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1. INTRODUCTION

This paper develops a new framework for studying how consumer preferences de-
termine equilibrium conduct and performance in multiproduct industries. At the
heart of this new framework is the copula approach to modelling the distribution
of consumer preferences in a discrete choice model of product differentiation. This
approach separates the effects of the marginal distributions of consumer values for a
product variety from the dependence relations between varieties captured by a copula.
Our analysis uncovers several unifying principles of equilibrium pricing and market
performance, indentifies an important new dimension along which product differen-
tiation can be measured and fruitfully analyzed, and establishes new general results
on how prices differ between multiproduct industries and single product monopolies.

We consider a horizontally differentiated industry with symmetric varieties of a
good. Consumer values for the varieties are distributed according to a continuous
multivariate distribution. The theory of copulas in statistics allows us to repre-
sent the joint distribution by the marginal distribution and a copula. We focus on
three dimensions of consumer preferences: demand strength, preference diversity, and
preference dependence. Demand strength and preference diversity are measured re-
spectively by the mean (1) and variance (o) of the marginal distribution of consumer
values for each variety. Preference dependence is captured by the copula, which may
have the property of positive dependence, independence, or negative dependence.
When a copula family is ordered by a parameter () according to conditional stochas-
tic dominance, we employ this parameter to measure preference dependence. Loosely
speaking, greater preference dependence means more consumers regard the different
varieties to be close substitutes. Thus preference dependence is an intuitive measure
of the degree of product differentiation.

The copula framework advances the standard approach to product differentiation
in discrete choice demand models by relaxing in a neat way the typical assumption
of independent consumer values for alternative products. Under general conditions
of preference dependence, we re-examine firm conduct and market performance in
multiproduct industries, considering both monopoly and symmetric oligopoly market
structures. We also characterize outcomes under single-product monopoly, both as a

benchmark for comparisons and to elucidate our results for multiproduct industries.



The strategic variables are prices, which firms choose simultaneously under oligopoly
competition.

We show how demand strength and preference diversity affect equilibrium prices,
profits, and consumer welfare under general conditions of preference dependence.
First, prices, profits and consumer surplus are all higher with stronger demand. Sec-
ond, firm profits increase in preference diversity for "low-demand" products (u < 0);
while for “high-demand” products (u > 0) profits exhibit a U-shaped relationship
with o, first decreasing and then increasing. Third, prices and consumer surplus
both increase in preference diversity if ;1 < 0. These comparative-static results are
similar across multiproduct industry structures and under various preference depen-
dence conditions, providing unifying principles of industry conduct and performance.!
Moreover, the effects of preference diversity on profits clarify a key result in Johnson
and Myatt (2006) for "variance-ordered distributions" for a single-product monopoly,
and extend their insights to horizontally-differentiated multiproduct monopoly and
to horizontally-differentiated price-setting oligopoly allowing for general preference
dependence.?

We also consider how preference dependence affects prices and profits in multi-
product industries. The standard approach to discrete-choice models of differentiated
oligopoly pioneered by Perloff and Salop (1985) typically considers preference diver-
sity as an indicator of product differentiation under the assumption of independent
consumer values for different varieties.? In our model, o and 6 are distinct indicators
of product differentiation, and it is important to disentangle their effects in a gen-
eral theory of product differentiation. Our analysis advances the theory on product
differentiation by disentangling these two effects, and by providing sufficient condi-

tions under which prices and profits in multiproduct industries decrease as preferences

I The results require appropriate regularity conditions for each market structure. The comparative
statics of oligopoly prices and profits require somewhat stronger sufficient conditions because of the
strategic interdependence of price decisions.

2 Johnson and Myatt (2006) show that firm profit is maximized with either minimum or maximum
preference diversity for a single-product monopolist, and, under the assumption of preference inde-
pendence between varieties, for a multiproduct monopoly with vertically differentiated products and
for a quantity-setting oligopoly. They develop insightful interpretations of this result for business
strategy in areas such as advertising, marketing, and product design.

3 Anderson, dePalma, and Thisse (1992) provides an excellent overview of discrete-choice models
of product differentiation.



become more positively dependent or less negatively dependent.*

Our analysis further leads to two new results concerning how prices differ between
multiproduct industries and single-product monopoly. First, extending Chen and
Riordan (2008), we find that the single-product monopoly price is higher than the
symmetric oligopoly price if the hazard rate of the marginal distribution is non-
decreasing and preferences are positively dependent, but lower if the hazard rate is
non-increasing and preferences are negatively dependent. Second, the symmetric
multiproduct monopoly price is higher than the single-product monopoly price, pro-
vided that preferences possess a uniform dependence property, i.e., if preferences are
either positively dependent, or independent, or negatively dependent.

The copula approach is more powerful than simply assuming a particular joint
distribution for consumer values for alternative products. The bivariate normal dis-
tribution, for example, does have the virtue of neatly separating preference diversity
(variance) and preference dependence (correlation) but is restrictive in part because
the marginal normal distribution has a particular shape with an increasing hazard
rate. Consequently, the bivariate normal distribution implies that duopoly price is
below the monopoly price in the neighborhood of independence. The copula approach
is able to retain the dependence propoerties of the bivariate normal distribution by
assuming a Gaussian copula (Nelsen 2006) while allowing for alternative marginal dis-
tributions that lead to a different conclusion. While it is known that more product
variety can sometimes result in higher or lower prices, the copula approach clarfies
conditions under which this must be the case. By separating the properties of the
marginal distribution from the dependence properties of the joint distribution, the
more general copula approach clarifies which properties of the structure of preferences
matter for particular comparative static results.

We formulate our main model in Section 2, which for expositional clarity and
convenience contains only two product varieties. Section 3 establishes the comparative
statics of preferences under various market structures, and Section 4 compares prices
across market structures. Section 5 illustrates our findings and additional results
by numerically analyzing a particular class of preferences described by exponential

marginal distributions and the Fairlie-Gumbel-Morgenstern (FGM) family of copulas.

4As we noted above, preference diversity, the usual measure of product differentiation used in
the literature under preference independence, has non-monotonic relations with profits if p > 0.
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Section 6 concludes. An appendix contains proofs under the more general assumption
of n > 2 product varieties, proving the results in the main model (where n = 2) and

generalizing them to an arbitrary number of varieties.
2. PREFERENCES AND DEMAND

Each consumer is assumed to purchase at most one unit of two possible symmetric
varieties of a good, referred to as X and Y. A consumer’s value for X is wy = w(z)
and for Y is wy = w(y), where x and y is each uniformly distributed on [0, 1], and
w(+) is a strictly-increasing and twice-differentiable function with a subinterval on
which w (z) > 0. The utility of the "outside good" is normalized to zero. If p is
the price of X and r is the price of Y, then a type (z,y) consumer purchases X if
w(z) —p > max{w(y) —r,0} and Y if w(y) —r > max{w(z) — p,0}. If only X is
available, then the consumer purchases it if w(z) —p > 0.

The population of consumers, whose size is normalized to 1, is described by a sym-
metric copula C(x,y), which is a bivariate uniform distribution satisfying C(x,1) =
x = C(l,z), and C(z,0) = 0 = C(0,z). For convenience, C(z,y) is assumed to
be twice differentiable on [0,1]° = I? with a joint density given by Ciy(x,y) =
02C(z,y)/020y. The copula determines the statistical dependence of consumer
values for the two varieties. In particular, Cy(x,y) = 0C(z,y)/0x is the conditional

% < 0 (> 0) indicates positive (neg-

distribution of y given z, and Cyy(z,y) =
ative) stochastic dependence. The independence copula is C(z,y) = xy. Positive
(negative) stochastic dependence implies positive (negative) quadrant dependence,
ie. C(z,y) > zy (C(z,y) < zy).’

We parameterize the preference distribution along three dimensions: demand strength,

preference diversity, and preference dependence. Let

= /01 w(x)dx

and .
7= [ ) - o

®Positive stochastic dependence in turn is implied by positive likelihood ratio dependence (called

"affliation" in the economics literature), or, in the differentiable case, %giu,v) > 0 (Nelsen, 2006).
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denote the mean and variance of consumer values for each variety, and define the
normalized utility u (z) = % For given parameters i and o, the marginal distri-
bution of consumer values for X is F(*<=£) = 4! (=) | and similarly for Y.® The
joint distribution of values can then be written as C' (F(*<=£), F(*>x=£)).7 A family
of copulas, C (z,y;6), indexed by parameter 6, satisfies the monotonic dependence
ranking property (MDR) if 0Cy; (z,y;60) /00 = Chig (z,y;0) < 0 for interior (x,y).
MDR implies Cy (z,y;0) = 0C (z,y;0) /00 > 0 (Nelsen, 2006).

Summarizing, the distribution of consumer preferences for the two goods is com-

pletely characterized by the marginal distribution function F (u), the copula C (z, y; 6),®
and parameters y and o which respectively measure demand strength and preference
diversity. The copula indicates the nature of preference dependence, and, for copula
families satisfying MIDR, the parameter 6 measures the degree of preference depen-
dence. Introduced by Chen and Riordan (2008), the copula approach to product
variety has the defining property of disentangling the effects of the marginal distribu-
tion of consumer values for each variety from their dependence relationship. The key
feature of the copula approach is that a copula and marginal distributions completely
characterize the joint distribrution of consumer values for varieties. Later in Section
5, we study numerically a class of bivariate exponential distributions based on the
Failie-Gumbel-Morgenstern (FGM) copula family, which satisfies MDR..

[Insert Figure 1 about here]

The demand for X and Y is illustrated in Figure 1, which partitions the consumer
type space (I?) into an acceptance set for X, an acceptance set for Y, and an accep-

tance set for the outside good, given normalized prices p = &=F and 7 = =*. A type

6The support for F (-) is extended in the usual way, i.e., F (u) = 0 for u < u(0) and F (u) = 1
for u > u(1), unless u (0) = —oco and/or u (1) = co.

"By Sklar’s Theorem (Nelsen, 2006), it is without loss of generality to represent joint distribu-
tion of consumers’ values for two products by a copula and marginal distributions. However, our
symmetry assumption confines our analysis to symmetric joint distributions with the same marginal
distributions for X and Y.

8The parameter § is suppressed notationally for results that hold 8 fixed or that do not require
the MDR property.

9 Although we assume a one-parameter family of copulas for expositional convenience, our ana-
lytic comparative results regarding dependence only require that copulas are ordered by stochastic
dependence.



(x,y) consumer prefers X to the outside good if
x> F(p)

and X to Y if
x> F(uly)+p—r7).

The boundaries of the acceptance set for X are defined by replacing these inequalities
with equalities over the relevant ranges. Accordingly, the demand function for X is

calculated by integrating over the acceptance set:

1 F(u(z)+7—p)

Q(p.r0) = / / Cus (i, 3 0) dydc (1)
F(p) 0
1

= Ci(x, F(u(x)+7—p);0)d.
F(p)
The demand for Y is calculated similarly. Thus, the two good are always substitutes

because
p”g /waF 2)+F—p):0) f(u(z) +7—p)dz >0.  (2)

If only good X is available, its demand is obtained by setting F'(7) =1 in (1), or

Q°(p) = 1= F(p). (3)

As discussed in Chen and Riordan (2008), the introduction of product Y at the same
price has two effects on demand for product X. The "market share effect" shifts down
the demand for product X as some consumers switch to a more attractive alternative,
and the "price sensitivity effect" tilts the slope of the demand curve for product X as
the identity of marginal consumers changes. These two effects combine to determine
how the introduction of a second variety changes the price elasticity of demand for X

at any given price.



The copula approach has the advantage of linking endogenous demand elasticities
of classical demand theory to more fundamental properties of preference distributions.
First, at any p > 0, the price elasticity of demand for a single available product is a

function of demand strength and preference diversity:

nxz‘ p 3Q0(ﬁ)‘zk<p—u>p

@G o 7)o W

o

where A (p) = 5 S ff()ﬁ)

with g if and only if A (p) is increasing; and 7 decreases with o if p > p and A (p) is

is the hazard rate (of the marginal distribution). 7~ decreases

non-decreasing, or if p < p and A (p) is non-increasing. Second, with both varieties

available and with 7 = p, the cross- and own-price elasticities are

% / Cr (,7:0) f (u(x)) da

XY __ aQ (ﬁ,f,@) r
7 _‘ or Q(p,r;t?)‘r_p o[1—-C(F(p),F(p);0)] ’

0Q (p,:0)  p ‘ _xve, 20C (F (D), F(p);0) f (D)
o Qpr0), c1—C(F(p),F);0)]

Note that n*** depends on price sensitivity at both the intensive and extensive

X X

margins, i.e. both the density of consumers indifferent between X and Y and those

indifferent between X and the outside good, whereas n*X¥*

only depends on price
sensitivity at the intensive margin. A sufficient condition for nX¥* to increase as 0

increases is

jC’ue (x,2;0) f (u(z))dx >0 (5)

for any t € [0,1), where Cio(z,y;0) = 0C1a(x,y;0)/00. Condition (5) holds if
greater preference dependence is associated with greater density of consumer prefer-
ences along the diagonal of the type space, meaning that more purchasing consumers
value the two goods similarly and therefore are sensitive to a unilateral price cut start-
ing from a symmetric situation. While Ci99(z, x;0) > 0 seems an intuitive property,

it does not appear to be a general implication of MDR. The condition does hold for



the FGM copula family studied in Section 5.1

3. COMPARATIVE STATICS

The copula approach enables us to derive new results on how prices, profits, and
consumer welfare vary with the strength (1), diversity (o) and dependence (6) of the
distribution of consumer preferences. To proceed, we make a couple of additional
simplifying assumptions for both this and the next section. First, the average cost
of production for each variety is constant, and without loss of generality normal-
ized to zero. An appropriate interpretation of the normalization is that consumers
reimburse the firm for the cost of producing the product in addition to paying a
markup p. Consequently, u can be interpreted as standing for mean demand minus
the constant average variable cost, and naturally can be either positive or negative.'!
Second, equilibrium prices exist uniquely and are interior under all market struc-

tures.!?

Together with the symmetry of C (-, -), this simplifying assumption implies
that equilibrium is symmetric. These maintained assumptions facilitate comparative

statics and comparisons of outcomes for different market structures.
Demand Strength and Preference Diversity

We start with the familiar case of a single-product monopolist who produces X.
While this does not require a consideration of preference dependence, our analyses of
various cases nevertheless have a common structure in key respects, and the single-
product monopoly case serves as a point of comparison for firm conduct. For these

reasons, it is worthwhile to elucidate carefully the single-product monopoly problem.

10To understand the ambiguity, observe that Ce6(, z;6) = dCig(x, z;0)/dx —C116(x, z;0). While
—Ch19(z,x;0) > 0 by MDR, dC1y(x,x;0)/dx may be either positive or negative. In the FGM case,
dChg(z,z;0)/dz < 0 in an intermediate range of z, although —C119(x,x;0) > 0 still dominates in
this range.

'This interpretation requires an appropriate adjustment of the elasticity formulas. Suppose
consumers pay p + ¢ where ¢ > 0 is the constant marginal cost of production. Then the single-
product price elasticity of demand becomes A (p) £ = pTTCnX with 7% given by (4). The other
elasticity formulas require similar adjustment.

2For convenience, we refer to optimal prices under monopoly as equilibrium prices. An interior
price satisfies p € (w(0),w(1)), so the market neither shuts down nor is fully covered. Consequently,
profit functions are differentiable at equilibrium prices.



Furthermore, our analysis of this base case clarifies and expands aspects of Johnson
and Myatt (2006)’s seminal analysis of the effect of preference diversity on monopoly
profit.

The structure of our analysis hinges on the price normalization introduced in our

discussion of demand. The single-product monopolist’s (gross) profit function is

m"(p) = o(p+ ) [1 — F(p)] (6)
where p is the normalized price and i = £ is the strength-diversity ratio. The

profit-maximizing normalized price (p™) satisfies

" +pA@") =1 (7)

at an interior solution, where A (p) is the hazard rate determining the elasticity of

demand. The following regularity condition guarantees a unique local maximum.
Al: d[(p+p) A (D) /dp> 0.

Thus the familiar assumption of a monotonically increasing hazard rate (A (u) > 0)
is sufficient but not necessary for A1. The maximum profit is 7™ = 7™ (p") and the

consumer welfare is

u(1)
W =o / 1— F(p)] dp. ®)

Defining normalized profits and consumer surplus as 7" = 7™ /o and W™ = w™ /o,
we first establish how normalized price, profit, and consumer welfare vary with the

strength-diversity ratio.

[Insert Figure 2 about here]

AV
o

Lemma 1 Given A1: (i) dg;; < 0, and there exists some @™ > 0 such that p™
if = i (i) 2 > 0; and (iii) - > 0.

The lemma characterizes the normalized price, profit, and consumer welfare effects

of a shift in the strength-diversity ratio. Part (i) is apparent from Figure 2. From



A1, the function (p+ i) A(p) increases in p and intersects 1 once from below; an
increase in 1 shifts up the entire function and moves the intersection point to the left;
furthermore, as fi increases, the intersection point eventually becomes negative. Part
(ii) follows easily from applying the envelope theorem to (6), and part (iii) follows
from simple differentiation and part (i).

Lemma 1 leads immediately to the following proposition establishing how single-
product monopoly conduct and performance depend on demand strength and prefer-

ence diversity.

Proposition 1 Given A1: (z) ¥ <Ozf/\'( )—0 = >0, > 0; (4) L5 >0
ifp<p™and X (-) > 0; 2= —Ozf,u = i dwm >Ozf,u<0

As one might expect, profit and consumer welfare under single-product monopoly
are both increasing in demand strength, and so is monopoly price if the hazard rate
is increasing. If we interpret p as mean consumer value net of constant marginal
cost, then —”Z’—: is the pass-through rate, i.e. the rate at which an increase in cost
translates to a higher markup. The amount of pass-through depends on the slope of
the hazard rate, i.e. X' > (<) 0 corresponds to less (more) than full pass-through as
discussed by Weyl and Fabinger (2009).

Johnson and Myatt (2006) studied families of "variance-ordered" distributions
for which demand strength is a differentiable function of preference diversity, i.e.
@ = p(o).  An important result of their analysis under this assumption is that

™ is a quasi-convex function of o if u(o) is weakly convex, which implies that a

7r
single-product monopolist seeks either to maximize or minimize preference diversity.
Part (ii) of Proposition 1 details this result for the special case of constant demand
strength, i.e. /(o) = 0, and clarifies for this case that the monopolist seeks to in-
crease preference diversity when demand is relatively weak (1 < ofi™) but seeks to
decrease diversity when demand is relatively strong (u > op™). Thus, since @™ > 0
from Lemma 1, 7™ is increasing in o for p < 0, but is a U-shaped function of ¢ when

i > 0, first decreasing and then increasing.!'®

13 Johnson and Myatt (2006) establishes a preference for extremes for an even broader family of
distributions ordered by a decreasing sequence of "rotation" points. Johnson and Myatt (2006) also
showed that ¢™ is a convex function of o if p(o) is weakly convex. By equation (3), however, ¢™
is a decreasing function of p™. Therefore, because dg™/do = f (p™) [dp™/dpi] [n/0?] , part (i) of

10



Our analysis goes further than Johnson and Myatt (2006) by explicitly considering
the consumer welfare effects of demand strength and preference dispersion. Part
(i) of Proposition 1 shows that the firm’s incentive to increase o for weak-demand
products (u < 0) coincides with the consumer interests. In those cases, even though
higher ¢ leads to higher prices, it also leads to higher output and to higher average
values for consumers who actually purchase. As a result, consumer welfare goes up. If
1 > 0, higher o will still increase the values of consumers who purchase the product,
but it now also reduces output, so the effect on consumer welfare is no longer clear
cut. Nevertheless, if > 0, o is sufficiently large, and X' () > 0, it can be shown that
a further increase in ¢ increases both profit and consumer welfare.

We next turn to a price-setting multiproduct monopoly producing both varieties
of the good,!'* who optimally charges the same price for the two symmetric variants.

Defining p and pu as before, the multiproduct monopolist’s profit function is
" (p) =o(p+m)[1 = C(F(p), F(p))]- (9)
The profit-maximizing normalized price p"™" satisfies
(™" + @) X (™) =1 (10)

where

1=C(F(p), F(p)
A key observation is that A\“(p) is the hazard rate for the cumulative distribution
function F(p) = C(F (p), F (p)) on support [u(0),u(1)]. This is the distribution

function for the maximum order statistic for the pair of normalized consumer values,

f(p). (11)

i.e. the probability that both u(x) and u(y) are less than p.
The appropriate regularity condition, which is satisfied in the FGM-exponential

case of Section 5, serves the same role as for the single-product monopoly case:

Lemma 1 clarifies for the constant mean case that ¢"* increases with o if y < ™ and, conversely,
q™ decreases with o if p > ™.

14 Johnson and Myatt (2006) studied a quantity-setting monopoly selling a line of vertically-
differentiated products to a one-dimensional population of consumers. In contrast, we study a
price-setting monopoly selling horizontally-differentiated products to a two-dimensional population.

11



A2: d[(p+pm) A°(p)] /dp > .

Note that the first-order condition (10) is the same as (7) for single-product monopoly,
except for the different hazard rate function. Therefore, the comparative statics of
~mm . =mm

-
prmo ™ and w

profit being 7

™ with respect to p follow from Lemma 1, with the maximum

mm — mm —

7Tmm ( =mm

p™™), and consumer surplus

u(1)
W = g = / 1- C(F(p), F(7))) dp.

pm m

The comparative statics with respect to p and o are therefore the same as under

single-product monopoly:

Proposition 2 Given A2' there exists i’™™ > 0 such that (i) dpm = 0 if XY (p) %
dg:m 0 dw >O (Z?, qu<umm Cl/fld)\C/() O dﬂ.m7n >O fﬂéﬂ

d“jd—>()zf/i§0.

It is also apparent that Proposition 2 extends to the case of a multiproduct mo-
nopolist selling an arbitrary number of symmetric product varieties. If u; is the
normalized consumer value of variety ¢, with ¢« = 1,...n, then the joint distribution
of (uy,...u,) can be written as C'(F(u1), ...F'(uy,)) by Sklar’s Theorem (Nelsen, 2006),
where C'(x1,...,x,) is an n-dimension symmetric multivariate copula. The hazard

rate for the distribution of the maximum order statistic then becomes

()= SCUED) o (7)
M) =T F ), F 7))

Applying A2 to this function yields the generalization to arbitrary n > 2.

f (D). (12)

We now suppose the two varieties are sold by symmetric single-product firms. The
profit function of Firm X is 7 (p,7) = o(p + )Q (p,7) . In equilibrium, p = 7 = p?,
satisfying

(6" + 1) h(p") = 1, (13)

12



where we define the adjusted hazard rate under duopoly competition as

1
hD) = )+ Ty | Celen S (4
F(p)

which is the hazard rate under multiproduct monopoly adjusted by an extra term.
The extra term measures the business-stealing effect when both firms charge the
same price, i.e. the percentage demand increase from a price cut resulting from
customers who change allegiance. Notice that if p < w(0), then A\“(5) = 0 and
h(p) =2 fol c(z,z) f (u(z))dz. Thus u(0) is the critical price separating the equilib-
rium regimes of fully covered versus non-fully covered markets.

We modify the regularity condition for unique comparative statics:
AS: d[(5+ 1) h(p)] /dp > 0.

A3 isimplied by A/(p) > 0 and is also satisfied in the FGM-exponential case in Section
5. With the appropriate regularity condition in hand, the comparative static for sym-
metric duopoly are similar to those for multiproduct monopoly, thus further extend-
ing insights of Johnson and Myatt (2006) to horizontally-differentiated price-setting

duopoly. Each firm’s equilibrium profit and consumer welfare are, respectively:

vl = o = 2o (4 7) [L- O (F (7). F (1)) (15)
u(1)
W = i = o / 11— C(F (), F(5)]dp. (16)

The equilibrium condition (13) has the same form as (7). Thus, the effects of i on
% and @w? under duopoly is qualitatively similar to those for monopoly, whereas the
effect on profits is similar under the sufficient condition of a non-decreasing adjusted
hazard rate h(-):

Lemma 2 Given A3: (i) (izirj < 0, and there exists some ¢ > 0 such that p* % 0 if
ﬂgﬂd (ii ddi; >0 ifh/(.) > (). (m %>O.

The reason for the additional condition on A(-) to ensure ‘%i > ( is the following. An

13



increase in [ directly increases demand, with a positive effect on profits; but it also
has an indirect effect through adjustment in the rival’s price that can potentially lower

equilibrium price p?.'> If A’ (-) > 0, then %_j = d<pd:u)
d

higher p? and higher 7¢. The comparative statics of ; and o follow straightforwardly

> 0; hence higher i leads to

with a similar form as for the monopoly cases.

.t : : > . - w
Pr05351t10n3 Given A3: (i) % =0 z;ff;’( ) 0; ddu >0 if I (-) > 0; L= > 0.
(iz’)c%>Oifﬁ§ﬂdandh’(-)20;%§Ozfu;u andh’(-)>0dw>01f

<0

This result also readily generalizes to n > 2 varieties by defining

h(p) = X(p) + - —— (a7

where \“() is given by (12), and the business-stealing effect now reflects price sen-

sitivity at the n — 1 margins with the other varieties and a symmetric market share
1-C(F(p),...F(p))

~ when all varieties are priced the same.

Preference Dependence

We further consider how equilibrium outcomes are affected by preference depen-
dence under multiproduct monopoly and oligopoly. For this purpose we consider
copula families satisfying MDR.

First consider a multiproduct monopoly offering two varieties. A useful property
of an MDR copula family is that the function C (x,x;0) increases (decreases) in 6
when z is small (large). This implies that greater positive dependence shifts up the

hazard rate for the multiproduct monopolist when market coverage is high enough.

Lemma 3 Given MDR, there exists some u* € (u(0),u (1)] such that 0 (p’ >0 if
p < ur.

5 For a multiproduct monopolist, this second effect is zero due to the envelope theorem because
the business-stealing effect is internalized.

14



Furthermore, it is straightforward that the market is fully covered, or nearly so, if
the strength-diversity ratio is sufficiently high.!® This consideration leads to the
conclusion that prices decrease with preference dependence if demand is sufficiently
strong. The profit of the multiproduct monopolist, however, always decreases with
greater dependence, whether or not price increases because of the resulting downward

shift in demand.

Proposition 4 Given A2 and MDR: (i) for any 0, there exists some i* such that

WL <0 if i > i and (i) 2 < 0.

p™™ > 4 (0) when p = g* and

Thus, a multiproduct monopolist prefers that consumer values for its two products
are less positively (more negatively) dependent, when the strength-diversity ratio is
sufficiently high. This is intuitive, since the more similar are product varieties the
less valuable is a choice. Thus a higher 6 reduces output at any given price and hence
reduces equilibrium profit, while the effect of # on equilibrium price is more subtle.
The lower output under a higher # motivates the firm to lower price, but the slope of
the demand curve also changes with 6, possibly having an opposing effect on price.
Both effects work in the same direction if demand is sufficiently strong. It is possible,

" increases with 6 if demand is sufficiently weak. For example, in

however, that p
the bivariate exponential case introduced above, numerical analysis shows that p"
increases in 6 if ji is below a critical value.

The effect of greater preference dependence on consumer welfare (w™™) is also am-
biguous in general. On the one hand, a higher 6 shifts down the demand curve, thus
reducing consumer surplus at any price. On the other hand, a higher # might result
in a lower price, as when demand is sufficiently strong, which increases consumer
surplus given the demand curve. However, if more dependence leads to higher prices,
as it is sometimes the case when [ is low, then greater dependence reduces consumer
welfare. This general ambiguity persists even in the neighborhood of independence
and for strong demand. For the bivariate exponential special case, however, nu-
merical analysis in Section 5 shows that consumer welfare increases with preference

dependence when demand is sufficiently strong.

6Let u° = m— u(0). Then the market is fully covered for i > ° and almost fully covered
for i = g° — € and € a small positive number. Our maintained interiority assumption implicitly
assumes i < ji°.
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Next consider duopoly. It is intuitive to expect that duopoly competition intensifies
with more preference dependence, as more consumers regard the two varieties to be
close substitutes. In general, however, the effect of preference dependence on prices
and profits is ambiguous. As under multiproduct monopoly, the regularity condition
is not enough to ensure that prices monotonically decrease with . For while a
higher  results in a lower output, motivating a lower price (market share effect), it
also affects the slope of the residual demand curve, potentially providing an incentive
to raise price (price sensitivity effect). Under duopoly, a unilateral marginal reduction
in price affects the slope of a duopolist’s residual demand on both an extensive margin
(market expansion) and the intensive margin (business stealing). The ambiguity of
the price sensitivity effect on the extensive margin explains why more substitutability
between the two goods (e.g. Cigg (z,2) > 0) may not be sufficient to conclude that
p? decreases with . We next identify sufficient conditions under which p? and ¢
decrease with 6.

We first identify a lemma providing technical conditions that are sufficient for
Oh(p)

59~ > 0, which, together with A3, immediately implies %d < 0.

Lemma 4 Given A2, A3 and MDR: 7 decreases in 0 if

>0 (18)

and
Inf(u) _ 2f (u(x))”
du? = Cy(z,x;0)

0119(513,1';9). (19)

Using the technical lemma, the next proposition identifies simple plausible sufficient
conditions for % < 0and %1 < 0. Part (i) extends Proposition 4 to the duopoly case
when the market is fully or almost fully covered. A sufficiently strong demand ensures
that higher # increases price sensitivity on the extensive margin (as for multiproduct
monopoly), and condition (5), under which the two varieties are closer substitutes
for higher 0, ensures that the same on the intensive margin. The other parts of the
proposition use Lemma 4 to verify more basic sufficient conditions. Part (ii) invokes
positive dependence and limited log-curvature of the marginal density (e.g. when f

is approximately uniform or exponential). Part (iii) invokes stronger log-curvature
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restrictions on the marginal density (e.g. when f is approximately uniform) without

imposing restrictions on the copula.

Proposition 5 Given A2, A3 and MDR: p? and 7@ decrease in 0 if one of the
following conditions z's satisfied: (i) @ is sufficiently large and (5) holds at t =0; (i1)
C11 <0 and ‘d lnf dlnf and & 1nf

too negative.

is sufficiently small; or (iii) ) both are not

The standard discrete choice oligopoly theory of product differentiation, pioneered
by Perloff and Salop (1985), typically assumes independence of values for different
varieties. We contribute to this literature by showing that preference dependence is
a useful indicator of product differentiation, separately from the effect of preference
diversity. In fact, while profits increase in o when p is relatively small (u < oji?),
profits always monotonically decrease in 6 under multiproduct monopoly, and profits
also monotonically decrease in # under duopoly for all © when f is approximately
uniform or when f is approximately exponential and C'is positively dependent. The
effect of more preference dependence on consumer welfare appears to be ambiguous
generally, with a higher 6 lowering both consumer demand and equilibrium prices. In

4 increases in 6.

the bivariate exponential special case, however, w

The comparative statics of preference dependence also generalize to cases of a
multimarket monopoly selling n > 2 product varieties and n symmetric single-product
oligopolists. For these generalizations, a multivariate copula C'(x; 0) satisfies MDR
if both 0C1; (x;0) /00 = C1p (x;0) < 0 and Cy (x) = 9C (x;0) /00 > 0 for interior

17 'With this modification, the only other differences in the statement

X =(1,...T).
of the results are that order statistic \° (7;6) is defined according to (12), p? and =¢
are replaced with p” and 7™ to indicate n firm symmetric oligopoly, condition (19)

generalizes to
PInf () nf(u( )*
du? Co(z,...z;0)

and condition (5) generalizes to

Cho(z, ...x;0) (20)

tflCm (,...,2;0) f (u(z))dx >0 (21)

YTt n =2, Cr19 (x;0) < 0 implies Cp (x,y;6) > 0 (Nelsen, 2006).
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for any ¢ € [0,1), where Ciog(z,...,x;0) = 0C12(x, ...,2;6)/00. The proofs in the

appendix are developed accordingly.
Discussion

To summarize, there are several reasons why the comparative-statics of monopoly
and oligopoly in a setting of general preference dependence are interesting.

First, the effects of preference strength (u) and diversity (o) on prices, profits
and consumer welfare are remarkably similar across single-product monopoly and
multiproduct market structures for any n and any dependence relationship, thus
suggesting broad unifying principles of firm conduct and market performance in single
and multiproduct industries. Additionally, the effects of o on profits extend the
seminal work of Johnson and Myatt (2006).

Second, the effects of preference dependence (6) on prices and profits suggest a new
way to think about product differentiation. Both o and 6 can be interpreted as indi-
cators of the degree of product differentiation: higher ¢ indicates more heterogeneity
of consumer values for each product, while higher # indicates greater similarity of
these values between products for a randomly chosen consumer.'® They have differ-
ent economic meanings and it is important to disentangle their effects in a general
theory of product differentiation.

Third, the key preference parameters have intuitive interpretations. As argued by
Johnson and Myatt (2006), firms can use advertising, marketing, and product design
strategies to influence preference diversity (o), and by extension demand strength (1)
and preference dependence (). The comparative statics of p, o, and 6 can then have
implications for business strategies in these and possibly other areas. For example,
Proposition 5 loosely suggests that two competing single-product firms might have
a mutual incentive to design or promote their products so that consumer values are
less positively dependent or more negatively dependent. Furthermore, since govern-
ment regulation and other interventions can influence firm strategies, the comparative

statics may have implications for public policies. Finally, as discussed earlier, these

18 Preference dispersion sometimes is interpreted as an indicator of horizontal differentiation under
the assumption of independent values, becuase with greater dispersion more consumers regard the
two goods to be substantially different.
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fundamental preference parameters link to the price elasticities of classical demand
theory, thus providing richer interpretations of the comparative static of consumer

demand.
4. PRICE AND MARKET STRUCTURE

The copula approach also enables us to derive new results on how prices differ
across market structures, disentangling the roles of the marginal distributions and
the dependence relationship. This will provide important insights on how market
structure affects firm conduct.

We start with comparing equilibrium prices under single-product monopoly and
under duopoly. While Chen and Riordan (2008) finds a sufficient conditions for
™ % p? when the marginal distribution is exponential (i.e. X' (-) = 0), it has been
an open question how the prices compare for arbitrary marginal distributions, which

we can now answer with the following result:

Proposition 6 Given A1 and A3: if C1; < 0 and N (p) > 0, then p™ > p%; and if
C11 >0 and N (p) <0, then p™ < p?.

Therefore, positive dependence and a non-decreasing hazard rate for the marginal
distribution ensures that duopoly competition lowers prices; conversely, negative de-
pendence and a non-increasing hazard rate ensures that competition raises prices.'”?
It is noteworthy that these results depend on the marginal distribution of consumer
values only through the normalized hazard rate, and are independent of demand

strength and preference diversity.
[Insert Figure 3 about here]

Figure 3 illustrates the price-increasing competition result. With negative de-
pendence and a non-increasing hazard, the function h(p) is below \(p), (p + @)h(p)
intersects the dotted horizontal line to the right of (p + )A(p), and, consequently
p? > p™. The economic intuition for the result is as follows. A duopolist sells less

output at the monopoly price, p™, and thus a slight price reduction at p™ is less costly

19Chen and Riordan (2007) and Perloff, Suslow, and Sequin (1995) present more specific models
of product differentiation in which entry can result in higher prices.
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to the duopolist since it applies to a smaller output. This "market share effect" is
a standard reason why one expects more competition to lower price. However, as
Chen and Riordan (2008) discuss, there is a potentially offsetting "price sensitivity
effect" when products are differentiated. Since a duopolist sells on a different margin
from a monopolist, the slope of a duopolist’s (residual) demand curve differs from
the slope of the single-product monopolist’s demand curve. Furthermore, greater
negative dependence makes it more difficult for the duopolist to win over marginal
consumers who value its own product less but its rival’s product more. Similarly,
a non-increasing hazard rate tends to put less consumer density on the duopolist’s

20 Together, negative dependence

intensive margin, further reducing price sensitivity.
and a non-increasing hazard rate are sufficient for the price sensitivity effect to domi-
nate the market share effect, resulting in a higher price under duopoly competition.?!

The conditions specified in Proposition 6 obviously are not exhaustive. =~ With
sufficient negative dependence, price increasing competition can occur even if the the
hazard rate is increasing. For example, the familiar Hotelling model with consumers
uniformly distributed on a line, which features perfect negative dependence and an
increasing hazard, exhibits a duopoly price above the single monopoly price when
the market is not fully covered under monopoly. Furthermore, generalizations of the
Hotelling model to an arbitrary number of firms (Chen and Riordan 2007; 2008) also
exhibit price increasing competition under a similar condition.

Next, we compare the prices for the multiproduct monopoly with those under

single-product monopoly and symmetric duopoly.

Proposition 7 Given A1-A3: (i) p™™ > p%; and (ii) p™™ > p™ if Cyy (x, ) has a
uniform sign for x € (0,1), i.e., forx € (0,1), either Cyy (z,2) > 0 or Cy; (z,x) =0,
or Cp (z,2) <0.

20The argument in the proof of Proposition 6 can be adapted to show more formally that, with
X () €0, the (residual) demand curve of a duopolist, given by (1), is indeed steeper than that of
the monopolist if C (-, -) is negatively dependent, independent, or has sufficiently limited positive
dependence.

2I'We emphasize that our result is about when the entry of a competitor with a differentiated
product lowers or raises market price. As the next proposition will clarify, for the same number
of products, competition always lowers price. Also, even when the introduction of a differentiated
product by a competitor raises market price, consumers may still often benefit from the competition
due to the increase in product variety (Chen and Riordan, 2009).
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As one might expect, p™" > p? or prices for two substitutes are higher under
monopoly than under competition, as shown in Chen and Riordan (2008). The fa-
miliar intuition is that a multiproduct monopolist internalizes the negative effects of
reducing one product’s price on profits from the other product. The comparison
of prices under multiproduct monopoly (p™™) and single-product monopoly (p™) is
more subtle. The multiproduct monopolist has higher total output at p™ than the
single-product monopolist, which motivates it to raise its symmetric price above p™.
But, as with the duopoly comparison, the marginal consumers of the multiproduct
monopolist differ from those of the single-product monopolist, which can potentially
make the slope of the multiproduct monopolist’s demand curve steeper than that of
the single-product monopolist. Interestingly, the market share effect unambiguously
dominates, provided that Cy; (z,x) has a uniform sign for = € (0, 1), which of course
is ensured if C'(-,-) is negatively dependent, independent, or positively dependent.
Consequently, the hazard rate corresponding to the pricing problem of the multi-
product monopolist is below that of the single-product monopolist, and p™™ > p™.

There is some relationship between Proposition 7 and Proposition 4. A change
from two varieties to one variety for a monopolist is the same as increase from limited
dependence to perfect positive dependence for the two varieties. Therefore, by con-
tinuity Proposition 7 implies that price must decrease for a sufficiently large increase
in dependence at least under a uniform dependence condition. Furthermore, price
must decrease with preference dependence at least over some range.

Under general preference distributions, Propositions 6 and 7 largely settle the ques-
tion of how prices differ across market structures under monopoly and duopoly. These
results also extend to n varieties as follows. First, under a uniform dependence
property, the symmetric multiproduct monopoly price is above the single-product
monopoly price. Second, the symmetric oligopoly price is below (above) the single-
product monopoly price if preferences are positively (negatively) dependent and the
hazard rate is increasing (decreasing). Third, the multiproduct monopoly price ex-

ceeds the oligopoly price. These more general results are proved in the appendix.
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5. FGM-EXPONENTIAL CASE

We illustrate numerically our results for the bivariate exponential distribution based

on the FGM copula.?? Thus we adopt the following parametric functions:
u(xz) =—[1+1In(1 —2)], (22)

C(z,y;0) = zy + Ozy(1 — 2)(1 — y). (23)

In this case, the normalized utility u = u(z) has an exponential distribution
Flu)=1—-¢"1! (24)

with the properties that F{u} = 0, Var(u) = 1, f(u) is loglinear, and A (u) is
constant. The copula belongs to the Fairlie-Gumbel-Morgenstern (FGM) family for
which 6 € [—1,1]. Members of the FGM family exhibit positive stochastic dependence
if # > 0, negative dependence if < 0, and independence if # = 0.2 The FGM copula
density is

Cro(x,y) = 146022 —1)(2y — 1). (25)

The density function has the property that an increase in preference dependence

increases density of consumers along the diagonal:
Chop(x,2;0) = (22 — 1) > 0. (26)

Consequently, as discussed early, an increase in preference dependence always in-
creases the cross-price elasticity of demand for this case. Our numerical analysis
focuses on the extreme cases of positive and negative dependence (f =1 and § = —1)
and independence (§ = 0). We illustrate graphically the comparative static proper-

ties and the comparisons of conduct and performance across markets.

[Insert Figure 4 about here]

22Gumbel (1960) introduced several bivariate exponential distributions. This is the second one.
23The FGM family of copulas has a limited range of positive and negative dependence; so the
extreme cases, 8 = 1 and § = —1, do not indicate perfectly positive and negative dependence.
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Figures 4 shows how normalized price (p) varies with preferences and across market
structures for the FGM-exponential case. There are three panels, corresponding to
negative dependence (# = —1), independence (6 = 0), and positive dependence (0 =
1). The horizontal axis in each graph is measured with respect to ¢™ = 1 — F(p™),
the profit-maximizing single-product monopoly market share. From Lemma 1 there
is a monotonic negative relationship between p™ and [, and, therefore, a positive
monotonic relationship between ¢” and p. Consequently, the graphs effectively
describe how industry outcomes vary with the strength-diversity ratio (z) over the

24

relevant range.”* Confirming our analytical results, we observe: (1) p decreases with

~ 1L

it under all three market structures; (2) p? decreases in 0; (3) p™™ decreases in 6

only for fi sufficiently high;* and (4) p™™ is always the highest, whereas p™ < p? for

Sm

0 = —1 (negative dependence), p™ = p? for § = 0 (independence), and p™ > p¢ for

0 =1 (positive dependence).
[Insert Figures 5 and 6 about here]

Figure 4 and Figure 5 conduct the same exercises for normalized profit (7) and
consumer welfare (w). Again confirming our analytical results, we observe: (1) 7

and w increase with i under all three market structures;?¢ (2) #™™ and 7¢ decrease

4, Numerical analysis also confirms that the effects

as 0 increases; (3) 7™ > 7" > 7
of 6 on consumer welfare is ambiguous: @w™™ is decreasing in 6 except for large values
of j1, in which case greater positive dependence can deliver more consumer welfare
than independence because price is lower Duopoly competition creates the most
consumer welfare, while a multiproduct monopoly creates more consumer welfare
than single-product monopoly except when demand is sufficiently strong. The case
of very strong demand is interesting. The higher price of a multiproduct monopoly
inefficiently reduces the quantity demanded, reducing welfare to more than offset the

benefits of greater product variety for consumers. Even then, however, total welfare

241n this case, P =1 —T, ¢ = e~ ®~7)_ and T ranges between —oo and 2 as ¢ ranges between
0 and 1.

25While the effect of # on p™™ is quantitavely small, a close comparison of the panels shows that
that "™ decreases in 6 for i above a critical value but increases in 6 for i below. Thus the
numerical analysis shows that if is difficult to go beyond Proposition 4.

26Since p? < p™ when 0 = —1, the market is fully covered in duopoly when ¢ < 1 but sufficiently
high. In this range, 7@ is flat.

23



clearly is higher under multiproduct monopoly because the widening profit gap offsets
the consumer surplus loss. Not surprisingly, the adverse consumer welfare effect of
greater variety is more pronounced, and occurs in a wider range of circumstances,

when preference dependence is more negative.
6. CONCLUSION

Using copulas to describe the distribution of consumer preferences is a convenient
and intuitive approach to discrete choice demand in multiproduct industries. The
approach leads to several sets of conclusions about how preferences matter for mul-
tiproduct industries. First, with certain qualifications, prices, profits, and consumer
welfare all increase in demand strength, and they also all increase in preference di-
versity when demand is low (1 < 0); but profit first decreases and then increases in
preference diversity when demand is high (x > 0). These comparative statics are
robust to varying degrees of preference dependence across market structures. Second,
preference dependence can be disentangled from preference diversity as a distinct in-
dicator of product differentiation in multiproduct industries, in the sense that greater
dependence leads to lower prices and profits under certain conditions. Third, for an
initially monopolized market, the entry of one or several horizontally differentiated
competitors lowers (raises) market prices if preferences are positively (negatively)
dependent and the hazard rate of the marginal distribution is non-decreasing (non-
increasing); and, under a uniform dependence condition, a single-product monopolist
will raise price when it adds one or several horizontally differentiated products.

There are many possible directions for future research using the copula approach.
One important direction is to further extend our analysis to oligopoly markets with
arbitrary numbers of firms and product varieties and to relax symmetry For example,
whereas we have found that the symmetric n-firm oligopoly price is above or below the
single-product monopoly price depending on preference dependence and the hazard
rate, it would also be interesting to find out under what conditions the symmetric
oligopoly price might be decreasing or increasing in the number of firms. Similarly, it
would be interesting to know more generally the conditions under which a product line
expansion by a multiproduct monopolist results in higher or lower prices. Relaxing

the symmetry assumption is also important. For example, a symmetric model is
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inappropriate for understanding conditions under which generic entry results in higher
or lower branded drug prices as in Perloff, Suslow, and Seguin (1995).

An important application of the copula approach to product variety is to endog-
enize market structure, along the lines of Shaked and Sutton (1990), but to employ
a discrete-choice demand model instead of a representative consumer model.?” Fol-
lowing Shaked and Sutton (1990), we may assume that two firms first simultaneously
decide which products to offer by incurring a fixed cost (K') for each, and then simul-
taneously choose prices in a subgame perfect equilibrium. Chen and Riordan (2009)
includes some results for this extension and for the case of two possible product vari-
eties. Shaked and Sutton’s (1990) analysis of how the level of fixed costs influences
equilibrium market structure extends readily to the discrete choice demand model,
and it is similarly possible to examine the effects of demand strength, preference
diversity, and preference dependence. As in Shaked and Sutton (1990), it is pos-
sible that multiproduct monopoly and horizontally differentiated duopoly equilibria
co-exist, with the interpretation that product line expansion by a monopolist can
foreclose welfare improving competition.?®

A potentially interesting extension is to apply the copula approach to a Lancast-
erian model of consumer demand in which consumers have preferences over the char-
acteristics that compose products,? and to endogenize product design and market
structure in a two-stage game in which rival firms in the first stage select product
characteristics, and in the second stage set prices, thus further extending Shaked
and Sutton (1990) to endogenize the nature of product differentiation. Chen and
Riordan (2009) contains some preliminary analyses along these lines, including an
example demonstrating how horizontal competition between low-quality duopolists

can foreclose a monopoly with a high-quality product to the detriment of industry

2TEarly work on the economics of multiproduct firms considered the incentive and ability of an
incumbent to use brand proliferation to deter entry (e.g., Schmalensee, 1978; Judd, 1985), as well as
the role of cost factors such as economies of scope in giving rise to multiproduct firms (Panzar and
Willig, 1981). Shaked and Sutton (1990) directed the literature toward considering how demand may
affect the nature of equilibrium with multiproduct firms, focusing especially on empirically testable
relationships between market characteristics and market structure.

28Schmalensee (1978) originally examined this argument in the context of a circle model of con-
sumer preferences.

29The characteristics approach to demand goes back to Lancaster (1971). See Berry and Pakes
(2007) for a more recent treatment.
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profit, consumer welfare, and social welfare.

The copula approach can also be applied to other areas of applied microeconomics,
such as the economics of search (e.g., Anderson and Renault 1999; Schultz and Stahl
1996; Bar Isaac, Caruana, and Cunat 2010) and the economic analysis of horizontal
mergers. Finally, the copula approach to discrete choice demand models, and the
rich set of predictions that our analysis has already generated and that can be further
developed concerning how market characteristics affect prices, profits, consumer sur-
plus, and market structures, might open up interesting new directions for empirical

industrial organization research.?’
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APPENDIX: PROOFS

This appendix contains the proofs for Propositions 1, 4, 5, 6, 7 and for Lemmas
3 and 4. All other results have already been shown in the text. In all proofs to
follow, except that of Proposition 1 which deals with single-product monopoly, we
consider n > 2 product varieties, describe consumer preferences by marginal distrib-
ution F (u;) and symmetric multivariate copula C (21, ..., z,,) , and define A° (-) and
h () accordingly from (12) and (17). Hence, the proofs for the corresponding results
in our main model are obtained when n = 2 and (x,y) = (x1, x2) .

Proof of Proposition 1. (i) First, from (7) and part (i) of Lemma 1,

dp™ _Lldp™ d(p"+p) >
du o dpn dp

Z0it X (p) Z0. (27)

Next, dgﬂ = ‘Z?—_/:n > 0 and d;”ﬂ dw > 0, from Lemma 1.

(ii) First, from part (i) of Lemma 1:

dm —m d_m —m _d_Tn 1 m d 1 m d—7n+—

do do di dii o dit
Therefore, from (27), since p™ > 0 at an interior optimum dc%n > 0if p <0 and
N(p) > 0.If u > 0, thenLemmallmphesl—l— = <land 2= > L(pm—p)y=pn >0

if p < p™. Next, that p™ 2 0if o = ; ™ from Lemma 1 1mphes

dr™ dr™ —m or™ d,u —m__ - —m —=m —=m\] = == 5m
e =7 +UW:7T +JE% m—p[l-F@E")] =p"[1-F@E") =0if p = p™
Finally, since 22~ > 0 from part (iii) of Lemma 1, if z < 0:

d do [ div™

w™ w w
= — = 1—-F(p)dp— p—— > 0.
g =W to— /[ P dp = = >
ﬁm,

|

Proof of Lemma 3. Assume there are n > 2 symmetric varieties, and define MDR
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and Y (p; 0) accordingly. For any 5 > F~'(0) and for all 6,

i o (:z:,...@;@)dx:ﬁ . dx:EC(F(ﬁ),...,F(ﬁ);H)

F(p) 1 /F(p) dC (z, ..., z;0) 1
0

increases in # by MDR, which is possible only if C4 (z, ..., z;0) = 0C} (z, ..., z;0) /00 >
0 for all 0 if z is sufficiently close to zero. Similarly, Ciy (z,...,z;6) < 0 for all 0
if x is sufficiently close to 1. Thus there must exist 2’ > 0 such that, for all 6,
Ci (2, ....;2";0) =0 and Cyy (z, ..., z;0) > 0 if z < 2/.3! Since

OX (p;6)
20
Cio (F' (D), ..., F(p);0) +01(F(ﬁ),---,F(ﬁ);H)Ce(F(ﬁ),---,F(ﬁ);ﬁ) ()
1=C(F(P),- F(p):;0) 1—C(F(p),...F (p);0) ’

there exists some u* € [~ (2'), u (1)] such that O (p;0) /00 > 0 for all 6 if p < u*.

u

Proof of Proposition 4. (i) From (10), for any 6, let i* be such that [u* 4+ i*] A (u*; 0) =
1, where u* > F~!(2') > u(0) is defined in Lemma 3 Then, p™™ = u* > u (0) if
p=p*Ifp>p" p™ <u* and Lemma 3 implies % > (0. It follows from

(10) that dﬁ;;m < 0 and hence d”;;m < 0. (ii) holds from application of the envelope
theorem to (9) and Cp (+;60) > 0. m
Proof of Lemma 4. Assume there are n > 2 symmetric varieties, and define MDR

and h (p; 0) accordingly. Notice first that

dcy (z, ...,
1(#14) =Cn(x,..x)+...Cyp(z,..x) = Cp (x,..x) + (n — 1) Cy2 (2, ...x) ,
or »
(n B 1) Chz (I, x) = # —Cn (I, x) .
x
Thus,

S Crz (@, ) f (u(x)) da
1-C(F®),..F®)

31Similarly, there exists " > o’ such that Cyg (2/,...,2";0) = 0 and Cyg (,...,z;0) < 0 if z > 2.
For the FGM family with n =2, 2’ = 2" =1/2.

h(p) =X (D) +n(n—1)
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_nCy(F(p),..F (p) f () +an [dc”i - Cu}f( (z)) dx
1-C(F(p),..F(p) 1-C(F(p),.-F(p)
_ G (). F@) D), fF WALt f (u (@) da — [y Cra(, ) f (u () dae
- 1=-C(F®),-F(D) 1—C(F(p),...F (p)) '

— Jop O (@, ) TR Az — [ Cui (v, ) f (u () do
1-C(F(p),.-F ()

f ( + fF (u( x)))) 71L L cha: 7777 ) - f;(ﬁ) C’11 (l', l‘) f (’LL (I)) dx
1-C(F(p),..F(p)

) SO =y 1= C ) G ) f (@) do
f(P) l—C(F() F(p)) -

It follows that, ah(p o) —

1

/ |l PRI (o) (u (2)] dz+ [ (5) + 58] Co (F (). F (5)

F(p)

1-C(F(p),.-F(p)

and, since Cy > 0 and Cj19 < 0 by MDR, (20) implies 2 (p 9 - 0. Finally, since the

equilibrium oligopoly price satisfies

(P" + p) h(p™; 0) = 1, (28)

from A3 we have % <0. m
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Proof of Proposition 5. Assume there are n > 2 symmetric varieties, and define

—. dp™
MDR and h (p; ) accordingly. First, observe that 2" has the same sign as pra

Second, observe that " decreases in 6 when ‘Z’e <0, because

doe™  Or"  Or"dp"
W 00 o do
1, ., 4 4 on™ dp”
= ot m G (F (). F(7):0) + 5525 <0,

where Cy (F (ﬁd) sy F (ﬁd) ;9) > 0 by MDR and 8,,1 > 0 by the envelope theo-
rem and the fact that a firm’s demand increases in the other firm’s price. Given
these observations we focus on sufficient conditions for i < 0 for each part of the
proposition.

(i) From the proof of Proposition 4, \°(p;#) increases with 6 if i is sufficiently
large so that p is sufficiently close to u (0). Therefore, from MDR and (17), if (21)
holds for ¢t = 0, then h(p; #) increases with ¢; and from (28) p" and hence p" decrease
with 6.

(i) I If £/ 1;”; W 0 and C11 < 0, then

_ f'(p) F(p)
h(p;0) +—= —n — — >0
O+ ) T CE@ . F )
and £ l;ué(“) > gef(i“x ) Chig(z, ...x; 0) since Ch1p < 0, thus satisfying the n-variant
generalization of Lemma (4).
(iii) Finally, if dlnz and £ lnf ) both are not too negative, then h (u )—|— L ( >0
and & g‘u’;(") > 2(“ () 0119( x;0) by MDR, thus satisfying the generalization of

Lemma (4). =

Proof of Proposition 6. Assume there are n > 2 symmetric varieties, and define
MDR and & (p) accordingly. It suffices to show that (i) h(p) > A (p) if C1; < 0 and
N (p) > 0; and (ii)  (p) < A(p) if C1; > 0 and N (p) < 0.
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(i) Suppose that A" (p) > 0. Then, since

dCl (f‘lll”l’ xl) —Ch (1’1, ...,ZL’1> = (n — 1) Cho (1’1, ---,$1> > 07
hp) — "OED . FENIGE) | Srp (00— el o) i
1—-C(F(p),..F(p)) 1-C(F(p),..F(p)
 nGE@ . FE) ), S (1) [ - Oule )| s
1—-C(F(p),..F(p) 1-C(F(p),..F'(p)
o nCE@) - FO) D), [0 Jry (1 =) [ 2=t — O, )| da
= 1-C(F(p),-F(p)) 1-F(p 1= C(F(p),-F(p))

After substituting into above the following:

fat-o [ s
- C(F (p) (D))
(1-— x) C1 (%,...2) [ + fF fF x) Cyy(z...x)dx
1- C(F (f)) : ~--F(Z5))

—(1=F(()Ci (F(p),..F(p)++1-CF(@p),. fF » (1 —2) Culz,..2)de
1-C(F (ﬁ),--.F@))

and simplifying, we obtain:

) ) fF(p 011( )dx
h(p) > X (p) [1—" 1—C(F(]3)=-~-F(]5>) ] |

Hence h (p) > X (p) if C1; < 0.

(ii) Suppose that A" < 0. By analogous derivations, we have

h(p) < A(p) |1 fF A
) <) |1- 1_mp@wﬁ@>'

Hence h(p) < A(p) if C1; > 0. =
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Proof of Proposition 7. Assume there are n > 2 symmetric varieties, and define
MDR, )\ (5), and h (p) accordingly. (i) Since h (5) > A“ () from (14), comparing
(10) and (13) leads to p" < p™™

(ii) Tt suffices to show that A% (p) < A (p) for all 5 € (u (0),u (1)) if Cyy (z,...,z) <
0,Cy (z,...,x) =0, or Cyq (z,...,2) > 0 for all z € (0,1).

First,

If Ci;1 > 0 or if C7; = 0, then, since

| 0=a)dC @ a) == (L= FG) CL(F (), F (95 (L= C (F(3)F (7))

F(p)

and Cy (z,...,x) = Cia2 (z,...,x) > 0 for z € (0,1) and for all k # 1,

NG L=CE®D - F @) =nfp (1-2)dC (z,..2)
Xp) 1—C<F(> F (p))
1= C(F (D), ..F ()] = n [ (1—2)[Coi+ Crat ..+ Coy] do

1=C(F(p),..F(p))
dx

_ 1 an 1—1' 011+(n—1)012] )
- 1= C(F (), F () =

Next, suppose Ci; (z,...,x) < 0 for all x € (0,1). Then, C; (z,...,x) < C(z;“’x) for all
€ (0,1) since

Clx,..,z)= /C’l (t,x,..x)dt > /01 (x,..x)dt = C) (x,..z) z.
0

Hence, letting z = F (p) ,

A (u(z)) _n (1—2)C(x,..2)
A(u(x)) 1-C(z,..x)

n(l—z)C(x,..x)
z[l1-C(z,..x)]

<
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A (u(x)  n(l-z)Ci(x,..x) n(l—z)C(z,...x)
Now, suppose to the contrary that Na@) — 10 ) > 1. Then 2C ] > 1.

But since

i (1—2)C(x,..x) o lim —C (z,..x) + (1 — z)nCy (z,...x)

=1 x[l—C\(x,..7)] a—1 1—C(z,..x) —nxC (z,..7) =1

and, letting x = (z,...z),

(1—2)C(x)
d |:;c[1—C(x)] }

dx
€ +nl-2)C®H{z[1-CH)]} -1 -2)Cx)[1 - C(x) —nzC (x)]
{z[l-C )}
n(l—z)C; (x)z[1-Cx)]-C(x)[1-C(x)]+ (1 —-2)C(x)nzC; (x)
{z[l-C )’

_ (=)0 xr-CxA-CKx] [1-CKEzr-CHx [ -CKx)
{z[l-C )Y’ B {z[l-C )Y’
1= Cx)lle = Cx) >0 for z € (0,1),

{z[l - C )}’

we have . o
nli=aCed
z[l —C(x)]
a contradiction. Therefore % < 1 for any z € (0,1), or /\/\C‘(g) < 1 for any

pe(0),u(l). m
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Figure 2
Determination of Single-product Monopoly Price

(P + 1)A(p)




Figure 3
Price-Increasing Competition
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Normalized Prices
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Prices in the Bivariate Exponential Case
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Normalized Profits
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Profits in the Bivariate Exponential Case
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Normalized Consumer Welfare

Figure 6

Consumer Welfare in the Bivariate Exponential Case
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