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Abstract

We consider perturbations of a model quantum system consisting of a single bound state
and continuum radiation modes. In many problems involving the interaction of matter
and radiation one is interested in the effect of time dependent perturbations. A time
dependent perturbation will couple the bound and continuum modes causing "radiative
transitions”. Using techniques of time dependent resonance theory, developed in earlier
work on resonances in linear and nonlinear Hamiltonian dispersive systems, we develop
the scattering theory of short lived (O(¢ %)) spatially localized perturbations. For weak
pertubations, we compute (to second order) the ionization probability, the probability
of transition from the bound state to the continuum states. These results can also be
interpreted as a calculation, in the paraxial approximation, of the energy loss resulting
from wave propagation in a waveguide in the presence of a localized defect.

1. Introduction

The interactions of matter with electromagnetic fields play a major role in many fields of
physics, chemistry and engineering [2]. The study of laser interactions with atoms and
electron microscopes, as well as the sudden approximation in Quantum Mechanics, lead us
to consideration of the time-dependent Schrédinger equation with a perturbing potential
which is short lived, that is, localized in time. A typical model of this type is: In the
special case of

W01, x) = (—Ax+ V(%) ¢(t,x) + B(Ex)$(t, %), (1.1)

where V(x) is localized in x € IR? and 3 is localized in x and ¢ € IR.
Another important area of application is in the propagation of waves in optical waveg-
uides (e.g. optical fibers) in the parazial approzimation. Let x denote the coordinates
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which are transverse to the guiding structure and let z denote the coordinate along the
direction of propagation in the wave guide. Then, ¢ = ¢(z, x), the slowly varying envelope
of the electric field, solves an equation of the form (1.1) where z plays the role of the time
variable. The potential V' (x) models transverse variations in the refractive index and may
have localized modes associated with it. The perturbation, 8(z,x) models perturbations
in the refractive index which vary along the wave-guide. A ”short-lived” (in z) potential
corresponds to a local ”defect” or local perturbation in the refractive index [7].

We consider a general class of problems including (1.1) in which the unperturbed Hamil-
tonian, Hy, has one bound state g, |[1pg]| = 1. The perturbation, 5(t), has the effect of
coupling the bound state to continuum (dispersive) modes and leads to energy transfer.
Our aim in this work is the analysis of the large time behaviour of such systems where ((t)
is symmetric short lived and localized; see (2.4). The quantities P(t) = |{¢p(t),40)|? and
1 — P(t) can be interpreted, respectively, as the probability that the system is in the state
1o and the ionization probability. In the context of optical waveguides, P(t) is a measure
of the amount of energy trapped by the defect and 1 — P(t) the amount of energy radiated
away.

Our results are stated precisely in Theorems 2.1 and 2.2. Theorem 2.1 states that any
solution of the initial value problem converges as ¢ — +oo to an asymptotic bound state
e~ A(400)1hg plus a purely dispersive part. The perturbation is not assumed to be small
in Theorem 2.1. Theorem 2.2 gives a more detailed description of the solution as ¢ — oo
and in particular gives, in the case of a small perturbation ((t), a useful expression for
the the asymptotic bound state component. Suppose the perturbed dynamical system is
initialized in the state 9. Theorem 2.2 implies

P(oo) = e (1 + O(|lhgl31)) (1.2)

where I' > 0 and ||hgl|[11 is a time-integrated measure of the strength of the perturbation;
see (2.4). In the special case of the Schrodinger equation (1.1)

1

2

gl = [ ar ([ 108027 P dx)", o> 0 (13)

This gives an explicit and useful expression for the ionization probability for weak pertur-
bations. Note that it’s validity does not rely on pointwise smallness of 3(¢). The quantity
I is given by the formula:

I = [IPB(h — Ho)ol?
= / v(u) dp, where (1.4)
W) = | FarolBluoldo 1) |- (1.5)

where Fpy, denotes the (generalized) Fourier transform with respect the continuous spectral
part of the operator Hy; see also (2.17). The integration in (1.4) is over the support of
B (¢). This formula is an analogue of the Fermi golden rule * appropriate for perturbations
which are localized in t.

1See [10], [11] and references cited therein.



A T-periodic perturbation may be thought of as a sequence of t— localized defects. After
encountering N defects we have P(NT') ~ exp(—2NTgne defect). Thus roughly, neglecting
dispersive component of the solution, we have exponential decay as |t| increases. The
results of [11], [6] (see also the exactly solvable model considered in [9], [3]) show that this
is valid for large but finite ¢. For example, in [11] it is proved for (¢, z) = cos(uot)5(z) that
P(t) ~ exp(—2v(—puo)|t]), for [t| ~ O(B72). For a large class of perturbations with discrete
time-frequency content (periodic, almost periodic in t), the very large time behavior (¢t >>
O(B7?2)) is characterized by algebraic decay to zero with increasing ¢ [11], [6].

The methods of this paper are a natural extension of the techniques of time dependent
resonance theory developed in [10],[11],[12] to the case of time-localized perturbations.
These methods can be extended to the case where Hy has multiple bound states [6].

2. Preliminaries and results
We assume that the system under consideration is given by the following Hamiltonian
H(t) = Ho + A1), (2.1)

and satisfies the Schrodinger equation

9
i, = H)e. (2.2)

We assume that Hj is a self adjoint operator densely defined on a Hilbert space H and
having exactly one bound state, with eigenvalue )y, and normalized eigenfunction g:

Hopo = Xoto, ||9oll = 1. (2.3)

The projection P, = I — (-,1g)%g is onto the continuous part of Hy, We define ”weights”
w4 and w_ satisfying:

(1) wy>ecl,e>0,
(i) w— € L(H)

(141) w_wy P, = P, = P, w_wy.
We also assume wy1pp € H. This is the setting used in [11].

Example 2.1. The example to keep in mind is H = L*(R"), Hy = —A + V(z), with
V(z) sufficiently regular and decaying rapidly as |z| — co. Typical weights chosen in this
case are: wy = (z)*7, where (z) = (1 + \m|2)% and o is sufficiently large and positive. In
this case, the estimates (2.6-2.7) hold; see, for example, [10].

B(t) is assumed to be a symmetric and bounded operator, such that

ho(t) = lwi B llagy € L'(R;db). (2.4)



For simplicity we’ll assume that B(t) is supported for t > 0 and extend it as an even
operator-valued function on IR. In the above example, one often has in applications a
perturbation of the form 8(t,z) = 32, B;(t)V;(z).

Remark and Warning: Introduce the Fourier transform of the operator § defined for
any v € H:

B(t) v= /]Rei“tﬁA(M) vdp, Bpw = (2m)7" /]Re_“‘t A(t) v dt, (2.5)

Using the spectral theorem one can then define B (A), where A is a self-adjoint operator; we
shall use this below with A = A\g — Hy. In applications, as in the example above, one often
has () = B(t, z) and therefore B(A) = B(A, z) may be, for example, a pseudo-differential
operator. In our general setting we shall simply write 3(A) with the understanding that
this is not simply a function of the operator A. Thus, in general B(Hp)ho # B(Xo)vo-

We also assume that Hj satisfies the following:

Local energy decay: For some r > 1
lw_—e™ 0 Po(Ho) fl2 < ()™ lws fl2- (2.6)

Theorem 2.1 and most of Theorem 2.2 rely mainly on the estimate (2.6) alone. The
assertion in Theorem 2.2 concerning the rate of approach of P(t) to its asymptotic value
requires an additional technical assumption. In particular, we shall use the following
estimate which holds in the situation where f may not lie in the domain of w.:

Weak local energy decay:

[ et PO I dt < C 115 2.7

Remark 2.1. The estimate (2.7) is applied with f = (Ao — Ho)vo. Consider the setting
of Example 2.1, Hy = —A+V(z). Let 0 =2+86, 6 >0, |V(z)| < C(z)~? and assume
that zero is neither an eigenvalue nor a resonance of Hy. Then, (2.7) is a consequence of
results in [1].

Remark 2.2. Improvements in decay, which are of an intermediate character between
(2.7) and (2.6) can be obtained from appropriate assumptions on commutators of weights
with 8(A\g — Hy). For Example 2.1 by assuming that the commutators:

[(2), - [(#), B0 — Ho)]| , (7 < & times) (28)
are bounded operators on H, we can obtain improved decay:
I{z) e~ Po(Ho) fll2 < e () ™33 |[(z)* £ 5. (2.9)

The above boundedness assumption on commutators amounts to spatial localization of
B(t,z) and smoothness of 3(u,x) in p. These are ensured by the assumption:

[ @8 )7 Bt dt < oo (2:10)
R



Remark 2.3. For the choice of r appearing in estimates (2.6), the integral

t
Lihg)(t) = / (& — 8)" hs(s) ds, (2.11)
0
arises. Since r > 1, by Young’s inequality
| [hg]llLr < c|hgl|lz:, and furthermore
IIr[hglllLee < [|BgllLe-

Under the above conditions it is known that ¢(t) exists for all times ¢, for any given
¢(z,0) € D(Hy), the domain of Hy.

Furthermore, since # is symmetric, we have conservation of energy:

@)1 = ll#0)]- (2.12)
We will prove the following

Theorem 2.1. Consider the initial value problem for (2.2) with data ¢(0) € D(H). The
large time behavior of ¢(t) is a linear combination of free wave and the bound state
(orthogonal to ¢(t) for all t). In particular, there exists a complex number A(co) and a
vector ¢4 € H such that:

#lt) — [em ™" Alco)o + e 0P (Ho)g, ] (2.13)

tends to zero in H as t — £oo.
The following result gives a more detailed picture of the asymptotic behavior and
provides a useful expression for the small § (in ||hg||;1) behavior.

Theorem 2.2. Fort > 0, and ||hg||p: <1 we have:

o(t) = oot [[° (Wo,B(s)%0) dst+A) T
x (2w + O hal) d9) v
+ ¢alt), (2.14)
where
aeo = a(0) + O (6a©ll gl + IO Isl2: ) (2.15)
and ¢4(t) is dispersive and satisfies the decay estimate:
lw—¢a(®)|| < e lwida(O)|| (E)™" + c2 |9(0)[| Ir[Rg](2)- (2.16)

I" and A are given by:

D= x| du (PR, (Ho = (o =) PoBluybo) (2.17)
= ||P.B(Xo — Ho)to|?
A= w PN [ du (RBWe, (Ho— (o =) PBn)  (218)
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Finally, for P(t) (see the introduction) we have that there exists ps, > 0 such that

Pt) = e + o( /t ” hs(s) as(s) ds), (2.19)

where
poo = 1+ O(|Ihgl}) and ap(t) € LA(R;dt). (2.20)

3. Decomposition and proof of Theorem 2.1

Our first aim is to derive a system of equations, equivalent to (2.1), for the coupled evolution
of the bound state and dispersive channels [10], [11], [12]. A natural basis to use is that of
the unperturbed dynamics.

Let

B(t) = a(t)po + da(t), (Yo, ¢a(t)) =0 (3.1)

with Hoipo = )\O'lp(].
Then, from (2.1) we get

i0ra(t)ho +i0tda = Hoda + Aoa(t)ho + Ba(t)o + Beoa- (3.2)
Taking the scalar product with 1y, we get
i0pa(t) = Aoa(t) + (o, Bbo)a(t) + (tho, Bea) (3.3)
letting .
a(t) = e Mt A(1), (3.4)
we have .
10, A(t) = (o, Bpo) A(t) + € (spo, Bepa) (3.5)
and by applying P. to (3.3) we get
i01¢a = Hoda + Pefipa + e~ A(t) Pefitho (3.6)
and Peoq = ¢q-
Our aim is to prove that A(co) = limy o A(t) exists.

Solving equation (3.6) we get
) t
Bult) = €710 3a(0) — i [ IR 6(5)gu(s)ds
0

- " iHO=5) =305 4(5) P, (s d
0
= o+ h1 + P2 (3.7)

We estimate ||w_¢4(t)| by considering each term individually. First, ¢o(t) = e~*H0%¢4(0)
satisfies local decay since ¢4(0) = P.¢4(0) = P.¢py. Thus,

[ w-¢o(®) || < ¢ [lwiga(0)][(E)™" (3-8)
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Estimating ¢;, we have

t
lwgi® | < - [ e 0D Pp(s)ga(s)ds]

IN

e [t = 9y I B) wi w0 a(s)lds
el Lihsle). 39

We have also used that ||{(z) “¢4(s)|lz2 < ||¢a(0)]| is bounded as a consequence of L2
conservation and orthogonality:

lg@)1I* = [A®) + lga@)II* = [l6(0)]1*.

Finally, we estimate the local decay norm of ¢9 in a similar way:

AN

t
[ w— ¢2(t) || < C/o {t —s)"|A()| | wy B(s)tpollds

< (c/ot<t —5) "hg(s) ds) X (aiggtM(S”) (3.10)
<c O I[hsl(?)- (3.11)

Therefore, we have local energy decay of ¢g:
lw-ga(@)|l < c1 [lwiga(O)[I(E)" + c2 [$(0)]| Ir[hp](2)- (3.12)

To study the detailed asymptotic behavior of ¢4(t) we rewrite (3.7) as:
pa(t) — e 0,
. oo .
= et (i [Temer, [Bs)guls) + ¢ PUAB(s)o ] ds).
t

where

by = dal0) — i /O " €05 pG(s)ga(s) ds — i /0 T eitlos =05 A(5) P.B(s)ho ds (3.13)
It follows that

Ialt) = Mg | = O([" hats) ds). (314

If one additionally has asymptotic completeness for Hy [8], then there exists ¢4 € H such
that

le Hotg, — gy || — 0. (3.15)
To see that A(co) = limypo, A(2) exists, we solve (3.5) for A(t) to get
Alt) = e—if(fWo,ﬁ(S)wo)dsA(O)
+ e_ifotwo’ﬁ(s)wo)ds [/t ¢ f;(wo,ﬂ(u)wo)J(s) ds|, (3.16)
0

where J(s) = €2°°(3po, B(s)$a(s))
Since (1bg, B(s)1p) is integrable in s, and ¢4(s) is bounded (even decaying), the existence
of the limit A(oc) follows.



4. Proof of Theorem 2 - ionization probability

Our aim now, is to find A(co) to second order in 3, for 8 small in appropriate sense.
However, the expressions we get can be used as the starting point to finding the ionization
probability for the general case (3 large).

From equations (3.5) and (3.7) we have

2
B A(t) = —i(to, B(t)po) A(t) — ie" Y (w0, B(t)b; (). (4.1)
j=0

We now prove:

Proposition 4.1.
O A(t) = —g(t) A(t) + R(2), (4.2)

where
g(t) = i{ o, Bt)he ) + m{ e PomHIP B(1)py, P.B(Ng — Ho) tho )
= PV [ due B (Ho— o — ) RBGowe)  (43)

and

1
R(t) = —ie™" > (4o, B(t)¢;(t))

J=0

i€t A(0)(B() 4o, e~ O T (0)4po )
i€ (B ()b, e 0! /t e Ho=20)sT(5) A(s)ds 1o ) (4.4)
0

Proof: The proposition is proved by expanding the j = 2 term in the sum in (4.1).
(o BOG(8) = (o, SO [ e om0 P o) e
—  —i{B(t)o, e~ Hot /Ot s eiHOSe_i)‘OSA(s)Pc/ dps € B(1)po)
= il ™ [ ds [ dp O A(6)P, () o ).

Now it could be that for some g in the support of ﬁ that Ao — p is in the continuous
spectrum of Hy. For such p there is a resonance and we now compute its effect. First, we
introduce the operator

A~

T(t) = lim [ ¥ (Ho— (% —p) —ie) ™" PeBln) dp (4.5)

The resonance effects are calculated using integration by parts:
i (o, B(t)ba (1))
) . t . . A
= —jeihot lim —i(B(t)1hg, e~ tHot / ds / dy e Ho=Qo=m=€)s A(\P. B(1) 1o )
€ 0

. . t d . . .
= e Lm0, e [ ds [ duge om0 (Hy — (2 — ) — ie) M A(s)P. () )
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= e (B(t)ho, e Ho! / dp Ho=Co=it (F1y — (Ng — ) — i0) T A() P B(1) o)

— i (B, et A0) [ du (Ho — (o — )~ i0) e ) o)

— i (B(t)gho, e P / du / " ds €l Go s (Hy — (3 — ) — 10) A()Ps Blu) o )
0

= i( BB)o, T(£)tho JA(2)
i€ A(0)(B(t)1po, e O T (0)4ho )
i€t (B(t)apo, e~ Hot /t ei(HO_)‘O)ST(s)A(S)dS o )
0
= S1 + Sy + Ss.

Remark 4.1. Operators of the type appearing in the integrand of T (t) arise in [10],
[11], [6], where the time-frequency content of the perturbation is discrete. In this work
singular local energy decay estimates were required. The main difference here is that the
perturbation 8 contains a continuum of time-frequencies and therefore it is possible that
for some p in the support of B, we have that —\g + p is at a threshold energy of H|
(e.g. endpoint of the continuous spectrum). Typically, for such energies weaker local
energy decay estimates hold and in the above cited works on quantum resonances, and
Hamiltonian systems parametrically forced by t— periodic and almost periodic potentials,
the discreteness of the frequency spectrum essentially required that resonances with the
continuous spectrum be bounded away from thresholds. Here however the yu integral has
a smoothing effect and we require no such hypothesis; see Proposition 4.2 below.

The explicit evaluation of S7 and estimation of Se — S5 will proceed using the identity:
(Ho— (Ao —p) —i0) "' = P.V. (Ho— (Ao — )" + imd(Ho — (Ao — p))- (4.7)
and the the following:
Proposition 4.2. Assume wix € H. Then,

Tt)x = ir ¢iPo—Ho)t p. B()\o — Hy) x
—i/ ¢! Qo—Ho)(t=7) p sen(t — 1) B(7) dr X. (4.8)
R

Proof: By (4.7)
Tlx = in [ eHa(u— (o= Ho))B(bodn
£ PV [ B (u = (o — Ho) ™ d
. R . A A
= im N ONB(Ng — Ho)yho + H.T.[B(- + 1)](Ao — Ho),

where H.T.[f] () = P.V. [ f(y)/(z — y) dy is the Hilbert transform.
Evaluation of the latter term using the Plancherel identity and the fact that H[f][¢] =
isgn(&) yields (4.8).



We use properties of the Fourier transform, (2.5), and the identity (4.7).

We now apply this proposition to the evaluation and estimation of of the terms (4.6).
Consider first S;. We have

§1 = —m(e NN Pp(t)po, Pof(Mo — Ho) o )A(t)
£ (B0 PV [ du e (Ho— (o - w) 'R ) 0 JA®).  (49)

The two terms in S; are incorporated in the definition of g(t), displayed in (4.3), while the
terms Sy and S3 are included in R(t). This proves the Proposition 4.1.

We next estimate R(t). Before stating the estimate we employ Proposition 4.2 to obtain
the following useful expressions for S5 and S3 which we then estimate. Beginning with o,
we have

Sy = —ie" " A(0)(B(t)ho, e OIT(0)epo )
= 7A(0) { B(t)thg, &P HO P B( Xy — Ho)pp )
+A(0) { B(t)o, /]R eiGo=Ho)(t=7) B, sen(r)3(r) dr by ).

Therefore,

1821 < 4] ha(t) ( o0, fOvo — Ho) woll + [ (¢ =) hotr) ar )

(4.10)
For S3 we have
Ss = m e (A(t) — A(0)) (B(t)ho, e O PS(Ao — Ho) 4o )
t
—e 04 (B(t)ho, e ! / A(s) ds / =GN0 P sgn(s — 1) B(r) dr ds 1o )
0 R

(4.11)

Estimation of S5 gives:

551 < 9O @) (- P, B0 — Ho) vl + ho(t) [ Tlhgl@hhs(o 1) do ) .

(4.12)
By weak local energy decay (2.7)

ag(t) = |lw_e *HotP, B(Ng — Hy) v € L2(IR; dt). (4.13)
Note also that ag also satisfies the following elementary uniform bound:
as(t) < [B(A — Ho) tol

| [ e totgtaygy dt < [18(Eoll dt
< dibgl.

IN

These considerations imply the following
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Proposition 4.3.
RO < CillgaO) 6 "L Ihgl(t) + Call$O)] ha(t) LIhgl(®
+ Gl st
x ((minfag(®), Ihollsr} + [ (=) hotr) dr + [ LIkglw) o - ) do ).
(4.14)

Using the above bound for R(t), we now analyze the equation for A(t). From (4.2) we
have:

A(t) = e Jo 9 ds (A(O) + /O Yol o) ar R(¢) d¢ ) (4.15)

where g(t) is given by (4.3). We now seek a simple relation between the initial bound state
amplitude, A(0), and the asymptotic bound state amplitude, A(co) by reexpressing A(t)
in (4.15) as its asymptotic value plus a decaying perturbation.

A(t) = A(oo) + p(t), where
Alco) = e Jo 9 ‘“(A(o) + / 7 eJo 960 dsi gy ds), (4.16)
0

and p(t) decays as t — oo and is given explicitly by:

pt) = e Jo a(s)ds (eftoo 9(s) ds _ 1) ( A(0) + /OO elo 9(s1) “1R(s) ds )
0
— e o 9(s) ds /oo eJo 9(s1) 1R (s) ds.
t

From (4.16) we see that it is necessary to evaluate the integral of g to obtain A(oc), and
the ionization probability, 1 — P(c0). We do this using the expression for g in Proposition
4.1. The result is given in

Proposition 4.4.

/0 Y ols) ds = % /]R dt (o, BE)bo) + T —iA, where (4.17)
0=« [ du (P, (Ho = (o =) Pebluito)  (418)
= 7% || PeB(Xo — Ho)o |
A= w PV [ du (P, (Ho = (o = 1) Pebu)hn ) (419)
Therefore,
Alo) = e e i Jnlof(s)o) dsth)
x [ 40) + o (IO lIhsl3:) ]

[A)] = e T[40 + O (IO 1513 )] - (4.20)
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Finally, the assertions concerning the rate of convergence of (¢(¢), 1) to an asymptotic
bound state and of P(t) to its asymptotic value are obtained by estimation of the above
expressions for A(t) — A(oco) and of |A(t)| — |A(co)|. These estimates follow from (4.14)
and an estimatimation of exp(f;> g(s)ds) —1 and exp( [, Rg(s) ds) — 1 using local energy
and weak local energy decay estimates (2.6-2.7).

This concludes the proof of Theorem 2.2.
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