
Topics in Lattice Field Theory

Michael G. Endres

A dissertation submitted in partial ful�llment
of the requirements for the degree of

Doctor of Philosophy

University of Washington

2007

Program Authorized to O�er Degree: Physics





University of Washington

Abstract

Topics in Lattice Field Theory

Michael G. Endres

Chair of the Supervisory Committee:

Lattice �eld theoretical methods have provided a reliable framework for the nonpertur-

bative study of strongly coupled quantum �eld theories through the use of powerful Monte

Carlo techniques. While advances in computing technology and numerical algorithms have

led to a vastly improved qualitative and quantitative under standing of a variety of theories

in the nonperturbative regime, theoretical as well as practical obstacles remain. This thesis

addresses two particular and somewhat unrelated problems within this �eld of study, namely,

the construction of supersymmetric Yang-Mills lattice actions with interacting matter �elds,

and a solution to the boson \sign problem" at �nite number den sity.

Only recently has a lattice formulation of pure supersymmetric Yang-Mills theories been

successfully constructed without the need for �ne-tuning of operators. These theories may

be derived via the \orbifold projection" technique and have been shown to possess at least

one unbroken supercharge on the lattice. In the �rst portion of this thesis, we extend this

construction by introducing adjoint and bifundamental mat ter �elds. We show that, in

the case of (2; 2) supersymmetric gauge theories, the introduction of matter �elds and a

superpotential necessitates a minimal degree of �ne-tuning beyond that of the pure gauge

theory.

The second portion of this thesis addresses the sign problem{a de�ciency in modern

algorithms which prohibit the e�cient numerical simulatio n of some quantum �eld theories

at �nite number density. A new path integral representation is introduced for bosonic �eld

theories at �nite density which is free of this di�culty. Com bined with appropriate numerical





algorithms, the representation provides an e�cient altern ative to conventional path integral

Monte Carlo methods. We demonstrate the utility of these ideas by performing numerical

studies ofj� j4 theory in three space-time dimensions and at �nite temperature and density.
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Chapter 1

INTRODUCTION

1.1 Overview

Quantum �eld theory (QFT) may be regarded as the most successful mathematical formal-

ism for describing the known fundamental and force mediating particles, as well as their

interactions in Nature.1 The success of this construct, which consistently uni�es the theories

of quantum mechanics and Einstein's theory of special relativity, has become undeniably

evident since the conception of the Standard Model, anSU(3) � SU(2) � U(1) gauge theory

which describes the strong, weak and electromagnetic interactions between the quarks and

leptons.

Perhaps one of the most striking features of QFTs is the observation that coupling

constants, which characterize the strength of interactions between particles, may vary with

the energy scale at which a particular physical process occurs{an e�ect known colloquially

as \running of couplings". As one might expect, running couplings have direct physical

implications and their a�ects may be, and in the case of the Standard Model have been,

well tested experimentally. The scale dependence of coupling constants may exhibit a variety

of behaviors depending on the speci�c renormalization group properties of the theory, and

in particular, marginal operators (i.e. operators with engineering dimension equal to the

number of space-time dimensions) may either become relevant or irrelevant as a result of

quantum e�ects. In general, the contributing factors which determine the scaling behavior

of couplings include particle content as well as gauge and global symmetries of the theory

under consideration.

In quantum electrodynamics, a component of the weak sector of the Standard Model,

1Gravitational interactions are perhaps the only known exce ption to date.
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the strength of interactions decrease at long distance scales and as a consequence, pertur-

bative analysis of the theory is considered quite reliable at energies below the weak scale,

� weak � 1 TeV. One of the hallmark features of non-Abelian gauge theories, on the other

hand, is the peculiar possibility known as \asymptotic freedom". In these theories, the

strength of particle interactions may become weaker at short distance scales. Quantum

chromodynamics (QCD), the theory of the strong interactions, exhibits such behavior and

as a result, perturbative analysis of QCD processes remainsreliable only at asymptotically

large energy scales, where the relevant physical degrees offreedom are weakly interacting

quarks and gluons. In addition to asymptotic freedom, QCD possesses a complimentary

feature known as \infrared (IR) slavery", for which the con� nement of quarks below the

con�nement scale � QCD � 1 GeV may be attributed. At energies comparable to and below

the con�nement scale, the strong coupling becomes of order unity and one must resort to

nonperturbative techniques in order to fully understand the hadronic properties of QCD

from �rst principles.

While the success and predictive power of the Standard Modelin the perturbative regime

is striking to say the least, a nonperturbative regulator is essential for fully testing the limits

of this model.

Going beyond the Standard Model, supersymmetric gauge theories have played a promi-

nent role in a variety of phenomenological pursuits, including, most notably, attempts to

resolve the \hierarchy problem". Supersymmetric QFTs possess a one-to-one correspon-

dence between the bosonic and fermionic excited states of the theory which lead naturally

to light scalar �elds, thus reducing the degree of �ne-tuning in the weak sector of the mini-

mally supersymmetric version of the Standard Model as well as its variants. In addition to

phenomenological applications, however, supersymmetricgauge theories are of signi�cant

interest for their perceived connections to gravity and string theory in the limit of large

gauge groups. Until recently, only perturbative regulators for supersymmetric theories were

known to exist (that is, regulators that preserve supersymmetry), yet even so, signi�cant

knowledge of the nonperturbative regime has been ascertained as a result of the highly

restrictive nature of the symmetries involved. A nonperturbative regulator could provide

valuable new insights into the rich structure of supersymmetric theories as well as test
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current beliefs about the theories at strong coupling.

In recent years, the utility of QFTs have extended well beyond the realm of fundamental

particle physics; the broad applicability of the formalism to such diverse �elds as nuclear

and condensed matter theory may largely be attributed to thedevelopment and acceptance

of modern ideas pertaining to e�ective �eld theories (EFTs) . Stated succinctly, an EFT is a

perturbative expansion not in couplings, but rather the dimensionless ratio of two or more

well separated energy scales in the problem. The basic underlying assumptions behind the

construction and use of EFTs are that (i) well separated energy scales actually exist in the

problem, (ii) the relevant degrees of freedom have been properly identi�ed, and (iii) the

symmetries of the underlying theory are known.

One may de�ne an e�ective theory as an expansion in operatorswhich are consistent with

the symmetries of the underlying theory, starting at lowest order in engineering dimension.

While these theories are generally non-renormalizable, the predictive power of EFTs lie

in the fact that irrelevant operators are suppressed by powers of some large energy scale,

allowing for a consistent power counting scheme. EFTs o�er adi�erent avenue for studying

asymptotically free theories in the low energy regime and have proved to be an extremely

valuable tool for understanding the low lying hadronic properties of QCD. Unfortunately,

this powerful approach comes at a cost, namely the need to determine a potentially large

number of unknown coe�cients either though �ts to data from e xperiment, or by matching

coe�cients to an underlying theory perturbatively (provid ed that perturbative methods are

reliable) or via numerical simulations (when perturbative methods fail).

Unfortunately, the use of perturbation theory{whether it i nvolves an expansion in di-

mensionless couplings, ratios of widely separated energy scales, or even 1=N, where N may

represent the number of colors or 
avors in the theory{is all too often limited to an unphys-

ical regime of parameter space or simply outside the regime of physical interest, leaving one

in a rather challenging situation. To date, the only known gauge invariant, nonperturbative

regulator for QFTs is lattice regularization, �rst propose d by Wilson [2] in 1974. In the

lattice formulation of QFTs, the continuous space-time on which the quantum theory is

de�ned is represented by a discrete collection of points, often organized into a crystalline

pattern. It should be of no surprise that a drastic alteration to the continuum theory
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such as this may generally lead to noticeable undesirable e�ects on observable quantities

at �nite lattice spacing{after all, the translational and r otation properties of a crystal are

far from that of the world in which we live. Yet, one may hope that the e�ects of this

approximation may be controlled in some manner{and eventually become unnoticeable{as

the spacing between lattice points is removed. Under the presumption that this is indeed

the case, the advantages of the lattice formulation of QFTs are two-fold: �rst, the lattice

provides a rigorous de�nition of the theory at the nonpertur bative level, and second, the

formulation provides an ideal starting point for numerical investigation of the theory. Fur-

thermore, lattice regularized theories and lattice gauge theories in particular, are ideally

suited for strong coupling studies, which may be performed analytically through the use of

either strong coupling or character expansions.2

While this nonperturbative tool has advanced theorist's understanding of QCD, as well

as a variety of interesting condensed matter systems, the lattice is accompanied with de-

�ciencies of its own. In this thesis, we explore two particular theoretical and practical

challenges associated with the lattice approach to QFT, focusing speci�cally on the lattice

construction of supersymmetric Yang-Mills (SYM) theories, and developing a solution to

the boson \sign problem" at �nite chemical potential. Befor e delving into these topics in

greater detail, we shall �rst review some of the basic aspects of lattice regularization which

will prove relevant throughout this thesis. A comprehensive review of the subject matter

may be found in [3, 4, 5].

1.2 Lattice Field Theory

1.2.1 Formalism

A lattice theory may be de�ned in either the Hamiltonian (i.e . operator) formalism or using

the language of Euclidean space path integrals. Throughoutthis thesis, we shall consider the

latter option, which is the more appropriate formalism for performing numerical simulations.

2 It is important to note that on the lattice, strong bare coupl ing does not correspond to the strongly
coupled regime of asymptotically free theories in the conti nuum limit. To approach this regime, one
must take the bare coupling toward a critical point which pre sumably exists in the regime of weak bare
couplings.
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a

L

Figure 1.1: Two-dimensional hypercubic lattice of linear extent L and lattice constant a.

The lattice theory is often de�ned on a hypercubic lattice, as shown in Fig. 1.1, with a lattice

spacing a (which acts as an ultraviolet (UV) cuto�), linear length L (which acts as an IR

cuto�), and sites labeled by a set of integers n.3 Following the prescription of Wilson

[2], matter �elds may be associated with the sites of the lattice and gauge �elds may be

associated with the links, as shown in Fig. 1.2. These objects serve as the fundamental

building blocks for constructing gauge invariant lattice actions, which generally involve

composite operators formed by products of the �eld variables. The naive lattice action

may then be constructed by appropriately replacing the continuum action by some discrete

approximation. This is usually achieved by replacing space-time integrals by Riemann sums,

and space-time derivatives by �nite di�erences. Parallel transporters (i.e. Wilson lines) may

then be introduced between nearest neighbor interactions in order to preserve the gauge

invariance of the lattice action. The continuum limit at the classical level may be achieved

by Taylor expanding the Lagrangian in powers of the lattice constant and subsequently

3Throughout this thesis, we work in either d space-time dimensions, with lattice sites labeled by n =
(n1 ; : : : ; nd ) or d + 1 space-time dimensions, with lattice sites labeled by n = ( n0 ; : : : ; nd ). The former
convention will be used primarily in Chapter 2 and the latter in Chapter 3.
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a

F

y

A

Figure 1.2: Common placement of �eld variables within the unit cell of a three-dimensional
hypercubic lattice. Matter �elds (  ) are often associated with sites, gauge �elds (A) may
be associated with links, and composite objects like the �eld strength tensor (F ) may be
associated with plaquettes. As discussed inx1.3.1, more exotic lattices may be constructed;
on these lattices, matter �elds are no longer exclusively site variables.

taking the a ! 0 limit. 4

Note that the standard placement of �eld variables described in Fig. 1.2 are no more than

a convenient choice which allows one to easily establish a connection with the continuum

theory by naive expansion of the action in powers of the lattice spacing. Inx1.3.1, we shall

encounter more exotic two-dimensional lattices with matter �elds located on sites, links as

well as plaquettes.

In order for the lattice theory to reasonably approximate the continuum \target" theory

at in�nite volume, certain conditions on the lattice parame ters must be satis�ed. Speci�-

cally, the lattice spacing a should ideally be much smaller than the typical physical length

scales in the problem, and correspondingly, the box sizeL should be much larger than the

typical physical scales. The former may be achieved by tuning the bare parameters of the

lattice theory toward some critical value (assuming a critical point exists in the lattice the-

4Note that this procedure is equivalent to dropping all irrel evant operators (i.e. operators with engineering
dimension greater than d) after expanding the Lagrangian in powers of the lattice con stant.
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ory). At criticality and at in�nite volume, the correlation length � � (mphysa)� 1 diverges,

where mphys is the energy gap between the ground and �rst excited state, and thus the

typical physical mass scales will satisfy the relationmphys � a� 1. The latter condition may

be achieved by noting that at �nite volume, the correlation l ength is actually limited by the

linear extent of the lattice. One therefore must satisfy theadditional condition � � L=a as

the limit L=a ! 1 is approached; this condition may be satis�ed by tuning the bare param-

eters slightly away from the approximate in�nite volume loc ation of the critical point. As a

practical point, in cases such as lattice QCD, neither the continuum nor the in�nite volume

limits may be fully achieved in numerical simulations as a result of limited computational

resources. One may improve the situation, however, with theuse of improved actions and

by accounting for �nite volume and lattice spacing artifact s with the use of EFTs, �nite

scaling analysis or extrapolation, depending on the speci�c goals of the calculation.

While a lattice theory may easily be de�ned in such a way as to yield the correct classical

continuum limit, subtleties arise once quantum e�ects are taken into account. The main

di�culty here lies in the fact that the lattice theory genera lly exhibits less symmetry than

the desired continuum limit. Radiative corrections need only respect the symmetries of the

underlying lattice theory and may therefore violate symmetries of the target theory after the

continuum limit has been achieved. Additional counterterms must therefore be added to the

bare Lagrangian and the coe�cients tuned precisely to cancel o� these undesirable radiative

e�ects. In principle, there is no di�culty with such a proced ure, but such �ne-tunings are

a major practical challenge and should be avoided whenever possible.

If one is clever, enough symmetry may be incorporated into the lattice action such that

the full symmetry group of the target theory emergesaccidentally in the continuum, without

the need for �ne-tuning. To illustrate this point, consider a lattice formulation of massless

QCD in d (even) space-time dimensions. In the absence of gauge �elds, the \naive" Dirac

lattice action is given by

Snaive =
X

n �

 n 
 � (r �  )n ; (1.1)

where (r �  )n =  n+ e� �  n � e� , and the spinor components of and  are associated

with sites of the lattice, as shown in Fig. 1.3. It is well known that the naive discretization
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given by Eq. (1.1) describes 2d physical degrees of freedom; the additional 2d � 1 unwanted

degrees of freedom appearing in this formulation are known as \doublers" and they arise

from additional poles in the lattice propagator, which are located at the corners of the

Brillouin Zone (BZ).

In the Wilson formulation of lattice fermions [6], one may remove the fermion doublers

from the theory by adding the operator

�S W ilson = �
r
2

X

n

 n (�  )n (1.2)

to the naive fermion discretization, where (�  )n =
P

� (2 n �  n+ e� �  n � e� ) is the lattice

Laplacian and r is the Wilson parameter, which is often set to unity. By intro ducing the

Wilson term, fermion doublers receive masses on the order ofthe cuto�, thereby lifting the

2d-fold degeneracy of the spectrum. Notice that the Wilson term corresponds to an irrelevant

operator and therefore vanishes in the classical continuumlimit. However, the Wilson term

explicitly violates chiral symmetry of the underlying latt ice theory and therefore at the

quantum level one may expect an additive renormalization ofthe fermion mass term. One

therefore should not be surprised to �nd that the target theory violates chiral symmetry{

even at vanishing bare mass{as a result of the chiral symmetry breaking Wilson term. To

restore chiral symmetry in the continuum limit, the bare mass must instead be �nely tuned

to some critical, nonzero value which depends on the Wilson parameter, as well as the cuto�

1=a.5

An alternative discretization may be employed in order to reduce the number of fermion

degrees of freedom, but which exhibits better chiral properties than Wilson fermions. This

fermion construction is known as \Kogut-Susskind" [7, 8] or \staggered" fermions. By spin-

diagonalizing the naive discretization for lattice fermions, one arrives at a lattice theory

which describes 2d=2 noninteracting 
avors of Dirac fermions, each of which comein 2d=2

additional \tastes". The U(2d=2) taste symmetry is violated on the lattice by gauge inter-

actions, but the 
avor symmetry remains exact. One may reduce the number of fermions

by eliminating the extra 
avors from the action, yielding a t heory which describes only the

2d=2 Dirac fermion tastes. Provided that the taste symmetry is restored in the continuum

5Note that as a ! 0, however, the critical value of the mass parameter also approaches zero.
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l 1 l 2 l 1 l 2

a

a
1

l 1

l 2

l 2

1x

1x2x

2x

l

Figure 1.3: Placement of Wilson (left) and staggered (right) fermion spinor components
within the unit cell of a two-dimensional lattice. In the con tinuum, the components form the
Dirac �elds  T = ( � 1; � 2) and  = ( � 1; � 2). Note that the staggered formulation describes
two \tastes"; the components of the second taste are labeledby � . In each formulation,
gauge �elds may be associated with links within the unit cell.

limit, the target theory will describe 2 d=2 degenerate fermions. The resulting lattice action

for free staggered fermions takes the form

Sstaggered =
X

n �

� n �  n (r �  )n ; (1.3)

where and  are one-component spinors. In this formulation, the gamma matrix structure

of the continuum is encoded in the space-time dependent phase � n � � (� 1)
P � � 1

� n � .

The name \staggered fermions" arises from the fact that various spinor components

of the Dirac �eld are distributed within a hypercube with lin ear extent 2a, as shown in

Fig. 1.3. The continuum target theory exhibits a U(2d=2) � U(2d=2) chiral symmetry, but as

previously noted, on the lattice this symmetry is broken. Unlike Wilson fermions, however,

staggered fermions exhibit an exactU(1)� � U(1)B
6 symmetry which is a subgroup of the

U(2d=2) � U(2d=2) chiral symmetry group of the continuum theory. One can showthat the

6U(1)B is the usual baryon number symmetry possessed by both Wilson and staggered fermions and
corresponds to a phase rotations  n ! ei�  n and  n ! e� i�  n . The U(1) � symmetry is unique to the
massless staggered fermion formulation, and corresponds to  n ! ei�� n  n and  n ! ei�� n  n , where
� n � (� 1)

P
� n � is either � 1, depending on whether n is an even or odd site.
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U(1)� � U(1)B symmetry, along with crystal and gauge symmetries, is su�cient to forbid all

chiral symmetry violating, relevant and marginal operators from arising in the continuum

limit{including most importantly, a fermion mass term. Thu s, in the staggered formulation,

chiral symmetry is restored accidentally without the need for �ne-tuning of operators.

As we shall see, the notion of accidental symmetry restoration plays a crucial role in the

construction of supersymmetric lattice theories. The issue will be further pursued in the

following section, where we introduce two variants of the staggered fermion action known

as \reduced staggered" [9, 10] and Dirac-K•ahler fermions [11, 12].

1.2.2 Numerical Simulation

We now brie
y turn toward reviewing the process of performing numerical simulations. In

principle, information about the spectrum of the theory as well as thermodynamic properties

may be extracted from various expectation values of physical observables. The objective is

to e�ectively solve the theory by numerically evaluating th e path integral

hO(�) i =
1
Z

Z
[d�] O(�) e� S[�] ; (1.4)

where

Z =
Z

[d�] e� S[�] ; (1.5)

and � collectively represents all bosonic and fermionic degrees of freedom. Exact numerical

evaluation of the bosonic portion of such integrals (using,for example, the trapezoid method)

is not a viable option, due to the high dimensionality of phase space. Instead, one must

resort to approximate methods such as Monte Carlo integration to compute the path integral

to some desired accuracy, which is often determined by the availability of computational

resources as well as time constraints. If the integrande� S[�] is positive de�nite, then one

may interpret this quantity as a probability weight for obta ining the �eld con�guration

�. The task is to generate an ensemble of �eld con�gurations � which are distributed by

the weight e� S[�] , and from which one may approximate the expectation value given by

Eq. (1.4) above. The entire process of such simulations may be summarized as follows:
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1. Analytically reduce all fermion interactions to bilinear form via Hubbard-Stratonovich

transformations, then integrate out the fermion degrees offreedom.

2. Perform Monte Carlo simulations using the resulting e�ective action and store gener-

ated con�gurations for later use.

3. Compute expectation values by averaging observables over the ensemble of stored

con�gurations.

The implementation of these steps is a more or less straight forward task, but when the

e�ective action is complex, the method outlined above becomes inadequate and alternative

approaches are required. This will be the topic under investigation in Chapter 3.

1.3 Theoretical and Practical Challenges

1.3.1 Supersymmetry on the Lattice

The lattice formulation of QFTs has provided an extremely reliable framework for perform-

ing nonperturbative studies numerically. While the steps involved in de�ning and simulating

these theories have been well established, a variety of di�culties remain to be resolved. On

the theoretical front, the very existence of a lattice regulator for certain kinds of theories has

remained elusive{such is the case for chiral gauge theoriesand until recently supersymmetric

gauge theories. In this thesis, we shall focus on aspects of the latter.

In recent years, vigorous e�orts have led to a variety of supersymmetric lattice formula-

tions of pure Yang-Mills theories. The �rst successful attempts to latticize supersymmetric

gauge theories without the need for �ne-tuning where inspired by deconstruction [13], and

a systematic approach to their construction was developed known as the \orbifold projec-

tion" technique [1, 14, 15, 16]. In this section, we review some of the di�culties encountered

in the general construction of supersymmetric lattice theories and explore the relationship

between these issues and the overall structure of the orbifold lattices. In Chapter 2, we

go on to extend the lattice theory for (2; 2) pure SYM by including matter �elds and a

superpotential.
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The primary di�culty in formulating a supersymmetric latti ce theory stems from the

fact that supersymmetry is an extension of the Poincare group. An inherent property of

supersymmetry is the observation that the commutator of two in�nitesimal supersymme-

try transformations may induce an in�nitesimal space-time translation. This follows as

a consequence of the supersymmetry algebra (anti-)commutation relations, which in four

space-time dimensions may be summarized schematically by

f Q; Qg � P ; f Q; Qg = 0 ; [P; Q] = 0 ; (1.6)

whereP is the generator of space-time translations andQ, and Q are supersymmetry gener-

ators (i.e. generators of \superspace" translations). On the lattice, space-time translations

are discrete rather than continuous symmetries; it is therefore di�cult to imagine how a

lattice theory might preserve supersymmetry in light of these seemingly contradictory ob-

servations.

It may be tempting to consider a naive lattice construction of supersymmetric gauge

theories by simply discretizing the continuum action as described in x1.2. Such construc-

tions would likely break all of the supersymmetry generators explicitly, and yet may yield

the correct supersymmetric continuum limit at the classical level. Unfortunately, quantum

e�ects inevitably spoil the supersymmetry of the target theory at the quantum level, neces-

sitating substantial �ne-tuning of operators. The situati on becomes especially acute when

scalar �elds are present (e.g. supersymmetric gauge theories with matter �elds and extended

supersymmetric gauge theories) since supersymmetry breaking scalar mass terms may arise

radiatively. Only shift symmetry and supersymmetry itself {realized on the lattice{may

forbid such scalar mass terms from arising radiatively.

As with rotational and chiral symmetries of massless QCD, the key to avoiding these

di�culties is to �nd a lattice construction which preserves a su�ciently large subgroup

of the full symmetry group of the target theory. In the case of supersymmetric theories,

one might hope to construct a lattice which leaves at least one supersymmetry generator

unbroken.7 As was shown in [1, 14, 15, 16], such theories may in fact be constructed by

7Note that unlike rotational and chiral symmetries, there ex ists no discrete subgroup of supersymmetry.
If any subgroup of supersymmetry is to be preserved on the lattice, it must be generated by a sub-algebra
of the full supersymmetry algebra.
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using the orbifold projection technique, and the small amount of supersymmetry as well

as other symmetries retained on the lattice conspire to forbid a majority of the possible

relevant and marginal supersymmetry breaking operators from arising radiatively. We refer

the reader to these references for a detailed account of the orbifold projection method and

the naturally supersymmetric lattices which may result from this approach.

In the remainder of this section, we shall explore some of thegeneric features of su-

persymmetric orbifold lattices which may best be illustrated by specializing to a speci�c

supersymmetric target theory, namely pure (2; 2) gauge theory. The �eld content of (2; 2)

SYM consist of one Dirac fermion, one complex scalar, one vector and one real auxil-

iary (i.e. non-dynamical) scalar �eld, all of which transfo rm as adjoints under the gauge

group. In addition to supersymmetry, the continuum theory exhibits an R-symmetry group

GR = SO(2) � U(1), which as we shall see, plays an important role in the placement of

these �eld variables on the lattice.

The structure of the fermion degrees of freedom play a central role in resolving the ap-

parent inconsistencies which have obstructed the construction of supersymmetric lattices

in the past. It in well known that in an even number of space-time dimensions, one can-

not discretize the Dirac action without either (i) explicit ly breaking chiral symmetry{as is

the case with Wilson fermions{or (ii) introducing addition al degrees of freedom{as is the

case with naive and staggered fermions [17, 18]. Supersymmetric gauge theories such as

(2; 2) SYM possess chiral symmetries which would be spoiled by the Wilson formulation

of lattice fermions, suggesting that perhaps staggered fermions might be the better option

for constructing supersymmetric lattices. On the other hand, a supersymmetric lattice

theory should exhibit a single fermionic degree of freedom for each bosonic degree of free-

dom, and yet the staggered action exhibits 2d=2 � 1 additional tastes. It would therefore

seem as though in fact neither fermion discretization possesses the desired properties for

constructing a naturally supersymmetric lattice theory.8

In the orbifold approach, one arrives at a sort of compromise: a staggered form of lattice

8Domain-wall fermions [19, 20] o�er an interesting alternat ive to Wilson and staggered fermions, and
have been successfully employed in the construction ofN = 1 pure SYM in four space-time dimensions
[21].
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fermions are employed, which exhibit better chiral properties than Wilson fermions, and

the additional doubler or taste degrees of freedom associated with the discretization play an

important role as physical degrees of freedom in the target theory. Since there exists a one-

to-one correspondence between the number of supercharges and the number of fermionic

degrees of freedom in pure SYM, the presence of fermion doublers have a direct impact

on the types of supersymmetric gauge theories which may be latticized within the orbifold

methodology. A variant of staggered fermions, known as \reduced staggered" fermions9

possess a factor of two fewer fermion doublers (2d=2� 1 � 1 in d space-time dimensions, to be

precise). One may therefore expect that the minimal amount of supersymmetry exhibited

in the Lorentz invariant, supersymmetric target theory obt ained from this discretization is

Q = 2 d real supercharges. Applying this counting argument to two space-time dimensions,

the reduced staggered fermion discretization describes precisely one Dirac fermion in the

continuum limit and therefore one may expect that the minimally supersymmetric gauge

theory described by the orbifold approach in two space-timedimensions is (2; 2) SYM with

Q = 4 real supercharges.

Even with the above considerations, however, it may still seem di�cult to imagine how

a subset of the supersymmetry algebra might be preserved on the lattice, given the very

distinct manner in which scalars, fermions and gauge �elds transform under the crystal

symmetries of the lattice. Since fermions and bosons appearin multiplets under super-

symmetry, it would seem as though these degrees of freedom should transform similarly

under the crystal symmetries of the lattice. On conventional lattices, however, scalar �elds

are located at sites and therefore transform trivially under the point group symmetry of

the lattice, whereas the gauge �elds may be associated with links and, as a result, trans-

form nontrivially. The transformation properties of fermi ons, on the other hand, appear to

depend highly on the speci�c choice of discretization.

The key observation which places fermionic and bosonic �elds on equal footing on the

9The free reduced staggered lattice action may be obtained from Eq. (1.3) by imposing the \Majorana
condition"  =  on the one-component spinor. Note that this condition break s the U(1)B symmetry of
the staggered action, however, aZ2 subgroup of U(2d= 2� 1 ) � U(2d= 2� 1) � parity may still forbid a fermion
mass term from arising radiatively in this discretization. The placement of reduced staggered fermion
spinor components on the lattice is shown in Fig. 1.4.
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Figure 1.4: Placement of reduced staggered (left) and Dirac-K•ahler (right) fermion spinor
components within the unit cell of a two-dimensional lattice. In each case, site variables
transform as adjoints under the local symmetry, whereas links (and body diagonal) trans-
form as bifundamentals; gauge �elds may be associated with links within the unit cell.

orbifold lattice is the fact that the point group symmetry of the lattice is not a discrete sub-

group of Lorentz symmetry, but rather that of the diagonal subgroup of SO(2)Lorentz � GR

[22]. Under the Lorentz group, fermions transform as spinors, but under the diagonal sub-

group of SO(2)Lorentz � GR they transform as tensors and may naturally be associated with

p-cells (i.e. sites, links, plaquettes, etc.) of the hypercubic lattice. The scalars and gauge

bosons, on the other hand, transform as (1; 2)0 � (2; 1)0 under Lorentz and R-symmetries;

under the diagonal subgroup, these �elds transform as 20, and may naturally be associated

with the links of the lattice. Interestingly, the correct co ntinuum transformation properties

of the scalars and fermion under Lorentz and R-symmetries are encoded in the lattice action

and somehow emerge in the continuum limit. Perhaps most surprisingly, the scalar �elds

which transform nontrivially under the lattice symmetries , transform trivially under the

continuum Lorentz group (although nontrivially under 
avo r symmetry).

From the above considerations, it should be evident that the fermions appearing in

orbifold lattice action are of the Dirac-K•ahler type{a var iation on the reduced staggered
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discretization in which the fermion doublers appear explicitly in the action 10. In two space-

time dimensions, the components of the Dirac spinors be may be packaged into aspin �

f lavor matrix using the complete set of 2� 2 Hermitian matrices f 1; 
 � ; 
 5g,11 which are

in one-to-one correspondence with the sites, links and plaquettes of the unit cell, as shown

in Fig. 1.4. The speci�c form of this matrix is given by

! = � 2 + 
 � � � � i
 5� 1 ; (1.7)

and the associated continuum form of the Dirac-K•ahler action is

SDirac-K•ahler = Tr ! c
 � @� ! ; (1.8)

where ! c = ( C
 5)� 1! T (C
 5), and C is the charge conjugation matrix.12 Due to the geo-

metric nature of these fermions, a simple prescription exists for latticizing the Dirac-K•ahler

action without introducing doublers; a review of this procedure may be found in [11] for

the case when gauge interactions are absent.

In Fig. 1.4, the placement of fermion components in the reduced staggered and Dirac-

K•ahler formalism appears to be same. The primary di�erences in the two formalisms,

however, are (i) the crystal symmetries of the action; in theformer the point group symmetry

is hypercubic whereas in the latter it is Z2 re
ections across the body diagonal, and (ii) the

way in which fermion components transform under gauge transformation; in the former, the

fermions transform as sites (i.e. adjoints) while in the latter, components may transform as

either sites or links (i.e. bifundamental) under neighboring local symmetries.

In Chapter 2, we extend the lattice formulation of pure (2; 2) gauge theory to include

matter �elds interacting via a superpotential. The publish ed version of this chapter may be

found in [23].

10 The relationship between reduced staggered and Dirac-K•ah ler fermions may be seen explicitly in the
case of free fermions by rewriting the staggered action in terms of a course lattice, with lattice constant
equal to 2a.

11 Throughout this thesis, we work in the basis: 
 1 = � 3 , 
 2 = � 1 and 
 5 = � 2 , where 
 5 is the chirality
operator. The left- and right-handed projection operators are de�ned as PR = (1 + 
 5)=2 and PL =
(1 � 
 5)=2.

12 The charge conjugation matrix C satis�es the following properties: Cy 
 � C = � 
 T
� , CT = � C, and

Cy = C = C � 1 . In two space-time dimensions, it follows that Cy 
 5C = 
 T
5 .
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1.3.2 The \Sign Problem"

As we have seen, a sensible formulation of the lattice actionis an essential prerequisite

for any nonperturbative analysis of the quantum theory. Unfortunately, even when such a

formulation exists, practical di�culties may often preven t e�cient and accurate numerical

studies of the theory. Fermionic theories such as lattice QCD, for instance, necessitate time

consuming updating algorithms in order to properly handle the nonlocal e�ective action

induced by integrating out the fermion degrees of freedom. Furthermore, simulations deep

within the chiral regime become prohibitively costly due to the singular nature of the Dirac

operator. While these di�culties limit current numerical s tudies of QCD to moderate lattice

volumes and unphysical quark masses, the computational cost exhibits power-law behavior

in each of these quantities. Empirical evidence suggests that realistic simulations may one

day be attained, given the rapid development of machine technology and e�cient algorithms

[24].

Far more severe is the \sign problem" at �nite density. At pre sent, theories which

exhibit complex actions at �nite chemical potential cannot be e�ciently simulated using

conventional Monte Carlo methods. QCD at �nite baryon number density is one such

example; this theory is of great interest for its applications to Relativistic Heavy Ion Collider

physics and neutron stars, as well as for its fascinating phase structure at extreme densities.

On physical grounds, one can show that the computational cost of simulating theories which

exhibit the sign problem scales exponentially with space-time volume, nullifying any hope

that the problem might be solved by merely \throwing enough computers at it". It would

seem as though completely new numerical algorithms, or perhaps a reformulation of the

lattice theory altogether is in order if any progress is to bemade here. In Chapter 3, we

shall pursue the latter option for the less ambitious case ofbosonic �eld theories at �nite

density. We speci�cally show that a complete solution to the sign problem exists forO(N )

scalar theories at �nite chemical potential, as well as whenU(1) gauge �elds are present.

In the remainder of this section we shall try to understand the severity of the sign problem

in greater detail for QCD as well as bosonic theories at �nitedensity.

As previously described, prior to performing numerical simulations one must analytically
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\integrate out" the fermionic degrees of freedom from the path integral. Performing this

step generally leads to an additional nonlocal contribution to the bosonic action, in the

form of a fermion determinant.13 Generally speaking, the fermion determinant is a complex

functional of the bosonic degrees of freedom, which make numerical simulation a di�culty.

In the case of QCD at zero density, one may exploit the symmetry properties of the Dirac

operator such as
 5-Hermiticity to prove that the determinant is in fact positi ve semide�nite.

The lack of positivity of the fermion determinant at �nite ba ryon chemical potential is the

primary bottleneck in performing dense QCD simulations.

The bosonic portion of the path integral takes the generic form

hO(�) i =

R
[d�] O(�) ei �[�] je� Sef f [�] j
R

[d�] ei �[�] je� Sef f [�] j
; (1.9)

where �[�] is the imaginary part of the e�ective action at �ni te chemical potential, and �

may represent the collection of scalar, auxiliary and gauge�elds after integrating out the

fermions. Conventional Monte Carlo methods require a probabilistic interpretation of the

integrand, which leads one to consider the ratio of expectation values

hO(�) i =
hO(�) ei �[�] i

0

hei �[�] i 0 ; (1.10)

where the prime denotes an expectation value with respect tothe modulus of e� Sef f [�] . To

understand the severity of the sign problem at �nite chemical potential, it is instructive to

study the expectation value of the phaseei �[�] , which takes the generic exponential form

hei �[�] i
0

= e� �V �( m;� ) : (1.11)

Note that this expectation value falls within the unit disk o n the complex plane, but for the

theories that we shall consider, charge conjugation symmetry generally implies a stronger

constraint, namely, that �( m; � ) is real and positive semide�nite.

The main pitfall with the phase reweighting procedure is that the ratio of expectation

values appearing in Eq. (1.10) may involve two exponentially small numbers when �( m; � ) >

13 More generally, one obtains a determinant of the fermion operator when integrating out Dirac fermions
and a Pfa�an in the case of Majorana fermions.
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0, yet the 
uctuations in these quantities are O(1).14 In Monte Carlo simulations, the

statistical errors in the estimate of expectation values scale as 1=
p

N , where N is the size

of the ensemble, implying the need for an exponentially large number of con�gurations to

obtain an O(1) signal to noise ratio.

To gain a better understanding of the severity of the QCD signproblem, let us consider

the speci�c case of two-
avor QCD at �nite baryon number and i sospin chemical potentials.

The grand canonical partition function for two-
avor QCD is given by

Z (� ) =
Z

[dA]e� Sg [A ] det
h
D 2� f lavor

F (� )
i

; (1.12)

whereD 2� f lavor
F (� ) = 
 � D � + m + � a
 0� a is the two-
avor Dirac operator, D � = @� + igA �

is the covariant derivative, A � represents anSU(3)color gauge �eld, and a chemical potential

� a may couple to the generators of baryon number (� 0 � 1) and/or isospin (� 3) symmetry.15

The Dirac operator is block-diagonal in 
avor-space and therefore the fermion determinant

may be factorized into the following form:

det
h
D 2� f lavor

F (� )
i

=

8
<

:

det2 [DF (� )] for baryon number

det [DF (� )] det [DF (� � )] for isospin
; (1.13)

where DF (� ) represents the one-
avor Dirac operator at �nite baryon number chemi-

cal potential. At nonzero chemical potential, det[DF (� )] is a complex functional of the

gauge �eld A, and therefore the two-
avor theory at �nite baryon number d ensity ex-

hibits a sign problem. At �nite isospin chemical potential, however, one may use the prop-

erty 
 5DF (� � )
 5 = D y
F (� ) to con�rm that the two-
avor fermion determinant is positi ve

semide�nite and therefore this theory is free of sign problems at �nite isospin density. Note

that the modulus of the e�ective action for QCD at �nite baryo n number density is just the

e�ective action for QCD at �nite isospin density.

Turning back to two-
avor QCD at �nite baryon number density , from the above analysis

14 In the case of the phase, this follows trivially from the fact that jhei �[�] i
0
j � 1 and that ei �[�] lies on

the unit circle.

15 One may couple a chemical potential to all three generators of SU(2) f lavor , however, this matrix may
be diagonalized by a suitable change of basis.



20

it is evident that the phase de�ned in Eq. (1.11) may be written as

e� i �[ A ] =
det DF (� )

det D y
F (� )

; (1.14)

and furthermore, the expectation value of the phase with respect to the modulus of the

e�ective action is simply given by the ratio of baryon number and isospin partition functions

evaluated at equal values of the chemical potential. The decay constant de�ned by Eq. (1.11)

is therefore given by �( m; � ) = f B (m; � ) � f I (m; � ), where f B and f I represent the free

energy densities for two-
avor QCD at �nite baryon number an d isospin chemical potentials,

respectively, and are to be evaluated at bare quark massm (chosen such that the pion mass

is given by m� � 135MeV at � = 0).

A schematic drawing of the free energies at �nite baryon number and isospin density is

shown in Fig. 1.5 at zero temperature. At chemical potentials belowm� =2, the free energies

remain constant and are determined by the vacuum energy, which has been renormalized

to zero. Above m� =2, the isospin free energy begins to decrease with� (with negative

curvature), while the baryon number free energy remains constant up until the scale mp=3,

wheremp is the proton mass. Thus on physical grounds, the sign problem remains relatively

benign until the chemical potential exceeds half the pion mass, at which point the severity

grows exponentially with volume (since the free energy density is an intensive quantity).

As temperature is increased, the qualitative behavior of the sign problem remains intact,

however, the problem generally becomes less severe in the regime �� . 1 and may be

successfully dealt with by a variety of means (for a recent review, see [25]).

While dense QCD is perhaps the most physically interesting system in which one en-

counters the sign problem, it is not the only one of interest.More generally, it would appear

that all relativistic theories at �nite density possess sign problems, unless special symmetry

considerations allow the problem to be avoided (as is the case for QCD at �nite isospin

density). In the case of interacting complex scalar �eld theories at �nite number density

and in d + 1 space-time dimensions, the phase angle de�ned in Eq. (1.11) is given by

�[ � ] =
Z

dd+1 x � a
�

i� yTa _� + H :c:
�

; (1.15)

where the chemical potential � a couples to the Hermitian generatorsTa, corresponding to
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Figure 1.5: Free energies for two-
avor QCD at �nite chemical potential, zero temperature,
and �xed bare quark massm. The di�erence in free energies (shaded) determine the severity
of the sign problem at �nite baryon number density.

the global symmetry group of the theory [26]. For a single 
avor at �nite density, the decay

constant in Eq. (1.11) is given by �( m; � ) = f (m; � ) � f (
p

m2 � � 2; 0), where f (m; � ) is

the free energy density at bare massm and chemical potential � .

In the case of noninteracting U(1) scalar theory, we may analytically determine the

nature of the sign problem. Here, the free energy at asymptotically large volume may be

computed explicitly in the continuum, and is given by

f (m; � ) =
Z

ddp
(2� )d

h
! p + � � 1 log

�
1 � e� � (! p � � )

�
+ � � 1 log

�
1 � e� � (! p + � )

�i
; (1.16)

were ! p =
p

p2 + m2. Note that at �nite chemical potential, the partition funct ion and

therefore the free energy is only de�ned forj� j < m in this theory. The momentum integral

over the logarithmic terms in Eq. (1.16) is a �nite function o f � and � , but is suppressed

relative to the UV divergent vacuum energy contribution to t he free energy. While the

vacuum energy may be renormalized to give a �nite result, thedi�erence in vacuum energy

contributions to �( m; � ) do not fully cancel at �nite � , and result in a divergent decay

rate which must be regulated (we shall use a hard momentum cuto�). To leading order in

the UV cuto� � � 1=a, the expectation value of the phase is exponentially suppressed in
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space-time volume with a decay constant given by

�( m; � ) � � 2 �

8
<

:

� d� 1 if d > 1

log � if d = 1
: (1.17)

The cuto� dependence of the sign problem for bosons ind > 0 spatial dimensions is in

in stark contrast to the UV convergent results for QCD at �nit e baryon number density.

In some sense, it appears as though the sign problem for bosons is more severe than that

of fermions. Speci�cally, there is no regime in which the bosonic theory may be studied

numerically by conventional means if � 6= 0, whereas as previously stated, with QCD at

�nite baryon density, simulations have been performed reliably in the regime �� . 1. While

it may seem unusual that the result for bosons depends on the UV cuto� in this example, the

interpretation of this result is quite natural since �V � d+1 corresponds to the total number

of space-time lattice sites and�= � is the chemical potential measured in \lattice units".

In the special cased = 0, 16 the decay constant is convergent, and unlike thed > 0 case,

is strongly dependent on the ratio �=m , as well as the product�m . In the extreme limits

of �=m , we �nd

�( m; � ) �
1
�

�

8
<

:

� �
m

� 2 �m sinh( �m )� (�m )2

4 sinh2 (�m )
if �=m � 1

log
h

sinh( �m )
�m

i
as �=m ! 1

; (1.18)

and thus it is evident that the sign problem only becomes severe at low temperatures and

chemical potentials � � m. This behavior intuitively makes sense because the physicsof

this theory should only weakly depend on the chemical potential in the low temperature

regime, yet when the phase is absent, the theory describes a scalar theory at zero density and

shifted massm2[1 � (�=m )2]. The phase must therefore play a signi�cant role in negating

any a�ect on the free energy density due to this mass shift. Anexplicit demonstration of

the dependence of the phasee� i �[ � ] on the chemical potential is displayed in Fig. 1.6. Here,

an ensemble ofN � 350 �eld con�gurations was generated using standard Monte Carlo

techniques at �m = 10; con�gurations were generated using the modulus ofe� S[� ] and the

16 The d = 0 �eld theory corresponds to a two-dimensional, rotationa lly symmetric, simple harmonic
oscillator problem in quantum mechanics with a chemical pot ential coupled to the generator of angular
momentum.
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resulting distribution of phase angles �[ � ] was plotted for chemical potentials�=m = 0 :3; 0:6

and 0:9. The results in Fig. 1.6 appear qualitatively consistent with Eq. (1.18).

Our analysis of the boson sign problem has so far been limitedto free scalar �elds at

�nite density. In the case of interacting scalars, it is reasonable to expect that the cuto�

dependence of the sign problem given in Eq. (1.17) persists,17 thus motivating the need for

alternative numerical approaches. In Chapter 3 we will showthat it is possible to avoid

the boson sign problem by formulating the path integral representation for the partition

function in terms of a more suitable basis. In the new formulation, there is no need for

phase reweighting and as a result, numerical simulation of the theory becomes a viable

option. The published version of Chapter 3 may be found in [27]; additional material has

been included in this chapter for further clari�cation of th ese ideas. A shorter review which

summarizes the results of Chapter 3 may also be found in [28].

17 In the interacting case, the decay constant may be decomposed into two contributions: �( m; � ) =
[f (m; � ) � f (m; 0)] + [ f (m; 0) � f (

p
m2 � � 2)]. The �rst term in brackets is UV convergent, since it

represents the chemical potential dependent shift in the fr ee energy. One may Taylor expand the second
term in brackets in powers of � 2 and obtain to leading order �( m; � ) � � 2G(2) (0), where G(2) (0) is the
UV divergent two-point correlator evaluated at vanishing s pace-time separation.



24

G

1

1

-1

-1

m     = 0.3/m

G
-1 1

-1

1
m     = 0.6/m

G

1

1-1

-1

/mm     = 0.9

Figure 1.6: Unnormalized distribution of the phase angle �[� ] for an ensemble of �eld
con�gurations � distributed by je� S[� ]j, whereS is the action for a free, (0 + 1)-dimensional
complex scalar theory at �nite density and temperature.
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Chapter 2

LATTICE FORMULATION OF (2; 2) SUPERSYMMETRIC GAUGE
THEORIES WITH MATTER FIELDS

We construct lattice actions for a variety of (2; 2) supersymmetric gauge theories in two

dimensions with matter �elds interacting via a superpotent ial.

2.1 Introduction

In recent years there has been rapid progress in understanding how to construct lattice

actions for a variety of continuum supersymmetric theories(see [29] for a recent summary).

Supersymmetric gauge theories are expected to exhibit manyfascinating nonperturbative

e�ects; furthermore, in the limit of large gauge symmetries, they are related to quantum

gravity and string theory. A lattice construction of such th eories provides a nonperturbative

regulator, and not only establishes that such theories makesense, but also makes it possible

that these theories may eventually be solved numerically. Although attempts to construct

supersymmetric lattice theories have been made for severaldecades, the new development

has been understanding how to write lattice actions which at�nite lattice spacing possess

an exactly realized subset of the continuum supersymmetries and have a Lorentz invariant

continuum limit. These exact supersymmetries in many caseshave been shown to constrain

relevant operators to the point that the full supersymmetry of the target theory is attained

without a �ne tuning. We will refer to lattices which possess exact supersymmetries as

\supersymmetric lattices". For alternative approaches where supersymmetry only emerges

in the continuum limit, see [30, 31].

There have been two distinct approaches in formulating supersymmetric lattice actions,

recently reviewed in [32]. One involves a Dirac-K•ahler construction [11, 12] which associates

the Lorentz spinor supercharges with tensors under a diagonal subgroup of the product of

Lorentz and R-symmetry groups of the target theory (an R-symmetry is a global symmetry

which does not commute with supersymmetry). These tensors can then be given a geometric
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meaning, with p-index tensors being mapped top-cells on a lattice. A lattice action is then

constructed from the target theory which preserves the scalar supercharge even at �nite

lattice spacing [33, 34, 35, 36, 37, 38, 39, 40, 41, 42]. This work was foreshadowed by an

early proposal to use Dirac-K•ahler fermions in the construction of a supersymmetric lattice

Hamiltonian in one spatial dimension [43]. A more ambitiousconstruction which purports

to preserve all supercharges on the lattice has been proposed [44, 45, 46, 47, 48], but remains

controversial [49].

The other method for constructing supersymmetric lattices, and the one employed in this

Letter, is to start with a \parent theory"{basically the tar get theory with a parametrically

enlarged gauge symmetry{and reduce it to a zero-dimensional matrix model. One then

creates ad-dimensional lattice with N d sites by modding out a (ZN )d symmetry, where this

discrete symmetry is a particular subgroup of the gauge, global, and Lorentz symmetries of

the parent theory [1, 14, 15, 16, 50, 51, 52, 53]. The process of modding out the discrete

symmetry is called an orbifold projection. Substituting th e projected variables into the

matrix model yields the lattice action. The continuum limit is then de�ned by expanding

the theory about a point in moduli space that moves out to in�n ity as N is taken to in�nity,

as introduced in the method of deconstruction [13].

Although apparently di�erent, these two approaches to latt ice supersymmetry yield

similar lattices. The reason for this is that in the orbifold approach, the placement of

variables on the lattice is determined by their charges under a diagonal subgroup of the

product of the Lorentz and R symmetry groups, in a manner similar to the Dirac-K•ahler

construction [22].

To date, supersymmetric lattices have been constructed forpure supersymmetric Yang-

Mills (SYM) theories, as well as for two-dimensional Wess-Zumino models. In this Letter

we take the next step and show how to write down lattice actions for gauge theories with

charged matter �elds interacting via a superpotential. In p articular, we focus on two-

dimensional gauge theories with four supercharges. These are called (2; 2) supersymmetric

gauge theories, and are of particular interest due to their relation to Calabi-Yau manifolds,

as discussed by Witten [54]. Our construction also yields general insights into the logic of

supersymmetric lattices.
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2.2 (2; 2) Supersymmetric Yang-Mills

We begin with a brief review of the (2; 2) pure Yang-Mills theory. The �eld content of the

(2; 2) SYM theory is a gauge �eld, a two-component Dirac spinor, and a complex scalars,

with action

L =
1
g2

2
Tr

 
�
�Dm s

�
�2 + 	 Dm 
 m 	 + 1

4vmn vmn

+
p

2(	 L [s; 	 R ] + 	 R [sy; 	 L ]) + 1
2 [sy; s ]2

!

; (2.1)

both 	 and s transform as adjoints under the gauge symmetry. The �rst supersymmetric

lattice for a gauge theory was the discretization of the above action using the orbifold

method [1]. To construct a lattice for this theory, one begins with a parent theory which is

most conveniently taken to be N = 1 SYM in four dimensions with gauge group U(kN 2),

where the gauge group of the target theory Eq. (2.1) isU(k). The parent theory possesses

four supercharges, a gauge �eldv� , and a two component Weyl fermion� and its conjugate

� , each variable being akN 2-dimensional matrix. When reduced to a matrix model in zero

dimensions, the Euclidean theory has a global symmetryGR = SU(2)L � SU(2)R � U(1),

where the non-Abelian part is inherited from the four-dimensional Lorentz symmetry, and

the U(1) is the R-symmetry consisting of a phase rotation of the gaugino. From the three

Cartan generatorsL 3, R3, Y of GR we construct two independent chargesr1;2 under which

the variables of the theory take on charges 0 and� 1 (integer values are required for the

lattice construction, and magnitude no bigger than one to ensure only nearest neighbor

interactions on the lattice). One can de�ne:

r1 = � L 3 + R3 � Y ; r2 = + L 3 + R3 � Y ; (2.2)

whereY is 1=2 times the conventionally normalizedR-charge in four dimensions. By writing

v� , � and � as

v� � � =

0

@
z1 � z2

z2 z1

1

A ; � =

0

@
� 1

� 2

1

A ; � =
�

� 1 � 2

�
; (2.3)

where � � = f 1; i~� g, we arrive at the charge assignments shown in Table 2.1. TheN d site

lattice is then constructed by assigning to each variable a position in the unit cell dictated
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Table 2.1: The r1;2 charges of the gauge multiplet.

z1 z1 z2 z2 � 1 � 2 � 1 � 2 d

L 3 � 1
2 + 1

2 + 1
2 � 1

2 0 0 � 1
2 + 1

2 0

R3 + 1
2 � 1

2 + 1
2 � 1

2 + 1
2 � 1

2 0 0 0

Y 0 0 0 0 + 1
2 + 1

2 � 1
2 � 1

2 0

r1 +1 � 1 0 0 0 � 1 +1 0 0

r2 0 0 +1 � 1 0 � 1 0 +1 0

by its ~r = f r1; r2g charges, wheref 0; 0g corresponds to a site variable,f 1; 0g corresponds to

an oriented variable on thex-link, etc. Thus from the charges in Table 2.1 we immediately

arrive at the lattice structure shown in Fig. 2.1.

The orbifold lattice construction technique also renders writing down the lattice action

a simple mechanical exercise; here we summarize the resultsof [1]. The lattice variables in

Fig. 2.1 arek-dimensional matrices, where Greek letters correspond to Grassmann variables,

while Latin letters are bosons. The lattice action possesses a U(k) gauge symmetry and

single exact supercharge which can be realized asQ = @=@�, where � is a Grassmann coor-

dinate. To make the supersymmetry manifest, the variables are organized into super�elds

as

Z i; n = zi; n +
p

2� � i; n ;

� n = � 1;n + �
�
(zi; n zi; n � zi; n � ei zi; n � ei � idn )

�
;

� ij; n = � 2;n � ij + 2 �
�
zi; n+ ei zj; n � zj; n+ ej zi; n

�
; (2.4)

where a sum over repeatedi indices is implied,n is a lattice vector with integer components,

and ei is a unit vector in the i direction. The zi bosons are supersymmetric singlets. The

lattice action may then be written in manifestly supersymmetric form:

S =
1
g2

X

n

Z
d� Tr

�
1
2 � n @� � n � � ij; n Z i; n Z j; n+ ei
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Figure 2.1: The lattice for pure (2; 2) gauge theory, from [1].

+ � n (Z i; n zi; n � zi; n � ei Z i; n � ei )
�

: (2.5)

The continuum limit is de�ned by expanding about the point in moduli space zi = zi =

(1=
p

2a)1k , where 1k is the k-dimensional unit matrix and a is identi�ed as the lattice

spacing, and then taking a ! 0 with L = Na and g2 = ga held �xed. An additional soft

supersymmetry breaking mass term

�S =
1
g2

X

n

a2� 2
�

zi; n zi; n �
1

2a2

�
(2.6)

may be introduced to the action in order to lift the degeneracy of the moduli and �x the

vacuum expectation value of the gauge bosons. The mass parameter � is chosen to scale as

� � 1=L so as to leave physical properties at length scales smaller than 1=� una�ected by this

modi�cation to the action. The lattice action has been shown to converge to the (2; 2) target

theory Eq. (2.1) with the lattice and continuum variables related aszi = 1p
2

(1=a+ si + iv i ),

where

s =
s1 + is2p

2
; 	 =

0

B
@

� 1

� 2

1

C
A ; 	 =

�

� 1 � 2

�
(2.7)

in a particular basis for the Dirac 
 matrices [1].
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2.3 Adjoint Matter

We now turn to supersymmetric lattices for gauge theories with matter multiplets, once

again employing the orbifold technique. To illustrate the general structure of these theories

on the lattice, we �rst consider as our target theory a (2; 2) gauge theory with gauge group

G = U(k) (with k = 1 a possibility) and N f 
avors of adjoint matter �elds. The parent

theory is a four-dimensional N = 1 theory with gauge group ~G = U(kN 2) and chiral

super�elds � a, a = 1 ; : : : ; N f transforming as adjoints under ~G, and a superpotentialW (� )

that preserves theU(1) R-symmetry.

The orbifold projection of the matter �elds follows a simila r path from that outlined in

the previous section for the gauge multiplet. Each chiral �eld � from the parent theory

contributes a boson A, auxiliary �eld F , and two component fermion  i ; � contributes

barred versions of the same. Once again, the placement of these variables on the lattice is

entirely dictated by their transformation properties unde r the global SU(2)R � SU(2)L � U(1)

symmetry of the parent theory, which we give in Table 2.2. An ambiguity is apparent in the

assignment of theU(1) symmetry to each �eld, and we have assigned in the parent theory

a U(1) charge y to our generic � . Without a superpotential, there is freedom to assign to

each chiral super�eld an independent value fory; however, it is apparent from Table 2.2 that

to obtain a sensible lattice with only nearest neighbor interactions (i.e. all r i charges equal

to 0 or � 1), we are constrained to choosey = 0 or y = 1. The result of this choice is shown

in Fig. 2.2; in fact, we will need both types of matter multipl ets, since the superpotential

W must have net chargeY = 1.

We can organize the chiral multiplet � of the parent theory for either casey = 0 ; 1 into

lattice super�elds:

A n = An +
p

2� 2;n ;

	 n =  1;n �
p

2�F n ;

	 i; n =  i; n + 2 � � ij (An+ ej zj; n+ y e12 � zj; n An ) ;

Fn = F n � 2�
�

An+ e12 � 2;n+ y e12 � � 2;n An

+ � ij � ik
�
 k;n+ ej zj; n+ y e12 � zj; n+ ei  k;n

�
�

; (2.8)
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Table 2.2: The r1;2 charges of the matter multiplet.

A A  1  2  1  2 F F

L 3 0 0 0 0 � 1
2 + 1

2 0 0

R3 0 0 + 1
2 � 1

2 0 0 0 0

Y + y � y y � 1
2 y � 1

2 � y + 1
2 � y + 1

2 y � 1 � y + 1

r1 � y + y 1 � y � y + y � 1 + y y � 1 � y + 1

r2 � y + y 1 � y � y � 1 + y + y y � 1 � y + 1

where e12 = ( e1 + e2) and A is a supersymmetric singlet. Note the appearance of� 2 and

zi from the gauge supermultiplet Eq. (2.4), which implies nontrivial consistency conditions

which can be shown to hold. Inx2.5 we make contact between the rather unfamiliar multiplet

structure in Eq. (2.8), and the more familiar chiral super�e lds from N = 1 supersymmetry

in the (3 + 1)-dimensional continuum.

In terms of the above �elds, the orbifold projection of the parent theory produces the

following lattice kinetic Lagrangian for the matter:

L kin =
1
g2

Z
d� Tr

�
� ij 	 i; n

�
Z j; n+ y e12 A n+ ej � A n Z j; n

�

+ An (� n+ y e12 A n � A n � n ) �
1

p
2

Fn 	 n
�

: (2.9)

The superpotential contributions for the theory are

L W =
1
g2 Tr

�� Z
d�

1
p

2
	 aWa(A )

�
+ FaW a(A) � 	 a

1	 b
2W ab(A)

�
; (2.10)

where W (A ) is a polynomial in the A �elds with R-charge y = 1 (and W (A) is its con-

jugate), while Wa = @W=@Aa and Wab = @2W=@Aa@Ab. The space-time dependence has

been omitted as it is implied by the gauge invariance of the Lagrangian; each term in the

superpotential should form a closed loop on the space-time lattice. One can verify by ex-

plicit calculation that the � dependence cancels between the second and third terms after

summing over lattice sites, and therefore the action is annihilated by Q = @=@�and is

supersymmetric.
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Figure 2.2: Placement of the matter �eld variables within th e unit cell for the two choices
y = 0 and y = 1 for the U(1) R-charge.

As an example of how to interpret the above terms, we considera two 
avor model

(N f = 2) and the superpotential W (� ) = cTr � 1� 2. The superpotential must carry charge

Y = 1, which can be satis�ed by choosing for the super�eldsR-chargesy1 = 1 and y2 = 0

for � 1 and � 2 respectively. These charge assignments dictate the lattice representation for

these super�elds, as shown in Fig. 2.2. The �rst term in Eq. (2.10), for example, is then

Tr 	 aWa(A ) = cTr
�
	 1

n A 2
n + A 1

n 	 2
n

�
(2.11)

which is seen to be gauge invariant sincef A 1; 	 1g are f� diagonal, siteg variables, while

f A 2; 	 2g are f site, +diagonalg variables.

The continuum limit of the above theory is de�ned as in the previous section for the pure

gauge theory, and the desired (2; 2) theory with matter results at the classical level. An

analysis of the continuum limit, including quantum correct ions can be found in thex2.6. In

the casek = 1, the continuum gauge symmetry is U(1) and one obtains a theory of neutral

matter interacting via a superpotential.
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2.4 More General Matter Multiplets

More general theories of matter �elds interacting via gaugeinteractions and a superpotential

may be obtained by orbifolding the parent theory of x2.3 by someN -independent discrete

symmetry, before orbifolding by ZN � ZN . Here we give several examples.

Example 1: SU(2) � U(1) with charged doublets. Consider the parent theory with a

U(3N 2) gauge symmetry, adjoint super�elds � 1 and � 2, and the superpotential W (� ) =

cTr � 1� 1� 2. Here, we choosey1 = 0 and y2 = 1 as R-charges for our super�elds. This

theory has a � a ! (� 1)a� a symmetry, and so we can impose the initial orbifold condition

P� aP = ( � 1)a� a and PV P = V where V is the vector supermultiplet of the parent

theory and P is a U(3N 2) matrix with f 1; 1; � 1g along the diagonal, where each entry is an

N 2-dimensional unit matrix. This projection breaks the U(3N 2) gauge symmetry down to

U(2N 2) � U(N 2), under which the projected matter �eld � 1 decomposes as (; ) � ( ; )

and � 2 decomposes as (adj ; 1) � (1; adj ). We then orbifold the parent theory by ZN � ZN ,

resulting in a lattice with an SU(2) � U(1) � U(1) gauge symmetry, with matter multiplets

transforming as 30;0 � 2� 1=2;0 � 10;0 � 10;0 in the continuum limit. The doublet couples to

both the triplet and one of the singlets in the superpotential. Evidently the second U(1)

gauge sector decouples from the theory since no �elds carry that charge.

It is possible to generalize the above construction to fundamental matter transforming

as +1 � � 1 under SU(M ) � U(1) gauge transformations by starting with a U((M +1) N 2)

theory broken down to U(MN 2) � U(N 2).

Example 2: U(1)k quiver with Fayet-Iliopoulos terms. A di�erent sort of theory may be

obtained by considering a parent theory with aU(kN 2) gauge symmetry and a single matter

adjoint � with a superpotential W (� ) = c=kTr � k . The initial orbifold condition is V =

PV P y and � = !P � P y on the parent theory, where! = exp(i2�=k ) and P is the diagonal

kN 2-dimensional \clock" matrix diag f 1; !; ! 2 : : : ; ! k� 1g, each entry appearingN 2 times.

This projection produces a quiver theory, breaking the gauge symmetry down from U(kN 2)

to U(N 2)k , and producing bifundamental matter �elds � a, with a = 1 ; : : : ; k transforming

as ( ; ) under Ga � Ga+1 , whereGa = U(N 2) and Gk+1 � G1. The superpotential becomes

W (� ) = cTr � 1 � � � � k .
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One can assigny = 1 to one of the k matter �elds, and y = 0 to the others. A subsequent

ZN � ZN projection then produces a lattice theory with a U(1)k gauge symmetry, where the

descendants of the parent multiplet� a carry U(1) chargesqb = ( � ab� � a;b� 1), with qk+1 � q1.

One can also add Fayet-Iliopoulos terms to the action given by � i�
R

d�
P

n Tr � a
n , as is

apparent from Eq. (2.4). Such a theory is directly related to Calabi-Yau manifolds, as

discussed in [54], and would be interesting to study numerically.

It should be apparent that although we focused on aU(1)k quiver, any U(p)q quiver

can be constructed in a similar manner. We have not found a wayto construct lattices for

arbitrary matter representations.

2.5 Super�eld Structure

The relationship between the lattice super�elds de�ned in Eq. (2.8) and the continuum

chiral super�elds of the parent theory can be most easily seen if we turn o� the gauge

interactions. Consider the familiar super�eld formulatio n of N = 1 supersymmetry in four

dimensions. We work in the superspace coordinate basis (y; �; � ) from [55], where � is a

two-component complex Grassmann spinor, andym � (xm + i�� m � ). In this basis the chiral

superchargesQ� are particularly simple,

Q� =
@

@��
: (2.12)

Furthermore, a chiral super�eld � (y; � ) is independent of � in this basis, and may be

decomposed as

� = A(y) +
p

2� (y) + ��F (y)

= A (y; � 2) +
p

2� 1	 (y; � 2) ; (2.13)

where we follow the spinor notation of [55], andA and 	 are de�ned as

A = A(y) +
p

2� 2 2(y) ;

	 =  1(y) �
p

2 � 2F (y) : (2.14)

We see that A and 	 correspond to the �rst two lattice multiplets in Eq. (2.8), w here the

surviving lattice supersymmetry generator is Q2 = @=@�2.
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The anti-chiral super�eld in four dimensions may be written as � (y; � ). When this is

converted to the (y; �; � ) basis, � has the expansion

� = A(y) +
p

2�  (y) + � � F (y)

= A(y) �
p

2� j
h
	 j (y; � 2) +

p
2� 1@j A(y)

i

+ � �
h
F(y; � 2) �

p
2� 1� ij @i 	 j (y; � 2)

i
; (2.15)

where

	 i =  i (y) +
p

2� 2� ij @j A(y) ;

F = F (y) �
p

2� 2@j  j (y) : (2.16)

The multiplets 	 i and F are just the continuum versions of the second two supermultiplets

in Eq. (2.8), after replacing � ! � 2 and setting to zero the gauge and gaugino �elds. Note

that the lattice supercharge we have constructed is gauge invariant, which is why the gauge

and gaugino �elds appear in our lattice super�elds.

With the above packaging, the kinetic energy and superpotential terms for matter in

the lattice theory coincide with those of the parent theory. For example, L kin in Eq. (2.9)

takes the familiar form

L kin =
1
4

Z
d� 2 d� 1 d� 1 d� 2 �� : (2.17)

2.6 Continuum Limit and Renormalization

Radiative corrections and renormalization for the pure (2; 2) gauge theory were consid-

ered in [1]; here we extend that analysis to include the matter �elds interacting through a

superpotential

W = Tr
�

� A
2 � A + � Ab

1 � A � b + � Abc
0 � A � b� c

�
; (2.18)

where the indexA sums over all 
avors of y = 1 matter �elds, while b and c sum overy = 0

matter �elds (we have normalized the R-symmetry such that W has y = 1).
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Induced operators in the Symanzik action take the form

�S O =
1
g2

2

Z
d2z COO ; (2.19)

whereO is a local operator in the continuum, andCO is a coe�cient depending on the lattice

spacinga. The super-renormalizability of the target theory is most easily accounted for by

de�ning the scaling dimension of O according to the usual conventions offour-dimensional

theories: bosons have mass dimension 1, fermions have mass dimension 3/2, z and � have

mass dimension� 1 and � 1
2 respectively. Then for an operator O of dimension p, the

coe�cient CO induced by radiative corrections takes the form

CO = ap� 4
1X

`=1

c` (g2
2a2)` � F` (� 0; a� 1; a2� 2) ; (2.20)

where ` corresponds to the number of loops in a perturbative expansion, and c` is a dimen-

sionless coe�cient with only possible logarithmic dependence on a. The functions F` may

depend on both� n and � n , but will not diverge as inverse powers ofa as a ! 0.

Induced operators with coe�cients which do not vanish as a ! 0 will typically spoil

the continuum limit of the theory. However we see that these could only correspond to

p = 2 at ` = 1, p = 1 at ` = 1, or p = 0 at ` = 1 ; 2. We can ignore thep = 0 case, which

corresponds to a cosmological constant and has no noticeable e�ects on the continuum limit.

That leaves us with the only operators to consider being dimension p = 1 (scalar tadpole)

or p = 2 (scalar mass or F tadpole). These operators must be consistent with the exact

symmetries of the lattice: (i) Q = 1 supersymmetry; (ii) the Z2 re
ection symmetry about

the diagonal link; (iii) gauge symmetry; (iv) U(1) symmetries. The latter include not only

the exact U(1)3 global symmetry corresponding tor1, r2 and y, but also the approximate

U(1)2 symmetry broken by the superpotential under which the � n act as spurions:

� a ! ei� � a ; � A ! ei� � A ; (2.21)

and

� 0 ! e� i (2� + � ) � 0 ; � 1 ! e� i (� + � ) � 1 ; � 2 ! e� i� � 2 :

(2.22)
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There may be additional symmetries restricting the form of counterterms, depending on the

form of W .

At p = 2 the operators allowed by symmetry are

Z
d� Tr 	 A ; Tr FA ; Tr AaAb : (2.23)

The second operator does not look supersymmetric, but one can verify that its � component

is a total derivative and makes no contribution to the action. In each of the above cases

it is evident that the U(1)2 symmetry of Eq. (2.22) mandates powers ofa� 1 and/or a2� 2

in the operator coe�cient CO , rendering each of these operators innocuous in thea ! 0

continuum limit.

At p = 1 there exists a single operator allowed by the symmetries,

Tr Aa ; (2.24)

which might be induced at one loop with a coe�cient CO / g2
2� Aab

0 � Ab
1 times a possible

log. This contribution can either be calculated and cancelled o� by introducing an explicit

tadpole term to the lattice action, or it may be forbidden by i ntroducing a discrete � a !

� � a symmetry, eliminating the � 1 coe�cient in the superpotential. In either case, the

continuum theory can be attained without any numerical �ne- tuning.
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Chapter 3

METHOD FOR SIMULATING O(N ) LATTICE MODELS AT FINITE
DENSITY

We present a method for simulating relativistic and nonrelativistic scalar �eld theories at

�nite density, with matter transforming in the fundamental representation of the global sym-

metry group O(N ). The method avoids the problem of complex probability weights which

is present in conventional path integral Monte Carlo algorithms. To verify our approach,

we simulate the free and interacting relativistic U(1) ' O(2) theory in 2 + 1 dimensions.

We compute the two-point correlation function and charge density as a function of chemical

potential in the free theory. At weak j� j4 coupling and zero temperature we map them2 � �

phase diagram and compare our numerical results with perturbative calculations. Finally,

we compute properties of theT � � phase diagram in the vicinity of the phase transition

and at bare self couplings large compared to the temperatureand chemical potential.

3.1 Introduction

Monte Carlo simulations provide a reliable method for studying nonperturbative physics

of quantum �eld theories. It is unfortunate that with few exc eptions, path integral Monte

Carlo techniques are not suitable for the study of relativistic systems at �nite density. In

the path integral formalism, standard importance sampling techniques rely on the interpre-

tation of the integrand e� S[�] as a probability weight associated with the �eld con�gurati on

�. At nonzero chemical potential, the bosonic and fermionic Euclidean actions are typically

complex, rendering importance sampling inapplicable. This problem is commonly known

as the \sign problem".1 In many instances, the sign problem persists in the path integral

formulation of nonrelativistic theories as well{both at �n ite and vanishing chemical poten-

tial. In these cases, this sign problem does not arise because the system is at �nite density,

1Some speci�c examples of models that avoid the sign problem include QCD at �nite isospin density [56],
two-color QCD [57], and low energy fermions with attractive interactions [58].
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but rather because the action is linear in time derivatives.

Numerous schemes have been proposed for numerical study of relativistic theories at

�nite density, with emphasis on lattice QCD. Reweighting [59] has had limited success for

models in the regime�� < 1. Here, one folds the phase of the probability measure into

expectation values of observables. Statistical ensemblesare then generated using the mod-

ulus of the complex measure. For larger�� , the method fails because the calculation of

expectation values involve intricate cancellation among phases, leading to overwhelming sta-

tistical errors. In addition, one must contend with the possibility that ensembles generated

in simulations have poor overlap with the true probability d istribution. In some cases, one

may reduce the severity of the overlap problem with the use ofmultiparameter reweighting

techniques [60].

Some have investigated theories at imaginary chemical potential, where lattice simula-

tions are viable [56]. Using this approach, one may compute the canonical partition function

for a system with total �xed charge Q via the Fourier transform

ZQ =
Z 2�

0
d� Z (i�=� )eiQ� : (3.1)

In practice, this approach only postpones the sign problem since numerical integration of

Eq. (3.1) relies on the cancellation of phases, which becomeincreasingly severe at large

values of Q. A second option is to analytically continue the partition f unction to real � .

The analytic continuation is typically based upon a Taylor series expansion about� = 0

and therefore this approach is only valid within the radius of convergence{inevitably failing

at and beyond any critical point. In addition, the analytic c ontinuation is limited by the

periodicity of the partition function Z (i� ) = Z (i� + i2�=� ) along the imaginary � axis{a

property which is evident from analysis of the fugacity expansion.

In the case of scalar theories, which is the focus of this paper, we investigate the prospects

of �nding alternative representations for the partition fu nction which are suitable for Monte

Carlo simulations. To this end, we formulate relativistic and nonrelativistic O(N ) scalar

theories in terms of dual lattice variables [61]. The methodmakes use ofU(1) character

expansions to explicitly integrate out the angular mode of acomplex scalar �eld. In the

dual representation, the angular mode is replaced by a set ofinteger valued link variables
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which may be interpreted as the conserved current density ofthe system. The path inte-

gral formulation is particularly suited for Monte Carlo sim ulation because complex phases

associated with the chemical potential (in the case of relativistic theories) and lattice time

derivative (in the case of nonrelativistic theories) are avoided. All physical observables are

measurable within the formalism{free of sign problems{provided the corresponding opera-

tors are neutral in charge. We will consider scalar theoriesin the grand canonical ensemble,

although as we shall see, the formulation is applicable to canonical ensembles as well.

To motivate the approach, we begin by considering a quantum mechanical rigid rotor

at �nite temperature ( T = � � 1) and chemical potential � coupled to angular momentum.

This model corresponds to a (0 + 1)-dimensional relativistic scalar theory at �nite charge

density, where the dynamics of the heavy radial mode have been ignored (or integrated out).

The continuum partition function is de�ned by the path integ ral representation

Z (� ) =
Z

[d�] e�
R�

0 d� I
2 [@� � � @� �+ � (� � @t � � � @t � � )� � 2] ; (3.2)

where �( � ) = ei� (� ) is an element of U(1) and I is the moment of inertia. At �nite

temperature, we impose periodic boundary conditions on � in the imaginary-time direction.

The periodicity of � in the imaginary-time direction transl ates into the boundary condition

� (� ) = � (� + � )+2 �w on the angular mode, wherew is the winding number associated with

the �eld con�guration � (� ). Example �eld con�gurations with winding number w = 0 ; 1 and

2 are displayed in Fig. 3.1. Our de�nition of the partition fu nction implicitly includes a sum

over all values of the winding number; this sum may be made explicit by introducing a new

�eld � w(� ), which represents con�gurations with �xed winding number w. The partition

function may then be written as:

Z (� ) =
X

w2 Z

Z
[d� w ] e�

R�
0 d� I

2 [(@� � w )2+2 i�@ t � w � � 2] : (3.3)

By taking advantage of the correspondence between con�gurations with zero and nonzero

winding number, namely � w(� ) = � 0(� ) + 2 �w�=� , we may express the partition function

as the product of two terms:

Z (� ) =
Z

[d� 0] e�
R�

0 d� I
2 (@�0 )2 X

w2 Z

e� � I
2 [(2�w=� )2 +2 i� (2�w=� )� � 2 ] ; (3.4)
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t=0
w=0 w=1 w=2

t=b

Figure 3.1: Examples of �eld con�gurations � (� ) (represented by the phase of the arrow)
with winding numbers w = 0, 1 and 2.
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where the chemical potential decouples from� 0 but remains coupled to winding number.

Since we are only interested in the� -dependence of the partition function, we may neglect

the � -dependent path integral over the zero winding number sector of the theory. Using

the Poisson summation formula, the partition function is expressed as a sum over positive

weights:

Z (� ) /
X

Q2 Z

e
� �

�
Q 2

2I + �Q
�

: (3.5)

The resulting representation for the partition function is given in terms of the momentum

conjugate variable to the coordinate� , namely the angular momentum Q, indicating that the

sign problem is a basis dependent problem; this observationforms the basis for formulating

the path integral for scalar �eld theories in terms of dual lattice variables. In passing from

Eq. (3.4) to Eq. (3.5), the dimensionless ratioI =� is mapped to �= I {a typical property of

duality transformations{and the chemical potential now couples to total angular momentum

(i.e. charge) Q of the system.

In x3.2 we will develop a generalized formalism for relativistic and nonrelativistic O(N )

scalar �eld theories de�ned on a space-time lattice and describe how to compute expectation

values within this framework. In addition, we outline standard procedures for solving certain

continuity constraints that arise in our derivation. For co mpleteness, we show howU(1)

gauge �elds �t into the formalism as well. In x3.3 we explain several numerical algorithms

for simulating relativistic bosonic theories at �nite dens ity and discuss additional issues that

require resolution in order to render such simulations practical. x3.4 pertains to the details

of our simulations. A comparison of numerical and analytic results is presented for the free

and interacting j� j4 theory in 2 + 1 dimensions and at weak coupling. x3.5 is devoted to

an application of our methods to the same model at �nite temperature and density, and

in a nonperturbative regime. Here, we study the behavior of the theory in the vicinity of

the zero temperature and density critical line, and determine several universal constants

associated with the phase transition.
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3.2 Formalism

For simplicity, we consider a single complex �eld � with chemical potential � coupled to

the U(1) current associated with the global transformation � ! ei� � . Generalizing the

following results to the case ofO(N ) with fundamental matter is straight forward, since

the chemical potential always couples toU(1) charges embedded withinO(N ). If N is

even, then with an appropriate change of basis, the theory can be written in terms of N=2

complex scalar �elds|each of which is coupled to an independent chemical potential. The

techniques discussed for a single complex scalar �eld can then be applied to each of theN=2

�elds individually. If N is odd, then there will be an additional real, uncharged scalar �eld

which plays no role in the following discussion.

For a single complex scalar �eld, the grand canonical partition function in Euclidean

space-time takes the generic form

Z (� ) =
Z

[d� � ] [d� ] e� S0 [� � ;� ]� S1[� � ;� ] ; (3.6)

whereS0 and S1 correspond to the free and interacting parts of the action respectively. The

speci�c form of S0 will depend on whether one is interested in relativistic or nonrelativistic

scalar theories; both cases will be discussed in detail in the following subsections. We focus

primarily on the free part of the action at nonzero � , though interactions and additional


avors may be added in a trivial manner. We assume that S1 is symmetric under U(1)

gaugetransformations for reasons which will become clear later on.

We regulate the (d+ 1)-dimensional continuum theory by applying the usual lat tice dis-

cretization procedure. We set the spatial and temporal lattice constants equal and work on

a N d
s � N � lattice with an inverse temperature given by � = N � . For notational convenience,

all dimensionful parameters are written in units of the latt ice constant. Continuum deriva-

tives are replaced with �nite di�erences @� � ! � n � � n � e� , and following the prescription

of [62], we introduce the chemical potential as the imaginary zero component of the vector

potential (i.e. A � ! i�� �; 0). This prescription not only avoids spurious cuto� dependence

in thermodynamic observables, but is also a natural choice within our formalism, enabling
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us to draw a direct connection with the fugacity expansion

Z (� ) =
X

Q2 Z

ZQe��Q : (3.7)

Throughout the paper we impose periodic boundary conditions in the space and time di-

rections.

We begin by applying the dual lattice transformation to the p artition function for free

relativistic and nonrelativistic scalars. Later, we intro duce interactions as well as repeat

the derivation for expectation values of observables. A general discussion on character

expansions can be found in [3, 61].

3.2.1 Relativistic Theory

The free relativistic Euclidean lattice action is de�ned by

SR =
X

n

"
X

�

�
2� �

n � n � � �
n e� �� �; 0 � n+ e� � � �

n+ e�
e�� �; 0 � n

�
+ m2� �

n � n

#

; (3.8)

where � runs over positively oriented basis vectors. In terms of thepolar coordinates

� = �e i� , the partition function may be expressed as

ZR (� ) =
Z 2�

0
[d� ]

Z 1

0
[�d� ]

Y

n

"

e� � � 1
R � 2

n
Y

�

e2� n � n + e� cos(� n � � n + e� � i�� �; 0 )

#

; (3.9)

where � � 1
R = 2d + 2 + m2. As previously stated, performing the � -integration analytically

will yield a new representations for the partition function , expressed as a sum over integer

valued link variables as well as the radial degrees of freedom. To facilitate the integration

over angular degrees of freedom, we make use of the convergent series expansion

ex cos(z) =
X

l2 Z

I l (x)eilz ; (3.10)

where I l (x) is the modi�ed Bessel function of order l , with x 2 R and z 2 C. Inserting

Eq. (3.10) into the partition function and exchanging the sum over modi�ed Bessel functions

with the product over nearest neighbors, we obtain

ZR (� ) =
Z 2�

0
[d� ]

Z 1

0
[�d� ]

X

f ln ;� g2Z

Y

n

h
e� � � 1

R � 2
n
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�
Y

�

I ln ;� (2� n � n+ e� )eil n ;� (� n � � n + e� � i�� �; 0 )

#

; (3.11)

where the sum over integer valued link variablesl correspond to the sum over characters

of U(1) (i.e. Fourier modes). For the moment, the sum over link variables in Eq. (3.11) is

unconstrained. However, upon integration over� one �nds that the only nonvanishing con-

tributions to the partition function are those terms in the i ntegrand which are independent

of � . These contributions may be characterized by link �eld con� gurations that satisfy the

continuity equation

@� ln �
X

�

(ln;� + ln;� � ) = 0 ; (3.12)

where ln;� � � ln+ e� ;� � . The partition function takes the �nal form

ZR (� ) =
X

f ln ;� g2Z
@�ln =0

Z 1

0
[�d� ] e� ~SR [�;l ]+ �

P
n ln ;0 ; (3.13)

where

e� ~SR [�;l ] =
Y

n

"

e� � � 1
R � 2

n
Y

�

I ln ;� (2� n � n+ e� )

#

: (3.14)

The constraint given by Eq. (3.12) allows us to identify the link �eld l as a conserved

current associated with the U(1) symmetry of this theory. This observation will be justi-

�ed later when we introduce gauge interactions. Furthermore, the chemical potential now

couples to the the total chargeQ0 = � � 1 P
n ln;0.

A key property of the modi�ed Bessel functions appearing in Eq. (3.14) is that I l (x) � 0

for all x � 0 and l 2 Z. The partition function is therefore a sum over real and positive

weights, rendering the theory suitable for Monte Carlo simulations. We would like to em-

phasize at this stage that our derivation remains unchangedin the presence ofU(1) gauge

symmetric interactions because such interactions are necessarily independent of the angular

mode � .
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3.2.2 Nonrelativistic Theory

In the nonrelativistic limit, one may proceed in an analogous fashion to the relativistic

case.2 The free Euclidean lattice action is de�ned by

SNR =
X

n

2

4� �
n (� n � e� � n � e0 ) +

1
2m

X

j

j� n � � n � ej j2

3

5 ; (3.15)

where the sum over basis vectorsej run over the spatial directions. After performing shifts

in the dummy variable n and changing to polar coordinates, the action takes the form

SNR =
X

n

2

4� � n � n+ e0 ei (� n � � n + e0 � i� ) �
1
m

X

j

� n � n+ ej cos(� n � � n+ ej ) + � � 1
NR � 2

n

3

5 ;(3.16)

where � � 1
NR = 1 + d=m. Using Eq. (3.10) and the relation

exez
=

X

l2 N

x l

l !
elz ; (3.17)

we integrate out the angular degrees of freedom and obtain the dual partition function

ZNR (� ) =
X

f ln ;0g2N

X

f ln ;j g2Z
@�ln =0

Z 1

0
[�d� ] e� ~SNR [�;l ]+ �

P
n ln ;0 ; (3.18)

with the nonrelativistic dual action de�ned by

e� ~SNR [�;l ] =
Y

n

2

4 (� n � n+ e0 ) ln ;0 e� � � 1
NR � 2

n

ln;0!

Y

j

I ln ;j

� � n � n+ ej

m

�
3

5 : (3.19)

As with the relativistic theory, the nonrelativistic curre nt density is constrained by the

continuity equation Eq. (3.12). In addition, the zero-component of the current density is

restricted to non-negative integers, re
ecting the fact that nonrelativistic particles may only

propagate forward in time. Once more, the partition function is free of sign problems and

is therefore suitable for Monte Carlo studies.

2A similar approach was taken by [63] for the Bose Hubbard model, starting from the operator formalism.
Numerical simulations were performed in the so-called \har d core" approximation.
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3.2.3 Observables

We next address the computation of expectation values for both the relativistic and non-

relativistic theories. We begin by considering the generic2k-point correlation function

G(2k)
m 1 ;:::;m k ;n1 ;:::n k = h� �

m 1
: : : � �

m k
� n1 : : : � n k i

= h� m 1 : : : � m k � n1 : : : � n k ei (� n 1 + :::+ � n k � � m 1 � :::� � m k ) i : (3.20)

Following the formalism in the previous subsections, we integrate over angular variables and

obtain

G(2k)
m 1 ;:::;m k ;n1 ;:::n k =

1
Z (� )

X

f ln ;� g2Z
@�ln = Jn

Z 1

0
[�d� ] � m 1 : : : � m k � n1 : : : � n k e� ~S[�;l ]e�

P
n ln ;0 ; (3.21)

where ~S may represent either the relativistic or nonrelativistic action, including the inter-

action term S1. The sum over current densities is, however, no longer divergence-free. In

heuristic terms, an insertion of � n creates one unit of charge at siten, whereas an insertion

of � �
m annihilates a unit of charge at sitem. We therefore expect the nontrivial divergence

condition

@� ln = � n;n1 + : : : + � n;n k � � n;m 1 � : : : � � n;m k � Jn ; (3.22)

where J represents a linear combination of sources and sinks. In general terms, all gauge

variant operators will give rise to nontrivial divergence properties of the current density.

We discuss solutions to these constraints in the following section.

Applying the formalism above, it is possible to calculate all thermodynamic observables

of interest. The dual representation is particularly well-suited for calculating current densi-

ties, charge distributions and current density correlation functions, since the current density

is one of the dynamical degrees of freedom in this representation. In our numerical studies of

relativistic bosons, we pay particular attention to the charge density hni and susceptibilities

� ab, de�ned by

� ab = N � N d
s (hAB i � h AihB i ) ; (3.23)

where a and b represent source terms for the generic operatorsA and B . For this study,

we consider the susceptibilities� �� , � �m 2 and � m2m2 where the source terms� and m2
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correspond to the operators

n =
1

N � N d
s

X

n

ln;0 ; (3.24)

and

j� j2 =
1

N � N d
s

X

n

� 2
n ; (3.25)

respectively.

3.2.4 Constraints

Standard procedures exists for solving the divergence constraints on current densities [61].

We begin by decomposing the link variables in terms of homogeneous and particular solu-

tions to @� ln = Jn . The homogeneous solutions may be labeled bylQ and are characterized

by d + 1 integer valued topological charges de�ned by

Q� =
X

n

� n � ;0lQn;� : (3.26)

As previously discussed,Q0 corresponds to the total conserved charge of the system, whereas

Qj corresponds to the current 
ux in spatial directions. With t his decomposition, expecta-

tion values take the generic form

hO(� )i =
1
Z

X

Q2 Z

X

f lQ
n ;� g2 Z

@�lQ
n =0

Z 1

0
[�d� ] O(� )e� ~S[�;l Q + lJ ]e�

P
n (lQ

n ;0+ lJ
n ;0 ) : (3.27)

Note that the particular solution lJ is not unique; one solution may be related to another

by a suitable change of variables. A convenient choice forlJ is to set all links equal to zero

except for a set of \strings" which connect source-sink pairs as shown in Fig. 3.2. In the

relativistic theory, such strings may 
ow either forward or backward in time, and may

even wrap completely around the space-time torus; such con�gurations, however, would

correspond to an increase or decrease in the total charge of the system by one unit and may

be undesirable in the canonical ensemble. In the case of nonrelativistic theories, we shall

assume for simplicity that such strings only 
ow forward in t ime and do not wrap entirely

around the space-time torus.
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t

x

Figure 3.2: A particular solution to @� ln = Jn arising from the four-point correlation
function G(4) . Bold link variables equal +1(� 1) if the link orientation and basis vector are
parallel (antiparallel). All remaining links equal zero.

The zero divergence constraint on on link �eld con�gurations in the Q = 0 sector may be

solved by changing to plaquette variablesPn;�� = � Pn;�� 2 Z. A plaquette is speci�ed by

a site n and the two di�erent basis vectors � and � that span it, and is positively oriented

if � < � . The divergence-free link variables in theQ = 0 sector are given by

lQ=0
n;� =

X

� 6= �

(Pn;�� + Pn;� � � ) ; (3.28)

and is depicted graphically in Fig. 3.3. Note that Eq. (3.28) has a continuum analog; in

three dimensions, for instance, a divergence-free vector �eld may always be written as the

curl of an unconstrained vector �eld. Similar relations hold in higher dimensions as well, in

the language of di�erential forms. Con�gurations associated with the Q 6= 0 sectors may be

obtained from Q = 0 con�gurations by increasing the value of all link �elds be longing to a

closed loop around the space-time torus byQ� units in the � direction.
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Pl

x n

m

Figure 3.3: Solution to zero divergence constraints obtained by introducing plaquette vari-
ables. The sum over all (oriented) plaquettesP circulating a common link de�nes the value
of link variable l .

3.2.5 U(1) Gauge Fields

In the presence of gauge interactions, the sign problem reemerges within our formalism. In

the compact U(1) gauge theory (i.e. scalar electrodynamics), the vectorpotential A couples

to the integer valued conserved currentl . This result is easily veri�ed by repeating the

derivation in the preceding subsections, which yields the gauge invariant interaction

~S � i
X

n

X

�

ln;� An;� : (3.29)

Note that the form of the gauge coupling con�rms our interpretation of the link �eld as a

current density. As one may expect, by going to the dual formulation we have traded the

chemical potential sign problem for a vector potential signproblem. A natural remedy is

to apply the character expansion to the gauge partition function in addition to the scalar

partition function. Such transformations are not new in the context of gauge theories;

character expansions have played an important role in understanding the strong coupling

behavior of such theories. In the case of lattice Yang-Millstheories with Wilson-type actions,

the character expansion has a �nite radius of convergence [64], which likely limits the utility

of this discussion.
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For completeness, we brie
y describe the application of character expansions to dynam-

ical U(1) gauge �elds coupled to the conserved currentl . Consider the compactU(1) gauge

theory de�ned by the Wilson action

Zgauge =
Z 2�

0
[dA] e

1
g2

P
n

P
�� cos � n ;�� + i

P
n

P
� ln ;� A n ;� ; (3.30)

where � n;�� = An;� + An+ e� ;� � An+ e� ;� � An;� is the lattice �eld strength tensor. The gauge

partition function vanishes unless the topological chargeQ� associated with the conserved

current l equals zero. After applying the character expansion to the gauge partition function,

we obtain

Zgauge =
X

f Fn ;�� g2Z
@�Fn = ln

Y

n

Y

��

I Fn ;��

�
1
g2

�
; (3.31)

where the integer valued plaquette variablesF satisfy

(@� Fn )� =
X

�

(Fn;�� + Fn;� � � ) = ln;� : (3.32)

This constraint is simply the lattice analog of the continuum equation of motion for the

gauge �eld. Note that the partition function Eq. (3.31) impl icitly depends on the current

density l through Eq. (3.32).

In the absence of current sources, there ared(d � 1)=2 topological charges associated

with the plaquette variables de�ned by

Q�� =
X

n

� n � ;0� n � ;0Fn;�� : (3.33)

These charges may be visualized as two-dimensional oriented \sheets" that wrap around the

space-time torus. The source free constraint on the plaquette �eld F may then be solved by

a change of variables to integer valued cubes. Inhomogeneous solutions to @� Fn = ln may

be obtained by joining all current loop source-sink pairs with 
ux tubes, in an analogous

manner to our treatment of current sources and sinks.
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t

x

Figure 3.4: Local (lower left) and global (upper right) curr ent loops on a periodic lattice.
Bold links are updated by +1( � 1) if the link orientation and basis vector are parallel
(antiparallel).

3.3 Numerical Algorithms

3.3.1 Loop Algorithm

The dual partition function for scalar theories involves an integral over site variables �

and a constrained sum over the link �eld l . As discussed in the previous section, the

constraint on l is solved by making an appropriate change of variables. For the purpose

of numerical simulation one need not work directly with plaquette variables, however. An

easier and equivalent approach is to simply consider 
uctuations in conserved current loops.

We consider two types of current loop updates: local loops shown in the lower left of

Fig. 3.4, and global current loops shown in the upper right ofFig. 3.4, which correspond

to an increase or decrease in the charge of the system by one unit. Note that an algorithm

based on local and global loop updating is ergodic: any divergence-free con�guration with

charge Q may be obtained from any other with like charge by a sequence of local current

loop updates. Divergence-free con�gurations associated with di�erent topological sectors

may be related by global current loop updates, possibly succeeded by a sequence of local
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loop updates.

One may use the standard Metropolis [65] accept/reject method for local site and loop,

as well as global loop updates. However, as lattice volumes become large, the acceptance

rate for the global loop update is expected to drop to unacceptably low levels. This in

turn adversely a�ects the correlation time for con�guratio ns within the ensemble. The low

acceptance rate is due to the fact that the charge transitionprobability scales ase� L , where

L � N � ; Ns is the linear length of the global current loop. The likelihood for the system

to become stuck in charge sectors which are energetically disfavored increases with volume

sizes; this issue may be particularly problematic during the equilibration stage of a Monte

Carlo simulation.

The problem of slow tunneling rates may be handled in severaldi�erent ways. In the

the thermodynamic limit, 
uctuations in the charges Qj may be neglected altogether since

these 
uctuations will have little in
uence on local observables. Q0 
uctuations may be ne-

glected for similar reasons at zero temperature, as well as in cases where canonical ensemble

simulations are of interest. At �nite but low temperatures a nd in the grand canonical en-

semble, one might avoid the problem by implementing an intermediate equilibration step

to facilitate 
uctuations between di�erent Q0 sectors, followed by an accept/reject step.

3.3.2 Worm Algorithm

An alternate method for avoiding long correlation times associated with charge 
uctuations

is the \worm" algorithm [66]. This algorithm may be directly applied to the partition func-

tion given by Eq. (3.13) and Eq. (3.18){which were derived from the character expansion{in

addition to partition functions derived from hopping param eter expansions. We will focus

on the former; the later is discussed in [66] at zero chemicalpotential and may be general-

ized to dense matter in a straight forward manner. We emphasis that in each of the above

cases the role played by the chemical potential is the same.

The worm algorithm employs a dynamical source and sink associated with the current

density to generate link �eld con�gurations. The process begins by associating a current

source and sink with a randomly chosen site on the lattice. One then attempts to move
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the source to a neighboring site by randomly updating one of the 2(d + 1) link �elds (us-

ing Metropolis accept/reject method) associated with the bond by one unit. As links are

updated, the divergence condition on the link �eld becomes@� ln = � n;na � � n;nb , where

na and nb represent the respective locations of the source and sink. Proceeding one link at

a time, the source traces out a string or worm on the space-time lattice. Most of the link

�eld con�gurations generated by this method are unphysical and may be discarded because

they do not satisfy the divergence-free constraint. If the endpoints of the string occupy

the same site, then the divergence-free constraint is satis�ed and the �eld con�guration is

stored for later calculation of physical observables. A newsite is then chosen at random

and the process is repeated.

At �nite density, the probability for the source to propagat e forward in imaginary time

is enhanced by a factor ofe� . This bias magni�es the likelihood for the source to traverse

the temporal extent of the lattice after a sequence of updates, resulting in an increase or

decrease of the topological chargeQ0 by one unit. Example con�gurations which may be

obtained by a sequence of updates are displayed in Fig. 3.5. The main advantage of this

algorithm is that tunneling processes are avoided. As illustrated in Fig. 3.6, instead of going

over the energy barrier associated with changes inQ0, the worm algorithm allows one to

circumnavigate the barrier by accessing unphysical statesof the system{states where the

chargeQ0 is not well-de�ned.

3.3.3 Gauge Sector

In numerical simulations involving both gauge and matter �e lds, one must allow 
uctuations

in link variables l and plaquette variables F , subject to constraints. The issues may be

dealt with in an analogous fashion to the loop algorithm. Thedivergence constraint on the

plaquette �eld is satis�ed by considering 
uctuations in lo cal 
ux tubes (i.e. cubes). On

small lattices, 
uctuations in the global charge Q�� must also be considered. Since these

charges correspond to sheets with areaA, the probability for 
uctuations of this kind scale

as e� A . In addition to these, one must consider 
uctuations involving gauge plaquettes

bounded by current loops; these current loops act as 
ux tubesources and sinks. An
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Figure 3.5: A sequence of con�gurations generated by the \worm algorithm". Con�gurations
(1) and (3) are physical con�gurations with charges Q = � 1 and Q = 0, respectively.
Con�guration (2) has no well-de�ned charge.

physical states

unphysical states

Q = 1Q = 0Q = -1

3

2

1

Figure 3.6: A schematic drawing of the free energy landscape. The worm algorithm avoids
tunneling between topological charge sectors by accessingunphysical states. The locations
labeled by (1), (2) and (3) correspond to con�gurations displayed in Fig. 3.5.
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Figure 3.7: Local 
ux tube (lower left) and 
ux tube connecti ng a current loop source and
sink (upper right).

example con�guration is displayed in Fig. 3.7.

3.3.4 Reweighting

Before e�cient simulations can be performed, additional issues must be addressed. Ideally

one would like to generate a single set of con�gurationsf � i g = f � i ; l i g, where i = 1 ; : : : ; N ,

and N is the sample size, distributed according to the probability weight e� S[�] . From this

ensemble, one would then like to approximate the expectation values ofall observables using

the relation

hO(�) i =
1
N

NX

i =1

O(� i ) + O
�

1
N

� 1=2

: (3.34)

Unfortunately, in the dual representation link variables must satisfy speci�c divergence con-

straints which are governed by thegaugetransformation properties of each observable. As

a result, con�gurations generated in a simulation may only be used to calculate expectation

values of those observables which transform similarly under gauge transformations. With

the use of reweighting [59], this issue may be avoided. LethO(� )i J represent the expectation

value of some� -dependent operator in the presence of sourceJ . Then referring to Eq. (3.27)
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one can show that

hO(� )i J =

*
O(� )e� ~S(�;l Q + lJ )+ �

P
n lJ

n ;0

e� ~S(�;l Q )

+

0

; (3.35)

where h: : : i 0 is the expectation values with respect to source-free con�gurations. In this

scheme, all expectation values may be computed from the samesource-free distribution. One

disadvantage of reweighting, however, is that one must now evaluate expectation values of

nonlocal observables. Reweighting is expected to give reliable results provided the Monte

Carlo distribution and target distribution have su�cient o verlap. In particular, the extent

of correlation functions should remain well within the bulk of the lattice. Otherwise, the

Monte Carlo and true distributions may lie over di�erent top ological sectors, leading to large

systematic errors. One may be able to reduce the systematic errors arising from the overlap

problem by taking advantage of the fact the the particular solution lJ is not unique. In

particular, one could average the left hand side of Eq. (3.35) over several di�erent particular

solutions lJ , thereby improving estimates of the expectation value. While numerical results

will most likely improve, the systematic errors remain uncontrolled with this scheme.

3.4 Simulations at Zero and Weak Coupling

We have now provided a framework for studying scalar theories at �nite chemical potential

on the lattice, free of sign problems. We test the convergence of our algorithms by performing

Monte Carlo simulations of the (2 + 1)-dimensional free, relativistic U(1) theory at �nite

density and �nite temperature. The algorithm is then applie d to the same theory with an

additional repulsive interaction

S1 =
X

n

�
4

j� n j4 : (3.36)

Here, we determine them2 � � phase diagram at in�nite volume and zero temperature, and

in a regime where perturbation theory is reliable.

Since these simulations are exploratory in nature, we work in 2+ 1 dimensions and limit

our lattice sizes to 102� 10 or smaller, employing the loop algorithm discussed above. During

each run, we update the system throughN � 2� 106 Monte Carlo steps3 and estimate that

3One Monte Carlo step is equal to one sweep through the system.
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the correlation times are on the order of� corr � 2 � 102 steps. Following an equilibration

time � eq � 2 � 104, con�gurations are accepted every� corr steps to ensure that ensembles

are uncorrelated. We include 
uctuations in global chargesQ� to ease the comparison of

numerical results with analytic calculations.

3.4.1 Free Theory

We begin by measuring properties of the free theory at �nite chemical potential. The free

theory is exactly soluble because the action is a quadratic form involving � . At zero coupling

and �nite lattice spacing, the theory is stable provided 4 sinh2(�= 2) < m 2. At �nite volume,

the free energy of the system is given by

e� N � N s f 0 (� ) =
Y

p

1

m2 + 4 sin2( p� + i�� �; 0
2 )

=
Y

p

1
cosh(N � cosh� 1 � p ) � cosh(N � � )

; (3.37)

where

� p = 1 + 1
2

0

@m2 + 4
X

j

sin2
� pj

2

�
1

A ; (3.38)

and the momenta take discrete valuesp� = 2 �n � =N� within the BZ, with N0 = N � and

N j = Ns. From the free energy we compute the charge density as a function of � ,

hni =
� @f0(� )

@�

=
1

N d
s

X

p

sinh(N � � )
cosh(N � cosh� 1 � p ) � cosh(N � � )

: (3.39)

In the low temperature regime (�m � 1) the charge density remains zero for 4 sinh2(�= 2) <

m2. At higher temperatures (�m � 1) particles (antiparticles) become thermally excited,

leading to �nite densities for j� j < m . In both cases, as 4 sinh2(�= 2) ! m2 the charge

density n diverges, signaling the onset of Bose-Einstein condensation.

Simulations of the free theory are performed at a �xed mass (m = 1) and for chemical

potentials ranging from � = 0 :0 � 0:9. Fig. 3.8 provides a comparison of the exact analytic

and numerical computation of the charge density as a function of chemical potential for
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Figure 3.8: Charge densityhni as a function of � for the free relativistic theory ( m = 1) on
a 102 � 10 lattice. Dashed line indicates the exact analytic calculation, data points indicate
numerical results.

�m = 10. In addition, we measure the two-point correlation function G(2)
� = h� �

n+ � e0
� n i

using the reweighting procedure described inx3.3. Our numerical results forG(2)
� in Fig. 3.4.1

agree with exact calculations for time separations� � N � . For time separations � & N � ,

the reweighting method fails to yield correct results. This is presumably due to poor overlap

between Monte Carlo and target distributions.

3.4.2 Interacting Theory

At weak coupling (� = 1) and zero temperature we determine the critical massm2
c as a func-

tion of � . The transition occurs when the e�ective massm2
ef f (m2; � ) = m2 � 4 sinh2(�= 2)+

�( m2; � ) vanishes, where �(m2; � ) represents the self-energy correction to the free propa-

gator. We use this relation to compute m2
c for �xed values of � and � . At tree level, m2

c is

simply given by m2
c = 4 sinh2(�= 2); this line is indicated by the dashed curve in Fig. 3.10.

We compute the self-energy perturbatively in the in�nite vo lume limit and at �nite lattice

spacing. The �rst-order correction arising from the one-loop diagram shown in Fig. 3.11

yields the relation m2
c = 4 sinh2(�= 2) � � 1(m2

c; � ). The one-loop self-energy is proportional

to the free energyf 0 of the noninteracting theory and in the in�nite volume limit one �nds

� 1(m2; � ) = �
Z

BZ

ddp
(2� )d

1

2
p

� p � 1
H

�
1 � ej � j

�
� p �

q
� 2

p � 1
��

; (3.40)
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Figure 3.9: Two point correlation function G(2)
� for the free relativistic scalar theory with

�=m = 0 :0 and 0:9. Error bars indicate only the statistical uncertainty and not that due to
systematic errors. Exact analytic calculations (squares)agree with Monte Carlo simulations
(triangles) for � < N � =2. Results were obtained for a 102 � 10 lattice. Discrepancies between
the numerical data and analytic results for � > N � =2 are discussed in the text.
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Figure 3.10: The charge density phase diagram in the (�; m 2) plane at � = 1. The dashed
(solid) curve corresponds to the tree level (one-loop) calculation of m2

c as a function of � .
The upper (lower) region corresponds to the unbroken (broken) phase. Data points are
obtained from the volume dependence of� �m 2 , as shown in Fig. 3.12.

..

Figure 3.11: One-loop self-energy diagram which corresponds to � 1(m2; � ).
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Figure 3.12: Volume dependence of� �m 2 for � = 0 :4 and lattice sizes ranging fromN � ; Ns =
4 � 10 in the space and time direction. Curves are obtained by extrapolating data from
m2 = � 0:057 (dashed line) via reweighting.

where� p is given by Eq. (3.38) andH (x) represents the Heaviside step function. The domain

of integration is over spatial momenta pj 2 [� �; � ]. We solve for m2
c to leading order in �

by substituting our tree level result for m2 into � 1(m2; � ). The �rst order correction to the

critical line is indicated by the solid curve in Fig. 3.10. Above the critical line (m > m c)

the charge density is strictly zero at zero temperature. Below the critical line ( m < m c) the

charge density is positive for� > 0 and negative for � < 0.

In our numerical simulations, the critical mass is determined by observing the depen-

dence of the susceptibilities� �� and � �m 2 on the linear sizeN � ; Ns of our lattice. In the

in�nite volume limit, these quantities are discontinuous ( assuming� 6= 0) across the phase

boundary. At �nite volume, however, it is well known that no p hase transition exists;

discontinuities in thermodynamic quantities become smooth cross-overs. We obtain an ap-

proximation to the in�nite volume critical mass by plotting � �� and � �m 2 as functions of

m2 for various lattice sizes. A typical set of data is displayedin Fig. 3.12 for � = 0 :4.

Simulations are performed at a trial massm2
0 near m2

c. Susceptibilities in the neighborhood

of m2
0 are then obtained from the same ensemble with the use of

hOim2 =
hOe� (m2 � m2

0 )j� j2 i m2
0

he� (m2 � m2
0 )j� j2 i m2

0

: (3.41)



63

In the limit N � ; Ns ! 1 , the susceptibility curves should intersect at the same point,

revealing the in�nite volume value of the critical mass. In practice, one should apply

a �nite scaling analysis to accurately determine m2
c in the thermodynamic limit. Since

our lattices are relatively small (scaling analysis is onlyvalid for N � ; Ns � 1) and our

computing resources limited, we choose not to do so here. Estimates of m2
c are obtained

from the N � ; Ns = 4 ; 6; 8; and 10 crossings. In the special case� = 0, the average number

density and susceptibilities remains zero across the phaseboundary. Here, we study the the

properties of the charge distribution associated withQ0 as a function of lattice volume. In

particular, in the in�nite volume limit the Binder cumulant U � 1 � h Q4
0i =3hQ2

0i 2 equals

zero in the broken phase (m2 < m 2
c) and diverges in the unbroken phase (m2 > m 2

c). Our

numerical results for the m2 � � phase diagram shown in Fig. 3.10 appear consistent with

perturbation theory at weak coupling.

3.5 An Application

We now turn to an application, focusing for simplicity on the relativistic U(1) lattice theory

with the interaction given by Eq. (3.36) and in a nonperturbative regime. The purpose of

this section is to show that full scale simulations are feasible using the methods outlined

above. Since our path integral representation is derived inthe imaginary-time formalism, the

utility of our approach is limited to systems in thermodynam ic equilibrium. Nonetheless,

the algorithms may, for instance, be used to study the universal properties of the (2 +

1)-dimensional relativistic j� j4 theory, which is known to exhibit a second order phase

transition at zero temperature and density. At N � ; Ns = 1 and at the phase transition,

the theory exhibits no intrinsic scale. As a result, one can make predictions about the

dependence of observables on the physical parameters of thetheory based on universality

and the scaling hypothesis. As an example, dimensional analysis suggests thathni = B� 2

[67] andTc = C� [68] as one moves away from the zero temperature and density critical line.

The proportionality constants B and C are believed to be universal and nonperturbative,

and therefore ideal for calculation by numerical means.

For the calculation of universal constants, we choose the self coupling � = 192 and deter-

mine the critical mass by studying the volume dependence of the Binder cumulant U(m2)
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Figure 3.13: m2 dependence ofU for � = 192, � = 0 :0 and space-time volumesN � ; Ns =
20� 36.

at zero chemical potential. Results forU(m2) were obtained using the worm algorithm in

order to facilitate charge 
uctuations at larger volume sizes, as discussed inx3.3. Scans in

the mass parameter were performed for lattice sizes rangingfrom N � ; Ns = 20 � 36 sites.

The results plotted in Fig. 3.13 suggest that the critical mass is approximatelym2
c � � 26:05

for this choice of � .

The universal constant B is determined by studying the volume dependence of the ratio

hni =� 2 at � = 192 and m2 = m2
c. Curves were obtained by direct measurement of the

number density, once again using the worm algorithm. Scans displayed in Fig. 3.14 were

performed for values of the chemical potential ranging from� = 0 :1 � 0:5 and lattice sizes

ranging from N � ; Ns = 20 � 36 sites. In the in�nite volume limit, hni =� 2 is expected to

converge toB. Previous indirect measurements of this quantity have found B = 32(1) [69].

With exception to the � = 0 :1 level curve, we �nd B � 0:32 for large space-time volumes{in

apparent agreement with the earlier calculation.

Turning now to the �nite temperature behavior near the criti cal line, we study the

temperature dependence of the number density for chemical potentials ranging from � =

0:1� 0:5 and using the loop algorithm described inx3.3. Curves displayed in Fig. 3.15 were

obtained by direct measurement of the number density at a spatial volume Ns = 16. Near

the critical point ( �; m 2
c) = (192 ; � 26:05), the e�ective theory describing the Goldstone
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Figure 3.14: Volume dependence ofhni =� 2 for � = 192, m2 = � 26:05 and � = 0 :1 � 0:5.

mode � predicts weak temperature dependence in theT � � regime. More precisely, using

the arguments of [70] the leading order contribution to the continuum e�ective Lagrangian

is

L =
B
3

�
(@� � + � )2 + ( r � )2� 3=2

: (3.42)

Expanding the Lagrangian in inverse powers of� , we �nd

L =
B
3

� 3 + B�
�
(@� � )2 + 1

2(r � )2�
+ : : : ; (3.43)

and to leading order in temperature, the number density is given by

hni = B� 2 �
1 + O(T=� )4�

: (3.44)

This predicted temperature dependence is evident in our numerical calculation of hni =� as

a function of T for T � � . Results of this calculation are shown in Fig. 3.15.

For a precise determination of the universal constantC, which characterizes the shift

in Tc as a function of � , we �x the inverse temperature at N � = 4 ; 6 and 8 and study the

� -dependence of the susceptibility� m2m2 for spatial lattice volumes Ns = 24; 36 and 48.

Results are shown in Fig. 3.16. In the thermodynamic limit Ns ! 1 , this susceptibility is

expected to diverge as one approaches criticality. From thein�nite volume location of the

maximum � max (Ns ! 1 ) of the susceptibility, one can determine the universal constant
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Figure 3.15: Temperature dependence ofhni =� for � = 192, m2 = � 26:05, � = 0 :1 � 0:5
and spatial volume Ns = 16.
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Figure 3.16: � dependence of� m2m2 for � = 192, and m2 = � 26:05 for spatial volumes
Ns = 24 (diamond), Ns = 36 (star) and Ns = 48 (square).
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using the relation C� 1 = �� max (Ns ! 1 ). We leave an in�nite volume extrapolation of

� max (Ns ! 1 ) to a later study; at �nite volume we �nd the approximate valu e of C � 0:44

for each choice of� and for the spatial volume Ns = 48.

3.6 Conclusion

We have derived a new representation for the bosonic partition function which may be

interpreted as a path integral over current densities. The representation avoids the problem

of complex phases and is therefore suitable for use in numerical simulations. The formalism

is applicable to relativistic and nonrelativistic O(N ) scalar theories at �nite density and in

the caseN = 2 allows for the inclusion of gauge interactions at strong coupling. We have

veri�ed the method by performing numerical simulations of t he free relativistic scalar �eld

theory in 2 + 1 dimensions, �nding that numerical results for the two-point correlator and

charge density agree with exact calculations. The method was then applied to j� j4 theory

at weak coupling where we have correctly reproduced them2 � � phase diagram. Finally,

we have demonstrated the utility of the formulation by performing numerical calculations of

the universal constantsB and C associated with the phase transition at �nite temperature

and chemical potential. We �nd the approximate values B � 0:32 and C � 0:44; a full

analysis, including in�nite volume extrapolation of the da ta is left for future studies.

The methods and ideas discussed in this paper may be extendedto include the addition

of higher representation �elds and multiple 
avors. In cases such as this, positivity of the

dual partition function will depend on the speci�c form of in teractions and whether of not

the resulting character expansion coe�cients satisfy the desired positivity requirements.

Finally, we have been unable to generalize our method to the case of fermionic systems

for the obvious reason: no polar decomposition exists for Grassmann variables. Similar

methods which are based on the hopping parameter expansion are known to fail as well

because con�gurations with an odd number of fermion loops inthe expansion carry negative

weight. It is likely that the fermion sign problem is fundamentally di�erent from that for

bosons and the techniques describes here are simply inapplicable.
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Chapter 4

CONCLUSION

In this thesis, we have addressed two theoretical and practical challenges pertaining to

lattice �eld theory: the formulation of supersymmetric gau ge theories on the lattice, and the

numerical simulation of bosonic theories at �nite density. In Chapter 1, we have reviewed

the motivations for lattice regularization, and have described some of the basic elements

behind the construction of lattice actions and their use in numerical simulations.

In the �rst portion of x1.3.1, we have discussed in greater detail some of the problems

encountered when formulating supersymmetric theories on the lattice. Here, we have de-

scribed the overall structure of two-dimensional supersymmetric lattices obtained via the

orbifold projection method, with emphasis on the relationship between placement of �eld

variables within the unit cell and the resolution of various issues typically encountered by

a naive discretization of the theory. In x1.3.2, we have stressed that while a sensible lattice

formulation is a necessary starting point for numerical investigation, simulations may only

improve our understanding of the theory if e�cient numerica l algorithms exist. In the case

of relativistic and nonrelativistic �eld theories at �nite density, the sign problem prevents

e�cient numerical simulation of theories by means of standard Monte Carlo methods. We

have qualitatively analyzed the severity of the sign problem for two particular theories,

namely, two-
avor QCD at �nite baryon number and isospin den sity, and a complex scalar

�eld theory at �nite density. In each case, we found that the d i�culty of performing nu-

merical simulations scales exponentially with space-timevolume. In the latter example, the

severity of the sign problem depends explicitly on the cuto� of the theory, suggesting that

numerical simulations would be impractical for any nonzerovalue of the chemical potential

as the cuto� is removed.

In Chapter 2, we have derived a lattice action for (2; 2) gauge theories with matter �elds

interacting via a superpotential. The approach employs theorbifold projection technique
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in order to obtain an action which preserves exactly one supercharge on the lattice. The

combination of exact Q = 1 supersymmetry, gauge invariance, discrete symmetries and

approximate global U(1) symmetries of the superpotential are su�cient to forbid almost

all relevant and marginal supersymmetry violating operators from arising radiatively, thus

allowing one to recover the continuum target theory with a minimal degree of �ne-tuning.

We expect that the method for including matter described here may be applied to three-

and four-dimensional lattices with extended supersymmetry [15, 16] without di�culty; the

degree of additional �ne-tuning, however, remains uncertain for these theories.1

As we have described inx2.4, adjoint matter �elds serve as the basic building blocks

for constructing more exotic quiver theories. Theories with bifundamental matter �elds

may be obtained via an additional orbifold projection by discrete symmetries; fundamental

matter �elds may be obtained as a limiting case of bifundamental matter, where one of the

two gauge groups is reduced down toU(1). Lattice theories with higher representations of

matter, however, cannot be constructed{and in fact appear inconsistent{with the orbifold

methodology. Additional obstacles are confronted when attempting to construct theories of

charged matter with U(1) charges other thanq = � 1; 0; 1 in the continuum.

An open question is whether or not one can forgo the orbifold machinery and consistently

construct theories which may otherwise be unattainable{such as theories with other matter

�elds representations or target theories with fewer supersymmetries. In the latter case,

fermion doubling and simple counting arguments suggest that the orbifold method will only

yield target theories with no less than 2d supersymmetries,2 whered represents the number

of space-time dimensions.

While theoretical progress in lattice supersymmetry has been rapid in recent years, di�-

culties remain with regards to numerical simulation of these theories. The primary practical

challenge faced in numerical simulation of supersymmetriclattice theories is the fermion sign

problem. In the case of pure supersymmetric gauge theories,the continuum theory is free of

1The pure SYM theories described in [15, 16] require some �ne-tuning of relevant operators. Whether
or not the degree of �ne-tuning worsens upon inclusion of mat ter �elds and a superpotential is an open
question.

2This observation has been established rigorously in [71].
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sign problems, however, the lattice theory is not [52, 72].3 In the closely related lattice con-

struction of \twisted" pure SYM theories developed in [38], recent numerical investigations

suggests that the sign problem becomes less severe as the continuum limit is approached

[41, 73]. However, once matter �elds and a superpotential have been introduced, the sign

problem undoubtedly becomes unsurmountable; for, even thecontinuum theory exhibits a

sign problem due to the presence of Yukawa interaction termsinvolving matter �elds and

the gauginos.

The second major challenge to be overcome is the inherent di�culty of simulating dy-

namical massless fermions. It is well known from the contextof lattice QCD that numerical

simulations become exceedingly costly in the chiral limit,where the Dirac operator becomes

ill-conditioned. Such issues presumably carry over directly to SYM theories described in

Chapter 2, as well as their higher-dimensional counterparts.

Finally in Chapter 3, we present a solution to the boson sign problem at �nite density. As

discussed in detail inx3.1, the sign problem severely limits our ability to perform numerical

simulations of theories with complex actions. Complex actions commonly arise in fermionic

theories after integrating out the fermionic degrees of freedom (as in the supersymmetric

lattice theories considered in Chapter 2), as well as relativistic theories when a chemical

potential has been introduced. In Chapter 3, we take a modeststep toward understanding

the sign problem by showing that the problem is basis dependent4 for a wide class of scalar

theories. A new representation for the bosonic path integral was derived using character

expansion techniques which rendered the theory completelyfree of sign problems. The

utility of the new path integral representation was demonstrated by performing numerical

simulations of a (2+1)-dimensional j� j4 theory at �nite temperature and density. Numerical

results agree with analytic predictions in cases where perturbation theory is reliable, and

�nally, the method was used to study the phase structure of the theory in a nonperturbative

regime.

3This curious property is not unique to supersymmetric latti ce theories. The reduced staggered formula-
tion of lattice QCD exhibits the same phenomenon.

4This observation may not be too surprising{after all, a path integral representation derived in the energy
eigenstate basis surely is free of sign problems. If one could compute the energy eigenstates, however, there
would be no need for solving the theory numerically!
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One may wonder to what extend the ideas presented in Chapter 3may impact the

QCD sign problem at �nite baryon number density. At present, all known methods for

numerically studying QCD at �nite baryon number have a limit ed range applicability. The

validity of such methods generally break down at high density, low temperature, and beyond

the decon�nement phase transition, and therefore o�er no additional information about the

extreme regions of the QCD phase diagram. It would seem that atruly drastic change in the

way we think about this problem is in order if further progress is to be made. The possibility

that the sign problem may be avoided by an appropriate changeof basis is encouraging. It

was recently emphasized in [74] that it is possible tointroduce a sign problem in theories

for which the problem is otherwise absent, by a change of basis. The zero density QCD

partition function, for example, may be expressed as sum over meson and baryon paths

known as the polymer representation [75], or at in�nite coupling, the dimer representation

[76]. These representations generally exhibit a sign problem, which may be attributed to the

baryon loop contributions to the path integral. One might hope that the converse situation

is equally true for the QCD path integral at �nite density.

Needless to say, a solution to the QCD sign problem at �nite baryon number density

would open the door to a physical regime that is at present only poorly understood, and at

extreme densities, entirely inaccessible by both theoretical and experimental means.
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