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We prove for a class of nonlinear Schrodinger systems (NLS) having two nonlinear bound
states that the (generic) large time behavior is characterized by decay of the excited
state, asymptotic approach to the nonlinear ground state and dispersive radiation. Our
analysis elucidates the mechanism through which initial conditions which are very near
the excited state branch evolve into a (nonlinear) ground state, a phenomenon known
as ground state selection. Key steps in the analysis are the introduction of a particular
linearization and the derivation of a normal form which re ects the dynamics on all time
scales and yields, in particular, nonlinear master equations. Then, a novel multiple time
scale dynamic stability theory is developed. Consequently, we give a detailed description
of the asymptotic behavior of the two bound state NLS for all small initial data. The
methods are general and can be extended to treat NLS with more than two bound states
and more general nonlinearities including those of Hartree{Fock type.
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1. Introduction and Statement of Main Results

In this paper we study the detailed dynamics of the nonlinear Schrodinger equation
with a potential (NLS):

i0c =H + jj* : (1.1)

Here, H = + V (X) is a self-adjoint operator on L?(R®) and is a coupling
parameter, assumed real and of order one. When V (x) is nonzero, Eqg. (1.1) is also
known as the time-dependent Gross{Pitaevskii equation.? We assume that V (X) is
a smooth potential, which decays su ciently rapidly as jxj tends to in nity (short
range). Finally, we assume that the operator H has no zero energy resonance [24; 31],
a condition which holds for generic V .

aIn a similar way, one can treat nonlinear terms of the form KJj j2]; which can be local or
nonlocal. Typical examples are: K[j j2] = j jP and K[j j4] = K ?j j2, for some convolution
kernel, K, Hartree{Fock type.
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NLS is a Hamiltoniag system with conserved Hamiltonian energy functional:
Henl 1= jr (0F +V () (i* + 5 (x)j*dx (1.2)
and additional conserved integral
N[ 1= j (qifdx: (1.3)

These conserved integrals are continuous in the HY(R®) topology. An extensive
discussion of the well-posedness theory can be found in [6;22;52]. In particular,
NLS is well-posed globally in time in the space H(R?), for initial data, o, which
is su ciently small in H?.

Throughout this paper we shall assume that ¢ has su ciently small H norm.
We shall use the notation:

Eo k ok|2_|1 . (14)

For V (X) which decays su ciently rapidly as jxj tends to in nity (short range
potentials) the spectrum of H [35] consists of discrete spectrum, 4(H), consist-
ing of a nite number of negative point eigenvalues, and continuous spectrum,

<(H) =[0; 1). The dynamics of solutions for = 0 (linear Schrodinger) is very
well understood. Let j and E; denote bound states and bound state energies of
the linear Schrodinger operator H:

Hj:Ej j o hj;kiLzzjkI (1.5)
Arbitrary initial conditions in an appropriate Hilbert space, evolve as t tends to
in nity into a time-quasiperiodic part consisting of a superposition of time periodic
and spatially localized states with frequencies given by the eigenvalues and a dis-
persive or radiative part, which decays to zero as t tends to in nity in appropriate
spaces, e.g. LP;p>2, L2(hxi  dx).
In order to be more precise, introduce P, , the orthogonal projection onto the
continuous spectral subspace of H:

=
P. f=°f hjfij: (1.6)
J
The solution of the Iinear)Sghrodinger equation can be expressed as
e Mto="hj; o je Et+e MPp, o 1.7
J
The time decay of the continuous spectral part of the solution can be expressed,
under suitable smoothness, decay and genericity assumptions on V (x), in terms of
local decay estimates [24; 31]:
khxi e "P. oki2rsy Chti 2khxi  okizrsy; (1.8)
0>0,and L' L% decay estimates [25; 61]
ke MPP. okLarsy Citi 2k okiirs: (1.9)
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For & 0 the bound states of the linear problem persist, and bifurcate from
the linear states at zero amplitude into branches of nonlinear bound states [38]. Of
interest to us is the detailed dynamics of the nonlinear problem on short, interme-
diate and long time scales and, in particular, the manner in which the nonlinear
bound states participate in the dynamics. In [38] variational methods were used to
establish the existence and orbital Lyapunov stability of bound states which are
local minimizers of Hen Ssubject to  xed N; see also [59; 15]. This result says that
initial data which is close, modulo a phase adjustment, in H! to the ground state
remains H* close to a phase adjusted ground state for all time. The H! norm is
closely related to the conserved Hamiltonian energy of the system and is insensitive
to dispersive phenomena. Therefore, the detailed dynamics is not addressed by this
result. For example, could the large time dynamics consist of a nonlinear ground
state plus a small nonlinear excited state part? The main result of this paper implies
that this cannot occur.

For the nonlinear problem, the simplest question to consider is the case where H
has only one simple eigenvalue and the norm of the solution is small. The detailed
dynamics was studied in [43; 44; 33; 57]. Small norm initial data are shown to evolve
into an asymptotic nonlinear ground state and a radiative decaying part.

In this paper we study the multibound state variant of this question. We con-
sider the speci ¢ case where H has two simple eigenvalues, Eq and E; . The
linear Schrodinger equation then has two time-periodic solutions ¢ e 'Eo t and

1e Bttt withH j =E; j; j 2 L2 Therefore [38], NLS has two branches
of nonlinear bound states bifurcating from the zero state at the eigenvalues of H,
. 'Botand e "Eit with | 2 L2 satisfying

H »+j jj .IEj

J

(1.10)
Here, j denotes a coordinate along the jth nonlinear bound state branch and
Ei =Ej +0O( ji*): (1.11)
In contrast to the linear behavior (1.7) our main result is the following:

Theorem 1.1. Consider NLS with V (x) a short range potential supporting two
bound states as described above. Furthermore; assume that the linear Schrodinger
operator; H; has no zero energy resonance [24].

(i) Assume the initial data; (0); is small in the norm de ned by:

[ 0)]x khxi (0)kyx; (1.12)

where k >2and > 0aresu ciently large. Let (t) solve the initial value problem
for NLS.
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Assume the (generically satis ed) nonlinear Fermi golden rule resonance con-
dition®
v % o f;(H 1)o 2 >0 (1.13)
holds; where
! =2E;, Eo >0: (1.14)
Then;ast ¥ 1
) ¥e O g y+e (1.15)
in L% where either j =0 or j = 1. The phase !; satis es
() = 1"t +O(logt): (1.16)

Here; (1) is a nonlinear bound state (Sec. 3); with frequency Ej(1) near E; .
When j = 0; the solution is asymptotic to a nonlinear ground state; while in the
case J = 1 the solution is asymptotic to a nonlinear excited state.

(i) More speci cally; we have the following expansion of the solution (t):

) =e O g+e Oy
+ e iHO(l)tPc ~+(t) + Rloc(t) + Rnloc(t)§
whereast ¥ 1
!'j(t) !j(t) 1 0; j(t) J(l) 10 (1.17)
and such that for each initial state; (0);
Joo(D)j J 2(2))
() ¥ . inLZ;

0;

kRioc( ; ko = O(t %)

KRntoo(;Oka = O(t 2):
Here; Ho() is a small spatially localized perturbation of the operator
3( +V(X)
and P, = Pc(Ho()); the projection onto its continuous spectral part. Finally; ;

maps the vector (z1;z) to (z1;0).

Remark 1.1. (i) Theorem 1.1 implies the absence of small norm time-quasiperiodic
solutions for this class of nonlinear Schrodinger equations [41]. Intuitively, one can
explain why one expects only a pure state in the limitt ¥ 1 and how the condition
on! =2E; Eo arises. Our intuition is based on viewing the nonlinearity as

PThe operator f @ (H ! )f projects f onto the generalized eigenfunction of H with generalized
eigenvalue ! . The expression in (1:13) is nite by local decay estimates (1:8); see e.g. [47].



982 A. So er & M. I. Weinstein

linear time-dependent potential; see also [41; 42]. An approximate superposition of a
nonlinear ground state and excited state ,e 'Fot+ e Bt can pe viewed
as de ning a self-consistent time-dependent potential:

W(X,t): J oe iEot+ 1e iElth;

- J o+ 1e i(Ex Eo)th

jooP+2 cos((Ex Eo)t+ ) j o ju (1.18)

for j 1j  j oj. As shown in [48], [28] and [29] data with initial conditions given
by the unperturbed excited state decay exponentially on a time scale of order

O( o 1j 2 provided the forcing frequency, E1 Eo E: Eo > E; or
I =2E; Ep =>0.

(i) Theorem 1.1 implies asymptotic stability and selection of the ground state
for generic small data. Theorem 1.1(i) implies a form of asymptotic completeness.

(iii) Since we control the decay of solutions in WK our results imply global
existence of small solutions in HS for all s su ciently large.

(iv) The asymptotic state where j 1(1)j & 0 (and therefore j o(1)j = 0) is
non-generic. This can be seen by linearization about the excited state. The lin-
earized operator, Hy, is a localized perturbation of an operator having embedded
eigenvalues in its continuous spectrum, under our hypothesis ! 2E; Ep =>0.
The connection between embedded eigenvalues in the continuous spectrum of an
appropriate linear operator and the non-persistence of localized time periodic states
and between embedded eigenvalues in the continuous spectrum of an appropriate
linear operator was explored rst in [41;42]. It is well known that embedded eigen-
values in the continuous spectrum are unstable to generic perturbations; see, for
example, [7;14;47]. In this case, the embedded eigenvalues are perturbed to com-
plex eigenvalues, with corresponding eigenstates whose evolution is exponentially
growing with time, under the condition (7.4). The perturbation to the linear opera-
tor with embedded eigenvalues is however both non-generic (in that it comes from
linearization of a Hamiltonian nonlinear term about a critical point of the energy)
and breaks self-adjointness with respect to the standard L? inner product. A second
order perturbation theory calculation shows that if ! 2E; Ep > 0 generically
the embedded eigenvalue perturbs to an exponential instability [45]. This suggests
the existence of an unstable manifold of solutions for the nonlinear equation. The
existence of such non-generic solutions of NLS with E; (1) & 0 for the full nonlinear

ow has recently been demonstrated [55].

(v) Theorem 1.1 is stated for the case of two nonlinear bound state branches.
The technique of proof, however, can be used to consider the more general case. We
expect results which are analogous to those of our main theorem, but more com-
plicated due to the presence of: direct bound state-bound state interactions, bound
state-continuum interactions and bound state-bound state interactions mediated
by the continuum. Multimode Hamiltonian systems have been considered in the
context of linear time almost periodic perturbations have been studied in [29].
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1.1. Relation to other work

We now wish to further put our results in context. Research on nonlinear scattering
in the presence of bound states has followed two related lines.

(a) Nonlinear dispersive waves in systems with defects, potentials, etc.:
Our analysis centers around nonlinear bound states which bifurcate from linear
bound states of the operator, H, obtained by linearizing about the zero solution.
These bound states exist at all su ciently small amplitudes (measured in any H®
norm, s  0). The behavior of the \bifurcation diagram™ for larger amplitudes de-
pends in a detailed way on the details of the nonlinearity, the spatial dimension and
the norm [38]. Such nonlinear bound states are also called nonlinear defect modes,
nonlinear localized modes or nonlinear pinned modes. They are localized about or
\pinned" to the support of the potential, V, and arise due to a local deviation from
translation invariance or a \defect" in the homogeneous background which acts as
an attractive potential well. To get a more re ned picture of the dynamics than
in the H! theory, one must consider the linearized evolution about the family of
nonlinear ground states. This linearized operator has continuous and discrete spec-
tral parts inherited from the linear bound state spectral structure. In particular,
the discrete spectrum contains an eigenvalue at zero corresponding to the ground
state and a pair of eigenvalues (located symmetrically about zero) corresponding
to the excited state. Thus, at linear order a solution in nitesimally close to the
ground state formally appears to be quasiperiodic in time ] a ground state plus a
small excited state oscillation. However, at higher order in perturbation theory one

nds nonlinear resonant coupling of the neutral oscillatory modes to the continuum
and as a result these slowly damp to zero; generically, for very large time energy
splits between the ground state and dispersive parts of the solution. This mech-
anism for relaxation to the ground state was earlier considered for the nonlinear
Klein{Gordon wave equation with a potential, where the decay of \breather-like"
solutions was studied [49]. In this work, small norm solutions relax to the zero so-
lution via resonant energy transfer out of the bound state to radiation modes and
dispersive radiation of energy to in nity; the zero solution plays the role of the
ground state. Results concerning special classes of initial data are considered in the
work of Cuccagna [11] and Tsai and Yau [53; 54].

(b) Nonlinear dispersive translation invariant equations: A closely-related
line of research focuses on the translation invariant nonlinear Schrodinger equation.
Here the equation is (1.1) with V taken to be identically zero nonlinear coupling
parameter < 0. In this case, the equation has solitary wave solutions, obtainable
by minimization of Hen[ ] subject to N[ ] = Ng. For NLS in dimension n with
cubic nonlinearity replaced by the general power nonlinearity j j° ' , we have that
ifp< 1+%, the foregoing variational problem has a unique (up to translation) radi-
ally symmetric ground state solution for any Ngp > 0. In the case when V (x) & 0 is a
potential supporting bound states, the small Ng solutions agree with the bifurcating
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bound states discussed above [38]. As pointed out earlier, constrained energy mini-
mizers are H* orbitally Lyapunov stable [12;59]. An interesting feature of solitary
waves in the translation invariant case is the presence of spurious neutral oscilla-
tions. These are sometimes called internal modes [23]. To explain this, consider the
linearization about a ground state solitary wave (p < 1+ %). Due to the under-
lying symmetric group of the equation (translation invariance, phase invariance,
Galilean invariance, etc.) this linearization has a (generalized) zero eigenvalue of
multiplicity related to the dimension of the equation’s symmetry group. In the non-
integrable cases (n = 1; p & 3 and n  2) the linearization has additional neutral
modes. These neutral modes approach zero as p approaches 1 + %; the dimension
of the zero subspace jumps by two atp =1+ %, the critical case, corresponding to
the larger group of symmetries and the existence of a pseudo-conformal invariant
[58]. Buslaev and Perel’man [3] considered the problem in one space dimension and
showed that nonlinear resonance of these \internal modes" with the continuum is
responsible for their damping on long time scales and the asymptotic stability of
solitons. See also the recent work of Buslaev and Sulem [4]. Their analysis was
restricted to one space dimension only in their use of explicit eigenfunction expan-
sion methods to obtain the required local energy decay estimates. Cuccagna [10; 11]
extended their results to more general nonlinearities and general space dimensions.
In his analysis, the required dispersive estimates are obtained by adapting K. Ya-
jima’s [61] approach in which the wave operators, which conjugate the linearized
operator on its continuous spectral part to the constant coe cient \free" dispersive
evolution, are shown to be bounded on WXP spaces. This method was also used in
[49].

Another feature, common to problems of type (a) and (b) is the use of the
method of normal forms. In the context of nonlinear scattering, normal form ideas
were used to obtain the local behavior in a neighborhood of a soliton in [3] and for
the decaying breather-like state in [49]. In contrast to the normal form for nite
dimensional Hamiltonian systems, resonant interaction with the continuous spec-
trum gives rise to a more general normal form which captures internal damping,
due to energy transfer out of certain discrete modes to the continuum modes; see
the discussion in the introduction to [49]. In the present work, we derive a nonlin-
ear master equation, coupled equations for the renormalized (up to near identity
transformations on the complex discrete mode amplitudes) discrete mode square
amplitudes (\mode powers™), which governs generic dynamics on large intermedi-
ate and very long time scales. Normal forms of this type, expected to be valid for
very long times, were derived and studied in the local analysis about the steady
and \wobbling" kink-like solutions of discrete nonlinear wave equations in [26]. A
key feature of the normal form of the current work is our analysis of its behavior on
di erent time scales and the analysis of its transitional behavior across time scales,
for general initial data.

Finally, we point out that there are many important areas of application which
motivate the study of the class of models we treated in this paper. We mention two.
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At the most fundamental level the Gross{Pitaevskii equation (NLS with a potential)
arises as a mean eld limit model governing the interaction of a very large number of
weakly interacting bosons [21; 51; 30; 9]. At a macroscopic level, it has been shown
that equations of this type arise as the equation governing the evolution of the
envelope of the electric eld of a light pulse propagating in a medium with defects.
See, for example, [17; 19; 20].

2. Structure of the Proof

We now sketch our analysis. Certain notations are de ned in Appendix A. Anal-
ogous with the approach introduced in [43;44] in the one bound state case, we
represent the solution in terms of the dynamics of the bound state part, described
through the evolution of the collective coordinates o(t) and (t), and a remainder
2, Wwhose dynamics is controlled by a dispersive equation. In particular we have

tx)=e ' cBOF IOy g+ 26X 2.1)
We substitute (2.1) into NLS and use the nonlinear equations (1.10) for  ; to

simplify. Anticipating the decay of the excited state, we center the dynamics about
the ground state. We therefore obtain for , ( 2; 2)' the equation:

10 2 =Ho(t) 2+G(t;x; 2;0c~(t); @c~; @~ (1) (2.2)
where, Ho(t) denotes the matrix operator which is the linearization about the time-
dependent nonlinear ground state (. The idea is that in order for »(t;x) to

decay dispersively to zero we must choose o(t) and 1(t) to evolve in such a way
as to remove all secular resonance terms from G. Thus we require,

Po(Ho(1)) 2(t) =0; (2.3)
where Py(Hp) and P = I  Py(Hp) denote the discrete and continuous spectral
projections of Hy; see also condition (5.13). Since the discrete subspace of Hg(t)
is four-dimensional (consisting of a generalized null space of dimension two plus
two oscillating neutral modes) (2.3) is equivalent to four orthogonality conditions
implying four di erential equations for o; 1 and their complex conjugates. These
equations are coupled to the dispersive partial di erential equation for . At this
stage we have that NLS is equivalent to a dynamical system consisting of a nite
dimensional part (6.23) and (6.24), governing ~j = ( j; ;); J = 0; 1, coupled to an
in nite dimensional dispersive part governing »:

i@~ = A(t)~ +F
i@ 2 =Ho(t) 2+F :
We expect A(t) and Ho(t) to have limitsast ¥ 1. Our strategy isto xT =0

arbitrarily large, and to study the dynamics on the interval [0; T]. In this we follow
the strategy of [3; 11]. We shall rewrite (2.4) as:

10~ =AM)~+(AM) A)~+F
10t 2 =H(T) 2+ (Ho(t) Ho(T)) 2+F

(2.4)

(2.5)
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and implement a perturbative analysis about the time-independent reference linear,
respectively, matrix and di erential, operators A(T) and Ho(T).

More speci cally, we analyze the dynamics of (2.5) by using (a) the eigenvalues
of A(T) to calculate the key resonant terms and (b) together with the dispersive
estimates of e "Ho(MP (T) [10].

Note also that P.(T) 2(t) & ,(t) because (t) 2 Range P.(t) &
Range P.(T). We therefore decompose » as:

2 =disc(t; T) + =Pc(T) (2.6)

where disc(t; T) lies in the discrete spectral subspace of Ho(T) and show that
disc(t; T) can be controlled in terms of

The expected generic behavior of this system is that ; and , decay with a
rate t z. This slow rate actually leads to an equation for ; with the character
O¢ 1 (% @:~) 1+ integrable in t; see (6.12). Thus, ~ is chosen to satisfy
0~ % ensuring that 1 has a limit. In this way a logarithmic correction to the
standard phase arises; see (1.16).

Next we explicitly factor out the rapid oscillations from 3 and show that, after
a near identity change of variables ( o; 1) @ (~o; 1), that the modi ed ground

and excited state amplitudes satisfy the system:
i@~0 = (C1022 +i 1)jT1j*~0 +F [~0; 71 ;1]
1071 = (Cur 20 1)j~0j%j 1?1 +F [~0; 715 ]

see Proposition 7.1. It follows that a nonlinear master equation governs Pj = j~jj?,
the power in the jth mode:

2.7)

dﬂ =2 Plzpo + Ro(t)

dt (2.8)
dPy _ 2 _ '
== 4 PPo+RD:

Coupling to the dispersive part, », is through the source terms Rg and R;. The
expression \master equation” is used since the role played by (2.8) is analogous to
the role of master equations in the quantum theory of open systems [13].

A novel multiscale Lyapunov argument is implemented in Sec. 8 characterizing
the behavior of the system (2.8) coupled to that of the dispersive part on short,
intermediate and long time scales. We consider the system (2.8) on three time
intervals: 1o = [0; to] (initial phase) 11 = [to; t1] (embryonic phase) and 1, =[t;; 1)
(selection of the ground state).

Fort tp, the terms Ro(t) and R1(t) are shown (Proposition 12.1) to have the
form
bo(to; Eo)

hti2

b1 (to; Eo)
hti2

Ro(t) + o(Eo; t)PoP? (2.9)

P—
R1(t) + m(t) PoPM™+ 1(Eo;t)PoP?; (2.10)
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where
b = O(itoi 1); by = O(htoi 2): (2.11)

Ro(t) and Ry(t) have parts which are local in time and nonlocal in time. The
handling of nonlocal terms is explained in Sec. 8.
We set (Proposition 9.2)

bo b

Qo =Po el Qi1=P1+ e (2.12)

where B and by are positive and satisfy (2.11) as well.

2.1. Discussion of time scales

Estimates (2.9), (2.10) and the de nitions (2.12) imply an e ective nite-
dimensional reduction to a system of equations for the \e ective mode powers":
Qo(t) and Q1 (t), whose character on di erent time scales dictates the full in nite
dimensional dynamics, in a manner analogous to the role of a center manifold re-
duction of a dissipative system [5].

Initial phase { t 2 1o = [0; to]: Here, lg is the maximal interval on which Qg(t) O:
If to = A, then Po(t) = O(hti 2) and the ground state decays to zero. In this case,
we show in Sec. 15 that the excited state amplitude has a limit as well (which may
or may not be zero). This case is non-generic.

Embryonic phase { t 2 1, =[to; t1]: If to < A, then for t > to:

d
2 0Que3

2.13
dQ: 0 2 P5-om . @13
2 4o +oPaep mo4:

Therefore, Qg is monotonically increasing; the ground state grows. Furthermore, if
Qo is small relative to Qq, then

Q is monotonically increasing ; (2.14)

1

in fact exponentially increasing; the ground state grows rapidly relative to the excited
state.

Selection of the groynd state t 2 1, =[t;; 1): There existsa time t =13, tp t <
1 at which the O(' QoQ") term in (2.13) is dominated by the leading (\dissipa-
tive') term. For t  t; we have

d
O 2 00007

(2.15)
D4 1e02:

dt
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It follows that Qo(t) ¥ Qo(d) >0and Q,(t) ¥ Oast ¥ 1; the ground state is
selected.

3. Linear and Nonlinear Bound States

In this section we introduce bound states of the linear ( = 0) and nonlinear ( & 0)
Schrodinger equation (1.1).

3.1. Bound states of the unperturbed problem

Let H = + V(X). We assume that V (x) is smooth and su ciently rapidly
decaying, so that H de nes a self-adjoint operator in L2. Additionally, we assume
that the spectrum of H consists of a continuous spectrum extending from 0 to
positive in nity and two discrete negative eigenvalues, each of multiplicity one.

(H)=fEo ;E1 g [[0;1): (3.1)
Therefore, there exist eigenstates, ; 2 D(H); j = 0;1 such that
H j = Ej jo- (32)

We also introduce spectral projections onto the discrete eigenstates and contin-
uous spectral part of H, respectively:

ij hj;fij; j=0;1

Pc I Pp Pp:

3.2. Nonlinear bound states
We seek solutions of (1.1) of the form
=e Bt g : (3.3)

J
Substitution into (1.1) yields
H Ej + J Ejj2 Ej = Ej Ej: (34)

We introduce a bifurcation parameter, j, for the jth nonlinear bound state branch
and de ne

5= ) (3:5)

Proposition 3.1 ([38]). For each j = 0;1 we have a one-parameter family; ;=
j; of bound states depending on the complex parameter ; =j jje' i and de ned

for j jjsu ciently small:

TSR IR ECEBINICINID)

i3 00+ g2 P

i3 00+ g2 Peo)y+o( 3 it (3.6)
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Here;
Ox0= (H Eo)*(1 Pg) 3 3.7)
Ei Ei(j) ZE,- +j PEXG )
=E; + S dxj jiZ+0G jiY: (3.8)

The mapping ~; ® (Ej(~j); j(;~j)) is smooth.

The proof uses standard bifurcation theory [32], which is based on the implicit
function theorem. The analysis extends to the case of nonlocal nonlinearities. A
variational approach can also be used to construct nonlinear bound states. Vari-
ational approaches, though more global, do not directly yield the information we
require concerning smooth variation with respect to parameters.

Remark 3.1. j depends on j and —j. We shall compute derivatives of the
nonlinear bound states  with respect to  and —j and use the notation:

= 0,05 (0;0): (3.9)

In what follows we shall \modulate™ these bound states. That is, we shall allow
~ to vary with time. For convenience, we shall use the notation:

iECx)= ;oXx);
Ei() = E;i( ;(°):

4. Linearization about the Ground State

Let denote a nonlinear bound state (ground state or excited state) of (1.1); see
Sec. 3. Then,

H +jj =E : (4.1)
We rst derive the linear stability problem. Let
=( +pe 'FY (4.2)

where p denotes the perturbation about . Substituting (4.2) into (1.1) and neglect-
ing all terms which are nonlinear in p and p, we obtain the linearized perturbation
equation

ip=H E+2jj p+ 2p: (4.3)

Since p appears explicitly in (4.3) it is natural to consider the system for
p= D (4.4)

i0ep = Hp; (4.5)
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where
H E+2j j? 2
H= 3 ) H E+2] f2 ; (4.6)
and
3T o 4 4.7

Later in this paper we shall refer speci cally to the linearization about a \curve"
of bound states ( (t); Ej(t)) and will denote by Hj(t) the operator (4.6) with E
replaced by Ej(t) and replaced by j(t). Our main focus will be on the operator
family

Ho(t) = Heory; oy : (4.8)

The nonlinear bound state is linearly spectrally stable if the spectrum of
H, (H), is a subset of the real line.° s linearly dynamically stable if, in an
appropriate space, all solutions of the initial value problem for (4.5) are bounded
in time. That is, in some norm e Hot js a bounded operator. Linear dynamical
stability of the ground state ¢ follows from [58]. For this result and the necessary
stronger dispersive estimates on e Mot [10], we require information on the discrete
spectrum of Hp and the corresponding spectral subspaces.

Before stating these results we observe that the operator e ot can be expressed
in terms of the operator treated explicitly in [58; 10]. To see this, express the ground
stateas o =] oje' (j oj>0), where =arg isaconstant. Setp=-e' q. Then,
by (4.3) we have:

i0g= H Eo+2j of” g+ 3q: (4.9)
Now let ¢ = u + iv, where u and v are real. Then,
u u
@+ =JHg ; (4.10)
v v
where
H E 2 0
J= 0 1 and Ho = 0 0 ] ol o
1 0 0 Ho Eo 3] o
(4.11)
Note that

P = 1p(t) = 1e "po
=e' 1e?Mt<go+i 267t =qo ; (4.12)

where 1(z1;22) = (z1;0) and 2(z1;z2) = (0; z2). Therefore, we have:

CThe spectrum of H has the symmetries one expects for Hamiltonian systems. The mappings

a and @ send points in the spectrum to points in the spectrum. Note that if is an

eigenvector of H with eigenvalue then 1 is an eigenvector of H with eigenvalue . Therefore,
=1
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Proposition 4.1. Estimates on e Mot are equivalent to those for et and are
independent of

We now turn to a detailed discussion of the spectral properties of Hg.

Proposition 4.2. Consider Hg; the linearization about the ground state. Let ¢ be
su ciently small.

() (Hop) is a subset of the real line.

(i) giscrete(Ho) =T ;0; g, where 0 < < jEgj.

(i) Zero is a generalized eigenvalue of Ho. The generalized null space, Ng(Ho), is
given by

Ng(Ho) =span 5 _° ; 0=, o (4.13)
0 Os, o
(iv) are simple eigenvalues. We denote their corresponding eigenfunctions by
and . For j oj small we have the expansion:
=E; Eo+O( oj%) (4.14)
1 o2 2
= L+ 0 0 912) (4.15)
0 0°c2( oJ9)
=1 (4.16)
where c;(a) and cz(a) are real analytic functions in a.
(v) (Ho) discrete(Ho) = ( 1;Eo]l L[ Eo; 1).
The proof of Proposition 4.2 is in Appendix B.
Note that if ! is an eigenvalue of H:
sLg Hg=1g 4.17)
then ! is an eigenvalue of H with corresponding eigenfunction 3g:
L 3(s9)=H (39)=" 39: (4.18)
Therefore, we have
Proposition 4.3. (i) (Hy) = (Ho).
(i)
0 Os, o
Ng(Hg) =span __ ; 3 (4.19)
0 Os, o
(iii)
N(Hy, )=spanfs ;3 g f ; g (4.20)
Here;
= 3 and = 3 (4.21)

where this choice of is taken so thath ; i=1linthej oj #0 limit.
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4.1. Nondegenerate basis for the discrete subspaces of Ho and H

For xed E & Eg, the basis of Ng(H,) displayed in (4.19) is a natural basis due to
its direct connection to the symmetries of NLS. However, this basis is degenerate
and singular in the limit E ¥ E;p , as we shall now see.

Consider the basis of Ng(Ho) displayed in (4.13). Beginning with the rst ele-
ment of this basis, explicitly we have:

0 o o(;j 0i?) 1
2 = G Fo: 4.22
3 . 3_00(;j0j2) o 3Lo 1 0 ( )
where
o el 0
o=1] oje'°; Go = 0 eio (4.23)
and
Fo  o(ij o®)= o +j oi® G 0jd)
= o +j o> ;O)+ (4.24)

Here and subsequently we use the notation (;p) to denote a generic real-valued
localized function of x with smooth dependence on a parameter, p, and E) is
localized in x and O(j jj).
A nonsingular element of the Ng(Ho) is obtained by dividing out o. We there-
fore de ne
1

o1 3Go 1 Fo( 2): (4.25)

We now turn to the second element of the basis displayed in (4.13). First note
that

@ i @ - . . -2
— =e °— )
T @JOJJOJO(JOJ)
=e' °[ o+j of’ (;i o
Di erentiation of (3.4) with respect to j oj yields:
(H E)& oj 0+2i 0i°0j oj o+ 58 oj 0= oE) o: (4.26)
Taken together with the complex conjugate of (4.26), this yields, after multiplication
by 3:

1 1
3HGo 1 Fo = (@) ,E) 3Go 1 Joo

=j ojor: (4.27)
We de ne

1
02 Go 1 Fo; (4.28)
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where
Fo=gr = 1 o oGl o) = o +j of® (%] of"): (4.29)
] o]
By the above calculation o, lies in the null space of ( 3H)?. Therefore, the pair of

vectors: o1 and o2 spans Ng(Ho) and is nonsingular as Eq ¥ Ep . By a previous
remark:

01 302 and 02 301 (4.30)

form a nonsingular basis for Hy. This choice of basis will facilitate a uniform de-
scription of the dynamics in a neighborhood of the origin.

The above construction and Proposition 4.2 imply the following basis for the
discrete subspaces of Hg and Hj.

Proposition 4.4.

Ng(Ho) = spanf o1; 029 (4.31)
Ng(Ho) = spanf o1} 029 (4.32)
N (Ho )=spanf ; g (4.33)
N(H, )=spanf ; g=Ffg3 ; 3 ¢ (4.34)
ha; bi =Cap ab+O( 0j%); (4.35)
where a and b vary over the set f(01);(02); ; g. For ¢ small we have the ex-
pansions
1 1
o1 = 3Go Fo= 3Go o +j o2 O
1 1
1
02 = Go : Fo = Go o +j of?
1 1
1 2@ ,—2 0 ©
= 1 +J OJ 0 =+ 0 0 (436)
0 1
and =,
Finally, we shall nd it useful to note that
1= 302= o1+ o (XJ 0j?): (4.37)

4.2. Estimates for the linearized evolution operator

Theorem 4.1 (Linear dynamical stability [58]). Let
M Ng(Hp)?\ H* H!: (4.38)
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There exists C = 0 such that for any f 2 M
jie " iy Cijfjjpn (4.39)

Theorem 4.2 (Dispersive estimates). Let

2?

M1 [Ng(Ho) N(H )]’ (4.40)

and P, the associated continuous spectral projection. For any q 2 there exists
C1;q = 0 such that
jie MotPcFijia Cugt FTEjifjje; (4.41)
wherep 1+q 1=1.
The L' ¥ L7 and, more generally, LP ¥ L9 estimates, are known in the
self-adjoint case [25;61; 37]. The extension to matrix Hamiltonians with non-self-

adjoint o -diagonal part is more complicated. The results of [10;18; 39;40] cover
Theorem 4.2.

Remark 4.1. We shall in later sections use the notation M (t) and M (t) to denote
corresponding time-dependent subspaces relative to the time-dependent operator

Ho (1)

Theorem 4.3 (Local decay estimate). Let besu ciently large. Let 1 2 2
R :j j > jEojg; the interior of the continuous spectrum of Hy. Then; for t >0

jinxi e MotPc(Hy 1 i0) 'hxi jigz Chti 3;  1=0;1 (4.42)

NIw

jinxi  HEe MotPhxi  jjguzc ey  Chti 2 K, (4.43)
where Hg = Hp + Ep 3. For t < 0; the same estimates hold with i0 replaced by
+i0 in (4:42).

We now sketch a proof, using that Ho = HP"@9 + ?W, where ? is small and
W is bounded and localized . For the propagator associated with the diagonal
part, e 1t e have the dispersive L ¥ LT estimate with bound t 3. This
implies the bound hti 2 on the propagator from L1\ L2 ¥ L2+ L1, where
kfk 2412 = minfkfik, + kf,kq; £ = f; + f,g. The corresponding bound for
the perturbed propagator is obtained by a bootstrap argument, as follows.
Writing the DuHamel formula for e "Hotf we obtain

ke "Holfk o, 2  Chti 2kfkian 2+ “Cwhti 2 sup ke "HoSFk 2, a
0 st

+ kP (HPia9)e Hotfy 5 (4.44)
Let f = P.(Ho)f. The last term of (4.44) can be rewritten as follows:
Po(HP'™)e 1ot = Py(HP™9)(Pe(Ho)  Pe(HP™))e "otf

= Py(HPB)(Py(Ho) Pp(HP™))e Hotf:  (4.45)
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Elementary perturbation theory gives that P,(Ho) Pp(HP™9) is of order ? times
a projection onto a localized function. Therefore,

kPp(HP™9)e ™Motfk o, 2 "Cwke "o'Pc(Ho)fkpoypa: (4.46)
It follows that
ke "Hotfk o, 2 Cwhti 2KFKLin.z: (4.47)

Furthermore, we have the local decay estimate (4.42) with | = 0.

We now sketch the proof of the case (4.42) for | = 1 and (4.43). For ease
of presentation we sketch the proof in the context of the Schrodinger operator
Ho = + V. One has the local decay estimate

jinxi e HotP (Ho)hxi jiBLzy  Chti X (4.48)

where is positive and su ciently large. The key to the proof is an analysis of the
resolvent, (Ho ) ! near = 0. One uses the spectral theorem
z 1
e "op(Hp)= e ™ E'()d (4.49)
0

and an explicit expansion of E°( ), which can be expressed in terms of the
imaginary part of the resolvent. The expansion of the resolvent is valid in the
space B(L2(hxi dx);L2(hxi dx)) for su ciently large. Time decay is arbitrar-
ily fast for functions with spectral support away from = 0, while the t H decay
results from the behavior near = 0. The analogue of (4.43) is an estimate for
e tHoHXP.(Ho), which follows from the expansion of [24] applied to the formula:

a1
e ™OHEP(Ho)= e ™ *E'()d : (4.50)
0

Remark 4.2. The LP ¥ L9 estimates of Theorem 4.2 are later used to estimate
nonlinear terms which do not include spatially localized factors. In the case of
small data, which we consider here, it is also possible to use the above weaker
LI\L2 ¥ L1+ 2 estimates. Indeed, the only di erence is that we need to bound
the L2 norm (not just the L' norm) of the nonlinearity. The L2 norm has even
faster decay, since we can bound the L1 norm in terms of Sobolev norms, which
are controlled by the current argument.

Remark 4.3. We also point out that one can prove the L' ¥ L7 dispersive
estimate by using the LY\ L2 ¥ L1 + L2 estimate and a cancellation argument
which is rather involved [36].

5. Decomposition and Modulation Equations

Consider the nonlinear Schrodinger equation

i@ =H + jj : (6.1
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In the regime of low energy solutions we decompose the solution of NLS in the
following form:

®M=e ' O o+ 1)+ 2] (5.2)

Here, o(t) and (t) represent motion along the ground state and excited state
manifolds of equilibria and , is a decaying correction term, lying in an appropriate
dispersive subspace. The phase, is divided into two parts:

= o®+~(); (5.3)
where
z t
o(t) = . Eo(s)ds: (5.4)

Thus, @ o(t) = Ep(t) is the modulated ground state energy, and ~(t) is a \long
range" logarithmic correction, which is to be derived below.
We begin by setting

=e ' Of o)+ 4l (5.5)
Substituting (5.5) into (5.1) yields the following equation for 1:
0 1=(H Eo(®) 1+2] o®i* 1+ 511
+ @ A2 oM+ o® f+ jiP 1 @) 2
i@ o(t): (5.6)

Next, we decompose 1 into a part along the excited state manifold and a
correction term:

1 1)+ 2 (5.7)
We have, using (5.6),
i@ 2=(H Eo®) 2+2j o 2+ 51O 2 @~ (D) 2
Eor() + 8~ () +i0: 1) +2 | o®i® 10+ o® 1()
+ 0 +2 )17 o+ o® i
+ a1 0
i@ o(t): (5.8)

Since equation (5.8) involves it is natural to consider the system governing »

and . Let

N

2= — (5.9)

N
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and introduce the matrix linear operator:

H Eo(t)+2 ] o(t)? 50
Ho(t) s R e (5.10)
5 H Eo()+2 ) o)j
Then we have (recall that 1 = 1+ »)
_ ] ) - ) O]
0 2=Ho(t) 2+F 0 ° ~  (Eoa(®+0:~ (V) a+ile
c.C: c.C:
(5.11)
where
F @~ () 3 @™ () 3 2
2f of® 1+ %1
3 c.C:
2 - -2+_ 2 - .2 - -2
+ o, o) 1) o1 . . ] 1) 1.J.1J . (5.12)
C:C: C-C.

5.1. Modulation equations
Motivated by the results of Theorem 4.2 on dispersive decay, we shall require that
2(t) 2 M (1) (5.13)
where M is de ned in (4.40). Equivalently,
Pc(Ho(t)) 2() = 2(t); (5.14)

where P.(Ho(t)) denotes the continuous spectral projection of Hq(t). By Proposi-
tion 4.3 this imposes four orthogonality conditions on ,(t):

h 3 a(t); 2)i=0; (5.15)

where a 2 £(01); (02); ; 9. We impose (5.15) at t = 0 and now derive modulation
equations for the coordinates o(t) and 1(t) ensuring that (5.15) persists for all
t& 0.

To derive the modulations we rst take the inner product of (5.11) with the
adjoint vectors 3 4 to obtain the identity:

: 0 - :
3 a; 1@ e bo3a (Eor +0c™) 3 +i0:

= hHy(t) 3 a; 20+h 3 2 Fi+ih@( 3 a); 20 @th 3 a5 21  (5.16)

The initial data for NLS is decomposed so that h 3 5(t); 2(t)i =0 fort=0.
In order for this condition to persist for all time it is necessary and su cient that
the last term in (5.16) vanish, or equivalently:
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Proposition 5.1. The condition that Pc(Ho(t)) 2(t) = 2(t) is equivalent to the
following modulation equations for the coordinates ¢ and 3 which specify the
dynamics along the ground state and excited state manifolds of equilibria:

3a:10t70 + 3a 3(Eor+@7)+i0 T2

2j o 1+ (2)_1

c.c:
+ a0 +2 ] )
o T T BT
+ as + as
c:c: c:c:
@~ (Oh a5 20+ ih@:( 3 a); 2i (5.17)
where a 2 £(01);(02); ; gand ~5 ( j; j); j=0;1.

Remark 5.1. (i) Note that the term hHg(t) 3 a; 2i in (5.16) vanishes by the
orthogonality constraint and because H,(t) maps the discrete subspace into itself.
It therefore does not appear in (5.17).

(ii) The last term in (5.17) is present due to the time-dependence of the eigen-
vectors ,(t). An important simpli cation of this \commutator term", which we
require for a = (01), is carried out in Appendix C.

Initial data for the system (5.17), (5.11), governing o; 1 and » are obtained
as follows. Given data o for NLS, we nd ¢ so as to minimize

Ko oK2; (5.18)

see [44]. This o is used to de ne the initial Hamiltonian Hp(0). Now decom-
pose ¢ using the biorthogonal decomposition associated with Hg(0). This speci es
0(0); 1(0) and 2(0).

5.2. Conservation laws and a priori bounds

In this subsection we obtain bounds on o, 3 and » using the conservation laws
of NLS, noted in the introduction.
By the L2 conservation law: N[ ] = N[ o] we have
z

h() J o®i*+j 1®F + | 2(tx)j dx
z z z

=N[o] 2< o1 2< o2 < 1 a2: (5.19)

The last three terms in (5.19) can be estimated using the following:

R . O 3
0 1=0G ojj 1*) +0O( oj?j 1j) = O(h(t)2).
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Oﬁthogonality relation (5.15) with a = (01), h 3 o1; 2i = 0 or equivalently
< o02=0. R
Orthogonality relation (5.15) with a = orh 3 ; 2i = 0 implies < 1 2=
O j 1J* + j 1jj o k 2k = O(h(t)?).

Therefore,
1+0(h®)2) h(t) N[ o]: (5.20)
By continuity of h(t), if N[ o] is su ciently small
h(ty CNI[ o: (5.21)

Furthermore, the conservation law Hen[ ()] = Hen[ o] can be used to prove an
H?® bound on ,(t), provided k ok is su ciently small. In particular, substitut-
ing the decomposition (5.2) into the conserved functional Hen[ (t)], we nd after
integration by parts anzd interpolation of the L* éerm in Hen:

kr 2(Okf2 Eo+ j2j(  1i+] 2)+ jr ajjr 2j+kVkak okf:

C 3
+ 7 K okzkr (t)kz

CEo + O(h(t)) + O(h(t) 2)kr (k3. :
Therefore, using the bound (5.21) and continuity in time, we have that if kK gky:

is su ciently small,

jr 2(t;x)j2dx CEp: (5.22)

6. Toward a Normal Form — Algebraic Reductions and
Frequency Analysis

We now embark on a detailed calculation leading to a form of this system, which
though equivalent, is of a form to which normal form methods can be easily applied.

6.1. Modulation equations

Equations (5.17) are a coupled system for o, 1 and their complex conjugates. It
is natural to write the system as one which is nearly diagonal. This can be done by
taking appropriate linear combinations of the equations in (5.17).

The equation which essentially determines o can be found by adding the two
equations obtained from (5.17) by setting a = (01) and a = (02). This gives:

h 3(o1+ 02); i@ 0i +h 3( o1+ 02); 3(Bor+@7)+i@ ~1i
2j sz 1+ (2)_1

C:C:

o1+ o02;
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+ o+ ooz @) +2 g
T ? [ EETCEET BT G
+ o1+ o02; + o1+ o02;
C.C. C.C.
@~ (Oh o1 + o02; 28 +ih@( 3( 01 + 02)); 2i: (6.1)

The di erence of the a = (01) and a = (02) equations is the complex conjugate of
the Eq. (6.1).
The equation which essentially determines 1 is Eq. (5.17) with a =

ha ;i@ ol+h 3 ; 3(Eor+@:7)+i@ ~ i

2j o 1+ (2)_1

c.c
+ 5 BT +2 ] )
o [T ST T
=+ ; —+ ;
c.c: c.C:
@~ (Dh 5 20 +ih@( 3 ); 2i: (6.2)
The equation corresponding to a = is the complex conjugate of this equation.
Since
K Ok « [P
0k — = = 0 «+ 0k, (6.3)
K O « O «

we see that the equations for ~j = ( 0;0)"; j = 0;1 can be expressed in the form:

. 0 . 1 - 1
iMoo@ = +iMopi@t = +(Eoa+0:7)Nox = =Fo (6.4)

o
[
[

. 0 . 1 - 1
iMio@: _~ +iM110¢ = +(Eo1+@")Ni1z =~ =Fi: (6.5
1

o
=

Here, for k =0; 1:

o O « @ « 1
3o+ 02); = 3( o1+ o02);
M :GE* [ Ky 4 Ok « § (6.6)
3( o1+ 02); 3o+ 02); —
O « Ok «
o L o 1
3 o1+ o02); 3 o1+ o02);
0
Noz = Gog ! § (6.7)
3( 01+ o02); 3( o1+ o02);

1 0
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o Ok « 0k « 1
3 = 3
Ok « Ok «
M =G g* — 1+ g;
B ° — 0k x — 0k «
3 3 5 —
O « O «
o ) o 1
3 3
0 1 §
N ZG(% :
11 0 0 )
3 1 l 3 1 O

6.2. Algebraic reductions and determination of ~(t)

1001

(6.8)

(6.9)

To express the modulation equations (5.17) in a tractable form we shall make use
of a number of notations and relations which we now list for convenience; see also

Appendix A.
E) denotes a spatially localized function of order j jjk, asj jj¥o.

OE) denotes a quantity which is of order j jjk asj jj ¥ 0.Both E) and 0,9)

are invariant under themap ; @ je' .
o =0Q0; k = ki +ke.

1= 1+ 2
0o=1] oje'°; e o=
— Lo (K K
O k@ k = «k +] Ki? (()); ﬁ(()) ; k=0;1
1
Fo+F§ _ 2¢°( o + )
o1+t 02= 0o .
Fo Fg eio
(0)!
_ 1*+ 2
- —2 (0
0 o

Fo+Fo=20 +j o> Gi dD=2(0 + )
Fo F=i o Gia?)= 3
ho; P(0i=o0:
Using (6.10) in (6.1) we get:
2i(1+ 08 o+i 00T+ 3 01+ o2);
= 20@:hFS of 2 hFSj 1 ol

+hFo+F$2 o 1+ & 1+ j12 1 4?10 € ohR

+ie? °h@e[ 3( 01 + 02)]; 2i:

3(Eor +@:7) +i@ ~

(6.10)

1i:

Fd; cci

(6.11)



1002 A. So er & M. I. Weinstein

6.2.1. Determination of ~(t)

We anticipate that generically j 1j j 1j t z fort very large. o will have a
limitast ¥ 1 if @ o is integrable. We ensure this by choosing @~ to cancel
the terms which are of order t ' and non-oscillatory. Thus, we choose ~ to satisfy

@c~hFS, oi 2 hFS;j 1j% oi =0: (6.12)
To leading order this gives:
@ 2h & % (6.13)

R
In this way, a logarithmic correction to the standard phase, OtEo(s)ds arises.
Equations (6.11) and (6.12) together with Proposition C.1 imply

2i(1+04(10))@t o+i (2)0(()0)@t_0+(E01+@t~)h o1+ o2 1l
+h 3( 01+ 02); i@ 1i
= 0h 5 i+ B

+ O o2 1+ T+ h2 o+ Pija? 1§ 4 i

B %0 P § AP Tai @d o 0§75 ai e oh (2T
+ij o8 o h ; 2i+eFon 50 (6.14)
We now turn to Eg. (6.2). Using (6.10), Eq. (6.2) can be written as:
(1+0D)ige 1+ (O( §)+O( 3)ib =
+(@+ 0Dy 1+ ZFOPDY(Egy + @) +h 3 il oi
= @ (; 2i+ 3hi20) @OF o
OV o 1+ §D+ OF oft ij 1%
+ o Zi+ 3h L
+ hsja® o § oA ai+ Ghsj AP a o i
+ih@( 3 ); 2i: (6.15)
We next write the systems for ~o and ~;.
iMoo@t~0 + iMo1@t~1 + (Eo1 + @t ™) 3No1~1
- 00, jo? 1+ 571
cic:
ho + %0 1 0 a? ai 3 5Py i P

C:C:
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h & Li+ 30 i

c:.C:

0~
h & si+e2ioh 75
@ of® 3
d ol cc:

b O ive?ion O i

+ij 0j%0¢ o ’ (6.16)
c:c:
iM11@¢~1 + iM10@t~0 + (Eor + @) 3N11~1
. joi? 1+ 531
PN
o 3 c:c:
N hija? 1§ o? ai+ §hj 1?1 1j? ai
3 c:c:
1
4 oh 1j aj?i+oh 5 Zi+ Fh T
s c:c:
h i i+ 2h : Si h Y
0~ 3 A (6.17)
c:c: c:c:

The matrices Mjk; Nja1; j;k = 0;1 are displayed in Egs. (6.6){(6.9). For the
(generic) case where we expect j oj to approach a nonzero limitand ; and , to
decay to zero, we shall use the expansion:

o
2 1+0 308”
MOO = @
20 2 1+0{
1
1+0%P o %+0 %~
M11 = — — © . (618)
O 3% +0 1 1+ 0§

The matrices M1g and M1 are higher order in o and satisfy:

1
0 0) =
o 300"

Mio; Mo1 =
—2A~© (©)]
0°Og 0;

(6.19)

The matrices Np; and Nj1 satisfy:

1
0 1 0 Dy ~
N OP+0P 307+ 05
o1 —
P +0f) 0P+
"
1+0  30{"
Nii = '

5200 1+00
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6.2.2. Simpli cations to Egs. (6:1) and (6:2)

(1) Since M10 and Mo, are higher order in  we can eliminate @ 1 from (6.16)
and @; o from (6.17).

(2) Note also, that \commutator terms" with factors like @ oj%> or @ 3 can be
eliminated via rede nition of the near identity matrix Moo through incorporation
of a higher-order correction.

(3) We can eliminate the term proportional to j 0j2@; o as follows. Consider the
last two terms of (6.16). Since @¢j oj° = 0@ 0+ o@: o We can incorporate the
second to last term of (6.16) as a higher-order correction to the near identity matrix
Moo, MAlo. Our goal is now to eliminate the @ o from the equation. The system
can now be written as:

1
i0c~o = Mo +i0( 0j%)@; o : (6.20)
The rst component has the form:
i@t o = 1st component of the vector :
1 1
Mo () +iOG oj*)er oMl (6.21)
Since ¢ =j oje' © we have
i0 of J 0j@t 0=¢€ o 1st component of the vector :
1 1
Mo () +iO0G o)) j oi@ oMo (6.22)

By taking the real part of (6.22), for j oj small, we can solve for j ¢j@: o. This
enables us to eliminate it from Eq. (6.16) as a higher-order term.
Implementation of these simpli cations leads to the following

Proposition 6.1.

i0~0 = M}, (Eo1+@¢™) sNoi~1

o,
+O(()0)3 Jof 1+ o1
c.C:
LI 00 (Y CRFU BTGP ) (Y COPU Y St
i C.C:
h @O Ui+ 2y @O.7;
(U 0 2 C.C.o 0 2 629
i@t~l = A(t)"’l
+ M7, hsial? 0§ a? ai+ B0 i A J 4P i
11 3

c:iC:
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oh :j i+ oh ; Zi+ 3 L0

+ 3
c.c
h; 2i+ 3h; 2
B~ 3 0 : (6.24)
c:.C:
Here;
_ E1o + O] of? o™ 2
O(()0;1)_02 = O(()0;1)1- sz
Az = A Axn = Ag; and (6.25)
1= 1+ 2!

M and M7, are near-identity matrices; whose deviations from the identity give
rise to higher-order terms which are subordinate to the leading order behavior ob-
tained in the analysis which follows.

Finally; Egs. (6:23) and (6:24) are coupled to the equation for 5 given by (5:11).

6.3. Peeling o the rapid oscillations of 1

Fix T = 0 and large. We rewrite (6.24) centered about the ground state at time

i0~1 = AT)~1+ (A®) AT)~1+F; (6.26)

where ]
Eor(T) + OF"P(T)j o(T)j? oi¥M(T) 3(T)

A= oD(T)y=5%(T) Eor(T) OPM (M) o(M)i? (®20

Since A(T) is a constant coe cient matrix it is a simple matter to obtain the
fundamental matrix.

Proposition 6.2. The system

10t~1 = A(T)~1 (6.28)
has a fundamental solution matrix:
[ g 1+t 0
X(t): il 12 i .
Cy1  Cyy 0 e
_ 1 OFD(T) oTPEGM) T e it o
OPD(T) o(T) Eyg(T) 1 0 el
(6.29)
The eigenfrequencies;  (T) are given by +(T)and (T)=  4(T); where:
+(T) = Ego(T) + O] o(T)i?; (6.30)

where E1g = E;  Ep; and provided j o(T)j?=E1o(T) is su ciently small.
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We use the fundamental matrix; X (t); to de ne a change of variables:

1

~1 X@®)~=X(@) - (6.31)
1
Therefore,
p=e '+t 40P BMEGMe T T (6.32)
Then, ~ satis es
i@~ =X LOFXE)~(b);1): (6.33)

Note that since the linear in ; terms have been removed by the change of variables
(6.31), 01 OG 1j%).
Note that by (6.29)

X )
et 0 1+00PM oMIFEET) O P(T) BMELM)
S0t oM TEYEGM  1+0(M) oMPEET)
(6.34)
Written out in detail, from (6.33) and the various de nitions, we have
Proposition 6.3. The equation for i has the form
i0c 1= e *"hogje 't 1+ %o
+ e gty + )%
+ el o Ty 1+ )% ]
+ ettty + P Tt + ) e
4R (6.35)
where
R =X () (Alt) ATHYXMH 1 +R; : (6.36)
Remark 6.1.

X LO[A®)  A(T)]X(t) = Real Symmetric Diagonal S(t) +e ' ~'B(t) (6.37)

Therefore, the non-oscillatory part involving S(t) does not e ect the evolution of
j 1i%



Selection of the Ground State for Nonlinear Schrodinger Equations 1007

6.4. Expansion of »

The next step is to get an appropriate expansion of », which upon substitution
into (6.35) can be used to isolate the key resonant terms in the ; equation. The
analogous steps are then repeated for the ( equation. Finally, a near-identity
change of variables is constructed which maps the system for o and 1 to a new
system (a normal form plus corrections) for which the dynamical behavior is more
transparent.

2 solves Eq. (5.11). We shall require dispersive decay estimates for , and these
are most naturally obtained relative to a time-independent Hamiltonian. Since ¢(t)
is expected to tend to a limitast ¥ 1 and since we are Xxing a time interval [0; T],
it is natural to use as reference Hamiltonian, the operator Ho(T). We now make
use of the linear spectral theory of Sec. 3 and decompose , into a part lying in
the \discrete subspace of Ho(T)":

Ng(Ho(T)) N(Ho(T)  (T)) N(Ho(T)+ (T)) (6.38)

and a part lying in M(T), the \dispersive subspace of Ho(T)"; see (4.40).
Let [3;11]

2=k+n+ ; (6.39)
where
X -
k hza(T) 20a (6.40)
a2Ng(Ho(T))
X -
n h 3 p(T); 2ip (6.41)
b2N(Ho(T) (T))
Pe(T) 2= 2 k n: (6.42)
Since
h 3 a(t); 200i=0; a2 Ng(HO(t))
h 3 p(t); 2(D)i=0; b 2 Ng(Ho(t) (1)

(t) may be replaced by (t) (T) in the de nitions of k and n. Inserting the
expansion (6.39) into (6.40) and (6.41) and de ning

X
Prun(t; T) = hs(a(T) a®));ia (6.43)
a2Ng(Ho(T))
X -
Preut(t; T) = h 3( u(T) b(D); 1 a (6.44)

b2N(Ho(T)  (T)
we have that k and n may be expressed in terms of as follows: Then,
Prun(t;T)  Prun(t; T) kK paun(tT)

= (6.45)
Preut(t; T)  Preut(t; T) n Preut(t; T)
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Therefore, we have

Proposition 6.4. There exists "o > 0 such that if j o(t) o(T)j < "o then the
relation (6:45) can be inverted and we have

2= o[ ]=k[]+n[ ]+ ; (6.46)

where » is linear in  and continuous in the weighted (local decay) norm of ¥ @
khxi  fks.

The statement about continuity in the weighted norm follows from the spatial
localization of the generalized eigenfunctions.

Remark 6.2. Note that since j a(T)  a(t)j CEO%j o(T)  o(D)j; we have the
simple estimate:

ki nj - Cj o(T)  o(jjibxi  (Djj2: (6.47)
Anticipating that for t very large, j o(T) o(t)j t z and jjhxi 2(0jj2  t z,
it follows that jkj; jnj t 1. Thus, jkj and jnj, are expected to decay faster than

Finally, satis es the following evolution equation obtained from (5.11) by ex-
plicitly introducing the reference Hamiltonian, Ho(T), and applying the projection
P.(T) to the equation.

i@ = Ho(T)
+(Ho() Ho(T)) 2[ 1 @ Pe(T) 3 2[]
H i2 27
rEM BmPm) s O w ey, 3T 10
‘c cc:

+ PT) 5 2 o 1+ 1 2[ [P+ o 1+ 1 2[ ])?

cc:
+ P(T) 3 i+ 1 2 1PC 2+ 1 2AD J oai® e

cic:

iP.(T) 1 1(t) @~1()+Fo o(t) @e~o(t) : (6.48)

C:C:

7. Normal Form and Master Equations

In Sec. 4 we decomposed the solution, , in terms of coordinates o(t) and 1(t)
along manifolds of nonlinear bound states and ,, a correction which lies in a
time-dependent subspace, M4 (t), of continuum modes. ,(t) was then decomposed
into its discrete (k and n) and continuous ( ) components with respect to a time-
independent Hamiltonian, Ho(T). We also observed that k and n are determined
by and are expected to be more rapidly decaying than  (Proposition 6.4 and
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Remark 6.2). Therefore, the evolution of is determined by o, 1 and . Finally,

the fast oscillations of ; are removed by the introduction of ; = [X(t)~1]1

e it
We now seek a form of the system for ¢ and 1 from which the large time

dynamics can be deduced. We obtain this \normal form"™ by rst solving for

(see (7.21), (6.48)) as a functional of g, 1 and the initial data (0) and then

substituting an appropriate expansion (see Secs. 7 and 8) into the equations for ¢

and 1.

Proposition 7.1 (The Normal Form). There exists a near identity change of
variables

~ J ot
~o o [ o 1] 7.1)
1 1 J[ o 1t
where
[ o; 1,11=0G oji®+]j 1j%; k= ; (7.2)
and bounded uniformly in t; and such that
i@c~0 = (Cao22 +1i 1)jT1j*~0 +F [~0; 71 ;1] 73)

101 = (Cuzr 20 1)j~0i%i 1?1 +F [~0; 71 it

The properties of F and F are brie y discussed in Remark 7:2 following
Corollary 7:1 below and described in detail in Sec. 8.

Furthermore;
= 1 +0( o(T)j®) >0;
where;
' 2ho 2, H '), 2i>0 7.4)
1 =2 Eo :

The coe cients Cximn =
form § o " 1.

(()0;1) are real constants multiplying monomials of the

Remark 7.1. Due to our choice of the phase correction, ~(t) (see (6.12), a term of
the form clolloc()o'l)j ~1j?~0, is absent from the di erential equation for ~g in (7.3).

Now let

i2

Po j~oj and Pr j1j? (7.5)

denote the (renormalized) ground state and excited state powers. Then, by (7.3)
we have the Nonlinear Master Equation:
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Corollary 7.1.
dPo _ 2 PoP2+Rg (7.6)
dt
Cliclg 4 PoPZ+Ry; (7.7)
dt

where

Ro = Ro[~0; ™1; ;t] =2=(~oF );

_ (7.8)
Ry = Ry[~0; 1, ;t] =2=("1F ):

A more precise and revealing variant of Corollary 7.1 is Proposition 11.1, which is

stated and proved in Sec. 8.

Remark 7.2. The terms F and F are such that Ry and R; are not small per-
turbations of the leading order terms in (7.6), (7.7) for all t 0. In fact there are
three time intervals de ned in terms of transition times to and t; (see Sec. 8), in
which we consider the system (7.6), (7.7): 1o =[0;to], 11 =[to;t1] and 1, =[tg; 1).
It is only for su ciently large time, (t 2 1,), where Ry and Ry are negligible. The
behavior on short (0 t tp) and intermediate (tp t t;) time scales can be
very di erent. We go into the details of Rg and R; in Sec. 8 but wish to make some
remarks at this stage which indicate our approach.

If we drop the terms R; then we have a ow, which evolves in the rst quadrant
of the Pp  P1 plane according to:

de _ 2

ot = 2 PoP1 (7.9)
dp1 _ 2.

v 4 pop1; (7.10)

where solutions for typical data converge to the po axis with a rate hti 1. In order
for the corrections coming from R and Ry to be small, intuitively it is su cient
that

Rj Eo(PoP? +hti 3); (7.11)

where Eg is small and > 0. This is what we show for t t;. For the intermediate
time range, to t t3, we show that the behavior is controlled by the system:

do% =2 PoPZ+O(Nti 3)
i (7.12)
S= 4 ropz+0CRoPM +O( )
where m 3. Therefore, for intermediate times we need to show:
R E, (PoP2 +hti 3
o Eo(PoPs ) (7.13)

Ri  Eo(PoP? + PPoPIm +hti 3):
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What makes the analysis subtle is the dependence of Rj on Po and P1 in a manner
which is nonlocal in time. That is,

t
e Mo 9p (Hg) T M2—gma™ ™ gs: (7.14)

0
Local in time terms are simple to dominate by the leading terms. However, nonlocal
terms require careful analysis. Note in particular, that due to the \history depen-
dence" of such terms, being expressed as time integrals from 0 up to t, an analysis
of the e ect of such terms fort  t; requires use of estimates on other time regimes
t thandty t t; as well. Furthermore, there are no decay estimates on either

Po or Py in the intermediate interval tg t t; or on the size of this interval.

The normal form of Proposition 7.1 is essentially the Poincare{Dulac normal
form which can be constructed along the lines explicitly implemented in [49]; see
also [1]. We now give a detailed outline of the procedure with explicit illustrative
detail of key points concerning the treatment of resonant and nonresonant terms.

Resonant terms and removal nonresonant terms: Here we illustrate, by way
of a simple example, how non-resonant terms can be removed by near identity
changes of variables. Consider the scalar ordinary di erential equation
Al(t) = jAD)j%et T (7.15)
where A(t) is a complex valued function. We shall introduce a change of variables
AT A =A+qAAt), where g2(A; A t) = O(AJ?) and 2(AAt+ 2-) =
g2(A; A; 1), which is therefore approximately the identity for jAj small, and such
that
A1) = LIADOPAD + ~e? YADPA®D + E«(AD A (7.16)
Here, E4 is 2 = periodic in t and
Ea(A(); A(1); 1) = OGA()]*) (7.17)
The change of variables can be derived by elementary means. Integration of
(7.15) gives:

z t
A(t) A0) = jA(s)j%e' Sds
0
z t
1d ;
— H 2 - Y s
= OJA(S)j i OISe ds
Z
— i -Ziist tiisi- 2
—jA(S)ji e Lo e dsjA(S)] ds
VI T S :
=jA(s)j2i—e' s = el SA(s)jA(s)j%e! Sds
0 0

VA t
= JAE)PA(s)ds: (7.18)
0
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De ne A(t) = A(t) (i ) jA(b)j%e' t. Then, A satis es the renormalized ODE, in
which resonant quadratic terms have been removed. The process can be repeated;
by introducing further changes of variables A @ A; = A+ higher order in A and
period in t, non-resonant (oscillatory) cubic terms can be removed to obtain:

A1) = i AL (DAL + kAL O A + 11 (7.19)

where k is real. That the coe cients in the rst to terms of this normal form are
purely imaginary implies that, to this order, the amplitude jA;(t)] is independent in
time. This is the typical situation of the norm form nite dimensional Hamiltonian
systems, in which resonances occur between isolated discrete frequencies.

We next examine resonances between discrete and frequencies and the contin-
uum of frequencies, associated with the continuous spectral (dispersive) part of Hp.
These can introduce nonconservative terms into the normal from (via coe cients
with real as well as imaginary parts), which are responsible for energy transfer
between discrete modes (bound states) and radiation.

Nonconservative resonant terms and energy transfer: We explain how to
nd the key resonant energy transfer terms, the leading terms in (7.3). These are
terms responsible for the exchange of energy among the nonlinear ground and ex-
cited states mediated by interaction with continuums modes. We focus on the ;
equation. Analogous considerations apply to the o equation.
Equation (6.35) can be written the following compact form:
>

i@t 1= Cpqr JF_)_lqe i!rth pqr; i+O( 2)+ X (720)
piq;r
where Cpqr are of order 1, ¢ or higher orderin o, ', 2 f ; 2 ;0g,and pgr
denote functions which are exponentially localized in space. The equation for ¢
has a similar structure. The equation for = o+ 3+ 5, can be formally solved
giving:
=0(0)+0(§)+0(?
> .
+ Dplfhl'lG :I‘?l_lqle ' r® ~pidary - (7'21)
P1:Q1ira
Here, G denotes the operator
z t
fa Gf i e Mo 9p f(s)ds: (7.22)
0

We insert the expansion for , (7.21) into the terms involving inner products
h pgr; 1 in (7.20) and in the corresponding equation for . This yields a cou-
pled system for o and 1 which is closed up to higher order. The terms in the
resulting equations are of the form

<X X

Q1

p— 9, il,t . p1 i r,S _ .
Cpquplqlrl 1 1€ r par G l1 1€ " g (7-23)

pP:g;r p1:qgy;ra
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We now use the integration by parts lemma:

Lemma 7.1.

z z

t
el 1)sf(s)ds

t
iAs H
e'*f(s)ds = I|£f01 .

0

i(A i0) eAUF() +i(A i0) F(0)
z
+i(A i0) ! teiASfo(s)ds: (7.24)
0

Applying this lemma, we obtain

it —O1, i .
e "rthopgr G P ae TS g gy i

— i(! t —q . A

= e M)t AT (Ho(T) vy §0) YPe(T)~prairs

+ P10) 1™ Oh par; (Ho(T) v, i0) te MHoMp(T)~p g, r i
Z, _ _ q
N 0 par; (Ho(T) ¢y i0) le THo(D( S)g i rlSPc(T)£( 5141(]1”91Q1r1)d5

(7.25)

We rst focus on the rst term in the expansion (7.25). This contributes a resonant
term, which cannot be transformed by a near identity transformation to higher
order if

!r + rp == 0 (726)

Now consider such a resonant term. We nd that in the ; equation they are of the
form:

jooi® 1 1 ~;(Ho v, i0) Pc~ (7.27)

where = 1, 2°f ;2 ;0g.

There are two cases to consider: (i) , not in the continuous spectrum of Hop
and (ii) , in the continuous spectrum of Ho.9 If |, is not in the continuous
spectrum of Hg then the inner product in (7.27) does not involve a singular limit
and we get the limit

~;(Ho 1) *Pe~ : (7.28)

In this case, the coe cient of j 0j?21j 1j2° 1 is real. Such a term results only in a
nonlinear distortion of the phase of ; and does not e ect the amplitude. If ,, isin
the interior of the continuous spectrum of Hg then the limit is singular. We choose
the plus sign (+1i0) if we study the evolution for t > 0 and the negative sign ( i0)

dIn case (ii) we consider the generic case where if r, lies in the interior of the continuous spectrum
of Ho.
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for t < 0. This choice is related to the condition of outgoing radiation explained
below; see also [49], for example. Evaluation of this singular limit gives:
; (Ho r,10) ch =T +i7;
where
~=h; (Ho ) i; ~= ;PV:(Ho )!

Contributions to the imaginary part are therefore responsible for a change in am-
plitude (here damping of 1).

Now; when does a frequency lie in the continuous spectrum of Ho? By Propo-
sition 4.2, we must have > E =jEpj or < Eq. By (6.30), (E1 Eyp).
Since varies over the frequencies O; ;7 2 we ndthat = 2 = I,
resonances are in the continuous spectrum and therefore are those giving rise to
energy transfer, provided 2E; Ep > 0; see (7.4). We now embark on the details.

7.1. Expansion of
We expand as follows:
(M= o+ 1)+ 2(1); (7.29)

where o(t) corresponds to the linear homogeneous evolution with initial data
(0) = Pc(T) 2(0) and ; solves the inhomogeneous linear equation driven by

0, 1and o(t).

Equation for o(t):

i@t 0 = Ho(T) o (7.30)
0(0) = Pe(T) 2(0):
Thus,
o(t) =e "M (T) ,(0): (7.31)
Equation for 1(t):
10t 1 = Ho(T) 1 +Pc(T)[Ho(t) Ho(T)] 2[ o] + E10(t)Pc(T) 3
Lo 27—
+ Pe(T) 3 A o l+ 1 8P(T) 3 of o
cic:
+ PuT) 2 o 1+ 1 2[oi*+ o 1+ 1 2[ 0])?
c:c:
+ PuT) joat o1 2l oli*C 1+ 1 2[o) 4?2
cic:
ip. 1 1() @c~2() + Fo o(t) @e~o(t) : (7.32)

c:iC:
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The initial data for ;is 1(0) =0.

Remark 7.3. A direct computation using the biorthogonal decomposition of the
discrete subspaces of Ho and H; of Sec. 4 yields that the second term in (6.48) is
of a higher order than is explicit:

E10()Pc(T) 3 C_Cl_ =0@ o5 1j+j 1) P+ P+ PO (7.33)

forj o landj 1j#0.

Equation for »(t):

il 2
= Ho(T) 2 +Pc(T)[Ho(t) Ho(T)] 2[ 1+ 2] @~ Pce(T) 3 2[ 1+ 2]
h il
+ Po(T) 3 2 90 (1+ 1 2[0D) 1 2[ 1+ 2]+ce:
cic:
+ Po(T) 2 0j1 201+ 2lP+2 o 1+ 1 2[0D) 1 2[ 1+ 2]
¢ 3 cic:
To( 1 2l 1+ 2))?
+ Pl s cic:
2 1+ 1 2[oli® 2 [1+ 2]
+ Pl s cic:
+ Pe(T) s (1 2l1+ 2D?C1+ 1 2lo)+ 1 2[1+ 21C 1+ 1 2[ o))?
c:c:
vy, 2t ralolin alat o +ia alat 2 1ol 2l
cic:
(7.34)
We expect that » = O(hti 1). Let
2= 2at ! (7.35)

By construction we will show that », = O(hti 1) and 2, = O(hti %).
i@ 2a

= Ho(T) 2a + Pc(T)[Ho(t) Ho(T)] 2[ 1] @~ 3 2[ 1]

o 11 2[ad+ 12 2L1D+ of 1 2f 1)i?

c:.C:

+2 Pc(T) 3

+ P(T) 5 2 01 2[1( 1+ 1C.§.[ o)+ ol 1 2[ 1])?
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2f 1+ 1 2[ ol 1 2l ad+( 1+ 1 2[oD)? 1 2f 4]

+ Pc(T) 3 cc
+ Pu(T) 2( 1+ 1 2[oDj 1 2f 1]]2(:'.'(':( 1+ 1 2[ oD (1 2 1])?
. o
+ Po(T) 3 b1 o2l ali® 1 2f 4] : (7.36)

c:.C:

7.2. Normal form and master equations

Using (7.33) and explicitly inserting in (7.32) the representation
1= (XM ©),=e D+ 0 FMEF(Me ' My (7.37)
gives the following equation for 1:
10 1 =Ho(T) 1 +Pc(T)(Ho(t) Ho(T)) 2[ o] @ Pc(T) 3 2[ o]
+E10(t)Pe(T) s(i~o® & +i7i® )
e i +(T)t 1+ O(()O;l) (Z)(T)Elol(T)e i t_l
cc:
2j sz e i (Mt ¢ 2_1€i +(T)Ht
+ Pe(T) 3 2 1 0
c.C:
2 oi 4245 2e 20 +(Mt
+ P(T)s2 , U o0 +R,;  (1.398)
c.C:
with initial condition ;(0) =0.

Substitution of 1 into Egs. (6.23) and (6.35) for ¢ and 1 gives rise to terms
which make explicit the resonant exchange of energy between the ground state and
excited state. We next isolate the key terms in the expansion of ; relating to this
energy exchange.

Let us begin with the ; equation, (6.35). Written out in greater detail we have:

0 1=2ho; Jijaj% 08" *M'+2h o 2; ;5 2i10
+ho; Ji2ge -Mtyop g 2., Li(; oe? Mty 1)
+2 0o 1:j1 2% o8 T+ ho 1;( 1 2)?ige T
0o adf affel TMte h 2oy )P e O
+h 3500 2e M2 25j L% e A
+ hogja 2?1 2ie' TP+ R (7.39)
where R is de ned in (6.36).
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We claim that the key term in (7.39) responsible for energy transfer is the term
2ho % 1 2|_1 oEZi +(Mt (740)

on the second line of (7.39). To see this we decompose i into \resonant" and
\nonresonant™ parts

1= 1R+ INR: (7.41)

The part 1nr gives rise to the key resonant energy transfer term in the equation
for 1 and is the solution to the initial value problem

i0 1r =Ho(T) 1R+ Pe(T) 3 2 o o 2e 2+t

0
1r(0) =0: (7.42)
Solving (7.42) using DuHamel’s principle we have
z
R() = i Ote HoME 9P (T) 3 2 o ofs) 2(s)e 21 +(Ms (1) ds
BN - 1
= j e iHoMt i gllHo(™) 2 +(Misp (T) 4 f o o(s) f(s) 0 ds:

(7.43)

Recall that the continuous spectrum of Ho(T) is given by points ! such that j!j
jEoj. By Proposition 6.2, for j j?=E1 su ciently small

+(T) = Ep(T) + O™ o(T)j2: (7.44)

By the hypothesis (7.4), 2E; Eo >0, if j oj is su ciently small then 2 (T)
lies in the continuous spectrum of Ho(T). Therefore, (7.42) is a resonantly forced

system. We expand the solution as follows. Let > 0 and set
z

] t - - 1
lR(t) = je iHo(T)t el[Ho(T) 2 .(T) i ]SPC(T) 3 % 0 O(S) f(S) . ds:
0

(7.45)

Then, 1R — lim 10 1R:
We now apply Lemma 7.1 to g With A=Ho(T) 2 (T). The result is

Proposition 7.2. The limit lim xo ;g = 1r €Xists in S? and
) - ) 1
wr@® = e ' MU) 2)(Ho(T) 2 +(T) i0) *P(T) 0 2
- . 1
+  0(0) 2(0)e "MYH(T) 2 +(T) i0) *Pe(T) 0 i o

+ e MeMYHL(T) 2 (T) i0) *
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¢ 1 d ——
gilHo(M 2 +(Mlsp (T) 2 04 o0 ¥(s) ds
0 0 ds
= 1Rat 1Rb T+ 1Rc: (7.46)
We substitute (7.46) into the key term (7.40) in (7.39).
2ho 251 2[liz 08 *M'=2h g 2; 1 rai 1 0€® *M'+R: (7.47)

Here, R denotes rapidly dispersively decaying terms plus higher-order terms in
j o 1j.- By Proposition 7.2 and the Plemelj formula (A.3)
2ho %2, 1 1Ral 1 0e® +(Mt

. 1 o
= 22 o Z; 1(Ho(T) 2 «(T) i0) *Pe(T) o ° 2 J 0% 4?1

= 2( +i)j o¥i 4J* 1 (7.48)
where (using that Eq 2E130=Eo; 2(E1 Eg)=1! +0( o(T)j?)) we have
= , 0
=%, 2:pviH 1)1, 2io® (7.49)
= !o(()o)
=2ho 2;(H 1), 2i00: (7.50)

Recall that O(()O) denotes a term of the form 1+O(j j?). Returning to the equation
for 1 we have:

i@ 1=( v i) ojaf® 1+ (7.51)
We now seek the key terms in the ¢ equation, (6.23). Usingthat 1 = 1+ »
and the representation (7.37), we have
i0 o= h §; fie? (M 27
+2h 32 1 qie "Mt 4+ h 2 %
+2h o F; 2if 1f?

2-

+ ho 1; 3i "M+ phy 27502

2 2i +(Mt
+2h o 1) 2% 18 "M h o) 0j? i
4R, (7.52)

We rst focus on the key resonant term in (7.52) which is responsible for the
system settling onto the nonlinear ground state. We claim this term is:

ho 2; 30 2e 2 ~(Mt; (7.53)
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In analogy with the previous calculation, we have

2

hO %!_ZI 2e 2i (Tt — hO

2, 2 tRal 7e 2 +(D'4R; (7.54)
where R is as above. Therefore, applying Proposition 7.2 we get
ho 2; 2202 2-Mt=(  +iy)j* o+R: (7.55)
The expression R denotes terms which are higher order, oscillatory type and dis-
persively decaying. See also Remark 7.2.
In summary, we have the following system for ¢ and i:
Proposition 7.3.
i@ 0=( 1« +i)j1j* 0+R
i@ 1=2( v i 1)j 0% 1? 1+R:
The proof of Proposition 7.1 follows by constructing an appropriate near-identity
change of variables, transforming (7.56) to (7.3). This is implemented as in [49].

(7.56)

8. Stability Analysis on Di erent Time Scales — Overview

In Corollary 7.1 we obtained coupled power equations or nonlinear master equations
governing the (renormalized) ground state and excited state square amplitudes:

Po = j’“oj2 and Pl = j ~1j2 . (81)

If we neglect the correction terms Rg and R, in (7.6) and (7.7) we obtain the
simpler autonomous system of di erential equations:

dpo _

PO 2

at 2 pop1 (8.2)
dpy _ 2.

T 4 popt: (8.3)

Note that this system is exactly solvable. Addition of twice (8.2) to (8.3) yields that
along any solution trajectory:

2po(t) + pa(t) = 2po(0) + p2(0): (8.4)

This relation can be used to eliminate p; from (8.2) or po from (8.3). po(t) and p1(t)
are thus obtained by quadrature. The dynamics of this nite dimensional reduced
system anticipates that an initial state, arbitrarily close to but not exactly on the
excited state branch, with energy distributed among the ground state and excited
state, will evolve to a state with an increased ground state energy and no energy in
the excited state. While not strictly correct, since there are nongeneric data giving
rise to solutions which converge to the excited state [55], this captures the generic
very large time dynamics. The correction terms Ry and R; in (7.6) and (7.7) lead
to di erent transient behaviors which may be quite di erent from that suggested by
the system (8.2) and (8.3). However, we show that eventually (t t;), this system
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dominates. Moreover, a large class of data, for which the system (8.2) and (8.3)
controls the behavior is that for which Po(0) > P1(0) and su ciently small initial
dispersive part.

Before embarking on the details we give a brief overview of the strategy. Using
the change of variables ( ; ) A (~; 7) of Proposition 7.1 we have transformed away
all local in time nonresonant terms. This introduces contributions to F and F ,
and therefore contributions to Ry and R; in Egs. (7.6) and (7.7), which are of two

types:

(i) local in time terms depending on ~g and 1, which can be absorbed by the
leading terms in (7.6) and (7.7), with a small correction to the coe cient and are
of order hohti 2; see Proposition 9.1 below.

(ii) nonlocal in time functions of ~g and 73 de ned in termsof = [ o; 1; 2] in
F and F . These contribute terms to (7.3) with the same (anticipated) time-decay
rate as the leading order terms in (7.3). Correspondingly, there are nonlocal in time
functions of ~o and "1 which contribute to R; in Egs. (7.6) and (7.7) which are
of the same (anticipated) decay rate as the leading order terms in (7.6) and (7.7).
The goal is to control these nonlocal terms, to the extent possible, by the leading
order terms. However, due to the di erent behaviors of ~g and ~; on di erent time
scales the argument is somewhat tricky and we now explain our strategy.

Let

5 [ olx +Eo
. 0 . 0 2
to+1 sur(J) -0 7 Po( ) oh Tin 52 (8.5)
Propositions 11.2{12.1 and 13.1 will justify this choice, by implying the inequalities
(8.7). If tg < A, then we have the bound:

5[ olx +Eo . .

Po(t)
Consider the system for Po(t) and P1(t), (7.6) and (7.7). Decomposing R; into
local and nonlocal in time parts we have:
z t
Rj =Rj(Po;P1; o; )+  K(ts)r]'(s)ds
0
Zy,
=Rj(Po;P1; o; )+  K(ts)r]'(s)ds
0
z t
+  K(9)r(s)ds:

to

The terms rJU' arise from nonlocal in time functions of ~g and ™ (see (ii) above);
explicit expressions of this type are analyzed in Sec. 11. For the local in time
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contributions we have the estimates:

bo

hti2

by P .

hti pvrs) +0 P()Pm ;

where Eo is the initial total energy and ; = 0. Therefore, for Eo small
Z

bo t

2 "PoP2 et Kot s)ri'(s)ds
1 to

R(I)(PO;P]_; 0, ) O(EOO) P0P2
8.7
R!]_(PO; Pl; 0, ) O(Eol) POPJ_2

dPg

dt
Z,

0 b nl P m .

4 POPl e + Kl(t s)r’(s)ds+0O  PoP" ;
to

dPy
dt

with ° . The reverse inequalities hold with  replaced by = +o0( ).
Next (Proposition 9.2) we introduce the auxiliary quantities

QO =Py kohti 1 and Ql P+ klhtl 1 ; (88)

where ko(bg; b1; Eg) and ki (bo; by; Eo) are chosen appropriately and derive equations
of the form

dQ Z
d_t" 2 9QoQZ+  Ko(t;s)ry'(s)ds
o ty . b (8.9)
T seo0i+ Ko +0 Dol
to
where ® ¢
We then proceed with the following continuity argument. At t = to,
dQo(t
QSE 2 2 "Qu(to) Q3 (to);
o o (8.10)
(ljt 0 4 "Qo(to)Q3(to)) + O~ Qo(to) QY (to) :

Therefore, by continuity, the followmg inequalities hold for some time interval tg
t  to1, with © replaced by —

d d P—
D mui; % 2 "QuQ}+0  QuQY : 6.11)
Lett supft to: inequalities (8.11) hold g. We show that
z t
Kit;s)ri'(s)ds  O(Ey) QoQ%+ ht| (8.12)
to

and therefore, up to renormalization of Q; (adding higher-order terms of order
Eokjhti * to the de nition of Qj)). Use of this estimate in (8.9) implies (8.11), for
Eo su ciently small. The argument can be repeated and therefore, t =T.
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9. Finite Dimensional Reduction and Its Analysis on Di erent

Time Scales
We now begin our study of the generic case, where t, < 1 and the solution con-
verges to the nonlinear ground state family as t ¥ 1. The following three propo-
sitions concern the various time scales which enter the analysis. The rst is a basic
result, a normal form, which is the point of departure for our analysis on all time
scales.

Proposition 9.1. Letm 4. Let
bo = htgi 1 [ o]x +C Eg ; (9.1)

by =htoi * [ o3 +d EZ ; (9.2)

for some order one constants ¢ and d .
If for some to; positive and nite;

3bo (to; [ olx) .

Po(to) o ; (9.3)
then fort tg
dPO 2 bo
dP, P— by
el RV PoPZ+O( PoP{™) + ez T (9.5)
where Jg and J; are nonlocal inztime terms; which have the form:
t
J=  K&s)r(s)ds: (9.6)

to
The terms encompassed in J; are derived and estimated in the coming sections.

Remark 9.1. The reverse inequalities of (9.4) and (9.5) hold as well with adi erent
constant » 1.

The proof of Proposition 9.1 will be given following the estimates on the re-
mainder terms, R; (Proposition 11.1).

Proposition 9.2. Assume that tg is positive and nite as in Proposition 9:1. Then;
there exist kg = Kko(bo;b1;Eg) and ky = ki(bo;b1i;Ep); such that for t to the
auxiliary functions

k k
Q® Po® i Q) Pi®)+ s 07
satisfy
dQ Elc
o 2 Qi+ o+ o2
40, o £24 (9.8)
<= 0 2 leWe Ll _=0o¥ .
dt 4 QOQ:L + O( QOQl ) + Jl htoi%htiz )
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for some positive free constants ¢ and d . In particular; Qq(t) is monotonically
increasing for t  to.

The next result shows that ¢ and d can be chosen to control the terms J;.

Proposition 9.3 (Monotonicity of Qg for to). There exist ¢ and d of
order one; such that for t  to.
d
T 2 0QuQ2
(9.9)
dQs

S 4 + 0P aeem:

The above three propositions are established in the next two sections. We com-
plete the current section by working out the consequences of the nite dimensional
reduction (9.9).

The next proposition, shows that even if Qg is VEB’ small at some stage, it
will eventually become large relative to Q; and the O(" QoQY") term in (9.8) will
become negligible.

Proposition 9.4. Assume t tg and suppose for some r > 0 that
Qo

o 3% (9.10)
Then;
Qo®) 4 ¢ ing fort t 9.11
N0 is increasing for 0 (9.11)
and there exists t; such that
t
gjgti; =E: (9.12)
Furthermore; for t t;:
d
2 Q02
40 (9.13)
1
<o 4 'QQi:
Finally; for t  t:
t
Qu(t) Qu(t) (9.14)

1+4 "Qq(t)(infr, . 17jQoj) (t t1)’
Proof of Proposition 9.2. De ne

Qo Po Kkohti t: Q: Pi+Kkghti 1 (9.15)
where ko; k; > 0 are to be appropriately chosen. Note that

Qo(t) Po(t) and  Qu(t) Pa(t): (9.16)
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Using (9.4) and (9.5) and some estimation we deduce a simpli ed system for Qg and
Q1. We calculate, omitting the terms Jo and J;, which are carried along passively.
We begin with Qg.
dQo _ dPo . ko

dt ~ dt = hti2

b k
2 Do Ko
2 PoPi iz * iz
K ki 2 b k
=2 Qo+% Q O+ 2

2 Q@ 4 Mquaiv2
ox1 hti <0<t hti2
ko bo .

hti2

We estimate the second term on the right-hand side as follows. For any s > 0,

(9.17)

Ky 2 .
4 onQl 2s QoQ1 2 QoShtlz (9.18)
Therefore,
do 1 1
o 2@ ORI+ 2KQo 1 o ko bo o (9.19)
Now set s = & and assume
ky by : (920)
Then, using that k; = 10b;, we have
dQo 9 2
gt 2 10 QoQi+ ko by 18 biQq ht2 (9.21)
If
Eoc
ko bo+18 b sup Qo+ —; (9.22)
to t T htoi
we have by (9.21) and (9.28)
dQo 9 , E
Tt 2 10 QU pinGe (9-23)

In particular, Qq is increasing for t  to.
We now turn to Qq; we have
Q1 _ Py ki
dt dt hti2
by kq

4 PoPi+ i e

O( POP
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Ko Ky 2+ by kg

P m
nti Q1 e hti2 +O( PoP{")

= 4 QO+

ki 2 by ki P—
4 Qo Q1 i +W+O( PoP1")

Kbk

p_
iz T pz T OC PoP):

= 4 QuQi~+8 f|1(t_liQOQl 4 Qo
(9.24)

The second term on the right-hand side is estimated as follows. For any r > 0 we
have, since 2ab  ra? +r b2, that

4 KkirQo . 4 k1QoQ7 .

k1
8 onQl htiz . (9.25)
Therefore,
dQs ki ) r ki, b ki Pom .
ot 4 1 T QoQi +4 leOW + iz +0  PoP" : (9.26)
Let
Ead
r 20ky and b1 k]_(l 76 k]_Qo) ht—_l; (927)
ol2
which is consistent with the constraint (9.20). Then,
dQ: 19 5 E3d P—_ .,
e} 4 == ——— +0( PoPM): 9.28
qt 20 QoQ1 i Shi2 (" PoP1™) (9.28)
By (9.8), Qg is increasing for t  to. Therefore,
1 ko
Qo(to) 100 htoi D
Po(t) Q (t)+ﬁ—Q (t) + 100 Ko
0 Y T hti <0 100hti
Qo(t) +100Qo(to)  101Qo(t):
Also, by de nition P; Qi and so
dQ 19 P—
e 4 35 QQi+0( QuQM): (9:29)
This completes the proof of Proposition 9.2. |

Proof of Proposition 9.4.
d Qo _ QQi @Q 1

it O, T Q_i QOQEQ1+4 QcZ)Qi CQCS):ZQT

1 - = =
o 2 Q Q} CQyPQ, PQMT? +4 Q3Q2
1
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Qo g then implies that

Q1
G o o 2 @O BTN +a Qof
o Qira Qf 2 2
o o (9.30)
form+2>3andjQij Eo 1. Hence
z t z oo Z Qx(s)ds

Since Q; > 0, either Q, #0 or % grows exponentially with t  to. In either case,
there exists t;  tp, such that for t = t, % 6 = ES. Now whenever,

% ES; (9.31)
1
we have

d P—

T 4 Qe+ +0( QD)

4 QoQ}+QuQ" ", "

4 Qo Qi CE gy’ "PQ}

4 QoQ3 (9.32)
for m > % + 7. Therefore, by (9.31) we have dd% 6 < 0. Since Qg is increasing for
t ty to, the inequality oo E§ persists and (9.32) holds for all t  t;. Hence

-y, 'QQ? and 4 "QuQ%: (9.33)

dt dt

Finally, fort t;
1
dQ, 19 . .
it 420 [tlorﬁ]QO Q1: (9.34)
Solving this scalar inequality
t

Qu(D) Qu(t1) (9.35)

1+4 0Q;(t)iQo(t)i(t &)

Since P; Qi P1(t) decays to zero like ht tii %. This completes the proof of
Proposition 9.4. |
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10. Decomposition and Estimation of the Dispersion

In this section, we revisit the decomposition of the dispersive part, , which satis es
Eq. (6.48). Here, we decompose in a manner suitable for consideration of the
solution on the various time scales.

Proposition 10.1.
(t) = o(t) +eo(t) + 1(t)
— o ol T Eo®) Eo(D)A+O (1) + eo(t) + (D) (10.1)
The three terms can be described as follows:

() o(t) is a dispersive wave generated by the data (0) = jn:

(ier Ho)~ =0; )= in; (10.2)
(ii) eg(t) is driven principally by o(t):
(10  Ho)eo = PcS@leg; b; ol; eo(0) =0; (10.3)
and
(iii) p(t); which is driven by bound state dynamics:
(i@ Ho)~ +PcS®eo; b; ol; (0) =0: (10.4)

We display expressions for S© and S® with the detail required in our analysis.
We let denote a generic exponentially localized function of position; X.

R 0 0, ~
il ¢ (Eo(t) Eo(T)dt'+~(D)] g(0)

S + 5@e; + 5062 + €3

O T) o+ 3+ 01 o+ 0 §

+ o1+ % eo+( o+ 1) (o+ b)eo+ o veo

+ 51 iT) eo+(o+ 1) e§+(o+ b)e]

+ed (10.5)

H RT 0 0 ~

il ¢ (Bo(t) Eo(T))dt'+~ ()] g(b)

S+ yrsP 1+ 3

OO
+iPy(T) 1 1) @~2() +Fo o(t) @c~o(t)
cic:

+ Ei(t) Eo(t) Pc(T) 3 Cl.((:)
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- .2. - - .. .2
+ J o)) 1+ ol 1)
2 2
+ 01 b+(o+ 1) p+ o+te
L 2 2 3.
+jo ob*t(og+ey) v+ p: (10.6)

Remark 10.1. Due to the decay of Eg(t) Eo(T) and @~ (t), integration by
parts implies that contributions from the phase factors multiplying S and S®
contribute at higher and negligible order. Also note that ¢;eo and | satisfy the
same energy (H®) and dispersive(LP, local decay) estimates as ~o; ep and ~,, since
these functions di er only by a time-dependent phase. These properties will be used
repeatedly below and in Secs. 11{13.

By (5.22) we have the following H® bounds on ey and  in terms of one another:
keo()kpr  Eo +k oky1 + Kk p(t)ky1 (20.7)
K p(t)kpyr  Eo +k okyr + keg(t)kye : (10.8)

Using DuHamel’s formula, both the eqg and |, equations can be written as equiv-
alent integral equations:

YA t
()= i e Mo 9p 5O (s)ds (10.9)
0
z t
p() = i e Ho 9p s®(s)ds: (10.10)
0
Therefore, in both cases we must estimate an expression of the form:
z t
w(t)= e Mo 9p 5(s)ds: (10.11)
0

For estimation, we shall require the following class of dispersive estimates:

Proposition 10.2. (i) Let2 p<ad;p%q 2;¢° and s be related by:

% % =s; pl+@)t=1; ql+@) t=1: (10.12)
Then;
ke HOtPcFk, jtj %G Phti 3G B (kFkyo + kO Fkg): (10.13)

(ii) Assume @ 2 and s > 3=q. Then,;
ke "Motpfkq jtj 3G @hti T (KFky + k@SFky): (10.14)

Proof of Proposition 10.2. We use the classical Sobolev inequality for functions
de ned on R®:

kfk, Ck@°fKkq; 3 pH=s (10.15)
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and the LP { LP" estimate (Theorem 4.2)
ke Hotpfk,  Cppt 2*okfky;p 1+ (") 1=1: (10.16)
For jtj 1, we use (10.16). For jtj 1, we have by (10.15) that
ke HotP fk, k@%e Mot fk,

CkHie ™otp fk,

Cjtj 3G @ KD Fky; (10.17)
qt+@) =1
From estimates (10.16) and (10.17) we obtain (10.13). Estimate (10.14) is obtained
similarly. This completes the proof of Proposition 10.2. O

We now apply Proposition 10.2 with ¢ = 4 and s = 1 > 3=4 to the integral
equation (10.11) and obtain the bound:

Z t
! ! - kS(s)ky + k@S (s)ks ds: (10.18)

kw(t)k _
(ks o jt sj%ht Siz

We shall use this bound as the rst step in estimating keg(t)k1 and k p(t)ks.
More speci cally, our estimation strategy seeks a closed system of inequalities

for the following:

norms of eg: 1. [eo]l;%; 2: [@eO]'—ﬁm:%; 3: [eolnto

norms of : 4: [ p]a;0; 5: [ blH10

in terms of norms of the initial data [ (0)]x.

10.1. Estimation of kegk1

By (10.18), we have

Z
t o1 1

o jt sjint siz

so it su cies to bound kSk; and k@S(O)kg.

keo(t)k1 kSO (s)k, + k@S(O)(s)k% ds; (10.19)

kS@k,: Forany t O,

3

P— )
o[ 0(0)]x + Eo[ 0(0)]%x  C(Eo)D( (O)hsi =
ks{%eoks  Chsi 2[eoly;s Eo+EF[ blaio +EFL olaio+[ o3

+Chsi ?[eo]s.s[ olq.3[ blao  Chsi 2 (10.20)

. P_
ksg¥efks  Chsi *feoly.s C Eo+ [ olaz +[ blaio

Nlw

ks?k;  Chsi

kefki  Chsi 2[eo].3[e0l,0
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k@S(O)k%: Foranyt O,

NIw

i 1 2
koS kg Chsi 2 Eol® ol1.3 +EG[ ola.3[ oluso+EgL ol 5

NIw

k@sf’)eok% Chsi ? Eof olq,3 +Eoled] 2 ;3 +Chsi 2 EZ[ blaol ol1:2
+Eo%[eo]1;g[ blH1:0 + Eo%[ bl1;0l@€0li2 3
koSMedks  Chsi Zleols s E¢leolas +E¢ [ealio (10.21)
+ Chsi %[eO]l;g [ olhz.0 + [ blH1:0 [€0lH1:0
+leol} 5leoliz0 [ olno + [ bliieo
k@egks  Chsi 2[eo]q;3[eol?n
Using the bounds (10.20) and (10.21) in (10.19) implies

Proposition 10.3.

keo(thka hti ¥ C(Eoil o(0)]x) +E¢[ s(®l10+ [ o(Olxl b(D]1:0[€0l4 ;3

NIw

+hti ¥ E + [ o(0)]x + [eo(®iso + [ o]z [eolas3 +[eold 3

NIw

- 1
+hti 2 [eo]q;3[€0]%y1,0 + Eoleo] 2 .3 +Eg [eo]i;g : (10.22)

10.2. Estimation of [@eo(t)] 2 .3
k@eo(t)k 2~ k @eo(t)kz ( localized)

k hHoiZeg(t)ko @hHoi 2 2 B(L?)
z t
k hHpize Ho(t 9)p 5O (s)k,ds (by (10:9)): (10.23)
0
For the purpose of continuing the estimation, we regard S as consisting of terms
of two types: (i) terms having spatially localized (exponentially) functions of x as a
factor, coming from j; j = 0;1, and (ii) terms like e3 or 1, oeo and others which
are not of this type. It is convenient to refer to such terms as Sﬁ%o and S,{,OKOC
below. From (10.23) we have:
z t
k@eo(t)k, 2 k hHoize Hott 9p 5@ (s5)k,ds
0

Zya Zy L
o k hHopize Mo 9p 5O (s)kods
t1
z t
ckhxi S kds

o ht si2
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z t 1
+ ke Mot 9p hH,izS P (s)kads
0
z t
+ 1thoi%e iHo(t 9p 5@ (s)kyds
t
0§ khxi S kds
°ht i Loc
z t1 1 z t
+C — k@S o(s)kads+ kS o (S)kads
0 Jt sj2 t1
=A+B+C: (10.24)

We estimate the integrands of B and C; that of A is similar.

jintegrand of Bj ~ Chti : [eO]l;g + 0]1;% [eo]|2-|1;o + b]zHl;o + 0]2H1;o
(10.25)

jintegrand of Cj  fiti 2 [eol3 .3 [eollso + [ blso
"'[90]1;%[ 0]1;%[ blH1:0
+ o]w1:1;g [ b]la:ol€olHro + [ 0]1;3[ blH1:0 + [90]1;g[eo]Hl;o
+ 0]\2/v1;1;%[e0]H1;0 :
Substituting of these bounds into (10.24), we have:

Proposition 10.4.

kBeo(tkiz 3 Chti 2 [eoa;3 +[ o())x [eola;y +[eolno *  (10.26)
10.3. Estimation of [eg(t)]Hz1.0

t
keo(t)ky kH§ eo(t)ko k@S @ (s)kods (10.27)
0

1
keSPk,  Chsi 2 Eqf olwu;z +EGI O]i;g

+[ olnzol ]33 +Eol olwua 3

Nlw

keSMegk,  Chsi

Nlw

(2) g2 i 3 a2 2
k@Sg'egkz  Chsi 2 Ej [eO]l;g +Eg [eola sl olHro

+ Chsi %[60]2_;% [ ollz.0 + [ blHzo
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+Chsi Zfeo]a3[ olwaa ;3 ([ olzio + [ blzo)
k@egkz  Chsi 3[eo]zl;g[eo]l—n;oi
Proposition 10.5. Fort O;
keo()knz  C(Eo;[ 0(0)Ix) + [0]1;3 [ o(0)]x + [€o]H1o : (10.28)

We now turn to the estimation of k ,(t)k4 and k ,(t)kyz. By (10.18) we have
z t
K p(ka

i jt%ﬁht 1si% kSO (s)ks + k@S (s)ks ds; (10.29)
where S® s given by (10.6).
Proposition 10.6. In terms of Q;;j = 0;1 we have
S® =8P +5® ,+8P 2+ 3 (10.30)
where
s Qi +QuQs
S®, QEQF b+(3+e) b+QF o
SP 2 Q5+Qi E+(o+eo) B

We now proceed with estimates of S® in L and in W5,
Beginning with kS®k; we have:

kS®k,
C Q2Q1+QoQ7 +QZ Q7K pka +k pka (k ok3 + keok3)

+C QFK okak pko+ QF +QF k pk& +k pka (k okk pka + keokzk pka)
+Ck pkak pk3: (10.31)

We now turn to k@S(b)k%:
koS ®ks
1 1 1 1
C QEQ1+ QoQf +QEQFK vk
+C K( 5 +€3)@ oka +k o8 o bks + QFk pka(k ok + k@ oka)

1
+C(QFk oka k@ pkz +k( o +eo) @ vks +Kk(@ o+ @eo) gkg +k 20 bKa):
(10.32)
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To further estimate k@S(b)k% we use the following estimates of individual terms:

k 30 ks K okak ok3k bk
ke2® oks Kk okdkeokik oki:
1 1
k0@ o bka k@ okak okik okik pkz
Ko @ pks k pkak okik ok3k ok
0 b@ bKs bKa ol oinl (10.33)
keo b@ bk% k bkj_kEgk%_keokzzk kal
1
ka K pkak@ oki k@ oksk pka
keokn:k bkak pki
k g@ bkg k bklk@ bkgk bkgl
Recall that k ,(t)ky: can be estimated in terms of keg(t)ky:; see (10.8).
Since 1 is driven by the bound state amplitudes (Qo and Q;), which have
di erent behaviors on the intervals Ij, we now estimate (t) separately on lg =
[O;to]; |1 = [to;t]_] and |2 = [tl; 1)
We now introduce appropriate norms on di erent time scales. De ne

My, (t) 0sup ht|2ke0(t)k1 +Osup htik p(t)k1 +Osup keo (k2
"o

t"™to

+ sup ht|2k@eo(t)k,_z + sup hti2jQo(t)j + sup le(t)j (10.34)

0 thto "o

My, (t) sup hti%keo(t)k1+ sup K p(ka + sup keg(t)kpy:

to thty to t"™ty to thty
+ sup htik@eo(t)kiz + sup jQo(D)i+ sup jQu(V)j  (10.35)
to thMiy to th™ty to t"™ 1

My, (t)  sup htizkeo(t)ka + sup ht t1izK p(t)ke + sup keo(t)ki:
L T t T t1 AT

+ sup ht|2k@eo(t)k|_z + SUD iQo(V)j

t, T

+ SUpTht t2i %jQo(t1)jiQu(t1)jjQ1(B)j: (10.36)
tp
Remark 10.2. By Propositions 10.3{10.5, the ey contributions to the norms M,
are controlled in terms of the initial conditions. Therefore, to control M,,_, itsu ces
to bound Q; and .

The above estimates can be used together with the bounds on Q; of Sec. 9 to
obtain the following three propositions, which give bounds for | on the intervals
lo; 11 and I.
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Proposition 10.7. ( p(t) for t 2 lg) Assume t 2 Iy = [0;tp]; i.e. Qo(t)
C([ o]x +Eo)hti 2 for t 2 [0;tg]. Then; for k (0)kx su ciently small

K p(Hhka  C(k (O)kx; M, (to))hti *: (10.37)

Proposition 10.8. ( ,(t) for t 2 I;) Assume t 2 I; = [to; t1]. Then; for k (0)kx
su ciently small

k p(ka C(k (0)kx;Mi,(to); My, (t1)): (10.38)

Proposition 10.9. ( p(t) for t 2 1) Assume t 2 I, = [ty; T]. Then; for k (0)kx
su ciently small

k b(t)kl C(k (O)kx, M|O(to); M|l(t1); M|2(T))ht t]_i % . (1039)

In our estimates of Sec. 11, we shall use the following result to estimate the size of
correction terms in the system for Qg and Q1 fort  tg, where Qg is monotonically
increasing.

Proposition 10.10. Let = (x;t); x 2 R% t to; with (X;to) = O satisfy the
following dispersive equation
i@ =Ho +Pc(Si(t)+S2(t) + 2+ 3); (10.40)

where for all k 0O and j =1;2:
kSj(Oknx = O C([ (0)]x Q5 (1)
Qo Ofort tp; and Qg Eoq: (10.41)

Suppose k (t)ky: C( (0)]x; My, (t1); My, (T)) for all to t T; where
[ (0)]x is su ciently small. Then;

k (Oka  C [ (0)]x; Myt Mi,(T) Qo(H)*2:
Corollary 10.1. Let p> 6. EJ" = supy ¢ 1(t°); then

z 1(s)

t
1=2 .
k kp ¢Qq “(t) L L stz = 3=pds.

Corollary 10.2. Let p > 6.
z t

i el 1) g
0

which follows by using
k e Mtp. gk, chti 32kgk,:
Corollary 10.3.

1(s)

b sie2 0

Z t
ke ko CQy2(t)
0
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Proof. This result follows from applying @X to the equation for and estimating,
as above, in LP for any and p > 6. By the Sobolev inequality this implies control
derivatives in LT, |

Remark 10.3. In our applications of Proposition 10.10 and its corollaries, 1(s)

will be given by the source terms depending on Qg and Ql%. Fort>1t;, Q =
O(ht tyi 1). Therefore, since the lowest order term in Qy contributing to 1(s) is
O(Q1) (see Eq. (7.32)), it follows that for t > t;

K pkwiia = Ot ti 2)+O(t tii H+OMt ti 2): (10.42)

Since = O( )+ O( o), the conclusion of the main theorem for large t; t > t3;
follows. Namely; for

K kwka = Ot tgi 2)+e "Hotp [ (0) +EZ; (10.43)

where the non-free wave part is coming from spatially-localized source terms.

11. Beginning of Proof of Proposition 9.1

The key to Proposition 9.1 is the following more detailed version of Corollary 7.1:

Proposition 11.1. Let t 0. The equations for Pg;P; can be written in the
following form

dP

G =2 PoPf +ROLal+ ROL ]+ ROPo: ]

dP (11.1)
= 4 PoPE+RPL o]+ RO +RE[Po: P

where (i) R(()i)[ o] are o-dependent terms only both local and nonlocal in time; and
may also depend on ~q; 7.

(i) p is the bound state driven part of the dispersion; see Sec. 5.

(iii) R§°> depends only on Pg; Py;t; but not on ; it is formally linear in Pg; of high
order in P1; and contains both local and nonlocal in time terms.

(iv) Rgl) depends only on Pg; Pq;t; but not on . It is of high orders in Py; local and
nonlocal terms included; but has terms which are linear in ~g Po.

The proof uses repeated application of near-identity transformations of the vari-
ables ~g; 71, derivable by integration by parts (see the discussion of resonant and
nonresonant terms in Sec. 7) and the decomposition of given in (10.1).

Remark 11.1. As noted in Sec. 10 additional terms which arise, when replacing

0;€0 and , by ~o;€9 and ~,, are treated perturbatively. This is the case because
integration by parts of these terms gives rise to an extra factor from the derivative
of the phase which is O(Eq(t) Eqo(T))+0(@:~) = O(t 1). Throughout Secs. 11{
13 we shall use this fact as well as the fact that dispersive and energy estimates of
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these sets of functions are the same because they di er by a purely time-varying
phase.

The proof is long so we break it up into three parts, which are presented in
three di erent sections. The following is an overview.

Part 1: The terms R(()O)[ o] and R(()l)[ o] are forcing terms in the ODE dynamics,
which are driven by the dispersive part of the initial conditions. They are studied
and estimated in this section; Proposition 11.2.

Part 2: The terms Rgo)[ p] and Rgl)[ p] are studied and estimated in Sec. 13;
Proposition 13.1.

Part 3: The terms Rgo)[Po;Pl] and Rél)(Po;Pl) are studied and estimated in
Sec. 12; Proposition 12.1.

In Parts 1{3, we require estimates forallt 0.Onlg=ft:0 t togwe
use the a priori bound on Pq(t), implied by the de nition of ty; see Eq. (8.5). For
t > tp, we use the monotonicity property Q.

Monotonicity property Q
Qo

Qo and o are monotonically increasing ; (11.2)
1

where Qg and Qg are the modi ed bound state energies related to Py and P (see
(9.7), (9.1), (9.2)). This monotonicity property is shown to hold at t = tg and is
then shown to continue for all time, t, by a continuity argument; see Sec. 14. Since
there are many terms, we focus on those which are most problematic, namely, those
which are nonlocal in time and of slowest time-decay rate. These calculations are
very lengthy and before embarking on them we present a calculation, related to the
normal form discussion in Sec. 7, and which is repeated in order to exploit rapid
oscillations in time.

Expansion of oscillatory integrals, resonances and improved time decay
In deriving and estimating the terms R}') in (11.1), we must frequently expand
and/or estimate terms of the form:

z t

1, e Mo 9p . (s)e! 15ds (11.3)
0

Here, 1 and ,(s) are localized functions of x, 1 is independent of s and ,(s)
depends on s through its dependence on o(s); 1(s) or o(S).
Recall that Hp, de ned in (4.6), is of the form

Ho =Ho+Ep 3 (114)

and Hp = 3( ) plus a matrix potential which decays to zero rapidly as jxj tends

to in nity. In (11.3) we would like to integrate by parts, exploiting the oscillation

of frequency Eq. However, \peeling o " these oscillations is a little tricky because
3 does not commute with Hg. We handle this as follows, using Theorem 4.3.
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Recall that
ZHoW = 3( Eo);
. . (11.5)
Ze IHotPCW =e 1 3( Eo)t
where W denotes the wave operator
W = lim e iHotg 1s(  Eo)t.
tra (11.6)
Z=W 1:
By (11.5), we can rewrite (11.3) as
ol .
e Hot el sC Boszp el 15 (g)qs
0
L . .
= ge Mot e T3C Eoszpel 15 (5)ds
0
Ly . .
= e Mot wel 3 Sz we! 3BoSzpel 15 ,(s)ds
0
z t
= e Mot el 3 sz \wel(sBo+l Vszp . (5)ds
0
. z t . d .
= ye Ot wel® %z () W( B+t g) el 2T D5zpe o(s)ds
0
R . .
1ie oty o el 3 Sz W ( gEg+1 1) tel(sBo*! 1Szp. (s)ds
0
z | R
o eHo® i SEg+ 1 1) el 5P ,(s)ds (11.7)

0
In the previous string of equations we have used the notation f g to mean
equality up to terms which are local in time. Note that 3Eo + 1 ;1 is invertible
since its determinantis 2+E3. We can therefore carry out this procedure any nite
number of times to arrange, up to local in time terms, an expression which involves
an operator of the form exp(iHo(t s))HK :k 1, where is spatially localized.
Therefore, the enhanced local decay estimate (4.43) of Theorem 4.3 applies. We
shall use these observations, together with the detailed dependence of >(s) on on
o, 1 etc. to control certain terms in R}').

Part 1: Estimation of Réo)[ o] and R(()l)[ o]

Proposition 11.2. Assume either t to or monotonicity property Q on [to; to +
]. Then;

ROL o] ; RPL o] bi(to;[ olx)hti 2+ O(Eo)2 PoP2
bo(to; [ olx) = O(htoi [ o]x) (11.8)

ba(to; [ olx) = O(htoi 2[ ol5°):
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Proof of Proposition 11.2.

Proof of estimate (11:8) for R(()O)[ ol: The key terms are those in the Py equation,
which are decaying most slowly with t. These are linear in ¢, since k gkg =
O(t 3%2). We focus on the most di cult terms. These are nonlocal in o(t). Recall
Eqg. (7.52) for o and that the equation for P, (7.6), is derived from the ~g equation
(related to (7.52) by a near-identity change of variables) by multiplication by ~q
and taking the imaginary part of the @; o equation.
We consider the following representative \most problematic" terms in R(()O)[ ol,
whose estimation introduces the necessary methods for treating them all:
Zy
(T1) O(~0) ; e "™ 9P o(s) 1(s)o(s)ds O ~omae ' *+j7j? ;
0

(11.9)

(alsowith o 1 greplacedby o 10, 0 1 0)

(T2)O(~0)O(~0 1) ;Zote Ho(t 9)p. 2 ds: (11.10)
Estimation of T 1: Since the time-integral is bounded by O(Eg)hti 372 [ ¢]x, by the
Cauchy{Schwarz inequality the second term in (11.9) is bounded as follows:

0(~0)0( ~1j») ;ZOt O(Eo)PoP? + O(Eo)hti 3k oK% : (11.11)

We now control the rst term in (11.9). O(~o ~1)O(~0). We argue that the key
contribution from this term which must be bounded is of the form:
z t
O(~0)~0 1€ ' T Hot 9)p. () 1(S) o(s)ds (11.12)
0
To see this, consider the term in the ~¢ equation which corresponds to the rst
term in (11.9):
Zy
;e Mo 9p . (5) 4(s) o(s)ds O ~p7e '+t (11.13)
0
Next we integrate with respect to t, and integrate by parts, making use of the oscil-
latory exponential factor. The result is a boundary term, which can be subsumed in
the de nition of ~q, by a near identity transformation, followed by a time-integral
0 to t. The latter contributes terms to the Py equation (which has been modi ed
due to the slight rede nition of ~g) of the following type:
Zy
O(~0)O(T10t~0 + ~0@:™1) ; e "M 9P, o 4 ods (11.14)
0

ot

@ ; e Mot S)p. o | ods (11.15)
0

O(~0)O(~0"1)
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Since @¢~o = O(j~0j?j ~1j) and @ "1 = O(j~ojj 1j°) (11.14) is bounded by

O(E0)O ~3Fhti 2[ o]x ; (11.16)
where we have used

k oka C[ olx hti 372: (11.17)

By the Cauchy{Schwarz inequality this is bounded by O(Eo)(2 PoPZ+[ o]%hti 3).
Therefore, the contribution from this rst term satis es the estimate (11.8).

Obtaining a bound on (11.15) is more involved. We use the local decay estimate
of Theorem 4.3:

k e Motp Hyfk, hti 572k@khxi fks: (11.18)
The expression (11.15) bounded by: ,
O(~0)O(~0™1) h; o 10i ih; Ote Ho(t 9p Hy o 1 odsi
O(Eo) QoQ%+nti 3
z
+0(~3"D)[ olx Ot © L i (11.19)

ht si5=2 hsjz

The latter integral requires detailed estimation on di erent time scales.
To estimate the last integral, we split the range of integration into three regions:

lp fs:0 s tog
I; fs:to<s ti0 (11.20)
I, fs:ty<s Tg:

Estimate on lg: Assume t to. Recall that by (8.5), j~o(s)j O(Eo)hsi *. Using
this we have

) Zv 1
O(<2~ _ imoj iids
(~0 "0l olx iraar=avert R RIE
Z
[olx ° 1

= O(i~oi?) 4 ~§ 7

Lo
4 o ht sivZpgia) oy

S 4
23

OES) 2 PoP2+[ o 5%nti 2% ;
where we have used that ab  a%=4 + 3b3=4.

Estimate on 1;: Let t be such thatty t  t;. We break the integral into an
integral over [0; to] plus an integral over [to; t]. Recall the de nitions of Q;(t); j =
0;1 in terms of j~;(t) displayed in (9.7). Using that

for s 2 1g, j~o(s)j O(Eo)hsi * and for
s 2 11, Qo is increasing and Qo(s) E§Q1(S),
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we have
. e Lt 2t 1 . . .
O(~o(®jJ 2N olx . + o Nt sis2Nsis2 sis2hsid2’ 1(8)j J~o(s)jds
Ze ., :
R i71(8)ii~o(S)i
lo type bound + O(j~oj* j™1j) [ olx o It si>2hsi®=2 ds

Z 1

lo type bound + O(j~0j% "1jk "1k )[ olx  ———e5—50s

t Nt si®*2hsi3=2
= 1o type bound + O E§j~oj j~oi j~ojiaj [ olxhti Zds

= lp type bound + O Eq Qé Eong [ olxhti 3

r+2

= lg type bound + O Ej2 Qéthti 2

= Io type bound + O Eg? (QoQ? +hti 3); (11.21)
which is a bound of the type in (11.8).

Estimate on I5:

£ il
2~ (¢ ~oJ] 1
O ol i Gis=ansjaz 4
Zw Z4 Z¢ . .
— (2~ _ Jrol
= O(~52(0[ 0lx) .t . + o Mt siS2sis2 ds
Zy

J~oii "1 :

. st. (11.22)
The latter integral must be treated di erently from the previous terms. For

t 2 11, we used that Qo monotonically increasing and bounded by a small constant

times Qg to treat terms perturbatively. On I,, Qo dominates Q; (which decays)

and we must use a di erent argument. We return to the expression from which the

last term in (11.22) is derived:

= 1p &I, type bounds + O(~3 1 ())[ olx

Zy
O(~0)O0(=071) h; o 10i i ; e ™MUIPpH, o 4 ods : (11.23)
0
We need to expand and estimate the time integral:
Zy
e Mot 9p Hy~g(s)"1(s)e ' *° o(s)ds
1
Zy
=g Hot  gilHo ISP Ho~((s)~1(s) o(S)ds (11.24)
t

which we do using integration by parts. We carry this out, then take the inner
product of the result with a localized function, , and then nally multiply by
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O(j~0j? j"1j). The result is of order

J~o%i 1%k o(Dka + =% e MotHg
Z t

+OG-ofi) e M IPHy ) o e T o o(9)3(8) o) s
' (11.25)
The rst two terms in (11.25) are bounded as follows:
§~0i®j 1i%k o(t)ka = O(Eo)(~oji "1k o(t)ka
O(Eo) QoQf +k o(tk3
O(Eo) QoQf +hti 3
j~oi¥ i e MtHo Ci~0i>(i~oj*j ui)nti >
O(Eg %) QoQ} +hti 25
O(ES™?) QoQ? +Hhti 3 : (11.26)
We now turn to the nonlocal term, in (11.25), which we denote 1;:
z t
Ii OG~0i%j 1)) L8 Mot IPg(Ho  +) *Ho e ' *°

@s~0(s) "1(S) o(8) + ~0(S)@s "1(S) o(S) + ~o(S) "1(s)@s o(S) : (11.27)
Using that

O0c~0 O(Z%~0); @1 O(~0?); and @ o= iHo+O(Mti ) o;

(11.28)
(see also Remark 11.1) we have
z t
Il O(j___Oij ~lj) e iHo(t S)PC(HO +) lHO e i +s
ty
~3 2~2 ~
~0"1 0+ ~5"1 0(S) + ~0(s) 1(S)Ho o(s)
=lya+ 1p+ 11 (1129)
Each of the three terms 145; j = a;b;c satis es a bound of the form:
S 2 1 1 )
iliji CEG [ 0(O]xm—i——: (11.30)

htoi ht  t1i2

We illustrate this by estimating 115; the other two terms are estimated similarly.
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Using that j~oj; j™1] = O(EO%) we have
z t
i™1i%i~oij ojds

I . - D - .
Jhia)  J~o)7) 1) Wit sis
3Z ¢ 1 1

¢ Nt sizhs tyis hsiz |

E2[ 0(0)lx supht tiiZj-1(t)j
t t1

Separate estimation of the contributions from the intervals [ty; %(t+t1)] and [%(t+
t1); t] yields the bound:

3
1 1
. . 2 idi~ . - .
Jhaj  CE§[ 0(0)]x tsutlolht t1i2j71(b)] it G2 (11.31)
Estimation of T2: Consider the term
Z t
T2 =0(~o())O(~o()2(t)) ; e "o 9P, 2(s) o(s) ds: (11.32)
0
t21, [to;tl]: Fort2 1,4,
j~0i2j™1] CcEZj~oji1j% Proposition 9:4: (11.33)
Therefore,
r Z t
iT2j  cEZj~ojjj? ; e Mo 9p 2 ds
0
3=2

CEZ j~ojj ~1j?Nti sup hsiZk 2(s) o(S)kwrienrs
0 st

CEEj~oii 1i?ti 32K pkZyuczl olx
CEq[ olxj~ojj T1j?hnti 372
CEo[ olx PoPZ+hti 3 :

t2 1, [ti;1): To see the relevant terms for t > t;, we integrate by parts and
obtain, besides easily estimable local terms and terms with faster time decay,

YA
O(~§71) Ote ot 9)RP. § ods t>1t: (11.34)
Consider the contribution to the integral in (11.34) coming from s 2 [0; to]:
Z
O ~5® 1 Otoe Ho(t )P, 2 ods t>t >t (11.35)
Consider, the inner product .
R(t) = toe Ho(t )P, 2 ods (11.36)

0
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We have
. . . > e . . .
j(11:35)]  Cj~o(®Pi1(MIR®]  CQo()Q7 (DIR(Y)] (11.37)
and therefore it su ces to prove that
3
JR®)j CQ2(b): (11.38)
To prove (11.38), recall that fort t;
d
D Q2
40 (11.39)
=1 2.
and
EgQ1(t1) = Qo(ty): (11.40)
Therefore,
201 (t
Qu(t) .%( ) (11.41)

1+ . Qo(s)ds
Therefore, to establish (11.38) we need:

-
Nlw

jR®Wj C 2,%“1) (11.42)
1+ Qo(s)ds
We consider two cases
Case 11 sUpPspt,:JQo(s)ijt  tij 1, and
Case 21 SUPsppt,.JQo(S)ijt  tij 1, where it su ces to prove
Is
2
RO R (11.43)
¢ Qo(s)ds

In Case 2 we prove the bound on R(t), (11.38), while in Case 1 we prove that the
expression (11.34) of order ht t;i 2ht toi 2. We rst handle Case 2, the bound
(11.43). From (11.39) we have

% (Qo+2Q;) O0; t ot
Qo(t) +2Q1(t)  Qo(t1) +2Qu(ta)
= (2+Eg)Q1(ta): (11.44)

Therefore, since

2Q1(t1)

Ql (t) 1+ r\ti QO (s)ds

(11.45)






