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Abstract

Gyarfas conjectured in 1985 that for all k, [, every graph with no clique of size more than k and no
odd hole of length more than [ has chromatic number bounded by a function of k,I. We prove three
weaker statements:

e Every triangle-free graph with sufficiently large chromatic number has an odd hole of length
different from five;

e For all [, every triangle-free graph with sufficiently large chromatic number contains either a
5-hole or an odd hole of length more than I;

e For all k,1, every graph with no clique of size more than k& and sufficiently large chromatic
number contains either a 5-hole or a hole of length more than I.



1 Introduction

All graphs in this paper are finite, and without loops or parallel edges. A hole in a graph G is an
induced subgraph which is a cycle of length at least four, and an odd hole means a hole of odd length.
(The length of a path or cycle is the number of edges in it, and we sometimes call a hole of length n
an n-hole.) A famous conjecture of A. Gyarfas [1] from 1985 asserts:

1.1 Conjecture: For all integers k,l there exists n(k,l) such that every graph G with no clique of
cardinality more than k and no odd hole of length more than | has chromatic number at most n(k,l).

We might as well assume that k£ > 2, and [ > 3 and is odd; and in a recent paper [3], two of us
proved that this is true for all pairs (k,l) when [ = 3. No other cases have been settled, and the
cases when k = 2 are presumably the simplest to attack next. Here we settle the first open case,
when k£ = 2 and [ = 5. That asserts that all pentagonal graphs have bounded chromatic number,
where we say a graph is pentagonal if every induced odd cycle in it has length five (and in particular,
it has no triangles). Pentagonal graphs might all be 4-colourable as far as we know (the 11-vertex
Grotzsch graph is pentagonal and not 3-colourable), but at least they do indeed all have bounded
chromatic number. The following is our main result:

1.2 Fvery pentagonal graph is 82200-colourable.

The proof of 1.2 occupies almost the whole paper. (Much of the proof needs just that G is
triangle-free and has no odd hole of length more than [, for any fixed [, and so we have written it in
this generality wherever we could.) We prove:

e if G has no triangle and no odd hole of length more than [, and for every vertex v the set of
vertices with distance at most three from v has chromatic number at most some k, then x(G)
is bounded by a function of k and [;

e if G is pentagonal, and x(G) is large, then there is an induced subgraph with large chromatic
number in which for every vertex v the set of vertices with distance at most three from v has
chromatic number at most 20.

Together these imply that every pentagonal graph has bounded chromatic number. Both of these
are consequences of a lemma, a variant of a theorem of [3], asserting roughly that for all [, if G is
triangle-free and has no odd hole of length more than [, and x(G) is large, then there is an induced
subgraph H such that for some vertex vy of H, if we partition V' (H) by distance in H from vg, then
all these “level sets” are stable except for one with large x. We prove this lemma first, and then
apply it to prove the two bulleted statements in later sections.

Gyérfas’ conjecture 1.1 has a number of other interesting special cases that still remain open; for
instance

e Conjecture: For all [ every triangle-free graph G with sufficiently large chromatic number
has an odd hole of length more than I;

e Conjecture: For all &k, every graph with no clique of size more than k and sufficiently large
chromatic number has a hole of length more than I.



At the end of this paper, we prove that both these statements are true if in addition we assume that
G contains no 5-hole. More precisely, we prove the next two results, where w(G) denotes the size of
the largest clique of G:

1.3 Let |l > 2 be an integer, and let G be a triangle-free graph with no 5-hole and no odd hole of
length more than 21 + 1. Then x(G) < (I + 1)4'~1.

1.4 Letl > 3 be an integer, and let G be a graph with no 5-hole and no hole of length more than .
Then

Y(G) < (21 — 2)2'Y.

The last was proved (but not published) by the second author some time ago, and improves on [2].

2 Lollipops

In [1], Gyérfds gave a neat proof that for any fixed path P, all graphs with no induced subgraph
isomorphic to P and with bounded clique number also have bounded chromatic number, and in this
section we use basically the same proof for a lemma that we need later. If X C V(G), the subgraph
of G induced on X is denoted by G[X], and we sometimes write x(X) for x(G[X]) when there is no
danger of ambiguity. If x € V(G) and Y C V(G), the distance in G of z from Y (or of Y from x) is
the length of the shortest path containing x and a vertex in Y. Let us say a lollipop in a graph G is
a pair (C,T) where C C V(G) and T is an induced path with vertices ¢1-----t) in order, say, with
k > 2, satisfying:

e V(T)NC =0

e G[C] is connected;

e {; has a neighbour in C; and

® t1,...,tr_1 have no neighbours in C.

The cleanliness of a lollipop (C,T) in G is the maximum [ such that ¢1,...,¢; all have distance (in
G) at least three from C' (or 0 if ¢; has distance two from C). We call ¢; the end of the lollipop.
If (C,T) and (C',T") are lollipops in G, we say the second is a licking of the first if ¢’ C C, and
they have the same end, and T is a subpath of 7’, and V(T") C V(T) U C (and consequently the
cleanliness of (C’,T") is at least that of (C,T)). We observe first:

2.1 Let (C,T) be a lollipop in G, and let C' C C be non-null, such that G[C'] is connected. Then
there is a path T' of G such that (C',T") is a licking of (C,T).

Proof. Let T be t;-----t, where (C,T) has end ¢;. Since tj has a neighbour in C, there is a path
P of G with one end ¢, and with V(P) C C U {tx}, such that the other end of P has a neighbour
in C’. Choose a minimal such path P. Then V(P)NC" = 0, and P’ = T U P is an induced path.
No vertex of P’ has a neighbour in C” except its last, and so (C’,T U P) is a licking of (C,T) as
required. This proves 2.1. |



For a vertex v of G, we denote the set of neighbours of v in G by N(v) or Ng(v), and for r > 1,
we denote the set of vertices at distance exactly r from v by N"(v) or Nj(v). We need the following:

2.2 Let h,k > 0 be integers. Let G be a graph such that x(N?(v)) < k for every vertex v; and let
(C,T) be alollipop in G, with x(C) > hk. Then there is a licking (C',T") of (C,T), with cleanliness
at least h more than the cleanliness of (C,T), and such that x(C") > x(C) — hk.

Proof. We proceed by induction on h. If h = 0 we may take (C',T") = (C,T); so we assume that
h > 0, and that the result holds for h — 1. Let (C,T) have cleanliness ¢ say (where possibly ¢ = 0),
and let T' have vertices ti-----t; in order, where t; is the end. Thus ¢; has distance at least three
from C for 1 <i < ¢, and so k > ¢+ 2. Since x(N?(te41)) < K, it follows that

X(C\ N*(te1)) > x(C) — k> (h— 1)k > 0,

and so there is a component C” of C'\ N2%(t.11) with x(C”) > (h — 1)k. By 2.1, there is a licking
(C";T") of (C,T). Since tey1 has distance at least three from C”, it follows that (C”,T”) has
cleanliness at least ¢ + 1. From the inductive hypothesis, there is a licking (C’,T") of (C”,T") and
hence of (C,T') that satisfies the theorem. This proves 2.2. |

3 Stable levelling

Let G be a graph. A levelling £ in G is a sequence Ly, L1,. .., Ly of disjoint subsets of V(G), with
the following properties:

o [Lol=1;
e for each ¢ with 1 < i <k, every vertex in L; has a neighbour in L; 1; and
o for 0 <i,j <k with |j —i| > 1, there are no edges between L; and L;.

The levelling L is called stable if each of the sets Ly, ..., Lx_1 is stable (we do not require Ly to
be stable). For 1 < i < k, a parent of v € L; is a neighbour u of v in L;_; (and we also say v is a
child of u).

The next result is a variant of a theorem proved in [3]; we could use that theorem directly, but
the modification here works better numerically. Let the odd hole number of G be the length of the
longest induced odd cycle in G (or 1, if G is bipartite). If Lo, ..., Lk is a stable levelling, we call Ly,
its base.

3.1 Let G be a triangle-free graph with odd hole number at most 21 + 1, such that x(N?(v)) < k for
every vertex v. Let Lo, L1, ..., Ly be a levelling in G. Then there is a stable levelling in G with base
of chromatic number at least (x(Lg) — (21 — 1)k) /2.

Proof. We may assume [ > 1, since otherwise G is bipartite and the result is trivial. Also we may
assume that y(Lg) > (2 — 1)k, because otherwise the stable levelling Lg, L satisfies the theorem.
We proceed by induction on |V(G)|, and so we may assume:

° V(G)ZLoULlLJ'--ULk;



e G[Lg] is connected; and
e for 0 < i < k and every vertex u € L;, there exists v € L;11 such that w is its only parent.

Let Lo = {so}, and inductively for 1 < i < k, choose s; € L; such that s;_; is its only parent. Then
Sp-S1-+ - sk is an induced path S say.

Now sj_o has no neighbour in Ly, so (Lg, Sk—2-sk—1) is a lollipop. By 2.2, there is a licking of
this lollipop, say (C’,T"), with cleanliness at least 2l — 1 and with x(C") > x(Lx) — (2l — 1)k. Let
the first 2 — 1 vertices of T" be sj_9-Sg_1-t1-- - - - tor_3.

Let N(S) be the set of vertices of G not in S but with a neighbour in S. If v € L; N N(.S), then
v is adjacent to exactly one of s;,s;_1 and has no other neighbour in S; because every neighbour of
v belongs to one of L;_1, L;, L;1+1, and G is triangle-free, and v is not adjacent to s;+1 since s; is the
only parent of s;11. So every vertex in L; N N(S) has one of two possible types. We say the type of
a vertex v € L; N N(S) is a where a = 1 or 2 depending whether v is adjacent to s;_1 and not to s;,
or adjacent to s; and not to s;_1.

Let us fix a type a. Let V() be the minimal subset of V(G) \ V(S) such that

e every vertex in N(S) of type a belongs to V(«a); and
e for every vertex v € V(G)\ (V(S)UN(S)), if some parent of v belongs to V() then v € V().

Consequently, for every vertex v € V(«), there is a path starting at v and ending at some vertex in
N(S) of type a, such that each vertex of the path (except v) is the parent of the previous vertex,
and no vertex of the path belongs to N(S) except the last.

There are only two types a, and so there is a type « such that x(V(a)NC’) > x(C")/2 > 0. Let
C be the vertex set of a component of G[V (a) N C’] with maximum chromatic number, so

X(C) =2 x(C")/2 = (x(Ly) — (2L = 1)r) /2.

By 2.1, there is a path T such that (C,T) is a licking of (C’",T").

Let Jy =C,and fori =k—1,k—2,...,1 choose J; C V(a) N L; minimal such that every vertex
in J;+1\ N(S) has a neighbour in J;. It follows from the cleanliness of (C', T") that J,_1 NN (S) =0,
and no vertex in Ji_1 is adjacent to any of sg_o, Sg_1,%1,...,%t2_3.

(1) For 1 < i < k-1, ifv € J; and v is nonadjacent to s;, then there is an induced path P,
between v and s; of length at least 21 — 3 + 2(k — i) with interior in L;y1 U ---U Ly, such that

o ifi <k —2, novertex in J; different from v has a neighbour in the interior of P,

e ifi="k—1, and u € J; \ {v} has a neighbour in the interior of P,, then the induced path
between wu, sp—1 with interior in V(P,) has length at least 21 — 1.

Since v € J;, v has a neighbour in J;11 \ N(S) with no other parent in J;; and so there is a path
V= Pi-Dit1- - pr, such that

epicJifori<j<k

o p; ¢ N(S) fori<j<k



e p;_1 is the only parent of p; in J;_1 for ¢t < j < k.

Since pg_1 € Jr_1, and no vertex in Ji_; is adjacent to any of sx_o,Sp_1,%t1,...,t9_3, it follows
that there is an induced path from pi_1 to sx_1 with interior in Lp containing all of t1,...,ty_3
and at least one more vertex of Lj, and therefore with length at least 21 — 1. Its union with the
path p;-----pr_1 and the path sg_1-s; is an induced path between v and s;, of length at least
21 —3+2(k—i). If u € J;\ {v} and has a neighbour in the interior of P,, then since u is nonadjacent

to all of $j41,...,8k-1,Pit+1,---,Pr—1 (because u has no neighbour in L;;oU---U Ly, and s;41 has
a unique parent s;, and p;+1 has no parent in J; except p;), it follows that i = k — 1; and since no
vertex in Ji_1 is adjacent to any of si_o, Sg_1,%1,- - ., to_3, this proves (1).

For 1 < i < k and for every vertex v € J;, either v € N(S) or it has a parent in J;_;; and so
there is a path 7-r,_1,..., 7y, for some h < i, such that r; € J; for h < j <4, and r, € N(5), and
rj ¢ N(S) for h+1 < j <. Since rj, has a neighbour in S, one of

TiTi—1-"" "~ Th=8h—1-Sh=Sh+1- " ~Si,

T Ti—1-"" - Th=Sh=Sh41-"" "~ Si

is an induced path (the first if @ = 1 and the second if & = 2). We choose some such path and call it
R,. Note that for all v € J;U- - -UJg, the path R, has even length if « = 1, and odd length otherwise.

(2) For 0 <i<k—1, J; is stable.

Suppose that u,v € J; are adjacent. Since G is triangle-free, not both u,v € N(S). Suppose
that u € N(S), and hence v ¢ N(S). Since N(S) N Jx—1 = 0 it follows that i < k — 2. Consequently
u has no neighbour in the interior of P,, where P, is as in (1), and so P, U Ry, $;-Py,-v-u-R,-s; are
both holes of length at least 21+ 2, of different parity, which is impossible. So u,v ¢ N(S). We claim
that there is a path P of length at least 2l — 1, from one of u, v to s;, with interior in L;41 U---U Lg,
such that the other (of u,v) has no neighbour in its interior. For if u has no neighbour in the interior
of P, then we may take P = P,, where P, is as in (1); and if u has such a neighbour, let P be the
induced path between u and s; with interior a subset of the interior of P,. Note that in the second
case, v has no neighbour in the interior of P, since G is triangle-free. This proves that the desired
path P exists; say from v to s;. Now the union of P and R, is a hole of length at least 2] + 2, and
so P, R, have the same parity. But the union of P and the path v-u-R,-s; is also a hole, of length
at least 2/ 4+ 3, and since Ry, R, have the same parity this is impossible. This proves (2).

fa=11let M; = {s;}UJ;for 0 <i <k, and if « = 2 let My = {s1},M; = {siy1} U J; for
1 <i<k, and My = Ji. In each case My, ..., M is a levelling satisfying the theorem. This proves
3.1. |

We deduce:

3.2 Let G be pentagonal, and let n > 1 be an integer. If x(G) > 10n — 9, there is a stable levelling
in G with base of chromatic number at least n.



Proof. Let G’ be a component of G with x(G’) = x(G). Choose vy € V(G'), and for i > 0 let L; be
the set of vertices in G’ with distance ¢ from vg. There exists k such that x(Ly) > x(G)/2 and hence
X(Lg) > 5n—4. Now Ly, ..., L is a levelling in G. By 3.1, taking | = 2 and k = n—1, either there is
a levelling My, My, My with x(Mz) > n, necessarily stable, or there is a stable levelling My, ..., M
in G with x(My) > (x(Lg) —3(n—1))/2 > n —1/2. In either case the theorem holds. |

We also include, for convenient reference:

3.3 Let G be pentagonal such that x(N?(v)) <5 for every verter v, and let n > 1 be an integer. If
X(G) > 4n + 27, there is a stable levelling in G with base of chromatic number at least n.

Proof. As before, choose a levelling Ly, ..., Ly with x(Lx) > x(G)/2 and hence x(Lx) > 2n + 14.
By 3.1 with k = 5, there is a stable levelling My, ..., M} in G with x(My) > (x(Lx)—15)/2 > n—1/2
and the result follows. |

4 Reducing to bounded radius

Let Lg,..., Ly be alevelling. If 0 <7 < j <kand u € L; and v € L;, and there is a path between
u,v of length j — ¢ with one vertex in each of L;, L;y1,..., L;, we say that u is an ancestor of v and
v is a descendant of u.

4.1 Let G be a triangle-free graph with odd hole number at most 21+1. Forr = 2,3, let x(N"(v)) <
Ky for every vertex v. Then x(G) < (121 — 2)kge + 4k3 + 8.

Proof. Suppose that x(G) > (121 —2)k2 + 4k3 + 8. There is a levelling in G with base of chromatic
number at least x(G)/2, and so by 3.1, there is a stable levelling Ly, ..., Ly in G with

X(Lk) > x(G)/4 — (I — 1/2)ke > 2lka + K3 + 2.

We may choose it in addition such that G[Lg] is connected, and for 0 < i < k every vertex in L; has
a descendant in Ly. Since x(Lg) > 1 it follows that £ > 1. Choose a;_o € Li_o. Let X1 be the set
of descendants of ax_s in Ly; thus x(X1) < k2, and since x(Ly) > ko, there is a component C; of
G[Lk \ Xl] with

X(C1) > x(Lg) — k2 > (2l — 1)Ko + K3 + 2.

Since G[Ly] is connected and X7 # (), there exists ay € X7 with a neighbour in Cy. Let ag_1 be a
parent of a; and child of ag_o.

Let X9 be the set of neighbours of a; in C;; then X» is stable and nonempty, and since x(C1) > 1,
there is a component Cy of C \ X2 with

X(CQ) > X(Cl) —1> (2l — 1)!62 + K3y +1,

and a neighbour by of a; with a neighbour in C5. Let by_1 be a parent of b;. Thus by_1,ar_o are
nonadjacent since X1 N Cy = (). Also by_1,as_1 are nonadjacent since Lj_1 is stable, and by_1, ay
are nonadjacent since G is triangle-free. Consequently a;_o-ax_1-ar-bp-br_1 is an induced path of G.



Let X3 be the set of all children of by_1; then since X3 is stable, and x(C2) > 1, it follows that
there is a component C3 of Cy \ X3 with

X(C3) > x(C2) =1 > (2l — 1)ka + ks,

and a child ¢ of by_1 with a neighbour in Cjs, taking ¢ = by if by has a neighbour in C'5. Thus
(Cs, bk_1-ck) is a lollipop. By 2.2, since x(C3) > (21 — 1)kz, there is a licking (Cy, T) of (Cs, bx_1-cx),
with cleanliness at least 2l — 1, such that

X(C4) > X(Cg) — (2l — 1)&2 > K3.

Let T have vertices t1-ta-t3- - - - -t,, say, where m > 2l and t; = by_1 and to = c;. Note that if by # cx
then b; has no neighbour in Cs and in particular by has no neighbour in 7" except 1.

Let X4 be the set of all vertices of Cy with distance three from bg_;. Since x(X4) < k3, and
X(C4) — k3 > 0, there is a component C5 of Cy\ X4. By 2.1, there is a licking (C5, S) say of (C4,T).
Let S have vertices t- - - - -t,, say where n > m. Let t,4+1 € V(C5) be adjacent to t,, and let di_1 be
a parent of t,11. Choose ¢ with 1 < ¢ < n + 1 minimum such that d;_; is adjacent to t;. Note that
di—1 is nonadjacent to all of ¢1, ..., since (Cy,T) has cleanliness at least 2 — 1 and hence so does
(C5,S5); and so i > 2] — 1. Let P be the path to-t3-t;-dx_1. This path P is induced and has length
i—1>20—1.

Let di_o be a parent of di_1. Now ag_o # dj_o, since ag_o has no descendant in C7, and dj_o
has a descendant t,4; in C5 and hence in C;. For the same reason ax_1 # dg_1, and by_1 # dr_1
since by_1 has no children in C5. Also, bx_1,dx_o are nonadjacent, since t,1 is in Cs and so there
is no three-edge path between b;_1 and ¢,,41.

Since Lg,...,Li_1 are stable, there is an induced path between by_1,dr_1 of even length with
interior in Lo U --- U Li_5, and its union with the path bg_1-to-P-di_1 is a hole of length at least
2l + 2, which consequently has even length; and so P has odd length. Now there is an even induced
path @ between aj_1,d;_1 with interior in Lo U --- U Li_5, not containing any neighbour of b;_1;
for if ag_1,dp_o are adjacent then the path ag_1-di_o-dp_1 satisfies our requirements, and otherwise
any even induced path between aj_s,d;_o with interior in Ly U --- U Li_3 (extended by the edges
ax—1ai—o and di_1dg_o) provides the desired path. If by # ¢j then

ag—1-ag-by-bp _1-Cp-P-dp_1-Q-ag_1
is an odd hole of length at least 2] + 5, while if by = ¢;, then
ag—1-ag-bg-P-dp_1-Q-ax_1

is an odd hole of length at least 2] 4 3, in either case a contradiction. This proves 4.1. |

5 The Grotzsch graph

Let G be a graph, and H an induced subgraph of G. We say a levelling Lo, ..., Ly in G is over H if
V(H) C Lg. An n-covering (in G, over H) is a sequence of graphs H = Gy, G, ...,G, = G, such
that for 1 < i < n there is a stable levelling in G; over G;_1. For n > 1, let us say a graph H is



n-coverable if there is an n-covering over H in some pentagonal graph G (and in particular, H itself
is pentagonal).

The Grétzsch graph has vertex set {ay,...,as,b1,...,bs,c}, where aj-as- - - --as-a is a cycle, a;, b;
are both adjacent to a;—1 and a;41 for 1 <1i <5 (reading subscripts modulo 5), and ¢ is adjacent to
b1,...,b5. We call the 5-hole aj-as- - - --as-a1 its rim and c its apez.

5.1 The Grétzsch graph is not 1-coverable.

Proof. Suppose it is, and let G be pentagonal, with a stable levelling Ly, ..., Ly, such that G[Lg]
has an induced subgraph H isomorphic to the Grotzsch graph. Let V(H) be labelled as above. We
may assume that Ly = V(H), and Lg_1 is minimal such that every vertex in V(H) has a neighbour
in Ly_;. For each v € Li_1, let H(v) denote the set of neighbours of v in V(H). Consequently:

(1) For each v € Li_1, there exists u € H(v) with no neighbour in Li_; except v.

We call such a vertex u a dependent of v. If w,v € Lr_1, by a u-v gap we mean an induced
path P of G, with one end in H(u) and the other in H(v), and with no other vertex in H(u) U H (v)
(a vertex in H(u) N H(v) forms a 1-vertex gap.) Thus a u-v gap is the interior of an induced path
between u and v. A u-v gap is odd if it has odd length, and even similarly.

(2) For all u,v € L_1, every odd u-v gap has length one.

For suppose some u-v gap has odd length at least three; then there is an induced path between
u,v of odd length at least five, with interior in Lj. But w,v have neighbours in L o, and so are
joined by an induced path of even length with interior in the top of the levelling; and the union of
these two paths is an odd hole of length at least seven, which is impossible.

(3) For every four-vertex induced path ui-us-uz-ug of H, if v,v' € Ly_1 and uwy € H(v) and
ug € H(V'), then either one of ui,us € H(vV'), or one of us,us € H(v).

Because H(v), H(v') are stable sets since G is triangle-free; and from (2) this path is not a u-v
gap; and the claim follows.

(4) |H(vo)| > 2 for all vg € Li—1 with ¢ € H(vg).

For suppose that H(vg) = {c}. Then by (1), ¢ has no other neighbour in Li_;. So for every
four-vertex path of H ending at ¢, say uj-ug-us-c, and for all v € Ly_; with uy € H(v), (3) implies
that us € H(v) (because uy,us ¢ H(vg) since |H(vg)| = 1, and ¢ ¢ H(v') since ¢ is a dependent of
vg). Choose v1 € Li_1 with a; € H(v1). From aj-as-bi-c it follows that by € H(v1), and similarly
b3, by € H(vy). Since H(vy) is stable, and the set {a1,b1,bs, by} is a maximal stable set of H, it
follows that H(vi) = {a1,b1,b3,bs}. Choose vg € L1 with ag € H(vs); then (from the symmetry
of H taking ag to aj) it follows that H(vs) = {as,bs,b1,bs5}. But bs-as-as-bs is an odd vi-vs gap,
contrary to (2). This proves (1).

(5) |H(vo)| = 3 for all vg € Li—1 with ¢ € H(vg).



No stable set of H containing ¢ has cardinality more than three, so we just need to show that
|H (vg)| # 2. Suppose not; then from the symmetry of H, we may assume that H(vg) = {c,a1}. One
of ¢,aq is a dependent of vyg.

Suppose first that c is a dependent of vy. Choose vs € Ly_1 with a5 € H(vs). From as-a4-bs-c and
(3) it follows that b3 € H(vs), and from as-a4-bs-c that bs € H(vs). Since ag, bg are adjacent it follows
that ag ¢ H(vs); choose vy € Li_1 with ay € H(vy). Then from the symmetry of H exchanging
az,as and fixing ay, it follows be, by € H(vy). From as-bi-c-by and (3) it follows that by € H(vs)
(since as, b1 ¢ H(vy) because they both have neighbours in H(vy), and ¢ ¢ H(bs) because it is a
dependent of v;). From the same symmetry, bs € H(v2); and so ag ¢ H(ve) and a4 ¢ H(vs). But
then as-a4-az-ag is a vs-ve gap, contrary to (2).

This shows that ¢ is not a dependent of vy, and so aq is its dependent. Choose vy € Li_q with
as € H(vs); then by € H(vs) from as-ay-bs-a1, and as € H(vs) from as-bs-as-a1. Now ay ¢ H(vs);
choose vy € Li_1 with a4 € H(vs), and then similarly ag,be € H(vyq). But then as-bi-c-be is a v3-ve
gap, a contradiction. This proves (5).

In view of (5) and the symmetry we may assume henceforth that H(vg) = {as,a2,c}. One
of as,ag,c is a dependent of vg. Suppose first that ¢ is a dependent of vyg. Choose vy € Lj_1
with ag € H(vs); then bs € H(vs) from ag-as-bs-c, and by € H(vs) from ag-as-ba-c. Similarly,
let ay € H(vy); then by, by € H(vyg). From bs-as-ai-bs it follows that as € H(vs), and similarly
as € H(vg). But then as-bi-c-be is a v3-v4 gap, a contradiction.

From the symmetry between as, a5, we may therefore assume that as is a dependent of vy. Let
by € H(v2); then ay € H(v2) from bs-as-as-as, and by € H(vz) from be-az-bs-as. Also, ay € H(v2)
from ag-bs-a1-az. Let az € H(vs); then a1 € H(v3) from as-be-ai-as, and ¢ € H(v3) from a;-bs-c-by.
But then a4-as-b1-c is a v2-v3 gap, a contradiction. This proves 5.1. |

6 Bounded radius

In this section we prove a bound on x(N?(v)) for 2-coverable graphs, and on x(N3(v)) for 3-coverable
graphs, to allow us to apply 4.1. We begin with:

6.1 Let Lg,..., Ly be a stable levelling in a pentagonal graph G, and let P be a 5-hole of G|Lg].
Choose S C Li_1 minimal such that every vertex in P has a neighbour in X. Then

. 5] =3;

e we can label the vertices of P as p1---- - p5-p1 in order, and label the elements of S as a,b,c,
such that the edges of G between S and V (P) are apy,aps, bps, bpa, cps and possibly cps;

o there exists z € Li_o adjacent to every vertex in S.

Proof. We begin by proving the first two assertions. Each vertex in S has at most two neighbours
in P, because its neighbours form a stable set. Suppose that every vertex in S has exactly two
neighbours in P. We may assume that a € S is adjacent to pi, p3; then choose b € S adjacent to ps.
It follows that b is adjacent to one of py, ps, say ps. Choose ¢ € S adjacent to ps; then ¢ might also



be adjacent to one of ps,p3, and from the symmetry we may assume it is not adjacent to po; and so
S ={a,b,c}, and the first two assertions of the theorem hold. We may therefore assume that some
vertex in S, say ¢, has only one neighbour in P, say ps. From the minimality of S, no other vertex
in S is adjacent to ps. Choose a € S adjacent to ps. If a has no more neighbours in P, then the
path a-ps-pe-p1-ps-¢ can be completed via an even path joining a, c with interior in Lo U - U Lp_o
to an odd hole of length at least seven, which is impossible. So a has another neighbour in P, and
since a is not adjacent to ps it is adjacent to p;. Similarly, choose b € S adjacent to po; then b is also
adjacent to py. From the minimality of S, S = {a,b, ¢} and again the first two assertions hold.

For the third assertion, choose Z C Lj_s minimal containing a neighbour of each member of S.
Suppose that there are distinct 21,20 € Z. From the minimality of Z, there exist s1,s0 € S such
that for 1 <14,j < 2, z; is adjacent to s; if and only if ¢ = j. But from the second assertion of the
theorem, there is a three-edge path joining si, se with interior in V(P), say s1-p1-pe-S2, where p1ps
is an edge of P. Then z1-s1-p1-ps-S2-29 is an induced path, and can be completed to an odd hole of
length at least seven via an even induced path joining z1, zo with interior in Lo U --- U Lg_3, which
is impossible. Thus |Z| = 1, and so the third assertion holds. This proves 6.1. |

We also need the following lemma.

6.2 Let G be pentagonal, and let Ly, ..., Ly be a stable covering in G of a graph H. Let z € V(H),
and A be the set of all vertices v € NIQ_I(ZO) such that every neighbour of v in Li_1 is adjacent to z.
Then x(A) < 2.

Proof. Suppose that y(A4) > 2; then there is a 5-hole P of G[A]. Choose a minimal subset S of Nj;(z)
such that every vertex in p has a neighbour in Sj; then by 6.1 we may assume that S = {a,b,c},
where the edges between S and V(P) are api, aps, bpa, bps, cps and possibly ¢ps. Choose v € Ly_q
adjacent to ps; by hypothesis, v is adjacent to z. Choose a’,b’ € Lj_1 adjacent to a,b respectively.
Consequently a’, b’ are not adjacent to z, and so have no neighbours in V(P); and in particular, a’, ¢/
are different from v. There is an even induced path between v, a’ with interior in LoU---ULj_o, and
so the odd path v-ps-ps-p3-a-a’ is not induced, since its union with the previous path would form an
odd hole of length at least seven. But @’ has no neighbour in P (because V(P) C A), and v is not
adjacent to a (because G is triangle-free) and v is not adjacent to a’ (because Lj_; is stable), and it
follows that v is adjacent to p3. The same arguments applied to the path v-ps-pi-pe-b-b' show that v
is adjacent to ps; yet not both of these are true since G is triangle-free, a contradiction. This proves
6.2. |

We deduce:
6.3 If H is a 2-coverable graph and z € V(H) then x(N%(2)) < 5.

Proof. Since H is 2-coverable, there is a 1-coverable graph G and a stable levelling Ly, ..., L; in
G over H. Let A be the set of all vertices v in N7 (z) such that every neighbour of v in Lj_; is
adjacent to 2, and let B = NZ(z) \ A. By 6.2, x(A) < 2, so we may assume (for a contradiction)
that x(B) > 3.

Choose zp € Li_1 adjacent to z. Since Ng(zp) is stable, it follows that x(B \ Ng(z0)) > 2; and
so there is a 5-hole P with V(P) C B, such that zp has no neighbours in P. Let S; C Ng(z) be
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minimal such that every vertex in P has a neighbour in S;. Each vertex in P has a neighbour in
Lj_1 nonadjacent to z, and so there exists a minimal subset Sy of Ly_1 \ Ng(z) such that every
vertex in P has a neighbour in Sy. By 6.1, |S1| = |S2| = 3.

(1) If ay € S1 and az € S are joined by a three-edge path with interior in V(P), then ai,as
are adjacent. In particular, if a; € S1 and as € Sy both have two neighbours in V(P) and have a
common neighbour in V(P) then they have the same neighbours in V (P).

Let a1,a2 be adjacent to pi,ps respectively, where pips is an edge of P. If aj,as are not adja-
cent, then the path zg-z-ai-p1-pe-ae is induced, and can be completed to an odd hole of length at
least seven via an even induced path between zg, ae with interior in LoU---U Ly_o, which is impossi-
ble. This proves the first claim of (1). For the second, suppose that a1, as have a common neighbour
in V(P); then they are nonadjacent, and so cannot be joined by a three-edge path with interior in
V(P), by the first claim. This proves (1).

Let S; = {a;, bi,c;} for i = 1,2. By 6.1, for i = 1,2 we may assume that a;,b; each have two
neighbours in V(P), and have no common neighbour in V(P). So one of ag, b2, say ag, is adjacent
to a neighbour of a; in V(P), and hence a1, as have the same neighbours in V(P), by the second
claim of (1). Therefore by and by have a common neighbour in V' (P), and so by the same argument,
b1, b2 have the same neighbours in V(P). If ¢; has two neighbours in V(P), then it has a common
neighbour in V(P) with one of ag, b2, and so by the second claim of (1) it has the same neighbours
in V(P) as one of ag, by, and hence the same as one of aj, by, which is impossible by the minimality
of S1. Thus ¢; has exactly one neighbour in P, and similarly ¢y has exactly one neighbour in P, and
the same neighbour as c;.

We may therefore assume that for ¢ = 1,2, a; is adjacent to ps, ps and b; to ps, ps, and ¢; to pi.
By the first claim of (1), it follows that a; is adjacent to be, ca, and b to ag, c2, and ¢; to ag, by. But
then the subgraph induced on

{P1,p2, P4, p5, a1, b1, 1, a2, ba, c2, 2}
is isomorphic to the Grétzsch graph (with rim ag-c1-p1-ps-b1-a2 and apex ay), contradicting 5.1 since
G is 1-coverable. This proves 6.3. |

6.4 If H is a 3-coverable graph and z € V(H) then x(N3(2)) < 20.

Proof. Since H is 3-coverable, there is a 2-coverable graph G and a stable levelling Lg, ..., L; in G
over H. Choose zg € Lj_1 adjacent to z. Let

A = Nig(2) \ (N&(2) U N&(=0))-

By 6.3, we can partition NZ(z) into five stable sets Dy,...,Ds. For 1 < i < 5, let A; be the set
of vertices in A with a neighbour in D;. Thus {z}, Ngy(z), D;, A; is a stable levelling in G, and
A=A U---UAs.

(1) x(4;) <2 for1 <i<5.
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For suppose this is false for some i, and let P be a 5-hole with V(P) C A;. Choose S1 C D;
minimal such that every vertex in P has a neighbour in S;. By 6.1, there exists n € Ny (z) adjacent
to every vertex in Sp. By 6.2, some vertex x € Li_1 has a neighbour in V(P) and is nonadjacent to
n. Let x be adjacent to p; € V(P) say. Choose y € S; adjacent to p;; then the path z-pi-y-n-z-zo
is not induced, since x, zg are joined by an even induced path with interior in Lo U --- U Lg_o. But
zp is not adjacent to any of x,p1,y, since p; € A and therefore has distance at least three from zy in
G; and x is not adjacent to z, because p; has distance three from z in G; and x is not adjacent to n,
a contradiction. This proves (1).

From (1) we deduce that x(A) < 10. But every vertex of N3 (z) belongs to one of A, N&(z0), N&(2),
and by 6.3 the latter two sets both have chromatic number at most five. This proves 6.4. |

Now we complete the proof of 1.2, which we restate:
6.5 Fvery pentagonal graph is 82200-colourable.

Proof. Define ny = 199, ny = 4nq + 27, ng = 10ne — 9, and ngy = 10ng — 9. Suppose that there is
a pentagonal graph G4 with x(G4) > n4. By 3.2, there is a stable levelling in G4 over some graph
G3 with x(G3) > n3. Similarly there is a stable levelling in G5 over some G2 with x(G2) > ny. By
6.3, X(Né2 (v)) <5 for every vertex v of Gy. By 3.3 there is a stable levelling in Gy over some graph
G1 with x(G1) > ni; and x(Ng’;1 (v)) < 20 for every vertex v of Gy, by 6.4 applied to the 2-cover
Gs, G, G1. By 4.1, setting [ = 2, ko = 5 and k3 = 20, it follows that

X(G1) < (121 — 2)ky + 4kg + 8 = 198,

a contradiction. Thus there is no such G4, and hence every pentagonal graph has chromatic number
at most ng — 1 = 82200. This proves 6.5. |

7 Long holes
In this section we prove 1.3 and 1.4. The first is implied by the next result with m = 2:

7.1 Letl > m > 2 be integers, and let G be a triangle-free graph with no odd hole of length at most
2m + 1 and no odd hole of length more than 21 + 1. Then x(G) < (3 + 41)4—™ — 41.

Proof. We proceed by induction on [ —m. If m = [ then G is bipartite and the result is true, so we
assume that m < I. Suppose that x(G) > (3 + 41)4~™ — 4I. Then we may choose a levelling in G
with base of chromatic number at least x(G)/2 > (6 + 81)4!=™~1 — 2. Since G has no odd cycle of
length at most five, it follows that Na(v) is stable for every vertex v; and so by 3.1 with x = 1, there
is a stable levelling Lo, L1, ..., Ly in G with x (L) > (34 41)4"~™~1 — 21, and we may choose it such
that G[Lyg] is connected. It follows that k£ > 3. For 0 < i < k choose s; € L; such that sg-s1-----sg
is a path. Since x(Ly) > 2l and (Lg, sx—2-Sg—1) is a lollipop, 2.2 with x = 1 implies that there is a
licking (C,Ty) of this lollipop with

X(C) > x(Ly) — 20 = (3 4 4l)4!=m=1 — 4
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and cleanliness at least 2/. From the inductive hypothesis, there is a (2m + 3)-hole P in C, with
vertices p1----- Pom+3-p1 say. By 2.1 there is a licking (P, T) of (C,T1). Let T have vertices

Sk—2-Sk—1-t1- - - -lr

say; thus ¢, has a neighbour in P, and since the lollipop (P, T") has cleanliness at least 2[, it follows
that r > 2l and each of si_o, Sg_1,%1,...,to_o has distance at least three from V' (P).

Now since G has no odd cycle of length less than 2m + 3, it follows that every vertex of G not in
P either has at most one neighbour in P, or has exactly two neighbours in P with distance two in
P. We may therefore assume that ¢, is adjacent to p; and to no other vertex of P except possibly
Pom+o. For i = 3,4, choose a; € Li_1 adjacent to p;. It follows that as,aq are nonadjacent to
Sk—9,Sk—1,11,...,t—_o. Since Ly,...,Li_1 are stable, for ¢ = 3,4 there is an even induced path R;
between a; and si_; with interior in Lo U ---U Lj_s.

(1) as has a neighbour in V(T).

Because suppose not. Then R4UT is an induced path from a4 to ¢, of length at least r+2 > 20 + 2.
But there is an odd induced path and an even induced path between a4 and t, with interior in V(P)
(since a4 has no neighbours in P except py and possibly pa, pg, and ¢, has no neighbours in P except
p1 and possibly pomto; one of aq-ps-p3-pa-pi-ta, ag-pe-p1-t, is the desired odd path, and the even
path goes the other way around P.) But then the union of one of these paths with R4 U @ is an odd
hole of length at least 2] + 4, which is impossible. This proves (1).

Choose ¢ < r minimum such that ¢; is adjacent to one of a4, as. By (1), such a choice is possible.
Since ag, a4 are nonadjacent to sg_o, Sk_1,%t1,...,to_9, it follows that ¢ > 2] — 2. Since G has no
odd cycle of length at most five, ¢; is not adjacent to both as, aq; let t; be adjacent to aj and not
to aj, where {h,j} = {3,4}. Let @ be a minimal path between ay, s;_1 with interior in V(7). It
follows that @) has length at least 2I. Consequently () U Ry, is a hole of length at least 2] 4+ 2, and
so it is even; and hence @ is even. Now aj, has no neighbour in R;, since ay, is not adjacent to the
parent of a; (because G has no 5-holes) and ay, is nonadjacent to si_o (because (P,T) is a lollipop
of cleanliness at least one). Thus

ap-pr-pj-a;-Rj-sp_1-Q-ap
is an odd hole of length at least 2] + 5, which is impossible. This proves 7.1. |
Finally we turn to the proof of 1.4. It follows from the next result.

7.2 Letl > 3 and k > 1 be integers, and let G be a graph with no hole of length more than [, such
that x(N(v)), x(N?(v)) < K for every vertex v. Then x(G) < (2l — 2)k.

Proof. Suppose not; then there is a levelling Ly, ..., Ly in G with x(Lg) > (I — 1)k. Let C’ be the
vertex set of a component C’ of G[Ly] with x(C”) > (I — 1)k. Since | — 1 > 1, it follows that k& > 2.
For i =k — 2,k — 1 choose s; € L;, such that sp_o, sx_1 are adjacent and s;_1 has a neighbour in
C’. Since x(C") > (I — 1)k and (V(C"), sg—2-sk—1) is a lollipop, by 2.2 there is a licking (C,T) of
it with cleanliness at least [ — 1 and with x(C) > x(C") — (I = 1)k > 0. Choose a € Lj_1 with a
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neighbour in C. Now a might have neighbours in 7', but since (C,T') has cleanliness at least [ — 1,
a is nonadjacent to the first [ — 1 vertices of T'. Let P be an induced path between sp_; and a with
interior in V(T') U C; thus P has length at least [ — 1. But a, sx_1 are joined by an induced path
with interior in Lo U ---U Lg_o, and the union of this path with P is a hole of length at least [ + 1,
a contradiction. This proves 7.2. |

We deduce 1.4, which we restate, slightly strengthened.

7.3 Letl > 3 be an integer, and let G be a graph with no 5-hole and no hole of length more than [.
Then o
X(G) < (21— 2)* 7
Proof. We proceed by induction on w(G). If w(G) =1 the result is true, so we assume w(G) > 1.

Let

n= (20— 22971,

From the inductive hypothesis, every induced subgraph H of G with w(H) < w(G) is n-colourable.
(1) For every vertez v of G, x(N(v)) < n, and x(N?(v)) < n?.

The graph G[N(v)] contains no clique of size w(G), and so is n-colourable. Let Aj,..., A, be a
partition of N(v) into n stable sets, and for 1 < i < n let B; be the set of vertices in N?(v) with
a neighbour in A4;. Suppose that there is a clique C' of cardinality w(G) with C' C B; for some i.
Choose a € A; with as many neighbours in C' as possible; then there exists ¢ € C' nonadjacent to
a, since G has no (w(G) + 1)-clique. Choose o’ € A; adjacent to ¢’; then from the choice of a, there
exists ¢ € C adjacent to a and not to a’. But then the subgraph induced on {v,a,d’, ¢,'} is a 5-hole,
which is impossible. Thus there is no such clique C, and so x(A;) < n. Since this holds for all 4, it
follows that x(N?2(v)) < n?. This proves (1).

From (1) and 7.2, it follows that
Y(G) < (20— 2)n2 = (21 — 2)(21 — 2)%" V7 2 = (21 — 2)2 7L,
This proves 7.3. |
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