betweenasz and a4, to a4. Sincenone of wy, Vi, W3
belongsto M4, they are not adjacern to ws. The setof neighbors
of wg in C includes fv,;vsg and, by Lemma 19, is a subset
of fvyi;Vy; Vs vs50. If ws is adjacent to v, and v,, then the arcs
correspnding to verticesv,, v, and ws cover the circle. If ws is
adjacern to vy but not to v,, then the verticesv; Wy; Wy; V4; Ws
induce Cs. If wg hasonly two neighborsin C (v4 and vs), then
w; and ws are non-adjacem, becausew; is non-adjacem to vs
and ws is non-adjacen to v;. Now if w, and w; are non-adjacer,
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v; and vo, M, cortains v, and vs, :::, Moy contains vy, and vy, for
1 i 2k + 1, g is an andior of M;, and the vertices correspnding to

mind the readerthat if v; is adjacert to v; in G, thenji jj 2.

If N = 0, then G cortains an odd hole, one of the forbidden subgraphsof
Figure 2. If N = 1, say vyv3 is a chord of C, then the arcs correspnding to
v; and vs intersectin somepoint of the circle that is A-betweena; and a,.
The verticesv,, v, and v; belongto someclique M of G, distinct from M; for
i=1;:::;2k+ 1. Every anchor of M is A-betweena; and a,, ewery vertex of
M which is not in H is only adjacer to verticesof H belongingto M, or M,
(their correspnding arcs are boundedby a; and a,), and ewery vertex of M

induce Cyx in K(G).

Repeating this argumert twice (we do not usethe fact that the cycleis odd,
but only the fact that it has at least six vertices), if there exist two chords
ViVisz and v Vs, in C sudh that ViViig, Vie Visz, VjVj+1 and v, V4, are four
distinct edgesof G, we can reducethe problem to a smaller one, the caseof
an odd holewith 2k 1 verticesinducedin K (G).

Sowe only needto considertwo cases:

=1;and

N
N = 2, and for somei, v; is adjacen to v, andv;.; is adjacen to Vvj.3.

1. N=1: Supposethat the verticesv; and v; are adjacent in G. As v3 does
not belongto M,, there is a vertex w; in My which is not adjacen to vs.
Analogously there is a vertex w, in M, which is not adjacen to v,. The
verticesw; and w, are non-adjacem, otherwisefv;;vs; W,;wy;V,g induces
a 4-wheel,cortrary to Lemma 15. By Lemma 19 the vertex w; has two,
three or four neighbors in C and they are consecutie in it (v, and vq; or
Vo, Vi and Vo1 5 OF Vo, Vi, Vars1 and vy, respectively). Analogously w, has
two, three or four neighborsin C and they are consecutie in the cycle (v,
and vs; or Vv, V3 and vy; Or V,, Vi, V4 and vs, respectively). In all casesw;
and w, have no commonneighborsin V(C) nfv,g, sincek 3.

1.1. If wy; and w, have exactly two neighbors eat onein C, the vertices

V1,5, Va1 We; W induce a viking.
1.2. If w; and w, have exactly four neighbors ead onein C, the vertices
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1.4. If oneof wy;w, hasexactly two neighborsin C and the other one has
exactly four neighborsin C, supposew; hastwo and w, hasfour (the
other caseis symmetric). The clique M, is disjoint from M,, so w,
does not belongto M, and there is a vertex wz in M4 which is not
adjacen to ws.

The arc correspnding to wz cannot passthrough the points of the
circle correspnding either to M 3 (becausev, and ws are not adjacen)
or to Mg (becauseM 4 and Mg are disjoint), soif the arcscorresmpnd-
ing to ws and v; have non-emply intersection, they must intersect at
a point of the circle that is A-betweenaz and a,. In this caseone of
them passeghrough a point that belongsto both the arc correspnd-
ing to vs and the arc correspnding to w,, but ws is non-adjacen
to w,, and v; is non-adjacen to vs. Sows and vs are not adjacen,
and, by Lemma 19, ws can be adjacen either to vy, vs, Vg and vz; or
to v4, Vs and vg; or only to v, and vs. In the rst case,the vertices

V1) V3, V4, Wa V7; 000 Voker INduceCye 1. In the secondcase the vertices
V1) Vo, Wo; Va, W3, Vg, i 11 Vorsr INAduce Coesq . IN the last casethe 2k + 4
verticesvy; @ .. Vok+1 . We, Wo; W3 induce S;.

2. N=2, and for somei, v; is adjacern to vj,, andv;,; is adjacen to Vj.3:
Without loss of generality, we may assumethat i = 1, sothe chords are
vivz and v,vs. As vi doesnot belongto M, there is a vertex w; in My
which is not adjacen to vs. As v, doesnot belongto M3, there is a vertex
w3 in M3 which is not adjacert to v,. No vertex of G belongsto more than

wz are non-adjacemn, and, by Lemma 19, ead of them has two, three or
four consecutie neighbors in C. The vertex ws can be adjacert to vs, Vg,
vs and vg; or to vz, V4 and vs; or only to vz and v4. The vertex w; can be
adjacen to Vv,, V1, Voks1 @and vy Or to Vo, Vi and Vogyq ; Or only to v, and v;.

2.1. If wz hasfour neighborsin C, then the verticesvy, vz, Wz, Vg, .1, Vok+1
induce Cy ;. The caseof w; having four neighbors is symmetric.
2.2. If w; and ws have three neighbors eat onein C, then the verticeswy,

2.3. It remainsto analyzethe casesvhenw; and wz eat have two neigh-
bors in C, and when one of them has three neighbors in C and the
other one hastwo. For thesecaseswe have to considerthe clique M.

Sincev; and v, do not belongto M, there is a vertex in M, which
is not adjacen to v, and thereis a vertex in M, which is not adjacen
o vy.

2.3.1. If there is a vertex w 2 M, which is non-adjacem to v; and vg,

then w is non-adjacem to w; and ws, for otherwisef vy, vz, w,

Wy, Vog (or fvy, W, Wz, V4, V3, respectively) inducesa 4-wheel,
cortrary to Lemma 15.

Therefore,if w; and ws have two neighbors eat in C, then
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the verticesvy, :::, Vok+1, W1, W, W3 induce a 2-viking in G. If
w; and wz have two and three neighbors (respectively) in C,
then vy, Vo, V3, W3, Vs;:::, Voks1, Wy, W induce a viking in G.
If w; hasthree neighbors and w; hastwo neighoorsin C, then
Wi, Vo, V3; i1, Voks1, W, W3 induce a viking in G.

2.3.2. If no sudh a vertex w exists, then ewery vertex of M, is either
adjacern to v, or to v4, and there exist two verticesw, and wy
in M,, sud that w, is adjacern to v, but not to v, and w; is
adjacen to v, but not to v,4. SinceG doesnot cortain a 4-wheel,
it follows that w;, is not adjacen to w; and w, is not adjacen
to ws. If wy is not adjacent to vx.i and w, is not adjacen
to vs, then the vertices vq; Wa, Wo; Vs, @1 Voksr INAuce Coyyg .
If w, is adjacent to vx+1 and w, is adjacen to vs, then the

W, is adjacern to vs and w, is not adjacen to vy+1 (the other
casels symmetric), sosinceG is a circular-arc graph, w, belongs
to M3, and it is adjacen to ws. In this casew, is a twin of v

with two chords, vov, and w,vs. If the vertex ws hasexactly two
neighborsin C, then it hasexactly two neighborsin C°% namely
w, and v4, and it is non-adjacen to v, and vs, and we get a
cortradiction by a previouscase(Case2.3.1).

The last caseis whenws hasthree neighborsin the cycleand
w; hasonly two. If ws belongsto M, then w; and v, are twins
in H, but the cycleof H obtained by replacingv, with ws in C
hasonly onechord in G, cortrary to the choiceof C.

If wz doesnot belongto My, let ws be a vertex of My, that
minimizesthe distanceof the endpoint of its correspnding arc
that lies A-betweenas; and a4, to a4. Sincews, vz ,w3 do not
belongto M4, they are not adjacer to ws. The neighbor set of
the vertex ws includesfvy; vsg and , by Lemma 19, is a subset
of f vy; Vs; Vs; V70. If ws is adjacent to vg and v;, then the vertices

induce Cx+1. SOwe may assumethat v, and vs are the only
neighbors of ws in C. But now, if w, and w; are not adjacen,

then the verticesvy; @ i1 Voks1 ; W1, 1 Ws induce Ty, and other-
wise, the 2k + 4 vertices vi; Wy, Va; @ @1 Voks1 ; W1, Wa; W5 Induce
Sk.

In ead casewe get a cortradiction. This concludesthe proof. 2

We can now prove the characterization theoremfor H CA graphs.
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Pro of of Theorem 9. The \only if" part follows from Theorem 1, Proposi-
tion 2 and Proposition 3. Let us prove the \if * statemert. Let G be an HCA
graph which doesnot cortain any of the graphsin Figure 2, and let A be an
H CA represemation of G. Sincethe classof HCA graph is hereditary, it is
enoughto provethat (G) = ((G).

Assume rst that sometwo arcs of A cover the circle. Then (G) 2. If

(G) = lor (G) = 2,then (G) = ((G) and the theorem holds. So
we may assumethat (G) = 2and (G) = 1. By Theorem4, G contains
Qu+1 for somek 1.1t isnot dicult to ched that the 3-pyramid is not an
HCA graph. Moreover, Cx.1 (an induced subgraph of Q1) cortains the
3-pyramid for k 4. So, G contains either Qsz, or Qs, or Q;. But Qs is the
3-sun, Qs cortains Cs and Q; cortains C;, a cortradiction.

Sowe may assumethat no two arcsof A cover the circle. But now, by Lemma
14 and Theorem 20, G is clique-Helly and K-perfect, and so, by Lemma 10,
(G) = (G). 2

It is easyto ched that no two graphsof the families represeted in Figure 2
are properly cortained in eat other. Therefore,as a corollary of Theorem9,
we obtain the following result.

Corollary 21 Vikings, 2-vikings, Sy and Tx (k  2), are minimally clique-
imperfect.

4.1 Recognition algorithm

Helly circular-arc graphscan be recognizedn polynomial time [15] and, given
a Helly represemation of an HCA graph G, both parameters ((G) and (G)
can be computed in linear time [13,14]. Howewer, these properties do not
immediately imply the existenceof a polynomial time recognition algorithm
for clique-perfect H CA graphs (we needthe equality for every induced sub-
graph). The characterizationin Theorem9 leadsto sud an algorithm, which
is strongly basedon the recognition of perfect graphs[10]. The idea of the al-
gorithm is similar to the oneusedin [12]for recognizingbalanceablematrices.

Algorithm:

Input: An HCA graph G = (V;E).
Output: Tr ue if G is clique-perfect, False if G is not.

(1) Chedk if G contains a 3-sun.If G cortains a 3-sun,return False .
(2) (Checking for odd holesand C;) Ched if G is perfect. If G is not perfect,
return False .
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(3) (Checking for vikings) For ewvery 7-tuple a;; ap; ag; as; as; by; b, sud that
the edgesbetween those verticesin G are a;a,, aaz, aas, azay, aas,
ba,, bias, bas, a4, and possibly a;as, do the following:

(a) If a; is adjacen to as, return False .

(b) Let G° be the graph obtained from G by removing the vertices a,
as, a4, by, b, and all their neighbors exceptfor a; and as, and adding
a new vertex c adjacen only to a; and as.

(c) Ched if G%is perfect. If G°is not perfect, return False .

(4) (Checking for 2-vikings) For every 8-tuple a;; ay; as; a4; as; by; p; by sud
that the edgedetweenthoseverticesin G area;a,, a,as, aras, azay, azas,
auas, bhay, biaz, bhas, hay, zas and bzas, do the following:

(a) If a; is adjacern to as, return False .

(b) Let G®bethe graph obtainedfrom G by removing the verticesa,, as,
as, by, by, bz and all their neighoors exceptfor a; and as, and adding
a new vertex c adjacen only to a; and as.

(c) Ched if Glis perfect. If G%is not perfect, return False .

(5) (Checkingfor Sy) For every 8-tuple a;; a,; as; ay; as; by ; by; s sud that the
edgesbetweenthose verticesin G are a;a,, a,az, azas, azas, a4as, bhay,
bay, bhas, bas, ka;, bkay, zas, zas, and possiblya; as, do the following:
(a) If a; is adjacen to as, return False .

(b) Let G®bethe graph obtainedfrom G by removing the verticesa,, as,
a4, by, by, by and all their neighbors exceptfor a; and as, and adding
a new vertex c adjacen only to a; and as.

(c) Ched if G%is perfect. If G°is not perfect, return False .

(6) (Checking for Ty) For every 10-tuple a; ap; as; ay; as; by; by; bs; by; bs sudh
that the edgesbetween those verticesin G are a;a,, a,az, aas, azay,
asds, uds, bar, biay, bay, hay, has, hhy, bay, kay, kas, kay, bhy,
hyas, yas, yas, bsas, bsas, and possibly a;as, do the following:

(a) If a; is adjacen to as, return False .

(b) Let G° be the graph obtained from G by removing the vertices a,
as, as, by, b, bs, by, b5 and all their neighbors exceptfor a; and as,
and adding a new vertex ¢ adjacer only to a; and as.

(c) Ched if G%is perfect. If G%is not perfect, return False .

(7) Return Tr ue.

Correctness: The output of the algorithm is Tr ue if it nishes in step (7),
otherwise the output is False . Let us prove that, given as input an HCA
graph G, the algorithm nishes in step (7) if and only if G doesnot cortain
the graphs of Figure 2. The correctnessof the algorithm then follows from
Theorem9.

Let G bean HCA graph. Step (1) will output False if andonly if G cortains
a 3-sun. So henceforthsupposethat G doesnot cortain a 3-sun.

1. Step(2) will output False if and only if G contains an odd hole or C-.

21



If G cortains an odd hole or C; then it is not perfect. Conversely if G is not
perfectit cortains an odd hole or an odd antihole. SinceG is HCA, it does
not cortain an antihole of length at least nine. So G must contain an odd
hole or C;. This proves 1. So henceforth supposethat G is perfect, and, in
particular, it doesnot cortain an odd hole or C-.

2. Step(3) will output False if and only if G contains a viking.

asde ned in Section2, at somepoint the algorithm will considerthe 7-tuple
ai; a; as; a4; as; by bp. In H, either k = 2 and a; is adjacer to as (in this case
the algorithm will output False at step(3.a)) or as and a; arejoined by an

neighbors of a,; as; a4; by; by, it followsthat casas : :: ax+1 a;Cc is an odd holein
G° sothe algorithm will output False at step (3.c).

Conversely if the algorithm outputs False at step (3.a), then fay;:::;as,
b,; g induce a viking in G. If the algorithm outputs False at step (3.c),
then GPis not perfect. Sinceat this point we are assumingthat G is perfect,
the vertex ¢ must belongto an odd hole or odd antihole in G° Sinceit has

that G cortains no viking.

3. Step(4) will output False if and only if G contains a 2-viking.
cenciesasde ned in Section2, at somepoint the algorithm will considerthe
8-tuple a;; a,; az; as; as; by; by; bs. In H, eitherk = 2 and a; is adjacen to as (in

this casethe algorithm will output False at step(4.a)) or as and a; arejoined

are non-neigtbors of ay; az; ay; by; by; bs, it follows that casag : : : ax+1 a;C is an
odd holein G° sothe algorithm will output False at step (4.c).

Conversely if the algorithm outputs False at step (4.a), then fay;:::;as,
b; bp; g induce a 2-viking in G. If the algorithm outputs False at step
(4.c), then GPis not perfect. Since at this point we are assumingthat G
is perfect, the vertex ¢ must belongto an odd hole or odd antihole in G°
Sinceit hasdegreetwo, ¢ belongsto an odd hole cagv : ::vxa;c in G° Since

henceforthsupposethat G cortains no 2-viking.

4. Step(5) will output False if and only if G contains S for somek 2.
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If G contains S for somek 2, with V(Sy) = fay;:::;ax+1; b ; sgandad-
jacenciesasde ned in Section2, at somepoint the algorithm will considerthe
8-tuple a;; ay; a3; a4; as; by by; bs. In Sy, eitherk = 2and a; is adjacert to as (in
this casethe algorithm will output False at step(5.a)) or as and a; arejoined

are non-neigltbors of ay; az; as; by ; by; b, it follows that casag :: :ax+1 a;Cis an
odd holein G° sothe algorithm will output False at step (5.c).

Conversely if the algorithm outputs False at step (5.a), then verticesfay;
11 as, by by kg induce S, in G. If the algorithm outputs False at step (5.c),
then GPis not perfect. Sinceat this point we are assumingthat G is perfect,
the vertex ¢ must belongto an odd hole or odd antihole in G° Sinceit has

supposethat G doesnot cortain S¢ for k 2.

5. Step(6) will output False if and only if G contains Ty for somek 2.

to as (in this casethe algorithm will output False at step (6.a)) or as and
a; are joined by an odd path of length at least three, asag : : : ax+1 a;. Since

il ax+1 are non-neiglbors of ap;az;ay; b by;bs, it follows that
Casag . : . axe+1 a:C is an odd hole in G° so the algorithm will output False
at step (6.c).

Conversely if the algorithm outputs False at step (6.a), then vertices

step (6.c), then G is not perfect. Sinceat this point we are assumingthat
G is perfect, the vertex ¢ must belongto an odd hole or odd antihole in G°
Sinceit has degreetwo, ¢ belongsto an odd hole casv; : ::vxaic in G° Since

and completesthe proof of correctness. 2

Time complexit y: The time complexity of the bestknown algorithm to rec-
ognizeperfectgraphsis O(jVj°) [10]. Sothe time complexity of this algorithm
is given by step (6) and it is O(jVj1®).

Thuswe cananswer a rmativ ely the questionof the existenceof a polynomial
time recognition algorithm for clique-perfect graphswithin the classof HCA
graphs.
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5 Summary

Theseresults allow us to formulate partial characterizationsof clique-perfect
graphsby forbidden subgraphs,asis shovn in Table 1.

Graph classes Forbidden subgraphs | Reference

Diamond-free graphs | odd generalizedsuns Thm 8

H CA graphs graphsin Figure 2 Thm 9
Table 1

Forbidden induced subgraphsfor clique-perfect graphsin ead studied class.

Note that in the secondcaseall the forbidden induced subgraphsare minimal.
In the rst case,howewer, we needto forbid every odd-generalizedsun. Ob-
viously, in this caseit is enoughto forbid diamond-freeodd generalizedsuns.
It is easyto seethat all sud sunshave no improper edgesbut we do not yet
know what the minimal diamond-freeodd generalizedsunsare.
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