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Online Appendix

1 Posterior-Separable Cost Functions

The starting point for our analysis is a data set D that can be represented by a posterior separable
cost function. Here we reproduce the definition of posterior separability.

Definition 1 An attention cost function K is posterior separable if, given p € AQ, there exists
a function T, : A(supp p) — R, such that

1. Ty, () is strictly convex in .

2. T, () is real-valued on int A(supp p)

3. T)(y) > 0 with Ty, () =0

4. given any Bayes’ consistent posteriors Q € Q(u),

K@) = > QMTu(y).

yEsupp Q

The next section introduces notation. We then present and prove three important lemmas: the
Lagrangian Lemma, Feasibility Implies Optimality, and Continuity.

1.1 Notation and Terminology

In stating and proving these lemmas we fix p € AQ. Recall that given a decision problem (u, A),
the set of feasible posterior-based strategies is A (1, A)

A(p, A) ={(Q,9)|Q € Q(u), q : supp Q — AA}
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where

Qu) =3 QeAAsupp p | p= > 1Q(7)

yesupp Q
Recall that the value of strategy (@, q) € A(u, A) given cost function K is

V(Q,qlp, A K) = U(Q,qlp, A) — K(p, Q)
= U@ qlmA) = > QMTu(y),

Y€Esupp Q

U@.aln,A)= > > QMalalu(y,a).

yEsupp Q a€A

where

Recall also that N ﬁ(fy) is the net utility of action a given posterior +,

Ni(v) = uly,a) = Tu(v),

where u(7y,a) = 3, coupp o V(w)a(w) denotes the expected utility of action a given posterior . This
provides an alternative method of identifying the value of (@, q) € A(u, A) as

V(Qalp, A K) = > > QMalaly)Ni().

yEsupp Q a€A

Finally, recall that V(,u, A|K) refers to the supremum of V' over all feasible strategies (@, ¢) and
A(p, A|K) is the set of strategies that achieve the supremum:

V(p AK) = sup  V(Q,qlu, A, K);
(Q,9)eA(1,A)

M AK) = {(Qu0) € A A) [V(Qualn A K) = V(n AIK) |

[43

It is useful for the results that follow to assign “values” to strategies that are feasible from the
prior 4/ € A(supp u) rather than for the given prior p € A(Q). We first define in a standard
manner the gross utility of strategy (Q',¢') € A(y', A) for 1/ € A(supp p) as,

UQ,dlw, A= > > Q¢ Ju(y,d')

v €supp Q' acA

We then define a “u-based” net utility function for strategies (Q’',q') € A(y/, A) for ' € A(supp
1) using the costs associated with p,

Vi@ W A K) =U(Q W A) = ) Q(NTu(). (1.1)

y€supp Q’

Note that, as supp u’ Csupp p, we can treat A(supp p') as a subset of A(supp i) by assuming
that any distribution v € A(supp u') puts zero probability on any state w €supp p/supp p/. Thus
T, is well defined for all relevant posteriors.



If 1/ = p and therefore (Q',¢') € A(p, A) then this is the standard value function,

V(@' 'l AK) = U@Q, ¢ |, A) — K(p, Q")
= V(Qlaql|M7AvK)'

Finally, we use the following notation to denote the set of posteriors that are ever used as part of
an optimal strategy from some prior given cost function K

['(u|K) = {v € supp p|3A C A and (Q,q) € A(y, A|K) with v € supp Q}. (1.2)

We will show in Corollary 1.1 below that T'(u|K) is equal to the set I'(u|K), which is the of
posteriors at which 7T}, is subdifferentiable.!

The posterior separable cost function K and choice set A are fixed for much of the analysis
that follows, so we suppress them whenever possible, for example writing V,(Q’, ¢'|¢’) in place of
V(@' |1, A, K) and A(y') in place of A(p, A) for feasible strategies.

1.2 The Lower Epigraph of V,

Key to the proof of the Lagrangian lemma is the lower epigraph of V,, for a fixed A. To specify we
reduce the dimension of the state space by defining J = \supp |, correspondingly index states by
1 < j < J, and identify each prior by p € R " with Z p(7) < 1and with u(J) =1-— Ej h L 1(4)

left as implicit. Let A7/~! denote the set of vectors in RJ ! with Z] 1 L) < 1.

Definition 2 The lower epigraph of V,(Q', ¢'|1') is

E(p) = {(y, 1) eRx AT |y < V,(Q, d|1) some (Q',q') € A1)} .

What makes this set of interest is that it is convex and therefore we can apply the separating
hyperplane theorem. This is a key step in the Lagrangian characterization of optimal strategies in
Lemma 1.

Remark 1 For every u € A(Q), E(u) is a conver subset of R”.

To establish convexity we introduce a mixture operation on the collection of sets A(y') for all
i € A(supp p). Given any finite set of strategies, {(Qi, q1) € A1)} <<, and strictly positive
probability weights {oy}, ;< , we define the corresponding mixture strategy (Qa,ga) by:

Qu(y) = ZazQz(v) all v € Uisupp Q = supp Qo

qolaly) = Zl al(g(a(h)) () all v € supp Qn, a € A;

'See Rockafeller [1970] for an extensive discussion of the subdifferentiability of convex functions.




Defining p(a) = Y, oypy as the corresponding weighted average of priors it is immediate that
(Qa,qa) € A(p(a)) and it can readily be confirmed that V), is linear in the mixture operation,

Vi(Qas qal (e ZOZZV (Qu il )

This directly implies that £(u) is a convex.

1.3 Three Lemmas

In this section we establish three lemmas concerning posterior-separable models. The first two,
the Lagrangian lemma and Feasibility Implies Optimality, present properties of the solution to the
problem of maximizing expected utility subject to a posterior separable cost function. The third,
Continuity, presents a property of posterior-separable cost functions that represent data.

1.3.1 The Lagrangian Lemma

We now establish the Lagrangian lemma, which makes direct use of the above mixture operation as
well as of the convexity of £(u). In stating the lemma we reintroduce the fixed posterior-separable
cost function K and choice set A. We suppress them where clear in the body of the proof.

Lemma 1 (Lagrangean): Given a posterior-separable cost function K and decision problem
(1, A), (Q,q) € A, A|K) if and only if 39 € R/~! such that, given v €supp Q and a € A
with g(aly) > 0,

J-1 J-1
)= D0V () < Ni(y) = D 0()v(),
j=1 j=1

all v/ € A(supp p) and o' € A.

Proof. We first show necessity: that this holds for any optimal strategy (@, q) € A(u) We note
first that optimality implies that (V(Q, ¢|u), ) is an upper boundary point of cl(€(u)), the closure
of £(u). If not then there exists y > V(Q, q|p) such that (y,u) € cl(E(w)), and hence also (v, u) €
E(u) such that vy > V(Q,q|lpn). Hence there exists (Q',q') € A(u) with V(Q',d'|p) > V(Q, qlp),
contradicting the optimality of (Q,q). Since (V(Q,q|u),p) is a boundary point of the closure of
E(w), which inherits convexity, we can identify a supporting hyperplane 0(j) for 0 < j < J — 1 with
0(7) # 0 for some j such that,

J—1 J-1
0(0)y — > 00K (j) < 0OV (Q.qlm) — > 0(5)nl), (1.3)
j=1 j=1

all (y, ') € E(u). We show now that 6(0) > 0

First, suppose to the contrary that #(0) < 0. In this case we can renormalize to #(0) = —1 to
conclude that,

J—1
—y - 29 ) < =V(Q,qlw) = > 0(j)u
7=1
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which is a clear contradiction, since the set of feasible y’s is unbounded below and so the left hand
side is unbounded above.

Now suppose instead that 6(0) = 0. If so we conclude from (1.3) that,

J—1 J—1
S 00 () <06 () (1.4)
j=1 J=1

all ¢/ € A(supp ). Note that by definition p(j) > 0 all j. Hence,

J—1
min{ min ()}, 1 - Z;M(J) > 0.
‘]:

To minimize the expression on the RHS in (1.4), one can set u/(j) = 1 where the index j is chosen

so that,
0(j) = min {6(j)}.

1<j<J—1

Hence (1.4) can be valid only if 6(j) = 0(j) = 6 for all j. Hence what is required is,

7J71 7J71
0> pd) <0y W),
j=1 j=1
J—1 J-1
all ¢/ € A(supp p). Since 0 < Z p(j7) < 1 while Z 1/ (7) has a range that includes 0 and 1, this
j=1 j=1

is impossible unless @ = 0, a contradiction to the non-zero separating plane in (1.3).

Given that 6(0) > 0, we renormalize to #(0) = 1 in (1.3) to conclude that,

J—1 J—1
y— Z 00 ' () < V(Q, qlp) — Z 0(j)1u(j)- (1.5)

all (y, 1) € E(u). Given ' € A(supp p) this applies for ally < V,(Q', ¢'|7') for some (Q', ¢') € A(Y').
In particular this includes those strategies which are inattentive, and so Q'(7') = 1, and involve
deterministic choice of any action a’ € A, so ¢/(a’|y) = 1. For these particular strategies,

Vi@ d'1) = N ().

This implies that (N;j/ ("), € E(u), hence by (1.5)

J—1 J—1
AWYV)—§:9UMKQfEV@%qm)—§:9UNdﬁ‘ (1.6)
j=1 j=1

all a’ € A and v/ € Asupp u.



J—-1
All that remains is to show that we can replace V(Q, Q|N)—Z 0(7)p(y) with Nﬁ(’y)—Z‘f:—f 0(7)v(4)
j=1
for any v €supp @ and a € A with g(aly) > 0 on the right hand side of (1.6). First observe that

VQaw = Y QMY alaly)Ni(v)

YEsuppQ acA

and

T
_
<

-1

S0 = D QMY alah) [ D 06)vG)|

Jj=1 YEsuppQ acA Jj=1

as Zq(ah) = 1 for every v €supp Q and . ,..0 @(V)7(j) = p(j) for every 1 < j < J — 1.

acA
Thus we have

J—1 J—1
V(Q,qlw) =D _ 0 = > QMY alaly) | Nity) =Y 0G| - (1.7)
7=1 YEsuppQ a€cA j=1
This expresses V(Q, q|p) Z 0(j ) as a weighted average of terms Nj(v) — Z;]:_ll 0(7)v(7)

with strictly positive weights. By (1.6), none of these terms can be strictly above V(Q,q|lu) —
J—1

> 00 u())
j=1

J-1 J—-1
Ni() = >0 < V(@ alw) = > 00
j=1 J=1

Hence they must all be equal to it for any weighted average with strictly positive weights to be
equal to it,

J—-1 J—1
NE(Y) =) 0V = V(Q.qlw) = Y 0()u(j),
j=1 Jj=1

all v €supp @ and a € A with g(a|y) > 0. Combined with (1.6) this establishes that indeed, given
v €supp @ and a € A with g(aly) > 0,

J—1 J—1
NE@) =D 06w () < Ni(r) = > 06)(G),
j=1 j=1

all 7/ € A(supp p) and @’ € A, and with it necessity.

With regard to sufficiency, consider (@, q) € A(u, A) for which there exists 39 € R’/~! such that,
given 7 €supp @ and a € A with g(aly) > 0,

J—-1 J-1
00 () < NE() — 3 0G)(), (1.8)
7j=1 Jj=1



all v € A(supp p) and o’ € A. As established in (1.7) we can rewrite

J-1 J-1
V(Q,qlw) =D _0G)uG) = > QMY alal) | Ni(y) = 00)v()
j=1 YEsuppQ acA j=1

Moreover, condition (1.8) implies that for any v, €supp @ and a,a’ € A with ¢(aly) > 0 and
q(a’|7’) > 0 it must be the case that

, J—1 J—1
NE(Y) =D 06 () = Ni(y) = D> 6()v(4),
J=1 Jj=1
and so, as Z q(aly) =1V ~ €supp @ and ZWESUpr (v)=1
acA
J—1 J—1
Ni(y) =Y 00)v() = V(@ alw) = > 0()nl), (1.9)
j=1 Jj=1

all v €supp @ and a € A with g(aly) > 0.

Now consider arbitrary strategy (Q’,q¢') € A(u, A) and repeat precisely the sequence of steps
that led to (1.7) to obtain

J—-1 J—1
V(Q, ) =D 0 uG) = > Q0D dW@NW)|NSH) =D 06G)Y06)|.  (110)
Jj=1 7/ €supp Q' a’'eA Jj=1

Picking an arbitrary v €supp @ and a € A with g(a|y) > 0 we have from (1.8) that

J—1
Yo QW) D d@H) [NFE) =D 06V G) (1.11)
v/ Esupp Q' a'€A i j=1
[ J—1
< D QM) AW [NY() =D 06 G)
' €supp Q' a’'cA | j=1
J—1
= Ni(v) =) _0()()
j=1
J—1
= V(@ qlp) =D 0()u),
j=1

where the third line follows from the fact that Z q(aly) =1V~ esupp Q' and Z Q(v) =
acA

1, and the fourth follows from (1.9) above. Combining (1.10) and (1.11) and subtracting E;]:_ll 0(7)(j)
from each side gives

y€supp Q'



V(Q'd'|n) < V(Q,dln),
establishing that indeed (Q,q) € A(u) and with it the theorem. m

1.3.2 Feasibility Implies Optimality

The next Lemma establishes that one can assign to any posterior that is ever optimal, an action
such that the net utility of using that action at that posterior is zero, while the net utility of any
other posterior when choosing that action is less than zero. Coupled with the Lagrangian lemma
that means that one can construct decision problems in which it is optimal to use any collection of
such posteriors.

Lemma 1.2 (Feasibility Implies Optimality — first version): Giv_en un € AQ, a posterior-
separable cost function K, and a corresponding 7T}, : A(supp p) — R, there exists a one-to-one
function f : T(u|K) — A with image .A,]i such that, given v € I'(u|K),

NI () < NfD () =0, (1.12)

all v € A(supp p). Moreover, given decision problem (u, A) with A C .A,Jj, any (@,q) €
A(u, A) with supp @ C { f‘l(a)}ae , that deterministically picks actions defined by this
function is optimal,

a(f(7)]y) =1 for all v € supp Q@ = (Q,q) € A, A|K).

Proof. We define the function satisfying (1.12) in two phases. First we consider interior beliefs
v with y(w) > 0 all w €supp p (we describe why the same approach will not necessarily work for
boundary posteriors below). We note that since —T),(7) is a strictly concave function, its lower
epigraph is a convex set. Hence (=7}, (), ) is an upper boundary point of the closure of this lower
epigraph (as detailed when applying the supporting hyperplane theorem in the first paragraph of
Lemma 1). Since (=7,(7),~) is a boundary point of the closure of £(y), which inherits convexity, we
can then apply the supporting hyperplane theorem to this point to identify a supporting hyperplane
0(j) for 0 < j < J — 1 with 6(j) # 0 for some j such that, Hence we can apply the supporting
hyperplane theorem at (—7},(), ) to identify multipliers 5(0) and —((j) on 1 < j < J —1, not all
zero, such that,

—B0)TL.(v) - . B (5) < =BOYTu(v) = Y BH), (1.13)
all v/ € A(supp p).

Given that v(w) > 0 all w €supp i we can mimic the proof in the third paragraph of Lemma
1 above to establish that 5(0) # 0. It is also not possible that 5(0) < 0. To see this suppose this

were so. In this case we could renormalize to (0) = —1 in (1.13), implying
J-1 J-1
T.(Y) =D BGYG) < Tuty) = > BGIVG) (1.14)
j=1 j=1



all v/ € A(supp ). Given that y(w) > 0 all w €supp p, we can find two distinct beliefs 7}, ~5 €

A(supp p) such that v = # Averaging inequality (1.14) applied to each of v},~5 separately,
we conclude that,
J—1 J—1
Tu(v1) = D B + Tu(ra) = Y B(I)740) o eI
j=1 j=1 _ Le) +4u0n)
5 = : > B6NG)
7=1
J—1
< Tu(y) =D BGNG)
j=1
We conclude therefore that,
, , V17
0.5T}(71) + 0.5T(vs) < Tu(v) = Tu(T)a (1.15)
which contradicts strict convexity of T},.
With £(0) > 0, we can renormalize to 5(0) = 1 in (1.13) and flip signs to conclude that,
J—1 J—1
T.(Y) + > BGYG) = Tu(y) + > BGIVG)- (1.16)
J=1 j=1
all v € A(supp ). Now define action f(y) € A so that, for 1 <k < J,
J—1
Tu(v) + > BUNG) — B(k) for 1 <k <J—1;
]w(k) = = J—1
Tu() + Y B () for k= J;
j=1
where f7(k) is the k-th coordinate of f(7). By construction note that,
J
NID @) = D7 (k)y(k) - Tu(y)
k=1
J—1 J—1 J—1
= Tu(y) + > BGING) = BOR) | v(R) + | Tu(y) + D BGVG) | 7() = Tu(y)
k=1 7j=1 7=1
J—1 J—1
= T.(0)+ D _BUvG) =D Blk)v(k) — Tu(v)
7j=1 k=1
= 0.



Also by construction note that for any 7' € A(supp p),

=
S
—
\2\
N—
1
(]~

fr(k T.(Y)
k=1
J—1 J—1
= Ty B () — B(k)] Y (k) + | Tu(v) + Zﬂ(j)’v(j)] Y(J) = Tu(v')
k=1 Jj=1
J—1
= Tu(v) + BEG) = | Tu() +Zﬁ(k)v’(k‘)]
j=1 k=1
<0

where the last inequality derives directly from equation (1.16).

Given a boundary posterior v €supp @ with y(w) = 0 some w E€supp p we cannot guarantee
that the multiplier 5(0) in (1.13) is non-zero (costs based on Shannon mutual information are a
counterexample). The remaining cases therefore involve boundary posteriors that are part of an
optimal strategy for some decision problem - i.e. v € f(u|K ). By definition there exists a decision
problem (p1, A) and an optimal strategy (Q,q) € A(u, A) with v esupp Q. Hence by the Lemma 1
there exists # € R/~! such that, for any a with q(a|y) > 0,

J J—1 J—1
> ali () = Tu(y) = D061 (G) = 0(j
j=1 Jj=1 J=1
J—1 J-1
< NG = D 0)G) =Y aliG) = Tu(v) = D 06 ()
j=1 j=1 j=1
all 9/ € A(supp p). Rearrangement yields,
J J-1 J J—1
> ali)' () = Y60 Z 0G0 | +Tu(v) = Tu() 0. (117)
j=1 j=1 J=1 J=1
Now define action f(v) € A so that,
( J J—1
a(k) = 0(k) = | 3_ (1) = 3_0()1() = Tu(y)| for 1 <k <J -1
HOE - T
a(J) — {Z a(j)v(7) = p_00U)v(J) — Tu(y)| for k= J.
j=1 Jj=1
By construction, given 7/ € A(supp u),
J J-1 J J—1
NIV ) =D "ali)y () = D 0G)Y G) — | D al)v() = D> 0i)r() — Tu(y) | = Tu(y) <0,
7=1 7=1 7j=1 7j=1

10



by (1.17). It is direct that this value is zero at 7' = ~,

J-1

T M <
a
—~
<
S—
2
(S
|
t’ﬂ
2
|
t’ﬂ
—~
2
[l
o

J
NI () = a(nG) -
j=1

<.
Il
—

Hence we have established existence of a function f :intA(supp p) U T(u|K) — A with the
properties called for in (1.12). We define .Afi as the union of these actions,

Af

w = UintA(supp u)Uf‘(MK)f(’Y)'

We now pick an arbitrary Bayes’ consistent distribution for prior p, @ € Q(u) with supp @ CintA(supp
p) UT' (1K) and consider the decision problem (u, A) with Uyesupp @f(7) C A C .A,{. We then
specify the strategy (@, q) € A(u, A) that deterministically picks the action defined by this function,

q(f(V)y) =1,

all v esupp Q.

We show now that (Q, q) € A(p, Uyesupp 0 f (7). This follows from the sufficiency aspect of the
Lagrangian Lemma (Lemma 1) with 6(j) =0V 1 < j < J — 1. What we need to establish is that,

FOO) (aft f

Nu(v)(7 ) < NM(’Y)(,V)‘

all v, €supp @ and " € A(supp p). This is immediate from the construction since,
NI (") < NfOI(y) = N[D(7) = 0.

At this point application of the Lagrangian lemma establishes that indeed (Q, ¢) € A(y, U~yesupp @ f(7))-
To complete the proof, note that the 1-1 nature of f(y) follows since otherwise there exists an op-
timal strategy that selects the same action at two different posteriors. Given that T, is strictly
convex, it would strictly lower costs without changing gross expected utility to pool the two poste-
riors and take this action only at the corresponding weighted average posterior. m

The theorem is proved by finding a supporting hyperplane at each observed posterior and
constructing a problem that satisfies the Lagrangian lemma. An immediate implication is that the
set of observed posteriors, I‘ is equal to the set of posteriors at which T}, is subdifferentiable, I.

Corollary 1.1: T'(u|K) = I'(u|K).

As a convex function is subdifferentiable on the interior of its effective domain (Rockafellar
[970], Theorem 23.4), it follows that intA(supp p) C I'(u|K).

Corollary 1.2: intA(supp ) C I'(p|K).
Together Lemma 1.1, Corollary 1.1 and Corollary 1.2 imply Lemma 2 in the text of the paper.

Lemma 2 (Feasibility Implies Optimality — final version): Fix u € AQ and a posterior-
separable cost function K then

11



1. Given @ € Q(p) such that v €supp @ implies v € f(u\K), there exist A and ¢ such that
(Q,q) € A(p, A|K) and each action a € A is chosen deterministically from one posterior
v €supp Q.

2. Given v € I'(u|K), it is always possible to find an action a € A such that for all
7" € Asupp p we have Njj(v") < 0 with equality if 7" = .

3. int(A(supp p)) C T'(u|K).

1.3.3 Continuity

Convex functions are continuous on the interior of their effective domain, but may be discontinuous
on the boundary. The following lemma states that if D has a posterior-separable representation
K, then, without loss of generality, we may take T}, to be continuous on the boundary. It rests on
a direct implication of existence of a representation of the data, which is that all decision problems
have solutions, since behavior is always observed. Note that we allow the cost function to be
infinite, so that the limit below can correspondingly be infinity.

Lemma 3 (Continuity): Consider a data set with D a posterior-separable representation

KwQ) = Y, QMTu(y).

y€Esupp Q

Let
K@) = > QI

y€Esupp Q

where 7),(3) = T},(7) for all 5 int(A(supp p)) and for 4 on the boundary,

Tu(3) = lim T, (7) € Ry,

where the limit is taken with respect to v €int(A(supp p)). Then K also represents D.

Proof. Fix an arbitrary prior p and and consider an arbitrary posterior 4 on the boundary
of A(supp p), 7 € (A (supp p)), such that T(7) # T,.(3) = lim, 5 T,(v) for v €int(A(supp
w)). Since T is discontinuous at 74, T' is not subdifferentiable at 7. It follows from Corollary 1.1
that 7 & T'(u|K). If also 7 & f(u!K)Athen this discontinuity does not affect the ability of K to

represents D. Therefore suppose 5 € I'(4|K) and consider »/ = E=1. For a suitable choice of a,

' int(A(supp p)), and hence by Corollary 1.2, 4" € I'(u|K). Since both 5 and 4 are in I'(u|K),
Feasibility Implies Optimality (Lemma 1.2) states that there exists a problem a decision problem
(1, A) with two actions and an optimal policy (Q,q) € A(u,A|f() such that supp Q = {¥,7'} and
each action is chosen from one of these two posteriors. Let a denote the action chosen from %4 and
a’ the action chosen from ~'.

Now consider P, 1) € D with revealed policy (Q,q). Since there are two actions we may
suppose that there are at most two revealed posteriors: -+, and v, . Since K represents D and
3 ¢ T(u|K), neither 4, nor v, is equal to 7. Since (Q,q) € A(u, A|K), and (Q,q) is feasible,
V(Q,qm,A,f() > V(Q,q|u, A, K) If this inequality is strict then the continuity of K implies

12



that there exist better choices than (Q,q) in the neighborhood of (Q,g), a contradiction. Hence
V(@ gl A, K) = V(Q,d|p, A, K) or

Q"y (a- 5’) +Q'y’(a,")’,) - Q"yTu (3)— Q'y’Tu('Y,) = Q'y;l (d : "Yz‘z) +Q'ya/ (a/"Ya’) - Q'?Tu(’Ya) - Q'y’Tu('Ya’)

Construct the policy (Q,(j) so that a is chosen from the posterior % with probability
Q'_Y—;Q‘Ya and Q"/’YI+Q’YQI7(1' Q7’+Q’Ya/

Qs 5—-. This policy has gross expected utility,

with probability

Q5+ Qn, (a- QRy7 + Q%ﬂa) n Qy +Qy,, (a' Qy + Q%/)
2 QW + Q’ya 2 2 ’

which is the equally weighted average of that associated with (@, ¢q) and (Q,q). The cost of this
strategy is correspondingly,

Q7+ Qny, 7, <Q77 + Qm—ﬂ’a) n Qy +Qy, 1,
2 Q'_Y + Q'Ya 2

<Q'y'7/ + Q'ya/'Ya/)
Q'_y + Q"‘/u/ ’

Given the strict convexity of Tu the cost of this policy is strictly less than the equally weighted
average of that associated with (@, q) and (Q, q). Hence the value of this strategy is strictly higher
than the weighted average of the two supposedly optimal policies (Q, q) and (@, q)

- N V(Q, ,A,K +V(Q, ,A,K
V(G il A, &) > Y Qalk >2 (Qalu, A, K)

Given that V(Q,q|u, A, K) = V(Q,d|u, A,K) , this contradicts the assumption that (Q,q) is
optimal given K and establishes the lemma. m

2 Proof of Theorem 1

Theorem 1 states that the axiom Locally Invariant Posteriors is necessary and sufficient for a data
set with a posterior separable representation to have a uniformly posterior separable representation.
We reproduce the definitions of uniform posterior separability, Locally Invariant Posteriors, and
the theorem here.

Definition 3 A posterior-separable cost function K is uniformly posterior separable, if for
each finite subset Q C Q there exists a strictly convex function Tg : A(Q) — R such that, for all
pe AQ) and Q € Q(n),

K(p, Q) = Z Q) Tsupp u(7) — Tsupp n(1)-

YEsupp Q

Axiom 1 Locally Invariant Posteriors: Consider any decision problem (u, A) and state de-
pendent stochastic choice data P, 1) € D, ) with revealed strategy (Q,q) such that q is
deterministic in the sense that for all v € supp Q there exists a € A such that q(al]y) = 1.
Consider (Q’,q") with Z vQ'(v) = u/. If supp Q' Csupp Q, supp p' =supp p,and

Y€ supp Q'
q (v) = q(~) for all v €supp @', then P q) € Dy, ay-
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Theorem 1: A data set D with a posterior-separable representation has a uniformly posterior-
separable representation if and only if it satisfies Locally Invariant Posteriors (Axiom 1).

As a preliminary observation, we note that, related to any posterior separable cost function is
a class of representations based on affine transforms of 7),. This class is identified in the following
remark.

Remark 2 Let K be a posterior-separable cost function with associated Ty - A(supp ) — R
for some p € A(Q). Given o € R and 8 € RIs*? 1l define T, : A(supp 1) — R as

. _ 00 if Tu(y) = o0
Tu(y) = { T,(y) +a+8-y otl;wrwz'se

Then
K(u,Q) = Z Q(V)TM(V) - Tu(#)

yEsupp Q

2.1 Theorem 1: Sufficiency

Theorem 1 (Sufficiency) A data set D with a posterior-separable representation has a uniformly
posterior-separable representation if it satisfies Locally Invariant Posteriors (Axiom 1).

Proof. The result relates to a fixed set of possible states which we will refer to for simplicity as €.
We establish the result by defining 11; be the uniform prior over 2 and picking any distinct prior
1o with the same support. We identify the corresponding strictly convex functions 7; : AQ — R
for which,
K, @ = > QMWTi(v),
y€Esupp Q

where K is the posterior-separable cost function in the representation of D. We will use K; to refer
to K(Mw )

On the basis of Remark 2, the proof strategy involves showing that Locally Invariant Posteriors
implies two things. First, T is a strictly positive affine transform of 7T; for all v that are optimal
in some decision problem from both both p; and py. Second the set of never optimal posteriors is
the same for both priors, meaning that we can without loss of generality set the cost of these to be
infinite according to both T and T5. Remark 1 then implies that, for any @ € Q(us)

Ky, @ = > QMMTa(v) = > QMTi(y) — Tilps),

yEsupp @ yEsupp @
completing the proof.

Both parts of the proof rely on the construction of 1 < k < J = || interior “basis” posteriors
that allow us to construct distributions Q1 and Q2 over them that generate both p; and uy. To do
this, we weight together the unit posteriors e, with 1 in position k£ and zeroes elsewhere with the
uniform posterior € that puts probability 1/J on each state, to arrive at a set of interior posteriors
¥, € AQ that span (in the linear algebra sense) the set AQ and that contain u; and uy in the
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interior of their convex hull, which is possible since we know that p; and py are both interior to
AQ). Technically, we find § € (0,1) such that, when we define the corresponding posteriors "yi for
1<k<J,

5 _ . _
{ J+(1. 0) if k = j; (2.1)

J
the unique probability weights Q;(k) for i = 1,2 and 1 < k < J with Z Qi(k) = 1 that re-weight
k=1

the posteriors to regenerate each prior,
J
=37, (=0
Z’Yk@i(’)’k) = Hi
k=1

are all strictly positive, Ql(”yi) > 0 for i = 1,2 and 1 < k < J. This can be done by setting
0 such that 0 < % < minj—;_y {min {p(5), u2(4)}}, where the latter term is greater than 0 by
construction. Going forward we suppress the § parameter and set f’yi = Y-

Note that, as these basis vectors are interior, by Corollary 1.2 they must be optimal in some
decision problem for both p; and py - i.e. 7, €intAQ) implies 4, € I'(p;|K) and 7;, € I'(py] K)

We focus on prior y; and invoke from Feasibility Implies Optimality (Lemma 1,2), the 1-1
function f : I'(p;|K) — A with f(7;) = fx for 1 < k < J such that, when we substitute into the
corresponding net utility function,

N{* (') < N{*(3) = 0,

all v/ € AQ. Defining A = Uy f(7;), Feasibility Implies Optimality then implies that the strategy
(Q1,q1) € A(uq, A| K1) having posteriors supp @1 = Ug:fyk, placing probability weights on them
according to )1, and involving deterministic choice at each possible posterior of the corresponding
action,

Q:1(7k) = Qi(k) > 0;
a(felvy) = 1.

is an optimal strategy, B B
(Q1,q1) € A(py, AlKY)

Note that since K represents the data and (Q1,q1) € A(ul, A|K7), the corresponding SDSC data
satisfies P, 7,) € D(pq, A). Let (Q1,q1) be the corresponding revealed strategy. Note that the
one-to-one nature of the function f means that each action in A is chosen from exactly one posterior,
meaning that the set of revealed posteriors is the same as those used in the strategy - i.e. supp
Q1 =supp Q1 - and ¢ is deterministic - i.e. qi(f(¥,)7) =1V 9 €intAQ.

We now consider the strategy (Q2,g2) which has the same possible posteriors, the same de-
terministic choice at each possible posterior, yet places probability weights on them according to
Q2, _ _

Q2(V1) = Q2(k).

Since supp Q2 Csupp Q1, supp ft; =supp i, and @2 has the same deterministic choice strategy as

qi, Locally Invariant Posteriors implies that P, 5y € D(ug, 4).

15



It is straightforward to show that (Qa, G2) € A(uy, A|K>). Note first that since D has a posterior-
separable representation, there is an optimal strategy so that A(/@, A|K3) is non-empty. Moreover,
that optimal strategy must generate the data P(szciz)' What is unique about (Q2,q2) is that each
action is chosen at only one posterior. Any alternative strategy to (Q2,G2) that produces the same
data must have at least one action chosen at strictly more than one posterior. By strict convexity
of T and linearity of EU, one can strictly improve upon this by using the strategy that coalesces
choice onto the average of these. Hence indeed (Qz,3@2) € A(uy, A|K>).

The Lagrangian Lemma then ensures there are multipliers § € R/~ s.t. for 1 <k, 1< J

_ J-1 B J—1
NI ) = 060 7) = NI G) = 3 06)70);
j=1 j=1
b J ~ J—1 J ~ J—1
> IDTG) = To(3) = D 00AG) =D AG) = o) = > 0()7()- (2.2)
j=1 j=1 j=1 j=1

By construction of the function f we know that le’“ (Fe) = lel (7;) = 0 and so,

J
Ti() = Y fel)W(i); and,

j=1
J
Ti(v) = Y ).
j=1
Substitution in (2.2) yields,
J—1 J—1
() = To(i) = Y 06 () = i) = To(0) = D 0()A()-
j=1 j=1
Hence, for all 1 < k,1 < J,
J—1
> 0G) k() = 1)) = Tu() — To(3) — Te(7) + To(7)- (2.3)
j=1

We show now that these equations have unique solutions. Setting k = j and | = J, note that
posteriors 7; and 7 differ by § > 0 in coordinates j and J and are otherwise the same. Hence,

J-1

> 0(k) [3;(k) =7, (k)] = 56(j).

k=1

This allows us to precisely pin down 6(j) in terms of the given functions 71 (%) and T5(%) and 0 as
defined in (2.1),

T1(y;) — Ta(y;) = Ta(vy) + Ta(7y)
5 )

0(j) =
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The next key claim is that with Lemma 1.2 the equation above applies not only to the spanning
posteriors but to all pairs of posteriors, v, € f(/h’K) To see this, set v = 7,4 and v/ = 5,
and repeat the above argument for the larger set of posteriors Uiﬁfyk and the corresponding actions
defined by f: I'(uy|K) — A as identified in Lemma 1.2,

B=AUf(y)Uf(H).

We now identify strictly positive probability weights Q(k) for i = 1,2 on 1 < k < J + 2 that
re-weight the posteriors to regenerate each prior,

JH4-2

Z Y1Qi (k) = p;-

k=1

This is possible because the vectors 7, span AQ, so that there are weights a(k) and o/ (k) on them
that average back to each of v,7':

J
Z alk)ye = %

k=1

Note also these weights must sum to 1, as

J J J
1= 3 3w@) = 30 D alku) = Y atk) 3o 3uw) = 3 alk).
we weN k=1 k=1 we k=1
Moreover, for all € > 0 and for ¢ =1, 2,
J
e(v+7)+ Z’Yk [Qi(k) — € [a(k) + (k)] = p;.
k=1

Given that Q;(k) > 0 all k, we can select € small enough to keep all terms

Qi(k) —e [a(k:) + a/(k:)] ,

strictly positive, as required. Thus, we define new weights by setting @’(k) equal to the above
expression for 1 < k < J, and equal to € for J + 1 and J + 2. Repeating the entire remainder of
the argument, we apply the Lagrangian Lemma to ensure the existence of multipliers defined by
n € R7~! that produce the corresponding equality for all possible posteriors, hence in particular
for v and +":

J—-1 J-1
Ti(7) = To(7) = > 0N G) = Ti(Y) = To(v') = Y n()v' ()-
j=1 i=1

A key observation is that the multipliers on the larger set are identical to those on the smaller set,
1 = 6. To see this, note that the equality conditions that uniquely pin down 6(j) also characterize
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n(4). This implies that, for any ~,+ € T'(j;|K),

J—1 J—1
T(v) = Ti() — |Ti(Y) = To(v) = D06 G) | — D 6()v()
j=1 Jj=1
= Ti(y) + Hi2(v') — 0.7,
where Hi2(Y') = — |T1(y) — Ta(y') — Zj;ll G(j)v’(j)} € R is independent of 7. This establishes

that, on the subdomain f(,u1|K ), T can be obtained by adding an affine function of v to 7y :
I'(11]K) — R so that we can define,

Ty(v) = To(y) + Hi2(y') — 0.y = Ti(7);

on the domain of posteriors that are ever optimal from .

The final observation is that the above argument ensures that any posteriors that are ever
optimal at p; must also be be chosen, and therefore optimal, in some decision problem for pu, -
i.e. D(1y|K) C I'(uy|K). However, the argument can also be reversed to ensure that I'(yu,|K) D
['(p9]K), and so the two sets are equal. Thus, we can set T1(y) = Ta(y) = oo for any v €
AQ/T (1| K). Remark 2 can then be applied to complete the proof. m

2.2 Theorem 1: Necessity

Theorem 1 (Necessity) A data set D with a posterior-separable representation has a uniformly
posterior-separable representation only if it satisfies Locally Invariant Posteriors (Axiom 1).

Proof. We first note that, an obvious corollary of the Lagrangian Lemma is that, if a cost function
is uniformly posterior-separable, for any decision problem (i, A), (Q,q) € A(n, A|K) if and only if
36 € R7~! such that, given v €supp @ and a € A with ¢(a|y) > 0,

J—1 J—1
Naow u) = D007 () < N u(0) = D 00)7(), (2.4)
j=1 j=1

all v € A(supp p) and o’ € A, where

Nsaupp ,u(V) = u(’y, a) - Tsupp M(’Y)‘

Now consider any decision problem (u, A) and state dependent stochastic choice data P, 4y €
D, 4) with deterministic revealed strategy (Q,q) = (Qp(%A),qp(M’A)). Note that since this is
a posterior-separable representation and P, 4) € D, ) the corresponding revealed strategy is
optimal, since any other strategy that produces this data involves picking the same action at two
different posteriors, hence cannot be optimal. Hence,

(Q.q) € A(u, A|K).

Let € R’~! be the multipliers that satisfy the inequalities defined in (2.4) above. Now consider
(Q',q) with supp Q" Csupp @ and supp p’ = supp u, and the same deterministic choice strategy
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as qp, ,, at all v €supp @'. Noting that supp p' = supp p implies that Ng,,, ,(v) = NG, (V)

for all v € A(supp p) = A(supp p'), these conditions imply that, given v €supp Q' and a € A with
q'(aly) >0,

J—-1 J-1
Nglipp lu,’(’yl) - Z 9(])7/(]) < saupp w (’Y) - Z 0(])’7(])
j=1 Jj=1

all v/ € A(supp p) and @’ € A, guaranteeing that (Q’,¢) € A(y/, A|K)

Since the data has a posterior-separable representation, we know therefore that Pig/ o) €
D,/ 4). Moreover, as we know that (Q',q') implies picking distinct actions at each posterior
P .¢) = P,¢), completing the proof. m

3 Proof of Theorem 2

Theorem 2: A data set D with a posterior-separable representation has an invariant posterior-
separable representation if and only if it satisfies Invariance under Compression (Axiom 2).

We begin by defining terms. We then prove sufficiency and necessity, in turn. We close the
section by showing that Invariance under Compression, or equivalently an invariant posterior-
separable cost function, implies that the cost function K is symmetric.

3.1 Definitions
3.1.1 Invariant Cost Functions

Consider a fixed state space Q C € of finite dimension, and consider a partition of {2 into disjoint
events {{,},—1, 7 such that ; N Q; = @ and U;Q; = Q. Consider p such that p(£2;) > 0 for all

Q, and @ € Q(p). Define the function vq_, + Q(u) — Q(u) as follows. For each v €supp Q,
construct 7/ such that +' assigns the same probability to each subset 2.,

Y=Y AW =) vw) =), (3.1)

wGQz wEQZ
and within each subset €2, the conditional probability of each state is equal to that of the prior,
V(W) = pwl) (3:2)
Finally let
Q'(") = Q) (3.3)

where 7 is the posterior in @ used in the construction of 7. Then Q" =vq_,(Q). It will be useful
to use the notation vg_ v for ~' constructed as above.

Definition 4 A cost function K is invariant if for all finite sets of states Q C Q, all partitions of
Q, all pairs of priors u and p' that place equal probability on each partition subset, and all feasible
strategies Q) € Q(p):

K(p, Q) > K(p,vg, ,(Q))
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and
K(p,vg, ,(Q)) = K(vg, 1(Q)).

A cost function is invariant posterior-separable if it is both invariant and posterior-separable.

3.1.2 Basic Forms

Our second theorem states that a single invariance axiom takes us from a posterior-separable
representation to an invariant posterior-separable representation. This axiom insists that choices
not change when payoff equivalent states are “compressed” into a single state. In a sense, the
payoffs are what define the states that are relevant for choice. Having multiple states with similar
payoffs has no effect on the propensity for any action to be chosen. We first define compression
and then present out axiom.

Consider a set of actions A, and label these actions (ay,...an). Let A(w) = (a1(w), ...an(w))
denote the vector of payoffs in state w. We say that a decision problem (f, A) is a reduction
of (u,A) if (1) the support of i is contained in the support of u, supp i Csupp i, and (2) the
probability of each payoff profile is the same under both measures, p{w|A(w) = f} = p{w]|A(w) =
f} for all observed payoff vectors f. The idea of a reduction is that we have reduced the number
of states with strictly positive probability (point 1) without altering the frequency with which any
vector of outcomes is observed (point 2). We say that a decision problem (u, A) is basic if there
exists no decision problem (f, A) that is a reduction of (u, A). Intuitively, basic decision problems
are those in which no two states have the same profile of payoffs. Let B(u, A) denote the set of
basic decision problems that are reductions of (1, A). We will call elements of B(u, A) basic forms
of (u, A).

The following characterization of basic forms is useful in the proof
Lemma 3.1 Given (u, A), (i1, A) € B(u, A) if and only if:
1. There exists a partition {Qz}1§l§L of supp p € Q such that given w € ; and W' € Qp,,
I =m iff a(w) = a(W') for all a € A.
2. There exists a selection € : {Q,},.,., —  such that {(Q;) € Q. such that

oy e M) ifw=E(Q)
Alw) = { 0 otherwise
Proof. Immediate. m

Given a decision problem (u, A), Point 1 states that the payoff equivalent, or redundant, states
define a partition {Qz}lg <z of the support of yu. Point 2 defines a mapping § which selects a state
from each subset 2,. All of the prior probability of €2, is assigned to this state.
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3.1.3 Invariance under Compression

Our Invariance under Compression axiom insists that patterns of choice are equivalent in all decision
problems with a common basic form. Given a decision problem (u, A) and a basic form (g, A) €
B(u, A), we can define a reduction mapping & :supp u —supp i which assigns to each state in the
support of p the unique state in of the support of i with the same payoff profile: A(w) = f implies
A(&(w)) = f. Invariance under Compression states that the observed frequency of action a in state
w in the decision problem (u, A) is the same as the observed frequency of action a in state £(w) in
the basic form (zi, A).

Axiom 2 Invariance under Compression: Given any (u,A) and (g, A) such that (i, A) €

B(p, A), then P, ay € D, 4y if and only if there exists P 4) € D(p 4y s-t. P, ay(alw) =

P(ﬂ7A)(a|£(w)), for all w €supp p.

While we state the axiom in terms of a decision problem and its basic form, an immediate
implication is that behavior is similar in any two problems that share a basic form. Given (u, A)
and (pg, A) with a common basic form (fi, A) and the associated reduction mappings &; and &,,
P, a(alw) = P, a)(a|w’) whenever §;(w) = £5(w'). The axiom therefore relates all problems
with comparable payoff profiles.

3.2 Theorem 2: Sufficiency

Theorem 2 (Sufficiency): A data set D with a posterior-separable representation has an invari-
ant posterior-separable representation if it satisfies Invariance under Compression (Axiom
2).

Proof. Suppose that D has a posterior-separable representation, then D has representation with
a cost function

Kp,Q)= Y. QMT.()

yEsupp Q

where T}, is a strictly convex function. Suppose further that D satisfies Invariance under Compres-
sion, we show that the cost function K must be invariant.

Fix an arbitrary set of states {2 and an consider an arbitrary partition of {, {QZ } 1<,<z- Consider

two priors p and p’ that place equal probability on each partition subset, and a feasible strategy
Q € Q(u). We wish to show that

K(p, Q) = K(p,va, ,(Q)) (3-4)

and
K(p,vg, ,(Q)) = K(,vg, v (Q)). (3.5)

We begin assuming that all v €supp Q lie in the interior of AQ. We first consider (3.4). Consider
a selection ¢ : {2} <i<r, — §2. Let Q¢ denote the image of &, and consider the probability density
i€ AQ¢ such that

) = { eq, i) if wr = §(Q)

0 otherwise
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Consider Q = vg_;,(Q) constructed by defining for each v € Q posterior 4(7) such that

F(wy) = { Zweﬂz plw) if wp = §(822)

0 otherwise

and setting Q(7(7)) = Q(7). Note that Q € Q(u) implies Q € Q(f).

Since each v €supp Q lies in the interior of AQ, each 4 €supp @ lies in the interior of Asupp fi.
Corollary 1.2 then implies that the 7 € T'(f|K). Feasibility Implies Optimality (Lemma 1.2) then
states that there exists a decision problem (ji, A) such that (Q,q) is the optimal policy (where ¢
associates each each posterior in Q with a single action in A and all actions in A are associated with
some posterior). Also since only payoffs on supp fi are relevant for the decision problem (i, A), we
can choose A such that the payoffs on all states w € 2, are identical to the payoff on £(2,). By
Lemma 3.1, (i1, A) is a basic form for (u, A).

By Invariance under Compression, P(Qq) € D implies that there exists P, 1) € D such that

P.ay(alw) = Pg g lalg(w))

for all a € A. Let (Q,q) denote the revealed policy associated with P(,, 4). Since K represents D,
(Q,q) € Ay, A|K). By Bayes rule, the posterior associated with the choice of a € A is

'ya(w) _ P(H,A)]gczg)u(w)

It follows that

a() = ~0(e()) W)

were 7 is the posterior associated with action a in the problem (zi, A). It follows immediately that
Q= vg,,(Q). Hence (v, ,(Q),q) € A(u, A[K).

Since (vq, ,(Q),q) is optimal for (u, A),

V(vg, ,(@)dlp, A, K) > V(Q,qlu, A, K)

where (Q,q) was the strategy that we started with. Note that the expected utility to strategies
(va. ,(@),q) and (@, q) are identical as the posteriors only differ on redundant states. It follows
that

K(p Q) 2 K(p,vg, ,(Q))
which establishes (3.4).

To establish (3.5), consider also an action a’ that pays off V(Q, q|j1, A, K) in all states of the
world, so that strategy of not learning, (Qp,qz) with Qz(i) =1 and gz(a’|z) = 1, yields the same
payoff as (@, 7). Both (Q, ) and (Qz,gz) are optimal in the augmented problem (fi, AU a’).

Now consider the problem (p1, AUa’). By Invariance under Compression, the strategies (vg_ 4(Q),a)
and (vq, ,(Qn), q;) where g;(a'|un) = 1 are both optimal for this problem. Note that by construc-
tion (VQZ’#(Qﬁ),q:-L) pays V(Q,qli, A, K) in all states of the world and has no information cost.
Moreover, by construction the expected utility to (vq_,(Q),q) is identical to the expected utility
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of (Q,q). It follows that,

K(ﬁ? Q) = K(Ma VQZ,,LL(Q))
As 1 is an arbitrary prior that places positive probability on each subset 2., this establishes (3.5).

We now consider the case in which some v €supp @, lies on the boundary of A{). By Lemma 1.3
we may take K to be continuous on the boundary. (3.4) and (3.5) therefore hold on the boundary
as well. m

3.3 Theorem 2: Necessity

Theorem 2 (Necessity) A data set D with a posterior-separable representation has an invariant
posterior-separable representation only if it satisfies Invariance under Compression (Axiom
2).

Proof. Suppose D has a representation with a cost function K that is posterior separable with
strictly convex function 7),. Suppose that K is invariant. We show that D satisfies Axiom 2.

Consider an arbitrary decision problem (i, A) with redundant states, and consider a basic form
(i, A) € B(u, A). Let {Q,} denote the partition of supp p into payoff equivalent states and let
€ : {Q,} —supp p denote the selection associated with the basic form (f, A).

Consider an arbitrary optimal strategy (@Q,q) € A (1, A). Consider the policy (I/QZ#(Q),(],)
where ¢’ is defined in the natural way as ¢'(aly’) = q(aly) where v/ = vq_,v. Suppose that
(Q,q) # (vg. ,(Q),q'). We will derive a contradiction.

Note that since v and ' only differ on redundant states, the expected utility of (@, q) and
(Q',¢') are equal. Since K is invariant, and hence monotonic,

K(p, Q') < K(p, Q).
Since (Q,q) € A (11, A), we must have K (1, Q') = K (1, Q) and (Q',¢') is optimal as well.

Since @ # @', consider the policy (Q”,q”) which is the convex combination of (Q,q) and
(Q',q") formed as follows. Given v €supp @ and a € (0,1), there exists v €supp Q" such
that 7" = ay + (1 — a)vg,_ 7. Set (Q",¢") such that for each v €supp Q, Q"(7") = Q(v) and
¢"(v") = q(v). Since T}, is strictly convex in v, K(u, Q") < K(u, Q') = K(u,Q). The expected
payoff to (Q”,q") is the same as (Q,q) and (Q’,¢') and the cost is strictly lower. Hence (Q",q")
dominates both (@, q) and (Q’, ¢’) contradicting the assumption that (@, ¢) was optimal. It follows
that (vq, ,(Q),q) is the optimal policy.

Bayes rule then implies that state dependent stochastic choice the same redundant states. Given
w,w € Q,,
Plalw) = Pla)y(w) _ Pla)y(w') _ Plal)
p(w) p(w')
where the second inequality follows from Q = @Q’. It follows that the data set satisfies Invariance
under Compression. ®
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3.4 Symmetry

Our notion of symmetry is based on bijections between sets of states, actions and posteriors. We say
that two probability distributions 7v;,7v, € AQ are symmetric, if there exists a bijection oq :supp
71 —supp 7, such that, for all w esupp 74,

71 (w) = 72(0aW)).

Correspondingly, we say that two decision problems (u;, A1) and (pg, A2) are symmetric if there
exists a bijection oy, :supp p; —supp pgy such that, for all w esupp pq,

(W) = pa(oa(w))

and a bijection 04 : Ay — Ay such that for b = o 4(a)

a(w) = b(og (w))-

We say (1q,Q1) and (pg, Q2) are symmetric where p; and pg are priors, @1 € Q(py) and Qg €
Q(19), if there exists a bijection ogq :supp p; —supp sy such that, for all w €supp pq,

(W) = pa(oa(w))

and a bijection o :supp @1 —supp Q2 such that for ¥ = og(7)

Q1(7) = Q2(9)

and
Y(w) =F(o(w))
for all w esupp py.

Finally, we say that a cost function K(u, Q) is symmetric if given two symmetric learning
strategies (s, Q1) and (s, Qo) imply equal costs, K (i1, Q1) = K (jig, @s).

Lemma 3.2 (Symmetric Costs) If D has a posterior-separable representation K and satisfies
Invariance under Compression, then K is symmetric.

Proof. By Theorem 2, If D has a posterior-separable representation K and satisfies Invariance
under Compression then K is invariant.

Consider symmetric (ug,@1) and (uy, @2). By assumption there exists a bijection ogq :supp
141 —supp ps such that, for all w esupp pq,

(W) = po(oa(w))
and a bijection og :supp @1 —supp Q2 such that for ¥ = og(7)

Q1(7) = Q2(9)

and



Suppose for the moment that supp p; and supp ps3 are disjoint. Consider now a third learning
strategy (us, @3) on supp pUsupp py such that

alt0) = 3111 () + 3 ia(w)

and for all v €supp Q1, there exists ’y/ esupp @3

Qs(v) = Q1()

and
' 1 1

¥ (@) = 39(6) + 24(w)
where 4 = 0¢g(y). Let v/ = o3(7y). Consider also the partition that groups each w €supp 1

with its image under oq, 2. = {w,00(w)}. Note that (u1,@1) = (u1,vq, ,, (Qs) and (ug, Q2) =
(12, va, 4, (@3)). Invariance implies that

Ky, LEO TN (Q3) = K(uo, Voo (Q3))

It follows that K (u, Q1) = K (19, Q2) for any given symmetric information strategies (1, Q1) and
(19, Q2) over disjoint states.

Now if supp u; and supp pg are not disjoint, we can consider a learning strategy (u4, Q4) which
is symmetric to both (p,@Q1) and (uy, Q2) such that supp py N {supp pUsupp py} = @. By the
above, it follows that

K(:U’val) = K(M47Q4) = K(MQ’QQ)

Hence K is symmetric. ®

4 Proof of Theorem 3

In this section we prove that Axioms 1 and 2 are necessary and sufficient for a Shannon represen-
tation. We know from Theorems 1 and 2 that Axiom 1 is equivalent to the cost function being
uniformly posterior-separable, and that Axiom 2 is equivalent to the cost function being invari-
ant posterior-separable. Proving that these qualities characterize the Shannon cost function is
equivalent to proving that Axioms 1 and 2 characterize the Shannon cost function.

Theorem 3: The Shannon cost function is unique in that it is invariant and uniformly posterior-
separable.

4.1 Theorem 3: Necessity

Theorem 3 (Necessity): The Shannon cost function is invariant and uniformly posterior-separable.

Necessity is immediate. The Shannon cost function is

25



K@ =r| 3 Q0 Y a@haw)— Y s@ha@)|. @D

yEsupp @ wesupp vy wesupp p

This is clearly uniformly posterior separable. The Kullback-Leibler divergence is invariant (Amari,
2016 , pp. 54-57). It follows that the Shannon cost function, as the expected Kullback-Leibler
divergence, is invariant.

4.2 Theorem 3: Sufficiency

Theorem 3 (Sufficiency): An invariant and uniformly posterior-separable cost function is the
Shannon cost function.

4.2.1 A sketch of the argument

The proof is long and builds on a series of lemmas. We use a result from the information geometry
literature that, when considering probability distributions over a fixed set of states the Kullback-
Leibler divergence is unique in that it is at once invariant, differentiable, and a type of function
known as a Bregman divergence. There are four gaps that lie between the standard result from
information geometry and the sufficiency statement in Theorem 3. We need to show that T}, is
differentiable. We need to show that T}, rather than K is invariant. We need to write 7, as a
Bregman divergence. Finally, once we have established the form of T}, for one set of states, we need
to show that that form is constant across states. This boils down to showing that x is constant
across decision problems. We address each gap in turn. Before we show that T}, is differentiable,
however, it is useful to show that T}, is symmetric.

We initially consider a fixed state space Q C Q of cardinality J > 4 and consider priors p with
support 2. Since K is uniformly posterior separable, we can write

Kp,Q) = Y. QMMT.()

yéEsupp Q
with
Tu(v) = Ta(v) — Ta(n)
Since the state space (2 is fixed we will simplify notation and simply write T(7) for Tq (7).

While K is unique, T is not. We can add a linear function to 7' without changing K (See
remark in Appendix Section 1). Since K is invariant, Lemma 4 states that K is symmetric. We
first show that there exists a choice of T' that is symmetric (Lemma 4.1).

The proof that T is differentiable rests on two key insights. The first observation is that the
Lagrangian Lemma (Lemma 1) implies that there is a common hyperplane tangent to each of the
net utility functions at each chosen posterior. This links the subdifferentials of the net utility
function at distinct optimal posteriors (Lemma 4.6). If net utility is differentiable, then the partial
derivatives must be equal

N(aji) () = N(bji) ('Yb)

where N(aji) is the change in the net utility of action a from raising v(w;) and reducing v(w;).
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A second observation is that Invariance under Compression places structure on the sets of
posteriors that can be linked by considering decision problems with equivalent states. In Figure A1,
we illustrate this implication of Invariance under Compression with three states, but the intuition
applies generally. Consider a decision problem with three states (wi,ws,ws) and two actions A =
{a,b}, in which the payoffs in states w; and ws are equivalent. Figure Al displays the space of
potential priors and posteriors. Suppose that fi; is the prior in the basic problem in which all of
the combined probability of w; and wy is assigned to wy and [iy is the prior in the case in which
wa receives all of the weight. Since fi(wi) = fi(w2) the line segment connecting these two priors
is parallel to the segment connecting (1,0,0) and (0,1,0). The line segment connecting fi; and fiy
represents the set of potential priors for which,

p(wr) + plws) = fig(w1) = fig(w2),
so that (i, A) and (fi9, A) are basic versions of (u, A).

The above shows that, letting i to be an arbitrary prior in this set, Invariance under Compres-
sion places restrictions on the relationship between the optimal posteriors for the problems (u, A),
(fiy, A) and (fig, A) (Lemma 4.7). Consider v*. Bayes rule states that v%(w) = P(a|w)u(w)/P(a).
Invariance under Compression implies that P(a|w) and P(a) are the same for all 1 on the segment
connecting ji; and fiy, including fi; and fis themselves. This implies that as g moves from fi; to
fig, v* and ~? are always proportionate to . It follows that 4* and 7 lie at the intersection of a
line through p and (0,0,1), the dashed grey line in the figure, and a line parallel to the segment
connecting (1,0,0) and (0,1,0), the solid red and blue lines in the figure. 5¢ and 4% in the figure
denote the optimal posteriors for (ji;, A), and 4% and 75 the optimal posteriors for (fiy, A).

Wy

7a
V1
w1

Figure Al: Implications of Compression

These two observations when combined relate the derivatives of T' at 4* and 4? in the Figure.
The Lagrangian Lemma implies that there is a hyperplane tangent to both N(v?) and N(7?).
Suppose that the partial derivatives T(;;) (") and T(ij)('yb) both exist. Since prize-based expected
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utility is linear, the difference between T(;;)(y*) and T (7*) must equal u(a,w;) — u(a,w;) —
u(b,w;)+u(b,w;). Since shifts in p from fi; to fiy, do not affect prize based utility, T ;;y(v*)—T(;s (7%)
must be independent of 1 whenever both derivatives exist (Lemma 4.8).

w3

Figure A2: The Trapezoid

Consider now two priors u and i, each lying between fi; and fi5. Figure A2 shows that the four
posteriors 7%, 4%, and 4° form a trapezoid. If T is differentiable at all four points we would know
that:?

T (v") = Ty (V) = T (7*) — Ty (3°)- (4.2)

Equation (4.2) is close to the rectangle condition for additive separability. To apply the rectangle
condition, we deform the simplex so that the trapezoid becomes a rectangle, and then return to
the simplex. This results in the following characterization of the directional derivative which we
state in terms of the dimension J since it requires J > 4 (Lemma 4.16):

i) = A (=l 57 ) + B (12)n (7 = 1), (43)

for some functions A : R, — R and B : R/72 — R and for all 2 < i # j < J — 1. As (4.2)

must hold for a range of v(1) and «(J) we can show that A <%
5.17). The symmetry of T' then implies that, if T(;; () does not depend on ~(1) and ~(J), B
cannot depend on any ~y(k) other than (i) and v(j) (Lemma 4.18). Finally, we use the fact that
Ty () = Tiriy(v) — Trj)(v) whenever the latter are well defined to establish that there exists a

function f on (0,1) such that for all v €intA(Q) (Lemma 4.24):

T () = F(v(@) = fF((4))-

The convexity of 7" implies that f is monotonic (Lemma 4.24). We complete the proof of differen-

) must be constant (Lemma

’Lemma 5.12 establishes (4.2) everywhere for the directional derivatives Tj{ by finding pairs of differentiable points

that simultaneously converge to the four posteriors v%4% 4%, and 4°.
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tiability by showing that if T(;; () does not exist, then f is discontinuous at either (i) or v(j),
but this implies that T;;(¥) does not exist for any 4 with 4(7) = (i) or 4(j) = v(j). But this
contracts observation that T is differentiable along almost all rays such as those from ws in Figure
Al.

Given the differentiability of 7', we employ the arguments of Hébert and La’0 [2020] to argue
that T}, is invariant. Our next task is to write T}, as a Bregman divergence. We do so by taking
limits of 7, as p and 7 approach the boundary OAQ. At this point we have a differentiable,
invariant, Bregman divergence. The theorem of Jiao, et al. [2015] implies that T}, is the Kullback-
Leibler divergence. The final step is to use invariance to equate the constant x in the Shannon cost
function across sets of states (2.

We now turn to the details.

4.2.2 Symmetry of T

As previously stated we work with a fixed state space ) in sections 4.2.2 through 4.2.4. We will
consider decision problem with priors u such that supp u = Q. We assume that the cardinality of
Q) is greater than or equal to four so that we can construct problems with redundant states. To
conserve notation we will write T for Tupp ,, Where supp pu = 2. We will also write v(j) for v(w;).

By assumption K has a uniform posterior-separable representation

K(1,Q) =Y QT (y) — T(1)

We say that 7" is symmetric if given symmetric v, and 7,9, T(71) = T'(73).

While the cost function K is unique, the function 7' is not necessarily unique. The requirement
that > Q(v)y = p implies that we can add any function that is linear in 7 to 7" without affecting
K. Since these linear functions tilt T', most 1”’s are not symmetric. The next lemma shows that
given any T we can always find a linear function @ - v so that T'(y) = T'(y) — @ - y is symmetric.

Lemma 4.1 Given a uniformly posterior-separable cost function K, there exists a symmetric func-
tion 7" such that K(pu, Q) =>.Q(y)T(v) — T(w).

Proof. Since K(u, @) is uniformly posterior separable, we can write

K(1,Q) =Y QT (7) — T(n)

Suppose J > 3, and consider the J distributions 7; = (ﬁ, 2(J71_1) e % e ﬁ) where
the 1/2 is in the jth place. Let fi denote the uniform distribution on Q. Consider the linear

transformation of T,

where & solves
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Since the 7; are independent such an & exists. Note
K(p1,Q) =Y QT (v) — (1)
since > QM- (v —m]=a QM- ) =0.

We now show that_T(q/)_is symmetric. Consider any v, and v, that are symmetric in that there
exists a bijection o : Q2 — Q such that v;(w) = v5(c(w)). Consider the information strategy that
places weight Q(7;) on v, and (1 — Q(7,))3; on each of the 4, such that

5811 = - g~ ) (44)

Given the independence of the 7;, this set of §; exists. Note that this policy lies in Q(f) by
construction. Now consider the information strategy that places weight Q(v;) on 7, and 3; on
Yo(j)- Given the symmetry of v; and vy,

Zﬂﬂa(j) =p— 1= 0(~) ?8(1,11) (V2 — 1t)

and this policy is also in Q(f1). The symmetry of K (Lemma 3.2) implies

Q)T (7)) + Y BT - T() = Q)T (v2) + Y _ BT (i) — T()
As the T(ﬁ/j) =T, this reduces to
T(v1) =T(v2)
so that 7' is symmetric. =

From this point on in the proof we will assume that 7'(vy) is chosen to be symmetric.

4.2.3 Differentiability of T'

Our goal in this section is to prove the following lemma.

Lemma 4.2: Suppose that K is uniformly posterior separable and invariant, then Ty,pp , is dif-
ferentiable.

Basic Results The fundamental objects of interest in what follows are certain derivatives of the
function T on Q. Note that € does not allow for independent variation in any single state-specific
posterior v(j) due to the adding up constraint on probabilities. In general, given convex function
T : AQ — R and v €intAQ, the directional derivative at v in direction y € R’ is defined as,

if it exists. We use special notation for the directional derivatives of interest. We are interested in
derivatives in the direction of raising the probability of one state w; and lowering the probability
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of another w;. We define the one-sided derivative in direction ji, T° 7{(7), as the directional
derivative associated with increasing the ¢th coordinate and equally reducing the jth:

) — qim L (e —e5)) = T()
Je €l0 €

: (4.6)

where e, € R’ is the vector with its only non-zero element being 1 in the k** coordinate. Where it
exists, we define the two-sided derivative in direction ji, T ;), by:

Toy(7) = lim T(y+elei—¢j) —T()

e—0 €

(4.7)

We now translate a few standard results on derivatives of convex functions into our setting. Al-
most all of these results are adapted directly from Rockafellar’s comprehensive treatise (Rockafellar
[1970]). The first such standard result that we translate to our setting establishes existence of one-
sided directional derivatives, as well as an inequality concerning one-sided directional derivatives in
opposite directions. For completeness, we note also the standard results that a real-valued convex
function is continuous on its relative interior.

Lemma 4.3: The following hold:

1. T is continuous on 7y €intAQ.
2. Given 1 <i#j<J, Tj{(V) exists for all v €intAQ.

3. We have
—T2(y) < T3 (). (4.8)

Proof. Continuity of T" on its relative interior is Theorem 10.1 in Rockafellar [1970]. Given
~v €intAQ, T J—{(y) is equal to the the one-sided directional derivative of T" at  with respect to the

vector y = e; — e; (Rockafellar [1970], p. 213). Rockafellar [1970] Theorem 23.1 establishes that,
since T': R7 — R is convex and T'(v) is finite at v €intf2, Tﬁ (y) exists.

This same theorem establishes

—T(7) = =T'(vlej — &) < T'(vlei — €5) = T5: (7).

We are particularly interested in posteriors v €int{) at which the inequality (4.8) is replaced with
an equality. The next result shows this to be equivalent to existence of the two-sided derivative. We
add also the standard result that differentiability of T" implies existence of all 2-sided directional
derivatives.

Lemma 4.4: T(;;(7) exists if and only if (4.8) holds with equality,

—T2(v) = T3 (), (4.9)
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in which case
Ty () = T (3) = ~T3(7) = ~Tep (). (4.10)

Moreover, if T" is differentiable at v €int AL, Ti;;) () exists for all 1 <i # j < J.

Proof. Note first that if (4.9) holds so that T (v) = —Ti—j('y), this corresponds to equality of the
limits from the left and right

Ty +elei =€) =T(v) T(y+e(ej —e) —T()

lino ; = T5(v) = -Tz(v) = — lim ;
i T =g ) =T() T +6(ei — ) —T(v)
S5=—e10 ) 570 1)

It is standard that this implies that the equal left and right limits define the limit itself,

. T(y+eles—e;)—T(v
T(ji)(’Y):lelﬁ)l( ( GJ)) )

establishing equivalence of (4.9) and existence of T ;; (7).

Conversely, note that if T{;;(7) exists,

T(y+e(e;—e;) —T(y) T(y+e(e;—e;) —T(y)

T (v) = eh—n}o p = lele{)l p = T;{ (7);
and,
T T j T . T 7 ] - T
Tyn(y) = lim Gt elei —ep)) ZT0) _ yyy, T elei — ) ~T0)
e—> € el0 €
T olej—e)) =T T o(e; —e; T
o DO me)) S TG) Tl —e) =TG) g
5=—€10 —J 510 ) i
These equations together verify that (4.9) holds and also that,
Tiiy (7) = T5;(7) = =T (7)- (4.11)

To complete the proof that (4.10) holds, note that since Tﬁ('y) = —Tl.—]?(y), we know from (4.9)
that T(Z-j)(’y) exists, and therefore that it satisfies the corresponding equality,

Tijp() = T (v) = =15 () (4.12)

In combination, (4.12) and (4.11) imply (4.10).

With regard to the final clause of the Lemma, that T () exists for all 1 < ¢ # j < J, if T is
differentiable at v €intAf), Rockafellar [1970] Theorem 25.2 shows that all directional derivatives
T'(v]y) exist and are linear in y = (y(1),...,y(J)). Hence they can be written in terms of partial

derivatives T}(v) as,
J

T'(yly) =Dy T;(v).

J=1
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Hence, given 1 < i # j < J,
~To(9) = ~ [5,() = Ti)) = Tily) - Ty(y) = T' (e — 7)) = T (1),
verifying (4.9) and thereby establishing existence of all 2-sided directional derivatives. m
Our next preliminary result shows that symmetry of the cost function has implications for

directional derivatives. The lemma specifies the inherited symmetry property precisely.

Lemma 4.5: If T{;;(7) exists, then for any bijection o : {1,..,J} — {1,.., J},

Ty (V) = Tio()e ) (V7),
where,

77 (5) =707 (7)).

Proof. Suppose that T(;;)(y) exists and note by symmetry of T' on AQ (Lemma 4.1) and the
bijective nature of o,

T(y)=TH).

Now consider the posterior 77 + €(e,(;) — €4(;)) and note that,

V7 (k) +e=(o" (o(d)

) +e=~0) +eif k= o(i);
(k) =q (k) —e= 7(0*1(0(]‘))]{

€
e=0j) —eif k=o(j);
Hence, 77 + €(eq(;) — €0(j)) are 77 + €(e; — ;) symmetric, so that by the symmetry of T,

T [v7 + eleotsy = €o(j))] = T(v + €(ei — ;).

Hence,

Tjiy(77) = lim T +eleow = o)) =TO7) _ . Tlv+elei —€;)") = T()

e—0 € e—0 €

= T(ji) (7),

establishing the Lemma. m

Lagrangians and Directional Derivatives The following result explains to some extent the

relevance of directional derivatives to our approach. It follows from the Lagrangian Lemma (Lemma
1.1).

Lemma 4.6 (Optimality and Directional Derivatives): Consider a uniformly posterior-separable
cost function K and an optimal strategy (Q,q) € A(p, A|K) with supp p = . Suppose
a,b € A are chosen with positive probability and suppose ¢ is the posterior associated with

choice a and 4? is the posterior associated with the choice b where v*,~* €intAQ. Consider

0 cR/!sit.,
J—-1 J-1
N =Y 0GG) < sup NY(Y) =D 067 (),
]:1 CIGA,’}//EQ ]:1
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all v € Q and ¢ € A. Then for all pairs of states 1 <14 # j < J:

1. For c € {a,b},

T (99) < i) — () — [000) — 0(7)] < T (+); (1.13)
2. For ¢ € {a, b}, if T(;;)(7°) exists,
Ty (%) = (i) — c(j) — [0(2) — 0(5)]; (4.14)

3. If Ty (v*) and T(j;(7*) both exist
Ny (") = Ny (1) (4.15)

Proof. Note that the Lagrangian Lemma (Lemma 1.1) implies the existence of the 6 in the
statement of the lemma, so the lemma is well posed. Note also that given that J > 3, we apply
Lemma 4.5 to ensure that directional derivatives are invariant to re-indexing states if needed to
make that state J is neither ¢ nor j.

Define the function F¢(y) on ¢ € A and v € AQ:

J—1
Fe(y) = N°(y) = > 0(k)y(k); (4.16)
k=1
where,
J
Ne(y) =) e(k)y(k) — T(y),
k=1

The Lagrangian Lemma implies that the supremal value of F'(y) is achieved by the posteriors
associated with any optimal policy. Hence

J J-1
sup  Fe(y) = Y e(k)y°(k) = T(v%) = Y 0(k)y*(k)
e EN 1 1

for ¢ € {a,b}.

By Lemma 4.4, if T(;;(7) does not exist, we know that the derivative from the left must be
non-negative and from the right non-positive and that they cannot be equal. This corresponds
precisely to

—T=() + (i) = c(j) = [0(:) = 0(5)] <0 < T (7°) + (i) — c(j) — [0(7) — 0())],

jt

confirming (4.13) .Conversely, if T(;;(7¢) exists for ¢ € {a, b}, this maximization implies that the
corresponding derivative F¢(y¢) must equal zero,

FGiy(r) = Niijy (v) = 106) = 0()] = e(i) — e(4) = T(0)(v%) = 10(6) = 0(3)] = 0, (4.17)

confirming (4.14).
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To complete the proof, note that if 7" is differentiable at both posteriors, then then T;; (7)
exists as well. Applying (4.17) at both 4* and ~? yields,

N (1) = 0(5) = 0(5) = Nijoy(1"),

confirming (4.15) and establishing the Lemma. m

Ratio Sets and Linearity of Posteriors The next key observation is that we can design decision
problems in which the derivatives of net utility are informative about the cost function. To do this
we use decision problems for which with redundant states and show that the invariance of K places
restrictions on how optimal posteriors behave as the prior is shifted across these redundant states.
We first define the sets of posterior that we can relate through invariance. These are posteriors in
which the odds ratio is equal to a fixed constant. We then present an extension of Feasibility Implies
Optimality which shows that given any two posteriors with a common odds ratio for two states, we
can construct a problem in which they are the optimal choice. Moreover, we can construct a set of
problems indexed by t which differ only in how they allocate probability among these two states.

Definition 5 Given « € (0,00) and two states 1 < k #1 < J, we define the corresponding ratio

set Ty(a) C AQ as the set of posteriors in for which % =

Lp(a) = {’YEAQ‘Y;((];)):O(}.

I';i() is the intersection of A and a .J — 2 dimensional linear subspace of R’. It is therefore
convex and has dimension J — 2. Figure A3 depicts AQ for J = 4. The blue triangle represents
I'12() for o = 2 so that v € AQ if and only if v(1) = 27(2). In the Figure I'12(2) connects all
points with y(1) = v(2) = 0 (i.e. the line segment connecting v(3) = 1 to y(4) = 1) to the point
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Figure A3

We now show that given v and 7 € and I'y;(«) we can construct a problem (i, A) such that -
and n are optimal posteriors.

Lemma 4.7: Suppose that K is uniformly posterior separable and invariant. Consider vy # 1 €int{)
with for J >3, and 1 < k # [ < J such that v,n € T'y;(a) some a € (0,00),

v(k) _n(k) _

W —_— W —_— . (4.18)
Define the mean belief, 0 )

_on )+

(i) = 5

tlp(k) + ()] - for j =k;
(@) =4 (1= 0k +pO)] for =1 (4.19)
a(7) otherwise;

define ;, and 7, analogously. Then there exists a,b € A with a(k) = a(l) and b(k) = b(l)
such that, (Qs, q:) € Ay, A) where Qi(v,) = Q¢(n,) = 5 and q(aly,) = 1 and ¢(b]n,) = 1.
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Specifically, for ¢ = ;1(15(4’:;)1(1) € (0,1), uz = i1 and,

for x =, 7.

Proof. Fix vy # n €intQ) with for J > 3, and 1 < k # | < J such that (4.18) holds. Note that this
is only possible if J > 3 since otherwise (4.18) implies v = 7.

Consider first the case t = 1, so that u(I) = v,(1) = n,(1) =0, p1(j) = p(j) and x1(k) = x(4)
for j # k, 1, and

pi (k) = pk) + al);
xi(k) = x(k) +x(0);

for x =, n.

Note that since v # 7 and (4.18) holds, we know that there exists j € O\{k, 1} with v(5) # n(5),
so that v, # ny. Since 7,n €intAQ, v;,n; €intA(Q\l). Corollary 1.2, implies the existence of a
problem with A = {a, b} such that there is an optimal strategy

(Qu 1) € Ay, {a. b}|K)

in which the only chosen posteriors are v; and n; and Q1(v;) = Q1(n;) = 0.5. Feasibility Implies
Optimality (Lemma 1.2) implies also that the deterministic strategy involving each action being
chosen deterministically at its corresponding posterior is optimal. Without loss of generality, we
set

ai(alvy) = qi(blny) = 1.
Given that uq (1) = v,(1) = n,(I) = 0, the payoffs to a and b in state [ do not affect choice. We are

therefore free to choose them as we wish. We set a(l) = a(k) and b(l) = b(k) so that states k and {
are redundant.

We now consider decision problem (j;, {a,b}). Consider the partition {€2,} which combines
states k£ and [ and leaves all other states as singleton sets. Because states £ and [ are redundant,
expected utility is independent of the probability p,. Because K is invariant

K(p, Q) = K(py, vy, Q)

Since the policy (Q1,q1) is optimal for the problem (u;,{a,b}), it follows that (V{Qz}ythl,q’)
is optimal for (u,{a,b}) where ¢'(clvq y,,7) = ai(c|y) for ¢ = a,b. It remains to show that
Vi), thl = ()¢. But this follows from the fact that

xe(k) = tx(k) + x ()]
o Ht(k)
= =i s XE +x0)]

= V{Qz},utXI(k)

for x = {v,n}.
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The final step in the proof involves direct substitution to show that,

p(k
fi(k) + p(l)

~—

t= = pg = f,

and correspondingly that,

xi(7) = th(k) +x(1)]

for x = ~,n. The third equality follows form the assumption v, € T'y;(c). =

The Trapezoid Condition We are building towards using the rectangle condition for additive
separability. The rectangle condition states that a function f(a,b) on X4 x Xp is additively
separable if

fla1,b1) — f(ag,b1) = f(a1,b2) — f(az,ba).

for all a1,a2 € X4 and by,by € Xp. Instead of constructing rectangles, we use the ratio sets to
construct trapezoids which we then transform into rectangles. To construct these trapezoids we
match sets of posteriors that lie on different ratio sets and differ in two dimensions. We now define
the set of posteriors that differ only on states k and [.

Definition 6 Given 4 €intAQ and two states k,l € J, we let ®y(§) denote the set of posteriors
that agree with vy on all states j # k,

u(y) = {v(4) =40G), 7 # k. 1}

®11(5) represents a line in AQ through 4 in the direction ej, — e; where e; is the unit vector in R
with a one in the jth coordinate.

Figure A4 reproduces Figure A3 and adds the point 4 € I"12(2). The red line in the Figure
represents ®12(9). It is the set of points for on which v (3) = 4(3) and v(4) = 4(4). This line
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segment is parallel to the line connecting v(1) = v(2) = 1.

Figure A4

With these definitions we introduce the key sets of four posteriors.

Definition 7 A set of four distinct posteriors v1,7q,11,Ms €iNtAQ satisfy the trapezoid condi-
tion if there exist distinct a1 # ao >0 and 1 < k # 1 < J such that:

1. Y1, € Fkl(al)a

2. V2,72 € Fkl(a2)7

3. Yo € Pri(71), so that v5(j) = 11(J) for j # k, 1.

4. N9 € Pra(m), so that ny(j) = m(j) for j # k1.

Note that the condition a1 # as is imposed since with a3 = as, the conditions would give rise
to v; = 9 and 1, = nq, contrary to the defining feature that these are distinct posteriors.

Figure A5 illustrates the Trapezoid Condition. 7; and n; both lie in I'12(c;) and v, and 75
both lie in I'12(a). v, and 75 both on the line segment ®12(;) and 7; and 7, both on the line
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segment ®12(n;). The key observation is that, since the points in ®12(7v;) and ®12(n;) only differ
in their first and second coordinate, the two line segments are parallel, so that the points vy, 74, 77
and 7y form a trapezoid. Below we will use this observation to establish the additive separability

of T(jiy(71)-

(1)12(1/1) P (?71)

Figure A5

Equalization of Differences For Two-Sided Directional Derivatives Our next result re-
lates the Trapezoid Condition, invariance, and the Lagrangian lemma. If four posteriors 7y, 7o,
1y, and 7, satisfy the Trapezoid Condition and if T is differentiable at each of these points, then
invariance and the Lagrangian Lemma relate the change in 7{;;) between v, and 7, to that between

1y and 7.

Lemma 4.8: Suppose K is invariant and uniformly posterior separable and suppose that T is
differentiable at v{, vy, 7,7y €intAQ that satisfy the Trapezoid Condition for some pair of
distinct states 1 < k # [ < J, then

Ta(v1) = Tiy(v2) = Tiay (1) — Tiay (02) (4.20)

for all pairs of distinct states 1 <i# j < J

Proof. Consider v4,7;,72 and 7, satisfying the Trapezoid Condition such that T|;;) exists at all
four points.
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By Lemma 4.7, defining,
__ Y1t
H 5
there exists a,b € A with a(k) = a(l) and b(k) = b(l) such that, for t € [0,1], (Qs, q;) € Ay, A)
where Q¢(7v;) = Qi(n;) = %, q¢(aly;) = 1 and ¢;(b|n;) = 1,and where,

Ha(k) + 5] for j = ki
wltd) =4 (1= tak) +50)]  for j =1
w(7) otherwise.
and '
tx(k) + x(1)] for j = k;
x(t,g) =4 (A=0)k) +x(D] forj=1 for1<j<J;
x(J) otherwise.
for x = {~v1,m;}. Where we have placed ¢ as an argument in brackets and avoided the subscript so
as to avoid confusion with 7, and 7;. In particular, for #; = ;%5 € (0, 1),
(1, k) tx(k) + x ()]

vl - A=k +x@)]

so that (1) = 7;. Similarly
nt) = m
M(El) = [,

Moreover, since 1" is differentiable at both v; and 7n;, Lemma 4.6, the Optimality and Directional
Derivatives Lemma, then implies,

Ny (1) = Ny (m), (4.21)
for all 4,5 € J.
Now consider
fp = 22
2 ag + 1
We have ~
(2, k) thx(k) +x(0)]

Y(t2,0) (=)&) +xO)]
As vy € Pgi(7y1), Y(t2) = v4. Similarly 7n(t2) = ny. Therefore given the problem (u(t2), A), 74 is
the revealed posterior associated with a and n, is the revealed posterior associated with b. Since T’
is differentiable at both v, and 7, Lemma 4.6 then implies that,

N(aji) (72) = N(bji) (72) (4.22)
for all 4, j € J. Since N%(y) = >_;a(j)v(j) — T(v), equations (4.21) and (4.22) imply
Tijiy (v1) = b(2) = b(3) — a(@) + a(4) + Tz ()

and
Tijiy(v2) = b(i) — b(j) — a(@) + a(j) + T(j5)(n2)
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Subtracting these two equations yields the desired result. =

Monotonicity and Limits Condition (4.20) only holds at points at which the two-sided direc-
tional derivatives exist. Our next goal is to generalize to one-sided directional derivatives which
always exist, thereby extending the result to all sets of posteriors in AQ that satisfy the Trapezoid
Condition. Our strategy will be to take limits of well-chosen sequences at which the two-sided
derivatives exist. Two standard features of the subdifferential map (associating with each posterior
v €intAQ the full set of corresponding subderivatives of T') allow us to select appropriate sequences.
The first is that the sub-differential maps of convex functions are monotone. The second is that
they satisfy a form of lower hemi-continuity. The next two lemmas translate these standard results
to our setting, starting with the monotonicity lemma.

Lemma 4.9: Given v €intAQ and € > 0 such that v + €(e; — e;) €EIntAQ,

T () < =Ty (v + elei — ¢j)) < T3 (v + e(ei — ¢5)) (4.23)

Proof. The result follows directly from monotonicity properties of the subdifferential maps of con-
vex functions (Rockafellar [1970], p. 240). This is particularly simple for one dimensional functions
as the general version of the statement that differentiable convex functions have non-decreasing
first derivatives. To use in this simple setting, let § > ¢ > 0 such that,

Y =(y—d(ei —ej),y+6d(e; —ej)) Cy e intAQ,

which is possible since intAQ is relatively open on the line. We then define convex function
G : R — R to have value
Gla) =Ty + alei — €5)),

on a € (—9,0), with its value being infinite elsewhere. It is direct from the definitions that
T (v + a(e; — ej)) and the right derivatives of G(«) are equivalent at corresponding points,

Ty + alei — ej) +<(ei = ej) = T(y + afei = ¢5))

Tﬁ('y +ale; —ej)) = lgilng .
= lim Glats) = Gla) = G;_(a).
<l0 <

Similarly, —Tz.—j? and the left derivatives of G'_(a) are equivalent where

o (a) = —lim Gla+cg)—G(a)
B <70 S

Rockafellar [1970] Theorem 24.1 establishes monotonicity properties for G', () and G () when
G is convex. In particular for € > 0,

G (0) < G (e) < Gl (o).

which, given the equivalence between T and G, establishes (4.23). =
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Lemma 4.10: Given any sequence {e,}>°; with €, > 0 and lim, . €, =0,

lim T (7 + enlei — 7)) = T () (4.24)

n—oo Jt

Proof. By the directional derivative monotonicity Lemma 4.9, given {¢,}5°; with ¢, > 0, and
lim, 0 €, = 0, such that v + €, (e; — €;) €intAQ, (4.23) implies that the limit exists and that the
inequality survives,

lim 7= (v + e,(e; —€j)) > T]—{(’y) (4.25)

Conversely, Rockafellar [1970] Theorem 24.5 shows with full generality that given convex function
T :R’7 — R, any v € R’ at which T'(v) is finite, and any sequence {y"}5, — ~ and y € R”,

n—=
limsup T"(y"y) < T"(7ly)- (4.26)
Defining 7" = (v + en(e; — €;) and y = e; — e; we get,

lim 7= (v + en(e; —€j)) < TJ—Z>(7) (4.27)

n—oo J?

Combining (4.25) with (4.27) establishes (4.24), and completes the proof of the Lemma. m

Equal Difference Conditions for One-Sided Directional Differences To complete the
transition from equal difference conditions on two-sided to one-sided directional derivatives, we
apply standard results on “almost everywhere” differentiability of convex functions on various
important subdomains. These are all convex subdomains of intAQ whose affine hull is of lower
dimension, several of which have appeared already in the proof. When thinking about T even
on its full domain intA(, there is a subtlety in the statement. Since intA{Q respects the adding
up constraint on probabilities, it has measure zero as a subset of R”. For that reason the full
measure result applies “relative to” intAQ. This is how we state the corresponding result for more
general convex subdomains Y. We note also the preservation of one-sided and two-sided directional
derivatives on subdomains. The precise formalism is standard.

Definition 8 Given a non-empty convex set Y C RY, define AQY =intAQ(Y) to be the corre-
sponding subdomain of intASQ,
AQY =Y nintAQ;

and define TY : AQY — R with TY () = T(7) to be the restriction of T to this domain. Finally,
given v € AQY and 1 < i # j < J such that there exists 6 > 0 such that,

[y —d(e; —€;), v+ 8(e; — e;)] C intAQ(Y), (4.28)

we define one and two-sided directional derivative TY. and T(};Z.) i the standard manner.
J

We now state the key result about convergence of one-sided directional derivatives for appro-
priately selected sequences of posteriors.

Lemma 4.11: For any non-empty convex set Y C R7, TV is almost everywhere differentiable in
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the relative interior of AQY and whenever T%(’y) is well-defined,

T=(y) = T5;(7)- (4.29)

Proof. Given that Y is non-empty and convex set, T is a proper convex function. Rockafellar
[1970] Theorem 25.5 translates precisely to the fact that the set {y € AQY|TY is differentiable}
is dense in AQY and its complement, the points of non-differentiability, is of measure zero in the
relative interior of AQY. The equality T% = Tﬁ is definitional given the existence of appropriate

convergent sequences in the shared domain and equality of the underlying function. m

Lemma 4.12: Suppose K is invariant and uniformly posterior separable. Given {v;, 75,771,735} CintAQ
satisfying the Trapezoid Condition for some pair of distinct states 1 < k #£1 < J, then

Tj{(’h) - Tﬁ(m) = Tj{(’h) - Tj{(%)y (4.30)

for all pairs of distinct states 4,j € {1,...J}\{k,l} that are distinct from %k and .

Proof. Consider an arbitrary set of four posteriors {£,,} CintAQ for ¢ = v, and m = 1,2 satis-

fying the Trapezoid Condition. We construct four corresponding sequences of posteriors {{), }2° ;

that converge to &,, as n — oo. We ensure that at each n (4.20) holds and that (4.20) converges
to (4.30). Specifically, let ©(¢,,) be the set containing posteriors that lie within 1 of &, in the

direction ju:

@(é—m) = {'7 S lntAQh/ = gm + )‘(ez _ ej) and \ € (07 %)}

for all v € ©(&,,)-

Note that ©(&,,) is a convex subset of int A€}, hence satisfies the conditions of the Lemma 4.11,
so that T(?Z.()E’")) = T{js) exists for almost all A € (0, -). Let An(§,,) denote the set of A € (0, 1) at

1
n
which the two-sided directional derivative T{;;) exists,

1
n

A (€m) = {A € (0, =)|T(35)(7) exists at v =&, + Aei — ;) }.
It follows that A, (¢,,,) has measure %, as does the corresponding intersection,
A(n) = Ne=pp Nm=1,2 A (&,)-
Select A(n) € A(n) and correspondingly define,
Em = Em + M) (e — ¢5),
for £ =~,mpand m =1, 2.

By construction, for each n, £ €intAQ for ¢ = v, and m = 1,2 satisfy the Trapezoid
Condition. To confirm, note that for £ = v,n and m = 1,2, & (k) and &,,(k) differ only in
coordinates ¢ and j. Hence we know that &, (k) = &,,(k) and &),(1) = &,,(I). Given that the &,
satisfy the Trapezoid Condition, it follows that the &, satisfy the Trapezoid Condition as well.
Since T{j;) exists at each of the &, and since the &}, satisfy the Trapezoid Condition, Lemma 4.8
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states
T (1) = T (1) = Ty (v2) — Ty (n3) (4.31)

Now consider each element T(;;(£,) and note that, since A(n) > 0 and
527, = gm + S\(TL)(GZ - 6j)7

we can apply Lemma 4.9 directly to conclude that (4.23) holds,
Toi(€) = T (6,) (4.32)

Since A(n) — 0 we know in addition that lim, ... &", = &,,, so that Lemma 4.10 applies to show
that,

lim T (€,) = lim T (E8) = T5(6,0)- (4.33)

n—oo Jt

Substituting (4.33) in (4.31) establishes (4.30), and completes the proof. m

Propagating Existence of Directional Derivatives A key result shows how to propagate
existence of directional derivatives. If the two-sided directional derivative T{;;(7) exists at a point
7, then T{;;(n) exists for all n € I'}; where o = % The intuition for the result is that this set of n
can be linked to v by a problem in which the states 7 and j are redundant. Invariance then allows
us to alter the prior on ¢ and j and thereby smoothly shift the the resulting posteriors. These
posteriors maintain the original ratio between states j and i. If T'(vy) is smooth in the direction

(ji), T(n) must also be smooth, if the posteriors are to evolve proportionately.

Before proving the result we establish some additional continuity properties that we can import
to our apparatus directly from Rockafellar [1970].

Lemma 4.13: Given v €intAQ and 1 < i # j < J such that T(;;(v) exists, then T{;;(n) exists
for all n €intAQ such that:
() _~0)

IR (4.34)

3
)

S~—
2
—~

Proof. The proof is by contradiction. Choose v such that T{;; (7) exists and suppose that there
exists 7 satisfying (4.34) such that 7{;;(n) does not exist. By Lemma 4.4 above, this means that

=15 (n) # T (n).

By Lemma 4.7 there exists (u, A) with A = {a, b} such that v is the revealed posterior related
to a and 7 is the revealed posterior related to b and the states ¢ and j are redundant. Lemma 4.7
also guarantees that given the parameterized set of problems (u,, A) where

tp(@) +p()]  for k=i
(k) = § (1 =18) [u(i) + pu(5)]  for k= j;
w(k) otherwise;

for t € (0,1), and ~,, the revealed posterior for action a, and 7;,the revealed posterior for action
b, are defined analogously. Let ¢ be defined by u; = p.
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By the Lagrangian Lemma, for each ¢, there exists 8; € R/~ such that
J-1
N(ye) = Y 0uk)yy (k) )= D OulkIme(k) = N°(y) = 3 0(k)' (k)
for all v/ € AQ and ¢ = {a, b}.

Since T{;j;(y) exists, the Optimal Directional Derivative Lemma (Lemma 4.6) tells us that
T(jiy(v) = a(@) — a(j) — 05(i) — 0¢() (4.35)
and since T;;)(n) does not exist, Lemma 4.6 implies that,
—T%(n) — b(i) +b(J) + 07() + 07(4) < 0 < T5;(n) — b(i) + b(J) + 05(7) + 07(5),
with one of these two inequalities strict. Without loss of generality suppose

T () = bi) + b(J) + 05(3) + 0(j) = A > 0. (4.36)

Define now Y € RY as all vectors Y5

noting that, since AQY =Y since Y CintAQ. Lemma 4.11 implies that TV is differentiable for
almost all v;, so that Lemma 4.4 implies that the two-sided directional derivative,

T()]/'i) (v¢) = T(ji) (V4)5
also exists for almost all 7, € Y.

Now consider a sequence 7,y — < such that t(n) > t and T{;; (Vi(ny) exists. Lemma 4.10
implies that

. ({}L)m Tiy (V) = Ty (7)-

Therefore there exists t(m) # t such that () (Veum)) € (T(ji)(7): Ty (7) + A).  Given that
Tis) (Ye(my) exists,
Tiiy(Vegmy) = al@) = a(F) = Oymy (1) — Opmy (4)- (4.37)

Hence, with T{;s)(Yem)) — L(j0)(7) € (0,A), we can subtract the right-hand sides of (4.35) from
(4.37) to conclude that,

0 (1) + 05(5) — Oum) (1) — Oum) (4) € (0, D),

so that,
—01(m) (i) = Os(my (5) < —07(i) — 05(5) + A. (4.38)

Applying now the Optimal Directional Derivative Lemma (Lemma 4.6) to 7(,,,) we conclude that,

=T (Me(my) < b(2) = b(7) = Osm) (1) = Ormy (5) < 153 (Mem))-
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Substitution of (4.38) thereupon yields,
T (ymy) < 0) = B3) — Oumy (8) — Oroy () < b(3) — b(5) — 04(0) = 04(3) + A = T ()

But t(m) > t, so that the Lemma 4.9 implies directly that —Trj(nt(m)) > T = (n). This contradiction
establishes the result. m

Weak Form Additive Separability In this section we establish a weak form of additive sepa-
rability. The basic observation is that (4.20) is very close to the rectangle condition for this form of
additive separability. The difference is that 7;,74,77, 7, €intAQ satisfying the Trapezoid Condi-
tion form a trapezoid, not a rectangle. We rectify this problem by deforming intAQ and applying
additive separability to the new space.

Our deformation is the combination of two mappings. The first maps intAQ into the set of
vectors Z71of length J — 1 whose elements zj are strictly positive and sum to a number that is
strictly less than one. Let

ZM = {(21,...25-1) € R’z > 0 all m and sz < 1},

m

We define the mapping ¥ :intAQ — Z7~! by dropping the coordinate ~(.J)

Ui(v(7)) =~() for 1 <j <J - 1.
The second mapping maps Z7~! into X = (0,1) x Z7/~2. Define Uy(z) : Z/~! — X by,
2(j)

Uo(2(4)) =< 1-im_s2(m)
(7)) { z(j2 for2<i#j<J-1

for j = 1;

Now X is a rectangle. We define the mapping ¥ :int AQ — X as the composition of ¥y and Uy :

{ W1 (v(5)) for ] — 1;

1= Y1 (v(m))
U1 (v(4)) for2<iz#j<J-1.

() f =1
= {2l orI=4
v(4) for2<i#j<J-—1

U = WUy (Vi(y)) =

The next lemma shows that U is bijective.
Lemma 4.14: ¥ = ¥, o ¥, is bijective.

Proof. Clearly ¥y AntAQ — 271 i bijective. With regard to o, note that if that zq, zo € A
both map to z € X, it is immediate that z; = z5. Hence U5 : 7771 5 X is injective. To show that
it is also surjective, given = € X, define h(z) € Z7~! by,

SN = 1— 770 a(m)| z(1) ifj=1
il (]))_{[ m2(j) } for 2<j<.J—1.
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We now consider Wa(h(z)) € X. By construction, this satisfies:

| __he@) for j =1,
o (h(z(5))) = { 1_Em;(2j}3(x(m)) for2<i#£j<J-1.
where
) M = 50 K N
=S AGm) L=y am) |

Hence Uy(h(z)) = = so that Wy is surjective. Given that it is also injective, it is bijective. The
composition of two bijective mappings is bijective. This completes the proof. m

The next lemma shows that, in this space, the Trapezoid Condition transforms into a rectangle
condition on X.

Lemma 4.15: Given 7, 74,7;,7, €intAQ that satisfy the Trapezoid Condition for states k = 1
and j = J, the elements z1,%2,y1,y2 € X such that z,, = ¥(vy,,) and y,, = ¥(n,,) for
m = 1,2, form a rectangle:

z1(l) = x2(1) and y1(1) = ya2(1);
z1(j) = wyi(j) and z2(j) = y2(j); for 2 < j < J — 1.

Proof. Consider z1,z2,y1,y2 € X such that z,, = ¥(v,,) and y,,, = ¥(n,,,) for m = 1,2. By the
Trapezoid Condition and the definition of ¥, for 2 < j < J—1and m = 1,2,

Note also that,

71(1) _ 72(1)
Y1(1) + 71 () 72(1) +72(J)
71 (1) 72(1)

71(J) _ Y2 (J) _ a a

1) g 3;((3+1_a+1_a+1:

l’l(l) — {Eg(l) =

Similarly,
y 2 ot
(1) —y2(1) = 4= — = 5~ — =0,
nay T Tl

completing the proof. m

With this we are in position to establish our first version of additive separability.

Lemma 4.16: Suppose that K is invariant and uniformly posterior separable. Then, given 2 <

i#£g<J-1, Tﬁ('y) is additively separable in [%} and {7(j)] 2 <j < J —1} in that

there exists A : Ry — R and B : R/~2 — R such that,

750 = A ( )+ BG@. (- 1)



Proof. We consider any four posteriors 7y, vy, 71, 75 €intAQ that satisfy the Trapezoid Condition
for states k = 1 and [ = J. We now define z1,z2,y1,y2 € X by z,,, = ¥(y,,) and y,, = ¥(n,,) for
m = 1,2. We transfer the directional derivatives to this space by defining the function 7 : X — R
by,

T(2) = T (¥ (@),

using the bijective function ¥ :intAQ) — X introduced in Lemma 4.14 above.

Note that the space X is of the cross-product form X = X4 x Xp with X4 = (0,1) and
Xp = Z772. A standard condition for such an arbitrary function f : X — R on such a space to
be additively,

f(a,b) = fi(a) + fa(b)

is that the rectangle conditions are satisfied: given aj,as € X4 and b1,b0 € Xp,
flai,b1) = f(az,b1) = f(a1,b2) — f(az,b2).
To confirm, pick arbitrary (EL, 1_)) € X4 x Xp and note that for any (a,b) € X4 x Xp,
f(a,0) = f(a,b) + f(a,b) - f (a,b),
which is of the additively separable form for fi(a) = f(a,b) — f (@,b) and f2(b) = f(a,b).
Since v1,7q, 11, and 1, satisfy the Trapezoid Condition, Lemma 4.8, states,
Tﬁ(’h) - T;g(m) = Tﬁ’(%) - Tﬁ(%)
By the definition of 7 we have,
T(21) =T () = T(x2) — T (y2)
By Lemma 4.15, z,, = ¥(~,,,) and ym, = ¥(v,,) for m = 1,2, form a rectangle:

z1(1) = x2(1) = a1 and y1(1) = y2(1) = ag;
21(j) = () and 22(j) = 12(j); for 2<j < J - 1.

Define b,, € Z7=2 for m = 1,2 by,
bn(j) =am(j+1) for2<j<J-1,
substitution yields the rectangle condition,
T(a1,b1) — T (ag,b1) =T (x1) — T (y1) = T (z2) — T (y2) = 7T (a1,b2) — 7T (a2, be).
It follows that 7 is additively separable between a € X4 = (0,1) and b € Xp = Z/~2

T(a,b) = A(a) + B(b)
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In the final step, we use ¥ to move from 7 to T. Given z = ¥(vy),

() = TO') = T(2) = A1) + BG(), 2/ - 1)
_ (1) _
= A(- 7 )+ BO@n - 1),

completing the proof. m

Strong Form Additive Separability In this section we establish a stronger form of additive
separability relying on already established symmetry and differentiability properties of the T" func-
tion.

Lemma 4.17: Suppose that K is invariant and uniformly posterior separable. If T is differentiable
at v €intAQ, then, given 1 < i # j < J there exists B : R/~2 — R such that

Toy(v) = B (7(2),7(3), -+, v(J = 2),7(J = 1)) (4.39)

Proof. We arbitrarily order states, fix states 1 and .J, and consider distinct states 2 < i # 57 < J—1.

By Lemma 4.4, if T' is differentiable at v then T{;;(7) exists. We set i = 2 and j = 3. Given the

symmetry of 7' (Lemma 4.1), this is without loss of generality.

Applying Lemma 4.16,

v(1)
(1) +(J)

By Lemma 4.4, we also know that,

Tigs)(7) = A ( ) B (1(2),1(3). (T — 27— 1)).

v(1)

7(1)+7(J)> — B (v(2),7(3), .., v(J = 2),7(J = 1)).  (4.40)

Tia3)(7) = —Tiz2)(7) = —A <

Define the mapping o : {1,..,J} — {1, .., J} that permutes elements 2 and 3:

3if k= 2;
olk)y=< 2if k=3;

k otherwise.

Defining 7° €intAQ as the correspondingly permuted posterior, v (j) = v(¢~1(j)). Lemma 4.5
then states that, since T(;;)(7) exists,

Ti23)(7) = T(32)(77)
Directly by Lemma 4.16,
Tan(7?) = A[—TL0 ) L B(19(2),47(3), " (J — 2),77(J — 1
07 = At )+ BT G = 20070 - 1)

)+ BOEE@, (0 =290 - 1) (4.41)



Since both equal T23)(7y) we know that the right-hand sides of (4.40) and (4.41) are equal,

v(1)

24 <W) = =B (4(2),7(3), - 7(J = 2),7(J = 1)) = B (4(3),7(2), ..., ¥(] = 2),7(J — 1))

(4.42)

By assumption T(32)(7) exists so that by Lemma 4.13 it also exists for all 5 such that 1(2)/n(3) =

v(2)/7(3), including all at which,

__n()

EETORETr R

takes arbitrary values while n(k) = ~(k) for all k£ # 1,J, which by construction differ from 4, j.
Hence (4.42) must hold for all p > 0. Since the right-hand side of the equation is independent of p,
A (p) is independent of p,

A(p)=AcR.

Hence we can add A to B and normalize to A(z) = 0, completing the proof. m

In the proceeding, there has been no guarantee that there is a single B that works for all pairs of
states. In the next lemma we further restrict the functional dependence of the two-sided directional
derivative, and in the process show that there exists a single function B that characterizes this
derivative.

Lemma 4.18: Suppose that K is invariant and uniformly posterior separable. Then there exists
B :(0,1) x (0,1) — R such that, given v €intAQ, and states 1 <1i # j < J,

Ty (7) = B(v(2),7(4))- (4.43)

Proof. Given arbitrarily fixed states 1 and J with J > 4, Lemma 4.17 establishes that if we
consider distinct states i = 2 and j = 3, there exists B : R/~2 — R such that

Tiz2)(v) = B (7(2),7(3), -, v(J = 2),7(J — 1))

if T is differentiable at v. If J =4, then B has only two arguments and is of the desired form,

Ti»(7) = B (7(1),7(5)) = B (7(2),7(3)) = B (7(2),7(3)) -

By the symmetry Lemma 4.5, this same function applies regardless of how we label states, com-
pleting the proof for J = 4.

T () = B(3(4),7(5))

If J > 4 we again arbitrarily fixed states 1 and J, and consider state s # ,j with 2 < s < J—1.
Hence by Lemma 4.17 and Lemma 4.5, we can transpose posteriors 1 and s without changing the
form of the function, so that,

Tiiy(v) = B(v(2), -, v(s = 1), v(1), v(s + 1), oy v(J — 2),79(J = 1)). (4.44)

Raising v(s) and reducing (/) has no effect on the right hand side of (4.44), hence no effect on
the RHS of (4.39) so that B (v(2),v(3),...,7(J —2),v(J — 1)) is independent of ~(s). Proceeding
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in this matter for all s # {7, j}, we have

Tt () = B(v(3),7(5)),

where B(v(i),v(j)) is the common value. To complete the proof, note again that by the symmetry
of T (Lemma 4.1), the same function applies regardless of how we label the states, completing the
proof. m

Note that the function B(v(i),7(j)) is pinned down only for v at which T is differentiable and
not the full domain (0,1) x (0,1). However we know that it is pinned down on a dense subset of
this space, so that it is natural to think of using a limit operation to fill out the function. The
next Lemma establishes that this can be done in an unambiguous manner, and characterizes the
one-sided directional derivative.

Lemma 4.19: There exists B : (0,1) x (0,1) — R such that, given vy €intAQ,

T=:(7) = B(y(i),7(5))- (4.45)

Proof. Where T{;;(7), exists, Lemma 4.4 shows that it is equal to Tﬁ (7). Hence the function

defined in (4.43) is of the appropriate form for all v at which T"is differentiable. What is left is to
establish that we can define B(~(i),7(j)) that equals Tﬁ(’y) on 7 at which T is not differentiable.

Consider v at which T is not differentiable, and consider any sequence {v,}>%; with v, =
v + enl(ei — ej) such that T(;;(7,) exists for all n and €, | 0. To see that such a sequence must
exist, let Y(v,4,5) = {z € R’|x(k) = (k) for all k # i,5}. Y(v,4,5) is a convex set, and
TY 49) it AQY (7,4, j) — R is the restriction of T to Y (7,4, j)NintAQ. Lemma 4.11 states that

TY (i) g almost everywhere differentiable in the relative interior of intAQY (y,14,7), and that
Y (7,4,5)
T

(i) = T(js- We can therefore select the sequence {v,,}52; from intAQY (v, 1, j).

As Tjiy(7,,) exists, Lemma 4.18 implies,

Lemma 4.10 then ensures that,

lim T (v + en(ei — €;)) = T5 (7).

n—oo Jt

We therefore define B(+) for v at which 7 is not differentiable as,

B(y) = lim B(y,(i),7,(7)) = T5 (7). (4.46)

n—oo

By construction we know that T° J—{(v) = B(7) on the full domain, and that it is of the form
B(v(i),7(j)) on « at which T is differentiable. Equation (4.46) implies that B(v) takes the form

B(~(7),v(7)) at points of non-differentiability, completing the proof of (4.45) and with it the Lemma.
[

Note that the function B : (0,1) x (0,1) — R as introduced above allows for certain jumps
at posteriors at the two sided directional derivatives fail to exist. In further characterizing the
implications of Invariance under Compression, such cases will be ruled out.
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Full Additive Separability We have now established that directional derivatives at any pos-
terior depends only on the probabilities of the two involved states. We now establish that the
corresponding function can be defined based on a fixed function of each probability alone. This is
what we refer to as full additive separability. The result is connected with a triangular pattern in
two-sided directional derivatives. If T\ ;;)(7), T(ir) (7), T(jx) (7) all exist then they are interdependent,

Ty () = Ty (0) + Triy () (4.47)

In the next lemma we show that this relationship rests only on existence of any two of these
three two-sided directional derivatives. The lemma also uses the negative inverse feature of these
directional derivatives to point to the method for identifying the appropriate form of the function
that generates the sought after representation.

Lemma 4.20 Given v €intA(), suppose that there exist three distinct indices 1 < i, 5,k < J such
that T4 () and T(4;) () both exist. Then T{;;() exists and,

Ty (7) = B(v(9),v(k)) = B(y(5), (k). (4.48)

Proof. Given Lemma 4.1, we may take ¢ = 1, j = 2 and k& = 3 without loss of generality.

Given « €intA(, define the set X, as the set of positive pairs (z1,21) that sum to something
less than the sum of v (1), v(2) and ~(3),

X = m€R2|x1,x2>0and 1+ a0 < Z ~() . (4.49)
1={1,2,3}

Define n(z) €intA(), as the vector that has x; and x5 as its first arguments and agrees with ~ for
all arguments greater than three:

I ifl = 1;
T if | = 2;
()] (1) = S Al) —a —wif 1 =3 (4.50)
1={1,2,3}

v(1) otherwise

Finally, define H : X — R by
H(z) = T(n(x)) (4.51)

Note that

Note also that, given T{3g) () exists,

T(y+e(ez—es) —T() Tn(v(1),7(2) +€) = T(n(v(1),7(2)))

T) = lin e -l 6
e HOMA@) + 0 = He(1),1(2)
e—0 €
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Hence,

T32)(7) = 7y H(1(1),7(2)) (4.52)

Analogously,

Since both partials exist, note from Rockafellar [1970] Theorem 25.1 that H is differentiable
at (7(1),7(2)) and from Theorem 25.2 that the directional derivative function H'(y(1),~v(2)|y) is
linear in direction y € R2. Hence the directional derivative in direction e; — e is the difference
between the partials,

H'((1),7(2)|er — e2) = (978(1)111(’7(1)77(2)) - aj@ﬂ(v(l)77(2)) = T3y (7) — Tiz2)(7). (4.53)

To complete the proof of (4.48), note directly from the definitions that H'(y|es — e1) is equal to
T(ji) (7),

H'(3(1),7(2)e1 —e2) = lim H(y(1) +¢7(2) _:) — H(v(1),7(2))
_ i Lt e(er —e2)) — T(v)

e—0 €

(4.54)

= Tiony(7)
Setting the right-hand sides of (4.53) and (4.54) to equality establishes that

T () = Teay (1) — Ty (7)-
In light of Lemma 4.19 this completes the proof of (4.48). m

Lemma 4.20 points the way to a possible method for expressing 7(;;)(7) in a fully additively
separable manner. Since T(;;)(y) = B(7(@),v(k)) — B(7(j),7(k)) and T(;;(7) only depends on ~(i)
and (7), it should be possible to fix v(k) and write

Tiiy(v) = B(v(9), ) — B(7(j), %)

so that T;;(7) is additively separable in (i) and v(j). The complication in establishing this form
of additive separability is that the requirement that z < 1 — (i) — 7(j) means that that no single
% works for all v €intA€). In the following, we establish additive separability on a subset of int A
and then drive the value of Z down to zero to establish additive separability on the whole of intA€.

i)

Lemma 4.21: Given € € (0,0.5), there exists z(¢) € (§, ) and a full measure set I(e) C (0,1 —¢)
such that, for any distinct states 1 < i,k < J, given v €intAQ with (k) = x(e), Tin)(7)

exists whenever (i) € I(e).

Proof. Pick distinct states 1 < i,k < J and € € (0,0.5). Let Y(k,e) = {z € R/[z(k) € (&, %)}
denote the set of vectors in R’ for which z(k) € (1,5) and focus on posteriors with (k) so
restricted,

It AQY (k,€) = {7 € intAQy (k) (g i)} (4.55)
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Per the general prescription, define the restricted function 7% *¢ :int AQY (k, €) — R, and note for
arbitrary indices 1 < j #1 < J,

Y (ke
709 () = T (),
J

given that there is suitable variation of the posterior in all directions.

By Lemma 4.11 we know that 7Y% is almost every differentiable in the relative interior of
AQY (k,€). At any point of differentiability of TV (%) we know by Lemma 4.4 that all two-sided
directional derivatives exists. Hence, we know that T;;)(v) exists for almost all v €intAQY (k;, ¢).
But we already know from Lemma 4.19 that such existence can only depend on the values (i) and
~v(k), so that existence is ensured on a full measure subset of the corresponding domain defined by:

~v(k) € ( 7> and (i) € (0,1 —y(k)).

€ €
874
Now fix z € (g, i) and define

I(z) = {y € (0,1 — x)|T(j)(7) exists when v(k) = z and (i) =y} C (0,1 — ). (4.56)

Note that the union of these sets across x € (g, i) is precisely the set of v €intAQY (k,e€)
on which T;,)(v) exists, which we know to have the same measure as the relative interior of

intAQY (k,e). This means that there exists z(e) € (§,%) such that the measure of I(z(e)) is

1—xz(e). As z(e) € (§, ), take I(e) = I(z(e)) N (1,1 —€). This completes the proof. m

We now show how to define an appropriate fully additively separable function of the form we
seek for any given € € (0,0.5).

Lemma 4.22: Given € € (0,0.5) and there exists a dense subset I(¢) C (0,1 — ¢) and a function
f€:1(e) — R such that,
Tioy(v) = f<(v(@) = F(v(5)), (4.57)

for all v €intAQ such that v(i),v(j) € I(e) and v(i) + v(j) <1 —e.

Proof. Given e € (0,0.5), fix z(e) € (§,%) and the dense subset () of (0,1 — €) so that the

conditions of the Lemma 4.21 are satisfied. Now consider intAQ(¢), the set of posteriors for which
Lemma 4.21 tells us that both Ti;;)(v) and T{j;(7y) are well-defined,

intAQ(e) = {7 € intAQJy(i),7(j) € 1(e),7(k) = z(e) },

Since both T{;1(v) and T (7) exist on intAQ(e), by Lemma 4.21,

Ty (v) = B(1(i), x(k)) — B(y(5), o(k))- (4.58)

for v €intAQ(e). We define the candidate function,

Fe(v) = B(1(i), 2(e)).

The Lemma requires one more step, which is to remove the condition that v(k) = x(e), which is
absent in the conditions of the Lemma. The key observation here is that according to Lemma 4.18,
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T{ji)(7y) depends only on (i) and v(j). Hence given 4’ such that +'(i) = (i) and +'(j) = v (4),
Ty (V) = Ty (v) = f(v(8) = f2(v(4))-

Hence the characterization applies to all v €int AQ such that (i), y(j) € I(e) and (i) +v(j) < 1—e
as required. m

Lemma 4.23: There exists f : I — R with I C (0,1) of full measure such that for all v €intAQ
with y(i),7(j) € I, T(j(7) exists and,

Tiy(v) = f(v(@) = f(v(5)) (4.59)

%)
n=1

Proof. We construct a diminishing sequence {¢(n)} > 0 with ¢(n + 1) < €(n) by setting

€(1) € (0.0.5) and thereupon successively halving,

ctnt1) =T

on n > 1. For each n, Lemma 4.21 states that there exists z(n) € (e(g), 6@) and a set I(n) C

(0, 1—¢(n)) which is dense in (0, 1—¢(n)) such that T{;;) exists whenever v(j) = z(n) and (i) € I(n).

We now show that I(n) C I(n + 1). Since I(n) is dense in (0,1 — ¢(n)) and I(n + 1) is dense
in (0,1 —€e(n+1)) and (0,1 —¢(n)) C (0,1 —€e(n+ 1)), I(n) N I(n+ 1) is not empty. Consider
y € I(n)NI(n+1) and choose n such that v(i) = y, 7(j) = x(n). That this is possible follows from
the fact that

(n)  e(n+1) e(n)

€
y+zxz(n)+zn+1l)<y+ + <y+—>"+

n
1
4 4 4 <

e(n)
8

~—

Since (i
V(k) ==

€ I(n), T;; exists, and since (i) € I(n + 1), T(3; exists. It follows from Lemma 4.20,
exists. Now consider any y € I(n), and consider 7 such that v(i) =y, v(j) = z(n), and
n+1). Since v(i) € I(n), T|;; exists, and since T;;) exists, it follows from Lemma 4.20,
exists. Hence y € I(n + 1).

—_ S

By Lemma 4.22, ~ ~
T(jiy(v) = B(y(@), 2(n)) — B(y(5), z(n))
for all v such that v(i),v(j) € I(n). Fix z € I(1), since I(n) C I(n+ 1), z € I(n). For v(i) € I(n),
define
G"(7(1)) = B(y(i),z(n)) — B(z,2(n))

It follows that

T(ji) (v) = B (v
B
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We now compare G"(y(i)) to G" 1 ((i)). Consider v(i) € I(n) C I(n+ 1),

@MW) = Bo().am+1) - Blaan+1) )
= B(y(i),z(n)) — B(z(n+1),z(n)) — B(z,z(n)) + B(z(n + 1),z(n))
= B(y(i),z(n)) — B(z,z(n))

where the second equality follows from Lemma 4.20 applied to 4 with 4(i) = z(n+1), 3(j) = z(n)
and §(k) = (i) :

Tijiy(3) = B(z(n+1),2(n)) = B(z(n+1),7()) = B(x(n),7(i) = =B(y(i), z(n+1))+ B(7(i), 2(n))
and similarly for z in place of (7).

Hence we can define a limit function f : U2 ,I(n) — R unambiguously by taking any x €
U, I(n), selecting a particular 7 such that € I(n), and defining,

f(z) = G"()
By Lemma 4.22, we know that with (), v(j) € I(n), a dense subset of (0,1 — €(n)), (4.59) holds,
Ty () = f(v(8) = f(v(4)- (4.60)

Since lim,, o €(n) = lim,,_,o €(n) = 0, note that

I

Unzql(n)

is a dense subset of (0,1), establishing the Lemma. m

Lemma 4.24: The function f : I — R defined in Lemma 4.23 for which (4.59) holds is non-
decreasing, and can be extended to a function f : (0,1) — R that is non-decreasing.

Proof. We pick arbitrary z,z +¢ € Up2,I(n) = I with € > 0 and show that f(z +¢) > f(x).
Consider v €intAQ with (i) = z and v(j) = = + ¢, by Lemma 4.23,

Tioy(v) = f(v(@) = fF(v(5)) = f(z) — f(z + ).
If we now define v' €intAQ as,
v =7+ elei —ej),
Lemma 4.23 implies that,
Tyo () = F( (@) = F(Y(5) = f(z +€) — f(2).

By the monotonicity lemma, Lemma 4.9, v = v + €(e; — ¢;) for € > 0 implies T{;;) (") > T(;5)(7),
which translates to,

flz+e)—fz) > flz) — flz+e),
which directly implies f(x + €) > f(x), completing the proof that f is non-decreasing on I.
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To complete the proof, pick z € I\(0,1). Since I C (0,1) is of full measure in (0, 1), we can
find sequence {z(n)}°>; > z with z(n + 1) < z(n) and lim,_, z(n) = x such that x(n) € I. We
define f(x) as the corresponding limit,

f(z) = lim f(z(n)

n—oo

Since we have just shown f to be non-decreasing, the limit is well-defined, and also non-decreasing.
]

We now show a connection between continuity properties of f and existence of two-sided direc-
tional derivatives.

Lemma 4.25: Given 1 €intAQ, T{ji)(n) exists if and only if f(y(i)) — f(v(j)) is continuous at 7.

Proof. Consider n €intAQ. Pick distinct states 1 < 4,5 < J and define

Y(n,i,5) = {v € R7|y(k) = n(k), k # i, j}.

Note Y'(n,1,7) is convex set. Per the general prescription, define the restricted function T° Y(n,1.5)
By Lemma 4.11 this function is differentiable almost everywhere in the relative interior of the
restricted domain intAQY (1,4, 7). Hence the directional derivative in the only relevant direction,
Y (k,
T(ji() K ('7) = T(ji) (7)7

exists almost everywhere. Hence we can find sequences approaching from 7 both corresponding
directions. We now select {e(n)}o7; > 0 with lim,, o €(n) = 0 such that given ~y,, = n+¢(n)(e;—e;),
Tjiy(vy,) exists. We select also {¢'(n)},2; < 0 with lim,, .. €'(n) = 0 such that, defining ~;, =
n+€(n)(e; —ej), Tjiy(vy,) exists.

Since T is convex we know that the one-sided directional derivatives are monotonically increas-
ing,

Jim T (Yn) < —T5;(n) < T5;(n) < lim Tij(7y,)- (4.61)

We now use Lemma 4.23 to substitute in (4.61) at all v,, and ~;, since T{;;(o) is well-defined at
these points, to arrive at,

Tin(rm) = f@@) +en) — F(n(F) — en);
Tiiiy (V) ' ' ;

I
-
—
3

o~
+

m\
N~—

|
g
—
3
<
S~—r

|

™
N~
:_/

Now suppose that f(y(i)) — f(v(4)) is continuous at 7. In this case,

lim [f(n(i) +€,) = f(n(F) — €n)] = i [f(n(i) + en) = () = en)],

n—oo n—oo

so that correspondingly,
i T () = m Ty (7,),

hence by (4.61),
—T5:(n) = T5:(n),

establishing through Lemma 4.4 that T(;;(n) exists.
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Suppose conversely that 7(;;)(n) does not exist. In this case we know by Lemma 4.4 that
Tﬁ(n) < Tﬁ(n), so that by (4.61),

lim_ T(50)(7,,) = i f(n(i)+€) = f(n() =€) < lm T (y,,) = lim f(n(i) +en) = f(0(F) = €n),

n—oo

establishing that f(v(7)) — f(v(j)) is discontinuous at 7, and completing the proof. m

Existence of Directional Derivatives

Lemma 4.26: Given 1 and given o = %, if T(xy)(n) exists then T'is differentiable for almost all

n
n
Y E I‘kl(a).

(k)
almost everywhere differentiable on the relative interior of I'y ?7(()5
differentiability, we know from Lemma 4.4 that T{;;)(v) = T(l;’;)’(a) () exists provided T'y;(«) contains
a line segment through ~ in direction (e; — e;), By definition of I'y;(c), this holds for all directions
except that defined by the pair of states ({k) whose posterior belief ratio is held fixed through the

set.

i}

Proof. Consider n €intA{ such that Ty (n) exists and set o = . Since I'yy(cv) is convex, TTr(®)

~——

by Lemma 4.11. At points of

Consider v € T'jy(a) at which T7#(®) is differentiable. As Tr1y(n) exists, Lemma 4.13 implies
that T{;,;) () also exists. Hence at all such v, we know that all 2-sided directional derivatives exist.
Following precisely the steps in Lemma 4.20, we can remove an arbitrary state k # 4,j from the
domain and construct set X as in (4.49), then define n(z) €intAQ on z € X as in (4.50) and
function H(z) on X by (4.51), whose partial derivatives are precisely the directional derivatives

Tim)(v) = Hi(y(m),(4)),

all m # k.
Since all partials of this function therefore exist, we note from Rockafellar [1970] Theorem 25.2
that H(y) is differentiable at v and that the directional derivative function H'(y|y) is linear in

direction y € R2. Re-application of Rockafellar [1970] Theorem 25.2 implies that T is differentiable
at -y, completing the proof. m

Lemma 4.27: T{;;(7) exists for all 4,7 and v cintAQ.

Proof. The proof is by contradiction. Consider a posterior n at which 7{;;)(n) does not exist. It
follows from Lemma 4.25 that f(n(i)) — f(n(j)) is discontinuous at this point:

lim f(n(0) +€) = F(n() + &) <lim f(n(i) + ) = F(n(F) +¢)

Without loss of generality, suppose that it is f(n(i)) that is discontinuous.

Since f is monotonic, f(y(j)) is continuous for almost all y(j) € (0,1 — n(z)) (Rudin [1976],
Theorem 4.30). The discontinuity of f at n(i) and the continuity of f almost everywhere else
implies that f(n(i)) — f(v(j)) is discontinuous in the direction (ji) for almost all v(j) € (0,1 —
n(i)). Hence by Lemma 4.25, T(;;(y) does not exist for almost all v such that (i) = n(i) and
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1

T(jiy(v) does not exist. But by Lemma 4.13, if T{;;(v) exists for any n € I'};, then T;;(7) exists

for all v € I'j;. Hence for almost all o € (12(;()1.),00), T{ji)(7v) does not exist for any v € I'Y;.
But {’y|’y elji(a),a e (lﬁ(ni()i),oo>} is a set of positive measure and T is differentiable almost
everywhere. This contradiction establishes the result. m

v(j) € (0,1 —n(3)). It follows that for almost all « € < ﬁg()i),oo), there exists v € I'}; such that

Lemma 4.28: T is continuously differentiable on v €intAQ and f((j)) is continuous on intAf

Proof. Lemma 4.27 establishes that the directional derivatives T(;;)(7) exist for all (ji) and all
v €intAQ. It follows from Rockafellar [1970] Theorem 25.2 that T is differentiable and from
Rockafellar [1970] Corollary 25.5.1 that T is continuously differentiable on v €intAQ. Since
Ty (v) = f(7(@)) — f(7(4)), the continuity of f follows. m

4.2.4 Invariance

We can use the arguments in Lemma 3 of Hebert and La’O (2020) to show that if the cost function
K is differentiable invariant and posterior-separable, then T),(7y) is invariant where

Kp,Q)= Y. QMT.()

Y€Esupp Q

First, given Q, pu eintgsupp Q) and {Q.},—1,.z, we define the operator. VoL AQ — AQ as
follows. Given v € AQ construct 7/ = V. () as the probability distribution that satisfies the
following two conditions:

1. For all ., v(2.) = v'(Q.)

2. For all w € Q., v'(w|Q) = pu(w|€2,)

Given vq_,, we define the invariance of 7),(7).

Definition 9 T),(v) is invariant if for all finite sets of states, Q@ C Q, all partitions of €,
{Q.} 21,2, all pairs of priors p and p' that place equal probability on each partition subset, and
all posteriors v € AQ:

Tu(7) = Tulva, ,(7))

and
Tu(va, (1) = Tw(vg, v (7))

We now have the following lemma.

Lemma 4.29: Suppose that K is invariant posterior-separable such that

K@) = > QMTu(»

y€Esupp Q
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and that 7),(v) is differentiable. Then T),(y) is invariant.

Proof. Fix a finite set of states Q C Q, a partition {Q,} of Q, a pair of priors p and p/ that place
equal probability on each partition subset, and a posterior v € Af). We wish to show that:

Tu(v) 2 Tu(vga.y,u(7) (4.62)

and
Ty, (0) = Tw g,y w (7)) (4.63)

We begin by establishing monotonicity (4.62). Suppose, for now, that u €intAQ. Consider two
information structures:

Qe(y) = ¢
Qa<u—1f€(’y—u)> = l-¢

and

QE(V{QZ},W) = ¢

A~

g
Q- <V{Qz},,ﬂ - 17_5(# - V{@},ﬂ)) = l-¢

Note that Q = V{Qz}7MQ.

At £ = 0, neither Qg and Qo involves any learning and both sets of posteriors are equal to the
prior, so that

K(Qo, 1) = K(Qo,p) =0

Since K is invariant

K(Q€7 ,u) > K(Qsa ,U)
It follows that

% K@)~ K(Qep)| _ =0
Note that
EW Qs = oo (nmS0-m)]

where the last equality follows from the observations that 7),(x) = 0 and since T),(7y) is positive, the
directional derivatives are all zero at T'(p). Similarly d% [K (1, QE)] = T (v¢a.y,u7)- Together
we have,

Ty(y) — TM(V{QZ},M’V) >0

as desired.
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If 41 € 09, then we repeat the argument with ' =supp .

Now consider (4.62). Consider u; and uy which place equal probabilities on each subset €.,

11 (€22) = pg(2;). Consider the information structures.
Qeaviay Y = €
Qe <ux - %_E(V{Qz},uz’v - V{Qz},uzﬂ)) = l-¢
for x = 1,2. Since K is invariant

K(Mla Qa,l) == K(,“’Zv QE,Q)

for all e. Hence

d A .
K, Qe) = K (12, Qe2)|_ =0

Following the above logic
d N
dig [K(Nla Q871)} e=0 = TNl (V{QZ}7M1’Y)

and

d R
di{—: [K(Mz; Q€,2>:| 0 = THQ(V{QZ},HQ’Y)
It follows that

TH1 (V{QZ},,LLI'Y) = Tﬂz (V{Qz},,u27)

as required. m

4.2.5 A Bregman divergence

There is a relationship between posterior-separable attention costs functions and divergences. A
divergence is a weak notion of the distance between probability distributions. Given an arbitrary
state space S, a divergence D(p||q) is a function from intASxintAS to R satisfying D(p||q) > 0
and D(q||lq) = 0. As T),(v) > 0 and T),(p), T),(7y) defines a divergence on supp f.

Fix Q and consider p €intAQ. Let Dp(v||p) map intAQxintAQ into R be defined as follows.
Given p,y € Aint{)

Dp(llp) = Tu(v) = Ta(v) — To(p) + VIg(p) - (v — p)

Note that at this point we may apply Lemma 4.28 and assume that T is differentiable so that
VTga(w) is the gradient vector. Dp(vy||un) is a Bregman divergence. Since Dp(vy||u) is an invariant
and differentiable Bregman divergence. The result of Jiao, et al. [2014] implies that Dp(y||p) is
the Kullback-Leibler divergence.?

*In the working paper Caplin, Dean and Leahy [2017], we present an alternative proof that the Shannon cost
function is the only posterior-separable cost function that satisfies the two Axioms, Locally Invariant Posteriors and
Invariance under Compression.
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4.2.6 A single cost function

To this point we have fixed the state space {2 and shown that for decision problems (u, A) with
supp p = €, the cost function is the expected Kullback-Leibler divergence with a parameter k that
may depend on 2. We complete the proof by by showing that x is independent of €.

First, note that the Symmetric Cost Lemma (Lemma 3.2) implies that the cost function has the

same form for all state spaces with equal cardinality, so that x is equalized for all Q with cardinality
J.

Now consider Q1 and Qo with Qs = Q; Uw. If Q; has cardinality J, then Qs has cardinality
J + 1. Suppose J > 2. Consider an arbitrary decision problem (u,, A) such that supp p; = Q.
Suppose that for all wi,ws € Q1, the payoff profiles A(w1) # A(wz). So that (i, A) is a basic form
of itself, (uuy, A) € B(uq, A). Suppose further that there exists w’ € Qp such that A(0) = A(w') and
o (@) 4 po(w') = py(w') so that (ug, A) is a basic form of (uy, A4), (uy, A) € B(ug, A).

Since K is invariant, the data generated by K satisfies Invariance under Compression.

~ Consider (Q1,q1) € A(pq, A). Invariance under Compression implies the existence of (Q2,¢2) €
A(pg, A) such that Pig, g(u,,4)(@lw) = PQ,,qu,4)(alw) for all w € Qp where Pg, 4|u,,4)(alw) is
the state dependent stochastic choice data generated by the policy (Q1,¢1) in the problem (uq, A).
As py(w) = py(w) for all w € Qp\w’, Bayes rule implies

) =T (Q“"l'“lﬁg;‘)“w)“l(“) - P<Q2"’2'“3;“gfl‘)“w)“2(“) — 15(w) (4.6

for all w € Q1\w’ where 7% is the posterior such that qi(aly) > 0 and 7% is the posterior such that
g2(aly) > 0. Note that since J > 2, Q;\w’ is not empty.

Proposition 2 in Caplin, Dean and Leahy [2019] shows that if P, ¢,|u,,4)(@) > 0and Pq, 4,|u,,4)(b) >

0, then
exp(a)/s’) _ %)
exp(b(w)/k7) 2} (w)

for all w € Q. Here s’ is the parameter associated with decision problems of cardinality J.
Similarly,

(4.65)

exp(a(w)/r"*h) _ y5(w)
exp(B(a)/77T) 24 o0
for all w € Qs.
Combining (4.64), (4.65), and (4.66) yields:
exp(a(w)/w”) _ explafw)/s"+1) e

exp(b(w)/k”t)  exp(b(w)/r'H)

for all w € Q1\w’. As the original decision problem (u,, A) was arbitrary, this equation holds for
arbitrary a(w) and b(w) and, in particular, for a(w) # b(w). Rearrainging, (4.67) when a(w) # b(w),

yields:
HJl — K,J+1

Hence k is equal for all decision problems with cardinality J > 2. This completes the proof.
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