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Abstract
We unite two of the most common approaches to modelling limited attention in
choice by showing that the rational inattention model (Sims [2003]) implies the formation of consideration sets –only a subset of the available alternatives will be considered
for choice. We provide a new set of necessary and su¢ cient conditions for rationally
inattentive behavior which allow the identi…cation of consideration sets. In simple
settings, consideration sets are based on a cuto¤ strategy on expected ex–ante utility
modi…ed by attention costs. The makeup of consideration sets can change in highly
non-monotone ways with attention costs and risk aversion.
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Introduction

Attention is a scarce resource. The impact of attentional limits has been identi…ed in many
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For example, shoppers may buy unnecessarily expensive products due to their failure to notice whether
or not sales tax is included in stated prices (Chetty et al. [2009]). Buyers of second-hand cars focus their
attention on the leftmost digit of the odometer (Lacetera et al. [2012]). Purchasers limit their attention to
a relatively small number of websites when buying over the internet (Santos et al. [2012]).
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straints.
One key implication of limited attention is that a decision maker may consider only a
subset of the available alternatives, ignoring all others. The concept of ‘consideration sets’has
a long history in the marketing literature, which extensively demonstrates their importance.2
More recently, economists have begun to understand the importance of consideration sets
for many areas of study - including revealed preference analysis, the price setting behavior
of …rms, and demand estimation.3
A second implication of attentional constraints is that choice may be stochastic: a decision maker may make di¤erent choices in seemingly identical situations. Random choice
has been demonstrated in a wide variety of experimental settings.4 The relationship between stochasticity and attention constrained choice has been emphasized by the ‘rational
inattention’approach of Sims [2003], in which the decision maker (DM) chooses information
optimally given their decision problem, with costs based on the Shannon mutual information
between prior and posterior beliefs (henceforth the Shannon model).
In this paper we unite these two approaches, and present a theory of optimal consideration set formation based on rational inattention. We show that an implication of the Shannon
model in discrete choice settings is that, typically, many options will receive no consideration
and will never be chosen.5 The set of considered alternatives arises endogenously, based on
prior beliefs and attention costs. Moreover, the same parameters determine a pattern of stochastic choice ‘mistakes’amongst considered alternatives, in line with experimental …ndings.6
Unlike current models, our approach therefore provides a tractable, parsimonious model of
both endogenous consideration set formation and choice mistakes within the consideration
set.
In order to develop our model, we introduce a novel set of necessary and su¢ cient …rst
order conditions for the Shannon model. These build on the necessary conditions of Matejka
and McKay [2015] (henceforth MM), who characterize the pattern of stochastic choice implied
by the Shannon model amongst alternatives which are chosen with positive probability. We
introduce a set of easy-to-check inequality constraints which determine the set of chosen
actions, and so also the set of actions which are never chosen. These conditions are crucial
to the solution of the Shannon model in any application - not only those we consider in
2

For example Hoyer [1984], Hauser and Wernerfelt [1990] and Roberts and Lattin [1991].
See for example Ching et al. [2009], Eliaz and Spiegler [2011], Caplin et al. [2011], Masatlioglu et al.
[2012], De Clippel et al. [2014], Manzini and Mariotti [2014].
4
See for example Mosteller and Nogee [1951], Reutskaja et al. [2011] and Agranov and Ortoleva [2015].
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See Matejka and Sims [2011].
6
See for example Geng [2016]
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this paper: generally not all actions with be taken at the optimum, and there will be many
suboptimal patterns of behavior which satisfy MM’s conditions amongst di¤erent potential
consideration sets.
Using our necessary and su¢ cient conditions, we consider behavior in three variants of the
standard consumer problem. In each case, the consumer must choose one of a set of available
alternatives. The value of each alternative is ex ante uncertain, but that uncertainty can be
reduced by allocating attention and paying the associated costs. The three decision making
environments vary in the assumed correlation structure between the valuations of di¤erent
alternatives.
In our …rst application the consumer must choose between a number of alternatives, one
of which is of high quality and the remainder of which are of low quality. The identity of the
high quality alternative is unknown ex ante, but can be learned by the consumer. In this
setting, the Shannon model implies that consideration sets are determined by a threshold
strategy: consumers will pay attention only to alternatives which have a prior probability
of being high quality which is above an endogenously determined threshold. Alternatives
below this threshold will never be chosen even though there is a chance that this set includes
the high quality good. Amongst considered alternatives, attention is allocated in such a way
that ex post all choices are identical: the probability of any alternative being of high quality
conditional on being chosen is the same, regardless of prior belief. This feature highlights
an important link between the Shannon model and the Drift Di¤usion Model (DDM) of
information acquisition and choice, which is heavily studied in psychology.
In our second environment we assume that the valuation of di¤erent alternatives are
distributed independently. In this setting, consideration set formation is again driven by a
cuto¤ strategy. However, the ranking of alternatives is now determined by the expectation of
a convex transformation of the payo¤s. This transformation re‡ects the gains to information
acquisition: the ability to take an action when its payo¤ is relatively high and avoid it when
its payo¤ is low. Given this convex transformation, the composition of consideration sets can
change in surprising and non-monotonic ways as information costs change. We provide an
example in which the consumer must choose either a safe alternative, the value of which is
known ex ante, or one of a set of risky alternatives, the value of which must be learned. The
safe alternative only appears in the consideration at very high information costs - when it
allows the consumer to be uninformed, or very low information costs - when it is chosen if all
the risky alternatives turn out to be of low quality. For information costs in an intermediate
range, the consideration set consists only of the risky alternatives. We further demonstrate
that, if prizes are denominated in monetary terms, the make up of the consideration set
3

is jointly determined by the information costs and risk aversion of the consumer: risky
alternatives will only be used if the consumer has low attention costs or low risk aversion.
Finally, we look at the most general case of arbitrary correlation between the valuations
of di¤erent alternatives - for example of the type that might occur in the choice of …nancial
products. In this case, no simple cuto¤ rule determines the consideration set. This is due
to the fact that even risk neutral consumers have a hedging motive in this environment:
the value of act depends on its payo¤ relative to other acts. Given this hedging motive,
the consideration set will depend on the complete range of available alternatives. We show
that our conditions imply a simple test of whether a new alternative will be considered if
it is introduced to an existing market, and identify the lowest cost way of ensuring such an
alternative will be chosen.
Section 4 discusses the relationship of our work to existing models of consideration set formation. Recent papers have typically taken consideration sets as primitive for the consumer
(in the same way that preferences are primitive), therefore sidestepping the issue of how the
set of considered items is determined. These papers then focus on identifying the consideration set from choice behavior (Masatlioglu et al. [2012], Manzini and Mariotti [2014]) or on
understanding …rm behavior conditional on such sets (Eliaz and Spiegler [2011]). Moreover,
these models assume that decision makers deterministically maximize preferences on the
consideration set. Yet recent evidence (e.g. Geng [2016]) shows that choice may be stochastic even amongst considered alternatives. As with Manzini and Mariotti [2014], our work
provides a link between the study of consideration sets and the recent literature aimed at understanding stochastic choice data (e.g. Agranov and Ortoleva [2015], Manzini and Mariotti
[2016], Apesteguia and Ballester [2016]). An earlier literature in marketing discussed models
of endogenous consideration set formation (e.g. Hauser and Wernerfelt [1990], Roberts and
Lattin [1991]). However, these have typically had to focus on very speci…c cases for the sake
of tractability: sequential choice of information in more complex settings quickly become
intractable (Gabaix et al. [2006]).
Section 2 introduces the Shannon model and our necessary and su¢ cient conditions.
Section 3 describes our three applications to consumer search. Section 4 reviews the existing
literature, and section 5 concludes.
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The Shannon Model

We consider a consumer who faces a decision problem which consists of a number of di¤erent
alternatives from which they must make a choice. The value of each alternative is determined by the underlying state of the world. Prior to choice, the decision maker can receive
information about the state of the world in the form of an information structure, which
consists of a set of signals, and a stochastic mapping between the true state of the world and
these signals. More accurate signals will lead to better choices, but are more costly, with
costs based on the Shannon mutual information between prior and posterior beliefs. This is
the model of ‘rational inattention’introduced by Sims [2003].

2.1

The Decision Making Environment

There is a …nite set of possible states of the world , with ! 2 denoting a generic state.
An action is a mapping from states of the world to utilities. We use A to denote the set of
actions, and u : A
! R to identify the utility of each action in each state. A decision
problem ( ; A) consists of a prior distribution 2 ( ) over these states of the world and
a …nite subset of options A A from which the decision maker must choose.
It is well known that, for the Shannon model one can directly model the probability
of choosing each action in each state, rather than the choice of information structure (see
for example MM). Thus, given the decision problem ( ; A), the decision maker chooses the
probability of receiving option a 2 A in each state !: i.e., for a given A they choose a
P : ! (A), with P (aj!) denoting the probability of choosing action a in state !, and P
the set of all such state dependent stochastic choice functions.
The value of P 2 P is given by the expected value of the actions chosen, minus information costs. These costs are based on the Shannon mutual information between states and
actions - i.e. the di¤erence between the expected entropy of the conditional and unconditional choice distributions:7 Intuitively, having choice distributions which vary a lot with the
state requires costly information. MM show that the optimization problem of a consumer
7
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The …rst term is the expected payo¤ due to the set of state contingent choice probabilities.
The second term is the cost of information which is equal to the mutual information between
states and actions multiplied by the parameter , which describes the marginal cost of
information.

2.2

Necessary and Su¢ cient Conditions

MM show that the optimal policy must satisfy the following condition for all actions a 2 A
such that P (a) > 0:
P (a)z(a; !)
(2)
P (aj!) = P
b2A P (b)z(b; !)

where z(a; !) exp(u(a; !)= ). This condition states that the optimal policy “twists” the
state-contingent choice probabilities towards states in which the payo¤s are high.
While the conditions (2) are necessary, they are not su¢ cient. For example, for any
option a, the stochastic choice function P (aj!) = 1 for all ! satis…es these conditions. This
is not surprising since this is the optimal policy when only option a is available and the
necessary conditions depend on the choice set only in the sense that all of the choices in the
sum in the denominator must be available.
The key problem is that, while these necessary conditions determine stochastic choice
amongst alternatives which are chosen with positive probability, they do not identify which
alternatives belong to this set. Doing so is important because, as we shall see, generally
there will be many unchosen actions in a given decision problem. We will describe the set
of actions which are chosen with positive probability as the consideration set, and for every
P 2 P we will use B(P ) to denote the associated consideration set - i.e.
B(P ) = fa 2 AjP (a) > 0g
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According to (2) it is su¢ cient to solve for the unconditional probabilities of the options,
P (a), as the state contingent choice probabilities, P (aj!), are completely determined by these
unconditional probabilities. To obtain conditions which are both necessary and su¢ cient we
focus on the choice of these P (a)s. We can reformulate the maximization problem in terms of
these unconditional probabilities. Substituting for P (aj!) in the objective function described
in equation (1) gives the following expression8
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where ' is the Lagrangian multiplier on the constraint that the unconditional probabilities
P (a) must sum to 1, and a is the multiplier on the non-negativity constraint for P (a).
The associated …rst order condition is
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whenever P (a) > 0. It follows immediately that ' = . The …rst order condition becomes
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with equality if the option is chosen. These are the necessary and su¢ cient conditions for
an optimum.
8

See appendix for details.
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Proposition 1 The policy P 2 P is optimal if and only if for all a 2 A
X

!2

2.

z(a; !) (!)
b2A P (b)z(b; !)

P

1

with equality if a 2 B(P ), and for all such actions and states !, P (aj!) satis…es condition

All proofs are relegated to the appendix.
We can gain some intuition for these conditions by considering the Blahut-Arimoto algorithm (see Cover and Thomas [2006]). The algorithm proceeds by …rst choosing P (aj!) given
a guess for the P (a) and then generating a new P (a) given P (aj!). Since it can be shown
that the objective function in equation (1) rises with each step, the algorithm converges.
The solution to the …rst step is MM’s necessary conditions
Pn (a)z(a; !)
b2A Pn (b)z(b; !)

Pn+1 (aj!) = P

P
The solution to the second step invokes Bayes rule: Pn+1 (a) = !2 Pn+1 (aj!) (!). Putting
these together
!
X
z(a; !) (!)
P
Pn+1 (a) =
Pn (a)
b2A Pn (b)z(b; !)
!2

The term in brackets is the left side of (4) and determines if P (a) rises or falls. The algorithm
can have one of two steady states. Either P (a) > 0 and the term in brackets is equal to one,
a case that includes P (a) = 1, or the term in brackets is less than one and P (a) = 0 and
can fall no further. (2) represents a twist in state dependent choice in the direction of the
high payo¤ states. (4) ensures that these twists average out to one. If they don’t then the
probability of an action needs to be raised or lowered accordingly.

2.3

A Posterior-Based Approach

It is also informative to recast the solution of the Shannon model in terms of the implied
posterior beliefs. Note any set of stochastic choices P 2 P imply posterior belief a 2 ( )
at any a 2 B(P ). By Bayes rule,
a

(!) =

P (aj!) (!)
;
P (a)
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where a (!) is the probability of state ! given the choice of a. There is a one-to-one
mapping between the choice of state dependent stochastic choices P 2 P and the choice
of unconditional choice probabilities and posterior beliefs ffP (a)ga2A ; f a ga2B(P ) g. We can
rewrite the necessary and su¢ cient conditions of Proposition 1 in terms of these objects
It follows immediately from (2) that, for a 2 B(P )
a

(!)
(!)
=P
z(a; !)
b2A P (b)z(b; !)

The necessary and su¢ cient conditions (4) become
a

b
(!)
(!)
=
z(a; !)
z(b; !)

(5)

when options a and b are chosen and
X

!2

a

z(c; !)

(!)
z(a; !)

1

(6)

when option a is chosen and option c is not. We therefore have the following alternative
characterization of the optimal policy:
Proposition 2 Consider the choice problem (A; ). Consider a policy fP a ga2A and f a ga2B(P ) .
P
The policy is optimal if and only if a2A P (a) (!) = (!) and
1. Invariant Likelihood Ratio (ILR) Equations for Chosen Options: given a; b 2
B(P ), and ! 2 ,
a
b
(!)
(!)
=
z(a; !)
z(b; !)
2. Likelihood Ratio Inequalities for Unchosen Options: given a 2 B(P ) and c 2
AnB(P ),
a
X
(!)
z(c; !) 1:
(7)
z(a; !)
!2

3

Endogenous Consideration Set Formation

The necessary and su¢ cient conditions of Proposition 1 represent an important advance on
the purely necessary condition of MM in terms of solving the Shannon model. They also
9

highlight a particular feature of such solutions: the available actions can be divided into a
consideration set of alternatives which are chosen with positive probability in every state
of the world, and an excluded set of alternatives which are never chosen in any state. This
provides a link between the Shannon model and models of choice with consideration sets
which have long been popular in the marketing literature (see for example Hoyer [1984],
Hauser and Wernerfelt [1990] and Roberts and Lattin [1991]).
In this section we explore this link further by applying the Shannon model to three
variants of the consumer problem, and characterizing the resulting consideration sets in each
case. We interpret the set A as representing the set of goods for sale, one of which the
consumer will end up buying. The states of the world relate to the quality of each of the
various goods.
The necessary and su¢ cient conditions are non-linear and so, in general, closed form
solutions are not available. We consider three variants of the consumer problem that di¤er
in their complexity. The …rst we can solve in closed form. In this case, the consumer knows
that exactly one of the available goods is of high quality, while the rest are of low quality.
While somewhat stylized as a consumer problem, this setting allows for a particularly clean
understanding of the consideration set resulting from the Shannon model, and demonstrates
an important link between the Shannon model and the Drift Di¤usion Model which is popular
in psychology. In the second case, we consider the ‘classic’consumer problem in which the
valuation of each alternative is drawn form an independent (but not necessarily identical)
distribution. In this case we present a statistic that determines whether an action is or is
not in the consideration set. Finally we discuss the case in which the valuation of di¤erent
goods may be correlated.

3.1

Consumer Problem 1: Finding the Best Alternative

We begin with arguably the simplest possible case. The consumer is faced with a range of
possible goods identi…ed as a set A = fa1 ; ::; aM g. One of these options is good, the others
are bad. The utilities of the good and bad options are uG and uB , with uG > uB . The DM
has a prior on which of the available options is good. We de…ne the state space to be the
same as the action space, = A, with the interpretation that state ! i is the state in which
option i is of high quality and all others are of low quality. Thus
u(ai ; ! j ) = uG if i = j
= uB otherwise.
10

(! i ) is therefore the prior probability that option ai yields the good prize. Without loss
of generality, we order states according to perceived likelihood with lower indexed states
perceived as more likely,
(! i+1 ) = i+1 :
i = (! i )
The DM can expend attentional e¤ort to gain a closer understanding of where the prize
is located. The cost of improved understanding is de…ned by the Shannon model with
parameter > 0.

3.1.1

Characterization

To simplify characterization of the optimal strategy, it is convenient to transform parameters
by de…ning x, > 0 as below,
z(ai ; ! j ) =

(

exp uG
exp

uB

x(1 + ) if i = j;
x
if i =
6 j.

The optimal policy will depends on , but not on x. Increases in the utility di¤erential
uG uB and reductions in learning costs both a¤ect the optimal policy through increases in
.
Substituting these payo¤s in to the necessary and su¢ cient conditions (4) for some action
ai 2 B(P ) yields
i

1 + P (ai )

+

X

aj 2B(P )

j

(1 + P (aj ))

+

X

k

=1

ak 2AnB(P )

Since the latter two terms on the left-hand side are the same for all chosen acts, it follows
that the optimal policy equalizes the …rst term:
i

1 + P (ai )
across ai 2 B(P ). This equality has two implications. First, i > j implies P (ai )=P (aj ) >
i = j so that actions that are more likely to be optimal are more than proportionately more
likely to be taken. Second, if the …rst K actions are taken then the …rst order condition for
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the Kth action and the equality of the

i

1+ P (ai )

( + K)

together imply

K

1 + P (aK )

=

K
X

k

k=1

PK
1
= 1, then
which requires K to be greater than K+
k=1 k . Suppose, for example,
P5
2 =( 1 + 2 ) must be greater than 1/3 if the …rst two actions are to be considered, 5 =(
1 a)
must be greater than 1/6 if the …rst …ve actions are to be considered, and so on.
Theorem 1 provides a complete characterization of the optimal strategy for this problem
according to the Shannon Model.
Theorem 1 If M >
integer such that,

1
M+

de…ne K = M . If

K

>

PK

M

<

1
M+

(! k )

k=1

k=1

(8)

K+1 :

K+
Then the optimal attention strategy involves,
(! i )(K + )
P (ai ) =
PK

, then de…ne K < M as the unique

PK

k=1

(! k )

(! k )

>0

(9)

for i K, with P (ai ) = 0 for i > K. Furthermore the posteriors associated with all chosen
options ai K take the same form,

i

(! j ) =

8
>
>
<
>
>
:

(1+ )
PK

k=1

K+

PK

k=1

(! k )

K+
(! k )

for i = j;

for i 6= j and j
(! j ) for j > K:

K

This solution has two striking features. The …rst is that many alternatives are never
chosen - in particular those for which the prior probability that the good is of high quality
is low. Moreover, nothing is learned about these alternatives: the posterior probability that
these goods are of high quality is the same as the prior probability, regardless of which
good is actually chosen. This highlights the connection between the Shannon model and the
theory of consideration sets. However, the second striking feature is that, unlike in standard
consideration set models, ‘mistakes’are still made in choice between considered alternatives:
the probability that the high quality good is chosen is below one, even if this good is in the
consideration set.
A numerical example highlights these features.
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3.1.2

Example 1

Suppose that the uG = 1 and uB = 0, there are 10 possible alternatives, and prior beliefs
k 1
are distributed exponentially according to (! k ) =
; for 1 k 10, with = 1 1 10
to ensure that the prior probabilities sum to 1. In this case the number K of chosen options
satis…es,
K
(K + ) (1
) K 1 > (1
) (K + ) (1
) K:
The precise nature of the solution will depend on the cost of information and the parameter
of the exponential distribution . Figure 1 illustrates the optimal policy for = 0:8 and four
di¤erent levels of . ‘Prior’refers to the prior probability that each of the 10 alternatives
is the good option. ‘Prob chosen’is the (unconditional) probability that each alternative is
chosen, while ‘Posterior’is the posterior probability of each alternative being of high quality
conditional on it being chosen.
Figure 1: Optimal Behavior in Example 1

Figure 1 highlights the key features of the optimal policy according to the Shannon model
in this setting. Looking …rst at the top left hand panel ( = 1) we see that there is a distinct
‘consideration set’ of three items which are chosen with positive probability. None of the
other alternatives are ever chosen. However, even within the consideration set, the subject
makes ‘mistakes’- for each of the chosen alternatives, the probability of it in fact being high
13

quality is about 31%. Strikingly, this …gure is exactly the same for all chosen alternatives:
despite the fact they had di¤erent prior probabilities of being high quality, the decision maker
learns exactly enough to make them all identical ex post, conditional on being chosen. We
return to this observation in section 3.1.4 below. Finally, as decreases, the size of the
consideration set increases and the probability of a mistaken choice falls, as can be seen from
panels 2-4.

3.1.3

Comparison with Necessary Conditions

This application highlights the advantage of the necessary and su¢ cient conditions described
in Proposition 1 over the necessary conditions introduced in MM. The key observation is that
the MM conditions do not make any reference to the unchosen actions, and do not therefore
provide a corresponding check on whether or not higher expected utility would be available
were the set of chosen actions were to be changed. The following, which is an immediate
corollary of Theorem 1, identi…es all sets C A such that there exists a solution to the MM
necessary conditions that speci…es strictly positive probabilities for all options in C.
Corollary 1 Consider any non-empty set of options C, and re-index options so that the
…rst jCj indices specify the probabilities of all options in C, retaining the diminishing order
(! i )
(! j ) all 1 i C 1. Then there exists a solution to the MM necessary conditions
with all probabilities P (a) > 0 for all a 2 C if and only if,
PC

(! jCj )

k=1

(! k )

>

1
:
jCj +

Note that singleton sets always satisfy this condition. Note also that all subsets of the
true optimal set as de…ned by Theorem 1 also satisfy these conditions. How many other
sets satisfy them depends on model parameters. As increases, so ever more sets satisfy the
conditions. In the limit, for so high that the true optimum is to pick all options with strictly
positive probability, all subsets of available options satisfy the conditions of the corollary.

3.1.4

Relation to the Drift Di¤usion Model

A further striking feature of the solution to the above problem is that posterior beliefs
associated with chosen actions do not depend on prior beliefs, but only on relative payo¤s.
This is apparent from the Invariant Likelihood Ratio property introduced in Proposition 2.
14

This means that the probability of each alternative being of high quality conditional on being
chosen is identical and so independent of prior beliefs.
This highlights a similarity between the solution of the Shannon model and the Drift
Di¤usion Model (DDM) that has been heavily studied in psychology (see for example Ratcli¤
[1978], Busemeyer and Townsend [1993]). In this model, a DM faced with a choice between
two alternatives is assumed to sequentially receive information about the value of each option.
The resulting beliefs follow a di¤usion process, the drift of which is determined by the true
quality of each. It is further assumed that information accumulation continues until the
probability that one alternative is of high quality surpasses some boundary, at which point
that alternative is chosen. In the basic version of the DDM, these boundaries are time
invariant. Recent theoretical work (Fudenberg et al. [2015]) shows that such time invariant
boundaries are optimal in some circumstances.
Our result highlights a link between the Shannon model and the DDM. In both cases, the
posterior probability that an option is of high quality conditional choice is always the same,
regardless of which alternative is chosen. In the DDM this stems directly from the time
invariant boundaries that trigger choice, while in the case of the Shannon model it derives
from the ILR property of proposition 2.
This DDM has been applied to situations very similar to the one described in section
3.1: A subject (typically a monkey) is presented with evidence indicative of which of several
options will yield a known prize (typically juice). The evidence is costly to process, so that
decisions take time, and mistakes are made. One key subject of study is the pattern of
the resulting mistakes and how they relate to the quality of the evidence, the number of
available options, prior beliefs, the nature of the prize, and the time taken to decide. This
experimental design has become the archetype for exploration of the perceptual process and
its neurological correlates in decision tasks. The two option version of this task is particularly
well-studied, and the DDM has gained centrality due to a certain level of behavioral and
even neurophysiological support. The model also has proponents within economics, (for
example Krajbich and Rangel [2011]), who are developing multi-option generalizations under
exploration.

3.2

Consumer Problem 2: Independent Valuations

We now consider the case in which the consumer is faced with the choice between a number
of di¤erent alternatives, the values of which are uncertain, but independently distributed.
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For example, a decision maker may be choosing which of several di¤erent cars to buy. Each
car has a distribution of possible utilities it can deliver, depending on its price, fuel e¢ ciency,
reliability and so on. We make the assumption that the utility associated with one car is
independent of that of any other. The consumer must decide which cars to consider, and
what to learn about each considered car prior to purchase. The assumption of independence
means that learning about the quality of one car does not imply anything about any other
car.
The consumer is again faced with the choice of M possible actions A = fa1 ; ::; aM g: Let
X R be the (…nite) set of possible utility levels for all acts. We de…ne the state space as
= X M . A typical state is therefore a vector of realized utilities for each possible action:
0

B
B
!=B
B
@

!1
!2
..
.
!M

1
C
C
C
C
A

where ! i 2 X for all ai 2 A. The utility of a state/action pair is then given by
u(ai ; !) = ! i
The assumption of independence implies that there exists probability distributions
(X) such that, for every ! 2 :

1 ; ::;

M

2

M
i=1 i (! i )

(!) =

We call a decision problem with this set up an independent consumption problem.
The optimal approach to information acquisition in the independent consumption problem once again includes a cut-o¤ strategy determining a consideration set of alternatives
about which the consumer will learn and from which they will make their eventual choice.
However in this case, the cut-o¤ is in terms of the expectation of the normalized utilities
z(a; !) exp(u(a; !)= ) evaluated at prior beliefs.
Theorem 2 Any optimal policy for an independent consumption problem will have a cut-o¤
c 2 R such that, for any ai 2 A, P (ai ) > 0 if
X

!2

z(ai ; !) (!) =

X

!2
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exp(! i = ) i (! i ) > c

and P (ai ) = 0 otherwise
Like the ‘…nd the best alternative’case, we can think of the consumer as ranking alternatives and including the best alternatives in the consideration set. Here the ranking depends
on the expectation of the transformed net utilities z(ai ; !) at the prior beliefs. This transformation re‡ects the importance of information acquisition. Consider two actions with the
same ex ante expected payo¤s, a safe action that pays its expected value in every state and a
risky one whose payo¤ varies across states. In this case, the second risky action will be more
valuable, since the decision maker can tailor their information strategy in such a way that
they take this action in high valuation states and avoid this action in low valuation states.
This explains the convex transformation of the payo¤s: variance is valuable in a learning
environment.
This also explains the role of the information cost. As rises, information becomes
more costly the ability to tailor choice to the state disappears. As approaches in…nity,
Ez(ai ; !)=Ez(aj ; !) approaches Eu(ai ; !)=Eu(aj ; !) and choice is based on ex ante expected
payo¤s. As approaches zero, information becomes free and the best action is chosen in
each state. An action remains unchosen only if its maximal payo¤ is less than the minimum
payo¤ to some other action. In this case Ez(ai ; !)=Ez(aj ; !) approaches in…nity for all j if
and only if ai is chosen.
In the ‘independent’valuation case, the ordering of actions is far from obvious without
applying the necessarily and su¢ cient condition. As the next example illustrates this means
that the nature of the consideration set can change in surprising, and non-monotonic ways
with the cost of attention.

3.2.1

Example 2

Consider an independent consumption problem in which there are three possible utility
levels,with X = f0; 5:5; 10g : There are six available actions. The …rst (a1 ) has a value of 5.5
for sure and so is the ‘safe’option. The other …ve (a2 ; :::; a6 ) have an ex-ante 50% chance of
having value 10 and a 50% having value zero, and so can be seen as ‘risky’options.
In order to characterize behavior in this setting, the following lemma is of use
Lemma 1 Let ( ; A) be an independent consumption problem and fa1 ; :::aN g = B
a set of ex ante identical actions (i.e. i (x) = j (x) = B (x) for all x 2 X and i; j
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A be
N ).

Then a strategy that picks each ai 2 B with the unconditional probability N1 and assigns
unconditional probabilities according to equation 2 is optimal if, for each aj 2
=B
X

x2X

exp(x= ) j (x)

1
n

"

X

x2X N

PN

N
n=1 B (xn )

n=1

exp (xn = )

#

1

The Shannon model implies that there are 3 possible consideration sets for this problem: only a1 (safe only), only a2 a5 (risky only), or all options (safe and risky options).
Each of these is the optimal consideration set at di¤erent levels of attention costs. Perhaps
surprisingly, the relationship between attention costs and the associated consideration set is
non-monotonic. For example, for = 30 only the safe option is chosen with positive probability, for = 20 both the safe and risky options will be used, for = 2 only the risky options
will be used, while for = 1 again all options are used. Figure 2 shows the unconditional
probability of the sure thing and each of the risky alternatives being chosen at each value of
.
Figure 2: Unconditional Choice Probabilities in Example 2.9

3
Figure 2 clearly shows 4 di¤erent regions for the parameter , each of which is related
to a di¤erent consideration set. For very low values of , when information is very cheap,
all alternatives are used. As increases, the probability that the safe option is chosen drops
to zero. For still higher values of , the sure thing is once again used, along with the risky
options. For the highest values of (when information is very expensive) only the sure thing
9

Note that the scale uses increments of 0.1 for

< 1, and 1 for

18

>1

is used.
How is this change occurring, given the condition of Theorem 2? It turns out that
increasing the value of
has two distinct e¤ects on behavior. First, it can change the
ranking of the the risky and safe options in terms of their normalized utilities given prior
beliefs. At low levels of , the risky option dominates the sure thing (the light grey region
in Figure 2). However, as attention costs rise, eventually the normalized utility of the sure
thing moves above that of the risky option (the dark grey region). Thus, for low attention
costs, if only one option is to be used it must be the risky option, while for high costs, only
the sure thing can be used on its own.
A second e¤ect of rising attention costs is to change whether all alternatives are above
the threshold, or just some subset of them: At very low cost levels, all options are above
the threshold. As costs increase, the sure thing drops below the threshold and only the
risky options are used. Further cost rises lead to the sure thing moving back above the cost
threshold.
Some intuition for this e¤ect can be gained from Figure 3. This shows the probability that
the sure thing is chosen conditional on all the risky options being bad, and the probability
that all the risky options are bad conditional on the sure thing being chosen. It illustrates that
the sure thing plays very di¤erent roles in the consideration set at low and high information
cost levels. At low cost levels, when the consumer is very well informed, the sure thing is only
chosen when it is known with high probability that all the risky options are of low quality:
in other words it is only chosen when it is actually the best option. As information costs rise,
at some point it becomes too costly for the consumer to identify such states of the world,
so the sure thing is no longer used. When the sure thing again enters the consideration set
at higher cost levels, it is used in a very uninformed manner. The probability that all the
risky options are bad if the sure thing is chosen is only about 4%, or slightly above the prior
belief that this is the case. In this part of the attention cost region, the sure thing is used
by the consumer as a way of mixing in an uninformed choice with their informed choice in
order to lower costs. As rises, use of this unformed option rises until eventually use of the

19

risky options ceases.
Figure 3: Conditional Probabilities in Example 2.10

3.2.2

Information Cost and Risk Aversion

Our conditions can also be used to explore the relationship between risk aversion and information costs in consideration set formation. Intuitively, such a relationship exists because a
more risk-averse individual requires a higher degree of certainty before they are prepared to
choose a risky option, and that higher degree of certainty requires more information. Thus,
an investor may be prepared to invest in risky stocks if the have low risk aversion, or low
information costs, but not if they are risk averse and …nd information costly.
In order to explore this trade o¤, we can modify the set up of Example 2, so that the
payo¤s of each alternative are denominated in monetary units. The risky options pay o¤ $10
and $0 if they are good or bad, while the sure thing pays of $5 for sure. Monetary payo¤s
are converted to utility using the function
u(x) =
10

Note that the scale uses increments of 0.1 for

x1
1

< 1, and 1 for

20

>1

The parameter
neutrality.

determines the degree of risk aversion, with

= 0 equivalent to risk

We can now use Lemma 1 to map out the optimal consideration sets as a function of
and . The results are shown in Figure 4, which demonstrates a surprisingly complex
relationship between the two parameters. Broadly speaking, the intuition described above
holds: use of the risky options increases both with lower information costs and lower risk
aversion. At very low information costs, all options appear in the consideration set. However,
at higher information costs, there are still values for for which all options are chosen with
positive probability. This occurs at intermediate levels of risk aversion, between the ‘risky
asset only’ and ‘safe asset only’ areas of the parameter space. This region corresponds to
the ‘uninformed’use of the safe option described above.

Figure 4: Consideration Sets as a Function of

3.3

and

Consumer Problem 3: Correlated Valuation

The general case in which the value of the di¤erent alternatives may be correlated is more
complex. We begin with a geometric interpretation of the model which borrows from Caplin
et al. [2016]. We then present a simple ‘market entry’ test based on Proposition 1. We
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conclude this section with an example.

3.3.1

A Geometric Interpretation

Bayes’rule implies a tight relationship between state dependent stochastic choice and posterior beliefs, a (!) = P (aj!) (!)=P (a). We can use this relationship to rewrite problem (1)
replacing P (aj!) with a (!) and P (a). The resulting maximization problem is of the form:
V ( ; A) =

maxa

ffP (a)ga2A ;f

"

X
a2A

ga2B(P ) g

P (a)

X

maxa

ffP (a)ga2A ;f

ga2B(P ) g

P (a)

a

(!) ln

X

a

(!)u(a; !)

!2

a2B(P )

!2

P
a
(!) ln
Let N ( a ) = !2 a (!)u(a; !)
a and the resulting posterior a , then
V ( ; A) =

X

a

(!)

X

(!) ln (!)

!2
a

X

#

(!) denote the net utility of choosing action

a2B(P )

P (a)N ( a ) +

X

(!) ln (!)

!2

where the latter term is independent of optimization. The optimal set of posteriors is the
one that maximizes the expected value of these net utilities.
Figure 5

Figure 5 illustrates how this works in the simple case with two states f!; ! 0 g and two
actions A = fa; bg. The probability of state ! 0 is represented on the horizontal axis. The
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P
cost associated with any posterior,
! (!) ln (!), is given by the convex line below
the axis. The expected payo¤ from action a as a function of the resulting posterior a ,
P a
(!)u(a; !), is given by the downward sloping dotted green line, while the upward
!
sloping dotted red line illustrates the expected payo¤ to action b as a function of b . The
…gure illustrates the case in which a pays more in state ! and b pays more in state ! 0 . The
net utilities associated with each action are obtained by subtracting the information cost
from the expected payo¤s; these are represented by the solid green and red lines.
Given the prior , the value of a strategy that assigns probabilities to two posteriors a
and b can be determined as follows. The net utilities associated with a and b are N ( a )
and N ( b ) respectively. Rational expectations implies that P (a) a + (1 P (a)) b = .
Hence the value of the strategy P (a)N ( a ) + (1 P (a))N ( b ) is a weighted average of these
net utilities. In fact, it is the height above of the cord connecting N ( a ) and N ( b ). The
optimal strategy can be found by identifying the posteriors that support the highest possible
chord as it passes over the prior. The posteriors in the …gure have this property, and so
would form part of an optimal strategy for this decision problem. Caplin et al. [2016] show
that this insight generalizes to problems with many actions and many states: one graphs
the net utilities and …nds the point on the convex hull directly above the prior; the optimal
posteriors are the points of tangency of the supporting hyperplane at this point and the net
utility functions.
Our interest in this paper is the implications of this characterization for the optimal
consideration set. In order for an action to be considered, its net utility must touch the
supporting hyperplane. Except in cases of indi¤erence, this means that the net utility
function associated with this action would pierce the hyperplane associated with a problem
that did not include this act. This is clearly more likely if the net utility associated with
this action is higher (i.e. the payo¤s are higher) or the plane is lower (i.e. the payo¤s to the
other actions are lower). But it also matters in which states the action pays o¤ relative to
the slope of the hyperplane: if the action pays o¤ in states in which the hyperplane is low,
then it will more likely prove valuable.
To see this, Figure 6 illustrates the net utility function for a problem with one act. Since
there is only one action the convex hull of net utility is net utility itself, and the point of
tangency of the supporting plane lies directly above the prior so that the prior is the optimal
posterior. This makes sense since there is no incentive to gather information. The black line
illustrates the supporting plane. A second action will prove valuable if its net utility pierces
this plane, so that the supporting plane to the new problem at is higher. When is this the
case? As stated above, clearly an action that pays o¤ more will have a greater chance. But
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the new action need not pay o¤ more in all states. actions tend to be more valuable if they
pay o¤ in states in which the hyperplane is low. There are two reasons that this may be the
case. First, the action in the …gure pays o¤ more in state !, which implies that net utility
tends to slope downward and so the plane tends to be lower in state ! 0 . Actions that pay
o¤ in state ! 0 are therefore more likely to be valuable. This is a hedging motive. Second,
actions that pay o¤ in more likely states are more valuable. In the …gure, places more
weight on ! 0 . This shifts the supporting plane to a point with greater downward slope so
that the plane is lower in ! 0 . Again actions that pay o¤ in state ! 0 are more likely to be
valuable.
Figure 6

3.3.2

A Simple ‘Market Entry’Test

Calculating whether a net utility function lies above or below a supporting hyperplane can be
quite involved. Fortunately, the necessary and su¢ cient conditions provide a simple test for
whether an action should be added to a consideration set. All unchosen actions a 2 AnB(P )
must satisfy the inequality
X z(a; !) (!)
P
<1
b2A P (b)z(b; !)
!2

We can therefore solve the model without action a and check to see whether this inequality
is satis…ed for a. This approach might prove particularly useful in models of market entry
in which the P (b) represent the equilibrium pre-entry.
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What types of goods pass the entry test?
X

!2

z(a; !) (!)
1
1
= Ez(a; !) + E P
+ cov z(a; !); P
b2A P (b)z(b; !)
b2A P (b)z(b; !)
b2A P (b)z(b; !)

P

The …rst term is familiar from the case of uncorrelated acts: a higher expected z(a; !) makes
an action more desirable. The second term relates to the unconditional expected value of
already chosen acts. This term is the same for all actions and therefore does not itself
distinguish between chosen and unchosen acts. The third term is new and represents the
hedging motive discussed above. A high covariance term means the action tends to pay o¤
more in states in which other actions pay o¤ less.

3.3.3

Example 3

Consider a choice set consisting of three alternatives, a, b and c. The value of each of these
alternatives is determined by an underlying state drawn from = f! 1 ; ! 2 g, each of which is
equally likely. The payo¤ of each action in each state (in utility terms) is described in Table
1.
Table 1
Alternative ! 1

!2

E(z(x))

a

5

5

1.65

b

6

0

1.41

c

0

15

2.74

Using Proposition 1, it is easy to show that, for = 10, only alteratives b and c will be
in the consideration set - i.e. will be chosen with positive probability. This is despite the
fact that a has a higher expected normalized utility than b at prior beliefs, as can be seen
from the last column of Table 1. The reason for this is that option b provides a better hedge
than a for option c. The presence of option c induces the consumer to …nd out with high
precision whether the state of the world is ! 1 or ! 2 . Having done so, they sometimes learn
that ! 1 is very likely to be the true state, in which case they prefer b to a:11
Example 3 illustrates that the cuto¤ strategy breaks down because the optimal strategy
now potentially depends on all the available actions. Even risk neutral consumers may utilize
the ‘hedging’value of a given act, if it is of high quality in states where others are low quality.
Such actions increase the value to learning, because it means appropriate action can be taken
11

A similar example appears in Matejka and McKay [2015].
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regardless of what is learned.
In the decision making environment of Example 3, a new alternative will not enter the
consideration set unless it satis…es
z(d; ! 1 )
1
z(d; ! 2 )
1
+
2 P (b)z(b; ! 1 ) + P (c)z(c; ! 1 ) 2 P (b)z(b; ! 2 ) + P (c)z(c; ! 2 )
1 z(d; ! 1 ) z(d; ! 2 )
=
+
2
1:41
2:74
1

This condition can then be used to …nd the ‘minimum cost’way of ensuring that a product
will be enter into the consideration set. In other words, the assignment of u(d; ! 1 ), u(d; ! 2 )
0 which guarantees that d be in the consideration set, while minimizing the expected utility
of d at prior beliefs. In the above example, it is clear that the solution to this problem is to
1)
= 1. This allocation puts maximal
set u(d; ! 2 ) = 0 and set u(d; ! 1 ) in order to make 21 z(d;!
1:41
utility on the state which has the lowest expected value of normalized utility given current
choice patterns.

4

Literature Review

Our paper provides new techniques for solving models or rational inattention which have been
popular in economics since their introduction by Sims [2003].12 Speci…cally, we augment the
results of Matejka and McKay [2015] to provide conditions which are both necessary and
su¢ cient for optimality.
Within economics, there are several recent papers that have tackled the concept of consideration sets from a theoretical perspective. Masatlioglu et al. [2012] (henceforth MNO)
take a ‘revealed preference’ approach, using the identifying assumption that if an alternative x is not in the consideration set for some choice set S, removing x will not change the
consideration set. They use this condition to provide necessary and su¢ cient conditions for
a data set to be consistent with choice from consideration sets.13 Unlike our approach,
consideration sets in MNO do not come about as the result of optimizing behavior, although
our model does satisfy their identifying restriction. This means on the one hand that their
model is potentially more ‡exible, while on the other it provides fewer comparative static
12

See for example the application of the model to investment decisions (e.g van Nieuwerburgh and Veldkamp [2008]), global games (Yang [2015]), and pricing decisions (Mackowiak and Wiederholt [2009], Matµejka
[2015], Martin [2013]).
13
See Lleras et al. [2010] and Dean et al. [2015] for similar approaches.
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predictions. MNO also assume the absence of mistakes within the consideration set. A combination of deterministic consideration sets and preference maximization mean that MNO’s
model predict that choice will be deterministic. More recently, Demuynck and Seel [2014]
have also taken a revealed preference approach to consideration set formation, in which they
assume that some commodities in a bundle may not be observed. Again, the resulting model
does not have an optimizing component, and choice is deterministic.
Another recent approach is that of Manzini and Mariotti [2014] (henceforth MM), who
assume that consideration sets are formed stochastically, with any given alternative having
a …xed probability of being considered. Again, consideration is not the result of optimization, and choice within the consideration set is always optimal, but the random nature of
consideration leads to random choice. Unlike our model, all alternatives are always chosen,
meaning that, by our de…nition, all alternatives are in the consideration set. On a technical
level, our model would violate the I-Asymmetry and I-independence axioms of MM.
A further model of consideration set formation is the search and satis…cing approach,
originally suggested by Simon [1955]. In such a model, alternatives are considered one by
one until one is found which is ‘good enough’. As discussed in Caplin et al. [2011], satis…cing
can be seen as the result of an optimizing procedure in the face of information costs. While
this paper considers only the case in which alternatives are ex ante identical, Gabaix et al.
[2006] discuss the extension to a situation in which the decision maker may have di¤erent
priors about the quality of di¤erent alternatives. However, the same paper shows that
extending this model to the case in which search only reveals partial information about the
quality of the alternative is generally intractable.
Their is a much longer history of research into consideration sets in marketing. Classic
examples include Roberts and Lattin [1991] and Hauser and Wernerfelt [1990]. Typically,
these papers run into the same tractability problems discussed in Gabaix et al. [2006]. These
are solved by making strong distributional assumptions on the nature of information, and
using this to derive various moments of the choice distribution. As far as we are aware,
none of these papers have considered the approach of using rational inattention to model
consideration set formation.

5

Conclusion

This paper makes two distinct contributions. First, we introduce new necessary and su¢ cient
conditions for the solution of the Shannon model. These conditions are an important advance
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for anyone interested in applying the model, as they allow for the identi…cation of the set of
actions that will be chosen with positive probability at the optimum. Without identifying
this set, the necessary conditions of MM are not useful for characterizing behavior. We hope
that these conditions will aid the adoption of the Shannon model as a benchmark way of
incorporating the insights of rational inattention into economic analysis.
Second, we show how to use the Shannon model as a model of optimal consideration
set formation. This approach has a number of advantages over most existing approaches allowing us to identify the optimal consideration set, and the optimal pattern of mistakes
within the consideration set in a tractable way. We hope that this application will provide
new tools to researchers interested in marketing and demand system estimation, where the
identi…cation of the set of considered options is of signi…cant importance.
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6

Appendix

Proof of Proposition 1.
Begin with the objective function from equation (1), and
substitute in for the MM conditions for P (aj!)
XX

!2

=

P (aj!)) +

a2A

XX

!2

(!)P (aj!) (u(a; !)

X

P (a) ln P (a)

a2A

P (a)z(a; !)
b2A P (b)z(b; !)

(!)P (aj!) u(a; !)

a2A

we can rewrite the term in parentheses as
ln P

u(a; !)
= u(a; !)
=

"

ln P

P (a)z(a; !)
b2A P (b)z(b; !)

ln P (a)

ln P (a)

ln

X

ln z(a; !) + ln

X

+

X

P (a) ln P (a)

a2A

P (b)z(b; !)

b2A

#

P (b)z(b; !)

b2A

Substituting this back in to the objective function gives
XX

!2

XX

(!)P (aj!) ln P (a) +

a2A

!2

(!)P (aj!) ln

a2A

X

P (b)z(b; !) +

X

P (a) ln P (a)

a2A

b2A

The …rst and last terms cancel out, and the logarithm in the middle term is not a function
of a, leaving
!
X
X
ln
P (a)z(a; !)
(!):
!2

a2A

This new objective is concave in P (a) and the constraints on P (a) are linear. Hence the
Kuhn-Tucker conditions are necessary and su¢ cient. The …rst order conditions for P (a) is
X

!2

z(a; !)
(!) + ' +
b2A P (b)z(b; !)

P

The complementary slackness condition is

a

P (a) = 0 and
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a

a

=0
< 0.

If P (a) > 0 then

X

P

!2

z(a; !)
(!) =
b2A P (b)z(b; !)

'

Multiplying by P (a) and summing over a
=

':

This holds as P (a) > 0 for some a. So if P (a) > 0
X

!2

a

If P (a) = 0 then

z(a; !)
(!) = 1
b2A P (b)z(b; !)

P

>0
X

!2

This completes the proof.

a

z(a; !)
(!) = 1
b2A P (b)z(b; !)

P

<1

Proof of Theorem 1 . A necessary condition for chosen set B
for each a 2 B,
X
z(a; !)
P
(!) = 1
b2A P (b)z(b; !)
!2

A to be optimal is that,

Substituting in the speci…c payo¤s, the key equation has simple form,
X

!2

P

X
X
x j
x(1 + ) i
z(a; !)
(!) =
+
+
x(1 + P (ai ))
x(1 + P (aj ))
b2A P (b)z(b; !)
aj 2Bnai

=

i

1 + P (ai )

+

X

aj

j

(1 + P (aj ))
2B

In light of the fact that the sum of all priors is 1 we can subtract
sides and de…ne the key ratio,
i
;
i =
1 + P (ai )
for all ai 2 B, we arrive at,
i

+

X

aj 2B

j

=

X

j

=)

i

aj 2B
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=

P

aj 2B

j

P

X

+

k

ak 2AnB
k

= 1:

ak 2AnB

P

aj 2B

ak 2AnB

j

:

k

from both

Note that the RHS above is independent of ai . Hence all
whereupon substitution yields,
P
i

j

aj 2B

=

jBj +

for aj 2 B are identical,

j

:

We can back out the implied probabilities for ai 2 B as,
i (jBj + )
;
= P

i

1 + P (ai ) =

i

so that,

(jBj + )
P

1

a

P (ai ) =

k

ak 2B

:

k

ak 2B

We now apply analogous logic to unchosen options ai 2 AnB for which the corresponding
necessary inequality is,
X

!2

X
X
z(a; !)
j
(!) =
+
(1 + P (aj ))
b2A P (b)z(b; !)
a 2B

P

Substituting the known value of j for aj 2 B and subtracting
in light of the fact that the sum of all priors is 1 we arrive at,

i

aj 2B

=

X

aj 2B

j
j

"

j

+

i

1;

ak 2AnB

j

X

k

(1 + P (aj ))
#
P
j

aj 2B

jBj +

=

X

P

aj 2AnB

j

j

from both sides

j

aj 2B

: =

P

aj 2B

jBj +

j

:

We conclude that the necessary and su¢ cient conditions for optimality are satis…ed by
the speci…cation of a set of chosen options B A if and only if the implied probabilities of
chosen options a 2 B are all non-negative,
ai 2 B =)

i

>

P

k2B

k

(jBj + )

:

while the corresponding inequality is satis…ed by unchosen options ,
aj 2 AnB =)

j
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P

k2B

k

(jBj + )

:

Note that if M > M1+ , then setting B = A veri…es all conditions. Otherwise, if
1
, then we identify integer K < M such that,
M+

K

>

PK

k

k=1

K+1 :

K+

To see that there is such an integer, note …rst that
PK

k

k=1

M

=

M+

M

1

>

1

1+

, and that,

1
:
M+

Hence one can count up from k = 1 to identify the smallest integer K < M such that,

K

>

With such K identi…ed, the fact that

PK

k

k=1

K+1 :

K+

K

PK

>

k=1

k

K+

veri…es that the same is true for all
PK

k=1 k
veri…es that the same is
ai 2 A for which i
K , while the fact that
K+1
K+
true for all aj 2 A for which j
K . Hence we have satis…ed all necessary and su¢ cient
conditions to identify action set B = f1; 2; ::; Kg and corresponding probabilities P (ai ) > 0
on ai 2 B to characterize the optimal attention strategy.

Note that for ai 2 B the posteriors satisfy,
i

(! j ) = PK

z(ai; ; ! j )

k=1

Hence, for b = a;
i

j

P (ak )z(ak ; ! j )

:

x(1 + ) i
=
= (1 + )
(! i ) = PK
x(1 + P (ai ))
k=1 P (ak )z(ak ; ! j )
x(1 + )

Moreover for b 6= a and b
i

i

i

P
(1 + ) k
=
K+

K,

x

x j
(! j ) = PK
=
=
x(1
+
P
(a
))
P
(a
)z(a
;
!
)
i
k
k
j
k=1
j

i

Finally, for b > K;

i

(! j ) = PK

x j

k=1 P (ak )z(ak ; ! j )

This completes the proof.

35

=

x i
=
x

j:

=

P

k

K+

k

:

k

:

Proof of Theorem 2 The proof is by contradiction. the expected utility of an action
ai at prior beliefs is
E(u(ai ; !)) =

X

u(ai ; !) (!) =

!2

X

! i i (! i )

! i 2X

Independence implies that this expression is independent of any other act. The same is true
of the expected value of the normalized utilities z(a; !)
exp(u(a; !)= ): We use Ez ai to
refer to this expectation, so
Ez a =

X

exp(! i = ) i (! i )

! i 2X

Let P (a) denote the probability that an action a is chosen under the optimal scheme and
let B = fa 2 AjP a > 0g denote the set of chosen acts. Suppose that there exist two actions
b and c such that Ez b < Ez c and yet b is chosen and c is not chosen. De…ne

(!) =

X

P (a)z(a; !)

a2B

!

1

The necessary and su¢ cient conditions imply
Ez b

=

X z(b; !)
(!) = 1
(!)
!2

X z(c; !)
(!) = Ez c
(!)
!2

The fact that c is not chosen means that c 2
= B; which implies that ! is independent of
z(c; !), as (!) is a function of z(a; !) for every a 2 B, all of which are independent of
z(c; !). It follows that
Ez c = Ez c E
Furthermore, by assumption
Ez c E

> Ez b E

Implying
Ez b

> Ez b E

which can only hold if
cov(z b ; ) > 0
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Now
cov(z b ; )

z b Ez b
a2B P (a)z(a; !)
z b Ez b
P
= E
P (b)z(b; !) + a2B=b P (a)z(a; !)
99
8 8
==
< <
b
b
X
z
Ez
P
P (a)z(a; !)
= E E
;;
: : P (b)z(b; !) + a2B=b P (a)z(a; !)
a2Bnb
8
9
!
<
=
X
1
b
P
= E cov z ;
P (a)z(a; !)
:
;
P (b)z(b; !) + a2B=b P (a)z(a; !)
EP

a2Bnb

where where the second to last line follows form the law of iterated expectations and the
last line follows form the independence of b and the other elements of B which implies that
P
P
Ez b is independent of
a2Bnb P (a)z(a; !). For given
a2Bnb P (a)z(a; !) it is clear that

cov z b ; P (b)z(b;!)+P 1 P (a)z(a;!)
a2B=b
numbers is negative

is negative. As the expectation of a collection of negative
cov(z b ; ) < 0

This contradiction establishes the proof.

Let ( ; A) be an independent consumption problem and fa1 ; :::aN g = B
A be a set
of ex ante identical actions (i.e. i (x) = j (x) = B (x) for all x 2 X and i; j
N ).
1
Then a strategy that picks each ai 2 B with the unconditional probability N and assigns
unconditional probabilities according to equation 2 is optimal if, for each aj 2
=B
X

exp(x= ) j (x)

x2X

1
n

"

X

x2X N

PN

N
n=1 B (xn )

n=1

exp (xn = )

#

1

Proof of Lemma 1 First we show that a strategy of choosing a 2 B with probability
satis…es the necessary and su¢ cient conditions of Proposition 1 for all a 2 B. Given the
proposed strategy and the independence of the decisions
1
N

X

!2

P

X z(a; !)
z(a; !) (!)
P
=
b2B P (b)z(b; !)
b2B
!2
37

M
i=1 i (! i )
1
z(b; !)
N

for all a 2 B. The denominator only depends only on the …rst N elements of the state
vector, so we can sum across the other states giving
X exp (xa = ) N
i=1 B (xi )
hP
i
N
1
exp
(x
=
)
N
i
x2X
i=1
N

(10)

We now subdivide X N into equivalence classes as follows: given x1 ; x2 2 X N then x1 and x2
^ if x2 is a permutation of x1 . We rewrite (10)
are members of the same equivalence class X
X X exp (xa = ) N
i=1 B (xi )
hP
i
N
1
exp
(x
=
)
^ x2X
^ N
i
i=1
X

^ the denominator, PN exp (xi = ), and the probability,
Note that conditional on x 2 X,
i=1
N
(x
),
are
constant.
Therefore
i
i=1 B
X
X X exp (xa = ) N
i=1 B (xi )
i =
hP
N
1
^
^ x2X
^ N
i=1 exp (xi = )
X
X

N
i=1 B (xi )
1
N

hP

P

exp (xa = )
i
exp (xi = )
^
x2X

N
i=1

X X N exp (xa = ) (X)
^
i
hP
N
^
exp
(x
=
)
j
Xj
^ x2X
^
i
i=1
X
P
X
^ exp (xa = )
x2X
^ N P
(X)
=
N
^
jXj i=1 exp (xi = )
^
X

^ denote the probability x 2 X.
^ We have (X)
^ = jXj
^ N
Let (X)
i=1 B (xi ). Note also that
PN
P
^ exp (xa = ) and
x2X
i=1 exp (xi = ) share common terms in common proportions. The
P
^ terms
only di¤erence is the frequency in which these terms appear. x2X^ exp (xa = ) has jXj
PN
P
PN
and i=1 exp (xi = ) has N terms.
^ exp (xa = ) =
x2X
i=1 exp (xi = ) is therefore equal to
^
jXj=N
. Substituting these results, we have
X
^
X

1
N

P

exp (xa = ) X
hP
i
=
N
exp
(x
=
)
^
i
i=1
X

N
i=1 B (xi )

^
x2X

^
(X)
^
^ jXj
jXj
1
N
N

So that the conditions of Proposition 1 hold for a 2 B.
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=

X
^
X

^ =1
(X)

To complete the proof we need to show that for all a 2 AnB
X

!2

z(a; !) (!)
b2A P (b)z(b; !)

P

1

Given independence and the proposed strategy this becomes
X

x2X

exp(x= )

a (x)

X

x2X N

N
i=1 B (xi )
P
N
1
i=1 exp (xi =
N

)

1

This relationship holds given the conditions of the lemma. This completes the proof of the
Lemma.
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