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Abstract

A hole in a graph is an induced subgraph which is a cycle of length at least four. A hole is called
even if it has an even number of vertices. An even-hole-free graph is a graph with no even holes. A
vertex of a graph is bisimplicial if the set of its neighbours is the union of two cliques. In this paper

we prove that every even-hole-free graph has a bisimplicial vertex, which was originally conjectured
by Reed.



1 Introduction

All graphs in this paper are finite and simple. Let G be a graph. The complement, G, of G is the
graph with vertex set V(G) and such that two vertices u,v € V(G) are adjacent in G if and only
if they are non-adjacent in G. A clique in G is a set of vertices, all pairwise adjacent. Let S be a
subset of V(G). We denote by G|S the subgraph of G induced on S, and by G \ S the subgraph
of G induced on V(G) \ S. We say that S is connected if G|S is connected. A component of S is a
maximal subset S” of S such that G|S’ is connected. An anticomponent of S is a maximal subset S’
of S such that G|S' is connected. The neighbourhood of S, denoted by Ng(S) (or N(S) when there
is no risk of confusion), is S together with the set of all vertices of V(G) \ S with a neighbour in S.
If S = {v}, we write Ng(v) instead of Ng({v}) (and, respectively, N(v) instead of N({v})). For an
induced subgraph H of G, we define N(H) to be N(V(H)). The non-neighbourhood of S is the set
V(G)\ N(S). A vertex is called bisimplicial (in G) if its neighbourhood is the union of two cliques.
Two disjoint subsets A, B of V(G) are complete to each other if every vertex of A is adjacent to
every vertex of B, and anticomplete to each other if no vertex of A is adjacent to any vertex of B.
If A= {a}, we write “a is complete (anticomplete) to B” instead of “{a} is complete (anticomplete)
to B”.

A hole in a graph is an induced subgraph which is a cycle of length at least four. An antihole
in a graph G is the complement of a hole in the complement of G. A hole is even if it has an
even number of vertices (and, equivalently, edges), and odd otherwise. A graph is even-hole-free if it
contains no even hole. Even-hole-free graphs were studied in [2] and are known to be recognizable in
polynomial time ([1], [3]). In [4] it is shown that every even-hole-free graph contains a vertex whose
neighbourhood induced a graph with no holes at all. However, the following conjecture of Reed has
remained open [5], and is our main result:

1.1 Ewery non-null even-hole-free graph has a bisimplicial vertez.

A graph G is called odd-signable if there exists a function f : E(G) — {0,1} such that 3 c g f(€)
is odd for every hole H of G. It is natural to ask whether 1.1 is true if we replace “even-hole-free”
by “odd-signable”. The answer to this question is “no”, and the eight vertex graph which is the
1-skeleton of the cube is a counterexample.

The goal of this paper is to prove 1.1. However, for inductive arguments, it turns out to be
helpful to consider a slightly stronger statement. Instead of just finding one bisimplicial vertex, we
prove that every subgraph with certain properties contains one.

A set S of vertices in a graph G is called dominating (in G ) if N(S) = V(G), and non-dominating
otherwise. An induced subgraph H of G is dominating if V(H) is dominating, and non-dominating
otherwise. We can now state our main theorem.

1.2 Let G be an even-hole-free graph. Then both the following statements hold:
1. If H is a non-dominating hole in G, then some vertex of V(G) \ N(H) is bisimplicial in G.

2. If K is a non-dominating clique in G of size at most two, then some vertex of V(G)\ N(K) is
bisimplicial in G.



Clearly the second statement of 1.2 with K = () implies 1.1. We remark that the second statement
of 1.2 is false if we replace “at most two” by “at most three”. The graph obtained from K4 by choosing
a vertex and subdividing once the edges incident with it is a counterexample.

Let us now outline the proof of 1.2. The proof uses induction. Let G be a graph such that 1.2
holds for all smaller graphs. First we suppose that G fails to satisfy the first statement, that is there
is a non-dominating hole H in G, but there is no bisimplicial vertex in the non-neighbourhood of
V(H). Now the idea is to examine the neighbourhood of V(H) and try to find what we call a “useful
cutset” in G, that is, a subset C' of V(G) and an edge e with both ends in C' such that

e V(G)\ C is the disjoint union of two non-empty sets, L and R, anticomplete to each other

e C' C N(e) and the non-neighbourhood of e in the graph G|(C' U R) is a non-empty subset of
the non-neighbourhood of V(H) in G.

If we find such a cutset C, then it follows, from the minimality of G, that R contains a vertex v
which is bisimplicial in G|(C U R); and since L is anticomplete to R, it follows that v is a bisimplicial
vertex of (G, which is a contradiction.

Unfortunately, we do not always succeed in finding a useful cutset; sometimes we have to make
do with a set C' and a list g, .., ug, vy, .., vy of vertices of C' (possibly with repetitions) where u; is
non-adjacent to v; in G for every 1 < ¢ < k, such that:

e V(G)\ C is the disjoint union of two non-empty sets, L and R, anticomplete to each other

e the graph G’ obtained from G|(R U C) by adding the edge u;v; for every 1 < i < k is even-
hole-free

e For some edge e of G', C C N(e), and the non-neighbourhood of e in the graph G’ is a
non-empty subset of the non-neighbourhood of V(H) in G

e if v is a bisimplicial vertex of G’ contained in the non-neighbourhood of e, then v is bisimplicial
in G.

Having found such a set C' etc, the same argument as in the case of a “genuine” useful cutset leads
to a contradiction.

So G satisfies the first statement of 1.2. Suppose it fails to satisfy the second. This means
that there is a non-dominating clique K of size at most two in G with no bisimplicial vertex in its
non-neighbourhood. An easy argument shows that there is a hole H of G such that K is included
in V(H). Since the first assertion of the theorem holds for G, we deduce that H is dominating in
G. Now we can examine the structure of G relative to H, and again find variations on the idea of a
useful cutset, such as the one described above, that lead to a contradiction. So G satisfies the second
statement of 1.2 too. This completes the inductive proof.

For a graph G, we denote by x(G) the chromatic number of G, and by w(G), the size of the
largest clique of G. Finally, we would like to point out the following easy corollary of 1.1:

1.3 Let G be an even-hole-free graph. Then x(G) < 2w(G) — 1.

Proof. By 1.1, some vertex v of G is bisimplicial, and therefore v has degree at most 2w — 2. Now
the result follows by deleting v and applying induction. |



2 Preliminaries

Let us start with some definitions. We say that P is a path in G if P is an induced connected
subgraph of G, such that either P is a one-vertex graph, or two vertices of P have degree one, and
all the others have degree two. (This definition is non-standard, but very convenient.) The length of
a path is the number of edges in it. A path is called even if its length is even, and odd otherwise. Let
the vertices of P be p1,...,px in order. Then py, py are called the ends of P (sometimes we say P is
from p1 to py or between p1 and py), and the set V(P) \ {p1,px} is the interior of P and is denoted
by P*. For 1 <i < j <k we will write p;-P-p; or p;-P-p; to mean the subpath of P between p; and
pj. Similarly, if H is a hole, and a, b and c are three vertices of H such that a is adjacent to b, then
a-b-H-c is a path, consisting of a, and the subpath of H \ {a} between b and c.

A theta in a graph G means an induced subgraph T of G with two nonadjacent vertices s,t and
three paths P, @Q, R, each between s, t, such that P, @Q, R are disjoint apart from their ends, the union
of every pair of them is a hole, and T'= PUQU R. A prism in G is an induced subgraph P in which
there are three paths Ry, Ra, R3, with the following properties:

o for i =1,2,3, R; has length > 0; let its ends be a;, b;
e Ri, Rs, R3 are pairwise disjoint, and V(P) = V(R; U Ra U R3)

e for 1 < i < j < 3, there are precisely two edges between V(R;) and V(R;), namely a;a; and
bib;.

An even wheel in G is an induced subgraph consisting of a hole H and a vertex v ¢ V(H) with an
even number, and at least four, neighbours in V(H).

It is easy to see that every theta, every prism, and every even wheel contains at least one even
hole, and therefore

2.1 No even-hole-free graph contains a theta, a prism or an even wheel.

Let H be a hole in G and let v € V(G) \ V(H). We say that (with respect to H) v is

e a leaf if it has exactly one neighbour in V(H),

a hat if it has exactly two neighbours in V(H) and they are adjacent,

a clone if its neighbours in V(H) form a two-edge subpath of H,

e a pyramid if v has exactly three neighbours in V(H) and exactly one pair of them is an edge
of H, and

e a major vertez if either three neighbours of v in V/(H) are pairwise non-adjacent, or |V (H)| =5
and v is complete to V(H).

If v is a leaf with respect to H and the neighbour of v in V(H) is n1, we say that v is a leaf at
n1. If v is a hat with neighbours ni,ns, then v is a hat at nins. If v is a clone with respect to H
and the neighbours of v in V(H) are ny,ny,ng where ny is non-adjacent to ng, we say that v is a
clone at ny. Finally, if v is a pyramid with respect to H with neighbours nj,ne,ns in V(H) where
n1 is adjacent to no, we say that v is a pyramid with base ning and apex ns.



2.2 Let G be an even-hole-free graph and let H be a hole of G. Let v be a vertex of V(G)\ V(H)
with a neighbour in V(H). Then v is either a leaf, or a hat, or a clone, or a pyramid, or a major
vertex with respect to H .

Proof. Let N be the set of neighbours of v in V(H). We may assume that |N| > 1, no three vertices
of N are pairwise non-adjacent, and if |V (H)| = 5, then v is not complete to V(H), for otherwise
the theorem holds. It follows that |N| < 4, and therefore by 2.1 |N| < 3.

Suppose |[N| = 2 and write N = {nj,n2}. We may assume that n; is non-adjacent to ng, for
otherwise the theorem holds. But now the subgraph induced by G on V(H)U{v} is a theta, contrary
to 2.1.

Next assume that |[N| = 3 and write N = {nj,n2,ng}. Since no three vertices of N are pairwise
non-adjacent, we may assume that n; is adjacent to ng. If ng3 is anticomplete to {ni,na}, then v is
a pyramid with respect to H, so we may assume that ng is adjacent to ns, say. Since H is a hole,
ns is non-adjacent to ni, and therefore ni-ns-ns3 is a two-edge subpath of H and v is a clone with
respect to H. So if |[N| = 3, the theorem holds. This completes the proof of 2.2. |

The following is a lemma that we use a number of times in the course of the proof.

2.3 Let G be even-hole-free, let K be a clique in G, and let S be a subset of V(G)\ K. Assume that
V(G)\ (K US) is the disjoint union of two sets, L and R, such that L is connected and anticomplete
to R. Assume also that every vertex of K has a neighbour in L, and there is a vertex a € L, such
that S is complete to a and anticomplete to L\ {a}.

Define the graph G’ as follows. Let V(G') = RUS UK, and let u,v € V(G') be adjacent if and
only if there is an odd path of G between them with interior in L.

Then G’ is even-hole-free.

We remark that every two vertices of G’ that are adjacent in G, are still adjacent in G’. Since S

is anticomplete to L\ {a} and K is a clique, it follows that every edge in E(G’) \ E(G) has one end
in S and the other in K.
Proof. We observe that, since L is connected and every vertex of K U S has a neighbour in L,
it follows that for every ¥’ € K and s’ € S, there is a path from k¥’ to s’ in G with interior in L.
Assume for a contradiction that there is an even hole H in G’. Since G|(K U RUS) is even-hole-free,
it follows that at least one edge of H belongs to E(G’) \ E(G). So there exist two vertices k and s
of H such that k € K, s € S, and k is adjacent to s in G’ but not in G.

(1) If ¥ € K is non-adjacent in G' to s € S, then every path from k' to s’ with interior in R
s odd.

Let P be a path from k' to s’ with interior in R and let @ be a path from k' to s’ with inte-
rior in L. Since s’, k' are non-adjacent in G’, it follows that @ is even. But now, since k'-Q-s'-P-k’
is not an even hole in G, it follows that P is odd. This proves (1).

(2) Let k' € K and s € S be adjacent in G' and non-adjacent in G. Then every path from k'
to s’ in G with interior in R is even.

Let P be a path from &’ to s’ in G with interior in R and let @ be a path from k' to s’ in G with



interior in L. Since s', k" are adjacent in G’, it follows that @ is odd. But now, since k¥’-Q-s'-P-k' is
not an even hole in G, it follows that P is even. This proves (2).

(3) |V(H) N (SUK)|>2.

If V(H)n (K US) = {k,s}, then the graph induced by G on V(H) is an odd path from k to s
with interior in R, contrary to (2). This proves (3).

(4) Every vertex of K, incident with an edge of E(G')\ E(G), is complete to S in G'.

Let k1s1 € E(G')\ E(G) for some k; € K and s; € S, and let sy bein S. Since k151 € E(G')\ E(G),
we deduce from the definition of G’ that in G there exists an odd path P from k; to s; with interior
in L. Since S is complete to a and anticomplete to L \ a, it follows that the neighbour of s; in P is
a, and k1-P-a-s5 is an odd path from k; to sp with interior in L. But now, kjsy € E(G'), again by
the definition of G’. This proves (4).

By (4) k is complete to S, and therefore |V(H) N S| < 2. Assume first that |[V(H) N S| = 2,
and let s’ be the vertex of V(H) NS different from s. Since H is a hole, s is non-adjacent to s’ and
V(H) \ {k,s,s'} is included in R. Let P be the path H \ {k}. Now, since H is an even hole, P is
even, and s-P-s’-a-s is an even hole in G, a contradiction. This proves that V(H) NS = {s}, and
therefore, by (3) and since K is a clique, |V(H)N K| = 2. Let k£’ be the vertex of V(H)N K different
from k. Then k" is non-adjacent to s and V(H) \ {k,k’, s} is a subset of R. But then, since H is an
even hole, the path H \ {k} is even, contrary to (1). This completes the proof of 2.3. |

Finally, we show the following:

2.4 Let G be a counterexample to 1.2 with |V (G)| minimum, and assume that there exists a non-
dominating clique K' of size at most two in G such that no vertex of V(G) \ N(K') is bisimplicial
in G. Then there exists a non-dominating clique K of size exactly two in G such that no vertex of
V(G) \ N(K) is bisimplicial in G.

Proof. First we show that we may assume |K’| = 1. For suppose that K’ = ). If G is a complete
graph, then every vertex of G is bisimplicial, contrary to the assumption, so there is a non-dominating
vertex k”. Now K" = {k"} is a non-dominating clique of size one in G such that no vertex of
V(G) \ N(K") is bisimplicial in G. We therefore assume that K’ = {k’} for some k" € V(G).

If there exists a neighbour k of &/, such that {k, ¥’} is non-dominating, then the clique K = {k, &'}
has the desired property. So we may assume that no such k exists and every k € N(k') is complete
to V(G) \ N(k"). Since for a,b € N(K')\ {k'} and ¢ € V(G)\ N ('), k’-a-c-b-k’ is not a hole of length
four, it follows that N (k') is a clique. By the minimality of V(G), there is a bisimplicial vertex v in
G\ N(K'). But now, since Ng(v) = Ne\nery(v) U (N(K') \ {k'}), it follows that v is bisimplicial in
G, a contradiction. This proves 2.4. |

In the next few sections, we will be proving several statements about an even-hole-free graph

G such that 1.2 holds for all graphs with fewer vertices than G. We refer to this property as “the
minimality of |V (G)|”.



3 Non-dominating holes
The goal of this section is to prove the following:

3.1 Let G be an even-hole-free graph such that 1.2 holds for all graphs with fewer vertices than G.
Let H be a non-dominating hole of G. Then there is a vertez in V(G) \ N(H) which is bisimplicial
in G.

Proof. Assume no such vertex exists. Let hi-...-hg-h1 be the vertices of H in order. Let
M = V(G)\ N(H) and N = N(H) \ V(H). Then no vertex of M is bisimplicial in G. From
the minimality of |V(G)] it follows that G is connected, and therefore N # ().

(1) M is connected, and every vertex of N has a neighbour in M.

Assume that either M is not connected or there is a vertex n € N with no neighbour in M. In
the first case let X be a component of M, and in the second let X = {n}. Then M # X, and H is a
non-dominating hole in G\ X. By the minimality of |V (G)|, there is a vertex v in M\ X that is bisim-
plicial in G\ X. But Ng(v) = Ng\ x(v), and so v is bisimplicial in G, a contradiction. This proves (1).

Let X be the set of leaves, Y the set of hats, C the set of clones, and B the set of major ver-
tices and pyramids with respect to H. By 22 N=XUY UCUB.

(2) B is a clique.

Suppose not. Let by,bs € B be non-adjacent. By (1), both b; and by have neighbours in M and M
is connected, so there exists a path Py joining b; and by and otherwise contained in M.

Assume first that there is a vertex h € V(H), adjacent to both by and by. Let h’ and h” be
neighbours of h in H. Since by, by are in B, each of them has a neighbour in V(H) \ {h, /', "}, and
therefore there is a path P joining b; and by and otherwise contained in V(H)\ {h,h’, h"}. But now
the paths b1-FPy-bo, bi-h-ba, b1-P;-by form a theta, contrary to 2.1. This proves that no vertex of H is
a common neighbour of b; and bs.

We may assume that b; is adjacent to h;. Let ¢ be maximum and j minimum such that by is
adjacent to h; and hj. Then ¢,j # 1. Since by is in B, it follows that ¢ —j > 3. Let R be the path of
H between h; and h; containing h;i. Let h; be the neighbour of by in V(R) such that the subpath P;
of R between h; and h; contains no other neighbour of b1, and let h;; and P; be defined similarly. If
hiy and hj are distinct and non-adjacent, then bi-FPy-ba, b1-h;-P;-hi-ba, bi-hji-Pj-hj-ba form a theta
in G, contrary to 2.1, so we may assume not, and therefore b; has at most two neighbours in V(R).

Assume first that b; has exactly two neighbours in V(R), and therefore h; is non-adjacent to
hj, and hj to h;. Since |i — j| > 3, it follows that b; has a neighbour in V/(H) \ V(R) non-adjacent
to one of h;, hj, say h;. So there exists a path @) joining b; and by and otherwise contained in
{hj,hjt1,...,hi—2}. But then bi-Py-ba, b1-Q-ba, bi-hj-Pi-hi-by form a theta in G, contrary to 2.1.
This proves that hp is the unique neighbour of b; in V(R).

From the symmetry and since h;-R-hj-ba-h; is not a hole of length four, we may assume that
j > 2. Since by is in B, it follows that b; has at least two neighbours in V(H) \ V(R), and in
particular by has a neighbour in V/(H) \ V(R) non-adjacent to h;. So there exists a path @ joining



b1 and b2 and otherwise contained in {hj, hj+1, ey hi,Q}. But then bl—Po—bQ, bl—Q—b27 bl—hi/—PZ'—hi—bQ
form a theta in G, contrary to 2.1. This proves (2).

(8) If b € B and ¢ € C are non-adjacent and c is a clone at h, then b is a pyramid with apex
h.

We may assume that h = hy. Let H' be the hole H U {c} \ {h1}. Assume first that b is adjacent to
hi. Then the number of neighbours of b in V(H’) differs by one from the number of neighbours of
bin V(H), and since G contains no even wheel, b has exactly two neighbours, h;, h; in V(H'). 2.2
applied to H' implies that h; is adjacent to h;. But then b is a pyramid with apex hq, and (3) holds.

So we may assume that b is non-adjacent to hy. Let ¢ be maximum and j minimum such that b
is adjacent to h; and hj. Since bis in B, i — j > 3. Let F;, P; be the subpaths of H \ {h1} between
h; and hy, and hy and h; respectively. By (1), there is a path P joining b and ¢ and otherwise
contained in M. But now b-Fy-c, b-h;-Pi-hj-c, b-h;-Pj-ha-c form a theta in G, contrary to 2.1. This
proves (3).

A vertex h of H is a 1-base if some vertex of N is either a leaf at h or a clone at h. An edge
hh' of H is a 2-base if some vertex of N is a hat at hh/'.

(4) The set of all 1-bases is a clique.

Suppose not. We may assume that h; is a 1-base, and there exists 3 < ¢ < k — 1 such that h;
is a 1-base. Let x be a leaf or a clone at hy and y a leaf or a clone at h;. By (1), there is a path B
joining = and y and otherwise contained in M. Let P, and P, be the subpaths of H \ {h;} joining
ho and h;_1, and h;y1 and hy, respectively.

Now if x,y are both leaves, then hi-x-Py-y-h;, h1-ho-Pi-hi—1-h;, h1-hi-Pa-hii1-h; form a theta; if
x,y are both clones and z is non-adjacent to y, then x-Py-y, x-ho-Pi-h;_1-y, x-hg-Ps-h;i1-y form a
theta; and if, say, = is a leaf and y is a clone, then hi-2-FPy-y, h1-ho-Pi-hi—1-y, h1-hg-Pa-h;1-y form
a theta, in all cases a contradiction to 2.1. So x and y are both clones and they are adjacent. But
then the graph G|(V(H) U {x,y} \ {h1}) is an even wheel, again contrary to 2.1. This proves (4).

(5) At most one edge of H is a 2-base.

Suppose not. We may assume that hiho is a 2-base, and for some 2 < i < k — 1, the edge h;h; 1 is
a 2-base. Let z be a hat at hihe and y a hat at h;h;11. By (1), there is a path Py joining x and y
and otherwise contained in M.

Assume first that ¢ = 2. Let P be the path H \ {h2}. Then hi-P-hs-y-Py-z-hq is a hole H’', and
the neighbours of hy in H' are precisely {h1,z,y,hs}. So V(H') U {ha} induces an even wheel in G,
contrary to 2.1. This proves that ¢ #£ 2.

Let P; be the subpath of H\ {hs} joining hy and h;;1, and P> be the subpath of H\ {h;} joining
ho and h;. Then the three paths hi-Pi-hjy1, ho-Pa-h;, x-Py-y form a prism in G, contrary to 2.1.
This proves (5).

(6) There does not exist a clique K with |K| < 2, such that N C N(K) and M € N(K).



Suppose such K exists. Let G = G\ (V(H) \ K). Then K is a clique of size at most two in
G', and, since M ¢ N(K), it is non-dominating in G’. It follows from the minimality of |V (G)| that
there exists a vertex v in V(G') \ N(K) which is bisimplicial in G’. Since N C N(K), we deduce
that v € M. But since V(G) \ V(G') C V(H), it follows that Ng(v) = Ngs(v), and therefore v is
bisimplicial in G, a contradiction. This proves (6).

(7) Every 1-base is complete to BUC.

Suppose not. Let b in B U C be non-adjacent to a 1-base, say h;. Let x be a clone or a leaf at
hi. If b belongs to C, we get a contradiction to (4), so we may assume that b is in B.

Assume first that z is a clone, and let H' be the hole with vertex set V(H) U {z} \ {h1}. By (3)
b is adjacent to z. But now N(b) NV (H') = N(b) N V(H) U {x} and so b has an even number, and
at least four, neighbours in V(H'), contrary to 2.1.

So z is a leaf. Let ¢ be maximum and j minimum such that b is adjacent to h; and h;. Let P; be
the subpath of H \ {h1} joining hj and h; and let P; be the subpath of H \ {h;} joining hg and h;.
Since b belongs to B, i—j > 3. By (1) there exists a path Py joining x and b and otherwise contained
in M. But now hi-z-Py-b, hi-P;-h;-b, hi-Pj-h;-b is a theta in G, contrary to 2.1. This proves (7).

(8) C is a clique.

Suppose not, and choose non-adjacent ci,co € C. We may assume that ¢; is a clone at hj. Since
ha-c1-hg-co-ho is not a hole of length four in G, it follows that cg is not a clone at h;. By (4) we may
assume that co is a clone at hs; and h; and ho are the only 1-bases.

First we claim that every 2-base is incident with one of hy, ho. Suppose not and let h;h;41 be a
2-base with i # 1,2, k. Let x be a hat at h;h; 1. By (1) all of x, ¢1, ¢ have neighbours in M and M
is connected. Let Py = p1-...-py, be a path with py =z, V(P) \ {p1} € M, and such that p,, has a
neighbour in {c1,co} and {c1, o} is anticomplete to P\ {p,,}. From the symmetry we may assume
that p,, is adjacent to cs. Since c¢1-ha-co-pm-c1 is not a hole of length four, ¢; is non-adjacent to py,,
and therefore has no neighbour in V(FP).

Let P; be the subpath of H \ {hs} joining hs and h;. Let P» be the subpath of H \ {h1} joining
hi and h;i 1. If i # 3 then the three paths co-py,-Po-x, hs-Pi-h;, ho-c1-hy-Ps-h; 1 form a prism in G;
and if ¢ = 3 then hy-Po-hg-c1-ho-co-pm-FPo-2-hy is a hole in G and hs has exactly four neighbours in
it, in both cases contrary to 2.1. This proves that every 2-base is incident with one of hy, hs.

Let K = {h1,he}. Since hi, he are the only 1-bases in H, every 2-base is incident with one of
hi, he, every vertex of B is adjacent to both of hy,ho by (7), and N = X UCUY U B, it follows that
N is included in N(K). But M N N(K) = (), contrary to (6). This proves (8).

(9) There exists either a vertex in N that is not complete to M, or a 1-base, or a 2-base.
Suppose not. Then N = B and B is complete to M. It follows from the minimality of |V (G)|

that some vertex v of M is bisimplicial in G|M. Since Ng(v) = Ngp(v) U B and by (2) B is a
clique, it follows that v is bisimplicial in G, a contradiction. This proves (9).



(10) There exists a 2-base.

Suppose not, so Y = (). If there exists a 1-base, let K be the set of all 1-bases, and otherwise
let K = {n} for some n € N that is not complete to M (the existence of such a vertex n follows
from (9)). Then M ¢ N(K). By (4) K is a clique of size at most two. But by (2) and (7), and since
N =BUCUX, it follows that N C N(K), contrary to (6). This proves (10).

In view of (10) we may assume without loss of generality that hyhs is a 2-base.
(11) None of hi, he is a 1-base.

Suppose one of hi,hy is a 1-base, and from the symmetry we may assume it is h;. Let K be
the set of all 1-bases, then by (4) K is a clique of size at most two. Since by (5) Y is complete to
hi, it follows from (7) that N C N(K). But now, since K C V(H), it follows that N(K)N M = (),
contrary to (6). This proves (11).

For a vertex v in B U C' let i(v) be the minimum ¢ > 2 such that v is adjacent to h;. We say
that v is of even type if i(v) is even, and of odd type otherwise. Let T be the set of all vertices of
even type. Please note that T is anticomplete to hs.

(12) BUC is a clique.

Suppose not. It follows from (2), (3) and (8) that there exist a vertex h; of H, a clone c at hj,
and a pyramid p with apex h; such that ¢ is non-adjacent to p. By (11), j # 1,2. Let h;h;11 be the
base of p.

First we claim that h; is the only 1-base in H. For suppose for some m # j, hy, is another 1-base.
By (4) m € {j — 1,5+ 1}, and by (7) p is adjacent to hy,, contrary to the fact that h; is the apex of
p. This proves the claim.

Next we claim that ¢ = 1. Suppose not. From the symmetry we may assume that j < i. Let x be
a hat at hiho. By (1) all of x, ¢, p have neighbours in M and M is connected. Let Py = pi-...-pm
be a path with p; = =, V(F) \ {p1} € M, and such that p,, has a neighbour in {c,p} and {c,p}
is anticomplete to Py \ {pm}. Since c-hj-p-py,-c is not a hole of length four, not both ¢ and p are
adjacent to py,, and therefore one of ¢, p has no neighbour in V(F).

If p is adjacent to py,, then the subgraph induced by G on V(H) UV (FPy) U {p,c} \ {h;} is an
even wheel if ¢ = k and a prism if ¢ # k, contrary to 2.1. If ¢ is adjacent to p,,, let P, be the
subpath of H \ {h;} between h;;; and hq, and let P, be the subpath of H \ {h;} between hy and
hj—1. Then the three paths c-p,,-FPo-x, hj-p-hiy1-Pi-h1, hj_1-Ps-ho form a prism if j > 3 and an even
wheel otherwise, contrary to 2.1. This proves that ¢ = 1. Consequently 4 < j < k — 1.

Let L = {h3,ha,...,hj—1} and let B’ be the set of all vertices of B that are anticomplete to
L. Let S={ho}, K=BUCU{h;}\ B and R=MUXUY UB'. Then G|(KUSURUL) is
even-hole-free, by (3) and (7) both K and S are cliques, and L is connected and every vertex of K has
a neighbour in L. Let G’ be the graph obtained from G\ (V(H) \ {h2, h;}) by adding edges between
hy and all its non-neighbours in T'U {h;}. Since p-ha-hs-...-h;-p is not an even hole, it follows that
j is odd, and therefore, by (7), B'NT = ). This implies that the only edges of G’ that are not edges



of G are those with one end in K and the other one in S. By 2.3 applied to G|(K USU LU R), it
follows that G’ is even-hole-free.

Let U = {hg,h;}. Then M is disjoint from N¢g/(U), and therefore U is a non-dominating clique
in G'. By (7), and since h; is the only 1-base in H, we deduce that BUC U X is complete to hj, and
by (5) Y is complete to ha, so N is included in Ng/(U). It follows from the minimality of |V (G)]
that there is a vertex v € V(G') \ Ng(U) that is bisimplicial in G’, and therefore v is in M. Since
V(G)\V(G") C V(H), we deduce that Ng(v) = Ng/(v), and so v is bisimplicial in G, a contradiction.
This proves (12).

(13) X UT # 0.

Suppose X UT is empty. Then N = BUY UC. Let S = {h3}, K = BUC, L = H\{h1, ha, hs} and
R=MUY U{ho}. Then, by (12), K, S are both cliques; L is connected and, by (5), anticomplete
to R; and, by (11), every vertex of K has a neighbour in L. Let G’ be the graph obtained from
G|(KUSUR) by adding all edges between BUC' and hs. It follows from 2.3 that G’ is even-hole-free.

Let U = {ho,h3}. Since N(U)N M = 0, U is a non-dominating clique in G'. By the mini-
mality of |V (G)], it follows that there is a bisimplicial vertex v in V(G’) \ N(U). Since V(G') =
{ha,hs} UBUCUY UM, and Y is complete to hy and BUC to hs, we deduce that v is in M. But
now Ng(v) = N¢/(v), and therefore v is bisimplicial in G, a contradiction. This proves (13).

(14) For some even integer i with 3 <1i < k there is a leaf at h;.

Suppose not. Let K’ be the set of all vertices h; of H such that there is a leaf at h;. By (4)
and (11) |K'| < 1.

Assume first that K’ is empty and T is complete to M. Then N = BUCUY. Since every y € Y
has a neighbour m € M, every t € T is adjacent to m, and y-ho-...-hiy)-t-m-y is not an even hole
in G, it follows that Y is complete to 7. Choose t € T (by (13) T' # (). Since H is a non-dominating
hole in G\ {t}, it follows from the minimality of |V (G)| that some vertex m of M is bisimplicial in
G\ {t}. Now t is complete to N 3 (m), because N g3 (m) € MUY U BUC, and by (12) and
the previous argument ¢ is complete to M UY U B U C. Since Ng(m) = Ne g3 (m) U {t}, it follows
that m is bisimplicial in G, a contradiction. This proves that either K’ # () or some vertex of T' is
not complete to M.

Suppose first that K’ = {h;} for some j > 3. Let L be the subpath of H \ {h1} from h3 to hj_i.
Let S = {ha}, and define K to be the union of K’ with the set of all the vertices of BU C' that have
a neighbour in L. Let R= (M UXUY UBUC)\ K. Then by (7) and (12) both K, S are cliques,
L is connected and, by (5), anticomplete to R and every vertex of K has a neighbour in L. Let G’
be the graph obtained from G|(RU K U S) by adding all edges between K’ UT and hsy. By 2.3 G’ is
even-hole-free. Let U = {hg, h;}. Then U is a non-dominating clique of size two in G’, and it follows
from the minimality of |V (G)| that there is a vertex v € V(G') \ Ng(U) that is bisimplicial in G'.
Since, by (7), BUC U X is complete to h; and, by (5), Y is complete to hg, it follows that v is in
M. But then, since V(G) \ V(G’) is included in V(H), it follows that Ng(v) = Ng#(v), and so v is
bisimplicial in G, a contradiction. This proves that if K’ # (), then K’ = {hs}.

Next suppose that K/ = {h3}. Let G' = G\ (V(H) \ {ha,hs}), and U = {hg, hg}. Then U is a
non-dominating clique of size two in G’, and it follows from the minimality of |V (G)| that there is
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a vertex v € V(G') \ Ng/(U) that is bisimplicial in G’. Since, by (7), BUC U X is complete to hg
and, by (5), Y is complete to hg, it follows that v is in M. But then, since V(G) \ V(G’) is included
in V(H), it follows that Ng(v) = N¢/(v), and so v is bisimplicial in G, a contradiction. This proves
that K/ = (), and therefore some vertex of T is not complete to M, and, in particular, T # ().

Let L be the path H \ {hi,h2}, S ={ha}, K =BUC and R =M UY. We observe that since
K’ =10, it follows that X = (). Then by (12) both K, S are cliques, L is connected and anticomplete
to R and every vertex of K has a neighbour in L. Let G’ be the graph obtained from G|(RU K U S)
by adding all edges between T and hs. By 2.3 G’ is even-hole-free. Let a be a vertex in T that is
not complete to M. Let U = {a,hy}. Then U is a non-dominating clique of size two in G, and it
follows from the minimality of |V (G)| that there is a vertex v € V(G') \ N¢/(U) that is bisimplicial
in G’. Since, by (12), BUC is complete to a and, by (5), Y is complete to ho, it follows that v is in
M. But then, since V(G) \ V(G’) is included in V(H), it follows that Ng(v) = Ng#(v), and so v is
bisimplicial in G, a contradiction. This proves (14).

In view of (14) let igp be an even integer such that 3 < ig < k and h;, is a 1-base. By (4), the
set of all 1-bases is a clique included in {h;,—1, hiy, hiy+1}, and from the symmetry we may assume
that h;,—1 is not a 1-base. Let L be the subpath of H \ {h1} between hs and h;,—1, and let R be
the union of X U M U {hj,4+1} with the set of all vertices of B U C that have no neighbour in L.
Let K = {hi{,} UBUC\ R and let S =Y. Then (by (7) and (12)) K is a clique, L is connected,
anticomplete to R, and every vertex of K U S has a neighbour in L. Moreover, hsy is a vertex of L
complete to S, and S is anticomplete to L\ {ho}. Let G’ be the graph obtained from G|(K USU R)
by adding all edges between K \T and Y. By 2.3 G’ is even-hole-free. Let U = {h;,, hj,4+1}. Then U
is a clique of size two in G’, and since M is anticomplete to U, it is non-dominating. It follows from
the minimality of |V (G)| that some vertex v of V(G’) \ Ng/(U) is bisimplicial. Since U contains all
1-bases, by (7) BUC' is complete to h;, and Y is complete to h;, by the construction of G, it follows
that v belongs to M. But since V(G) \ V(G’) is a subset of V(H), it follows that Ng(v) = Ngr(v),
and so v is bisimplicial in G, a contradiction. This completes the proof of 3.1. |

4 Star Cutsets

A cutset in G is a subset C' of V(G) such that V(G) \ C is the union of two disjoint non-empty sets,
anticomplete to each other. A star cutsetis a cutset consisting of a vertex and some of its neighbours.
If v together with a subset of N(v) is a cutset, we say that v is a centre of this star cutset. A star
cutset C' is called full if it consists of a vertex and all its neighbours. A double star cutset in G is a
cutset consisting of two adjacent vertices u,v and some of their neighbours. The edge uv is then a
centre of the double star cutset.

In the next few theorems, we develop tools that allow us to make use of certain variations of star
cutsets and double star cutsets in the proof of 1.2.

4.1 Let G be an even-hole-free graph such that 1.2 is true for all graphs with fewer vertices than G.
Assume that there exists a non-dominating clique K of size at most two in G such that no verter of
V(G)\N(K) is bisimplicial in G. Let C be a star cutset of G with centre ¢ such that some component
of V(G)\ C is disjoint from K and is not complete to c. Then K C C\ {c}.
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Proof. By 2.4, we may assume that |K| = 2. Let K = {z,y}. Let C1,...,Cy be the components of
V(G)\ C. Then k > 2. Let G; = G|(C U ;).

(1) c ¢ K.

Suppose ¢ € K. Assume without loss of generality that ¢ = z. Since K is a non-dominating
clique in G, K NV(G;) is non-dominating in G; for some 1 < i < k. From the minimality of |V (G)|,
there exists a vertex v € V(G;) \ N(K), such that v is bisimplicial in Gj;. It follows that v € C;. But
then Ng,(v) = Ng(v), and so v is bisimplicial in G, a contradiction. This proves (1).

(2) KNC #0.

Suppose K N C = (). Then we may assume that K C C;. By hypothesis some other component of
V(G)\C, say Cy, is not complete to c. Thus {c} is a non-dominating clique in G3. By the minimality
of |V(G)|, there exists a vertex v € V(G2) \ N({c}), such that v is bisimplicial in G3. It follows
that v € Cy. But now Ng,(v) = Ng(v), and so v is bisimplicial in G, a contradiction. This proves (2).

To complete the proof, suppose that K ¢ C. By (1) and (2), we may assume that x € C\ {c},
and y € Cy. For 2 <i <k, let C/ = C;\ N(c) and let C/ = C; N N(c). Since some component of
V(G) \ C is disjoint from K and is not complete to ¢, it follows that Uf:g C! # (. Assume first that
for some 2 < i < k, x is not complete to C/. Then {c,z} is a non-dominating clique in G;, and by
the minimality of |V (G)|, there exists a vertex v € V(G;) \ N({¢,z}), such that v is bisimplicial in
G;. It follows that v € C/. But then Ng, (v) = Ng(v), and so v is bisimplicial in G, a contradiction.
This proves that x is complete to Uf:g Cl.

We claim that for every 2 < i < k, z is complete to (C' U C/ \ {z}) N N(C]). For suppose not,
choose n € (CUC! \ {z}) N N(C!) non-adjacent to x, and let ¢; € C{ be a neighbour of n. Then x
is adjacent to c¢1, and n-ci-z-c-n is a hole of length four, a contradiction. This proves the claim.

Let G’ = G|(CUCL U Uf:g C!). Since K is a non-dominating clique in G, and x is complete to
UF, €7, it follows that K is a non-dominating clique in G’. By the minimality of |V (G)|, there exists
a vertex v € V(G') \ N(K), such that v is bisimplicial in G’. Since x is adjacent to ¢, and for every
2 <i <k, xzis complete to (CUC\{z})NN(C]), it follows that either v belongs to Uf:g CcruC\{c},
and v is anticomplete to V(G) \ V(G’), or v belongs to C;. In both cases, Ng/(v) = Ng(v), and so
v is bisimplicial in G, a contradiction. This proves 4.1. |

4.2 Let G be an even-hole-free graph such that 1.2 is true for all graphs with fewer vertices than G.
Assume that there exists a non-dominating clique K of size at most two in G such that no vertex of
V(G)\ N(K) is bisimplicial in G. Then G does not admit a full star cutset.

Proof. By 2.4, we may assume that |K| = 2; and let the vertices of K be x and y. Suppose there
exists w € V(@) such that N(w) is a cutset in G. Let N = N(w) \ {w} and let C1,...,Cy be the
components of V(G) \ N(w). Then k > 2. Let G; = G|(C; U N(w)). By 4.1, K C N.

(1) C;\ N(K) # 0 for every 1 <i < k.
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Suppose C7 € N(K). Since K is a non-dominating clique in G, it follows that K is a non-dominating
clique in G’ = G\ C;. By the minimality of |V(G)|, there exists a vertex v € V(G') \ N(K), such
that v is bisimplicial in G’. If either v € UfZQ Ci, or v € N and v is anticomplete to Cy, then
N¢r(v) = Ng(v), and so v is bisimplicial in G, a contradiction. So v € N, and v has a neighbour
c € (1. Without loss of generality we may assume that ¢ is adjacent to z. But now v-c-z-w-v is a
hole of length four, a contradiction. This proves (1).

(2) C;NN(xz) #0 and C; N N(y) # O for every 1 <i < k.

Suppose C; N N(z) = 0. By (1), y is not complete to C1, and therefore {w,y} is a non-dominating
clique in G1. By the minimality of |V (G)], there exists a vertex v € V(G1) \ N({w, y}), such that v
is bisimplicial in G;. But now, v € C; and so Ng, (v) = Ng(v) and v € N(K). Consequently, v is
bisimplicial in G, and v € V(G) \ N(K), a contradiction. This proves (2).

Let W be the set of vertices in N(w) \ N(K) that are anticomplete to Ule C;. Let Z = N(w) \
(N(K)UW) and let Z; = N(C;) N Z.

(3) For 1 <i < j <k, ZinZ; =0 and there does not exist a path from a vertex of Z; to a
vertex of Z; with interior in W.

Suppose (3) is false. Assume first that there exist z; € Z; and zy € Zj, such that there is a
path R of even length from z; to zo with R* C W, and either z; = 2o, or 21 € Z5 and 20 & Z;.
By (2), = has a neighbour in C; and in Cy, and so for m = 1,2 there exists a path P,, between z
and z,,, such that P} C C,,. Since z-F,,-z,-w-z is not an even hole, P, is odd for m = 1,2. But
now, x-P;-z1-R-zo-Ps-x is an even hole in G, a contradiction. This proves that for 1 < < j < k,
Z; N Z; = () and every path from a vertex of Z; to a vertex of Z; with interior in W is odd.

We may therefore assume that there exist z1 € Z1, 20 € Z5, and a path R of odd length from z;
to zo with R* C W. Suppose there exist a path P from z to z; with Pj C Cy \ N(y) and a path Py
from y to zp with P C Cy \ N(z). Since z-Pj-z1-w-x and y-Ps-zp-w-y are not even holes, it follows
that both P; and P, are odd. But then z-P;-21-R-29- P-y-x is an even hole, a contradiction. This
proves that no such P; and P; exist.

From the symmetry assume that there is no path from z; to  with interior in C7 \ N(y). Let S
be the union of the components of C; \ N(y) that contain no neighbour of z. Now z; has a neigh-
bour, say ¢, in (1. Since zj-c-y-w-z;1 is not a hole of length four, it follows that y is non-adjacent
to c. Since there is no path from z; to = with interior in C; \ N(y), it follows that ¢ € S. Let
G' = G|(N(w)U(N(y)NnCy)US). Then {w,y} is a non-dominating clique in G’. By the minimality
of |[V(G)|, there exists a vertex v € V(G’) \ N({w,y}), such that v is bisimplicial in G’. But this
means that v € S, and therefore v is anticomplete to {x,y} and Ng(v) = Ng(v); and so v is bisim-
plicial in G, a contradiction. This proves (3).

For 1 < i < k, let W; be the set of vertices a € W, such that there is a path from w to a ver-
tex of Z;, with interior in W, and let Wy = W \ Ule W;. By (3), W; and W; are disjoint and
anticomplete to each other for 0 <i < j <k. Let G' = G\ UfZQ(CZ- UZ; UW;). By (1), K is a non-
dominating clique in G’. By the minimality of |V (G)|, there exists a vertex v € V(G’) \ N(K), such
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that v is bisimplicial in G’. But this means that v € C;UZ; UW;UW), and therefore Ng/(v) = Ng(v);
and so v is bisimplicial in G, a contradiction. This completes the proof of 4.2. |

4.3 Let G be an even-hole-free graph such that 1.2 is true for all graphs with fewer vertices than G.

Assume that there exists a non-dominating clique K of size at most two in G such that no vertex
of V(G) \ N(K) is bisimplicial in G. Then there does not exist a double star cutset C' in G with
centre uwv and a vertex w € V(G) \ (N(u) UN(v)), such that K and w are contained in two different
components of V(G) \ C.

Proof. Suppose 4.3 is false. Let C; be the component of V(G) \ C with w € C1, and let G' =
G|(C UCY). Then {u,v} is a non-dominating clique of size two in G’. By the minimality of |V(G)|,
there exists a vertex z € V(G') \ N({u,v}), such that z is bisimplicial in G’. But this means that
z € C1, and therefore z is anticomplete to K and N/ (z) = Ng(z), and so z is bisimplicial in G, a
contradiction. This proves 4.3. |

Another useful fact of similar flavour is the following:

4.4 Let G be an even-hole-free graph such that 1.2 is true for all graphs with fewer vertices than G.
Assume that there exists a non-dominating clique K = {x,y} in G such that no vertex of V(G)\ N (K)
is bisimplicial in G. Let H be a hole in G, such thatx € V(H) andy ¢ V(H). Then G\ (N(H)\{y})
is connected.

Proof. Suppose G\ (N(H)\{y}) is not connected, and let C; be the component of G\ (N(H)\{y})
containing y, and Cy # () some other component. Let G = G|(Co UN(H) \ {y}). Since C2 # 0, H is
a non-dominating hole in G’. By the minimality of |V (G)|, there exists a vertex v € V(G') \ N(H)
such that v is bisimplicial in G’. But this means that v € Cs, and therefore v is anticomplete to
{z,y} and Ng(v) = N¢/(v); so v is bisimplicial in G, a contradiction. This proves 4.4. |

Let H be a hole, and w a major vertex with respect to H that is not complete to V(H). Let us
call a w-interval a maximal path of H whose vertex set is complete to w, and a w-gap a maximal path
of H whose vertex set is anticomplete to w. Thus every vertex of H either belongs to a unique w-gap
or to a unique w-interval. For a w-gap C, let the borders of C be the ends of the path H \ V(C). So
the borders of a gap are adjacent to w.

In view of 4.2 and 4.1, it is of interest to us to find out which even-hole-free graphs admit a star
cutset. While we do not know the complete answer to this question, we can prove the following;:

4.5 Let G be even-hole-free, and let H be a hole in G, such that some vertex w of G is major with
respect to H. Assume that w is not complete to V(H). Then G admits a star cutset with centre w.
Moreover, let C be a w-gap of H with borders x,y. Let A be the set of all vertices h in V(H) NN (w)
such that the subpath of H \ {x} from y to h contains an even number of neighbours of w, and let
B=V(H)\(V(C)UN(w)). Let N' = N(w)\ A. Then V(G)\ (N'U{w}) is the union of two disjoint
sets Vi and Vi, such that Vi is anticomplete to Vo, V(C) C Vi and AU B C V.

We start with some lemmas.
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4.6 Let G be a graph and let P be a path in G with vertices py,...,pn n order, and let x,y be
two non-adjacent vertices in V(G) \ V(P) such that each of x,y has two non-adjacent neighbours in
V(P). Suppose there do not exist two paths S1 and Sy between x and y such that ST U S5 C V(P)
and S is anticomplete to S5. Then, possibly with x and y exchanged, there exists 1 < i < n such
that N(x) NV (P) CA{p1,...,pit1} and N(y) NV (P) C {ps,...,pn}-

Proof. Let i, be minimum and j, maximum such that z is adjacent to p;, and p; , and let i,
and j, be defined similarly for y. We may assume that i, <4,. If j, <4, + 1, then the theorem
holds, so we may assume not, and therefore p;,  and p;, are distinct and non-adjacent. Since y has
two non-adjacent neighbours in V(P), j, > i, + 1, and in particular p;, and p;, are distinct and
non-adjacent. Let P} be the subpath of P between p;, and p;, and P» the subpath of P between p;,
and pj;,. Then V(P) is anticomplete to V' (P%), and there exist paths S1, 52 between z and y with
ST CV(P) and S5 C V(P), a contradiction. This proves 4.6. |

We say that two major vertices x and y with respect to a hole H cross if there do not exist paths
Py and P, of H with |V(P1)NV(Py)| < 1 such that N(z)NV(H) C V(P;) and N(y)NV(H) C V().

4.7 Let G be even-hole free. Let H be a hole and let x,y be major vertices with respect to H. If x
and y cross then = is adjacent to y.

Proof. Suppose not. Since G|(V(H)U{z}) and G|(V(H)U{y}) are not even wheels, it follows that
each of z and y has an odd number of neighbours in V(H). Let the vertices of H be hy-ha-...-hg-hj.
First we prove the following useful fact.

(1) x and y have no common neighbour in V(H).

Suppose h; is adjacent to both x and y. Let ¢,r € {3,...,k — 1} be such that ¢ is minimum
and 7 is maximum with = adjacent to hy and h,. Let s,t € {3,...,k — 1} be such that s is minimum
and ¢ is maximum with y adjacent to hs and h;. Since x and y are both major, hy is different from
h., and hg from h;. Let t' = k if y is adjacent to hy, and let ¢’ = t otherwise, and define ¢’ similarly.

We claim that r > s. Suppose r < s. Since z-hi-h,-y-h; is not a hole of length four in G, it
follows that r # s. Since x and y cross, we may assume, from the symmetry, that = is adjacent to hg.
Since G|({hr, hy+1,...,hg,x,y}) is not an even wheel or a theta by 2.1, it follows that y is adjacent
to hs. Since z and y are both major, it follows that 7 > ¢’ +2 and ¢ > s + 2. But now the three
subpaths of H \ {h1} from hg to hy, from h, to hy and from hy to hy, together with = and y, form
a theta, contrary to 2.1. This proves that r > s. Similarly, ¢ > ¢.

Let A = H\{h1, ho, hi}. Assume first that each of x, y has two non-adjacent neighbours in V' (A4).
If there exist two paths S1 and Sy between x and y such that S7TUS5 C V(A) and ST is anticomplete
to S5, then G|(V(S1) UV (S2) U{hi}) is a theta, contrary to 2.1. So no such pair of paths exists,
and, by 4.6 applied to z,y and A, and from the symmetry, we may assume that r = s + 1.

Since x-hi-y-h.-x and z-hi-y-hs-x are not holes of length four, x is non-adjacent to hs and y is
non-adjacent to h,. Let s” > s be minimum such that y is adjacent to hg. Since y is major, we
deduce that s” < k. But now the paths y-hs-h,, y-h1-z-h, and y-hg-A-h, form a theta, contrary to
2.1. This proves that not both x and y have two non-adjacent neighbours in V(A), and hence we
may assume that r = ¢ + 1.
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Since x is major and G|(V(H)U{z}) is not an even wheel by 2.1, it follows that x is adjacent to
hi and hg. Since x-hg-y-ho-x is not a hole of length four, y is non-adjacent to at least one of h; and
hy , and therefore y has two non-adjacent neighbours in V(A4). Since x-hi-y-hg-x and z-hi-y-h,-x
are not holes of length four, it follows that y is non-adjacent to hy and h,. Let ¢ > r be minimum
such that y is adjacent to hy and let s” < ¢ be maximum such that y is adjacent to hyr. Let s’ = 2
if y is adjacent to hg, and let s’ = s otherwise. Let A" = H \ {h1}.

Now t" <t <. If t” <t — 1, then the three paths y-hy-A"-hy-x, y-hy-A'-hp-z, y-hg-A'-ho-x
form a theta; and if ¢’ = t” 4+ 1 then the three paths hy-A'-hy-z, y-hg-A’-hy and hy-A'-h, form
a prism, in both cases contrary to 2.1. So t’ =t = t/, and from the symmetry s” = s = s', and
therefore the only neighbours of y in V(H) are hy, hs and hy. But now the three paths hy-A’-hy-z,
hi-A’-h,-z, and hg-y-hg-A’-he-z form a theta, again contrary to 2.1. This proves (1).

To finish the proof, we may assume using (1) that y is adjacent to hy and there exists m with
2 <m < k — 1 such that y-hj-ho-...-hp-x is a path. Let A= H \ {hg,h1,..., i, At}

Assume that z is adjacent to hg. Since by (1) z and y have no common neighbour and
y-hi_1-hg-hi-y is not a hole of length four, y is non-adjacent to hy, hx_1. Since z,y are major and
G|(V(H) U {x}) is not an even wheel by 2.1, it follows that each of x, y has at least one neighbour
in V(A) \ {hg—1}. Consequently there is a path P between x and y with interior in V/(A) \ {hx—1}.
But then the paths hi-hi-x, hi-ho-H-h,,-x and hi-y-P-x form a theta, contrary to 2.1. This proves
that x is not adjacent to hy, and similarly y is not adjacent to h,41.

Let s > 1 be minimum such that y is adjacent to hs. Then s > m + 2. Let P be the subpath
of H \ {h} between hy and hs. Choose ¢ maximum with m < ¢ < s such that z is adjacent to hy.
By (1), ¢ < s.

Assume first that ¢ = m. Since both x and y are major, they each have a neighbour in V(H) \
(V(P)U{hg, hst+1}), and therefore there exists a path R from x to y, with interior in V(H)\ (V (P)U
{hi, hst1}). But now, the three paths y-hi-P-hg, y-hs-P-hg and y-R-z-hg form a theta, contrary to
2.1.

Next assume that ¢ > m + 1. Since z and y cross, x has a neighbour in V(H) \ V(P), and since
G|(V(P)U{x,y}) is not an even wheel or a theta, = has at least two neighbours in V(H) \ V(P).
Since z is non-adjacent to hg, and y is major, it follows that both x and y have a neighbour in
V(H) \ (V(P) U {hg,hs+1}), and therefore there exists a path R from x to y, with interior in
V(H)\ (V(P)U{hg, hst1}). But now the three paths y-hi-P-hy,-x, y-hs-P-h4-z and y-R-z form a
theta, contrary to 2.1. This proves that ¢ = m + 1.

From the symmetry, we deduce that y is adjacent to hj, and there exists r < k, such that
Z-hp-hypi1-...-hi-y is a path, say ). Since both z and y are major, it follows that » > s+ 1. But
now the paths z-Q-hg, y-hs-P-hymi1 and hi-P-h,, form a prism, contrary to 2.1. This completes the

proof of 4.7. |
Let H be a hole, and w a major vertex with respect to H. A path @ such that V(Q)NV(H) = 0,
is called an (H,w)-pyramid path if the vertices of ) can be numbered ¢, ..., in order and there

exist distinct vertices x,y,z € V(H) such that

e ¢ is adjacent to x, and ¢q; is adjacent to y and z, and there are no other edges between
{a1,-- -, ar} and V(H),

e y and z are adjacent,
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e w is anticomplete to {q1,...,qx} ,

e w is adjacent to z,

the subpath of H \ {y}, from z to z contains an odd number of neighbours of w, and

the subpath of H \ {z} from x to y contains an odd number of neighbours of w.

We call x the apex of the pyramid path, and yz the base. Note that we permit k = 1, and x may be
adjacent to y or z.

4.8 Let G be even-hole-free, let H be a hole in G and let w be a major vertex with respect to H.
Let pe V(G)\ (V(H)U{w}) and assume that p forms an (H,w)-pyramid path with apex x and base
yz. Then w is non-adjacent to y, z.

Proof. Suppose w is adjacent to y, say. Since the subpath of H \ {z} from z to y contains an odd
number of neighbours of w, it follows that y is non-adjacent to x. But now z-p-y-w-z is a hole of
length four. This proves 4.8. |

4.9 Let G be even-hole-free, let H be a hole in G and let w be a major vertex with respect to H.
Let T be a path of G\ (V(H) U{w}) with vertices ti,...,ty in order such that there exist distinct
vertices u,u',v € V(H), t1 is adjacent to u and u', t,, is adjacent to v, there are no other edges
between {ti,...,tym} and V(H), u is adjacent to u', and {t1,...,tm} is anticomplete to w. Let Q be
the path of H \ {u'} from u to v, and let Q' be the path of H \ {u} from v’ tov. Assume that each
of V(Q) and V(Q') contains a neighbour of w. Then T is an (H,w)-pyramid path.

Proof. It is enough to show that w is adjacent to v, and each of V(Q), V(Q') contains an odd
number of neighbours of w. Suppose v is non-adjacent to w. Since G|(V(H) U {w}) is not an even
wheel by 2.1, w has an odd number of neighbours in V(H), and from the symmetry we may assume
that V(@) contains an even number of neighbours of w. Since G|(V(Q)UV(T)U{w}) is not an even
wheel by 2.1, w has exactly two neighbours in V(Q), say x and y, and z is adjacent to y, by 2.2.
We may assume that the subpath of @) from u to  does not contain y. Let z be a neighbour of w
in Q" such that the subpath of @’ from v’ to z contains no other neighbours of w. Since w is major
with respect to H, it follows that z is non-adjacent to v. But now, if x # wu, the three paths u-Q-x,
u'-Q'-z-w and t1-T-t,,-v-Q-y form a prism, and if u = x, then u has exactly four neighbours in the
hole y-w-2z-Q'-u/-t1-T-t,,-v-Q-y, in both cases contrary to 2.1. This proves that v is adjacent to w.
Since by 2.1 w has an odd number of neighbours in V' (H), it follows that the parity of the number
of neighbours of w in V(Q) and V(Q’) is the same. We may assume that w has an even number
of neighbours in V(Q) and V(Q'), for otherwise the theorem holds. Since neither of G|(V(Q) U
V(T)U{w}) and G|(V(Q) UV (T)U{w}) is an even wheel by 2.1, it follows that w has exactly two
neighbours in V(Q) and they are adjacent, by 2.2, and the same holds for V(Q'). But now, since w
is adjacent to v, we deduce that the neighbours of w in V(H) are v and the two neighbours of v in
H, contrary to the fact that w is major. This proves 4.9. |

4.10 Let G be even-hole-free, let H be a hole in G and let w be a major vertex with respect to H.
Let u,v € V(H) be non-adjacent, and let P be a path with vertices u,p1,...,pk,v in order such that
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1. PPN (V(H)U{w}) =0,
2. w is anticomplete to {p1,...,pr}, and
3. each of the paths of H between u and v contains a neighbour of w in its interior.

Then there exist i,j € {1,...,k} such that the subpath of P between p; and p; is an (H,w)-pyramid
path.

Proof. We use induction on k. We observe that since G|(V(H) U {w}) is not an even wheel, it
follows that |N(w) NV (H)| is odd.

(1) If k =1 then the theorem holds.

Suppose k = 1. Since p; is non-adjacent to w, 4.7 implies that p; is not a major vertex. Since
p1 has two non-adjacent neighbours in V(H ), namely v and v, it follows that p; is a pyramid or a
clone, and from the symmetry we may assume that the neighbours of p; in V(H) are u,u’ and v,
where u is adjacent to u/. But now the theorem holds by 4.9. This proves (1).

In view of (1) we may assume that £ > 2. Let N = V(H)N N(p1) and let M =V (H) N N(pg).

(2) One of the following holds:

o N is contained in the union of the vertex set of some non-empty w-gap of H and its borders,
and at least one vertex of the gap belongs to N, or

e |[N| =1 and w is complete to N
e |N| =2, wis complete to N, and the two vertices of N are adjacent to each other

and the same for M.

Suppose there exists a vertex n € N \ N(w), and let C' be the w-gap containing n. Let x and
y be the borders of C. If N contains a vertex n’ € V(H) \ (V(C) U {z,y}), then the path n-p;-n’
contradicts the minimality of k. So no such n’ exists and the first outcome of (2) holds. This proves
that we may assume that N C N(w). Now, if N contains two non-adjacent vertices n and n’, then
n-p1-n/-w-n is a hole of length four, a contradiction; and therefore either the second or the third
outcome of (2). Using symmetry, we deduce that a similar statement holds for M. This proves (2).

(3) {p2,-..,pr—1} is anticomplete to V(H).

Suppose for some 2 < i < k—1 p; has a neighbour y in V(H). Assume first that y is non-adjacent to
w, and let C be the w-gap of H containing y. Let x and z be the borders of C'. If p; has a neighbour
neV(H)\ (V(C)U{z,z}), then the path from n to y with interior in {p;,...,p;} contradicts the
minimality of k. From the symmetry, this implies that M UN C V(C) U {z, z}, a contradiction.
This proves that y is adjacent to w, and, since y is an arbitrary neighbour of p; in V(H), we deduce
that N(p;) NV (H) C N(w).
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Next we prove that N C N(w). Assume that there exists n € N \ N(w). Let C' be the w-gap of
H containing n, and let z, z be the borders of C. By (2) and the definition of P, M N N C {z,z}.
By the minimality of k, the path from n to y with interior in {p1,...,p;} fails to satisfy one of the
hypotheses of the theorem, and therefore N(p;) N V(H) C {z, z}. Since G|(V(H) U {p;}) is not a
theta, p; is adjacent to at most one of x, z. We may assume without loss of generality, that z = y and
pi is non-adjacent to z. We claim that {pg,...,pr_1} is anticomplete to V(H) \ {z}. For suppose
there exists 2 < j < k — 1, such that p; has a neighbour in V(H) \ {z}. By the previous argument
applied to p; instead of p;, we deduce that the only neighbour of p; in V(H) is z. This implies that
there exists a path P’ from z to z with interior in {pa,...,pr_1}. But now the paths z-C-z, z-w-z
and z-P’-z form a theta, contrary to 2.1. This proves the claim. Suppose that pj is adjacent to z, let
P’ be the path from z to z with interior in {p;,...,pr}. Then, by the claim, the paths z-C-z, z-w-z
and z-P’-z form a theta, contrary to 2.1. This proves that p; is non-adjacent to z. Let v1,vo € M
be such that the subpath S; of V(H) \ {z} between x and v; and the subpath Sy of V(H) \ {z}
between z and vy contain no vertex of M, other than v1,vs, respectively. Let T be the subpath of
H \ {n} between v; and vy. Now the minimality of & and the fact that pj is non-adjacent to z,
applied to the path from y to v' with interior in {p;,...,px}, for v’ € (V(S1)UV(T))N M, imply that
N(w)N(V(S1)UV(T)) C {x,v2}. Let C’ be the path from z to p; with interior in V(C). In view of
the claim, let H' be the hole 2-C’-p1- P-py-v3-Sa-z. Then N(w)NV (H) = (N(w)NV(H"))U{z}, and
since w is major with respect to H, this implies that G|(V (H') U {w}) is an even wheel, contrary to
2.1. This proves that there does not exist n € N \ N(w), and so N C N(w). From the symmetry,
MUN C N(w).

Let @Q and Q' be the two paths of H between u and v, where y € V(Q). From the minimality
of k we deduce that (Q*\ {y}) N N(w) = 0, and therefore no vertex of @*\ {y} has a neighbour in
{p2,...,pr—1}. If some vertex y' in Q™ has a neighbour in {pa,...,pr_1}, then, similarly, v/ is the
only neighbour of w in @™, and so w has exactly four neighbours in V(H), a contradiction. So no
such y exists. This proves that y is the only vertex of V(H) with a neighbour in {ps,...,pr_1}, and
@\ {y}) N N(w) = 0.

Assume that N = {u} and M = {v}, and let H’' be the hole u-Q’-v-P-u. From the minimality of
k, y # u,v. But now V(H) N N(w) = (V(H') N N(w)) U{y}, and therefore G|(V (H') U {w}) is an
even wheel or a theta, contrary to 2.1.

Now by (2) and the symmetry we may assume that |M| = 2, say M = {¢, '}, and ¢ is adjacent to
t'. If y ¢ M, then either the subpath of H \ {#'} from y to ¢, or the subpath of H \ {t} from y to ¢/,
contains a neighbour of w in its interior. From the symmetry we may assume the former. But now
the path from y to ¢ with interior in {p;,...,pr} contradicts the minimality of k. This proves that
y € M, and we may assume that y = ¢t. Let T be the path from p; to ¢’ with interior in V(H) \ {t},
and let H' be the hole p1-P-py-t'-T-p;. By the symmetry, either |[N| =1, or y € N N M. In either
case, V(H) N N(w) = (V(H") N N(w)) U {t}, and therefore G|(V(H') U {w}) is an even wheel or a
theta, contrary to 2.1. This proves (3).

(4) There do not exist two non-adjacent vertices in N.
Suppose there exist two non-adjacent vertices in N. By (2), there exists a w-gap C with bor-

ders z,y such that N C V(C) U {x,y}. Since N contains two non-adjacent vertices, there exist
paths S, from p; to x and S, from p; to y such that V(S;) UV (S,) C V(C) U {z,y,p1} and
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V(Sz) \ {p1} is anticomplete to V(Sy) \ p1. Let 2/, 3" be the neighbours of z and y, respectively, in
V(H)\ V(C). Let T be the subpath of H \ {z} from 2’ to y/. Since w is major, w has a neighbour
in T*. Assume that p; also has a neighbour in T*. Then there exists a path S, from pg to w with
interior in T%. But now, by (3), the paths pi-Sy-z-w, p1-Sy-y-w and pi-P-py-S;-z-w form a theta,
contrary to 2.1. This proves that pi has no neighbour in 7%. It follows from the definition of P
that py is adjacent to at least one of 2’,%/; and from the minimality of k, that p, is adjacent to
exactly one of them, say 2’ and not 3. If p; is adjacent to y, let R be the path y'-y-pi, and if py
is non-adjacent to y, let R be the path y"-y-Sy-pi-P-pg. Then, by (3), v/-R-py-2’-T-y' is a hole, say
H', and V(H) N N(w) = V(H') N N(w) U {z}. Since w is major with respect to H, it follows that
G|(V(H')U{w}) is an even wheel or a theta, contrary to 2.1. This proves (4).

By (4) either |[N| = 1 or |[N| = 2 and the two members of N are adjacent, and from the sym-
metry the same holds for M. If |N| = |M| then G|(V(H) U V(P)) is a theta, a prism, or an even
wheel, contrary to 2.1, so we may assume that |[N| =1 and |M| = 2, and the two members of M are
adjacent. But now the theorem follows by 4.9. This completes the proof of 4.10. |

Let H be a hole, and let w be a major vertex with respect to H. Let P be a path with vertices
pi--..-pi such that {p1,...,pr} C V(G) \ (V(H)U{w}). We say that P is (H,w)-significant (or
just significant when there is no risk of confusion) if (possibly with p; and p; exchanged) p; has a
neighbour u € V(H) that belongs to some w-gap, say C, of H, and py has a neighbour v € V(H),
non-adjacent to u, and either

1. v belongs to a w-gap of H different from C, or

2. v is adjacent to w, and each of the two paths of H between u and v contains an even number
of neighbours of w.

4.11 Let G be an even-hole-free graph. If H is a hole in G and w is a major vertex with respect to
H, then every (H,w)-significant path contains a neighbour of w.

Proof. Suppose not. Choose m minimum such that there exists a hole H, a vertex w major with
respect to H, and an (H,w)-significant path P with vertices pi-...-p,, such that w is anticomplete
to V(P). Let the vertices of H be hy-...-hg-hy. Since G|(V(H) U {w}) is not an even wheel by 2.1,
it follows that w has an odd number of neighbours in V(H).

(1) Let s,t € {2,...,k} with s < t be such that w is adjacent to hs and not to hy. Let Hi be
the vertex set of the subpath of H\ {h1} between hs and hy, and let Hy = (V(H)\ V(Hy))U{hs, h}.

Then Hy contains an even number of neighbours of w if and only if Hy does.
For suppose the parity of N(w) N Hy is different from that of N(w) N Hs. Then, since hy is ad-
jacent to w and hy is not, V(H) contains an even number of neighbours of w, a contradiction. This

proves (1).

Let u and v be as in the definition of (H,w)-significant path. This means that u is adjacent to
one of p1, p;, and v is adjacent to the other.
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(2) m > 1.

Suppose m = 1. By 4.7, p; is not major with respect to H. Since by 2.1 G|(V(H) U {w}) is
not a theta, it follows that p; has exactly three neighbours in V(H), and two of them are adjacent.
By 4.9, it follows that P is an (H,w)-pyramid path, contrary to the fact that P is (H, w)-significant.
This proves (2).

(3) No vertex of P* has a neighbour in V(H) \ N(w), and no vertex of P* has two adjacent neigh-
bours in V(H).

From the symmetry we may assume that p; is adjacent to u. If some vertex p € P* has a neighbour in
V(H)\ N(w), then one of the two paths p;-P-p and p-P-p,, is significant, contrary to the minimality
of m. Now suppose that some vertex p of P* has two neighbours hj, hj1 in V(H). Then both h;
and h;i; are adjacent to w, and there exists a path of H from u to {h;, hj41} containing an even
number of neighbours of w. But now, by (1), p1-P-p is significant, contrary to the minimality of m.
This proves (3).

By 4.10 there exist a,b € {1,...,m} with a < b such that the subpath P’ of P between p, and
pp is an (H, w)-pyramid path. We may assume that h; is the apex of P’ and p, is adjacent to hi, and
for some i € {2,...,k — 1}, hjh;;1 is the base and py is adjacent to h;, h;y1. We may also assume,
by exchanging p; and p,, if necessary, that if a = b, then a > 1. Let S be the path from h; to p;
with interior in {pa,...,ps}. By (3) b =m. Since P’ is an (H,w)-pyramid path, it is not significant,
and therefore a # 1. Let @ be the subpath of H \ {h;;1} from hy to h; and let Q" be the subpath of
H\ {h;} from hy to hiy1. Let s € {2,...,k} be minimum and ¢ € {2,...,k} maximum such that w
is adjacent to hs and hy.

(4) If a < m then {pa,...,pa} is anticomplete to V(H) \ {hi,hs,ht}.

Suppose not and choose n € {2,...,a} such that p, has a neighbour h € V(H) \ {h1, hs, h:}. By (3)
h is adjacent to w. By 4.10 applied to the path p,-P-p,, this path contains a pyramid subpath P”,
and therefore some vertex p of P” has two neighbours h; and hjyq in V(H), contrary to (3). This
proves (4).

(5) P* is anticomplete to V(H) \ {h1}.

Since P’ is an (H,w)-pyramid path with apex hy, it follows that P™* is anticomplete to V (H)\ {h1}.
Since b = m, in order to prove (5), it is enough to show that {pa,...,ps} \ {pm} is anticomplete to
V(H)\{h1}. Suppose first that a < m. By (4), it is enough to show that {ps,...,ps} is anticomplete
to {hs, ht}. Suppose not, and let n € {2,...,a} be maximum such that p,, is adjacent to one of hs, hy.
Then n < a. Since hg-py-hs-w-hg is not a hole of length four, p, is adjacent to exactly one of hg, hy,
and from the symmetry we may assume that p, is adjacent to hs. Assume first that s > 2, and
let P” be the path from hy to hg with interior in {pn,pni1,...,0a}. Then the paths hi-ho-H-hg,
h1-P"-hg and hqi-w-hg form a theta, contrary to 2.1. So s = 2. Since w is major, w has a neighbour in
V(H)\{hg,h1,ha,hs}. Since both hy and hs are adjacent to w, and P’ is an (H,w)-pyramid path, it
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follows that ¢ > 2, and therefore p,, also has a neighbour in V(H) \ {hg, h1, ho, hs}. Let T be a path
between w and p,, with interior in V(H) \ {hg, h1, he, hs}, let H; be the hole hao-Q-hi-p-P-pn-ha,
and let Ha be the hole ho-pp-P-pp,-T-w-he. Then N(hy) NV (Hz) = (N(h1) NV (H1)) U {w}, and
since hy has at least two non-adjacent neighbours in V(H;), namely p, and hg, it follows that one
of G|(V(H1)U{hi}) and G|(V (Hz)U{h1}) is an even wheel or a theta, contrary to 2.1. This proves
that a = m.

Let n € {2,...,m — 1} be maximum such that p, has a neighbour V(H) \ {h1}. From the
symmetry, we may assume that p, has a neighbour in V(Q). Let ¢ € {2,...,i} be minimum such
that p, is adjacent to hqy. By (3), hq is adjacent to w. Since py, is a pyramid path, it follows that
V(Q) contains an odd number of neighbours of w; and since p,-P-p,, is not a significant path, it
follows that p,, is non-adjacent to hs. It follows that ¢ > 2, and since hi-p,,-h;-w-h1 is not a hole of
length four, we deduce that w is non-adjacent to h;. Consequently, p, is non-adjacent to h;.

Suppose first that w has a neighbour in V(Q’) \ {h1}, and let » € {i + 1,...,k} be minimum
such that w is adjacent to h,. Let H; be the hole w-hg-pp-P-pm-hit1-Q'-hy-w and Hy the hole
Pn-P-pm-hi-Q-hg-pn. Then N(hi) N V(Hy) = (N(h1) N V(H2)) U {w}. Now 2.1 implies that hy
is adjacent to p,, and p,—1 and has no other neighbour in {p,,...,pm}. Let Hjz be the hole
hl-pm_1—P-pn—hq-Q-hi—hi_H-Ql—hl. Then N(pn,) N V(Hs) = {h1,pm—1,hi,hit1}, contrary to 2.1.
This proves that w is anticomplete to V(Q') \ {h1}. Let H’ be the hole h1-Q-h;-pp-h1. Then
N(w)NV(H) = N(w)NV(H'), and therefore w is a major vertex with respect to H’'. Since P is a
significant path with respect to H, there exist j € {1,...,7 — 2} such that p; is adjacent to h; and

1. h; and h; belong to different w-gaps of H, or

2. h; is adjacent to w, and each of the two paths of H between h; and h; contains an even number
of neighbours of w.

But now p1-P-py,—1 is an (H', w)-significant path, contrary to the minimality of m. This proves (5).
(6) p1 is anticomplete to one of V(Q) \ {h1} and V(Q') \ {h1}.

Assume that p; has a neighbour in V(Q) \ {h1} and a neighbour in V(Q’) \ {h1}. Let ¢ > 1
and r < k be minimum and maximum such that p; is adjacent to h, and h,. Suppose that w
has no neighbour in the interior of the subpath of H \ {hi} between h, and h,. Let C be the
path of H \ {h1} from hy to h,. Then w has no neighbour in C*. We recall that u,v are as in
the definition of an (H,w)-significant path, and therefore not both u and v belong to V(C'). Since
(N(pm) UN(p1) UN(ps)) NV (H) is a subset of V(C) U {hy}, it follows that v = h; and u € V(C)
(since u is non-adjacent to w). But now, since P’ is a pyramid path, the number of neighbours of w
in each of the paths of H between u and v is odd, contrary to the fact that P is a significant path.
This proves that w has a neighbour in the interior of the subpath of H \ {h1} between h, and h,.
Since hy is adjacent to w, by 4.10, p; forms an (H,w)-pyramid path.

We claim that p; is non-adjacent to at least one of h;, h;11. By the minimality of m, some
neighbour of p,, in V(H) is anticomplete to V(P)\ {pm }. If a # m, then N(p,, )NV (H) = {hi, hit1},
so we may assume that a = m, and p; is adjacent to h; and h;11, and non-adjacent to h;. By 4.8,
h;, hiy1 are non-adjacent to w. Since p; is an (H,w)-pyramid path, it follows that there exists
h € V(H)\ {hi, hi+1} such that both p; and w are adjacent to h, and N(p;) NV (H) = {h;, hi+1, h}.
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Since u is non-adjacent to w, it follows that u € {h;, h;1+1}. But now u is adjacent to both pi, pm,
contrary to the minimality of m. This proves the claim.

From the symmetry we may assume that p; has two neighbours hy,h,+1 in V(Q) and one
neighbour A, in V(Q') \ {h1}. Then h, is adjacent to w.

By 4.8, p; is non-adjacent to h;. For the same reason, if p, = p,, then p, is non-adjacent to h,,
and therefore, p, is non-adjacent to h,. By (5), P* is anticomplete to {hg,...,h,}. But now the
paths p1-h,-Q’-h1, p1-S-h1 and p1-h,-Q-h; form a theta, contrary to 2.1. This proves (6).

By (6) and from the symmetry we may assume that p; is anticomplete to V(Q') \ {h1}.
(7) Not both p1 and w have neighbours in Q* \ {ha}.

Assume for a contradiction that both p; and w have a neighbour in Q* \ {hg}. Then there ex-
ists a path R from p; to h; with R* C Q* \ {ha2} and a path T from p; to w with 7% C Q* \ {ha}.
Let hj be the neighbour of w in T'. Assume first that 7" can be chosen so that for some t' such that
Jj <t <k, wis adjacent to hy, and hy is anticomplete to V(T) \ {w}. Let T be a path from p,, to
hy with interior in V(H)\ (V(T)U{h1, ha,...,hj}U{ht}). Let Hy be the hole pi-R-hi-py,-P-p1 and
let Hy be the hole py-T-w-hy-T'-py,-P-p1. Then N(hy) NV (Hz) = (N(h1) NV (H;y)) U{w}. Since
G|(V(H;)U{h1}) is not an even wheel or a theta for i = 1,2 by 2.1, we deduce that h; is adjacent to
Pa—1 and anticomplete to V(P) \ {pa—1,pq}. But now the three paths p,—1-P-p1-R-h;, pa-P'-pm and
h1-Q’-h;y1 form a prism or an even wheel, contrary to 2.1. This proves that we cannot choose such
T and t'. Since P’ is an (H,w)-pyramid path, and so w has an odd number of neighbours in V(Q’),
we deduce that w is anticomplete to V(Q') \ {h1}. Let H' be the hole h1-Q-h;-py-P'-ps-h1. Then
N(w)NV(H) = N(w)NV(H'), and therefore w is major with respect to H'. Since P is a significant
path with respect to H, there exist j € {1,...,7 — 2} such that p; is adjacent to h; and

1. h; and h; belong to different w-gaps of H, or

2. h; is adjacent to w, and each of the two paths of H between h; and h; contains an even number
of neighbours of w.

But now p1-P-py,—1 is an (H', w)-significant path, contrary to the minimality of m. This proves (7).
(8) p1 has a neighbour in Q* \ {ha}.

Suppose not, and so N(p1) N V(H) C {hy,ha, h;}. We claim that p; is adjacent to he. Suppose
not. If @ = m, then N(p1) NV (H) C N(pm) NV (H), contrary to the fact that P is significant. So
we may assume that a < m. Since P is significant and V(H) N N(py,) = {hi, hit1}, it follows that
p1 is adjacent to hy. Since P’ is a pyramid path, it follows that each of V(Q) and V(Q’) contains an
odd number of neighbours of w; and so, since P is significant, we deduce that p; is adjacent to h;.
But now the paths hi1-Q-h;, h1-p1-h;, h1-Q’-h;y1-h; form a theta, contrary to 2.1. This proves that
p1 is adjacent to hs.

Since P is significant and P’ is a pyramid, w has an even number of neighbours, and at least
two, in V(Q) \ {h1}. Let R be a path from p; to h; with interior in V(P), and let H' be the induced
cycle ho-Q-hi-R-p1-hs. Since by 2.1 G|(V(H') U {w}) is not an even wheel or a theta, it follows that
w has exactly two neighbours in V(Q) \ {h:1}, and they are adjacent, say h, and hy4+1. Since w is
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major with respect to H, we deduce that w has a neighbour in V(Q') \ {h1}. Let ¢’ € {i +1,...,k}
be minimum such that w is adjacent to hy.

Assume first that p; is non-adjacent to h;. Then p, € V(R), and the paths hy,y1-Q-h;,
hn-Q-ho-p1-R-p, and w-hy-Q'-h;y1 form a prism if ¢ # n + 1, or an even wheel if i = n + 1,
contrary to 2.1. This proves that p; is adjacent to h;.

Suppose p; is adjacent to hy. Since hi-pi-h;-w-hi is not a hole of length four, it follows that
h; is non-adjacent to w. We deduce from the minimality of m that he is adjacent to w. But now,
by (1), each of the subpaths of H between hy and h; contains an even number of neighbours of
w, and therefore p; is a significant path, contrary to the minimality of m. This proves that p; is
non-adjacent to hj.

Since G|(V(H) U {p1}) is not a theta by 2.1, i = 3, and so w is adjacent to both hy and hs.
Consequently, by 4.8, it follows that a < m. But now by 4.10 the path p;-P-p, contains a subpath
that is an (H,w)-pyramid path, which is impossible since hq, ho, h3 are the only vertices of V(H)
with a neighbour in p1-P-p, and all of them are adjacent to w. This proves (8).

By (7) and (8) w has no neighbour in Q* \ {he}. Since P’ is an (H,w)-pyramid path, w is ad-
jacent to both or neither of ho and h;. Since P is a significant path, we deduce that w is adjacent
to both ho and h;. By 4.8, it follows that a < m. But now the subpath of P from p; to p, is a
significant path, contrary to the minimality of m. This completes the proof of 4.11. |

We can now prove 4.5.

Proof of 4.5. It is enough to prove that w has a neighbour in the interior of every path of G
from V(C) to AU B. Let P be such a path. Then P includes a minimal such path P’; the interior
of P’ is therefore disjoint from H, and so P’ is (H,w)-significant. Now by 4.11 w has a neighbour in
P*. This proves 4.5. |

5 Non-dominating cliques
In view of 3.1, to complete the proof of 1.2, it is enough to prove the following:

5.1 Let G be an even-hole-free graph such that 1.2 is true for all graphs with fewer vertices than G.
Let K be a non-dominating clique of G of size at most two. Then there is a vertex in V(G) \ N(K)
which is bisimplicial in G.

Proof. Assume no such vertex exists. By 2.4 we may assume that K = {z,y} with z,y € V(G).
Let C = N(z) N N(y) \ {z,y}. Then the five sets N(z) \ N(y), N(y) \ N(z), V(G) \ N(K),C and
{z,y} are pairwise disjoint, and have union V(G).

(1) V(G) \ N(K) is connected, every vertex of N(K)\ K has a neighbour in V(G) \ N(K), and
there exists a hole H of G with {z,y} C V(H).

If N(z)\ N(y) is empty, let G’ be the graph G \ {z}. Then {y} is a non-dominating clique in

G'. By the minimality of |V(G)|, there is a vertex v € V(G’) \ N(y) that is bisimplicial in G'.
Since N(x) \ N(y) is empty, v is non-adjacent to z, and therefore v is a bisimplicial vertex of G,
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and v € V(G) \ N(K), a contradiction. This proves that N(x) \ N(y), and from the symmetry
N(y) \ N(z), are non-empty. Consequently, the third assertion of (1) follows from the first two.

If some vertex v € N(K) \ K is anticomplete to V(G) \ N(K), let X = {v}, and other-
wise, if V(G) \ N(K) is not connected, let X be a component of V(G) \ N(K). In either case
V(G) \ (X UN(K)) is non-empty, and therefore K is a non-dominating clique in G’ = G \ X.
Since V(G')\ N(K) C V(G) \ N(K), the minimality of |V (G)| implies that there exists a vertex
w € V(G) \ N(K) that is bisimplicial in G’. But it follows from the definition of X that w is an-
ticomplete to X, and so Ng(w) = Ng(w) and w is bisimplicial in G, a contradiction. This proves (1).

(2) Let H be a hole with x,y € V(H). Then H is dominating. If w € C is major with respect
to H, then w is complete to V(H).

Suppose first that H is non-dominating. Then by 3.1 there is a vertex v € V(G) \ N(H) that
is bisimplicial in G, and therefore v € V(G) \ N(K), a contradiction. This proves that H is domi-
nating.

Let w € C be a major vertex with respect to H, and suppose that w is not complete to V(H).
Now by 4.5 there exists a subset N’ of N(w) such that N U {w} is a star cutset in G, such that
{z,y} € N’ and some component of G \ (N' U {w}) is disjoint from {z,y} and not complete to w,
contrary to 4.1. This proves (2).

(3) No vertex of C has both a neighbour in N(x)\ N(y) and a neighbour in N(y) \ N(z).

Let A = N(z)\ N(y), B = N(y) \ N(z) and D = V(G) \ N(K). Suppose some ¢ € C has a
neighbour in A and a neighbour in B. Let A’ be the set of neighbours of ¢ in A, A” = A\ A’, and
let B', B”, D', D" be defined similarly.

We claim that A” is non-empty. For suppose not. Assume first that D” # (. Then {y,c} is
a non-dominating clique in G’ = G \ {z}. By the minimality of |V (G)|, there exists a vertex v in
V(G")\ N({y, c}) that is bisimplicial in G’, and since AU BUC C N({y, c}), it follows that v is in
D. But Ng(v) = Ng(v), because x is anticomplete to D, and consequently v is bisimplicial in G,
a contradiction. This proves that D” = (). Applying 1.2 to the graph G” = G \ {c} and using the
minimality of |[V(G)|, we deduce that there exists a vertex v of V(G”)\ N(K) that is bisimplicial in
G". Since AUBUC C N(K) and D = D', it follows that v is in D and Ng(v) = Ngr(v)U{c}. Since
y-c-v-b-y is not a hole of length four for any b € N(v) N (B U (), it follows that Ng»(v) N (B U C)
is complete to c. From the symmetry, Ng»(v) N (AU C) is complete to ¢; and therefore, since ¢
is complete to D, it follows that Ngr»(v) is complete to ¢. Consequently, v is bisimplicial in G, a
contradiction. This proves the claim.

From the symmetry it follows that both A” and B” are non-empty. Since a-z-y-b-a is not a hole
of length four for a € A and b € B, it follows that A is anticomplete to B. Choose o’ € A’V €
B';d" € A” and b € B”. By (1), there exists a path P; from a’ to b” and a path P, from a” to
b, both with interior in D. Let Hy, Hs be the holes z-a’-P-b"-y-x and x-a”-Py-b'-y-z. By (2), and
since ¢ is non-adjacent to a” and b”, it follows that ¢ is not major with respect to Hy or Ho, and
therefore c is anticomplete to P U Py

We claim that V(P;) is disjoint from V(P»), and V(P;) \ {b"} is anticomplete to V(P) \ {a"}.
Suppose not. Then there is a path P from a’ to b’ with P* C Py U P}, and the hole z-a’-P-b/-y-x
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contains exactly four neighbours of w, contrary to 2.1. This proves the claim.

Let d; be the neighbour of ” in P, and dy the neighbour of a” in P. Since A is anticomplete to
B, it follows that dy and dy are in D. By (2), Hs is dominating, and therefore d; has a neighbour in
V(H3). By the argument of the previous paragraph, d; is adjacent to a” and not to do. Similarly,
dy is adjacent to b”. But now, since A is anticomplete to B, a”’-ds-b"-d1-a” is a hole of length four,
a contradiction. This proves (3).

Let m be the minimum length of all holes containing x and y.

(4) Let H be a hole with {z,y} C V(H). If a vertex w of G is major with respect to H, then
w is not complete to {x,y}. Moreover, if H has length m, then no vertex of G is magjor with respect
to H, and every pyramid with respect to H is adjacent to both x and y.

If w is a major vertex with respect to H that is complete to {z,y}, then by (3) w is not com-
plete to V(H), contrary to (2).

If H has length m and w is a major vertex or a pyramid with respect to H, then the minimality
of |V(H)| implies that w is adjacent to both = and y, and the result follows. This proves (4).

Let

W =| {V(H) : His ahole, K CV(H) and |V (H)| = m}.

For 1 <i<m—2let A; be the set of all vertices v € W such that there exists a hole H of length
m with z,y,v € V(H), and the subpath of H \ {y} from z to v has length i. Let Ay = {z} and
A1 = {y}. Clearly W = [JI";! A,

(5) A; N A; =0 and A; is anticomplete to A; for alli,5 € {0,...,m —1} with1 < j—i<m—1.

Since for 1 < i < m — 2 every vertex in A; has a neighbour in A;_; and in A;;, it is enough
to prove the second statement. Suppose for some 1 < ¢ < j < m — 2 with j — ¢ > 1 there exist
a; € A; and a; € A; that are adjacent. By the definition of A; and A;, there exists a path P from
a; to x, such that y ¢ V(P) and P has length 4, and a path @ from a; to y, such that z ¢ V(Q)
and () has length m — j — 1. Since every vertex of W is in a hole containing x and y, it follows that
no vertex of V(P) U V(Q) is adjacent to both x and y, and therefore G|(V (P) U V(Q)) contains a
hole H' with z,y € V(H'). But |[V(P)UV(Q)| < m, contrary to the minimality of m. This proves (5).

Let 1 <i<m—2and let u € A;. We say that a path P is an z-path for u if
e ucV(P),
o for 0 <j<il|V(P)NAj =1, and
o V(P)C Ui 4.
and P is a y-path for u if
e ucV(P),
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o fori<j<m-—1, |V(P)nA;|=1,and
o V(P)C U A

By the definition of W, there is an z-path and a y-path for every vertex in W\ K. It follows from (5)
that for every w € W\ K, if P is an z-path for v and @ is a y-path for u, then V(P) NV (Q) = {u},
V(P)\{u, z} is anticomplete to V(Q)\{u,y}, and G|(V(P)UV(Q)) is a hole of length m. Moreover,
let u € A; and let v’ be a neighbour of u in A;_;. Then there is an z-path P’ for u/, and the path
x-P'-u/-u is an z-path for w. Thus every neighbour of u in A; 1 is in an z-path for u, and similarly
every neighbour of u in A;y1 is in a y-path for w.

Let us call a pair of non-adjacent vertices u,v in A; an x-pair if N(u) N N(v) N A;—1 # 0, and
a y-pair if N(u) VN (v) N A1 # 0,

(6) Let 1 < i < m — 2 and let u,v € A; be non-adjacent. Then u,v is either an x-pair, or a
y-pair, and not both. Moreover,

e if u,v is an x-pair, then N(u)NA;—1 = N(v)NA;—1, N(u)NN@w)NAi11 =0, and N(u) N Ajt1
is complete to N(v) N A1

e if u,v is a y-pair, then N(u)N A1 = N(w)N A1, Nu)NN@w)NA;—1 =0, and N(u) N A;j—1
is complete to N(v) N A;_1.

Let P, and @, be an z-path and a y-path for u, respectively; and let P, and @, be defined
similarly. Since z-P,-u-Q,-y-z is a hole, by (2) and (5) v has a neighbour in (V(P,) UV (Q,)) N
(A;—1 U A; U A;11). Since v is non-adjacent to u, we may assume from the symmetry that v is
adjacent to the neighbour p of u in P,, and hence w, v is an x-pair. So p € A;_1. Since by (5) A;_1
is anticomplete to A;y1, and u-p-v-a-u is not a hole of length four for any a € A;11, it follows that
N(u) N N(v) N A1 = 0. Therefore u,v is not a y-pair.

Suppose there exist a € N(u) N A;41 and o' € N(v) N A;1 such that a is non-adjacent to a'.
Then i < m — 2. Since every vertex in N(u) N A;41 is in a y-path for u, we may assume that a € Q.
By (2), @’ has a neighbour in V(P,) UV (Q,). By (5) and since @’ is anticomplete to {u,a}, a’ is
adjacent to the unique vertex g of V(Q,) N A;1+2. But now, again by (5), p-v-a’-g-a-u-p is a hole of
length six, a contradiction. This proves that N(u) N A;4; is complete to N(v) N Ajy1.

It remains to prove that N(u)NA;—1 = N(v)NA;—1. Suppose there exists p’ € (N(v)NA;—1)\N(u).
Since every vertex in N(v) N A;_1 is in an z-path for v, we may assume that p’ € V(P,). Since
x-Py-v-Qy-y-x is a hole, and by (2), and (5), u has a neighbour in (V(P,)UV (Qy))N(Ai—1 UA;UA;11).
But u is anticomplete to {p’,v} and N(u) N N(v) N A;+1 = 0, a contradiction. This proves (6).

(7) Let 1 < i < m — 2 and let u,v € A; be an x-pair. Then A; is complete to N(u) N A;—1. In
particular there is no y-pair in A;.

Suppose there exists z € N(u) N A;—1 and w € A; such that z is non-adjacent to w. Since u,v
is an x-pair, v is adjacent to z (by (6)), and there exist a,b € A;;1 such that u is adjacent to a and
not to b, v is adjacent to b and not to a, and a is adjacent to b. Since z-u-w-v-z is not a hole of
length four, we may assume from the symmetry that w is non-adjacent to v. Since z is in an z-path
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for v, and b is in a y-path for v, it follows from (2) and (5) that w is adjacent to b. Now by (6), v, w
is a y-pair, and therefore there exists 2’ € A;_1, adjacent to z and w and non-adjacent to v. Since
u,v is an z-pair, u is non-adjacent to 2’. Since 2’ is in an x-path for w, and b is in a y-path for w,
it follows from (2) and (5) that u is adjacent to w. But now z-u-w-z"-z is a hole of length four, a
contradiction. This proves (7).

(8) Let w € V(G) be adjacent to x or to y, or such that K is non-dominating in G\ {u}. Then there
exists a neighbour v of u, such that v is anticomplete to {x,y} and v is bisimplicial in the graph

First we claim that K is non-dominating in G \ {u}. To prove the claim, we may assume that
u € N(K). But in this case, since K is non-dominating in G, there exists a vertex v # u, such that
v is anticomplete to K, and therefore K is non-dominating in G \ {u}. This proves the claim.

We deduce from the minimality of |V (G)| that there exists a vertex v in V(G) \ (V(K) U {u})
that is bisimplicial in G'\ {u}. But now, since v is not bisimplicial in G, it follows that u is adjacent
to v. This proves (8).

(9) Let 1 < j <k <m —2 such that k —j > 1 and let aj € A; and a, € A,. Then there exists
a path from a; to ay, with interior in Ui:jl“ A; using exactly one vertex from each of Aj, Aji1, ... Ag.

Let @ be a y-path for a; and let a;_; be the vertex of @ in Aj_;. We may assume that ay is
non-adjacent to ay_1, for otherwise by (5) a;-Q-ar—1-ay is a path and the claim holds. Let a;_l be
a neighbour of a;, in A;_; and let aj_o be the vertex of @ in Ax_s. Then we may assume that aj_,
is non-adjacent to ay_s, for otherwise by (5) a;-Q-ar—2-a)_,-ax is a path and the claim holds. If
ap—1 is adjacent to aj,_, then a-Pj-a;-Q-ay_1-aj,_,-ar-Qp-y-x is a hole of length m+1, and therefore
even, where P; is an x-path for a; and @)y, is a y-path for ay, a contradiction. So aj_; is not adjacent
to aj,_,. But now, since ay_; is non-adjacent to ax, and aj,_; is non-adjacent to aj_2, the pair
ap—1,a,_; is not an z-pair and not a y-pair, contrary to (6). This proves (9).

(10) Let v be a vertex adjacent to both x and y. Then there exists an odd integer 1 < i < m —2 such
that N(v)NW C K U A;.

Let j > 0 be minimum and £ < m — 1 maximum such that v has a neighbour a; € A; and a;, € A;.
Let P; be an z-path for a; and let () be a y-path for aj;. Since z-Pj-aj-v-x and y-Q-aj-v-y are
not even holes, it follows that £ — j is even, and in particular either k = j or kK — j > 1. Suppose
Jj # k and let R be a path from a; to ai as in (9). Then z-Pj-aj-R-a;-Qp-y-x is a hole of length m
and v is a major vertex with respect to it, contrary to (4). This proves that £k = j. But now, since
2-Pj-aj-v-z is not an even hole, P; is odd, and therefore j is odd. This proves (10).

(11) Let v € V(G) \ W and let N = N(v) " W. Then either
1. N=A; for somel <i<m—2, or

2. For some1 <i<m—3, NCAUA;1, NNA; #0, NN A1 #0, NN A; is complete to
NN A1, and A; \ N is anticomplete to Aj11 \ N, or
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KCNCAUK for some odd1<i<m-—2, and NNA; #0, or
N=K, or

reNCAU{z}, and NN AL #0, or

S T e

yeNC A, 2U{y}, and NN Ap—o # 0.

If K C N, then by (10) either the third or the fourth outcome holds, so, from the symmetry we
may assume that y ¢ N. Assume that x € N. Then from the minimality of m we deduce that v
is anticomplete to A; for i > 2, and since v ¢ W, it follows that v is anticomplete to As. If v has
a neighbour in Aj, then the fifth outcome holds, so we may assume not. By (8), v has a neighbour
u € V(G) \ N(K), and we have just shown that v ¢ W. By (2) u has a neighbour in W3 let j be
maximum such that v has a neighbour in A; and let a; be such a neighbour. Since z-v-u-y-x is not
a hole of length four, it follows that j < m — 1. Since z-v-u-ai-x is not a hole of length four for
any a; € Ay, u is anticomplete to A;. Let @ be a y-path for a;. Then z-v-u-a;-Q-y-x is a hole of
length at most m + 1, and since G is even-hole-free, it is a hole of length m. But now v € Ay, a
contradiction. Thus we may assume that N N K = ().

By (2), N # 0. Let 1 < j < m — 2 be minimum and 1 < k& < m — 2 maximum such that v
has a neighbour a; € A; and a, € A;. Let P; be an x-path for a; and let )y be a y-path for a.
If Kk —j > 1, then z-Pj-a;-v-a;-Qr-y-x is a hole of length at most m containing x and y, which
contradicts either the minimality of m or the fact that v € W, so either j =kor j =k—1. If j = k,
then by (2) v is complete to A;, and the first outcome holds. So we may assume that j = k — 1.
To show that the second outcome holds, it remains to prove that N N A; is complete to N N Ay,
and A; \ N is anticomplete to Ay \ N. Let u € Aj and w € Ay, let P be an z-path for u and let Q
be a y-path for w. Assume first that v € NN A;, w € NN Ay and v is non-adjacent to w. Then
- P-u-v-w-Q-y-x is a hole of length m + 1, and therefore even, a contradiction. This proves that
N N Aj is complete to N N Ay. Next assume that v € A; \ N, w € A, \ N and u is adjacent to w.
Then z- P-u-w-Q-y-x is a hole and v has no neighbour in it, contrary to (2). This proves that A; \ N
is anticomplete to A \ N and completes the proof of (11).

For 1 < i < m — 2, let B; be the set of all vertices of V(G) \ W that are complete to A4; and
have no other neighbours in W, and let C; be the set of all vertices of V(G) \ W that are complete
to K, anticomplete to W \ (K U A;) and have at least one neighbour in A;. For 0 <i < m — 2 let
Bi i1 be the set of all vertices of V(G) \ W that have a neighbour in A; and a neighbour in A; 1,
and are anticomplete to W'\ (4; U A;11). Let B, 4 be the vertices of V(G) \ W that are complete to
K and anticomplete to W\ K. Let By = B,—1 = Cy = Cy,—1 = (. Then all these sets are pairwise
disjoint, and by (11)

m—2
V(G)=WU | J (BiUCiUBji11) UBay,.
=0

(12) Both C1 and Cy,—o are cliques.

Suppose there exist two non-adjacent vertices w,u’ in Cy. Since y-u-a-u'-y is not a hole of length
four for any a € Ay, it follows that no vertex of A; is adjacent to both u and v/, and in particular u
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is not complete to Ay, and neither is u’. Let a; be a neighbour of u in A; and a) a neighbour of v’
in A;. By (8), u has a neighbour in V(G) \ N(K), and since u is anticomplete to W\ (K U A1), (11)
implies that u has a neighbour in U?:IZ B; U UT;IS B i+1. Let n be such a neighbour.

Assume first that n € B; for some i. Then i > 1, since z-u-n-aj-x is not a hole of length four.
Let @ be a y-path for a; and let a; be the vertex of () in A;. Since B; is complete to A;, n is adjacent
to a;. But now the three paths a;-Q-a1-u, a;-n-u, a;-Q-y-u form a theta, contrary to 2.1. This proves
that u is anticomplete to ", B;.

Next assume that n € B; ;41 for some 2 <7 < m — 3. Let a;,a;41 be neighbours of n in A; and
A1, respectively. By (11) a; is adjacent to a; 1. First we claim that there exist a path R from a;
to a non-neighbour of u in A; with interior in U;;E Aj. If i > 3, the existence of such a path follows
from (9), so we may assume that ¢ = 2 and every neighbour a of a; in A; is adjacent to u. But now
u-a-a;-n-u is a hole of length four, a contradiction. So such a path R exists, and we may assume
that RN Ay = {a}}. Let Q be a y-path for a;11. Now, by (5), the three paths x-a}-R-a;, u-n and
y-Q-a;11 form a prism, contrary to 2.1. This proves that n € By 5. Similarly, v’ has a neighbour n’
in BLQ.

Let a be a neighbour of n in Aj, and let a’ be a neighbour of n’ in A;. Since u-z-u/-n-u is not a
hole of length four, u is non-adjacent to n’, and similarly «' is non-adjacent to n. Since a}-z-u-n-a
is not a hole of length four, it follows that n is non-adjacent to a}. Let T be a y-path for a}. By (2)
and (11), n is adjacent to the vertex of 7" in Ag, say ay. Since xz-u-n-a-x is not a hole of length four,
it follows that a is adjacent to u. By (11), a is adjacent to ag, and since, by (6), a, @ is not an z-pair
and not a y-pair, it follows that a is adjacent to a. Since no vertex of A; is adjacent to both u and
v/, a is non-adjacent to u’. Since a is adjacent to as, a-as-T-y is a y-path for a. By the previous
argument applied to u',n’, a instead of u,n, ), we deduce that n’ is non-adjacent to a and adjacent
to as, and every neighbour a’ of n’ in A; is adjacent to a and v/, and therefore not to w and not
to m. Since n-as-n'-u'-y-u-n is not a hole of length six, it follows that n is adjacent to n’. But now
n-n'-a’-a-n is a hole of length four, a contradiction. This proves (12).

(13) If ¢c1 € C has a neighbour a € N(z) \ N(y) and c2 € C has a neighbour b € N(y) \ N(x),
then c1 and co are adjacent.

Suppose not. Since a-z-y-b-a is not a hole of length four, a is non-adjacent to b. By (3) ¢ is
non-adjacent to b and ¢ to a, and therefore ¢; # co. By (1) there exists a path P from a to b such
that P* C V(G) \ N(K). Let Hy be the hole a-z-y-b-P-a. By (2), ¢; and ¢y are not major with
respect to Hy, and therefore {c1,co} is anticomplete to P*. Let D be a minimal connected subset of
V(G) \ N(K) such that P* C D, and at least one of c1, ¢y has a neighbour in D (the existence of
D follows from (1)). Since c¢j-z-ca-d-c; is not a hole of length four, no vertex d of D is adjacent to
both ¢; and c¢o, and therefore, the minimality of D implies that exactly one of ¢;, ¢s has a neighbour
in D, say c1. Let @ be a path from ¢; to b with @* C D. Now both ¢1-Q-b-y-c1 and ¢1-Q-b-co-x-c1
are holes and their lengths differ by one, so one of them is even, a contradiction. This proves (13).

(14) Let c1,co € C be non-adjacent. Then {c1,ca} is anticomplete to N(K)\ (C UK).
Suppose ¢; has a neighbour a € N(z) \ N(y), say. Then by (3) ¢; is anticomplete to N(y) (x),

\ N
and by (13) ¢ is anticomplete to N(y) \ N(z). By (1) N(y) \ N(x) # (. Choose b € N(y) \ N(x).
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By (1) there is a path P from a to b with P* C V(G) \ N(K). Let H be the hole a-P-b-y-z-a.
By (2), ¢1 is not a major vertex with respect to H, and therefore ¢; is anticomplete to P*. Suppose
¢o has neighbour in V(P). Let @ be a path from cs to a with @* C P. Then both a-Q-co-z-a
and a-Q-co-y-c1-a are holes, and their lengths differ by one, so one of them is even, a contradiction.
This proves that ¢z is anticomplete to V(P). By (1) ¢z has a neighbour d in V(G) \ N(K). Since
¢1-x-co-d-c1 is not a hole of length four, ¢; is non-adjacent to d. By (2) the hole H is dominating,
and so d has a neighbour in V(P). Since co-y-b-d-c5 is not a hole of length four, d is non-adjacent to
b, and so there exists a path R from d to a such that R* C V(P) \ {b}. But now both a-z-co-d-R-a
and a-ci-y-co-d-R-a are holes, and their lengths differ by one, so one of them is even, a contradiction.
This proves (14).

(15) Let c1,co € C be non-adjacent. Then every path P between ci and cy with interior in V(G) \
N(K) has length three, the set V(P) U {x,y} is dominating, and either

e m =25, c1,¢2 € By and P* C By, or
e m=1717,c,co € Cy and P* C As.

Let P be a path with ends ¢j,c2 and interior in V(G) \ N(K). Let @ be a path with ends
a€ N(z)\ N(y) and b € N(y) \ N(x), and with Q* C V(G) \ N(K). (Such a path @ exists by (1).)
We claim that @Q* contains a vertex with a neighbour in P*. Let H be the hole z-a-Q-b-y-z. By (2)
H is dominating, and so every vertex of P* has a neighbour in V(H), and therefore in V(Q). We
may assume that no vertex of P* has a neighbour in Q*, for otherwise the claim holds, and therefore
every vertex of P* is adjacent to either a or b. Let p be the neighbour of ¢; in P. From the symmetry
we may assume that p is adjacent to a. But ¢; is non-adjacent to a, by (14), and so a-z-c¢1-p-a is a
hole of length four, a contradiction. This proves the claim.

Next we show that every vertex of G has a neighbour in V/(P) U {z,y}. For suppose there exists
v with no such neighbour. Then v belongs to V(G) \ N(K). Suppose there exists a path P; from v
toa’ € N(z)\ N(y) and a path P, from v to b’ € N(y)\ N(z) with (PFUP)NN(V(P)U{z,y}) = 0.
Then, in P; U P,, there is a path from o’ to b/ that contradicts the claim of the previous paragraph.
So from the symmetry we may assume that there is no path from v to N(y) \ N(z) with interior in
V(G)\ N(V(P)U{z,y}). Let F be a component of G\ N(V(P)U{z}) containing v. Then F is
disjoint from N(y)\ N(x). By 3.1 applied to G' = G|(FUN(V(P)U{x})) and the hole z-¢1-P-co-z,
there exists a bisimplicial vertex w of G’ in

V(G)\ N (V(P)U{z}) = V(G') \ Na(V(P)U{z}) =

But now it follows from the definition of F' that N/ (w) = Ng(w), and so, since F' is disjoint
from N(K), w is a bisimplicial vertex of G contained in V(G) \ N(K), a contradiction. This proves
that every vertex of G has a neighbour in V(P) U{z,y}.

If a has a neighbour in P* define x, = a, and otherwise let x, be the neighbour of ¢ in Q. Let
xp be defined similarly. Then both z, and z; have neighbours in P*. Let p; be the neighbour of z,
in P such that the subpath P; of P from p; to ¢; contains no other neighbour of x,. Let ps be the
neighbour of z, in P such that the subpath P, of P from ps to co contains no other neighbour of z,.
Let p), P|, ph, Py be defined similarly with x; instead of x,.

We claim that z, (and from the symmetry z;) has exactly two neighbours in V' (P) and they are
adjacent to each other. Suppose first that x, # a. Now, if p; and po are distinct and non-adjacent,
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then the three paths z,-p1-Pi-c1-x, £q-po-Po-co-x and x4-a-x form a theta, and if p; = ps then then
the three paths pi-Pi-c1-x, p1-Pa-co-x and pi-z4-a-x form a theta, contrary to 2.1. This proves that
p1 and po are distinct and adjacent, and the claim follows.

So we may assume that z, = a. By (14) z, is non-adjacent to both ¢; and cy. Then p; # ps, for
otherwise, G|(V(P) U {z,x,}) is a theta, contrary to 2.1; and may assume that p; is non-adjacent
to po, for otherwise the claim holds. So x, is a major vertex with respect to the hole x-c¢i-P-co-x.
But now, since z, is non-adjacent to both ¢; and cg, there are two disjoint z,-gaps in this hole, and
so by 4.5 G admits a full star cutset, contrary to 4.2. This proves that z, (and from the symmetry
xp) has exactly two neighbours in V(P) and they are adjacent to each other, that is, p; and ps are
distinct and adjacent, and the same holds for p] and p}.

If p} € V(P,), then the paths z,-Q-a-z, p1-Pi-¢1 and pa-Pa-p)-xp-Q-b-y form a prism or an even
wheel, and if p}, € V(P;), then the paths z,-Q-a-x, pa-Pa-c2 and pi-Pi-ph-xp-Q-b-y form a prism or
an even wheel, in both cases contrary to 2.1. This proves that p; = p} and py = ph.

If p; = c1, then, by (14) z, # a, and so z4-a-z-c1-x4 is a hole of length four, a contradiction.
So, from the symmetry, both p; and py belong to P*. By (2), the hole x-a-Q-x4-p1-xp-Q-b-y-x is
dominating, and since no vertex of P35 has a neighbour in it, it follows that Py is empty, and therefore
po is adjacent to co. Similarly, p; is adjacent to c¢1, and therefore P has length three.

Since ¢; is anticomplete to N(z) \ N(y) and a’-pi-ci-xz-a’ is not a hole of length four for any
a’ € N(z)\ N(y), it follows that p; is anticomplete to N(z)\ N(y), and, from the symmetry, {p1, p2}
is anticomplete to N(K)\ (CUK). Consequently z, # a and xp # b. So z-a-x4-p1-zp-b-y-x is a hole
of length seven, and therefore m < 7.

If m = 7, then the holes x-a-x,-p1-xp-b-y-r and x-a-x,-po-xp-b-y-xr show that p; and po belong to
As. Each of ¢, ¢y is complete to {z,y}, and has a neighbour in As, so by (10) both ¢; and ¢ are in
Cs.

If m = 5, then by (10) ci,c2 € By, U Cy U Cs, and since by (14) {c1,c2} is anticomplete to
N(K)\ (CUK), it follows that ¢1,c2 € Bg,. Therefore pi,ps ¢ A1 U Ay U Ag. Since {p1,p2} is
anticomplete to N(K) \ (C'U K), it follows that p1,ps & By U B3 U By 2 U By 3. But now, since

m—2
V(G)=WU | J(B;UC;iUB;1)UByy,.
=0

and pi, pe are anticomplete to {z,y}, we deduce that p;, ps belong to Bs. This proves (15).

(16) Let 1 < j < i < m —2 and let p € C; be adjacent to b € B; U B;_1;. Then i is even,
b€ B;_1,; and either

e i>j+1, pis complete to Aj, and b is complete to A;_1 U A;, or
e 1 =j5+41 andN(b)ﬂAi_l :N(p)ﬂAi_l.

Let a; be a neighbour of b in A; and let @ be a y-path from a;. Then a;-Q-y-p-b-a; is a hole, and
therefore ) has even length and so ¢ is even.

By (10), j is odd. Let A} be the set of neighbours of p in Aj, and A;_; the set of neighbours of b
in A;_1. By (11) a; is complete to A; ;. Let P be a path from A;_; to A; such that |V(P)NAg| =1
for j <k <i—1. Let aj € A; and a;—1 € A;_; be the ends of P. We claim that a; € A;- if and only
if a;—1 € A,_,. Suppose first that a; € A; and a;—; € A;_1 \ A,_,, and let a € A; be adjacent to
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a;—1. By (11), b is adjacent to a. But now p-a;-P-a;_1-a-b-p is an even hole, a contradiction. Next
suppose that a; € A; \A; and a;,—1 € A]_,, and let S be an z-path for a;. Then p-a-S-a;-P-a;_1-b-p
is an even hole, again a contradiction. This proves the claim. The claim implies that A} ; # 0, and
in particular, b € B;_1 ;. If i = j + 1, the claim implies that N(b) N A;—1 = N(p) N A;_1, and (16)
follows. So we may assume that ¢ > j + 1.

Assume that A, | # A;_1. Let a}_, € A]_; and a;_; € A;_1\ A;_,. Let R’ and R be x-paths for
a;_; and a;_1, respectively, and for 1 < k < i — 2 let a; and aj, be the vertices of R and R’ in Ay,
respectively. By the claim, o} € A} and a; € A;\ A%; and by (5) and the claim, V(R) \ (Ui;%) Ay)
is disjoint from V(R')\ (Ui;%) Ap), and for j+1 < k <i—1, a), is non-adjacent to ay_; and aj, to
aj,_,. Consequently, since both R and R’ can be completed to holes via y-paths for a;—; and a_,,
respectively, (2) implies that for j < k < i — 1, ay, is adjacent to aj. We recall that @ is a y-path
for a;. Since i > j + 1, 2-R-aj-aj11-aj1-R-aj_1-a;-Q-y-z is a hole of length m + 1, and therefore
even, a contradiction. This proves that A, ;| = A; 1. Since the claim implies that for every vertex
aj € Aj\ A}, if T is a y-path for a; then V(T') N A;—1 € A;—1 \ A]_4, it follows that A; = A].

Finally suppose that there exists a vertex a € A; non-adjacent to b. Let S be an x-path for a and
T a y-path, let a;—1 be the vertex of S in A;_; and let a; be the vertex of S in A;. Then the paths
p-b-a;_1, p-a;-S-a;—1 and p-y-T-a-a;—; form a theta, contrary to 2.1. This proves that b is complete
to A; and completes the proof of (16).

(17) Every vertex of Ay that is complete to Bia is complete to Ci. Some vertex of Ay is com-
plete to Cf.

Let p € (1, and suppose that p has a non-neighbour a; € A;. Since K is non-dominating in
G\ {p}, it follows from (8) that p has a neighbour b € V(G) \ N(K). From the definition of C;, we
deduce that either b € By, or b € B; U B;_1; for some 2 <i <m — 2. If b € By then b-a;-z-p-b is a
hole of length four, a contradiction. So b € B; U B;_;; for some 2 < i < m — 2, and by (16), i = 2
and N(b)N Ay = N(p)N A;. In particular, a; ¢ N(b) N A;. This proves that every vertex of A; that
is complete to Bj 2 is complete to Cf.

Now we prove that some vertex of A; is complete to Cq. Suppose not, and choose a € A;
with maximal set of neighbours in C7. Let ¢ € C7 be non-adjacent to a. Then ¢ has a neighbour
a’ € Aj. By the choice of a, some vertex ¢ € C7 is adjacent to a and non-adjacent to a’. By (12),
¢ is adjacent to /. Since a-a’-’-c-a is not a hole of length four, it follows that a is non-adjacent
to a’. By the argument of the previous paragraph, there exists a vertex ' € Bj 9, adjacent to ¢
and such that N(b') N A = N(¢/) N A;. Thus V' is adjacent to o’ and not to a. Let az € Ay be
adjacent to a. By (11), as is adjacent to both " and o’. But now a-as-a’-z-a is a hole of length four, a
contradiction. This proves that some vertex of A; is complete to C, and completes the proof of (17).

(18) Let i € {1,...,m —2}. If A; contains an z-pair u,v, then A; is complete to A;—1 N N(u),
Bi iy1 is anticomplete to {u,v}, B; is empty and A;—1 N N(u) is complete to B;_1 ;.

The first assertion of (18) follows from (7). Since w-w-v-b-u is not a hole of length four, where

we N(u)NA;—1 and b € B; ;11 U B;, it follows that B; = ), and no vertex in B; ;41 is adjacent to
both » and v.
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Next suppose there exists b € B; ;1 with a neighbour in {u,v}. From the symmetry we may
assume that b is adjacent to u. Let a be a neighbour of v in A;41, and @’ a neighbour of v in A;41.
Since u, v is an x-pair, (6) implies that a is non-adjacent to v and @’ is non-adjacent to u. By (11), b
is non-adjacent to a’, and therefore, again by (11), b is adjacent to v. But then b is adjacent to both
u and v, a contradiction.

Finally, suppose that there exist a € A;_; N N(u) and b € B;_;; non-adjacent. By (11), b is
adjacent to both v and v. But now u-b-v-a-u is a hole of length four, a contradiction. This proves (18).

(19) The sets By, Bo1,B12,...,Bm—2m—1 are pairwise anticomplete; the sets By, ..., By_1 are
pairwise anticomplete; and for all i € {0,...,m —2} and j € {0,...m — 1} with j #i,i + 1, B; ;41
is anticomplete to B;.

Let 0 < i < j < m — 2. From the symmetry it is enough to prove that B; U B; ;1 is anticom-
plete to Bj 1 U Bj j41, B; is anticomplete to B;;1 and B, , is anticomplete to B; ;1.

Assume for a contradiction that there exist adjacent u € B; U B; ;41 and v € Bj 1 U Bj 1. Let
a; be a neighbour of u € A; and a;11 a neighbour of v in A;;1, and let P be an z-path for a; and Q a
y-path from a;ii. Then z-P-a;-u-v-aj41-Q-y-x is a hole, say H. Since V(H) € W, z,y are vertices
of H and H is odd, it follows that H has length at least m + 2, a contradiction.

If b; € B; is adjacent to bj+1 € Bjy1, then, by (11), b-b;11-a;+1-a;-b; is a hole of length four for
every adjacent a; € A; and a;+1 € A;y1, a contradiction.

Finally, assume that b € B, , has a neighbour b’ € B; ;11. Let a; and a;11 be neighbours of b’ in
A; and A;;q, respectively. By (11), a; is adjacent to a;41. Let P be an x-path for a; and @ a y-path
for aj+1. Then G|(V(P)UV (Q)U{b,b'}) is a prism or an even wheel, contrary to 2.1. This proves (19).

(20) A; is a clique for every odd integer i with 3 <i < m — 4.

Suppose there exists an odd integer i € {3,...,m — 4} such that A; is not a clique. Then m > 7.
From the symmetry and by (6) and (7) we may assume that every pair of non-adjacent vertices in
A; is an z-pair.

Let a; € A; be a vertex complete to C (such a vertex exists by (17)), and let u,u’ be an z-pair
in A;. By (9) there exists a path P from u to a; such that |[V(P)N A;j| =1 forall 1 <j <i. Let
a;—1 be the vertex of P in A;_1. By (18) a;— is complete to A4;. Let

L=V(P)\{u}, T ={z}UC,S = A;,
and

m—2
R = U (AJ @] Bj U Cj U Bj7j+1) U Bi,i+1 U BI,y U {y}
j=i+1
Then L is connected, anticomplete to R, the vertex a;—; € L is complete to S and L \ {a;—1}
is anticomplete to S, T is a clique by (12), and ay is complete to T. Let G’ be the graph obtained
from G|(RUSUT) by adding all edges between S and T'. Then, since ¢ is odd, 2.3 implies that G’ is
even-hole-free. Since i < m — 2, K is non-dominating in G’, and therefore the minimality of |V (G)|
implies that there exists a vertex v € V(G’') \ Ng/(K) that is bisimplicial in G'.
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Next we show that v belongs to V(G) \ N(K) and is bisimplicial in G, thus obtaining a contra-
diction. Let ' = V(G’) \ N¢/(K). Then

m—3 m—3
R = U Aj U U Bj U Bj,j-{—l U B2,
j=it1 j=i

and in particular R’ C V(G)\ N(K). By (18) B; is empty, and consequently, by (19), R’ is anticom-
plete to V(G) \ V(G’), and hence N¢(v) = N (v). Since, by (18), no vertex of B; ;11 is complete to
A;, (16) implies that C; is anticomplete to B; 41, and therefore no vertex of R’ has both a neighbour
in S and a neighbour in 7. It follows that G and G’ induce the same graph on Ng/(v), and therefore
v is bisimplicial in G, a contradiction. This proves (20).

(21) Let i € {4,...,m — 3} be an even integer. If A; does not contain a y-pair, then some ver-
tex of A;_1 is complete to it. If A;_o does not contain an x-pair then some vertex of A;_1 is complete
to A;—o. If A; does not contain a y-pair and A;_o does not contain an x-pair then some vertexr of
A; 1 is complete to A;_o U A;.

Assume that A; does not contain a y-pair. We claim that some vertex a € A;_1 is complete to
A;. Suppose not and let a;_1 € A;_1 be a vertex with a maximal set of neighbours in A;. Let
N = A; N N(a;—1). Then there exists a; € A; \ N. Let a,_;, € A;—1 be a neighbour of a/. Now
it follows from the choice of a;_1, that there exists a; € N\ N(a,_,). But by (6) and (18) 4; is a
clique, and by (20) A;_; is a clique, and therefore a; is adjacent to a} and a;_; to a;_;. Consequently
a;—1-a;-a;-a;_q-a;—1 is a hole of length four, a contradiction. This proves that some vertex a € A;_;
is complete to A;. From the symmetry, if A; o contains no z-pair, then some vertex a’ € A;_; is
complete to A;_o. This proves the first two statements of (21).

Now assume that A; does not contain a y-pair and A;_o does not contain an z-pair, and let a,a’
be as above. We claim that either a is complete to A;_ 5 or @’ is complete to A;. Suppose not, and
let a; € A;\ N(a') and a;—9 € A;—3\ N(a). Let P be an x-path for a;_9 and let Q be a y-path for
a;. By (20), a is adjacent to a’. By (5) z-P-a;_2-a’-a-a;~Q-y-z is a hole. But this hole has length
m + 1, and therefore it is even, a contradiction. This proves (21).

Let P = UT;IZ Cj. By (4), C = PUB,,. For1 < i < m—2let A, be the set of vertices of
A; with a neighbour in P, and let B}, B;;,; be defined similarly. For a € A;_1 let M(a) = N(a)N A,
M'(a) = N(a) N A}, Q(a) = N(a) N Bi—1; and Q'(a) = N(a) N B;_;;; and and for b € B;_1; let
M(b) = N(b) N A; and M'(b) = N(b) N A..

(22) Let i be an odd integer such that 3 < i < m — 4. Assume that A;_1 contains no y-pair.

Choose w € A;—1 with M'(w) mazimal, and subject to that with Q'(w) mazimal, and suppose that
B 1, # Q'(w). Then there exist w' € Aj—1, b0’ € B]_;; and p € C; such that

1. b-w-w'-b' is a path

2. M(w) =MW" =Mb)=MUV)=A4

3. either NO)NPCNO)NP or NU')NP C N(b) NP,
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4. p is adjacent to both b and b’ and complete to A;

Let 0" be a non-neighbour of w in B} ;; and let w' be a neighbour of b’ in A;_;. (11) implies
that b is complete to M (w), and so again by (11) w' is complete to M (w). Now it follows from the
choice of w that Q' (w) is not a proper subset of @’(w’), and therefore there exists b € Q' (w) \ Q' (w').
Since A;_1 does not contain a y-pair, and since M (w) C M (w'), it follows that w is adjacent to w'.
Since w-w'-b'-b-w is not a hole of length four, b is non-adjacent to ¥'. Thus b-w-w'-b’ is a path and
(22.1) holds.

By (11) and since b is non-adjacent to w’, it follows that M (w’) C M(b) and similarly M (w) C
M(V'). Again by (11), M (b) € M(w) and M (b') C M(w'), and therefore all the inclusions hold with
equality, that is M (w) = M(w') = M(b) = M (V).

Next we claim that either N(b) NP C N(b')NP or N(¥') NP C N(b) N'P. Suppose not, and let
pe (NB)\NU)) NP and p' € (NO')\ N(b)) NP. If p is non-adjacent to p’, then, since i is odd
and therefore A;_; is anticomplete to P by (11), it follows that p-b-w-w'-b'-p’ is a path with interior
in V(G) \ N({z,y}), contrary to (15), so p is adjacent to p’. But then p-b-w-w'-b'-p’-p is a hole of
length six, a contradiction. This proves that (22.3) holds, and in particular, because b, b’ € B!
and therefore N(b) NP # () and N (V') NP # 0, there exists p € P adjacent to both b and b'.

Since {b, b’} is complete to M (w), and b-a-b'-p-b is not a hole of length four for any a € M(w), it
follows that p is complete to M (w), and p € C;.

We claim that M (b) = A;. For suppose not, and let a € A; be non-adjacent to b, and therefore
non-adjacent to b/. Let v be a neighbour of a in A;_;. By (11) both b and b’ are adjacent to v, and
therefore b-v-b"-p-b is a hole of length four, a contradiction. This proves that M (b) = A;, and hence
M(@®)=M@)=Mw)=Mw'") = A4;. So (22.2) and (22.4) follow. This proves (22).

i—1,0

(23) Let i be an odd integer such that 3 < i < m — 4, and A;—1 does not contain a y-pair, and
B; is empty. Then there is a verter in A;—1 complete to A} U B]_, ;.
First we claim that no vertex of C; is complete to A;. For assume for a contradiction that p € C; is
complete to A;. By (15), since m > 7 and p is either complete or anticomplete to As, it follows that
p is complete to C'\ {p}. Let
S={ylu4,ucC
i—1
T={z}uU|J4UB) UB“+1

j=1

and

m—2
U= J (4;UB) U Bjjt1-
j=it1
Then p is complete to S'\ {p}. Since B; is empty, V(G) = SUT UU, and by (19) T is anticomplete
to U. But now S is a star cutset with centre p, and z ¢ S, contrary to 4.1. This proves that no
vertex of C; is complete to A;.

Choose w € A;—1 with M'(w) maximal, and subject to that with @'(w) maximal. Suppose first
that A, ¢ M'(w), and let a € A} be a non-neighbour of w in A}. Since by (20) 4; is a clique, it
follows that a is complete to M (w). Let p be a neighbour of a in C;. Then p is not complete to
A;j; let ' € A; be a non-neighbour of p. Let w’ be a neighbour of ¢’ in A;_1, choosing a’ and w’
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so that w’ = w if possible, and let R’ be an z-path for w’. Since xz-R'-w’-a’-a-p-x is not an even
hole, it follows that w’ is adjacent to a, and therefore w’ # w, and so p is complete to M (w). But
now, since z-R'-w'-a’-m’-p-x is not an even hole for any m’ € M(w), it follows that w’ is complete
to M(w) U {a}, contrary to the choice of w. This proves that w is complete to A}. Finally, suppose
that w is not complete to B{_; ;. Let w’,b,b’ and p be as in (22). But then p is complete to A;, a
contradiction. This proves (23).

(24) Let i be an odd integer such that 3 < i < m — 4 and A;—1 contains no y-pair. Then some
verter of A;_1 is complete to Bz{—l,i‘

Suppose no such vertex exists. By (23) B; is non-empty. By (22) there exist wy,we € A;_1,
b1,by € Bz{—l,i and p € C; such that

1. bi-wi-we-by is a path

2. M(wy) = M(wy) = M(by) = M(bg) = A;

3. N(bo) NP C N(by) NP

4. pis adjacent to both b; and by and complete to A;.

Since A;_1 contains no y-pair, and so, we deduce from (18) that {w;,ws} is complete to A;—1 \
{w1,ws}. Let Ry and Ry be x-paths for wy and wy, respectively.

We claim that there exist s,¢ with {s,t} = {1,2} and a path @ from bs to a vertex of B; ;41 such
that V(Q) is anticomplete to {wy,b;} and Q* C B;_1,; U B;.

Let
m—2 m—2
U={z,ytucu |J (4uB)uU ] Bjn
j=i+1 Jj=t
S1 = N({b1,w1})
and

SQ = N({bg,’wg})

By 4.3 Sy is not a double star cutset in G, and therefore there exists a path Q2 from b; to a
vertex u € U with V(Q2) NSy = 0, and such that (V(Q2) \ {u}) N U = 0. Since by (19) B;—1; U B;
is anticomplete to V(G) \ (U U S2), it follows that V(Q2) \ {u} C B;_1; U B;, and therefore, again
by (19), u € Bm‘+1 ucC.

We may assume that v € C, for otherwise the claim holds with s = 1 and Q = Q3. Let Q" be
a subpath of Q2 with ends u, ¢’ such that ¢’ is adjacent to w; and no other vertex of Q' is. Let H
be the hole wi-¢-Q"-u-z-Ri-wy. Then H is not dominating in G because by € V(G) \ N(H) (since
V(Q2) NSy = 0). Let F be the component of V(G) \ N(H) containing by. By 3.1 there is a vertex v
in F that is bisimplicial in G|(F'UN(H)), and therefore in G. Since there is no bisimplicial vertex of
G in V(G)\ N(K), we deduce that v is adjacent to y. Let T be a path from by to v with V(T') C F.
Since A;_1 UA; UB;_1 C N(w;) C N(H), (19) implies that T contains a vertex of U. Let Q1 be a
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minimal subpath of T' containing by and a vertex v’ of U. Since V(Q1) N N(w;1) = 0, it follows that
u' € B; ;11 UC, and since V(Q1) C F, and in particular {z} is anticomplete to V(Q1), we deduce
that v’ ¢ C. But now the claim holds with s = 2 and @ = Q1. This proves the claim.

Let @ be a path from b, to a vertex u of B;,;11 with V(Q) \ {u} C (Bi—1,, U B;) \ St as in the
claim. Let a be a neighbour of u in A;y1 and let T' be a y-path for a. Let ¢’ be the neighbour of
ws in @ such that the subpath Q" of @ between ¢ and u contains no other neighbour of ws. Then
2-Rs-ws-q'-Q'-u-a-T-y-x is a hole and by (19) and the choice of @', b; has no neighbour in it, contrary
to (2). This proves (24).

(25) m < 9.

Suppose m > 9 and let ¢ be an even integer in {4,...,m — 5}. From the symmetry and (6) we
may assume that A; contains no y-pair. By (21) there exists a vertex a € A;_1 complete to A;. Let
P be an z-path for a.

Let

S=A;, T={ytuC, L=V(P)
and

m—2
R = ( U Aj U Bj U Bj,j-l—l) \Az
j=t
Then L is connected, anticomplete to R, by (15) T is a clique, T is complete to {z}, S is complete
to a and anticomplete to L\ {a}. Let G’ be the graph with V(G’) = SUTUR, in which u,v € V(G’)
are adjacent if and only if there is an odd path between them with interior in L. By 2.3 G’ is
even-hole-free.
If Biy1 =0, let t be a vertex in A; complete to Aj | U B;iﬂ, and if B;jyq1 # 0, let ¢ be a vertex
in A; complete to Bj;,, (the existence of such a vertex ¢ follows from (23) and (24)). Then, since i
is even, y is complete in G’ to A;, and in particular, y is adjacent in G’ to ¢t. Let K’ = {y,t}. Then
K’ is anticomplete to A,,_3, and therefore K’ is a non-dominating clique in G’. By the minimality
of [V(G)|, there exists a vertex v € V(G') \ Ng/(K') that is bisimplicial in G’. Since y is complete
to A; U Apm—2UBy—2m-1UC in G’ and t is complete to B; in G, it follows that

m—3 m—2 m—3
CAS U AjU U B; U U Bj i1,

Jj=i+1 Jj=i+1 Jj=t
and hence by (5) and (19) Ng(v) = Ng/(v). Let N = Ng(v).

Since Ng(z) N V(G') € C U {y} and V(G') \ Ne(y) € V(G) \ Ng(y), it follows that v €
V(G) \ Ng(K), and therefore v is not bisimplicial in G. Consequently, G|N # G'|N, and so, from
the construction of G’ and since y ¢ N, we deduce that NN A; # ) and NNC # 0. By (5) and (19),
and since v is anticomplete to K’ in G’, this means that v € A;41 U B; ;1.

We claim that NNC CP. Let pe NNC. If v € A;41, then p € Cjy1 by the definition of Cjy1,
and if v € B; ;41, then p & B, by (19), and therefore p € P. This proves the claim.

Since v is non-adjacent to ¢t and has a neighbour in P, it follows from the choice of ¢ that v € A;11
and B;11 # 0. But now, let a; € A; and a;12 € A;12 be neighbours of v. Choose b € B;1. Then
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a;, ai+2 and b all belong to Ng/(v), and they are pairwise non-adjacent, contrary to the fact that v
is bisimplicial in G’. This proves (25).

(26) If m =7 then C' is a clique.

Suppose not and let ¢1,co € C' be non-adjacent. By (1) there exists a path P between ¢; and co with
interior in V(G)\ N(K), and by (15) V(P)U K is dominating, P has length three, and P* C A3 and
c1,¢2 € C3. Since V(P)U K is dominating, (16) implies By U By 2 U By U By U By s U Bs = (). By (1)
and (19) Bo1 = Bs¢ = (0. Suppose C; # (), and let p € Cy. By (1) and (16), p has a neighbour
b € B3y, and b is complete to A3. By (15), ¢; has a neighbour a € A3, and ¢; is not complete to
As. Therefore, by (16), it follows that b is non-adjacent to ¢;. By (15), p is adjacent to ¢;. But now,
c1-a-b-p-c1 is a hole of length four, a contradiction. This proves that C; = (), and, from the symmetry,
Cs = (). Next suppose that there exists p € B, ,. By (1), p has a neighbour d € V(G) \ N(K), and
so d € By 3 U B3 U B3y, and from the symmetry we may assume that d € Ba3 U Bs. Let a3z be a
neighbour of d in As, and let ) be a y-path for a3. But now y-p-d-as-Q-y is a hole of length six, a
contradiction. So By, =0, and N(K) = KU A; U A5 U Cs.

For i = 1,2 let D; = N(¢;) N As. Since ci-z-co-a-c1 is not a hole of length four for any a € As,
it follows that Dy N Dy = (). If there exist non-adjacent d; € D1 and dy € Do, then by (6) di and do
have a common neighbour a € AsUAy, and x-c1-di-a-da-co-x is a a hole of length six, a contradiction.
So Dy is complete to Ds.

We claim that (A3UA3UAY)\(D1UD>) is complete to D1UDs. For let a € (AsUA3UAL)\(D1UDs3)
have a non-neighbour d € Dy U Dy. From the symmetry we may assume that d € Dy. By (20) As
is a clique, and hence a € Ay U A4, and from the symmetry we may assume that a € A4. Choose
dy € Dy. Then c¢i-di-d-co is a path, and so, by (15), the set {z,y,c1,co,d;1,d} is dominating, and
therefore a is adjacent to di. But now let a5 be a neighbour of a in As. Then by (5) d-co-y-as-a-di-d
is a hole of length six, a contradiction. This proves that (As U A3 U Ay) \ (D1 U D3) is complete to
D1 UDs.

Choose di € D1. We claim that d; is complete to By 3UBs 4. Suppose not; from the symmetry we
may assume that B’ = By 3\ N(d;) is non-empty. Since by (19) N(Ba3) C B3z U Ay UA3UBsUC s,
dy is complete to As U A3 U Bg and N(d;) is not a full star-cutset in G by 4.2, it follows that some
b € B’ has a neighbour ¢ € C3\ N(dy). Since b-c1-di-as-b is not a hole of length four for any ay € Ay
adjacent to b, it follows that b is non-adjacent to c¢; . If ¢ is non-adjacent to ¢y, then b-c-x-ci-di-a9s-b
is a hole of length six, for any as € Ao adjacent to b; and hence c¢ is adjacent to ¢q. Since ci-c-do-d1-c1
is not a hole of length four for any do € Dy, ¢ is anticomplete to Do; and so by (16), b is anticomplete
to Ds. Now, by the three previous sentences with the roles of ¢; and ¢y reversed, c is adjacent to co
and anticomplete to Dy. Since ¢ € (3, there exists d € Az adjacent to ¢, and d € D1. But now, since
As is a clique, c¢1-c-d-di-cq is a hole of length four, a contradiction. This proves that D is complete
to 3273 U 3374.

Since K is a non-dominating clique in G’ = G\ {d;}, it follows from the minimality of |V (G)|
that some vertex v € V(G’) \ Ng/(K) is bisimplicial in G’. Since G’ is an induced subgraph of G
and no vertex of V(G) \ N(K) is bisimplicial in G, it follows that v € V(G) \ N(K), v is adjacent
to d; and d; has a non-neighbour n that is adjacent to v. Since v € N(d;) \ N(K), it follows that
RS AQUAgUA4UBQ73UB;3UBg74. Let @ be a y-path for dy. If v € BQ,3UB;3, then by (19) n e N(K),
and since n is adjacent to v, we deduce that n € C3. Now di-Q-y-n-v-d; is a hole of length six, a
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contradiction. Similarly, v € Bs 4, and therefore v € Ay U Az U Ay.

Next assume that v € Ay. Then N(v) C A3 U Ay U A3U Bs 3. Since v has a neighbour in A;, and
v is bisimplicial in G, it follows that N(v) N Ay = Nj U Ny where Ny U (Ngr(v) N (A3 U By3)) is a
clique and Ny U (Ngr(v) N Ap) is a clique. But since d; is complete to A U Az U By 3, it follows that
NoU (Ng(v)N(Az3UBsy3)) = {di1} UN2 U (Ngr(v) N (A3 U Bgy3)) is a clique, and so v is bisimplicial in
G, a contradiction. This proves that v &€ Ao, and from the symmetry v € A4, and therefore v € As.
Since n is adjacent to v and non-adjacent to dy, it follows that n € C3. But now, choosing as and
a4 to be neighbours of v in Ay and A4, respectively, we observe that as, a4 and n are three pairwise
non-adjacent neighbours of v in G/, contrary to the fact that v is bisimplicial in G’. This proves (26).

Let S be a hole in G. We say that v € V(G) \ V(S) is a centre for S if v is complete to V(S).

(27) Let S be a hole of length five with centre v. Let A be a connected subgraph of V(G)\(V (S)U{v}),
such that three consecutive vertices of S have neighbours in V(A). Then v has a neighbour in V(A).

Suppose not. We may assume that A is a minimal connected subgraph of V(G) \ (V(S) U {v}),
such that three consecutive vertices of S have neighbours in V(A). Let the vertices of S be ¢1,...,¢5
in order. Let P be a path between two non-consecutive vertices of S with P* C V(A) and with
|V (P)| minimum. Without loss of generality, we may assume that the ends of P are ¢; and cs.
Since v has no neighbour in P* and c¢;-P-c3-v-¢1 is not an even hole, it follows that P is odd. Since
c1-P-c3-c4-c5-c1 is not an even hole, it follows that one of ¢4, c5 has a neighbour in P*, and from the
minimality of |V (P)| and by the symmetry, we may assume that ¢; and ¢; have a common neighbour
p in P* and p is the unique neighbour of ¢5 in P*. Suppose ¢y has a neighbour p’ € P*. From the
minimality of |V (P)], p’ is adjacent to ¢3 and ¢y has no neighbour in P*\ {p’}. But now ¢;-P-p’-ca-¢1
is an even hole, a contradiction. So c2 has no neighbour in P*. From the symmetry we deduce that
¢4 has no neighbour in P*. Let D be a minimal connected subgraph of A, such that P* C V(D), and
at least one of ¢, ¢4 has a neighbour in V(D). If both ¢y, ¢4 have neighbours in D, then, since {ca, ¢4}
is anticomplete to P*, the minimality of D implies that some d € V(D) is adjacent to both ¢y and ¢y,
and co-d-c4-v-co is a hole of length four, a contradiction. So we may assume that ¢4 has a neighbour
in V(D), and ¢y does not. Let @ be a path with interior in D from ¢4 to a vertex g € V (D), such
that ¢ has a neighbour in P*, and no other vertex of ) does. By the minimality of A, ¢ has a unique
neighbour p’ in P*, and p’ is adjacent to cs. If ¢5 has a neighbour in V/(Q) \ {c4}, then A\ {p} is a
connected subgraph of V(G)\ (V(S)U{v}), and cs, c4, ¢5 all have neighbours in V(A\ {p}), contrary
to the minimality of A. So ¢5 has no neighbour in V(Q)\ {c4}. If ¢; has no neighbour in V(Q), then
c4-Q-p'-P-p-c5-c4 and c4-Q-p’- P-p-c1-v-c4 are two holes of different parity, and therefore one of them
is even, a contradiction. So ¢; has a neighbour in V(Q). Let ¢’ be the neighbour of ¢; in V(Q), such
that the subpath of @ between ¢ and ¢’ contains no other neighbour of ¢;. Since c¢;-¢’-c4-v-c1 is not
a hole of length four, ¢4 is non-adjacent to ¢’. But now, there exists a path T between c¢; and c3 with
interior in V(¢-Q-¢') U{p'}, and neither of ¢4, ¢5 has a neighbour in 7*. But now one of ¢;-T-c3-v-¢;
and ¢-T-c3-c4-c5-c1 is an even hole, a contradiction . This proves (27).

(28) Let w € V(G)\ N(K) and let v € V(G)\ (N(K)U{u}) be a bisimplicial vertex of G\ {u}. Then
Ng(v) \ Ng(u) is not a clique.

40



Let G' = G\ {u}. Suppose Ng(v) \ Ng(u) is a clique. Then, since v is a bisimplicial vertex of
G’, there is no stable set of size three in Ng(v). Since v is not bisimplicial in G, it follows that
u is adjacent to v and G|(Ng(v)) contains an odd antihole. Since every odd antihole of length
at least seven contains a hole of length four, it follows that G|(Ng(v)) contains an antihole of
length five, and therefore a hole of length five. Let S be such a hole. Since v is bisimplicial in
G’, it follows that u € V(S). Let the vertices of S be a-u-b-b'-a’-a. Let F be the component of
V(G) \ N(v) containing {x,y}. By 4.2, FF = V(G) \ N(v). We claim that u has a neighbour in
F, for otherwise Ng(u) \ {u} € Ng/(v), and therefore u is bisimplicial in G and non-adjacent to
both z and y, a contradiction. Let A = Ng(v) \ (Ng(b') U{u}), B = Ng(v) \ (Ng(a’') U {u}) and
D = Ng(v) N Ng(a’) N Ng(b'). Then a € A and b € B. Since v is bisimplicial in G’, both A and
B are cliques; and since Ng(v) \ Ng(u) is a clique, it follows that Ng(v) \ Ng(u) C D, and so u is
complete to AU B.

By (27), not both a and b have neighbours in F, and from the symmetry we may assume that a
does not. If a has a neighbour z € B\ A, then a-a’-b’-z-a is a hole of length four, and therefore a
is anticomplete to B\ A. Thus N(a) € AU D U {d,u,v}. Since a-d-b'-d’-a is not a hole of length
four, where d,d’ € D N N(a), it follows that D N N(a) is a clique. But now, Ng(a) is the union of
two cliques, namely A U {u,v}, and N(a) N (D U{a’}). Since a is anticomplete to F, it follows that
a is a bisimplicial vertex of G in V(G) \ N(K), a contradiction. This proves (28).

(29) m =5.

Suppose m > 5. By (25), m = 7. By (26) C is a clique. Assume first that Ay does not con-
tain a y-pair. Let R = J?_5 A;UU_o(B; U Biiy1), let ¢’ = (CU{y})\ C1, and let G’ be the graph
obtained from G|(A; UC’' U C;1 U R) by adding all the edges between Ay and C’. We claim that G’
is even-hole-free.

Assume first that A, contains an z-pair. By (18), there exists a vertex a; € A; complete to
Ay U By o. By (17), a; is complete to Cy. Let S = Ay, T = C"UCy and L = {ay,z}. Then L is
connected, anticomplete to R, T is complete to x and S is complete to a; and anticomplete to x.
Since no vertex of T'\ C is adjacent to a1, and since C is complete to a1, 2.3 implies that G’ is
even-hole-free.

Next assume that As is a clique. Suppose there is an even hole H is G’. Since G is even-hole-free,
it follows that V(H) N Ay # 0, and V(H) N C’ # 0. Since A2 U C’ is a clique in G’, it follows that
[V(HYNAy| = |[V(H)NC'|=1. Let V(H)N A2 = {h1} and V(H)NC" = {ha}. Then h; is adjacent
to hy in G', and G|V (H) is a path from hj to hg, say P, with interior in RUC4. Since H is an even
hole in G’, P is odd. Let a; be the neighbour of hy in A;. Since hy-P-ho-z-a1-h; is not an even hole,
it follows that one of a1,z has a neighbour in P*, and therefore some vertex of P* is in C';. Since C
is a clique, it follows that the neighbour hg of he in P belongs to C, and no other vertex of P does.
But now hi-P-hz-a1-hq is an even hole, a contradiction. This proves that if As is a clique, then G’
is even-hole-free, and, by (6), completes the proof of the claim.

If By =0, let ag € Ay be as in (23), and if Bg # (), let ay € Az be as in (24). Let U = {y,as}.
Since U is anticomplete to A4, U is a non-dominating clique in G’, and therefore, by the minimality
of |V(G)|, there exists a vertex v € V(G’) \ Ng/(U) that is bisimplicial in G’. Since y is complete
to Ao U C4, and agy is complete to By U C’, it follows from (5) and (19) that v € R, and therefore
Ng(v) = Ng/(v). Since v is not bisimplicial in G, it follows that G|(Ng(v)) # G'|(Ng(v)), and
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therefore in G, v has both a neighbour in As and a neighbour in C’. This, together with (19),
implies that v € A5 U B§’3. From the choice of as and the fact that v is non-adjacent to as, we
deduce that v € A4 and Bs # (). But then v has a neighbours in As, A4, B3, and these are three
pairwise non-adjacent neighbours of v in G’, contrary to the fact that v is bisimplicial in G’.

This proves that Ay contains a y-pair, and, therefore, by (6), no z-pair. From the symmetry, it
follows that A4 contains an x-pair and no y-pair. By (18), this implies that By = By = ().

Let az in Az be complete to AaU Ay (such a vertex as exists by applying (21) with ¢ = 4). By (20)
As is a clique, by (18) a3 is complete to By 3 U B34, and since By U By = ), we deduce that a3 is
complete to

AQUAgUA4UB2UBSUB4UBQ73UB3’4.

Let G’ = G\ {as}. Since K is a non-dominating clique in G’, (8) implies that there exists v €
V(G") \ Ne(K), adjacent to as and bisimplicial in G’. Since v is adjacent to a3, we deduce that
veE AgUA3UALUB3U DBy 3U B3 4. From the symmetry we may assume that v € Ay UA3UB3U By 3.

Assume first that v € A3UB3UBy 3. By (5), (18) and (19), it follows that N (v)\ N (a3) is a subset
of C, and therefore N(v) \ N(a3) is a clique, contrary to (28). This proves that v ¢ A3 U B3 U By 3,
and therefore v € A,.

By (11), Ng/(v) € A1 U Ay U A3 U Bo U By 2 U By 3. Suppose v has a neighbour b in By 2. Since
every non-adjacent pair in Ay is a y-pair, (18) implies that v is complete to Ag \ {v}. Let ag,d) be a
y-pair in As. Then, by (18), ag, a),b is a stable set of size three in N/ (v), contrary to the fact that
v is bisimplicial in G’. This proves that v is anticomplete to By 2, and N(v) \ N(az) C A;. But now,
since v-n-z-n’-v is not a hole of length four for any n,n’ € N(v) N Ay, it follows that N(v) N A; is a
clique, and we get a contradiction to (28). This proves (29).

In view of (29), from now on we assume that m = 5.

(30) Every vertex in By, is anticomplete to By U Bs U By o U By 3, and every vertex of By, has
a netghbour in Bs.

Let b € B;,, and suppose that b has a neighbour = Bi2 U B3 U By U Bz. From the sym-
metry we may assume that b’ € Bs U By 3. Choose a € Az adjacent to b'. Now y-b-b/-a-y is a hole of
length four, a contradiction. This proves that B, , is anticomplete to B1 U B3 U By 2 U By 3. By (8),
every vertex of B, has a neighbour in V(G) \ N(K), and therefore every vertex of B, , has a
neighbour in By. This proves (30).

(31) If Ay contains a y-pair, then there exist vertices az,aly, € As and a vertex ay € Ay such that aq
is adjacent to ag, and there exists a path P in G, from af to a vertex p, such that

(i) p is adjacent to at least one of x,y,
(ii) {a1,a2} is anticomplete to V(P),
(iii) V(P)NC3 =0,
(iv) V(P)\ {p} is anticomplete to {z,y}, and

(v) V(P)N Az = {ay}.
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By (6) As contains no z-pair and by (18) By = (). We observe that it is enough to prove that
there exist aj,aq,ab,p and P satisfying (i) — (i7i) above, for then aj,as,a),p and P chosen with
|V (P)| minimum will satisfy (i) — (v).

Let a, € A be a vertex that has a non-neighbour n € A, and let o} € A; be adjacent to a.
Since a,n is not an z-pair, it follows that n is non-adjacent to a.

By 4.3, the edge a)d), is not the centre of a double star cutset D such that K and n are in different
component of V(G) \ D, and therefore there exists a path P in G, from some ay € A to a vertex
p, adjacent to one of z,y, and such that {a},al} is anticomplete to V(P). We may assume that as
and P are chosen such that |V (P)| is minimum. Consequently, V(P) N Ay = {a2} and V(P) \ {p}
is anticomplete to {z,y}. If V(P) N C5 = 0, then (31) holds, so we may assume that p € C5. Let
a; € A; be adjacent to ay. Since ag, al, are non-adjacent and there is no x-pair in As, it follows that
a’ is non-adjacent to a.

We claim that ay is anticomplete to V(P). It is enough to show that ay is anticomplete to
V(P)\ {ay}. Since V(P)\ {p} is anticomplete to {z,y}, it follows that V(P) N (A; UBy1 UCy) = 0.
By (11) and (18), By U B2 is complete to a} and so, since @] is anticomplete to V(P), it follows
that V/(P) N (B1 U Bj2) = 0. By (30) and since By = 0, it follows that B, , = (). But now, since

N(al) CAUCLUBL U Bo71 U BLQ UAs U {x},

we deduce that a; is anticomplete to V(P) \ {a2}. Let Hy be the hole x-aj-ag-P-p-x. By 4.4,
G\ (N(Ho) \ {y}) is connected. Therefore, there is a path P’ in G, from a5 to a vertex p/, adjacent
to y, and such that V(Hp) is anticomplete to V(P’). In particular, since x € V(Hy), it follows that
V(P')NCs =0, and {a1, as} is anticomplete to V(P’). This proves (31).

(32) Ag is a clique.

Suppose not. Then by (18) By = @ and we may assume that Ay contains a y-pair, and there-
fore by (6) no z-pair. Choose a1, as,ah,p and P as in (31). Since by (11) every vertex of By U B 2
is adjacent to one of a1, ag, it follows that P N (B U B12) = (. By (30) By, = 0, since By = 0.
By (17), C} is complete to aj, and therefore V(P)N (B, UCT) = 0. Suppose V(P)N(A1UBy,1) # 0.
It follows that the only vertex of P in A; U By is p. Let p’ be the neighbour of p in P. If p € 4,
then N(p) \ N(K) C Ay U By U By 9; and if p € By then, by (19), N(p) \ N(K) C B;. Since
p' & N(K)U By U By o, it follows that p’ = af, p € A;, and p is adjacent to af, and not to a; or a,
contrary to (6). This proves that V/(P) N (A1 U By 1) = 0, and consequently

V(P) - {GIQ} UA3U B3 U B273 U 33,4.

Thus p € A3 U B34, and V(P) \ {p} C {a}} U Bs U By 3, and, in particular, p is adjacent to y and
not to z. Let a}] € A; be adjacent to a}. Since ag,d), is a y-pair, it follows that ay is non-adjacent
to a}. But now let Hy be the hole a}-P-p-y-a-a)-al,. Then z,y € V(H;) and as ¢ N(H;), contrary
to (2). This proves (32).

(33) C is a clique.

Suppose not, and let ¢j,ca € C be non-adjacent. By (15), ¢1,¢2 € By, and every path P from
¢1 to ¢o with interior in V(G) \ N(K) satisfies P* C By. For i = 1,2, let N; = B, N N(¢;). By (30),
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both N7 and Ny are non-empty. (15) implies that N; and Ny are disjoint. If some n; € N; and
ng € Ny are non-adjacent, then for every as € Ay the path ¢1-nj-ag-ng-co contradicts (15), so Ny
is complete to Na. Since ¢1-nj-ng-nj-c1 is not a hole of length four for ny,n} € Ny and ny € No,
it follows that Ni, and similarly Ns, is a clique. Also by (15), for every n; € Ny and ng € Ny,
the set {c1, co,n1,n9,z,y} is dominating. By (19) and (30), this implies that B; = B3 = (). Since
by (8) and (19) every vertex in By has a neighbour in By, By = ), and similarly Bs 4 = (). Since
{c1,c2,n1,n9,z,y} is dominating, (30) implies that every vertex b € By 2U By 3 is adjacent to at least
one of ni,ny. If b € By 2 is adjacent to ny and not no, then z-a1-b-ni-no-co-x is a hole of length six,
where a; is a neighbour of b in A;, a contradiction. So By 3 is complete to {ni,na2}, and since n, no
were chosen arbitrarily, it follows that By 2 is complete to N1 U Na. From the symmetry, Bs 3 is also
complete to Ny U Ns.

Fix ny € N;. Suppose some vertex b € By is non-adjacent to ny. Then b ¢ Ny, and so b is
non-adjacent to ¢;. We claim that every neighbour of b in B, , is adjacent to ¢;. For suppose not,
and let ¢ be a neighbour of b in B, , non-adjacent to ¢;. Then the path ci-nj-as-b-c contradicts (15),
where ag € Ay. This proves the claim. Let M be a component of By \ N(n;) containing b. By the
previous argument applied to any vertex of M instead of b, we deduce that N(M) N B, € N(c1).
Let

X =AU Bl,g U B273 UCiUC3UN; UNyU (N(Cl) N B%y)'

By (19), N(M) C X. But now, since AQUB172UB273UN1UN2 - N(nl), and by (15), ChuCs C N(Cl),
X is a double star cutset that contradicts 4.3. This proves that Bs \ {n1} is complete to n;.

Let G’ = G\{n1}. Since K is a non-dominating clique in G, by (8) some vertex v € N(n1)\N(K)
is bisimplicial in G’. Consequently, v € Bj o U Ba 3 U As U Bs. Since every vertex in A has three
pairwise non-adjacent neighbours in G’, namely no, some a; € A; and some a3 € Az, we de-
duce that v ¢ As. From the symmetry we may assume that v € By U B. But now, by (19),
N(@w) \ N(n1) € C1UCsU By, U A, and in particular N(v) \ N(n;) is complete to x. Since
x-u-v-u'-x is not a hole of length four for u,u" € N(v)\ N(n1), we deduce that N(v) \ N(n;) is a
clique, contrary to (28). This proves (33).

(34) Let ag,aly € As and b € By o such that b-ag-al, is a path and let P be a path from a neigh-
bour of afy, in By 3 to a vertex with a neighbour in K, such that {a2,b} is anticomplete to V(P), and
only one vertex of P has a neighbour in K. Then V(P) C AjUB1UB; 2UBy1UC and V(P)NC # 0.

Let p be the unique vertex of P with a neighbour in K. Then p is an end of P. Since by (32) A is
a clique, and Aj is complete to By, it follows that V(P) N (A2 U By) = 0. Since A; UB; UB;2U By
is anticomplete to A3 U BsU B3 U Bs4, (V(P)\{p}) N(CUAUBsUK) =0, and V(P)N B2 # 0,
it follows that V(P) CAUBLU BLQ @] BO,l ucC.

It remains to prove that p € C. Suppose not, and choose P of minimum length, violating (34).
By the minimality, the first vertex, b’, of P is in B 2 N N(a5) and no other vertex of V(P) N By 2 is
adjacent to af. Since p has a neighbour in {z,y}, we deduce that p € A; U By ;. Let Q be a y-path
for a),. Then x is anticomplete to V(Q) \ {y}, and y is anticomplete to V(P), and therefore there
exists a hole H such that z,y € V(H) and V(H) C V(P)UV(Q) U {z}. By the choice of P, b is
anticomplete to V(P), and since b € Bj 2, b is anticomplete to V(Q) U {z}. But this means that b is
anticomplete to V(H), contrary to (2). This proves (34).
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(35) Some vertex of Ay is complete to B 2.

Suppose not. For a vertex a € Ay let M(a) = N(a) N Bya. Let ap € Ay be a vertex with M (ag)
maximal. Then there exists b’ € By s\ M(az). Let a be a neighbour of ¥’ in As. By the choice of
as, there exists a vertex b € Bj 2 adjacent to ag and not to aj. By (32), ag is adjacent to a), and
since ag-b-b'-al-as is not a hole of length four, b is non-adjacent to b'.

Since by 4.3, the edge a4d’ is not the centre of a double star-cutset D such that b and K are
in different components of V(G) \ D, it follows that there exists a path S from b to a vertex with
a neighbour in K such that {a}, '} is anticomplete to V(S). By choosing b appropriately, we may
assume ag is anticomplete to (V(S) \ {b}) N By2. We may also assume that only the last vertex,
¢, of S has a neighbour in K. By (34), V(S) C Ay UB1UB12UBy1 UC and ¢ € C. Let T be a
y-path for as. Then y is anticomplete to V(S5) \ ¢. If ¢ has a neighbour in V(T) \ {y}, then ¢ € Cj,
the neighbour s of ¢ in S is in By U By 2, and c-z-a;1-s-c is a hole of length four, where a; € A4; is a
neighbour of s, a contradiction. This proves that ¢ is anticomplete to V(7T') \ {y}. Therefore there
exists a hole H, with ¢,y € V(H) and V(H) C V(S)UV(T); and b has no neighbour in V(H). Since
As is anticomplete to V(S) \ {c}, it follows that ay € V(H). If ap has a neighbour n € V(5) \ B2
then n € Ay, and ¥ is anticomplete to {az,n}, contrary to (11). This proves that ag is anticomplete
to V(S)\ Bi,2, and, consequently, b € V(H). Now, by 4.4, V(G)\ (N(H)\ {z}) is connected, and we
deduce that there exists a path P from b’ to a vertex p with a neighbour in {z,y}, such that V(H) is
anticomplete to V(P). Since ag,b € V(H) and ¢ € V(H) N C, and, by (33), C is a clique, it follows
that V/(P) N C = (), contrary to (34). This proves (35).

(36) By U By = 0.

Suppose By # 0. Let S =C1 U B‘fz"y U {l‘}, T=A4A, R=AUB U Bo71 U BLQ and L = A3 U {y}
Then S is a clique by (33) and T is a clique by (32), L is connected, S is complete to y and anti-
complete to L\ {y}, every vertex of T" has a neighbour in L, and L is anticomplete to R. Let G’
be the graph obtained from G|(RU S UT) by adding all the edges st with s € S and t € T. By
2.3 G’ is even-hole-free. Let ag € A be a vertex complete to By s (such a vertex exists by (35)).
Since By # 0, {z,a2} is a non-dominating clique in G’, and the minimality of |V (G)| implies that
there exists v € V(G') \ Ng({az, x}) that is bisimplicial in G'. Since S and T are both cliques, z is
complete to A; U By and as is complete to B », it follows that v € By. Since v is not a bisimplicial
vertex of G, and v is anticomplete to T, it follows that v has a neighbour u € V/(G)\ V(G’). By (19)
u € C, and since C = C1UC3U B, , and u € S, it follows that v € C3. But now v-a;-z-u-v is a hole
of length four, for every a; € Aj, a contradiction. This proves that By = ().

Next assume that By ; # () and choose b € By 1. By (8), b has a neighbour w in V(G)\ N({z, y}).
But (19) implies that u € By, a contradiction. This proves (36).

From (36) and the symmetry we deduce that B3 U B3 4 = (), and so

V(G) = AT UAyU A3 U BLQ U 3273 UByUCiUC3U Bx,y U {x, y}

(37) No vertex in Ay is complete to By 2 U By 3.
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Suppose such a vertex wu exists, and choose v with a maximal set of neighbours in A; U As, over all
vertices of Ap complete to By U Ba 3.

We claim that K is a non-dominating clique in the graph G \ {u}. Suppose the claim is false.
Then By = By = By3 =0, Ay = {u}, and u is complete to A; U A3. By (7), this implies that A;
and As are both cliques, and therefore w is a bisimplicial vertex in G, a contradiction. This proves
that K is a non-dominating clique in the graph G \ {u}.

Let Ny and N3 be the sets of neighbours of u in A; and As, respectively. By the minimality
of |V(G)| and since {x,y} is non-dominating in the graph G’ = G \ {u}, there exists a vertex
v € V(G)\ (N(K) U {u}) such that v € Ng(u) and v is a bisimplicial vertex of G’. Since v €
V(G) \ (N(K) U {u}), it follows that v € A U By U B2 U B3, and from the symmetry we may
assume that v € Ay U By U By 2 and therefore Ng(v) \ Ng(u) € C'U Ay U Az. Since by (33) C'is a
clique, it follows that v has a neighbour in A; U A3, and therefore v € Ay U By .

Assume first that v € Bys. Then Ng(v) \ Ng(u) € C U Ay, and therefore Ng(v) \ Ng(u) is
complete to x. Let ny,ne € Ng(v) \ Ng(u). Since z-ni-v-ns-z is not a hole of length four, it follows
that n; is adjacent to ng, and therefore Ng(v)\ Ng(u) is a clique, contrary to (28). This proves that
v € As.

Since v € Ag, it follows that v is anticomplete to C'. Since A; contains an z-pair, and therefore,
by (7), no y-pair, it follows that N(v) N A; is a clique, and similarly, N(v) N A3 is a clique. Since
by (28) Ng(v) \ Ng(u) € Ay U Ag is not a clique, we deduce that v has a neighbour a1 € A; \ N(u)
and a neighbour ag € Az \ N(u). If v has a non-neighbour in b € By 5, then by (11), b is adjacent to
a1, and u-v-aq-b-u is a hole of length four, a contradiction. So v is complete to By 2, and similarly, v
is complete to Bg 3. From the choice of u it now follows that there exists a vertex a} € A, adjacent
to u and not to v. But now z-a}-u-v-as-y-x is a hole of length six, a contradiction. This proves (37).

By (35), there exist vertices vi,v3 € Ag such that v; is complete to B2 and vs to Bs 3; choose
v1 and vz with maximal sets of neighbours in A; and As, respectively. Let N1 be the set of neigh-
bours of v; in A;, and N3 the set of neighbours of vs in As. By (37), v1 # v3, and by (33) vy is
adjacent to vs. If there exist ny € Ni and n3 € N3 such that n; is non-adjacent to v3, and ng is
non-adjacent to vi, then x-ni-vi-vs-ns-y-z is a hole of length six, a contradiction. Consequently,
from the symmetry we may assume that vs is complete to Ny. By (37), vz is not complete to By .
Since by 4.2 v3 is not the centre of a full star cutset in G, there is a path from a vertex of By 2\ N(v3)
to one of z,y, containing no neighbour of vs. Since by (11), N(B12) N A1 € Ny, and by (19) By is
anticomplete to By 3, and v3 is complete to Bo U Az \ {vs}, it follows that there exist an edge bc with
be By 2\N(vs3) and ¢ € C'\ N(v3). Since b-aj-z-c-b is not a hole of length four, where a; € A;NN(b),
it follows that ¢ € C7 \ N(v3). Since if some n3 € N3 is non-adjacent to v, then y-c-b-vi-vs-nz-y
is a hole of length six, we deduce that vy is complete to N3. But now, from the symmetry, there
exists an edge b'¢’ with b € By3 \ N(v1) and ¢ € C3\ N(v;1), and since by (33) ¢ is adjacent to ¢/,
c-b-v1-v3-b'-c’-c is a hole of length six, a contradiction. This completes the proof of 5.1.

References

[1] M. Chudnovsky, K. Kawarabayashi, P. Seymour, “Detecting even holes”, J. Graph Theory 48
(2005), 85-111.

46



[2] M. Conforti, G. Cornuéjols, A. Kapoor, K. Vuskovi¢ “Even-hole-free graphs, Part I: Decompo-
sition theorem”, J. Graph Theory 39 (2002), 6-49.

[3] M. Conforti, G. Cornuéjols, A. Kapoor, K. Vuskovi¢ “Even-hole-free graphs, Part II: Recognition
algorithm”, J. Graph Theory 40 (2002), 238-266.

[4] M.V.G. da Silva, K. Vuskovi¢ “Triangulated neighborhoods in even-hole-free graphs”, Discrete
Math 307 (2007), 1065-1073.

[5] J. Ramirez-Alfonsin and B. Reed (eds.), Perfect Graphs, Wiley, Chichester, 2001, 130.

47



