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Abstract

Classical exponential-family statistical theory is employed to char-
acterize the class of exactly similar tests for a structural coefficient
in a simultaneous equations model with normal errors and known
reduced-form covariance matrix. A score test and a variant of the
Anderson-Rubin test are shown to be members of the class. When
identification is strong, the power surface for the score test is gener-
ally close to the power envelope for the class of similar tests. However,
when identification is weak, the score test no longer has power close
to the envelope. Dropping the restrictive assumptions of normality
and known covariance matrix, the results are shown to remain valid

in large samples even in the presence of weak instruments.
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1 Introduction

Applied researchers are often interested in making inferences about the pa-
rameters of endogenous variables in a structural equation. Identification is
achieved by assuming the existence of instrumental variables uncorrelated
with the structural error but correlated with the endogenous regressors. If
the instruments are strongly correlated with the regressors, standard asymp-
totic theory can be employed to develop reliable inference methods. However,
as emphasized in recent work by Bound, Jaeger and Baker (1995), Dufour
(1997), and Staiger and Stock (1997), these methods are not satisfactory
when instruments are only weakly correlated with the regressors. In partic-
ular, the usual tests and confidence regions do not have correct size in the
weak instrument case.

This paper develops a methodology for finding tests for structural param-
eters having correct size even when instruments are weak. The class of tests
with this property turns out to be quite large and includes a familiar score
test. An upper bound for the power of these tests is derived. The score test
is shown to be essentially optimal when instruments are strong, but it may
have relatively poor power when instruments are weak. In particular, it can
sometimes have lower power than the test proposed by Anderson and Rubin
(1949).

The paper is organized as follows. Sections 2 and 3 develop exact results
for the special case of a two-equation model with normal errors and known
reduced-form covariance matrix. In Section 4 and 5 the results are extended
to more realistic cases, although at the cost of introducing some asymptotic
approximations. Monte Carlo simulations suggest that the asymptotic ap-
proximations are quite accurate. Section 6 indicates how confidence regions
can be constructed from the score test. Section 7 contains concluding re-
marks. All proofs are given in an appendix.



2 Testing with Known Covariance Matrix

2.1 The Model

To avoid tedious notation and asymptotic approximations, it will be useful

to begin with a simple special case. Consider the structural equation

(1) Y1 = By2 +u

where y; and gy, are n x 1 vectors of observations on two endogenous variables,
u is an n X 1 unobserved error vector, and 3 is an unknown scalar parameter.
This equation is assumed to be part of a larger linear simultaneous equations
system which implies that ys is correlated with u. However, the complete
system contains exogenous variables which can be used as instruments for
conducting inference on (3. Specifically, it is assumed that the reduced form
for Y = [y1, y2] can be written as

(2) Yy = ZnfB+n
Yo = LT+ vy

where Z is an n x k matrix of nonrandom exogenous variables having full
column rank k; w is a k x 1 vector and the n rows of the n x 2 matrix of
reduced form errors V' = (vq,vy) are i.i.d. with mean zero and known 2 X 2

W11 Wi2
Q= )
W12 Wa2

The restrictions on the reduced form regression coefficients are implied by

covariance matrix

the identifying assumption that the exogenous variables do not appear in (1).

The goal is to test the hypothesis Hy : 3 = [y, treating 7w as a nuisance
parameter. A test is said to be of size « if the probability of rejecting the
null hypothesis when it is true does not exceed . That is, if P is the subset

of k-dimensional Euclidian space in which 7 is known to lie,

sup prob (rejecting Hy when Hj is true) = a.
TeP



Since 7 is unknown, finding a test with correct size is nontrivial. The task
is simplified if one can find tests whose null rejection probability does not
depend on the nuisance parameters at all. These tests are called similar
tests. If, for example, one rejects if some test statistic 7 is greater than a
given constant, the test will be similar if the distribution of 7 under the null
hypothesis does not depend on 7. Such test statistics are said to be pivotal.
If 7 has null distribution depending on 7 but it can be bounded by a pivotal
statistic, then 7 is said to be boundedly pivotal.

In practice, one often uses test statistics that are only asymptotically
pivotal:

lim prob (7 > c¢,) = a.

These tests may be satisfactory when the convergence is uniform and the
sup and lim operators can be interchanged. However, if the converge is not
uniform, the actual size of the test may differ substantially from the size
based on the asymptotic distribution of 7. In fact, based on earlier work by
Gleser and Hwang (1987), Dufour (1997) has shown that the true levels of the
usual Wald-type tests deviate arbitrarily from their nominal levels if 7 cannot
be bounded away from the origin.! Since weak instruments are common in
empirical research, it would be desirable to find tests with approximately
correct size a even when 7 cannot be bounded away from the origin.

One such test was proposed by Anderson and Rubin (1949). Let b =
(1,—5)". Define ug = y; — y280 = Yb and 02 = 'Qb. In the case where ( is
known, the Anderson-Rubin approach rejects the null hypothesis if

(3) ARy = upyZ(Z'2) " 7 ug ) o)

is large. Since ug = Vb under Hy, the test statistic is pivotal having a chi
square distribution with k£ degrees of freedom no matter what the value of
the nuisance parameter 7. When k£ = 1 so the model is exactly identified, this
test is uniformly most powerful among the class of unbiased tests. However,
if £ > 1, the test has no particular optimum properties. Indeed, if £ is large,
the power of the Anderson-Rubin test can be quite low. To improve power,

'His analysis remains valid in the special case €2 is unknown.
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Wang and Zivot (1998) studied alternative boundedly pivotal test statistics
and found critical values to insure the tests have correct size no matter how
weak the instruments. Unfortunately, when 7 is not near the origin, these
tests have null rejection probabilities much lower than a and waste power.
The tests proposed by Wang and Zivot turn out to be no better than the
Anderson-Rubin test. A more fruitful approach is to find other tests that
are, like the Anderson-Rubin test, based on pivotal statistics.

2.2 A Family of Similar Tests

Under the normality assumption, the probability model is a member of the
curved exponential family. We can therefore adapt the extensive set of results
summarized in Lehmann (1986) for testing H,. Note that, for any non-
singular 2 x 2 matrix D, the two columns of Z'Y' D are a pair of sufficient

statistics for the unknown parameters (3, 7). A convenient choice is the pair
(4) S=27'Yb and T=72Y0"a

where a = (3, 1)". Although the null distribution of the statistic S = Z’uy
does not depend on the nuisance parameter 7, the null distribution of T is
very sensitive to the value of 7. Indeed, T is a sufficient statistic for = under
the null hypothesis. A little algebra shows that

T=dQ"'a 277

where 7 is the maximum likelihood estimate of © when 3 is constrained to
take the null value ;. The vectors S and T are independent and normally
distributed under both the null and alternative hypotheses. Specifically,

S~ N(Z'Zn(B — Bo), Z'Z - Q)
T~NZZr-@dQa,2'Z -dQ 'a)
where @ = (3, 1).

Because they are sufficient statistics, all tests can be written as (possibly

randomized) functions of S and 7. Specifically, let ¢ be a critical function
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such that 0 < ¢ < 1. For each S and T the test rejects or accepts the null
with probabilities ¢ (S,7) and 1 — ¢ (S,T'), respectively. Let E, represent
expectation over the distribution of S when the null hypothesis is true. In
the appendix we show:

THEOREM 1 (SIMILARITY CONDITION): A test is similar at size o if
and only if it can be written as ¢ (S,T) such that Eyp (S,t) = a for almost

every t.

Since the Anderson-Rubin test depends only on S, it satisfies the similar-
ity condition as long as the appropriate chi-square critical value is used. But
there are also similar tests that use the additional information contained in
T . Consider, for example, the family of pivotal test statistics

_ g(T)'s
00/ g(T) Z'Zg(T)
where ¢ is a measurable mapping from R* onto R*. These statistics are

N (0,1) under Hy. For the one-sided alternative 5 > [y, a similar test at
significance level « rejects Hy if 7, > z,, the (1 — a) standard normal quan-

(5) 7

tile. For a two sided-hypothesis, a similar test at significance level a rejects
if |7;| > Za)2-

EXAMPLE 1: Let g(T) = (Z'Z)7'T/d'QY'a = 7 so

7'S
ooV AV A s
The power properties of this test and its extensions when 2 is unknown will
be studied in Sections 3 and 4.

7;:

EXAMPLE 2: Let g (x) = d for any z € R¥. In this case, T} is given by

B dS
oA ZZd
In Section 3, it will be shown that tests based on this pivotal statistical are

optimal when d happens to be a positive multiple of w. This test can be
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used in practice if there is strong prior belief about the coefficients on the

mstruments.

EXAMPLE 3: Let the jth element of g be one if |7;| is the largest among
|71, .., || and zero otherwise. Tests based on this statistic should have good
power properties when only one instrument is valid, but it is not known which

one.

Not all pivotal statistics are members of the 7, family. For example,
Staiger and Stock (1997) suggest the possibility of splitting the sample into
two half samples to construct similar tests, each sub-sample consisting of
{ygj), yéj), Z(j)} for j = 1,2. Consider the statistic

~ (1) o(2)

7S

Ji2 = ols
aow(g;gfz@wzwggg

’ -1 ’
where 7\ = (Z(l) Z(1)> ZW {1 is the OLS estimator of 7 using the first

ols
1)
ols

sub-sample and @ = Z@"(y? — 4{?3)). An important feature is that #
is independent of S® as long as the observations from the two sub-samples
are independent. Therefore, [J15 is pivotal and tests based on [Ji2 are similar
at level « if the appropriate normal critical value is used. However, this test

wastes power since Jqo requires randomization to be expressed as a function

of S and 7.

2.3 Pre-testing Procedures

Example 3 can be interpreted as a pre-test procedure: one first decides on the
basis of T which instrument is best and then tests Hy using a one-instrument
version of the Anderson-Rubin test. Although pre-test procedures are com-
monly used in econometrics, the fact that the first-step typically affects the
size of the second-step test is usually ignored. Pre-testing on the basis of
7 however does not cause any difficulties with tests based on the pivotal

statistics 7,. More generally, we have the following implication of Theorem
1:



PROPOSITION 1: Let h(T') be a measurable real valued function and let
61(S,T) and ¢2(S,T) be two similar tests at level a. Finally, let ¢35 =
IT'h(T) > c| g1 + I [h(T) < c|] po where I is the indicator function taking the
value one if the argument is true and zero otherwise. Then ¢3 is also a

stmilar test at level «.

For example, one might decide to use the Anderson-Rubin test if 7 is
near the origin and use the test of Example 1 if 7 is far from the origin.
If the decision is based on the reduced-form “F-statistic” a'Q 'a - #'Z' Z7,
the procedure is valid. That is, choosing which similar test to be used after
testing if 7 is significantly different from zero does not affect the final test’s
size as long as the preliminary test is based on the constrained maximum

likelihood estimate.

3 Power Functions

3.1 Power Envelope for Similar Tests

When 7 is far from the origin and the sample size is large, the standard like-
lihood ratio, Wald, and Lagrange multiplier two-sided tests of the hypothesis
B = [y are approximately best unbiased and have approximate power

©) L _C (Ca ; 7' Zmw (B — ﬂo)z>

o)

where ¢, is the 1 — a quantile of a central x*(1) distribution and G(-; i) is
the noncentral x*(1) distribution function with noncentrality parameter .
However, these tests are not generally similar and the power approximation
is unreliable when 7 is near the origin. Only in the case & = 1 where the
model is exactly identified, do we have an exact optimality result. Then,
as shown in the appendix, the Anderson-Rubin AR, test is uniformly most
powerful unbiased and has exact power function given by (6). Therefore, it is
not surprising why Monte Carlo simulations ran by Wang and Zivot (1998)
and Zivot, Startz and Nelson (1998) suggests that no test dominates the one
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proposed by Anderson and Rubin (1949) when k = 1. Its power is very close
to the power of the Anderson-Rubin ARy test, which is itself the optimal test
when €2 is known.

When £ > 1, there exists no uniformly most powerful test. To assess the
power properties of the similar tests described in Section 2, it is useful to find
the power envelope, the upper bound for the rejection probability for each
alternative 3 # 3y and value of w. Moreover, one could find the power upper
bound within the class of similar tests. In the appendix we show:

THEOREM 2: For testing Hy : 3 = (y against Hy : B # By when € is
known and m # 0, we have

a. If the model is just identified, the uniformly most power unbiased test

has a power function given by

171 2
(7) PB,W(ARO >cy)=1-G <ca ; w2 ZWU(? — o) >
0

b. If w is known, the uniformly most powerful unbiased test has a power

function is given by

_ 722w (B = )’
(8) PB,W(R > Ca) =1-G (Cou w1y — w%2/w22 )

where R is defined in equation A.3.

c. If munknown and P contains a k-dimensional rectangle, the two-sided
power envelope for the class of exactly similar tests is given by

(77’5)2 ' Z'Zm (B — 60)2
Py | =12 11— :
(9) B, (O'(Q)TI'IZ/Z’JT > Cq G Cas O_g

Note that (8) is an upper bound for the power of any two-sided test

with correct size. Since 02 necessarily is less than wy; — w?,/wye when u is
correlated with wv,, insisting on similarity lowers the attainable power of the
test. The optimal test for known 7 can be understood as the optimal similar
test when the nuisance-parameter set contains only one element; the loss in

power is then due to increase in the nuisance parameter space.
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3.2 Score Test

Theorem 2 suggests that replacing 7 in (9) by an estimate might lead to
a reasonable test. Using the OLS estimator (Z'Z)~!Z'y, does not produce
a similar test. But, as already suggested in our Example 1, using the con-
strained maximum likelihood estimator does. It is shown in the appendix
that the gradient of the log likelihood function with respect to 3, when eval-
uated at (0o, ), is proportional to 7'S. Hence, we have the following result:

THEOREM 3: The test that rejects the null if

(7'5)°

AV A

(10) LM,y =

is larger than c, is a Lagrange multiplier (or score) test based on the normal
likelihood with € known.

Although 7 is an unbiased estimator of 7 if the null hypothesis is true, it
is biased under the alternatives 3 # [y. If fact, F (7) = 7d, where the scalar
d is given by

_ Wi~ Wwip (B+ Bo) + w22ﬁﬂo'

11 d
(11) w11 — 2wi280 + wi28

The fact that 7 is a biased estimator of m under the alternative hypothesis
does not necessarily imply bad power properties for the LM test. The LM,
test fails to have good power only when the direction of 7, thought as a
vector, is not estimated accurately. In the extreme case d = 0, (2'2)?#
will randomly pick equally likely directions, regardless of the true value of
the nuisance parameter 7. This suggests that the test will have poor power

properties whenever d is near zero.

3.3 Monte Carlo Simulations

To evaluate the power of the LM, test, a 10,000 replication Monte Carlo
experiment was performed based on design I of Staiger and Stock (1997). The
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hypothesized value 3y is zero. The elements of the 100 x4 matrix Z are drawn
as independent standard normal and then hold fixed over the replications.
Three different values of the m vector are used so (in the notation of Staiger
and Stock) N\/k = n'Z'Z7 [ (waak) takes the values 0.25 (poor instruments),
1.00 (weak instruments) and 10 (good instruments). The rows of (u,vy) are
i.i.d. normal random vectors with unit variances and correlation p. Results
are reported for p taking the values 0.00, 0.50 and 0.99.

Figures 1-3 graph, for a fixed value of m, the LM, and AR, rejection
probability as a function of the true value of 3.2 In each figure, both power
curves are at their minimum of 5% level when 3 — [ is zero. This reflects
the fact that each test is unbiased. As expected, the power curves become
steeper as the instruments improve. The power envelopes for known and
unknown 7 are also included.

The power curve of the ARy test is asymmetric about 3 = 0 for p # 0 with
the degree of asymmetry decreasing as p approaches zero. More importantly,
it is substantially below the power envelope for similar tests even for a small
number of instruments (four). The power curve of the LM test is very close
to the power envelope for similar tests when the instruments are good and /3
is close enough to fy (Figure 3). However, for some values of 3 and [y, the

LMy test does not have good power.

4 Testing When () Is Unknown

4.1 Score Tests

When €2 is unknown, it seems reasonable to construct tests based on (4) after
replacing ) in 7" with some consistent estimate. Two alternative estimates
are available: the OLS estimate O = Y'(I — Z(Z'Z)*2'Y)/(n — k) and the
estimate that maximizes the likelihood function when [ is constrained to
equal the hypothesized value (3;. In particular, the score test statistic LM,

2As f3 varies, wi; and wy» change to keep the structural error variance and the corre-
lation between uw and vs constant.
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can be modified as

(7'5)”
12 LM = ———/
(12) N
where 7 = (2'Z)~'Z'Y Qb and 32 = ¥'Qb; or alternatively as
(13) LM, = (mo5)°

n=tugug - 72" Zmo
where 7wy = (Z’M()Z)f1 7' Myys is the constrained MLE for m and My = I —
ug(upug) "tugy. The LM, test has been independently proposed by Kleibergen
(2000).

The LM, and LM, tests can both be interpreted as score tests. Let
V = (y1 — Z7B3,y2 — Z7). Then the term 7S appearing in the numerator of
(12) is just the gradient with respect to [ of the objective function

Q(B,7) =tr(QV'V)

evaluated at the constrained maximizing value (5, 7). The term 7S ap-
pearing in the numerator of (13) is just the gradient with respect to 3 of the
log likelihood function

1
L(Bo,m, Q) = —nln(27) — gln 1| — 5157" (Q'v'v).

evaluated at the constrained maximum likelihood estimates.

The fact that the LM, test (which is asymptotically similar even with
weak instruments) can be interpreted as a score test for the log-likelihood
function is somewhat surprising since Zivot, Startz and Nelson (1998) show
that their version of the likelihood function score test has poor size properties.
The difference arises not from the score itself, but from the estimate used for
the variance of the score. The statistic LM, uses the asymptotic variance
of the score, evaluated at the constrained MLE. The statistic analyzed by
Zivot, Startz and Nelson uses instead the Hessian of the concentrated log like-
lihood function. Although the two tests are asymptotically equivalent, they
have different size properties when 7 is near the origin. In particular, under
the weak-instrument asymptotics employed by Staiger and Stock (1997), the
Zivot, Startz and Nelson test is not asymptotically similar whereas the LM,

test is.
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4.2 Monte Carlo Simulations

Although the LM, and LM, tests are not exactly similar, they have good
size properties even when the instruments may be weak. To evaluate the
rejection probability under Hy, the design I proposed by Staiger and Stock
(1997) is once more replicated. Results are reported for the same parameter
values used in Section 3 except for sample size. Chi-square critical values
with nominal significance levels of 5% were used.

Tables I and II present the rejection probability under Hy for the LM,
test, the LM, test, the Lagrange multiplier test described in Zivot, Startz
and Nelson (1998), hereinafter called LMy test, and the AR test. For the
AR test, a x% (k) critical value was used.

The Zivot, Startz and Nelson test does not have good size properties.
For example, when p = 0.99 and N'\/k = 0, the rejection probability of the
LMy test under the null is about .42-.45, far larger than the significance
level of .05. Although the AR test rejects the null slightly more often than
its nominal size, its rejection probability under Hj is not sensitive to the
values of p and M'A. For example, Table II shows that the AR test rejects the
null about 6% of the time even when the instruments are invalid (N'A/k = 0)
and ys is highly correlated with u (p = 0.99).

Like the AR test, both LM, and LM, tests present good size properties.
When the number of observations is 20, the null rejection probabilities of
the LM, test ranges from .065 to .091 and those of the LM, test range from
.046 to .069. When the number of observations is 80, the LM; test rejects
about 6% of the time and the LM, test rejects about 5% of the time. As
the sample size increases, the distribution of the LM; and LM, statistics
approaches the distribution of the LM, statistic. This effect is similar to
approximating the distribution of the LIM L estimator by the distribution
of the LIM K estimator, cf. Anderson, Kunitomo and Sawa (1982).

Results for power are analogous. When Staiger and Stock’s design I with
100 observations are used as in Section 3, the power curves of the LM,
and LM, tests are very close to the power curve of the LM, test. Tables
[I1-V compare the power of the LM, test with that of the LM, test. The
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difference between the two power curves is small, which suggests that the
power comparison in Section 3.1 for the LM, test holds also for the LM,
test.

Finally, Tables VI and VII show the rejection probabilities of some nom-
inal 5% tests when Staiger and Stock’s design II is used. The structural
disturbances, u and vy, are serially uncorrelated with u, = (£%, — 1)/v/2 and
vy = (€2, — 1)/v/2 where &}, and &y, are normal with unit variance and cor-
relation /p. The k instruments are indicator variables with equal number
of observations in each cell. Even though the disturbances are non-normal,
the rejection probabilities under Hy of the LM; and LM, tests still remain
approximately equal to 5% for all values of M’\/k and p.

4.3 Large-Sample Properties Under Weak-Instrument
Asymptotics

Monte Carlo simulations suggest that, even for unknown 2 and non-normal
disturbances, the LM; and LM, tests still have good size properties. This
claim is supported by the fact that both tests are asymptotically similar
even under the weak-instrument asymptotics suggested by Staiger and Stock
(1997). Kleibergen (2000) presents a proof for the LM; test. The following
result holds for the LM, test:

PROPOSITION : Suppose m = n~2c, where ¢ is a fized k-dimensional
vector, and the following limits hold jointly:.

(i) (42, 2,22 ) 2, (02, 0,00, 0)
(ii) £2 5 Q
(iid) (Z5,24%2) = (U4, Uz,) where (U}, U%,) ~ N (0,Q® Q)

Then the following convergence results hold jointly as n — oo:

(i) 282 2 Q)
(i) (Z'MuZ) " Z' Myys = o3 (A + 1}
(iii) (Z'M,2) " Z'u = 0,20,
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where N = 05 'QY2C, 2, = 0, Q7 V*y,, 2, = 0,'Q YWy, 2, = pz, +
(1 —p2)1/2§ = pzy + 1 and & 15 a k-dimensional normal random wvector
independent of z,. Furthermore,

(A + 1) z)?
A+n)" (A +n)

Since z, and n are independent, under the null LM, is asymptotically dis-

LMy, —

tributed as chi-squared with one degree of freedom.

5 Extensions

The previous theory can easily be extended to a structural equation with
more than two endogenous variables and with additional exogenous variables
as long as inference is to be conducted on all the endogenous coefficients.

Consider the structural equation
n=Y+Xv+u

where Y5 is the n x [ matrix of observations on the [ explanatory endogenous
variable and X is the n x r matrix of observations on r exogenous variables.
This equation is part of a larger linear system containing the additional
exogenous variables Z. The reduced form for Y = [y, Y] is

Y1 = ZH6+X(5+U1
Yo = ZII+XT'+V,

where § = ' + 7. The rows of V' = [vy, V5] are i.i.d. with mean zero and
covariance matrix €. It is assumed that X and Z have full column rank. The
problem is to test the joint hypothesis Hy : § = [y treating II, ', §, and €2
as nuisance parameters.

The unknown parameters associated with X can be eliminated by taking
orthogonal projections. Define the n x n idempotent projection matrix
M =1-X(X'X)"'X" and the [ + 1 component column vector b = (1, —[3})’.
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Let A be any (I + 1) x | matrix whose columns are orthogonal to b. Then
defining ug = y1 — Y28y = Y'b, the statistics

S = Z'Muy and T=2MYQ A

are independent and normally distributed. For any k x [ matrix G(7") that
is a measurable function of 7" with rank [, the test statistic

S'G(T)[G(T) Z' M ZG(T) ' G(T)'S /o2

has a null x%(1) distribution. Again, Q can be replaced with a consistent
estimate without affecting the results asymptotically. For example, the LM,
test generalizes to
upg M Z o (11 Z' M Z 1) "I, Z' Mug
uguo/m

where the constrained maximum likelihood estimator Iy is given by Iy =
(Z'M*Z)"" ZM*Yy and M* = M — Mug(ulMug) " ul M.

6 Confidence Regions

Valid confidence regions for 3 can be constructed by inverting similar tests.
For example, let C' be the set of all values (3, that cannot be rejected using a
similar test of level a. Then C' is a confidence set with coverage probability
1 —«. If the score test statistic is used, the resulting confidence region will be
valid in large samples no matter how weak the instruments. The score test’s
confidence region will necessarily contain the limited-information maximum-
likelihood estimator of (3.

To illustrate how informative the confidence regions based on the score
test are, design I of Staiger and Stock (1997) is once more used. One sample
was drawn where the true value of 3 is zero. Figures 4-7 plot the LM,
statistic as a function of Fy. The region in which the LM, statistic is below
the horizontal critical value line is the corresponding confidence set. The
figures show that the confidence regions can have complicated shape. In all

the examples, the true parameter § = 0 is inside of the confidence region.
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When the instruments are invalid (Figure 4), the confidence regions cover
the real line. This is expected to happen about (1 — «) - 100% of time since
the confidence regions have correct coverage probability and in this case the
parameter 3 is unidentified. As the quality of the instruments increases, the
confidence regions become narrower. For example, when N'A/k = 10 and
p = 0.5, the confidence region is the set [—0.1,0.3] U [2.7,3.5] (Figure 7).
While some values of 3, very close to the true 3 are excluded, values as large
as 3.5 are included in this confidence region. This suggests that other similar
tests might have better power and, consequently, more accurate confidence

regions.

7 Conclusions

Previous authors have noted that the simultaneous equations model with
known reduced-form covariance matrix has a simpler mathematical structure
than the model with unknown covariance matrix, but inference procedures
for the two models behave very much alike in moderate sized samples. Ex-
ploiting this fact, classical statistical theory has been employed in this paper
to characterize the class of similar tests in the simpler model. Replacing the
reduced-form covariance matrix with an estimate appears to have little effect
on size and power.

Unlike alternative procedures using the bootstrap or higher-order asymp-
totics, the methods discussed in this paper behave well even in the extreme
case where there is no identification at all. Confidence regions based on the
score statistics LM, and LM, have coverage probabilities close to their nom-
inal level no matter how weak the instruments; and they are informative
when the instruments are good. Improved inference in the weak instrument
case might be possible by exploring the properties of other tests that satisfy
the similarity condition of Theorem 1.

The results derived here cover only the case where inference is desired
for the complete set of endogenous-variable coefficients. Inference on the
coefficient of one endogenous variable when the structural equation contains
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additional endogenous explanatory variables is not allowed. Dufour (1997)
shows how this limitation can be overcome in the context of the Anderson-
Rubin test and the same projection technique can be applied to the similar
tests discussed here. However, this may entail considerable loss of power.

Department of Economics, University of California at Berkeley, 549 Evans
Hall #3880, Berkeley, CA 94720-3880 USA; jovita@econ.berkeley.edu;
http://socrates.berkeley.edu/ jovita
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TABLE 1
PERCENT REJECTED UNDER H, AT NOMINAL LEVEL OF 5% (20 OBS.)

p  NAk AR LM, LM, LMy
000 000 93 90 66 43
000 025 97 90 65 44
000 100 96 77 55 45
0.00 10.00 94 69 49 49
050 0.00 94 91 68 13.1
050 025 99 88 63 11.8
050 1.00 99 75 52 7.8
050 10.00 95 66 46 5.0
099 000 99 91 69 454
099 025 97 72 49 375
099 100 97 66 46 21.1
0.99 10.00 97 65 46 6.8

TABLE 1II
PERCENT REJECTED UNDER H, AT NOMINAL LEVEL OF 5% (80 OBS.)

p  NAk AR LM, LM, LMy
0.00 0.00 6.3 5.8 5.4 4.9
0.00 025 5.7 51 4.8 4.4
0.00 1.00 6.3 5.5 5.0 4.6
0.00 10.00 6.1 5.6 5.1 5.1
0.50 0.00 5.9 5.9 5.1  13.7
0.50 025 5.9 5.8 54 119
0.50 1.00 5.9 5.9 5.4 8.9
0.50 10.00 5.9 5.4 5.0 5.2
0.99 0.00 6.0 5.6 5.1 422
099 025 538 5.9 5.1 332
099 1.00 6.3 5.6 5.1  18.8
0.99 10.00 59 49 4.5 6.2
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TABLE III
PERCENT REJECTED AT NOMINAL LEVEL OF 5%
PoOOR INSTRUMENTS

p =0.00 p = 0.50 p = 0.99
3 LMy, LM, LM, LM, LM, LM,
200 73 76 93 98 49.1 481
180 7.0 73 97 101 574 559
160 72 74 88 92 704 694
140 69 73 98 98 831 87.1
120 69 73 92 95 995 99.2
100 65 69 87 91 69.7 685
080 62 63 80 85 908 90.0
060 57 59 72 73 205 28.8
040 55 57 60 61 97 99
020 53 54 51 52 57 57
000 51 52 52 54 46 47
020 53 56 54 58 54 51
040 55 58 53 56 59 58
060 57 61 59 61 66 65
080 63 66 61 63 71 7.3
100 68 71 66 67 7.9 7.7
120 69 74 69 72 87 85
140 71 75 74 75 84 82
160 71 73 71 76 93 94
180 76 80 78 79 96 94
200 75 77 73 7.7 100 9.7
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TABLE IV
PERCENT REJECTED AT NOMINAL LEVEL OF 5%
WEAK INSTRUMENTS

p =0.00 p = 0.50 p = 0.99
3 LMy LM, LM, LM, LM, LM,
200 174 175 21.1 215 992 99.1
180 166 16.6 21.7 224 99.8 99.8
160 168 167 225 229 100.0 100.0
140 167 167 23.0 226 100.0 100.0
120 158 155 24.0 239 100.0 100.0
100 148 148 255 246 920 86.8
0.80 13.6 13.5 235 22.8 100.0 100.0
0.60 112 10.8 18.0 17.8 89.0 88.2
040 83 80 11.1 108 30.8 30.2
020 59 61 69 68 82 80
0.00 47 47 49 49 49 47
020 63 64 63 64 63 63
040 80 80 84 85 105 103
0.60 11.1 11.0 10.6 107 129 126
0.80 13.1 13.6 12.7 125 169 16.4
1.00 154 151 145 142 195 188
120 159 162 164 162 229 225
140 17.1 16.6 17.6 17.1 256 24.7
1.60 175 169 192 187 27.6 26.9
1.80 169 169 198 192 29.7 28.7
200 17.6 17.3 202 195 326 315
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TABLE V
PERCENT REJECTED AT NOMINAL LEVEL OF 5%
GooD INSTRUMENTS

p =0.00 p = 0.50 p = 0.99
3 LMy LM, LM, LM, LM, LM,
200 97.6 950 628 62.1 100.0 100.0
180 985 964 650 63.9 100.0 100.0
160 99.1 97.7 727 69.4 100.0 100.0
140 99.2 98.0 845 789 100.0 100.0
120 99.2 985 94.6 89.7 100.0 100.0
1.00 985 97.9 98.6 96.6 99.9 95.6
0.80 96.7 959 99.0 98.3 100.0 100.0
0.60 885 87.5 952 94.1 100.0 100.0
040 64.6 628 68.7 67.8 97.1 968
020 237 229 220 215 314 311
000 52 51 53 53 48 47
020 229 221 159 155 165 16.1
040 64.1 625 40.7 39.8 386 37.6
0.60 88.7 87.6 63.1 613 592 584
080 96.5 957 787 775 733 721
1.00 987 98.1 863 855 83.6 82.8
120 99.1 984 91.3 903 88.9 88.2
1.40 992 983 940 929 929 926
1.60 989 975 955 947 953 94.8
1.80 984 964 96.7 959 963 95.9
200 97.9 954 973 96.6 97.3 97.1
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TABLE VI
PERCENT REJECTED UNDER H, AT NOMINAL LEVEL OF 5% (20 OBS.)
NON-NORMAL DISTURBANCES AND BINARY INSTRUMENTS

p NMNk AR LM, LM, LMy
0.00 0.00 11.59 10.08 7.34 5.30
0.00 0.25 11.63 10.59 7.84 5.46
0.00 1.00 11.81 10.17 7.40 5.89
0.00 10.00 11.41 11.36 9.01 8.82
0.50 0.00 11.26 10.33 7.65 7.73
0.50 0.25 11.86 1041 7.71 7.81
0.50 1.00 11.18 1049 7.77 6.95
0.50 10.00 11.66 11.50 9.30  9.66
0.99 0.00 11.32 11.19 845 46.48
0.99 0.25 12.12 11.67 9.17 42.49
0.99 1.00 11.70 12.01 9.98 30.16
0.99 10.00 11.33 11.36 9.41 12.18

TABLE VII
PERCENT REJECTED UNDER H, AT NOMINAL LEVEL OF 5% (80 0BS.)
NON-NORMAL DISTURBANCES AND BINARY INSTRUMENTS

p  NAk AR LM, LM, LMy
0.00 0.00 6.62 6.47 592 5.13
0.00 025 6.82 6.57 6.14 5.50
0.00 1.00 6.61 6.63 6.17 5.69
0.00 10.00 6.37 6.90 6.37 6.26
0.50 0.00 6.20 6.55 599 7.74
0.50 025 6.23 580 534 6.87
0.50 1.00 6.67 6.70 6.14 7.13
0.50 10.00 6.48 6.95 6.53 6.62
0.99 0.00 6.43 6.56 6.00 43.69
0.99 025 722 741 7.03 40.74
0.99 1.00 6.30 6.60 6.30 31.47
0.99 10.00 6.58 6.88 6.37 10.36
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FIGURE 1
EMPIRICAL POWER OF TESTS: POOR INSTRUMENTS
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FIGURE 2
EMPIRICAL POWER OF TESTS: WEAK INSTRUMENTS
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FIGURE 3
EMPIRICAL POWER OF TESTS: GOOD INSTRUMENTS
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FIGURE 4
CONFIDENCE REGIONS: INVALID INSTRUMENTS
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FIGURE 5
CONFIDENCE REGIONS: POOR INSTRUMENTS
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FIGURE 6
CONFIDENCE REGIONS: WEAK INSTRUMENTS
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FIGURE 7
CONFIDENCE REGIONS: GOOD INSTRUMENTS
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9 Appendix

The results stated in Sections 2 and 3 are based on the following two lemmas
proved in Lehmann (1986), pp. 142-3:
LEMMA A.1: Let X be a random vector with probability distribution

k

> T (@) ej] dp(z)

J=1

dPy(z) = C (0) exp

and let PT be the family of distributions of T = (Ty(X),....,Tx (X)) as 6
ranges over the set W. Then PT is complete provided W contains a k-

dimensional rectangle.

LEMMA A.2: Suppose that the distribution of X is given by

dPyy (x) = C(0,V)exp dp ()

k
OR (z) + > VT (x)

where the V; are the nuisance parameters and p is absolutely continuous with
respect to the Lebesque measure. Suppose that S = h(R,T) is independent
of T when 6 = 6y and that

h(r,t) = a(t)r +b(t)  with a(t) > 0.
Then the uniformly most powerful unbiased (UMPU) test ¢ for Hy: 6 = 6y
against Hy : 0 # 0y is given by
1 if
gzﬁ(s):{ if s <Cior s> (Ch

0 otherwise

where Cy and Cy are determined by Ey{¢(S)} = a and Ey{S¢(S)} =
OéEo {S}

PrROOF OF THEOREM 1: Since randomization is allowed, any test can
be written as ¢ (S,T'). Since the test is similar at size «a, it must be the case
that:

(A1) Evd(S,T)=a ,YreP
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By Lemma A.1, the family of distributions of 7" when the null hypothesis is
true, PT = {Pg; oTEP }, is complete. Consequently, the following holds:

Eg{o(S,T) |ty =a ,ae P’

Note that the distribution of S does not depend on 7 under the null hypoth-
esis and that S is independent of T'. Therefore, using also the fact that ¢ is
integrable:

(A.2) By (S,t)=a ,ae P"

Conversely, if the test is such that (A.2) holds, then (A.1) is trivially true.
Therefore, the test is similar at size «.
Q.ED.

ProOOF OoF THEOREM 2: The following is true:
a. For some measure p (y), the probability distribution of Y can be written
as:

APy~ (y) = C(0,m)exp[0R (y) + 7T (y)] du (y)

where R (Y) is the first column of Z’Y Q! and 6 = 7 (8 — [3y). Since P does
not contain the origin and the model is just identified, testing Hy : 8 = [
against Hy : B # [y is equivalent to testing Hy : 0 = 0 against Hy : 0 # 0.
Let

5 (Z2) 7 (1 — aii)
0o

Notice that S = 6; R + §,T where

—wa2 By + Wiz (

Z'7)
0o

& =0y (Z’Z)fl/2 and 0y =

Now Lemma A.2 can be applied. Since S ~ N (0,1) under Hy and, in
particular, it is symmetric around zero, it is straightforward to show that the
optimal test rejects the null if ARy > ¢,. Under the alternative (3,
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ARy ~ 2 <1’ AV (?-ﬁof) .

Consequently, the power of the optimal test is given by (7).
b. Since 7 is known, for some measure x (y), the probability distribution can

be written as:

AP (y) = C(B,7)exp [R(y) 7] dp ()

Since this distribution is a one-parameter exponential family, the UM PU
test rejects the null hypothesis if

{W,Z/ [(yl — Z7fy) — w12W521 (y2 — ZW)] }2
(wH — w12w2_21w12) AV AL

(A.3) R =
is larger than c,. Under the alternative (3,

AV A
R~x*|1, ——— (8= )’
(wn — Wi2Wyo wlz)

Consequently, the power of the optimal test is given by (8).
c. The power of the test ¢ is given by Ejs,¢ (S,T). Since S and T are
independent, then:

By (S.T) = /[/¢st (5,5, >ds] (t. 6,7 di

where f (s, 3,7) and g (¢, 3, m) are the density functions associated to S and
T, respectively. Notice that the power conditioned on 7' =1 is

/¢st ) ds.

Consider the test ¢*(S) that assigns 1 if f(s,5,7) > kf (s,0) and 0
otherwise, where k is chosen such that Ejs, »¢*(S) = a. The claim is that the
test ¢*(.S) is most powerful among all similar tests at the significance level

Q.
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Let ST and S~ be the sets in the sample space where ¢*(s) — ¢ (s,t) > 0
and ¢*(s) — ¢ (s,t) < 0, respectively. Notice that, if s is in ST, ¢*(s) = 1 and
f(s,8,m) > kf(s,00). Analogously, if s isin S™, ¢*(s) = 0 and f (s, 5, 7) <
kf (s,[00). Therefore:

1676 = 6 (50115 (5. 5.m) = f (. )] s > 0

The difference in power satisfies

/ (6°() — & (,8)] £ (s, By ) dv > / (6°(5) — 6 (5.D)] f (v, o) ds

By Theorem 1, if the test ¢ (S, T) is similar then Fy¢ (S,t) = a, a.e. PT.
Without loss of generality, it can be considered that Ey¢ (S,t) = «, Vt. That
is:

/qb(s,t)f(s,ﬂ,w)ds:a , Vit

Therefore, the following holds:

[ 16706 = 601 (8.7 ds 2 0

Since the test that maximizes the conditional power does not depend
on t, then this test itself maximizes power, as was to be proved. Since S is
normally distributed, f (s, 3,7) > kf (s, fo) for some k such that E¢*(S) = «
if and only if the following holds. If § > [, then the test rejects the null
if 'S > zon/odn'Z' Zw. Ut B < [y then the test rejects the null if 7'S <
—2a0\/ 08T Z' Z 7, where z, is the critical value of a N (0, 1) distribution for
the significance level a. For two-sided alternative, the optimal test rejects
H, if

AV A “

Under the alternative j3,

35



AV A ol

(S <1 "7/ 2m (5 - @))2)

Consequently, the power envelope is given by (9).
Q.E.D.

PrROOF OF THEOREM 3: The derivative of the log likelihood function
with respect to § evaluated at (3 and at 7 is given by:

wlzﬁlzl(yz - Z7AT) - w22ﬁ/Z/(y1 - Zﬁﬁo)
W11Wa2 — W%Q

Tedious algebraic manipulations show that the latter term is equal to:

_ ' 2" (y1 — y2/0)
w11 + w2258 — 2w120

Q.E.D.
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