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Abstract

Erdés and Hajnal [4] conjectured that, for any graph H, every graph on n vertices that does
not have H as an induced subgraph contains a clique or a stable set of size n!) for some
e(H) > 0. The conjecture is known to be true for graphs H with |V (H)| < 4. One of the two
remaining open cases on five vertices is the case where H is a four-edge path, the other case
being a cycle of length five. In this paper we prove that every graph on n vertices that does not
contain a four-edge-path or the complement of a five-edge-path as an induced subgraph contains
either a clique or a stable set of size at least n'/6.
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1 Introduction

All graphs in this paper are finite and simple. A clique is a set of pairwise adjacent vertices and a
stable set is a set of pairwise nonadjacent vertices. Let G be a graph. For a set of vertices X, we
denote by G|X the subgraph of G induced by X. For a graph H, we say that G contains H as an
induced subgraph if G has an induced subgraph that is isomorphic to H. Let Forb(X,, X,,..., X})
be the set of all graphs G such that, for all i € {1,2,...,k}, G does not contain X, as an induced
subgraph. For a vertex v € V(G), we let N(v) denote the set of vertices adjacent to v and M (v)
the subset of vertices of V(G)\{v} that are nonadjacent to v. We say that two sets X C V(G) and
Y C V(G) are complete to each other if every x € X and y € Y are adjacent. We say that X and
Y are anticomplete to each other if every z € X and y € Y are nonadjacent. We denote by G°
the graph with vertex set V(G) and edge set {{u,v} € V(G)? ’ u#v,uv € E(G)}. We call G¢ the
complement of G. For a set X C V(G), we denote by G \ X the graph G|(V(G) \ X). For k > 0,
we denote by P, the k-edge path (thus, |V(P,)| =k +1).

We say that a graph H has the Erddés-Hajnal property if there exists e(H) > 0 such that every
graph on n vertices that does not have H as an induced subgraph contains either a clique or a

(#) | Clearly, if H has the property, then so does H¢. Erdés and Hajnal

stable set of size at least n®
[4] conjectured that all graphs have the property. It is known to be true for every graph H with
|V(H)| < 4. In [1], it was shown that if two graphs H; and H, have the Erdés-Hajnal property,
then so does the graph constructed from H; by replacing a vertex x € V(H;) by H, and making
V(H,) complete to the neighbors of « in H; and anticomplete to the non-neighbors of  in H; (this
operation is known as the substitution operation). Moreover, it was shown in [3] that the triangle
with two disjoint pendant edges (this graph is known as the bull) has the property. This leaves
the four-edge-path P, and the cycle C; of length five as the remaining open cases for graphs on at
most 5 vertices. This paper deals with the case where H is a four-edge path, where, in addition,

we exclude the complement of a five-edge path. To be precise, we will prove the following theorem:

Theorem 1.1. Every graph G € Forb(P,, PS) U Forb(Pf, P;) contains a clique or a stable set of
size at least |V (G)|Y/6.

For a graph G, let w(G) denote the size of the largest clique in G and let x(G) denote the chromatic
number of G. G is called perfect if x(G') = w(G’) for every induced subgraph G’ of G. It was
shown in [2] that a graph G is perfect if and only if it does not contain an odd cycle of length at
least five or the complement of an odd cycle of length at least five as an induced subgraph.

We say that a function g : V(G) — R™ is a covering function for G if Epev(P) g(p) <1 for every
perfect induced subgraph P of G. For 5 > 1, we say that a graph G is S-narrow if ZUGV(G) JPv) <1
for every covering function g. Notice that since a graph is perfect if and only if its complement is
perfect, it follows that a graph is S-narrow if and only if its complement is S-narrow. It was shown
in [3] that bull-free graphs are 2-narrow. We will take a similar approach and prove that

Theorem 1.2. All graphs in Forb(Pf, P;) are 3-narrow.

This result suffices for proving Theorem 1.1, because of the following result:



(1.3) Let G be a B-narrow graph. Then G has a clique or stable set of size at least |V (G)|"/?5.

Proof. Let P be the set of all perfect induced subgraphs of G. Let K = maxp.p |V (P)|. Consider
the function g : V(G) — R* with g(v) = 1/K for all v € V(G). Clearly, > vev(py9(v) < 1 for all
P € P. Therefore, since G is B-narrow, it follows that g satisfies

V(G
S g VG
veV(G)

Equivalently, we have K > |V(G)|% Thus, G has a perfect induced subgraph H with |V (H)| >
\V(G)]%. Since H is a perfect graph, H satisfies |V(H)| < x(H)a(H) = w(H)a(H) and hence
max(w(H),a(H)) > /[V(H)| > |V(G)|*/?}. Therefore, H has a clique or stable set of size at
least |V (G)|'/?8. Since H is an induced subgraph of G, G has a clique or stable set of size at least
|V(G)|*/?#. This proves (1.3). O

Notice that the proof of (1.3) also shows that a graph G is l-narrow if and only if G is perfect.
Jacob Fox [5] proved that the ‘converse’ of (1.3) is also true:

Theorem. Let H be a graph that has the Erdds-Hagnal property. Then, every graph in Forb(H) is
B(H)-narrow for some B(H) > 1.

This implies that the Erdés-Hajnal conjecture is equivalent to the following conjecture:

Conjecture. For every graph H, there exists f(H) > 1 such that every G € Forb(H) is 5(H)-

narrow.

This paper is organized as follows. In Section 2, we describe tools that we will use in the rest of
the paper. Section 3 deals with graphs in Forb(Pf, P5) for which we additionally require that they
have no induced copy of Cy, the cycle of length six. Finally, in Section 4 we abandon this additional
requirement and finish the proof of Theorem 1.1.

2 Decompositions

We start with a number of graph decompositions and their relationship to the narrowness of graphs.

Lemma 2.1. Let G be a graph and let 8 > 1. Suppose that for every v € V(G), either
(i) G|N(v) is B-narrow and G|M(v) is (8 + 1)-narrow, or
(ii) G|M(v) is B-narrow and G|N(v) is (8 + 1)-narrow.
Then G is (8 + 1)-narrow.
Proof. Let g be a covering function for G. Choose u € V(G) with g(u) maximal. If g(u) = 1, then,

because every 2-vertex induced subgraph of G is perfect, g(u') = 0 for all v’ € V(G) \ {u} and thus
2vev (G) g(v)?+1 <1 trivially holds. So we may assume that g(u) < 1. Let M = M(u), N = N(u),



G,; = GIM and Gy = G|N. Since f-narrowness is invariant under taking complements, we may,
possibly by passing to the complement, assume that G, is (8 + 1)-narrow and G is f-narrow.

Define f); : V(G);) = R by fy(v) = g(v)/[1 — g(u)] for each v € V(G,,). Let P be a perfect
induced subgraph of G;. Since G|(V(P) U {u}) is perfect, it follows that }_ ¢y (p) fys(v) < 1.

Since Gy is (B + 1)-narrow, f,, satisfies > ., [fM(v)]BH < 1 and therefore

S lg@)])* < 1 - g(w)]

veEM
By repeating the same argument for G, since G is S-narrow, it follows that
B B
S o)) < [1 - g(w)”.
veEN
Moreover, we have, by the choice of u,

3 lo)]" < gw) Y [9@)]” < g(w)[1 - g(w)]”.

veEN veEN

Hence,

3 9@ = [g@] T+ Y (9] Y [gw))
veV(G) veEM veEN
< [9(w)]” ™+ (1 = g(w)P T + g(u)(1 — g(u)®
= [g(w)]"" + (1 - g(u)? <1,

where the last inequality follows from the fact that the function h(x) = 2%+ + (1 — 2)# is strictly
convex and h(0) = h(1) = 1. This proves Lemma 2.1. O

Let G be a graph. We say that a set Z C V(G) is a homogeneous set in G if 1 < |Z| < |V(G)| and
V(G)\ Z = AUC where A is anticomplete to Z and C is complete to Z. In this case, we say that
(Z,A,C) is a homogeneous set decomposition of G. The following is a theorem from [6].

Lemma 2.2. Let G be a graph and let (Z, A, C) be a homogeneous set decomposition of G. Construct
G’ from G|(AUC) by adding a vertex z that is complete to C' and anticomplete to A. Let P; be
a perfect induced subgraph of G' with z € V(P;) and let P, be a perfect induced subgraph of G|Z.
Then G|((V(Py) UV (P,)) \ {2}) is perfect.

It was shown in [3] that homogeneous set decompositions preserve S-narrowness. For our purposes,
we will need a more general decomposition. We say that a set Z C V(G) is a quasi-homogeneous
set in G if there exist disjoint sets A,C C V(G) \ Z with union V(G) \ Z that satisfy the following

properties:

(i) 1<zl < V(&)
(ii) Z is complete to C.



(iii) Let G’ be obtained from G|(A U C) by adding a vertex z that is anticomplete to A and
complete to C. Suppose that P; is a perfect induced subgraph of G’ with z € V(P;) and
suppose P, is a perfect induced subgraph of G|Z. Then the graph P = G|((V(P,) UV (FP,))\
{z}) is perfect.

(iv) G contains G’ as an induced subgraph.

We say that the triple (Z, A, C) is a quasi-homogeneous set decomposition. In the light of Lemma 2.2,
it is easy to see that a homogeneous set decomposition is a special case of a quasi-homogeneous set
decomposition. Just like homogeneous set decompositions, quasi-homogeneous set decompositions
preserve B-narrowness:

Lemma 2.3. Let G be a graph and let (Z, A,C) be a quasi-homogeneous set decomposition of G.
Let H, be the graph obtained from G|(AU C) by adding a vertex z that is anticomplete to A and
complete to C and let Hy, = G|Z. If H, and H, are $-narrow, then G is B-narrow.

Proof. The proof is essentially the same as the proof of 1.3 in [3], but we include it here for
completeness. Let g be a covering function for G. For i = 1,2, let P; be the set of perfect induced
subgraphs of ;. Let K = maxpcp, Y ,cv(p)9(v). Define g, : V(H;) — R" as follows. For
veAUC, let g;(v) = g(v) and let g,(z) = K. Define g, : V(H,) = R by go(v) = g(v)/K for
v € V(H,). From the definition of a quasi-homogeneous set decomposition, it follows that for every
P, € P, with z € V(P;) and every P, € P,, G|(V(P,)UV(P,))\ {z}) is perfect. It follows that g,
is a covering function for H,. Since H, is S-narrow, it follows that

12 > (@]’ = Y [s@)? + K7
veV (Hy) veAUC

Clearly, g, is a covering function for H,. Thus, since H, is S-narrow, it follows that

=S [ggw)]ﬁ:Z[gﬁﬁZ]ﬁ

veEV (Ha3) veZ

Therefore,

> [9(v)])” < K.

veEZ
Finally, it follows that

S @) < S @)+ Y [sw)]) <1 - KP) + KP = 1.
veV(Q) vEAUC vEZ

This proves Lemma 2.3. O

(Observe that the proof of Lemma 2.3 still goes through even without assuming property (iv) of
a quasi-homogeneous set decomposition. This additional property is solely used for the inductive
arguments in Sections 3 and 4.)

Let G be a graph. We say that G admits a X-join if there exist disjoint sets X, X,, N;, Ny, C, A
with union V(G) such that



o for i =1,2, |X,| > 2 and X, is a stable set, and
o for {i,j} = {1,2}, X, is complete to C' U N, and anticomplete to A U N;, and

e X, is not anticomplete to Xj.

We call (X, X,, N;,N,,C, A) a ¥-join. The following lemma states that ¥-joins preserve narrow-
ness:

Lemma 2.4. Let G € Forb(Py{, Py) and suppose that G admits a X-join (X, Xy, Ny, Ny, C, A).
Let G’ be obtained from G\ (X, U X,) by adding two adjacent vertices xy and x4 such that, for
{i,5} = {1,2}, x; is complete to C U N; and anticomplete to AU N,. Then, G’ € Forb(P§, P;) and
if, for some 8> 1, G' is B-narrow, then G is S-narrow.

Proof. Notice first that since X is not anticomplete to X,, G contains G’ as an induced subgraph
and therefore G’ € Forb(Py, P;). Now suppose that G’ is S-narrow for some 3 > 1. For an induced
subgraph P of G" and {i,j} = {1, 2}, let

GI(V(P)\{z;}) U X;) if z; € V(P) and z; ¢ V(P);

)= {G|<<V<P> \ o2} ) UX, UXy) a2y € V(P),

We first claim the following:
(x)  If P is a perfect induced subgraph of G', then P(X{, X5) is a perfect induced subgraph of G.

Write P’ = P(X,,X,). Suppose that P’ is not perfect. Then, P’ contains either a cycle of
odd length k& > 5 or the complement of a cycle of length £ > 5 as an induced subgraph. Since
P’ is an induced subgraph of G, it follows that P’ € Forb(Pf, Py) and, thus, P’ contains no
cycle of odd length at least seven and no complement of a cycle of odd length at least seven as
an induced subgraph. Thus, P’ has an induced cycle of length five, say F' = f,-fo- -+ -~ f5- 3.
Suppose that V(F) N X; = (. Then F is an induced subgraph of P(X,, X,) \ X,. However,
it follows from Lemma 2.2 applied to G’ \ {z;}, P\ {z;} and X, that P(X;,X,) \ X is
perfect, a contradiction. Thus, we may assume that V(F)N X, # 0 for i = 1,2. We may
assume that f; € X, and either f, € X, or f; € X,. First suppose that f; € X,. Because
fo is complete to {f, f5}, it follows from the definition of the ¥-join that f, € C. Because
f, is anticomplete to {f, fo} and adjacent to f, it follows that f, € N, and, symmetrically,
f5 € Ny. But now, x-f;-fo-f5-7, is an induced four-edge antipath in G’, a contradiction.
This proves that f; ¢ X, and hence f, € X,. We may also assume that no two nonadjacent
f, [/ € V(F) satisty f € X, and f’' € X,. Therefore, since f, is anticomplete to {f;, fo}, it
follows that f, € A. This implies that f; € N, and f; € N;. But now, x,-z5- fs- f4-f5-2; is
an induced cycle of length five in P, contrary to the fact that P is perfect. This proves (x).

O

To prove that G is S-narrow, let g : V(G) — R be a covering function for G. Define ¢’ : V(G') —
R, as follows: for i = 1,2, ¢'(z;) = > cx, 9(v), and ¢'(v) = g(v) for all v € V(G') \ {z, 25}
We claim that ¢’ is a covering function for G’. Let P be a perfect induced subgraph of G’. Since



P(X,,X,) is a perfect induced subgraph of G by (x), it follows that

Yo Jdw= D> de)+ D W)

veV(P) ie{1,2}: veV(P)
z, €V (P) VFET1,T2
= > D g+ > gl = > gw) <
i€{1,2}:  veX; VeV (P) veV (P(X1,X2))
z, €V (P) VET1,T2

This proves that ¢’ is a covering function for G’. Since G’ is S-narrow, it follows that

B B

S < Y e | + Y] + Y )= Y ) <,

VeV (G) vEX] vEX>2 VeV (G)\(X1UX>2) VeV (G

where we have used the fact that for 2,5 > 0 and 8 > 1, 2% 4+ ¢% < (x + %)?. This proves that G
is B-narrow, thereby proving Lemma 2.4. O

3 Graphs in Forb(Py, P, Cy)

We start by additionally excluding the cycle of length six, Cy. Throughout the paper, we call an
induced subgraph of a graph G that is a cycle of length k a k-gon in G. We will often denote
the vertices of a k-gon H by, for example, hy, hy,..., h; in order. Any arithmetic involving the
subscripts of these vertices is modulo k. For a k-gon H, we say that v € V(G) \ V(H) is a center
for H, if v is complete to V/(H). Analogously, v is an anticenter for H if v is anticomplete to V (H).

We say that a graph G € Forb(Py, Py, Cy) is composite if there exist a 5-gon B in G and a,c €
V(G) \ V(B) such that a is an anticenter for B and ¢ is a center for B. We say that a graph
G € Forb(Pf, P;, Cy) is basic if G is not composite.

This section is organized as follows. We will first prove some basic properties of graphs in Forb(Pf, Py, Cy).
Next, we will show that composite graphs admit a quasi-homogeneous set decomposition. Finally,

we will show that basic graphs satisfy the assumptions of Lemma 2.1 with § = 1. This will imply

that all graphs in Forb(Pf, Py, Cy) are 2-narrow.

3.1 Elementary properties
We will repeatedly use the following lemmas:

(3.1) Let G € Forb(Pf) and let fi-fy-f3-f, be an induced path. Then no vertex is complete to
{f1: f9, f4} and nonadjacent to fs.

Proof. Suppose for a contradiction that x is adjacent to f;, f,, and f, and not to f;. Then
x-fa- f1-f4-f5 is a four-edge antipath, a contradiction. This proves (3.1). O



For a 5-gon H in a graph G, we call a vertex x € V(G) \ V(H) that has a neighbor in V(H) an
attachment of H. The following lemma deals with attachments of 5-gons.

(8.2) Let G € Forb(Pf, Py) and let H be a 5-gon with vertices hy, hy, ..., hs in order. Let x €
V(G) \ V(H) be an attachment of H. Then, for some for some i € {1,2,...,5}, one of the
following holds:

(1) =z is complete to V(H) (“center”), or

(2)

(3) « is adjacent to h; o, h; 3 and x has no other neighbor in V(H) (“hat of type i”), or

(4)

x 1s adjacent to h; and x has no other neighbor in V(H) (“leaf of type i”), or

x 1s adjacent to h;, 4, h; 1, nonadjacent to h; o, h;, 3 and the adjacency between x and h; is
arbitrary (“clone of type i”).

Proof. If z is complete to V(H), then outcome (1) holds. From this and from the symmetry,
we may assume that x is adjacent to h; and not to h,. First, suppose that z is adjacent to hs.
From (3.1) applied first to « and h;-hy-hs-h, and then to x and hy-h,-hy-hg, it follows that x is
nonadjacent to h, and hy and thus outcome (4) holds. So we may assume that z is nonadjacent to
hs. If x is adjacent to h,, then outcome (4) holds. So we may assume that x is nonadjacent to hy.
If x is nonadjacent to hy, then outcome (2) holds. If x is adjacent to hj, then outcome (3) holds.
This proves (3.2). O

We call an attachment x of H a small attachment if  is a leaf or a hat for H. Let i € {1,2,...,5}.
We call a pair of vertices (a,b) a pyramid of type i for H if a and b are adjacent, a is a leaf of type i
for H, and b is a hat of type i for H. We say that {a, b} is a pyramid if (a,b) or (b,a) is a pyramid.
It turns out that whenever two small attachments are adjacent, they are of the same type. The
following lemma deals with combinations of small attachments:

(3.3) Let G € Forb(Pf, P;,Cy) and let H be a 5-gon. Suppose that w and v are small attachments
of H. Then the following two statements hold:
(a) Ifu and v are adjacent, then, up to interchanging w and v, for some i € {1,2,...,5}, either
(A1) u and v are leaves for H of type i; or
(A2) w and v are hats for H of type i; or
(A3) w is a leaf for H of type i, v is a hat for H of type i, and thus (u,v) is a pyramid of
type i for H.

(b) If u and v are nonadjacent, then, up to interchanging w and v, for some i € {1,2,...,5},
either

(B1) w is a leaf of type i and v is a leaf of type j € {i — 1,4,i+ 1}; or
(B2) w is a hat of type i and v is a hat of type j € {i — 2,i,1+ 2}; or
(B3) w is a leaf of type i and v is a hat of type j € {i —2,i,i + 2}.

Proof. Let hy,h,,..., hs be the vertices of H in order. Since u and v are small attachments, each
of u, v is either a leaf or a hat for H.



For part (a), suppose that u and v are adjacent. First assume that u is a leaf. From the symmetry,
we may assume that u is a leaf of type 1 and v is either a leaf of type 1, 2 or 3, or a hat of type 1,
4 or 5. If v is a leaf of type 1, then outcome (A1) holds. If v is a hat of type 1, then outcome (A3)
holds. If v is a leaf of type 2 or a hat of type 4, then u-v-hy-hs-h,-hy is an induced five-edge path, a
contradiction. If v is a leaf of type 3 or a hat of type 5, then u-v-hgs-h,-hs-hq-u is an induced cycle
of length six, a contradiction. This finishes the case when u is a leaf. So we may now assume that
both u and v are hats. From the symmetry, we may assume that u is a hat of type 1 and v is a
hat of type 1, 2 or 3. If v is a hat of type 1, then outcome (A2) holds. If v is a hat of type 2, then
u-v-hg-hy-hy-hs-u is an induced cycle of length six, a contradiction. If v is a hat of type 3, then
the adjacencies of v with respect to the path u-h,-hs-h, contradict (3.1). This proves part (a).

For part (b), suppose that u and v are nonadjacent. First assume that u is a leaf. From the
symmetry, we may assume that u is of type 1 and v is either a leaf of type 1, 2 or 3, or a hat of
type 1, 4, 5. If v is a leaf of type 1 or 2, then (B1) holds. If v is a leaf of type 3 or a hat of type
5, then u-h-hs-h,-hs-v is an induced five-edge path, a contradiction. If v is a hat of type 1 or 4,
then outcome (B3) holds. This finishes the case when u is a leaf. We may therefore assume that
u and v are both hats for H. From the symmetry, we may assume that u is a hat of type 1 and
v is a hat of type 1, 2 or 3. If v is a hat of type 1 or 3, then (B2) holds. If v is a hat of type 2,
then u-hg-hy-hq-hg-v is an induced five-edge path, a contradiction. This proves part (b), thereby
completing the proof of (3.3). O

(3.4) Let G € Forb(Pf, P;). Let H be a 5-gon in G and suppose that x is a small attachment of
H. Then, every neighbor y € V(G) \ V(H) of x is an attachment of H.

Proof. Suppose that y € V(G) \ V(H) is adjacent to « but y has no neighbor in V(H). Let
hi,hy, ..., hsbethe vertices of H in order. We may assume that x is adjacent to h; and anticomplete
to {hy, hg, hy}. Now y-x-hq-hy-hg-h, is an induced five-edge path, a contradiction. This proves (3.4).

]

(38.5) Let G € Forb(Pf, Py, Cy) and let H be a 5-gon. Let (a,b) and (a/,b") be two disjoint pyramids
for H. Then (a,b) and (a',V') are pyramids of the same type.

Proof. Let hy, hy,..., hy be the vertices of H in order. From the symmetry, we may assume that
(a,b) is a pyramid of type 1 for H and (a’,V’) is a pyramid of type 1, 2 or 3 for H. If (da’,¥’) is of
type 1, then the claim holds. If (a’,b’) is a pyramid of type 2 for H, then b is a hat of type 1 for H
and ¥ is a hat of type 2 for H, contrary to (A2) and (B2) of (3.3). If (a/,1’) is a pyramid of type 3
for H, then a is a leaf of type 1 and a’ is a leaf of type 3 for H, contrary to (A1) and (B1) of (3.3).
This proves (3.5). O



3.2 Composite graphs

Let G € Forb(Pf, P5,Cy) be a graph. Our goal is to produce a quasi-homogeneous set. In order
to do so, we need to understand how different 5-gons interact with each other. To this end, we
consider the following auxiliary graph. Let B be a 5-gon in G and let W be a graph with the
following properties:

(a) The vertices of W are 5-gons in G, and B is a vertex of W.
(b) Two 5-gons H and H' are adjacent if and only if one of the following holds:
(bl) |[V(H)NV(H')|=4and z € V(H)\V(H') is a clone for H'. In this case, we say that
H and H' are clone neighbors and we call the edge HH' a clone edge.
(b2) Be {H,H'}, [V(H)NV(H")| =3 and {z,y} = V(H) \ V(H') is a pyramid for H'.
In this case, we say that H and H' are pyramid neighbors and we call the edge H H’
a pyramaid edge.

(c) W is connected.

We call such a graph W a Cj-structure around B in G. Note that we do not require that all 5-gons
in G are vertices of W. Also note that the adjacency of two 5-gons is well-defined because property
(b) is symmetric. Further, observe that pyramid edges occur only between B and other 5-gons,
and not between two 5-gons different from B. We say that a Cy-structure W is mazimal if |V (W)|
is maximal. Let UW) = Upyev ) V(H) denote the set of vertices of G that are ‘covered” by W.
We say that a vertex z € V(G) \ U(W) is a center for W if x is complete to U(W).

Let H € V(W) and let hy, ho, ..., hy be the vertices of H in order. Let ¢ € {1,2,...,5} and let = be
a clone of type i for H. We will write H/z = G|((V(H) \ {h;}) U{z}) and we will say that H/z is
obtained from H by cloning h, and x is a clone in the position of h;. For two 5-gons F, H € V. (W),
let dist(F, H) be the number of edges in a shortest path from F to H in W.

Let us first prove a number of claims about Cj-structures:

(3.6) Let G € Forb(Pf, P5) and let B be a 5-gon in G. Let W be a Cy-structure around B. Suppose
that H € V(W) and H' € V(W) are clone neighbors. If ¢ is a center for H, then c is also a center
for H'.

Proof. Let ¢ be a center for H. From the definition of a clone edge, it follows that |V (H)NV (H')| =
4. Since ¢ is complete to V(H), it follows that ¢ has at least four neighbors in V(H’). Therefore,
it follows from (3.2) that ¢ is complete to V(H’). This proves (3.6). O

(3.7) Let G € Forb(Pf, Py) and let B be a 5-gon in G. Let W be a mazimal Cs-structure around
B. Let ¢ be a center for some 5-gon in V(W). Then either c is a center for every H € V(W) or
ceUW).

Proof. If ¢ is complete to all H € V(W), then the claim holds. So we may assume that ¢ is not
complete to at least one 5-gon in V(W). Let H,, Hy, € V(W) be such that c is complete to H; but



not to H, and, subject to that, such that dist(H,, H,) is minimum. Clearly, since ¢ is complete to
V(H,) and not to V(H,), it follows that H, # H,. Since dist(H;, H,) is minimum, it follows that
H, and H, are neighbors. It follows from (3.6) that H, and H, are pyramid neighbors. We may
write H, = hy-hy-hg-hy-hs-h; and H, = hq-a-b-hy-hs-h,. Since c is complete to V(H,), it follows
that ¢ has at least three neighbors in V(H,). Hence, since c is not complete to V(H,), it follows
from (3.2) that c is a clone for H,. Therefore, H,/c is a 5-gon. From the maximality of W, it
follows that H,/c € V(W) and, thus, that ¢ € U(W). This proves (3.7). O

(3.8) Let G € Forb(Pf, P;,Cy) and let B be a 5-gon in G. Let W be a mazimal Cy-structure
around B. Suppose that H € V(W) and H' € V(W) are clone neighbors and let = be such that
H' = H/x. Let hy,hy, ..., hs be the vertices of H in order. Let i € {1,2,...,5} and suppose that
(p,q) is a pyramid of type i for H. Then either

(1) (p,q) is also a pyramid of type i for H', or
(2) x is a clone of type j € {i — 1,i+ 1} for H and x is complete to {p,q, hj}.

Proof. From the symmetry, we may assume that (p,q) is a pyramid of type 1 for H and z is
a clone of type 1, 2 or 3 for H. First assume that x is a clone of type 1 for H. It follows from
(3.2) applied to ¢ and H' that z is not adjacent to q. Therefore, ¢ is a hat for H'. Since p is a
neighbor of ¢, it follows from (3.4) that p has a neighbor in V(H’). It follows that p is adjacent
to x. Thus, (p,q) is a pyramid for H' and outcome (1) holds. Next, assume that z is a clone of
type 2 for H. Then it follows from (3.2) applied to  and hy-hy-hs-¢-p-h; that z is either complete
or anticomplete to {p, ¢}. If z is anticomplete to {p, ¢}, then (p,q) is a pyramid for H' and thus
outcome (1) holds. If x is complete to {p, ¢}, then it follows from (3.3) that z is adjacent to h,.
Hence, outcome (2) holds. So we may assume that x is a clone of type 3 for H. First suppose
that p is adjacent to z. From (3.2) applied to « and the 5-gon hy-hy-hs-g-p-h,, it follows that x is
anticomplete to {¢, hg}. But now the adjacencies of ¢ with respect to hs-h,-z-p contradict (3.1).
This proves that p is nonadjacent to . But now, since p is a leaf of type 1 for H', ¢ is a small
attachment of H', and p and ¢ are adjacent, it follows from (3.3) that ¢ is a hat of type 1 for H’
and (p, ¢) is a pyramid for H'. Hence, outcome (1) holds. This proves (3.8). O

(3.9) Let G € Forb(Pf, P;,Cy) and let B be a 5-gon. Let W be a mazimal Cy-structure around B.
If (a,b) is a pyramid for some H € V(W), then {a,b} C UW).

Proof. Let H* € V(W) be a 5-gon in G for which (a,b) is a pyramid and, subject to that, such
that dist(H*, B) is minimum. Let hy, ho, ..., ks be the vertices of H* in order. From the symmetry,
we may assume that (a,b) is a pyramid of type 1 for H*.

Let P be a shortest path from H* to B in V. It follows from the definition of a maximal Cj-
structure that, if H* = B, then {a,b} C U(W). So we may assume that H* # B and hence that
|E(P)| > 1. Let H! be the neighbor of H* in P. Since H* was chosen with dist(H*, B) minimum,
it follows that {a,b} is not a pyramid for H!.
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First suppose that H' is a clone neighbor of H*. Let = be such that H! = H*/x. From (3.8) and
the fact that {a,b} is not a pyramid for H!, it follows that H! is obtained from H* by cloning h.,
or hy and z is complete to {a,b}. But now, from the maximality of W, H*-H!/b-H'/b/a is a path
in W and hence {a,b} C UW).

Therefore, we may assume that H' is a pyramid neighbor of H*. From the definition of a Cs-
structure and the fact that H* # B, it follows that H! = B. Let {p,q} = V(B)\ V(H*). We claim
that either (p,q) or (q,p) is a pyramid of type 1 for H*. If {p,q} N {a,b} = (), then, since (a,bd) is a
pyramid of type 1 for H*, it follows from (3.5) that (p, q) or (¢, p) is a pyramid of type 1 for H*. If
{p,q} N{a,b} # 0, then it follows from the definition of a pyramid that (p,q) or (¢, p) is a pyramid
of type 1 for H*. Hence, we may assume that V(H') = V(B) = {hy,p, q, hy, hs}. This proves that
(p,q) or (g,p) is a pyramid of type 1 for H*. Possibly by swapping p and ¢, we may assume that
(p,q) is a pyramid of type 1 for H*.

If (a,b) = (p,q), then {a,b} C V(B) and hence {a,b} C UW). If a # p and b = ¢, then a is a
clone for B and b € V(B) and, therefore, {a,b} C UW). If a = p and b # ¢, then b is a clone for
B and a € V(B) and, therefore, {a,b} C U(W).

So we may assume that {a,b} N {p,q} = 0. Now first suppose that a is adjacent to q. Then
a is a clone for B and b is a clone for B/a. Hence, by the maximality of W, it follows that
B/a,B/a/b € V(W) and, therefore, that {a,b} C U(W). Next, suppose that b is adjacent to p.
Then b is a clone for B and a is a clone for B/b. Hence, by the maximality of W, it follows that
B/b,B/b/a € V(W) and, therefore, that {a,b} C U(W).

It follows that we may assume that the only possible edges between {a,b} and {p,q} are ap and
bg. If ap and bq are both edges, then a and b are hats of different types for B, contrary to (3.3). If
neither of ap and bq is an edge, then a and b are leaves of different types for B, contrary to (3.3).
Thus, exactly one of ap and bq is an edge and hence {a, b} is a pyramid for B. If a is adjacent to
p, then (b,a) is a pyramid of type 4 for B, contrary to (3.5). If b is adjacent to ¢, then (a,b) is
a pyramid of type 1 for B. By the maximality of W, it follows that {a,b} C U(W). This proves
(3.9). O

The goal in this section is to prove the following:

(3.10) Let G € Forb(Pf, P;,Cy) be a composite graph. Then G admits a quasi-homogeneous set
decomposition.

As a first step in this direction, we prove the following lemma which states that U(W) does not
contain both all centers and all anticenters of B. This is useful, because in order for U(W) to be a
quasi-homogeneous set, we should have [UW)| < |[V(G)].

(3.11) Let G € Forb(Pf, P;,Cy) and let B be a 5-gon in G with both a center and an anticenter.
Let W be a mazimal Cys-structure around B. Then V(G)\ U(W) # 0.

Proof. We may assume that all centers and all anticenters for B are contained in U (W), because
otherwise the lemma holds.
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(i) B and every pyramid neighbor of B in W has a pyramid.

We first claim that B has a pyramid. For suppose not. Then, all edges in W are clone edges.
Let x be a center for B. Then it follows from (3.6) that = is a center for all H € V/(W).
In particular, for every H € V(W), x ¢ V(H). Therefore, x ¢ U(W), contrary to our
assumption. Now let B’ be any pyramid neighbor of B. Clearly, {p,q} = V(B) \ V(B') is a
pyramid for B’. This proves (i). O

Now let a be an anticenter for B. We first show that:

(ii) a is anticomplete to every pyramid (p,q) for B and a is an anticenter for every pyramid
neighbor of B in W.

Let (p,q) be a pyramid for B. Suppose that z € {p,q} is adjacent to a. Since z is a
small attachment of B, it follows from (3.4) that a has a neighbor in V(B), contrary to the
assumption that a is an anticenter for B. Since every pyramid neighbor H of B satisfies
V(H) C (V(B)U{p,q¢}) for some pyramid {p’, ¢’} for B, it follows from the above that a is
an anticenter for every pyramid neighbor of B. This proves (ii). u]

Since a € U(W) there exists a 5-gon H* € V(W) such that a € V(H*) and, subject to that,
such that dist(B, H*) is minimum. Let P be a shortest path from H* to B in W and write
P = H*-H'-H?-...-H* where H* = B and k = dist(B, H*). From the definition of a Cj-
structure, it follows that all edges in P are clone edges, except possibly H*~1-HF,

(iii) H* = H'/a, k > 2, and H' is not a pyramid-neighbor of B in W.

First suppose that H! = B. If H* and B are pyramid neighbors, then it follows from (ii)
that a is anticomplete to H*, a contradiction. If H* and B are clone neighbors, then, since
[V(B)NV(H*)| = 4 and a has two neighbors in V(H*), it follows that a has at least one
neighbor in B, contradicting the fact that a is an anticenter for B. This proves that H! # B
and, thus, that & > 2. It follows from the definition of W that H*-H' is a clone edge. Since
a € V(H*) and a ¢ V(H?') by the minimality of k, it follows that H* = H'/a. Since a has a
neighbor in V(H?'), it follows from (ii) that H' is not a pyramid neighbor of B. This proves
(iii). 0

(iv) a is not a clone for H® fori > 2.

Suppose that a is a clone for H*. Then H*/a-H-H"t'-...-H* is a path between B and a
5-gon containing a that is shorter than P, contrary to the choice of H*. This proves (iv). o

Let hy, hy, ..., hs be the vertices of H Lin order. From the symmetry and from (iii), we may assume
that a is adjacent to h, and hy, and possibly to h;. It follows from (iii) that we may now consider
H?. We claim that H' and H? are clone neighbors in W. For suppose to the contrary that H' and
H? are pyramid neighbors. It follows from the definitions of W and P that H? = B. But now, H'
is a pyramid neighbor of B, contrary to (iii). Thus, H! and H? are clone neighbors.

(v)  Up to symmetry, H? is obtained from H' by cloning h,. Let hly be such that H*> = H'/h}.
Then bl is nonadjacent to a, and either (see Figure 1)
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Figure 1: The outcomes of (v).

(1) ahy and hyhly are both non-edges, or
(2) ahy and hyhl, are both edges.
Moreover, k > 3 and H? is not a pyramid neighbor of B in W.

We proved that H' and H? are clone neighbors. From the symmetry, we may assume that
H? is obtained from H'! by cloning hy, hy, or hg. It follows from (iv) that H? is not obtained
from H' by cloning h,. Suppose next that H? is obtained from H'! by cloning hs. Let hj
be such that H? = H'/hj}. It follows from (3.2) that a is a clone for H?, contradicting (iv).
Therefore, we may assume that H? is obtained from H! by cloning h,. Let ) be such that
H? = H'/h}. Because, from (iv), a is not a clone for H?, it follows that h) is nonadjacent
to a. If bl is adjacent to hy and h; is nonadjacent to a, then hy-hs-hh-a-h, is an induced
four-edge antipath, a contradiction. Likewise, if A/, is nonadjacent to h, and h; is adjacent
to a, then h,-hs-a-hly-h, is a four-edge antipath, a contradiction. This proves that ah, and
hohl, are either both edges or both non-edges.

Since a has a neighbor in H?, it follows that H? # B and hence that k > 3. Using (ii), it
follows that H? is not a pyramid neighbor of B. This proves (v). O

Let H? and h) be as in (v). It follows from (v) that we may now consider H3. We claim that
H? and H? are clone neighbors in W. For suppose to the contrary that H? and H? are pyramid
neighbors. It follows from the definitions of WW and P that H3 = B. But now, H? is a pyramid
neighbor of B, contrary to (v). Thus, H? and H? are clone neighbors.

(vi)
(1)

(2)
3)

Up to symmetry, H? is either (see Figure 2)

obtained from H? by cloning hs, bk € V(H3)\ V(H?) is anticomplete to {a,hy, hs}, and
ahy, hbhy are non-edges; or

obtained from H? by cloning hs, h € V(H3)\ V(H?) is adjacent to hy and anticomplete to
{a,hy}, and ahy, hhhy are edges, or

obtained from H? by cloning hy, b} € V(H?)\ V(H?) is adjacent to hy and anticomplete to
{a, hy}, and ahy, hh, are edges.

Moreover, k > 4 and H? is not a pyramid neighbor of B.
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Since H' and H? are clone neighbors by (v), we may assume that H? is obtained from H'

by cloning hy. It follows from (v) that A is nonadjacent to a. H? is not obtained from H?

by cloning k%, because if it is, then H? is adjacent to H, contrary to the minimality of P.

Also note that H? has no neighbor H' € V(W) such that a is a clone for H'. Because if so,
then H'/a-H'-H3-H*--..-H* is a path between B and a 5-gon containing a that is shorter
than P, a contradiction.

There are four cases to consider:

(a)

H3 is obtained from H? by cloning h,. (see Figure 3.a.) Let k)] be such that H3 =
H?/R. TIf b} is adjacent to h,, then H? is adjacent to H3/h, in W and a is a clone
for H3/h,, a contradiction. Therefore, h} is nonadjacent to h,. First suppose that H?

satisfies outcome (1) of (v). Since hy-hs-h/-hy-hf, is not an induced four-edge antipath,
it follows that h} is nonadjacent to hy. If b} is nonadjacent to a, then a and h, are
adjacent leaves of different types for H?3, contrary to (3.3). Therefore, h} is adjacent
to a. But now hj-hq-a-hb-hy is an induced four-edge antipath, a contradiction. Next
suppose that H? satisfies outcome (2) of (v). From the fact that a-hj-h--hy-h is not
an induced four-edge antipath, it follows that a is nonadjacent to h}. It follows, from
the fact that hi-hs-hy-h)-h; is not a four-edge antipath, that h is adjacent to h;.
Hence, outcome (3) holds.

H?3 is obtained from H? by cloning hs. (see Figure 3.b.) Let hj be such that H? =
H?/hj. Suppose that R} is adjacent to a. Then, it follows from (3.2) applied to a and

H? that a is a clone for H3, contrary to (iv). Hence, b} is nonadjacent to a. It follows
that a is either a leaf of type 5 or a hat of type 3 for H3. If hj is adjacent to h,, then
H3 is adjacent to H3/h, in W and a is a clone for H?/hs, a contradiction. Therefore,
hY is nonadjacent to hy. But now a and h, are adjacent small attachments of H 3 and
they have different types, contrary to (3.3).

H3 is obtained from H? by cloning h,. (see Figure 3.c.) Let h} be such that H? =

H?/R}. From (3.2) applied to h, and H?, it follows that b/, is nonadjacent to h, and,
in particular, that h, is a clone for H3. But now H?® is adjacent to H3/h, in W and

a a a
) ) I
hl.
h¥ /’¥ //\\
h5 hg h5 N P }LQ h5 P }LQ
h by A
ha h3 ha hs

Figure 2: The outcomes of (vi).
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a is a clone for H3/h,, a contradiction.

d) H3 is obtained from H? by cloning h-. (see Figure 3.d.) Let h. be such that H? =
5 5

H?/RL. From (3.2) applied to h, and H3, it follows that kL is nonadjacent to h, and,

in particular, that h, is a clone for H3. Since a is not a clone for H?/h,, it follows that

a is nonadjacent to h%. If H? satisfies outcome (1) of (v), then because h-a-hi-hy-hy
is not an induced four-edge antipath, it follows that h; is nonadjacent to hf and hence
outcome (1) holds. If H? satisfies outcome (2) of (v), then since hy-hi-a-hy-h; is not
an induced four-edge antipath, it follows that hy is adjacent to hf, and hence outcome
(2) holds.

Now suppose that H? = B or H? is a pyramid neighbor of B. Since a is an anticenter for B
and for every pyramid neighbor of B, it follows that H? satisfies outcome (1). It follows from
(i) and (ii) that H? has a pyramid (p, q) that is anticomplete to a. From the symmetry, we
may assume that (p, q) is a pyramid of type 1, 2, or 3 for H3. First suppose that (p,q) is a
pyramid of type 1 for H3. It follows from (3.8) that {p, ¢} is anticomplete to {h,, hs}. But
now h, is a leaf for the 5-gon F' = hy-p-g-h,-hi-h,, a is adjacent to h, and a has no neighbor
in F, contrary to (3.4). Next suppose that (p,q) is a pyramid of type 2 for H3. Then it
follows from (3.8) that p is nonadjacent to hs. Hence, a is a leaf of type 5 and p is a leaf
of type 2 for H3/hs, contrary to (3.3). So we may assume that (p,q) is a pyramid of type 3
for H3. Tt follows from (3.8) that p is nonadjacent to hs. Hence, a is a leaf of type 5 and p
is a leaf of type 3 for H3/hy, contrary to (3.3). This proves that H® is not B or a pyramid
neighbor of B and therefore that & > 4. This proves (vi). O

Let H3 be as in (vi). It follows from (vi) that we may now consider H*, which is a clone neighbor
of H3. Now, again, since P is a shortest path from a 5-gon that contains a to B, it follows that
there is no one- or two-edge path in W from H* to a 5-gon for which a is clone.

First, suppose that H? satisfies outcome (1) or (2) of (vi). Let kL be as in outcome (1) and (2) of
(vi). From the symmetry, we may assume that H* is obtained from H?® by cloning hy, B, or h.
We need to check a number of cases:

A .

S

a

A A,

]
0
’ /
ha hs

IS

a

.

1S % hy B hy b ha
(a) (b) (c) (d)

Figure 3: Potential neighbors of H? if H? satisfies (1) of (vi).
The “wiggly” edges represent arbitrary adjacencies.

h5

hl hy
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(a)

H* is obtained from H® by cloning h;. Let h} be such that H* = H3/h). First suppose

that k) is nonadjacent to hy. It follows that h, is a leaf of type 3 or a hat of type 5 for H*.
Since a is adjacent to hs, it follows from (3.4) that a is adjacent to h}. But now a is a leaf
of type 1 for H* and a is adjacent to h,, contrary to (3.3). Therefore, h} is adjacent to h,
and, from the symmetry, b} is adjacent to hy. But now the path H*-H?*/hy-H*/hy/hs is a
two-edge path from H* to a 5-gon for which a is clone, a contradiction.

H* is obtained from H? by cloning h). Now H*-H*/hy-H*/h,/hs is a two-edge path from

H* to a 5-gon for which a is clone, a contradiction.

H* is obtained from H? by cloning hy. Let hfy be such that H* = H?/hj. From (3.2) applied

to hy and H 4 it follows that hf is nonadjacent to hy and, in particular, that hy is a clone
for H%. Since, by the minimality of P, a is a not a clone for H*/hs, it follows from (3.2)
that a is nonadjacent to hj. If h} is adjacent to hy, then H4:-H*/hy-H*/h,/hs is a two-edge
path from H* to a 5-gon for which a is a clone, a contradiction. Hence, hf is nonadjacent to
hy and therefore h,, is a small attachment of H%. Since a is adjacent to hy, it follows from
(3.4) that a is adjacent to hy; and hence that outcome (2) of (vi) holds. But now a is a leaf
of type 1 for H%, h, is a hat of type 4 for H*, and a and h,, are adjacent, contrary to (3.3).

This proves that H? does not satisfy outcome (1) or outcome (2) of (vi). So next suppose that H?

satisfies outcome (3) of (vi). We need to check a number of cases:

(a)

(b)

H* is obtained from H? by cloning h}. H*-H*/h,-H*/h,/h, is a two-edge path from H* to
a 5-gon for which a is clone, a contradiction.

H* is obtained from H? by cloning h). Let h} be such that H* = H3/h. Since a is
not a clone for H%, it follows that hj is nonadjacent to a. If hj is adjacent to h,, then
H*-H*/h,-H*/h,/h, is a two-edge path from H* to a 5-gon for which a is clone, a contra-
diction. Therefore hf is nonadjacent to h,. But now h, is a hat of type 3 and a is a leaf of

type 5 for H, and h, and a are adjacent, contrary to (3.3).

H* is obtained from H? by cloning hs. Let h} be such that H* = H3/hj. Since a is not a
clone for H* by (iv), it follows that a is nonadjacent to hj. From (3.2) applied to h; and

H*, it follows that hj is nonadjacent to h,. If hj} is nonadjacent to h,, then hy, and a are
leaves of type 2 and 5, respectively, for H%, and a and h, are adjacent, contrary to (3.3).
Therefore, hj is adjacent to hy. But now H*-H?*/h,-H*/h,/h, is a two-edge path from H*
to a 5-gon for which a is clone, a contradiction.

H* is obtained from H3 by cloning h,. Let h/ be such that H* = H3/h/. By (3.2) applied
to hy and H*, it follows that h is nonadjacent to hy. By (3.2) applied to hy and H*/h, it
follows that h/, is nonadjacent to hy. By (3.2) applied to a and H*/h,/h,, it follows that b/,
is nonadjacent to a. But now H*H*/h,-H*/h,/h, is a two-edge path from H* to a 5-gon
for which a is clone, a contradiction.

H* is obtained from H? by cloning h. Let h% be such that H* = H?/hL. From (3.2) applied
to hy and H?, it follows that A% is nonadjacent to hy. If h% is nonadjacent to hy, then hy

and h, are hats of type 4 and 5, respectively, and h, and h, are adjacent, contrary to (3.3).
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Therefore, hf is adjacent to h;. Since h, is a hat for H* and a is adjacent to h,, it follows
from (3.4) that a is adjacent to hi. But now H*-H*/h,-H*/h,/h, is a two-edge path from
H* to a 5-gon for which a is clone, a contradiction.

This proves that H® does not satisfy any of the outcomes of (vi), a contradiction. This completes
the proof of (3.11). O

Next, we are interested in how vertices in V/(G)\U (W) can attach to U(W) where W is a maximal
Cs-structure.

(3.12) Let G € Forb(Py, Py, Cy) and let B be a 5-gon. Let W be a mazimal Cs-structure around
B. Let x € V(G)\U(W) and assume that x is not a center for W. Let u and v be two nonadjacent
neighbors of x and assume that u € UW). Then, for every H € V(W) such that w € V(H), v is
a clone for H in the same position as u and, in particular, v € U(W).

Proof. Let H € V(W) such that u € V(H) and let hy, hy, hs, hy, hs be the vertices of H in order.
From the symmetry, we may assume that h; = u. It follows from (3.7) and the assumption that z is
not a center for W that z is not complete to V(H). Moreover, since W is maximal and x ¢ U(W),
it follows that x is not a clone for H. Therefore x is either a leaf or a hat for H. Because v is
nonadjacent to u and adjacent to x, it follows that v ¢ V(H). From the symmetry, we may assume
that « is anticomplete to {hy, hg, by}, but possibly adjacent to hs. Because x is a small attachment
of H and v is adjacent to z, it follows from (3.4) that v has at least one neighbor in V(H). Since u
and v are nonadjacent, v is not complete to H. Hence, it follows from (3.2) that v is either a small
attachment or a clone for H.

First suppose that v is a small attachment of H. Then, from (3.3) and the fact that u and v
are nonadjacent, it follows that {x,v} is a pyramid for H. But now, by (3.9), {z,v} C UW),
contradicting the fact that z ¢ U(W).

So we may assume that v is a clone for H. If v is adjacent to hy and hy, then the claim holds.
Therefore, we may assume that v is adjacent to at most one of hy, hy. Since u and v are nonadjacent,
it follows that v is a clone of type 3 or 4 for H. If v is a clone of type 3 for H, then it follows from
(3.2) that x is a clone for H/v and hence x € U(W), a contradiction. If v is a clone type 4, then
again x is a clone for H/v and hence x € U(W), a contradiction. This proves (3.12). O

We are now in a position to prove (3.10).

Proof of (3.10). Let B be a 5-gon with a center and an anticenter and let W be a maximal Cj-
structure around B. Let Z = U(W), let C be the set of centers for YW and let A be V(G)\ (ZUC).
It follows from (3.11) that AU C # 0.

(i)  There exists z € Z that is anticomplete to A.

Let by,by,...,b5 be the vertices of B in order. Let K, K,,... K, be the components of
G|A. We may assume that V(B) N J,ecq N(v) = V(B), because otherwise the claim holds.
It follows from (3.3) and the maximality of U(W) that, for j = 1,2,...,q, every two vertices
u,v € V(K j) are either leaves of the same type or hats of the same type with respect to B.
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In particular, for each j = 1,2,...,q, V(B) N N(u) = V(B) N N(v) for all u,v € V(K).
Since V(B) N Uyea N(v) = V(B), it follows that there exist a stable set S C A such that
V(B) N Uyes N(v) = V(B). First suppose that some s; € S is a leaf for B. From the
symmetry, we may assume that V(B)NN(s;) = b;. Fori = 2,5, let 5; € S be a neighbor of b,.
It follows from (3.3) applied to s; and s, that s, is either a leaf of type 2 for B, or a hat of type
4. This implies that V(B) N N(sy) € {b;, by} and, symmetrically, V(B) N N(s5) = {b;, b5}
But now, s9-by-b3-b,-bs-55 is an induced five-edge path, a contradiction. Thus, we may assume
that every vertex in S is a hat for B. Again, consider s; € S. From the symmetry, we may
assume that s, is a hat of type 1 for B. For ¢ = 2,5, let s, € S be a neighbor of b,. It follows
from (3.3) applied to s; and s, that s, is a hat of type 4 for B. Symmetrically, s; is a hat
of type 3 for B. But now, s, and s contradict (3.3). This proves (i). 0

We claim that (Z, A, C) is a quasi-homogeneous set decomposition of G. Clearly, 1 < |Z] < |V(G)]
and C'is complete to Z. Construct G’ from G|(AUC) by adding a new vertex z that is complete to
C' and anticomplete to A. It follows from (i) that there exists a vertex in Z that is complete to C
and anticomplete to A. Therefore, G contains G’ as an induced subgraph. This settles properties
(i), (ii), and (iv) of the quasi-homogeneous set decomposition. To prove property (iii), let P; be
a perfect induced subgraph of G’ with z € V(P,), let P, be a perfect induced subgraph of G|Z,
and let P = G|(V(P,) UV(P,) \ {#}). We need to show that P is perfect. So suppose that P is
not perfect. Since P is an induced subgraph of G, it does not have an induced four-edge antipath
or an induced five-edge path. It follows that P contains an induced cycle F' of length five. Let
f1s fas- -+, f5 be the vertices of F' in order.

(ii) No edge of F' has one endpoint in Z and one endpoint in C.

From the symmetry, we may assume that f; € Z and f, € C. Since C' is complete to Z, and
f4 is nonadjacent to f; and f,, it follows that f, € A. Moreover, since f; is nonadjacent to
fo, it follows for the same reason that f; € AUC. If f; € A, then (3.12) with z = f;, u = f;
and v = f,, implies that f, € Z, a contradiction. Therefore, we may assume that f; € C.
Because f; is nonadjacent to f; and f;, it follows that f; ¢ C'U Z, and hence that f; € A.
But now z- fy- f3- f4-f5-2 is an induced cycle of length five in P, contradicting the fact that
P, is perfect. This proves (ii). O

Let P* be obtained from P by deleting all edges between ANV (P) and Z NV (P). It follows from
Lemma 2.2 that P* is perfect. Therefore, F' is not an induced subgraph of P*. It follows that some
edge of F' has one endpoint in Z and one endpoint in A, say f; € Z and f, € A.

Let H € V(W) be such that f; € V(H). Let hy, hy, ..., hs be the vertices of H in order. We may
assume that f; = hy.

(iii) No verter w € A is a clone or a center for H.

If w is a clone for H, then it follows from the maximality of W that w € Z, a contradiction.
If w is a center for H, then it follows from (3.7) that w € ZUC, a contradiction. This proves
(iii). n
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(iv) f3 is a clone of type 1 for H and {fs, f4, fs} C Z.

Since f; is nonadjacent to fs, it follows from (3.12) that f; € Z and f; is a clone in the same
position as f; for H. It follows from (ii) that f; € AU Z. Suppose that f; € A. Since f,
is nonadjacent to fi, it follows from (3.12) that f, is also a clone of type 1 for H. If f; is
adjacent to both h; and h,, then it follows from (3.2) that f; is a clone or a center for H,
contrary to (iii). Therefore, from the symmetry, we may assume that f; is nonadjacent to
hy. But now ho-fs-fs-f1-f4 is an induced four-edge antipath, a contradiction. This proves
that f; € Z and, from the symmetry, that f, € Z, and hence this proves (iv). 0

Since fy is adjacent to f;, but not to fs, it follows that f; & V(H). Since f, is adjacent to f5 but
not to fi, it follows that f, ¢ V(H). It follows from (iii) that f, is not a clone or a center for H
and hence that f, is nonadjacent to hs and h,.

We claim that {f,, f;} is anticomplete to {hy, hy}. For suppose not. From the symmetry, we may
assume that f, is adjacent to hy. If f, is nonadjacent to hs, then fs-f,-f4-hs-hy is an induced
four-edge antipath, a contradiction. Therefore, f, is adjacent to hs. If f, is adjacent to both h,
and hg, then it follows from (3.2) that f, is a clone or a center for H, contrary to (iii). Hence, from
the symmetry, we may assume that f, is nonadjacent to hy. But now fs-f;-f,-fo-hy is an induced
four-edge antipath, a contradiction. This proves that {f,, f5} is anticomplete to {h, hs}.

It follows from (3.4) applied to hg, hy and hy-fs- f,- f5- f1-ho that there is at least one edge between
{hg,h,} and {fy, fs}. From the symmetry, we may assume that f; is adjacent to h,. It follows
from (3.2) applied to h, and hs-fs-f,-f5s-f1-hs that h, is nonadjacent to f,. It follows from (3.2)
applied to f; and H that f; is nonadjacent to hy. By applying (3.4) to hy, hy and F, hy has a
neighbor in V(F'). Therefore, hs is adjacent to f,. But now hs and h, are adjacent leaves for F
that have different types, contradicting (3.3). This proves (3.10). O

3.3 Basic graphs

In the previous section, we showed that composite graphs in Forb(Pyf, Py, Cy), i.e. graphs that have
a b-gon with both a center and an anticenter, admit a quasi-homogeneous set decomposition. In
this section, we will analyze basic graphs. It turns out that if a graph does not contain a 5-gon
with both a center and an anticenter, then a ‘dual’ statement is also true: there is no vertex that
simultaneously serves as a center for some 5-gon in GG and as an anticenter for some other 5-gon in
G (we will prove this shortly). In particular, this implies that for every v € V(G), either G|N(v)
or G|M (v) is perfect (and, equivalently, 1-narrow).

(8.13) Let G € Forb(Py, P;,Cy;) and suppose that no 5-gon has both a center and an anticenter.
Then there do not exist v, A and B such that v € V(G), A and B are 5-gons in B, and v is a
center for A and an anticenter for B.

Proof. Suppose that v is a center for a 5-gon A and an anticenter for a 5-gon B. Since v is
complete to V(A) and anticomplete to V(B), it follows that V(A) N V(B) = 0. Let ay,a,,...,a;

19



and by, by, ..., bs be the vertices of A and B, respectively, in order.
(1)  Every x € V(B) is a small attachment of A and all x € V(B) are of the same type.

It follows from (3.2) that = is either an anticenter, or a small attachment, or a clone, or a
center for A. Since G is basic, A does not have an anticenter and hence x is not an anticenter
for A. Now suppose that x is a clone for A. It follows from (3.2) applied to A/x that v is
adjacent to z, contradicting the fact that v is anticomplete to V' (B). This proves that every
vertex in V(B) is either a small attachment or a center for A.

Suppose that some vertex in V(B) is complete to V(A). Since B has no center, not all
vertices in V(B) are centers for A. Therefore, there are adjacent y,z € V(B) such that y is
complete to V(A) and z is not. Therefore, z is a small attachment of A. Let a € V(A) be a
neighbor of z and let a’ € V(A) be a non-neighbor of a. Since z is a small attachment of A,
it follows that @’ is nonadjacent to z. But now a-a’-z-v-y is an induced four-edge antipath,
a contradiction. This proves that every vertex in V(B) is a small attachment of A. Now
suppose that not all vertices of V(B) are of the same type with respect to A. Then there
exist adjacent b, € V(B) such that b and b are small attachments for A, but of different
types, contradicting (3.3). This proves (i). O

(ii) Letx € V(A). Then x is either a clone or an anticenter for B.

Suppose that x is not a clone or an anticenter for B. Since G is basic, B does not have a
center and hence x is not complete to V(B). Then it follows from (3.2) that x is a small
attachment of B. But now v is a neighbor of a small attachment of B and v has no neighbor
in V(B), contrary to (3.4). This proves (ii). O

From (i) and the symmetry, we may assume that all b € V(B) are of type 1 for A. That is, for
every b € V(B), b is either adjacent to a; and anticomplete to {a,, a3, ay, a5}, or b is adjacent to as
and a, and anticomplete to {a,,a,,as}. Since B does not have a center, at least one of the vertices
of B is a leaf and at least one of them is a hat. From the symmetry, we may assume that b, is a leaf
for A that is adjacent to a;. Since from (ii) every vertex of A is either a clone or an anticenter for
B, it follows that we may assume that a, is adjacent to b, and a, is anticomplete to {b,,bs}. Since
a, is anticomplete to {b,,bs}, it follows from (i) that b, and b, are complete to {as,a,}. Because
b, and b, are leaves, it follows that {b;,b,} is anticomplete to {as,a,}. Therefore, it follows from
(3.2) applied to as and B that ag is a hat for B, contradicting (ii). This proves (3.13). O

We can now prove that
Theorem 3.14. Every graph G € Forb(Pf, Py, Cy) is 2-narrow.

Proof. We prove this by induction on |[V(G)|. If G is perfect, then G is 1-narrow and there is
nothing to prove. So we may assume that G is not perfect. From the fact that G has no induced
four-edge antipath and no induced five-edge path, it follows that G contains a 5-gon. First suppose
that G contains a 5-gon with a center and an anticenter. Then, by (3.10), G admits a quasi-
homogeneous set decomposition (Z, A, C). Let G’ be the graph obtained from G|(AUC) by adding
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a vertex z that is anticomplete to A and complete to C. Notice that G’ is an induced subgraph of G
by property (iv) of a quasi-homogeneous set decomposition, and hence G’ € Forb(Py, P, Cy). By
the induction hypothesis, G’ and G|Z are 2-narrow. It follows from Lemma 2.3 that G is 2-narrow.
So we may assume that G' has no 5-gon that has both a center and an anticenter. Let v € V(G).
It follows from the induction hypothesis that G|N(v) and G|M (v) are both 2-narrow. Moreover, it
follows from (3.13) that either G|N(v) or G|M (v) is perfect and hence 1-narrow. Since this is true
for every v € V(G), it follows from Lemma 2.1 that G is 2-narrow. This proves Theorem 3.14. [

4 Graphs in Forb(P/, F)

In this section, we will prove that every graph in Forb(Pf, P;) is 3-narrow. Let G € Forb(Pf, P;)
and suppose that G does not contain a 6-gon with a center. Then it follows that G|N(v) €
Forb(Pf, P;, Cy) for every v € V(G). So, we can conclude by Theorem 3.14 that G|N(v) is 2-
narrow for every v € V(G). If G is a minimal counterexample to Theorem 1.2, then, by the
minimality of G, it follows that G|M (v) is 3-narrow for every v € V(G) and hence G is 3-narrow by
Lemma 2.1 (for details, see the proof of Theorem 1.2 at the end of this section). Thus, it remains
to consider the case when G does contain a 6-gon with a center. We deal with this case in (4.2).
We will start with a lemma that deals with attachments of 6-gons.

(4.1) Let G € Forb(Py, Py) and let H be a 6-gon in G with vertices hy, hy, ..., hg in order. Let
v e V(G)\ V(H) and suppose that v has a neighbor and a non-neighbor in V(H). Then, up to
symmetry, either

(x) v is complete to {hy, hg,hs} and v is anticomplete to {hy, hy, hg}, or

(y) wv is complete to {hg, hg}, v is anticomplete to {hy,hy} and v is either complete or anticom-
plete to {hy, hs}, or

(z) v is complete to {hy, hs}, anticomplete to {h,, hs, hg}, and the adjacency between v and hy
is arbitrary.

Proof. We may assume that v is adjacent to h; and nonadjacent to hy. Suppose that v is adjacent
to hg. Since hy-hy-hg-h, is an induced path, and v is complete to {h;, h3} and nonadjacent to h,, it
follows from (3.1) that v is nonadjacent to h,. From the symmetry, it follows that v is nonadjacent
to hg. If v is adjacent to hy, then (x) holds. If v is nonadjacent to hg, then (z) holds. So we may
assume that v is nonadjacent to hs. If v is nonadjacent to h,, then, since v-h,-hy-hs-h,-hs is not
an induced five-edge path, it follows that v is adjacent to hy and (z) holds. So we may assume
that v is adjacent to h,. Because h,-hs-hg-h, is an induced path and v is adjacent to h; and h,, it
follows from (3.1) that v is either complete or anticomplete to {hs, hg}. Therefore, (y) holds. This
proves (4.1). O

Let G € Forb(Pj, P;) and let H be a 6-gon in G. We call a vertex v € V(G) \ V(H) an (x)-
vertez, (y)-vertex, or (z)-vertex for H if v satisfies (x), (y), or (z) of (4.1), respectively. Let
z € V(G)\ V(H) be a (z)-vertex for H. Then, there exists a unique vertex h € V(H) such that
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H =G|(V(H)\ {h})U{z}) is a 6-gon. We say that H' is the 6-gon obtained from rerouting H
through z.

(4.2) Let G € Forb(Py, P;) and suppose that G contains a 6-gon with a center. Then G admits
either a quasi-homogeneous set decomposition, or a 3-join.

Proof. Let H be a 6-gon with a center and let Ay, h,,..., hg be the vertices of H in order. Let C
be the set of vertices that are complete to V(H). Notice that C' # ). Let X, Y, and Z be the sets
of (x)-vertices, (y)-vertices, and (z)-vertices for H, respectively.

(i) C is complete to X UY U Z and X is anticomplete to Y .

Let ¢ € C and z € Z. Let H' be the 6-gon obtained from rerouting H through z. Then ¢
has at least five neighbors in V(H’) and hence (4.1) implies that ¢ is adjacent to z. This
proves that C is complete to Z. Now let x € X. From the symmetry, we may assume
that x is complete to {hy, hs, hy} and anticomplete to {hy, hy, hg}. Since hg-hi-z-hg is an
induced path and ¢ is complete to {hy, hg, hs}, it follows from (3.1) that ¢ is adjacent to
x. Hence, C is complete to X. Next, let y € Y. We may assume that y is complete to
{hs, h¢} and anticomplete to {hy, hy}. Then h,-hs-y-hq is an induced path and ¢ is complete
to {hy, hg, hg}. It follows from (3.1) that y is adjacent to ¢ and hence that Y is complete to
C. This proves that C is complete to X UY U Z.

Next, suppose that x € X and y € Y are adjacent. From the symmetry, we may assume
that = is complete to {hy, hg, hy} and anticomplete to {hq, hy, hg}, and that y is complete to
{hg, hg} and anticomplete to {hq, hy}. Now, hi-hy-hs-y is an induced path, z is complete to
{hq,hs,y} and z is nonadjacent to hy, contrary to (3.1). This proves (i). O

Let Y’ be the set of vertices in V(G) \ (V(H)UCU X UY U Z) with a neighbor in Y. Let X’
be the set of vertices in V(G)\ (V(H)UCU X UY UZUY’) with a neighbor in X. Let X" be
the set of the vertices in V(G)\ (V(H)UCUX UY UZUY’'U X') with a neighbor in X’. Let
A=V(G\(V(H)UCUXUYUZUY' UX'UX"). Since (AUX'UX"UY")N(XUYUZUC) =10,
(4.1) implies that AUY' U X’ U X" is anticomplete to V(H). It follows from the definition of Y”,
X', X" and A that X’ U X” U A is anticomplete to Y, X is anticomplete to X” U A, and X' is
anticomplete to A.

(il) Z is anticomplete to AUX'UX"UY", Y is anticomplete to AUX'UX", and A is anticomplete
to X".

First, suppose that z € Z is adjacent to a € AU X' U X" UY’. Let H' be obtained from
rerouting H through z. Then it follows that a has exactly one neighbor in V(H'), contrary
to (4.1). This proves that Z is anticomplete to AU X' U X" UY".

Next, suppose that ¢’ € Y’ is adjacent to a € AU X’ U X”. Let y € Y be a neighbor of 3/.
We may assume that y is adjacent to hg and not to h; and hy. Now hy-hy-hs-y-y'-a is an
induced five-edge path, a contradiction. This proves that Y’ is anticomplete to AU X' U X",

Finally, suppose that 2/ € X" is adjacent to a € A. Then let 2 € X’ be a neighbor of x”
and let z € X be a neighbor of /. From the symmetry, we may assume that z is adjacent to
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hqy and not to hy. Then hy-hy-z-2'-2"-a is an induced five-edge path, a contradiction. This
proves that A is anticomplete to X", thus proving (ii). o

The following two claims deal with the case when Y # ().

(iii)

Suppose thatY # (). Then there do not exist x, p, q such that x € XUY, p,q e X’ UX"UY",

and x-p-q is an induced path.

(iv)

Suppose that Y # () and suppose that such z, p, ¢ exist. First suppose that x € Y. We may
assume that x is complete to {hg, hg} and anticomplete to {hy, hy}. Now hy-hy-hg-2-p-q is an
induced five-edge path, a contradiction. We may therefore assume that x € X. Let y € Y.
It follows from (i) that y is nonadjacent to z. From the symmetry, we may assume that x is
complete to {hy, hg, hs}, y is complete to {hs, hg} and y is anticomplete to {hy, hy}. Since
g-p-x-h,-hg-y is not an induced five-edge path, it follows that y is adjacent to at least one
of p and ¢. Because we already proved that no vertex in Y forms a two-edge induced path
with p and ¢, it follows that y is complete to {p, ¢}. But now z-hs-y-¢ is an induced path, p
is complete to {z,y, ¢}, and p is nonadjacent to hg, contrary to (3.1). This proves (iii). o

If Y # 0, then the lemma holds.

Suppose that Y # (). We claim that X” = (). For suppose that 2’/ € X”. Then let 2’ € X’ be
a neighbor of z”, and let x € X be a neighbor of /. Then z-2’-z” is an induced path with
x € X and 2/, 2" € X" U X", contrary to (iii). This proves that X" = 0.

Let A’ be the union of all the components K of G|(X’ UY”) such that C is not complete to
K. Let N=AUA and U = (V(H)UX UY UZUX'UY")\ A. We claim that (U, N,C) is
a quasi-homogeneous set decomposition of G.

Clearly, 1 < |U| < |V(G)|. Construct G’ from G|(N U C) by adding a new vertex z that
is complete to C' and anticomplete to N. First notice that any vertex in V(H) is complete
to C' and anticomplete to N, and therefore G contains G’ as an induced subgraph. Next, it
follows from (i) and the definition of A’ that C' is complete to U. This settles properties (i),
(ii), and (iv) of the quasi-homogeneous set decomposition.

To prove property (iii), let P, be a perfect induced subgraph of G’ with z € V(P,), let P,
be a perfect induced subgraph of G|Z, and let P = G|((V(P,) UV (P,)) \ {z}). We need to
show that P is perfect. So suppose that P is not perfect. Since P is an induced subgraph of
G, it does not have an induced four-edge antipath or an induced five-edge path. It follows
that P contains an induced cycle F' of length five. Let f;, fs, ..., f5 be the vertices of I in
order. Let P* be obtained from P by deleting all edges between U NV (P) and NNV (P). It
follows from Lemma 2.2 that P* is perfect. Therefore, F' is not an induced subgraph of P*.
It follows that some edge of F' has one endpoint in U and one endpoint in N, say f; € U and
fo €N.

It follows from (ii) that A is anticomplete to U. Hence, because f; and f, are adjacent,
it follows that f, ¢ A and therefore f, € A’. It follows from the definition of A’ that
L1 € VH)UX ' UY'UZ and hence f; € X UY. Now let us consider f;. Since f; is
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adjacent to fy, it follows that f; € X UY UA'UC. If f; € A’, then f,-f,-f5 is an induced
path with f; € X UY and f,, f; € X' UY’, contrary to (iii). Since f; € X UY, C is
complete to X UY, and f; is nonadjacent to f;, it follows that f; & C, and therefore
f3 € XUY. Now let us consider f, and f5. If both f, and f; are in X’ UY”, then f5-f,-f;
is an induced path with f; € X UY and f,, f; € X’ UY”, contrary to (iii). Therefore, from
the symmetry, we may assume that f, ¢ X'UY’. Since f, is adjacent to f;, this implies that
fr e V(H)UCUXUY UZ. Since f, is not adjacent to f; and C is complete to f;, it follows
that f, & C. Therefore, (i) implies that f, is complete to C. This proves that C is complete
to {f1, f5, fa}-

Let K’ be the component of A’ that contains f,. We first claim that no vertex in X UY
has both a neighbor and a non-neighbor in K’. For suppose otherwise. Then, there exist
x € XUY and adjacent ky, ky € K’ such that x is adjacent to k; and nonadjacent to k,. But
now f;-kq-ky is an induced path that contradicts (iii).

Since f, and f; are adjacent to f, € K, it follows that f; and f; are complete to K’. Next,
we claim that f, is anticomplete to K'. If f, € V(H) U Z, then this follows from the fact
that V(H) U Z is anticomplete to X’ UY". If f, € X UY, then this follows from the above
and the fact that f, is nonadjacent to f, € K’. Thus, f, is anticomplete to K.

Since K’ is not complete to C' by the definition of A’, we may choose f € K’ and ¢ € C such
that f5 is nonadjacent to ¢ (perhaps by choosing f} = f,). It follows from the above that f}
is adjacent to f; and f; and nonadjacent to f,. Therefore, f,-f}-f5-f, is an induced path. It
follows from the above that ¢ is complete to {f;, f5, f4} and nonadjacent to f3, contrary to
(3.1). This proves (iv). O

In view of (iv), we may from now on assume that no 6-gon with a center in G has a (y)-vertex.

v)

If Z # 0, then the lemma holds.

Suppose that Z # (). From the symmetry, we may assume that there exists z € Z such that
z is adjacent to hy and hg. Let Z] be the set of vertices in Z that are adjacent to h, and
hg and let Z, = Z7 U {hy}. It follows from the definition of Z; that |Z;| > 2. Let R be the
set of vertices in V(G) \ Z; with a neighbor in Z; and let S = V(G) \ (Z; U R). We claim
that (Z;, S, R) is a homogeneous set decomposition of G. For suppose not. Then there exist
ve V(G)\ Z, and x,y € Z; such that v is adjacent to x and nonadjacent to y. It follows
from the definition of Z; that v € V/(H). Let H' = x-hy-hg-...-hg-z. It follows from (i) that
C'is complete to Z;. Thus, H' has a center and, therefore, since no 6-gon with a center has
a (y)-vertex, H' has no (y)-vertex. It follows from (4.1) that v is either an (x)-vertex or a
(z)-vertex for H'. It follows that v is nonadjacent to h, and, since v ¢ Z;, v is adjacent to at
least one of hs, hy. From the symmetry, we may assume that v is adjacent to hs. It follows
from the fact that v is either an (x)-vertex or a (z)-vertex for H', that v is nonadjacent to
hg. Since y-hg-z-v-hs-hy is not an induced five-edge path, it follows that x is adjacent to y.
If v is nonadjacent to h,, then z-hs-y-v-h, is an induced four-edge antipath, a contradiction.
Thus, v is adjacent to h, and hence v is a (z)-vertex for H’, and v is nonadjacent to hs.
Now, the adjacency of v with respect to the 6-gon y-hy-hg-...-hg-y contradicts (4.1). This
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proves that (Z;, R, S) is a homogeneous set decomposition, and hence a quasi-homogeneous
set decomposition, of G. This proves (v). o

In view of (v), we may from now on assume that Z = (). Let X, and X, be the vertices in X that are
complete to {hy, hg, hy} and {hqy, hy, hg}, respectively. Now, ({hy, hg, hs}, {ho, hy, hg}, X, Xy, C, AU
X’'U X") is a ¥-join. This proves (4.2). O

We are now in a position to prove Theorem 1.2:

Proof of Theorem 1.2. We prove the theorem by induction on |V (G)|. Let G € Forb(Py, P;).
Suppose first that G contains a 6-gon with a center. Then it follows from (4.2) that G admits
either a quasi-homogeneous set decomposition or a X-join. If G admits a quasi-homogeneous set
decomposition, then it follows from Lemma 2.3 and the induction hypothesis that G is 3-narrow.
Otherwise, G admits a X-join and it follows from Lemma 2.4 and the induction hypothesis that
G is 3-narrow. So we may assume that G contains no 6-gon with a center. Now let v € V(G).
Clearly, G|N(v) does not have Cj; as an induced subgraph. Therefore, G|N(v) € Forb(Pf, P;, Cy)
and hence, by Theorem 3.14, G|N(v) is 2-narrow. By the induction hypothesis, it follows that
G|M (v) is 3-narrow. Since this is true for every v € V(G), it follows from Lemma 2.1 that G is
3-narrow. This proves Theorem 1.2. O
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