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In this paper we provide valuation formulas for several types of American options on two or more
assets. Our contribution is twofold. First, we characterize the optimal exercise regions and provide
valuation formulas for a number of American option contracts on multiple underlying assets with
convex payoff functions. Examples include options on the maximum of two assets, dual strike options,
spread options, exchange options, options on the product and powers of the product, and options on
the arithmetic average of two assets. Second, we derive results for American option contracts with
nonconvex payoffs, such as American capped exchange options. For this option we explicitly identify
the optimal exercise boundary and provide a decomposition of the price in terms of a capped exchange
option with automatic exercise at the cap and an early exercise premium involving the benefits of
exercising prior to reaching the cap. Besides generalizing the current literature on American option
valuation our analysis has implications for the theory of investment under uncertainty. A specialization
of one of our models also provides a new representation formula for an American capped option on a
single underlying asset.
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1. INTRODUCTION

In this paper we analyze several types of American options on two or more assets. We study
options on the maximum of two assets, dual strike options, spread options, and others. For
each of these contracts we characterize the optimal exercise regions and develop valuation
formulas.

Our analysis provides new insights since many contracts that are traded in modern finan-
cial markets, or that are issued by firms, involveAmericanoptions on several underlying
assets. A standard example is the case of an index option that is based on the value of a
portfolio of assets. In this case the option payoff upon exercise depends on an arithmetic
or geometric average of the values of several assets. For example, options on the S&P 100,
which have traded on the Chicago Board of Options Exchange (CBOE) since March 1983,
are American options on a value weighted index of 100 stocks. Other contracts pay the
maximum of two or more asset prices upon exercise. Examples include option bonds and
incentive contracts. Embedded American options on the maximum of two or more assets
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can also be found in firms choosing among mutually exclusive investment alternatives, or
in employment switching decisions by agents. American spread options and options to ex-
change one asset for another also arise in several contexts. Gasoline crack spread options,
traded on the NYMEX (New York Mercantile Exchange), are American options written
on the spread between the NYMEX New York Harbor unleaded gasoline futures and the
NYMEX crude oil futures. Likewise, heating oil crack spread options, also traded on the
NYMEX, are American options on the spread between the NYMEX New York Harbor
heating oil futures and the NYMEX crude oil futures. Options on foreign indices with
exercise prices quoted in the foreign currency can now be bought by American investors
(one example is the option on the Nikkei index warrants traded on the AMEX; another is the
option on the CAC40 on the MONEF). Stock tender offers, which are American options to
exchange the stock of one company for the stock of another, are also common in financial
markets.

In most cases the underlying assets in these contracts pay dividends or have other cash
outflows. It is well known that standard American options written on a single dividend
paying underlying asset may be optimally exercised before maturity. The same is true
for options on multiple dividend paying assets: The American feature is valuable and
exercise prior to maturity may be optimal. However, when several asset prices determine
the exercise payoff, the shape of the exercise region often cannot be determined by simple
arguments or by appealing to the intuition known for the single asset case. Furthermore, the
structure of the exercise region may differ significantly among the various contracts under
investigation. As a result it is important to identify optimal exercise boundaries in order to
provide a thorough understanding of these contracts.

In the last few years there has been much progress in the valuation of standard American
options written on a single underlying asset (see, e.g., Karatzas 1988, Kim 1990, Jacka 1991,
and Carr, Jarrow, and Myneni 1992). The optimal exercise boundary and the corresponding
valuation formula have also been identified for American call options with constant and
growing caps, which are contracts with nonconvex payoffs (see Broadie and Detemple
1995). European options on multiple assets have been studied previously. European options
to exchange one asset for another were analyzed by Margrabe (1978). Johnson (1981) and
Stulz (1982) provide valuation formulas for European put and call options on the maximum
or minimum of two assets. Their results are extended to the case of several assets by
Johnson (1987).

The case of American options on multiple dividend-paying underlying assets, however,
has received little attention in the literature. In recent independent work, Tan and Vetzal
(1994) perform numerical simulations to identify the immediate exercise region for some
types of exotic options. Independent work by Geltner, Riddiough, Stojanovic (1994) also
provides insights about the exercise region for a perpetual option on the best of two assets
in the context of land use choice.

We start with an analysis of a prototypical contract with multiple underlying assets and
a convex payoff: an American option on the maximum of two assets. One of the surprising
results obtained is that it is never optimal to exercise this option prior to maturity when the
underlying asset prices are equal, even if the option is deep in the money and dividend rates
are very large. This counterintuitive result rests on the fact that delaying exercise enables
the investor to capture the gains associated with the event that one asset price exceeds the
other in the future. This gain is sufficiently important to offset the benefits of immediate
exercise even when the underlying asset prices substantially exceed the exercise price of
the option. Beyond its implications for the valuation of financial options, this result is
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also of importance for the theory of investment under uncertainty (e.g., Dixit and Pindyck
1994). In this context our analysis provides a new motive for waiting to invest—namely
the benefits associated with the possibility of future dominance of one project over the
other investments available to the firm. In a global economy in which firms are constantly
confronted with multiple investment opportunities this motive may well be at work in
decisions to delay certain investments. We also derive an interesting divergence property of
the exercise region: For equal underlying asset prices, the distance to the exercise boundary
is increasing in the prices.

Another contribution of the paper is a new representation formula for a class of contracts
with nonconvex payoffs, such as capped exchange options. We show that the optimal
exercise policy consists in exercising at the first time at which the ratio of the two underlying
asset prices reaches the minimum of the cap and the exercise boundary of an uncapped
exchange option. A valuation formula, in terms of the uncapped exchange option and the
payoff when the cap is reached, follows. We also provide an alternative representation of the
price of this option which involves the value of a capped exchange option with automatic
exercise at the cap and an early exercise premium involving the benefits of exercising
prior to reaching the cap. The optimal exercise boundary, in turn, is shown to satisfy a
recursive integral equation based on this decomposition. When one of the two underlying
asset prices is a constant our formulas provide the value of an American capped option on
a single underlying asset (Broadie and Detemple 1995). Hence, beside generalizing the
literature on American capped call options we also produce a new decomposition of the
price of such contracts.

American max-options are analyzed in Section 2. Section 3 focuses on American spread
options and the special case of exchange options. In Section 4 we build on the results of
Section 3 in order to value American capped exchange options which have a nonconvex
payoff function. American options based on the product of underlying asset prices, such as
options on a geometric average, are analyzed in Section 5. In Section 6 American options
on arithmetic averages are examined. Generalizations to the case ofn underlying assets are
given in Section 7 and proofs of the propositions are relegated to the appendices.

2. AMERICAN OPTIONS ON THE MAXIMUM OF TWO ASSETS

We consider derivative securities written on a pair of underlying assets which may be
interpreted as stocks, indices, futures prices, or exchange rates. The prices of the underlying
assets at timet , S1

t , andS2
t , satisfy the stochastic differential equations

dS1
t = S1

t [(r − δ1)dt + σ1dz1
t ](2.1)

dS2
t = S2

t [(r − δ2)dt + σ2dz2
t ](2.2)

wherez1 andz2 are standard Brownian motion processes with a constant correlationρ.
To avoid trivial cases, we assume throughout that|ρ| < 1. Herer is the constant rate of
interest,δi ≥ 0 is the dividend rate of asseti , andσi is the volatility of the price of asseti ,
i = 1, 2. The price processes (2.1) and (2.2) are represented in their risk neutral form.
Throughout the paper,E∗t denotes the expectation at timet under the risk neutral measure.

Let Ct (St ) denote the theoretical value of an American call option at timet on a single
asset (e.g., asset 1 above) that matures at timeT and has a strike price ofK . Throughout
the paper, this option is referred to as thestandardoption. LetCX

t (S
1
t , S2

t ) denote the
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FIGURE 2.1. Illustration ofBt for a standard American call option.

theoretical value of an American call option on the maximum of two assets, or max-option
for short. The payoff of the max-option, if exercised at some timet before maturityT , is
(max(S1

t , S2
t ) − K )+. The notationx+ is short for max(x, 0). The optimal or immediate

exercise region of an American call on a single underlying asset isE ≡ {(St , t) : Ct (St ) =
(St − K )+}. Similarly, for an American call option on the maximum of two assets, the
immediate exercise region isE X ≡ {(S1

t , S2
t , t) : CX

t (S
1
t , S2

t ) = (max(S1
t , S2

t )− K )+}.

Standard American Options

Before proceeding further, we review some essential results for standard American op-
tions (i.e., on a single underlying asset). LetBt denote the immediate exercise boundary
for a standard option on a single underlying asset. That is,Bt = inf{St : (St , t) ∈ E}. An
illustration of Bt is given in Figure 2.1.

Van Moerbeke (1976) and Jacka (1991) show thatBt is continuous. Kim (1990) and
Jacka (1991) show thatBt is decreasing int . Kim (1990) shows thatBT− ≡ limt→T Bt =
max((r/δ)K , K ). Merton (1973) shows thatBt is bounded above and derives a formula for
B−∞ ≡ limt→−∞ Bt . Jacka (1991) shows that the option valueCt (St ) is continuous and
the immediate exercise regionE is closed.

Exercise Region of American Max-Options

How do the properties of the exercise region for a standard option compare to those for
a max-option? For a standard American option,(St , t) ∈ E implies (λSt , t) ∈ E for all
λ ≥ 1.1 By analogy, an apparently reasonable conjecture forE X is

1See Proposition A.1 in Appendix A for a proof.
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CONJECTURE2.1. (S1
t , S2

t , t) ∈ E X implies (λ1S1
t , λ2S2

t , t) ∈ E X for all λ1 ≥ 1 and
λ2 ≥ 1.

For a call option on a single asset with a positive dividend rate, immediate exercise is
optimal for all sufficiently large asset values. That is, there exists a constantM such that
(St , t) ∈ E for all St ≥ M . Hence a reasonable conjecture forE X is

CONJECTURE2.2. If δ1 > 0 andδ2 > 0 then there exist constantsM1 andM2 such that
(S1

t , S2
t , t) ∈ E X for all S1

t ≥ M1 and allS2
t ≥ M2.

For standard options the exercise regionE is convex with respect to the asset price. The
analogous conjecture forE X is

CONJECTURE2.3. (S1
t , S2

t , t) ∈ E X and(S̃1
t , S̃2

t , t) ∈ E X impliesλ(S1
t , S2

t , t) + (1−
λ)(S̃1

t , S̃2
t , t) ∈ E X for all 0≤ λ ≤ 1.

Surprisingly, all three conjectures concerningE X turn out to befalse.
However, by focusing on certain subregions ofE X, properties similar to those forE do

hold. Define the subregionE X
i of the immediate exercise regionE X byE X

i = E X∩Gi where
Gi ≡ {(S1

t , S2
t , t) : Si

t = max(S1
t , S2

t )} for i = 1, 2. Proposition 2.1 below states that, prior
to maturity, exercise is suboptimal when the prices of the underlying assets are equal. This
result holds no matter how large the prices are and no matter how large the dividend rates
are. In particular,(S, S, t) /∈ E X for all S> 0 andt < T . Proposition 2.1 is the reason for
focusing attention on the subregionsE X

i .

PROPOSITION2.1. If S1
t = S2

t > 0 and t < T then(S1
t , S1

t , t) /∈ E X. That is, prior to
maturity exercise is not optimal when the prices of the underlying assets are equal.

This proposition is proved in Appendix B. The intuition for the suboptimality of imme-
diate exercise follows. Delaying exercise up to some fixed times> t provides at least

PV(s− t) = S1
t e−δ1(s−t) − Ke−r (s−t)

plus a European option to exchange asset 2 for asset 1 with a maturity dates which has
valueE∗t [e−r (s−t)(S2

s − S1
s)
+]. As s converges tot , the present valuePV(s− t) converges

to S1
t − K at a finite rate. The exchange option value, however, decreases to zero at an

increasing rate which approaches infinity in the limit. Hence there is some times> t such
that delaying exercise untils provides a strictly positive premium relative to immediate
exercise.

The next proposition shows that subregions of the exercise region are convex.

PROPOSITION2.2 (Subregion Convexity). Let S= (S1, S2) and S̃= (S̃1, S̃2). Suppose
(S, t) ∈ E X

i and (S̃, t) ∈ E X
i for a fixed i = 1 or 2. Givenλ, with 0 ≤ λ ≤ 1, define

S(λ) = λS+ (1− λ)S̃. Then(S(λ), t) ∈ E X
i . That is, if immediate exercise is optimal at

S andS̃ and if(S, t) ∈ Gi and(S̃, t) ∈ Gi then immediate exercise is optimal at S(λ).

The convexity of the exercise region is a consequence of the convexity of the payoff
function with respect to the pair(S1, S2) and a consequence of the multiplicative structure
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of the uncertainty in (2.1) and (2.2). Additional properties of the exercise regionE X are
summarized in Proposition 2.3. In this proposition,Bi

t represents the exercise boundary for
a standard American option on the single underlying asseti .

PROPOSITION2.3. Let E X represent the immediate exercise region for a max-option.
ThenE X satisfies the following properties.

(i) (S1
t , S2

t , t) ∈ E X implies(S1
t , S2

t , s) ∈ E X for all t ≤ s ≤ T .
(ii) (S1

t , S2
t , t) ∈ E X

1 implies(λS1
t , S2

t , t) ∈ E X
1 for all λ ≥ 1.

(iii) (S1
t , S2

t , t) ∈ E X
1 implies(S1

t , λS2
t , t) ∈ E X

1 for all 0≤ λ ≤ 1.
(iv) (S1

t , 0, t) ∈ E X
1 implies S1

t ≥ B1
t .

In (ii), (iii) , and(iv), analogous results hold for the subregionE X
2 .

Property (i) says that the continuation region shrinks as time moves forward. Property (i)
holds since a short maturity option cannot be worth more than the longer maturity option
and it can attain the value of the longer maturity option if it is exercised immediately.
Property (ii) states that the exercise subregion is connected in the direction of increasingS1

(right connectedness). This follows since the option value at(λS1
t , S2

t , t) is bounded above
by the option value at(S1

t , S2
t , t) plus the difference in the asset pricesλS1

t − S1
t . Since

immediate exercise is optimal by assumption at(S1
t , S2

t , t), the option value at(λS1
t , S2

t , t)
is bounded above by its immediate exercise value (which can be attained by exercising
immediately). Property (iii) is similar and states that the exercise subregion is connected
in the direction of decreasingS2 (down connectedness). Finally, since zero is an absorbing
barrier for S2, the max-option becomes an option on asset 1 only whenS2 = 0. In this
case the optimal exercise region is delimited by the exercise boundary corresponding to an
option on asset 1 alone.

Let E X(t) = {(S1
t , S2

t ): (S
1
t , S2

t , t) ∈ E X} denote thet-section ofE X and similarly define
E X

i (t) by {(S1
t , S2

t ): (S
1
t , S2

t , t) ∈ E X
i }. Convexity ofE X

i (t) is assured by Proposition 2.2.
This implies that the boundary ofE X

i (t) is continuous, except possibly at the endpoints
where S1

t or S2
t is zero. However, continuity is assured at these points by part (iii) of

Proposition 2.3.
The next proposition states that the immediate exercise region diverges from the diagonal

(i.e., equal asset prices) as the asset prices become large. To state the result, let

R(λ1, λ2) ≡ {(S1, S2) ∈ R2
+ : λ2S1 < S2 < λ1S1}

for λ2 < λ1 denote the open cone defined by the price ratiosλ1 andλ2.

PROPOSITION2.4 (Divergence of the exercise region).Fix t < T . There existsλ1 and
λ2 with λ2 < 1< λ1 such that

E X(t) ∩ R(λ1, λ2) = ∅.

From the results in this section, we can plot the shape of a typical exercise regionE X.
An example is shown in Figures 2.2–2.4. Note in Figure 2.4 thatB1

T− = max((r/δ1)K , K )
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FIGURE 2.2. Illustration ofE X(t) for a max-option at timet with t < T .

and B2
T− = max((r/δ2)K , K ). The figures also show that max(S1

t , S2
t ) is not a sufficient

statistic for determining whether immediate exercise is optimal.

Valuation of American Max-Options

RecallCX
t (S

1
t , S2

t ) is the value of an American option on the maximum of two assets
at time t with asset prices(S1

t , S2
t ). In some cases, we will useCX(S1, S2, t) to denote

CX
t (S

1
t , S2

t ).

FIGURE 2.3. Illustration ofE X(s) for a max-option at times with t < s< T .
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FIGURE 2.4. Illustration ofE X(T−) for a max-option at timeT−.

PROPOSITION2.5.

(i) The value of the American max-option, CX(S1, S2, t), is continuous onR+ ×
R+ × [0, T ].

(ii) CX(·, S2, t) and CX(S1, ·, t) are nondecreasing onR+ for all S1, S2 in R+ and
all t in [0, T ].

(iii) CX(S1, S2, ·) is nonincreasing on[0, T ] for all S1 and S2 in R+.
(iv) CX(·, ·, t) is convex onR+ × R+ for all t in [0, T ].

The continuity ofCX(S1, S2, t) on R+ × R+ × [0, T ] follows from the continuity of
the payoff function(max(S1

t , S2
t ) − K )+ and the continuity of the flow of the stochastic

differential equations (2.1) and (2.2). The monotonicity ofCX(S1, S2, t) follows since
(max(S1

t , S2
t ) − K )+ is nondecreasing inS1 and S2. Property (iii) holds since a shorter

maturity option cannot be more valuable. Convexity is implied by the convexity of the
payoff function. The next proposition characterizes the option price in terms of variational
inequalities (see Bensoussan and Lions 1978 and Jaillet, Lamberton, and Lapeyre 1990).

PROPOSITION2.6 (Variational inequality characterization for max-options).CX has par-
tial derivatives∂CX/∂Si , i = 1, 2, which are uniformly bounded and∂CX/∂t and
∂2CX/∂Si ∂Sj , i, j = 1, 2, which are locally bounded on[0, T) × R+ × R+. Define
the operatorL on the value function CX by

LCX = (r − δ1)S
1∂CX

∂S1
+ (r − δ2)S

2∂CX

∂S2
(2.3)

+ 1

2

[
σ 2

1 (S
1)2

∂2CX

(∂S1)2
+ 2ρσ1σ2S1S2 ∂

2CX

∂S1∂S2
+ σ 2

2 (S
2)2

∂2CX

(∂S2)2

]
− rC X.
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Then CX
t (S

1
t , S2

t ) satisfies

CX
t ≥ (max(S1

t , S2
t )− K )+; ∂CX

∂t
+ LCX ≤ 0;(2.4)

(
∂CX

∂t
+ LCX

)
((max(S1

t , S2
t )− K )+ − CX

t ) = 0

almost everywhere on[0, T)× R+ × R+.

COROLLARY 2.1. The spatial derivatives∂CX/∂Si , i = 1, 2, are continuous on[0, T)×
R+ × R+.

Proposition 2.6 establishes the local boundedness of the partial derivatives of the value
functionCX(S1

t , S2
t , t). The continuity of the spatial derivatives follows from the convexity

of CX(S1, S2, t) and the variational inequality∂CX

∂t +LCX ≤ 0. Although Proposition 2.6
provides a complete characterization of the value of the max-option, it is of interest to derive
an alternative representation which provides additional insights about the determinants of
the option value. This representation expresses the value of the American max-option as the
value of the corresponding European option plus the gains from early exercise. Kim (1990),
Jacka (1991), and Carr, Jarrow, and Myneni (1992) provide such a representation for the
standard American option when the underlying asset price follows a geometric Brownian
motion process. The early exercise premium representation is the Riesz decomposition of
the Snell envelope which arises in the stopping time problem associated with the valuation
of the American option (see El Karoui and Karatzas 1991, Myneni 1992, and Rutkowski
1994).

Define the continuation regionC to be the complement ofE X, i.e., C ≡ {(S1
t , S2

t , t) :
CX

t (S
1
t , S2

t ) > (max(S1
t , S2

t ) − K )+}. The properties in Proposition 2.5 imply that the
continuation regionC is open and the immediate exercise regionE X is closed. Now define
BX

1 (S
2
t , t) to be the boundary of thet-sectionE X

1 (t) and BX
2 (S

1
t , t) to be the boundary of

the t-sectionE X
2 (t). The optimal stopping time can now be characterized byτ = inf{t :

S1
t ≥ BX

1 (S
2
t , t) or S2

t ≥ BX
2 (S

1
t , t)}.

The characterization ofCX
t (S

1
t , S2

t ) given in Proposition 2.6 enables us to derive a system
of recursive integral equations for the optimal exercise boundaries and to infer the value of
the max-option. Toward this end, define

cX
t (S

1
t , S2

t ) = E∗t
[
e−r (T−t)(max(S1

T , S2
T )− K )+

]
(2.5)

which represents the value of the European max-option and the functions

aX
1 (S

1
t , S2

t ) =
∫ T

v=t
e−r (v−t)E∗t

[
(δ1S1

v − r K )1{S1
v>BX

1 (S
2
v ,v)}

]
dv(2.6)

aX
2 (S

1
t , S2

t ) =
∫ T

v=t
e−r (v−t)E∗t

[
(δ2S2

v − r K )1{S2
v>BX

2 (S
1
v ,v)}

]
dv(2.7)
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which are defined for a pair of continuous surfaces{(BX
1 (S

2
v , v), BX

2 (S
1
v , v) : v ∈ [t, T ], S1

v ∈
R+, S2

v ∈ R+}. An explicit formula for the value of a European max-option in (2.5) is given
in Johnson (1981) and Stulz (1982). Explicit expressions for (2.6) and (2.7) in terms of
cumulative bivariate normal distributions can also be given.

PROPOSITION2.7 (Early exercise premium representation for max-options).The value of
an American max-option is given by

CX
t (S

1
t , S2

t ) = cX
t (S

1
t , S2

t )+ aX
1 (S

1
t , S2

t , BX
1 (·, ·))+ aX

2 (S
1
t , S2

t , BX
2 (·, ·)),(2.8)

where BX
1 (·, ·) and BX

2 (·, ·) are solutions to the system of recursive integral equations

BX
1 (S

2
t , t)− K = cX

t (B
X
1 (S

2
t , t), S2

t )+ aX
1 (B

X
1 (S

2
t , t), S2

t , BX
1 (·, ·))(2.9)

+aX
2 (B

X
1 (S

2
t , t), S2

t , BX
2 (·, ·))

BX
2 (S

1
t , t)− K = cX

t (S
1
t , BX

2 (S
1
t , t))+ aX

1 (S
1
t , BX

2 (S
1
t , t), BX

1 (·, ·))(2.10)

+aX
2 (S

1
t , BX

2 (S
1
t , t), BX

2 (·, ·))

subject to the boundary conditions

lim
t↑T

BX
1 (S

2
t , t) = max(B1

T , S2
T ), lim

t↑T
BX

2 (S
1
t , t) = max(B2

T , S1
T )(2.11)

BX
1 (0, t) = B1

t , BX
2 (0, t) = B2

t .(2.12)

The sum aX1 (S
1
t , S2

t , BX
1 (·, ·))+ aX

2 (S
1
t , S2

t , BX
2 (·, ·)) is the value of the early exercise pre-

mium.

The representation (2.8) shows that the value of the American max-option is the value
of the European max-option plus the gains from early exercise. These gains have two
components corresponding to the gains realized if exercise takes place inE X

1 or E X
2 . Each

component is the present value of the dividends net of the interest rate losses in the event
of exercise.

Equations (2.8)–(2.12) have the potential to be used in a numerical valuation procedure,
although the implementation may be a challenge. In the single asset case, Broadie and De-
temple (1996) have shown that a numerical procedure based on the early exercise premium
representation (the “integral method”) is competitive with the standard binomial procedure.
Boyle, Evnine, and Gibbs (1989) give a multinomial lattice procedure which is very useful
for pricing American options on a small number of assets. For higher dimensional prob-
lems with a finite number of exercise opportunities Broadie and Glasserman (1994) have
proposed a procedure based on Monte Carlo simulation. Alternatively, Dempster (1994)
explores the numerical solution of the variational inequality formulation of some American
option pricing problems. These methods may offer a practical numerical solution for the
max-option using the formulation (2.4) in Proposition 2.6.
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For ease of exposition we have focused on max-options on two underlying assets. How-
ever, as we show in Section 7, the results above extend to options on the maximum ofn
assets. Next we show that similar results hold for dual strike options.

American Dual Strike Options

Dual strike options have the payoff function(max(S1
t − K1, S2

t − K2))
+, i.e., they pay

the maximum ofS1
t − K1, S2

t − K2, and zero upon exercise at timet . Dual strike options
have optimal exercise policies that are similar to options on the maximum of two assets. In
particular, there exist two exercise subregions that possess the properties of the subregions
for the max-option. In this case, however, immediate exercise prior to maturity is always
suboptimal along the translated diagonalS2

t = S1
t + K2− K1.

PROPOSITION2.8. Let ED represent the immediate exercise region for a dual strike
option. Define the subregionsED

i = ED∩{(S1
t , S2

t , t) : Si
t −Ki = max(S1

t −K1, S2
t −K2)}

for i = 1, 2. Then the following properties hold.

(i) (S1
t , S2

t , t) ∈ ED implies(S1
t , S2

t , s) ∈ ED for all t ≤ s ≤ T .
(ii) (S1

t , S2
t , t) ∈ ED

1 implies(λS1
t , S2

t , t) ∈ ED
1 for all λ ≥ 1.

(iii) (S1
t , S2

t , t) ∈ ED
1 implies(S1

t , λS2
t , t) ∈ ED

1 for all 0≤ λ ≤ 1.
(iv) (S1

t , 0, t) ∈ ED
1 implies S1

t ≥ B1
t .

(v) If S2
t = S1

t + K2− K1 andmin(S1
t , S2

t ) > 0 and t< T then(S1
t , S2

t , t) /∈ ED.
(vi) (S1

t , S2
t , t) ∈ ED

1 and(S̃1
t , S̃2

t , t) ∈ ED
1 impliesλ(S1

t , S2
t , t)+ (1− λ)(S̃1

t , S̃2
t , t) ∈

ED
1 for all 0≤ λ ≤ 1 (subregion convexity).

In (ii), (iii), (iv) , and(vi) analogous results hold for the subregionED
2 .

The price function of the dual strike option can be characterized in terms of variational
inequalities as in Proposition 2.6; an early exercise premium representation can also be
derived as in Proposition 2.7.

3. AMERICAN SPREAD OPTIONS

A spread optionis a contingent claim on two underlying assets that has a payoff upon
exercise at timet of (max(S2

t − S1
t , 0)− K )+. The payoff can be written more compactly

as(S2
t − S1

t − K )+. In the special caseK = 0, the spread option reduces to the option to
exchange asset 1 for asset 2. Exchange options were first studied by Margrabe (1978).

Let CS
t (S

1
t , S2

t ) denote the value of the spread option at timet with asset prices(S1
t , S2

t ).
As before, letBi

t denote the immediate exercise boundary for a standard option with under-
lying asseti . Define the immediate exercise region for a spread option byES ≡ {(S1

t , S2
t , t) :

CS
t (S

1
t , S2

t ) = (S2
t − S1

t − K )+}.

PROPOSITION3.1. LetES represent the immediate exercise region for a spread option.
ThenES satisfies the following properties.

(i) (S1
t , S2

t , t) ∈ ES implies S2
t > S1

t + K.
(ii) (S1

t , S2
t , t) ∈ ES implies(S1

t , S2
t , s) ∈ ES for all t ≤ s ≤ T .

(iii) (S1
t , S2

t , t) ∈ ES implies(S1
t , λS2

t , t) ∈ ES for all λ ≥ 1.
(iv) (λS1

t , S2
t , t) ∈ ES for all 0≤ λ ≤ 1.
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FIGURE 3.1. Illustration ofES(t) for a spread option at timet with t < T .

(v) (0, S2
t , t) ∈ ES implies S2

t ≥ B2
t ; S2

t ≥ B2
t and S1

t = 0 implies(0, S2
t , t) ∈ ES.

(vi) (S1
t , S2

t , t) ∈ ES and (S̃1
t , S̃2

t , t) ∈ ES implies (S1
t (λ), S2

t (λ), t) ∈ ES for all
0≤ λ ≤ 1, where Sit (λ) = λSi

t + (1− λ)S̃i
t for i = 1, 2.

Property (i) in Proposition 3.1 follows since immediate exercise atS2 ≤ S1 + K is
dominated by any waiting policy which has a positive probability of giving a strictly positive
payoff at some fixed future date. This property implies that the exercise region for the spread
option can be thought of as a one-sided version of the exercise region for the max-option.
The intuition behind properties (ii)–(vi) parallels the corresponding properties for the max-
option. An illustration of the exercise region is given in Figure 3.1.

The price of the spread option can also be characterized in terms of variational inequalities
as in Proposition 2.6. This characterization leads to the following early exercise premium
representation of the value of the spread option. Define

cS
t (S

1
t , S2

t ) = E∗t
[
e−r (T−t)(S2

T − S1
T − K )+

]
(3.1)

which represents the value of the European spread option and the function

aS
2 (S

1
t , S2

t ) =
∫ T

v=t
e−r (v−t)E∗t

[
(δ2S2

v − δ1S1
v − r K )1{S2

v>BS
2 (S

1
v ,v)}

]
dv(3.2)

which is defined for a continuous surface{BS
2 (S

1
v , v) : v ∈ [t, T ], S1

v ∈ R+}.
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PROPOSITION3.2 (Early exercise premium representation for spread options).The value
of an American spread option is given by

CS
t (S

1
t , S2

t ) = cS
t (S

1
t , S2

t )+ aS
2 (S

1
t , S2

t , BS
2 (·, ·)),(3.3)

where BS
2 (·, ·) is a solution to the integral equation

BS
2 (S

1
t , t)− K = cS

t (S
1
t , BS

2 (S
1
t , t))+ aS

2 (S
1
t , BS

2 (S
1
t , t), BS

2 (·, ·))(3.4)

subject to the boundary conditions

lim
t↑T

BS
2 (S

1
t , t) = max

(
δ1

δ2
S1

T +
r

δ2
K , S1

T + K

)
(3.5)

BS
2 (0, t) = B2

t .(3.6)

Here aS
2 (S

1
t , S2

t , BS
2 (·, ·)) is the value of the early exercise premium.

American Options to Exchange One Asset for Another

WhenK = 0 the spread option becomes an American option to exchange one asset for
another with payoff(S2

t − S1
t )
+ upon exercise. This payoff can also be written as

(S2
t − S1

t )
+ = S1

t (Rt − 1)+

where Rt ≡ S2
t /S

1
t . Hence the exchange option can be thought of asS1

t options on an
asset with priceR and exercise price one. Of course, prior to the exercise date the random
number of optionsS1

t is unknown. The next proposition summarizes important properties
of the optimal exercise region for exchange options. Some of these properties are specific to
exchange options and do not follow from Proposition 3.1. See Figure 3.2 for an illustration.

PROPOSITION3.3. Let EE denote the optimal exercise region for an exchange option.
ThenEE satisfies

(i) (S1
t , S2

t , t) ∈ EE implies Rt > 1
(ii) (S1

t , S2
t , t) ∈ EE implies(S1

t , λS2
t , t) ∈ EE for λ ≥ 1 (up connectedness)

(iii) (S1
t , S2

t , t) ∈ EE implies(λS1
t , λS2

t , t) ∈ EE for λ > 0 (ray connectedness)
(iv) S1 = 0 implies immediate exercise is optimal for all S2 > 0.

Properties (i) and (ii) are particular cases of (i) and (iii) of Proposition 3.1. Property (iii)
is new and states that if immediate exercise is optimal at a point(S1, S2) then it is optimal
at every point of the ray connecting the origin to(S1, S2). This feature of the optimal
exercise region is a consequence of the homogeneity of degree one of the payoff function
with respect to(S1, S2). Properties (i)–(iii) imply that there existsBE(t) > 1 such that
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FIGURE 3.2. Illustration ofEE(t) for an American exchange option.

immediate exercise is optimal for allS1
t > 0 whenRt ≥ BE(t). Hence, immediate exercise

is optimal whenS2
t ≥ BE(t)S1

t for all S1
t ∈ R+ and allt ∈ [0, T ]. Property (iv) follows

from (v) in Proposition 3.1 by noting thatB2(t) = 0 whenK = 0.
Recall now that the price processes satisfy (2.1) and (2.2) and that the quadratic covariation

process betweenz1 andz2 isd[z1, z2]t = ρdt. By Itô’s lemmaRt ≡ S2
t /S

1
t has the dynamics

d Rt = Rt [(r − δR)dt + σRdzR
t ]

whereδR ≡ δ2 + r − δ1 − σ 2
1 + ρσ1σ2, σ 2

R ≡ σ 2
1 + σ 2

2 − 2ρσ1σ2, anddzR
t = [σ2dz2

t −
σ1dz1

t ]/σR. The next proposition provides a valuation formula for the American exchange
option. Rubinstein (1991) originally showed how the valuation of American exchange
options could be simplified to the case of a single underlying asset in a binomial tree
setting.

PROPOSITION3.4 (Early exercise premium representation for exchange options).The value
of the American option to exchange one asset for another, with payoff(S2

t − S1
t )
+ at the

exercise date, is given by

CE(S1, S2, t)= cE(S1, S2, t)(3.7)

+
∫ T

t
δ2S2

t e−δ2(v−t)N(−b(Rt , BE
v , v − t, δ1− δ2, σR))dv

−
∫ T

t
δ1S1

t e−δ1(v−t)N(−b(Rt , BE
v , v−t, δ1−δ2, σR)−σR

√
v − t)dv
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where cE(S1, S2, t) ≡ E∗t [e−r (T−t)(S2
T − S1

T )
+] is the value of the European exchange

option and

b(Rt , BE
v , v − t, δ1− δ2, σR) ≡

[
log

(
BE
v

Rt

)
− (δ1− δ2+ 1

2σ
2
R)(v − t)

]
(3.8)

× 1

σR
√
v − t

.

The optimal exercise boundary BE(·) solves the recursive integral equation

BE
t −1= cE(1, BE

t , t)+
∫ T

t
δ2BE

t e−δ2(v−t)N(−b(BE
t , BE

v , v−t, δ1−δ2, σR))dv(3.9)

−
∫ T

t
δ1e−δ1(v−t)N(−b(BE

t , BE
v , v − t, δ1− δ2, σR)− σR

√
v − t)dv

with boundary condition BET = δ1
δ2
∨ 1.

Formulas (3.7)–(3.9) reveal that the American exchange option with payoff(S2
t − S1

t )
+

has the same value at timet asS1
t American options with exercise prices 1 on asingleasset

with valueRt , dividend rateδ2, and volatilityσR, in a financial market with interest rateδ1.

Options on the Product with Random Exercise Price

This type of contract, which has a payoff of(S1
t S2

t − K S1
t )
+, is an option to exchange

one asset for another where the value of the asset to be received is a product of two prices.
An example is an option on the Nikkei index with an exercise price (K ) quoted in Japanese
yen (see Dravid, Richardson, and Sun 1993). ThenS2

t is the yen-value of the Nikkei,S1
t

represents the $/Y exchange rate, andK is the yen-exercise price. The payoff can also be
written as

S1
t (S

2
t − K )+.

Upon exercise, the contract produces a random number times the payoff on an option
written on the assetS2 only. WhenδP ≡ δ1 + δ2 − r − ρσ1σ2 equals zero, early exercise
is suboptimal. WhenδP > 0, the properties of the immediate exercise region can be
inferred from Proposition 3.3 by replacing(S1, S2, R) by (K S1, S1S2, S2/K ). Replacing
(δ1, δ2, δR, σ1, σ2, σR) in (3.7)–(3.9) by(δ1, δP, δ2, σ1, σP, σ2), together with the previous
substitutions, produces a valuation formula and a recursive integral equation for the optimal
exercise boundary.

4. AMERICAN EXCHANGE OPTIONS WITH PROPORTIONAL CAPS

This contract has a payoff equal to(S2−S1)+∧ LS1 whereL > 0. An example is a capped
call option on an index or an asset which is traded on a foreign exchange or issued in a
foreign currency. In the currency of reference the contract payoff is(S− K )+ ∧ L ′ where
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FIGURE 4.1. Exercise region for an American exchange option with a proportional cap.

S is the price of the asset in the foreign currency,K is the exercise price, andL ′ is the cap.
From the perspective of a U.S. investor the payoff equalse(S− K )+ ∧ L ′e or equivalently
(eS− Ke)+ ∧ L ′e. With the identificationS2 = eS, S1 = Ke, andL = L ′/K we obtain
the payoff structure of an exchange option with a proportional cap.

Since the payoff of an exchange option with a proportional cap is nonconvex (and since
the derivative of the payoff is discontinuous at the cap), the approach that derives the exercise
boundary from the standard integral representation of the early exercise premium does not
apply. However, it is still possible to identify the exercise boundary explicitly and to derive a
valuation formula by using dominance arguments. Proposition 4.1 gives a characterization
of the exercise boundary. See Figure 4.1 for an illustration.

PROPOSITION4.1. The immediate exercise boundary for an American exchange option
with a proportional cap LS1 is given by

S2
t ≥ BEC(t)S1

t ≡ BE(t)S1
t ∧ (1+ L)S1

t ,

i.e., the immediate exercise boundary is the minimum of the exercise boundary for a standard
uncapped exchange option (BE(t)S1

t ) and the cap plus S1.

Since the option payoff is bounded above by(S2 − S1)+ ∧ LS1 it is easy to verify that
the option price is bounded above by the minimum of the price of an uncapped American
exchange optionCE(S1, S2, t) andLS1

t . The optimality of immediate exercise whenS2
t ≥

BE(t)S1
t ∧ (1+ L)S1

t follows. If S2
t < BE(t)S1

t ∧ (1+ L)S1
t and 1+ L > (δ1/δ2) ∨ 1 it

is always possible to find an uncapped exchange option with shorter maturity,T0, whose
optimal exercise boundaryBE(t; T0) lies below(1+ L) today and at all timess, t ≤ s ≤ T0
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and is greater than the ratioS2
t /S

1
t at datet . Hence the optimal exercise strategy of this short

maturity exchange option is implementable for the holder of the capped exchange option.
It follows that

CEC(S1, S2, t) ≥ CE(S1, S2, t; T0).

Since immediate exercise is suboptimal for theT0-maturity option whenS2
t < BE(t)S1

t ,
it is also suboptimal for the capped exchange option. IfS2

t < BE(t)S1
t ∧ (1+ L)S1

t and
1+ L ≤ (δ1/δ2) ∨ 1 immediate exercise is dominated by the strategy of exercising at the
cap. This follows since the difference between these two strategies is the negative cash
flows δ2S2

v − δ1S1
v on the event{t ≤ v ≤ τL}, whereτL is the hitting time of the cap (see

equation (4.1) below). This proves Proposition 4.1.

PROPOSITION4.2. The value of an American exchange option with proportional cap is
given by

CEC(S1, S2, t) = L E∗t
[
e−r (τL−t)S1

τL
1{τL<t∗}

]+ E∗t
[
e−r (t∗−t)CE(S1

t∗ , S2
t∗ , t
∗) 1{τL≥t∗}

]
for t ≤ τL ∧ t∗ where

τL ≡ inf{v ∈ [0, T ] : S2
v = (1+ L)S1

v },(4.1)

or τL = T if no such time exists in[0, T ], and where t∗ is the solution to the equation

BE(t) = 1+ L

if a solution exists. If BE(t) > 1+ L for all t ∈ [0, T ] set t∗ = T ; if BE(t) < 1+ L for
all t ∈ [0, T ] set t∗ = 0.

The proposition above provides a representation of the option value in terms of the value
of an uncapped American exchange option and the payoff at the cap. We now seek to
establish another decomposition of the option price which emphasizes the early exercise
premium relative to an exchange option with automatic exercise at the cap.

Proposition 4.1 shows that immediate exercise is optimal whenS2 ≥ (1+ L)S1. Hence
for t < τL , the value of the American capped exchange option can also be written as

CEC(S1, S2, t) = sup
τ∈St,T

E∗t
[
e−r (τL∧τ−t)(S2

τL∧τ − S1
τL∧τ )

+] ,
whereSt,T is the set of stopping times taking values in [t, T ]. Thus, the American capped
exchange option has the same value as an exchange option with automatic exercise at the
cap that can be exercised prior to reaching the cap at the option of the holder of the contract.
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The value function for this stopping time problem solves the variational inequality



CEC(S1, S2, t) ≥ (S2− S1)+, ∂CEC

∂t + LCEC ≤ 0 on R+ × R+ ∩ {(S1, S2):
S2 < (1+ L)S1}(

∂CEC

∂t + LCEC

)
((S2− S1)+ − CEC) = 0 on R+ × R+ ∩ {(S1, S2):

S2 < (1+ L)S1}
CEC(S1, S2, T) = (S2− S1)+ at t = T

CEC(S1, S2, t) = LS1 on S2 = (1+ L)S1

defined on the domainR+ × R+ ∩ {(S1, S2): S2 < (1+ L)S1}.
Consider now a capped exchange option with automatic exercise at the cap. The value

of this contract is

CE L = E∗t [e−r (τL−t)(S2
τL
− S1

τL
)+](4.2)

for t < τL , whereτL is the stopping time defined in (4.1). Define the function

u(S1, S2, t) ≡ CEC(S1, S2, t)− CE L(S1, S2, t)(4.3)

which represents the early exercise premium of the American capped exchange option over
the capped option with automatic exercise at the cap. It is easy to show that (4.3) satisfies


u ≥ 0, ∂u

∂t + Lu ≤ 0 on R+×R+ ∩ {(S1, S2): S2<(1+L)S1}(
∂u
∂t +Lu

)
[(S2− S1)+−CE L−u]=0 on R+×R+ ∩ {(S1, S2): S2<(1+L)S1}

u(S1, S2, T) = 0 at t = T

u(S1, S2, t) = 0 on S2 = (1+ L)S1.

An application of Itô’s lemma enables us to prove the following representation formula.

PROPOSITION4.3. The value of an American capped exchange option has the represen-
tation

CEC(S1, S2, t) = CE L(S1, S2, t)+ E∗t

[∫ τL

t
e−r (v−t)(δ2S2

v − δ1S1
v )1{S2

v≥BEC
v S1

v }dv
]

(4.4)

for t ≤ τL , where CE L(S1, S2, t) represents the value of a capped exchange option with
automatic exercise at the cap defined in (4.2). In (4.4)τL ≡ inf{v ∈ [0, T ] : S2

v = (1+L)S1
v }

or τL = T if no suchv exists in[0, T ]. The exercise boundary BEC ≡ {BEC(t), t ∈ [0, T ]}
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satisfies the recursive integral equation

S1
t (B

EC(t)− 1) = CE L(S1
t , S1

t BEC(t), t)(4.5)

+ E∗t

[∫ τL (t)

t
e−r (v−t)(δ2S2

v − δ1S1
v )1{S2

v≥BEC
v S1

v }dv
] ∣∣∣∣

S2
t =S1

t BEC(t)

BEC(T) =
(

1∨ δ1

δ2

)
∧ (1+ L)(4.6)

whereτL(t) ≡ inf{v ∈ [t, T ] : S2
v ≥ (1+ L)S1

v } or τL(t) = T if no such time exists in
[t, T ].

It is easy to verify that the solution to the recursive integral equation (4.5) subject to (4.6)
is the optimal exercise strategyBEC = BE ∧ (1+ L) of Proposition 4.1. Indeed, by the
optional sampling theorem, the value of the uncapped exchange option can also be written
as

CE(S1
t , S2

t , t) = E∗t
[
e−r (τ ∗−t)(S2

τ ∗ − S1
τ ∗)
]

+ E∗t

[∫ τ ∗

t
e−r (v−t)(δ2S2

v − δ1S1
v )1{S2

v≥BE(v)S1
v }dv

]

for any stopping timeτ ∗ ∈ St,T such thatτ ∗ ≥ τBE ≡ inf{v ∈ [0, T ] : S2
v = BE(v)S1

v } (or
T if no suchv exists in [0, T ]). In particular if t < τL ∧ τBE andτBE ≤ τL we can select
τ ∗ = τL to obtain a representation of the American exchange option which is similar to
equation (4.4). Hence, as long asBE

t ≤ 1+ L and t < τL(t), newly issued capped and
uncapped exchange options have the same representation. It follows that(BEC

s , s ∈ [t, T ])
and (BE

s , s ∈ [t, T ]) solve the same recursive equation subject to the same boundary
condition. If t ≤ t∗ we know thatBE

t ≥ 1+ L. SubstituteBEC(t) ≡ 1+ L in equation
(4.5). At the pointS2

t = S1
t (1+ L), we haveCE L(S1, S1(1+ L), t) = LS1

t andτL(t) = t .
It follows that the right-hand side of (4.5) equalsLS1

t . HenceBEC(t) = 1+ L solves (4.5)
whent ≤ t∗.

The representation formula (4.4) differs from the standard early exercise premium rep-
resentation since it relates the value of the option to a contract that expires when the asset
price reaches the cap.

By settingS1 = K (i.e.,S1
0 = K , δ1 = r , σ1 = 0) the American capped exchange option

reduces to a capped option on a single underlying asset with exercise priceK (see Broadie
and Detemple 1995).2 Proposition 4.3 then provides a new representation for an American
capped call option (on a single underlying asset) in terms of the value of a capped call option
with automatic exercise at the cap and of an early exercise premium. It also provides a
recursive integral equation for the optimal exercise boundary of American capped options.

2In Broadie and Detemple (1995) the payoff on a capped option is written as(S∧ L ′ −K )+. This is equivalent
to (S− K )+ ∧ (L ′/K − 1)K . Hence a cap ofL in the analysis above corresponds toL ′ = (1+ L)K in our
previous notation.



260 MARK BROADIE AND JÉRÔME DETEMPLE

5. AMERICAN OPTIONS ON THE PRODUCT AND POWERS
OF THE PRODUCT OF TWO ASSETS

In this section we consider options which are “essentially” written on the product of two
assets. For instance, ifS1 andS2 are the underlying asset prices the payoffs under consid-
eration are

(i) product option:(S1
t S2

t − K )+ ≡ (Pt − K )+ wherePt ≡ S1
t S2

t .
(ii) power-product option:(Pγ

t − K )+ for someγ > 0.

Note that power-product options include as a special case product options(γ = 1) and
options on a geometric average of assets(γ = 1

2).
DefineYt ≡ Pγ

t ≡ (S1
t S2

t )
γ . An application of Itô’s lemma yields

dYt = Yt [(r − δY)dt + σYdzP
t ](5.1)

where δY = δP + (1 − γ )(r − δP + 1
2σ

2
P), σY = γ σP = γ (σ 2

1 + 2ρσ1σ2 + σ 2
2 )

1
2 ,

δP = δ1+ δ2− r −ρσ1σ2, anddzP
t = 1

σP
[σ1dz1

t +σ2dz2
t ]. In the remainder of this section,

we assumeδY ≥ 0. Now consider an American option on the single assetY. Let Bt (δY, σ
2
Y)

denote its optimal exercise boundary andCt (Yt ) its value.

PROPOSITION5.1. The optimal exercise boundary for an American power-product op-
tion is

BP P(S1
t , t) =

(Bt )
1/γ

S1
t

(5.2)

where Bt = Bt (δY, σ
2
Y) is the exercise boundary on a standard American call option written

on an asset whose price is Y satisfies (5.1). The power-product option value is

CP P(S1
t , S2

t , t) = Ct (Yt ).(5.3)

where Ct (Yt ) is the American call option value on the single asset Y .

The shaded region in Figure 5.1 illustrates the exercise region for an American product
option withγ = 1.

REMARK 5.1.

(i) If γ = 1 we getδY = δP andσY = σP. In this case we recover the American
option on a product of two assets.

(ii) If γ = 1
2 we getδY = 1

2(δP + r ) + 1
8σ

2
P andσY = 1

2σP. In this case we recover
the American option on a geometric average of two asset prices.
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FIGURE 5.1. Illustration of the exercise region for a product option (γ = 1) at timet with
t < T .

6. OPTIONS ON THE ARITHMETIC AVERAGE OF TWO ASSETS

We now consider American options which are written on an arithmetic average of assets.3

For simplicity we focus on the case of two underlying assets. Consider an option with
payoff ( 1

2(S
1
t + S2

t ) − K )+ upon exercise. The next proposition gives properties of the
optimal exercise region.

PROPOSITION6.1. LetE6 denote the optimal exercise region. Then

(i) (0, S2
t , t) ∈ E6 implies S2

t ≥ 2B2
t where B2

t is the exercise boundary on S2-option.
(ii) (S1

t , 0, t) ∈ E6 implies S1
t ≥ 2B1

t where B1
t is the exercise boundary on S1-option.

(iii) (S1
t , S2

t , t) ∈ E6 implies(λ1S1
t , λ2S2

t , t) ∈ E6 with λ1 ≥ 1, λ2 ≥ 1 (NE connect-
edness).

(iv) (S1
t , S2

t , t) ∈ E6 and(S̃1
t , S̃2

t , t) ∈ E6 implies(λS1
t +(1−λ)S̃1

t , λS2
t +(1−λ)S̃2

t ) ∈
E6 (convexity).

(v) (S1
t , S2

t , t) ∈ E6 implies(S1
t , S2

t , s) ∈ E6 for T ≥ s ≥ t .

Properties (i), (ii), (iv), and (v) are intuitive. Property (iii) states that the exercise region
is connected in the northeast direction. Indeed, forλ1 > 1 andλ2 > 1 the payoff( 1

2(λ1S1
t +

λ2S2
t )− K )+ is bounded above by

( 1
2(S

1
t + S2

t )− K )+ + 1
2((λ1− 1)S1

t + (λ2− 1)S2
t ).

It follows that the option value at(λ1S1
t , λ2S2

t , t) is bounded above by the option value at
(S1

t , S2
t , t) plus 1

2((λ1 − 1)S1
t + (λ2 − 1)S2

t ). For an illustration of the exercise region see
Figure 6.1.

3An example of a related contract is the American option on the value-weighted S&P 100 index which has
traded on the CBOE since 1983. The underlying stocks, however, pay dividends at discrete points in time.
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FIGURE 6.1. Illustration of the exercise region for an arithmetic average option at timet
with t < T .

The next proposition provides a valuation formula for an American arithmetic average
option.

PROPOSITION6.2 (Early exercise premium representation for arithmetic average options).
The value of the American option on the arithmetic average of 2 assets is

C6(S1, S2, t) = c6(S1, S2, t)

+
∫ T

t

1
2δ1S1

t e−δ1(v−t)8̃(S2
t , B6(·, v), v − t, 0, σ1

√
v − t)dv

+
∫ T

t

1
2δ2S2

t e−δ2(v−t)8̃(S2
t , B6(·, v), v − t,

σ2

√
1− ρ2

21

√
v − t, σ2ρ21

√
v − t)dv

−
∫ T

t
r Ke−r (v−t) 8̃(S2

t , B6(·, v), v − t, 0, 0)dv

where c6(S1, S2, t) denotes the value of the European option on the arithmetic average of
two assets and̃8(S2

t , B6(·, v), v− t, x, y) ≡ ∫ +∞−∞ n(w− y)N(−d(S2
t , B6(S1

v (w), v), v−
t, ρ,w)− x)dw and where S1v (w) = S1

t exp[(r − δ1− 1
2σ

2
1 )(v − t)+ σ1w

√
v − t ].

The optimal exercise boundary B6(S1
t , t) solves

1
2(S

1
t + B6(S1

t , t))− K = c6(S1
t , B6(S1

t , t), t)+ πt (S
1
t , B6(S1

t , t), t), t ∈ [0, T ]
1
2(δ1S1

T + δ2B6(S1
T , T)) = r K ∨ (δ2K + 1

2(δ1− δ2)S
1
T

B6(2B1
t , t) = 0

B6(0, t) = 2B2
t , t ∈ [0, T)

whereπt (S1, S2, t) denotes the early exercise premium.



VALUATION OF AMERICAN OPTIONS ON MULTIPLE ASSETS 263

FIGURE 7.1.

7. AMERICAN OPTIONS WITHn > 2 UNDERLYING ASSETS

In this section we treat the case of American options withn > 2 underlying assets. We
focus on the option on the maximum ofn assets; optimal exercise policies and valuation
formulas for other contracts, such as dual strike options and spread options, written onn
assets can be deduced using similar arguments.

We use the following notation:E X,n denotes the optimal exercise region for the max-
option onn assets,CX,n is the corresponding price,S≡ (S1, . . . , Sn) denotes the vector
of underlying asset prices, andGX,n

i ≡ {(S, t) : Si
t = max(S1, . . . , Sn)} for i = 1, . . . ,n.

Our first result parallels Proposition 2.1 of Section 2.

PROPOSITION7.1. If max(S1, . . . , Sn) = Si = Sj for i 6= j , i ∈ {1, . . . ,n}, j ∈
{1, . . . ,n} and if t < T then(S, t) /∈ E X,n. That is, prior to maturity immediate exercise is
suboptimal if the maximum is achieved by two or more asset prices.

Proposition 7.1 states that immediate exercise is suboptimal on all regions where the
maximum asset price is achieved by two or more asset prices. The intuition for the result
is straightforward. It is clear thatCX,n(S, t) ≥ CX,2(Si , Sj , t) whereCX,2(Si , Sj , t) is
the value of an American option on the maximum ofSi andSj . The result follows since
immediate exercise of this option is suboptimal whenSi = Sj (see Proposition 2.1).
Whenn = 3 these regions are the two-dimensional semiplanes connecting the diagonal
(S1 = S2 = S3) to the diagonals in the subspaces spanned by two prices((S1 = S2, S3 = 0),
(S1 = S3, S2 = 0), (S2 = S3, S1 = 0)). There are three such semiplanes. Figure 7.1 graphs
the trace of these semiplanes on a simplex whose vertices lie on the three axesS1, S2,
andS3.

Figure 7.2 graphs the trace of the optimal exercise sets on this simplex. In the upper
portion of the triangle, above the segments of lineS1 = S2 ≥ S3 andS1 = S3 ≥ S2 the
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FIGURE 7.2.

maximum is achieved byS1. Hence,E X,3
1 lies in this region. SimilarlyE X,3

2 lies in the
lower right corner andE X,3

3 in the lower left corner with vertexS3. The structure of these
sets and in particular their convexity follows from our next propositions.

PROPOSITION7.2 (Subregion Convexity). Consider two vectors S∈ Rn
+ and S̃ ∈ Rn

+.
Suppose that(S, t) ∈ E X,n

i and (S̃, t) ∈ E X,n
i for the same i∈ {1, . . . ,n}. Givenλ with

0 ≤ λ ≤ 1 denote S(λ) ≡ λS+ (1− λ)S̃. Then(S(λ), t) ∈ E X,n
i . That is, if immediate

exercise is optimal at S and̃S and if(S, t) ∈ GX,n
i and(S̃, t) ∈ GX,n

i then immediate exercise
is optimal at S(λ).

PROPOSITION7.3. E X,n satisfies the following properties.

(i) (S, t) ∈ E X,n implies(S, s) ∈ E X,n for all t ≤ s ≤ T ;
(ii) (S, t) ∈ E X,n

i implies(S1, . . . , λSi , . . . , Sn, t) ∈ E X,n
i for all λ ≥ 1;

(iii) (S, t) ∈ E X,n
i implies (λ1S1, λ2S2, . . . , Si , λi+1Si+1, . . . , λnSn) ∈ E X,n

i for all
0≤ λ j ≤ 1, j = 1, . . . , i − 1, i + 1, . . . ,n;

(iv) Si
t = 0 and(S, t) ∈ E X,n

i implies(S1, . . . , Si−1, Si+1, . . . , Sn, t) ∈ E X,n−1
i .

The proof of these results parallels the proofs of Propositions 2.2 and 2.3 for the case of
two underlying assets. Combining Propositions 7.1, 7.2, and 7.3 we see that the properties
of the max-option with two underlying assets extend naturally to the case ofn underlying
assets. Similarly, the characterizations of the price function in Propositions 2.5, 2.6, and
2.7 can be extended in a straightforward manner to the max-option written onn underlying
assets.
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8. CONCLUSIONS

In this paper we have identified the optimal exercise strategies and provided valuation
formulas for various American options on multiple assets. Several of our valuation formulas
express the value of the contracts in terms of an early exercise premium relative to a contract
of reference. For the contracts with convex payoff functions that we have analyzed, the
benchmarks are the corresponding European options with exercise at the maturity date
only. For a nonconvex payoff with discontinuous derivatives, a relevant benchmark may
be the corresponding contract with automatic exercise prior to maturity. For the case of an
American exchange option with a proportional cap, the benchmark is a capped exchange
option with automatic exercise at the cap. The early exercise premium in this case captures
the benefits of exercising prior to reaching the cap. These representation formulas are also of
interest since they can be used to derive hedge ratios and may be of importance in numerical
applications. In addition our analysis of the optimal exercise strategies has produced new
results of interest for the theory of investment under uncertainty. In particular we have
shown that firms choosing among exclusive alternatives may optimally delay investments
even when individual projects are well worth undertaking when considered in isolation.

One related contract that is not analyzed in the paper is a call option on the minimum of
two assets. When one of the two asset prices, sayS1, follows a deterministic process this
contract is equivalent to a capped option with growing cap written on a single underlying
asset. The underlying asset is the risky asset with priceS2; the cap is the price of the
riskless assetS1. When the cap has a constant growth rate and the risky asset price follows
a geometric Brownian motion process the optimal exercise policy is identified in Broadie
and Detemple (1995). The extension of these results to the case in which both prices
are stochastic is nontrivial. The determination of the optimal exercise boundary and the
valuation of the min-option in this instance are problems left for future research.

APPENDIX A

Standard American Options

PROPOSITIONA.1. For a standard American option (i.e., on a single underlying asset),
whose price follows a geometric Brownian motion process,

Ct (λSt )− Ct (St ) ≤ (λ− 1)St

for all λ ≥ 1.

Proof of Proposition A.1.Let λ ≥ 1 and suppose that the price of the underlying asset
is λSt . Let τ denote the optimal exercise strategy. Using the multiplicative structure of
geometric Brownian motion processes, we can write

Ct (λS) = E∗t [e−r (τ−t)(λSτ − K )+]

= E∗t [e−r (τ−t)((λ− 1)Sτ + (Sτ − K ))+]

≤ E∗t [e−r (τ−t)((λ− 1)Sτ + (Sτ − K )+)]

≤ (λ− 1)St + Ct (St ).
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The first inequality follows from(a+ b)+ ≤ a+ + b+ for any real numbersa andb. The
second inequality follows by the supermartingale property ofSt and by the suboptimality
of the exercise policyτ for the standard American option.

REMARK A.1. For a standard American option,(S, t) ∈ E implies (λS, t) ∈ E for
all λ ≥ 1. This follows immediately from Proposition A.1 by noting(S, t) ∈ E implies
Ct (S) = S− K > 0 and soCt (λS) ≤ (λ− 1)S+ Ct (S) = λS− K . Hence(λS, t) ∈ E .

American Options on Multiple Assets

Next we consider derivative securities written onn underlying assets. Throughout this
appendix, we suppose that the price of asseti at timet satisfies

dSi
t = Si

t [(r − δi )dt + σi dzi
t ](A.1)

wherezi , i = 1, . . . ,n are standard Brownian motion processes and the correlation between
zi andzj is ρi j . As before,r is the constant rate of interest,δi ≥ 0 is the dividend rate of
asseti , and the price processes indicated in (A.1) are represented in their risk neutral form.
We use this setting for ease of exposition. However, many of the results in this section hold
in more general settings.

Consider an American contingent claim written on then assets that matures at timeT .
Suppose that its payoff if exercised at timet is f (S1

t , S2
t , . . . , Sn

t ) ≥ 0. For convenience,
let St represent the vector(S1

t , S2
t , . . . , Sn

t ). Denote the value of this “f -claim” at timet by
C f

t (St ). It follows from Bensoussan (1984) and Karatzas (1988) that

C f
t (St ) = sup

τ∈St,T

E∗t [e−r (τ−t) f (Sτ )]

whereSt,T is the set of stopping times of the filtration with values in [t, T ]. The immediate
exercise region for thef -claim isE f ≡ {(St , t) ∈ Rn × [0, T ] : C f

t (St ) = f (St )}.
For any stopping timeτ ∈ S0,T and fori = 1, . . . ,n we can write

Si
τ = Si exp[(r − δi − 1

2σ
2
i )τ + σi z

i√τ ] = Si exp[(r − δi − 1
2σ

2
i )θT + σi z

i
√
θ
√

T ]

whereθ ∈ S0,1. Now defineNi
θT ≡ exp[(r − δi − 1

2σ
2
i )θT + σi zi

√
θ
√

T ], i = 1, . . . ,n,
and letNθT ≡ (N1

θT , . . . , Nn
θT ). In what follows, we writeSN to indicate the product of

two vectors. Using arguments similar to those in Jaillet, Lamberton, and Lapeyre (1990),
it can be verified that

C f
t (S) = sup

θ∈S0,1

E∗[e−r θ(T−t) f (SNθ(T−t))],

where the expectation is taken relative to the random variableszi , i = 1, . . . ,n.
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PROPOSITIONA.2. Suppose immediate exercise is optimal at time t with asset prices S,
i.e., (S, t) ∈ E f . Then immediate exercise is optimal at all later times at the same asset
prices. That is,(S, s) ∈ E f for all s such that t≤ s ≤ T .

Proof of Proposition A.2.Consider the new stopping timeθ ′ ≡ θ T−t
T−s . Sinceθ ∈ S0,1

we haveθ ′ ∈ S0,k wherek = T−t
T−s > 1 for t < s. It follows that

C f
t (S) = sup

θ ′∈S0,k

E∗[e−r θ ′(T−s) f (SNθ ′(T−s))]

≥ sup
θ ′∈S0,1

E∗[e−r θ ′(T−s) f (SNθ ′(T−s))]

= C f
s (S)

where the inequality above holds sinceS0,1 ⊂ S0,k for k > 1. Suppose now that(S, s) /∈ E f .
ThenC f

s (S) > f (S) and the inequality above impliesC f
t (S) > f (S). This contradicts

(S, t) ∈ E f .

Defineλ ◦i Sby

λ ◦i S= (S1, S2, . . . , Si−1, λSi , Si+1, . . . , Sn).

Proposition A.3 gives a sufficient condition for immediate exercise to be optimal at timet
with asset pricesλ ◦i St andλ ≥ 1 if immediate exercise is optimal at timet with asset
pricesSt .

PROPOSITIONA.3 (Right/up connectedness). Consider an American f -claim with ma-
turity T that has a payoff on exercise at time t of f(St ). Suppose immediate exercise is
optimal at time t with asset prices St , i.e., (St , t) ∈ E f , or equivalently, Cf

t (St ) = f (St ).
Fix an index i andλ ≥ 1. Suppose that the payoff function f satisfies

f (λ ◦i St ) = f (St )+ cSi
t(A.2)

where c≥ 0 is a constant that is independent of Si
t , but may depend onλ and Sj

t for j 6= i .
Also suppose that

f (λ ◦i S) ≤ f (S)+ cSi(A.3)

for all S ∈ Rn
+ (with the same c as in (A.2)). Then(λ ◦i St , t) ∈ E f .
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Proof of Proposition A.3.Suppose not; i.e., supposeC f
t (λ ◦i St ) > f (λ ◦i St ) for some

fixed i andλ ≥ 1. We have

C f
t (λ ◦i S) = sup

θ∈S0,1

E∗[e−r θ(T−t) f ((λ ◦i S)Nθ(T−t))]

≤ sup
θ∈S0,1

E∗[e−r θ(T−t)( f (SNθ(T−t))+ cSi Ni
θ(T−t))] (by (A.3))

≤ C f
t (S)+ cSi

= f (S)+ cSi (since(S, t) ∈ E f )

= f (λ ◦i S) (by assumption A.2).

This contradicts our assumptionC f
t (λ ◦i St ) > f (λ ◦i St ).

Conditions (A.2) and (A.3) are satisfied by the following option payoff functions (for the
indicated values ofi ):

Option payoff function Validi

(a) f (St ) = (max(S1
t , . . . , Sn

t )− K )+ {i : Si
t = max(S1

t , . . . , Sn
t )}

(b) f (S1
t , S2

t ) = (S2
t − S1

t − K )+ i = 2

First consider payoff function (a). We prove that conditions (A.2) and (A.3) hold for
all i such thatSi

t = max(S1
t , . . . , Sn

t ). Note that(St , t) belonging toE f implies f (St ) =
(Si

t − K )+ = Si
t − K > 0. Forλ > 1 we have

f (λ ◦i St ) = λSi
t − K

= Si
t − K + (λ− 1)Si

t

= f (St )+ cSi
t .

So (A.2) holds forc = λ − 1. To prove (A.3), definel = argmaxj=1,...,n λ ◦i Sj
τ and note

that if l 6= i ,

f (λ ◦i Sτ ) = (Sl
τ − K )+

≤ (Sl
τ − K )+ + (λ− 1)Si

τ

= f (Sτ )+ cSi
τ .

If l = i , then

f (λ ◦i Sτ ) = (λSi
τ − K )+

= [(Si
τ − K )+ (λ− 1)Si

τ ]
+

≤ (Si
τ − K )+ + (λ− 1)Si

τ

≤ f (Sτ )+ cSi
τ .

The first inequality follows since(a+ b)+ ≤ a+ + b+ for any real numbersa andb.
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For payoff function (b), conditions (A.2) and (A.3) hold fori = 2. To prove this, note
that(St , t) ∈ E f implies f (St ) = S2

t − S1
t − K > 0. Thus, forλ > 1 we have

f (λ ◦i St ) = λS2
t − S1

t − K

= S2
t − S1

t − K + (λ− 1)S2
t

= f (St )+ cS2
t ,

so (A.2) holds forc = λ− 1. To prove (A.3), note that

f (λ ◦i Sτ ) = (λS2
τ − S1

τ − K )+

= [(S2
τ − S1

τ − K )+ (λ− 1)S2
τ ]
+

≤ (S2
τ − S1

τ − K )+ + (λ− 1)S2
τ

= f (Sτ )+ cS2
τ .

Proposition A.4 gives a sufficient condition for the optimality of immediate exercise at
time t with asset pricesλ ◦i St and 0≤ λ ≤ 1 if immediate exercise is optimal at timet
with asset pricesSt .

PROPOSITIONA.4. Consider an American f -claim with maturity T that has a payoff
on exercise at time t of f(St ). Suppose immediate exercise is optimal at time t with asset
prices St , i.e.,(St , t) ∈ E f , or equivalently, Cf

t (St ) = f (St ). Fix an index i and fixλ with
0≤ λ ≤ 1. Suppose that the payoff function f satisfies

f (λ ◦i St ) = f (St ).(A.4)

Also suppose that

f (λ ◦i S) ≤ f (S)(A.5)

for all S ∈ Rn
+. Then(λ ◦i St , t) ∈ E f .

Proof of Proposition A.4.The proof is similar to the proof of Proposition A.3. Suppose
not; i.e., supposeC f

t (λ ◦i St ) > f (λ ◦i St ). We have

C f
t (λ ◦i S) = sup

θ∈S0,1

E∗[e−r θ(T−t) f ((λ ◦i S)Nθ(T−t))]

≤ sup
θ∈S0,1

E∗[e−r θ(T−t) f (SNθ(T−t))] (by assumption (A.5))

= C f
t (S)

= f (S) (since(S, t) ∈ E f )

HenceC f
t (λ ◦i S) ≤ f (S) = f (λ ◦i S) by (A.4). This contradictsC f

t (λ ◦i S) > f (λ ◦i S).
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Conditions (A.4) and (A.5) are satisfied by the following option payoff functions (for the
indicated values ofi ):

Option payoff function Validi

(a) f (St ) = (max(S1
t , . . . , Sn

t )− K )+ {i : Si
t < max(S1

t , . . . , Sn
t )}

(b) f (S1
t , S2

t ) = (S2
t − S1

t − K )+ i = 1

It is trivial to verify that conditions (A.4) and (A.5) hold for payoff functions (a) and (b)
for the indices indicated.

DefineαSby the usual scalar multiplication

αS= (αS1, αS2, . . . , αSn).

Proposition A.5 gives a sufficient condition for immediate exercise to be optimal at timet
with asset pricesαSt (α ≥ 1) if immediate exercise is optimal at timet with asset pricesSt .

PROPOSITIONA.5 (Ray connectedness). Consider an American f -claim with maturity T
that has a payoff on exercise at time t of f(St ). Suppose immediate exercise is optimal
at time t with asset prices St , i.e., (St , t) ∈ E f , or equivalently, Cf

t (St ) = f (St ). Also
suppose that for allα ≥ 1 the payoff function f satisfies

f (αSt ) = α f (St )+ c(A.6)

where c≥ 0 is a constant that is independent of St , but may depend onα. Also suppose
that

f (αS) ≤ α f (S)+ c(A.7)

for all S ∈ Rn
+. Then for allα ≥ 1 we have(αSt , t) ∈ E f .

Proof of Proposition A.5.Suppose not; i.e., supposeC f
t (αSt ) > f (αSt ) for someα > 1.

A contradiction follows from the string of inequalities

C f
t (αSt ) = sup

θ∈S0,1

E∗[e−r θ(T−t) f (αSt Nθ(T−t))]

≤ sup
θ∈S0,1

E∗[e−r θ(T−t)(α f (St Nθ(T−t))+ c)] (by assumption (A.7))

≤ αC f
t (St )+ c

= α f (St )+ c (since(St , t) ∈ E f )

= f (αSt ) (by (A.6))
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Conditions (A.6) and (A.7) are satisfied by the option payoff functions

(a) f (St ) = (max(S1
t , . . . , Sn

t )− K )+

(b) f (S1
t , S2

t ) = (S2
t − S1

t − K )+

For payoff function (a), conditions (A.6) and (A.7) hold. To prove this, note that(St , t) ∈
E f implies f (St ) > 0. We then have

f (αSt ) = max
j=1,...,n

αSj
t − K

= α( max
j=1,...,n

Sj
t − K )+ (α − 1)K

= α f (St )+ c,

so (A.6) holds forc = (α − 1)K . To prove (A.7), definel = argmaxj=1,...,n Sj and note
that

f (αS) = (αSl − K )+

= [α(Sl − K )+ (α − 1)K ]+

≤ α(Sl − K )+ + (α − 1)K

= α f (S)+ c.

For payoff function (b), conditions (A.6) and (A.7) hold. To prove this, note that(St , t) ∈
E f implies f (St ) = S2

t − S1
t − K > 0. Then

f (αSt ) = αS2
t − αS1

t − K

= α(S2
t − S1

t − K )+ (α − 1)K

= α f (St )+ c,

so (A.6) holds forc = (α − 1)K . To prove (A.7),

f (αS) = (αS2− αS1− K )+

= [α(S2− S1− K )+ (α − 1)K ]+

≤ α(S2− S1− K )+ + (α − 1)K

= α f (S)+ c.

PROPOSITIONA.6 (Convexity). Consider an American f -claim with maturity T that has
a payoff on exercise at time t of f(St ). Suppose that f is a (strictly) convex function. Then
C f

t (S) is (strictly) convex with respect to S.
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Proof of Proposition A.6.Using the convexity of the payoff function, we can write

C f
t (S(λ)) = sup

θ∈S0,1

E∗[e−r θ(T−t) f (λSNθ(T−t) + (1− λ)S̃Nθ(T−t))]

≤ sup
θ∈S0,1

E∗[e−r θ(T−t)(λ f (SNθ(T−t))+ (1− λ) f (S̃Nθ(T−t)))]

≤ sup
θ∈S0,1

E∗[e−r θ(T−t)λ f (SNθ(T−t))] + sup
θ∈S0,1

E∗[e−r θ(T−t)(1− λ) f (S̃Nθ(T−t))]

= λC f
t (S)+ (1− λ)C f

t (S̃).

APPENDIX B

Proof of Proposition 2.1.Suppose not; i.e., supposeCX
t (S

1
t , S1

t ) = (S1
t − K )+ for some

t < T . Consider a portfolio consisting of (1) a long position in one max-option, (2) a short
position of one unit of asset 1, and (3) $K invested in the riskless asset. The value of this
portfolio at timet , denotedVt , is zero sinceS1

t must be greater thanK for the assumption
to hold.4

Let u be a fixed time greater thant . Since exercise of the max-option at timeu may not
be optimal, the value of the portfolio at timet , Vt , satisfies

Vt ≥ E∗t [e−r (u−t)(max(S1
u, S2

u)− K )+] − S1
t + K .

Next we show that the right-hand side of the previous inequality is strictly positive for some
u > t . That is,Vt > 0 which contradictsVt = 0 asserted earlier.

To showVt > 0, first let A(u) denoteE∗t [e−r (u−t)(max(S1
u, S2

u)− K )+]. Then

A(u) ≥ E∗t [e−r (u−t)(max(S1
u, S2

u)− K )]

= E∗t
[
e−r (u−t)[S1

u − K + 1{S2
u>S1

u}(S
2
u − S1

u)]
]

= e−r (u−t)
(
E∗t (S

1
u)− K + E∗t [1{S2

u>S1
u}(S

2
u − S1

u)]
)

= S1
t e−δ1(u−t) − Ke−r (u−t) + e−r (u−t)E∗t [1{S2

u>S1
u}(S

2
u − S1

u)].

Clearly (a)S1
t e−δ1(u−t) − Ke−r (u−t) − (S1

t − K ) → 0 asu → t . Also, (b) e−r (u−t)

E∗t [1{S2
u>S1

u}(S
2
u − S1

u)] ↓ 0 asu→ t . However, Lemma B.1 below shows that convergence
is faster in case (a). That is, there exists au > t such thatA(u) > S1

t − K . This implies
Vt ≥ A(u)− S1

t + K > 0 which contradictsVt = 0. HenceCX
t (S

1
t , S1

t ) > (S1
t − K )+ for

all t < T .

LEMMA B.1. Suppose S1t = S2
t > 0 and t< T . Then there exists a time u, t< u < T ,

4If S1
t = S2

t < K we can always find an exercise strategy whose value is strictly positive. It follows that
CX

t (S
1
t , S1

t ) > 0.
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such that

S1
t (e
−δ1(u−t) − 1)− K (e−r (u−t) − 1)+ e−r (u−t)E∗t [1{S2

u>S1
u}(S

2
u − S1

u)] > 0.

Proof of Lemma B.1.Let u = t +1t andB(1t) = e−r1t E∗t [1{S2
u>S1

u}(S
2
u − S1

u)], where
the expectation is evaluated atS1

t = S2
t . A straightforward computation gives

B(1t) =
∫ ∞
−∞

S2
t exp[−(δ1+ 1

2σ
2
2 (1− ρ2))1t ]N

(−d(w)+ σ2− ρσ1√
1− ρ2

√
1t
)
n(w)dw

−
∫ ∞
−∞

S2
t exp[−δ11t ]N

(−d(w)− σ1(σ1− ρσ2)

σ2

√
1− ρ2

√
1t
)
n(w)dw

whered(w) = [(δ2−δ1+ 1
2σ

2
2 − 1

2σ
2
1 )
√
1t+w(σ1−ρσ2)]/(σ2

√
1− ρ2). It can be shown

that B(0) = 0 andB′(0) = +∞. Let8(1t) ≡ S1
t (e
−δ11t − 1) − K (e−r1t − 1). Then

8(0) = 0 and8 has a finite derivative at zero given by8′(0) = r K − δ1S1
t . Hence, there

exists a1t > 0 (or equivalently,u > t) such that the assertion of the lemma holds.

Proof of Proposition 2.2.Since(S, t) ∈ E X
i and(S̃, t) ∈ E X

i we haveCX
t (S) = Si − K

and CX
t (S̃) = S̃i − K . Since(S1 ∨ S2 − K )+ is convex inS1 and S2 we can apply

Proposition A.6 and write

CX
t (S(λ)) ≤ λCX

t (S)+ (1− λ)CX
t (S̃) = λ(Si − K )+ (1− λ)(S̃i − K ) = Si (λ)− K .

On the other hand, since immediate exercise is a feasible strategyCX
t (S(λ)) ≥ (S1(λ) ∨

S2(λ) − K )+ = Si (λ) − K when (S, t) ∈ E X
i and (S̃, t) ∈ E X

i . Combining these two
inequalities implies(S(λ), t) ∈ E X

i .

Proof of Proposition 2.3.

(i) This assertion follows immediately from Proposition A.2 in Appendix A.
(ii) This is immediate from Proposition A.3 and the remarks for payoff function (a)

which follow that proposition.
(iii) This assertion follows from Proposition A.4 and the remarks for payoff function (a)

which follow that proposition.
(iv) If S2

t = 0 then S2
v = 0 for all v ≥ t . Hence the max-option is equivalent

to a standard option on the single assetS1. By definition, the optimal exercise
boundary for this standard option isB1

t .

Proof of Proposition 2.4.The proof uses the following lemmas.

LEMMA B.2. Let K1 > K2 denote two exercise prices and letE X(t, K1) andE X(t, K2)

represent the corresponding exercise regions at time t. ThenE X(t, K1) ⊂ E X(t, K2). In
particular, for K > 0 we haveE X(t, K ) ⊂ E X(t, 0).



274 MARK BROADIE AND JÉRÔME DETEMPLE

Proof of Lemma B.2.Suppose immediate exercise is optimal at timet for theK1 option
but not for theK2 option. Then

(S1 ∨ S2− K2)
+ < CX(S1, S2, K2)

= E∗[e−r (τ−t)(S1
τ ∨ S2

τ − K2)
+]

= E∗[e−r (τ−t)(S1
τ ∨ S2

τ − K1+ K1− K2)
+]

≤ E∗[e−r (τ−t)(S1
τ ∨ S2

τ − K1)
+] + E∗[e−r (τ−t)(K1− K2)

+]

≤ CX(S1, S2, K1)+ K1− K2

= (S1 ∨ S2− K1)
+ + K1− K2

where the last line follows from the optimality of immediate exercise for theK1-option.
The contradiction obtained shows that immediate exercise is optimal for theK2-option.

LEMMA B.3 (Ray connectedness). If (S1, S2, t) ∈ E X(t, 0) then(λS1, λS2, t) ∈ E X(t, 0)
for all λ > 0.

Proof of Lemma B.3.Suppose(λS1, λS2, t) /∈ E X(t, 0) for someλ > 0. Then there
existsτλ ∈ St,T such that

λS1 ∨ λS2 < C(λS1, λS2, 0) = E∗t [e−r (τλ−t)(λS1
τ ∨ λS2

τ )] = λE∗t [e−r (τλ−t)(S1
τ ∨ S2

τ )].

It follows thatS1∨S2 < E∗t [e−r (τλ−t)(S1
τ ∨S2

τ )]; i.e., the stopping time strategyτλ dominates
immediate exercise at(S1, S2, t). This contradicts the hypothesis.

LEMMA B.4. (S, S, t) /∈ E X(t, 0) for t < T .

Proof of Lemma B.4.This follows from the proof of Proposition 2.1 withK = 0.

Now to prove the proposition, Lemma B.4 states that(S, S, t) /∈ E X(t, 0). SinceE X(t, 0)
is a closed set, there exists an open neighborhood of(S, S) such that(S1, S2, t) /∈ E X(t, 0)
for all (S1, S2) in the neighborhood. The ray connectedness of Lemma B.3 implies the
existence of an open coneR(λ1, λ2) such thatR(λ1, λ2)∩E X(t, 0) = ∅. Finally, Lemma B.2
implies R(λ1, λ2) ∩ E X(t, K ) = ∅.

Proof of Proposition 2.6.

(i) Uniform boundedness of the spatial derivatives: We focus on the derivative relative
to S1. The argument forS2 follows by symmetry. Consider two asset values
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(S1
t , S2

t , t) and(S̃1
t , S2

t , t). For any stopping timeτ ∈ St,T we have

|(S1
τ ∨ S2

τ − K )+ − (S̃1
τ ∨ S2

τ − K )+| ≤ |(S1
τ ∨ S2

τ )− (S̃1
τ ∨ S2

τ )|(B.1)

≤ |S1
τ − S̃1

τ |
= |S1

t − S̃1
t | exp[(r − δ1)(τ − t)

− 1
2σ

2
1 (τ − t)+ σ1(z

1
τ − z1

t )
]

≤ |S1
t − S̃1

t | exp[r (τ − t)

− 1
2σ

2
1 (τ − t)+ σ1(z

1
τ − z1

t )
]
.

Without loss of generality, supposeS1
t > S̃1

t . Let τ1 ∈ St,T represent the optimal
stopping time for(S1

t , S2
t , t). We have

|CX(S1
t , S2

t , t)− CX(S̃1
t , S2

t , t)| ≤ E∗t [e−r (τ1−t)|(S1
τ1
∨ S2

τ1
− K )+

−(S̃1
τ1
∨ S2

τ1
− K )+|]

≤ |S1
t − S̃1

t |E∗t [exp(− 1
2σ

2
1 (τ1− t)

+σ1(z
1
τ1
− z1

t ))] (by (A.8))

= |S1
t − S̃1

t |.

Hence, [|CX(S1
t , S2

t , t)− CX(S̃1
t , S2

t , t)|]/(|S1
t − S̃1

t |) ≤ 1; i.e., one is a uniform
upper bound.

(ii) Local boundedness of the time derivative: Defineu(t) ≡ CX(S1, S2, t) and let
θ(t) ∈ S0,1 denote the optimal stopping time for this problem. We have

|u(t)− u(s)| ≤ ∣∣E∗[e−r θ(t)(T−t)(max
i

Si Ni
θ(t)(T−t) − K )+(B.2)

−e−r θ(t)(T−s)(max
i

Si Ni
θ(t)(T−s) − K )+

]∣∣
(sinceθ(t) is suboptimal foru(s))

≤ E∗
[|e−r θ(t)(T−t) − e−r θ(t)(T−s)|(max

i
Si Ni

θ(t)(T−t) − K )+

+ e−r θ(t)(T−s)|(max
i

Si Ni
θ(t)(T−t) − K )+

−(max
i

Si Ni
θ(t)(T−s) − K )+|].

SinceG(t) ≡ e−r θ(t)(T−t) is convex int , we can write

|e−r θ(t)(T−t) − e−r θ(t)(T−s)| ≤ [ sup
θ∈[0,1]
v∈[0,T ]

(r θe−r θ(T−v))]|r θ(t)(t − s)| ≤ k|t − s|(B.3)
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for some constantk. Also

E∗(max
i

Si Ni
θ(t)(T−t) − K )+ ≤

2∑
i=1

E∗(Si Ni
θ(t)(T−t))(B.4)

≤
2∑

i=1

Si exp[|r − δi |(T − t)] ≡
2∑

i=1

ki S
i

for some constantski .
Finally, letαi ≡ r − δi − 1

2σ
2
i , i = 1, 2, and defineai (s) ≡ αi θ(t)(T − s) +

σi zi
√
θ(t)
√

T − s. We can write

9 ≡ |(S1ea1(t) ∨ S2ea2(t) − K )+ − (S1ea1(s) ∨ S2ea2(s) − K )+|(B.5)

≤ |S1ea1(t) ∨ S2ea2(t) − S1ea1(s) ∨ S2ea2(s)|
≤ |S1ea1(t) ∨ S2ea2(t) − S1ea1(s) ∨ S2ea2(t)|
+ |S1ea1(s) ∨ S2ea2(t) − S1ea1(s) ∨ S2ea2(s)|

≤ S1(ea1(t) ∨ ea1(s))|a1(t)− a1(s)| + S2(ea2(t) ∨ ea2(s))|a2(t)− a2(s)|
≤ (S1+ S2)e|a1(t)|+|a1(s)|+|a2(t)|+|a2(s)|(|a1(t)− a1(s)| + |a2(t)− a2(s)|),

where the third inequality follows from the convexity of the exponential function.
But |ai (s)| ≤ |αi |θ(t)(T − s) + σi |zi |√θ(t)√T − s ≤ |αi |T + σi |zi |√T , and∑

i |ai (t) − ai (s)| ≤
∑

i (|αi |θ(t)(t − s) + σi |zi |√θ(t)(√T − t − √T − s)) ≤
A(|t − s| +∑i |zi |(

√
T − t −√T − s)) ≡ h. Substituting these inequalities in

(A.12), taking expectations, and using the Cauchy–Schwartz inequality yields

E∗[9] ≤ (S1+ S2)E∗[e(
∑

i
|αi |)T+(

∑
i
σi |zi |)

√
T h](B.6)

≤ (S1+ S2)(E∗[e2(
∑

i
|αi |)T+2(

∑
i
σi |zi |)

√
T ]E∗|h|2) 1

2

≤ B(S1+ S2)(E∗|h|2) 1
2 ,

for some constantB. Furthermore

E∗|h|2 ≤ D

(
|s− t |2+ E∗

(|z1| + |z2|)2 (√T − t −√T − s
)2
)
,

for some constantD. Sinceφ(t) ≡ √T − t hasφ′(t) = − 1
2(T − t)−1/2 < 0 and

φ′′(t) = − 1
4(T − t)−3/2 < 0, we have 0≤ φ(t) − φ(s) ≤ 1

2(T − s)−1/2|s− t |
for t ≤ s. It follows that

E∗|h|2 ≤ D

(
|s− t |2+ 2(E∗(z1)2+ E∗(z2)2)

1/4

T − s
|s− t |2

)
(B.7)

≡ D̄|s− t |2.
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Substituting (B.3), (B.4), (B.6), and (B.7) in (B.2) yields

|u(t)− u(s)| ≤ (S1+ S2)Ns|t − s|

whereNs depends ons. Local boundedness of∂u/∂t follows.
Theorem 3.2 in Jaillet, Lamberton, and Lapeyre (1990) shows thatCX satisfies

the variational inequalities (2.4). These variational inequalities can be combined
with the convexity of the price function (Proposition 2.5, (iv)), the local bound-
edness of∂CX/∂t , and the uniform boundedness of∂CX/∂Si , i = 1, 2, to prove
that the second partial derivatives are locally bounded (see equation (B.9) below).

Proof of Corollary 2.1.Using the transformationS1 = ey1 andS2 = ey2 we can rewrite
equation (2.4) as

1

2

[
∂2CX

∂y2
1

σ 2
1 + 2

∂2CX

∂y1∂y2
σ1ρσ2+ ∂

2CX

∂y2
2

σ 2
2

]
≤ rC X − α1

∂CX

∂y1
− α2

∂CX

∂y2
− ∂CX

∂t
,(B.8)

whereαi = r − δi − 1
2σ

2
i , i = 1, 2. Convexity also impliesz′Hz≥ 0 for all z ∈ R2 where

H represents the Hessian ofCX. Let CX
i j ≡ ∂2CX

∂yi ∂yj
for i, j = 1, 2. Forz′ ≡ (ρσ1, σ2) we

get

(ρσ1, σ2)

(
CX

11 CX
12

CX
21 CX

22

)(
ρσ1

σ2

)
= ρ2σ 2

1 CX
11+ 2ρσ1σ2CX

12+ σ 2
2 CX

22 ≥ 0,

which impliesσ 2
1 CX

11+2ρσ1σ2CX
12+σ 2

2 CX
22 ≥ (1−ρ2)σ 2

1 CX
11 ≥ 0.Combining this inequality

with (B.8) yields

0≤ 1
2(1− ρ2)σ 2

1 CX
11 ≤ rC X − α1

∂CX

∂y1
− α2

∂CX

∂y2
− ∂CX

∂t
.(B.9)

Now consider the domain

6t ≡ {(y1, y2) : y−2 ≤ y2 ≤ y+2 , y−1 (y2) ≡ BX
1 (y2, t)− ε ≤ y1 ≤ BX

1 (y2, t)+ ε ≡ y+1 (y2)}

for given constantsy−2 ≤ y+2 andε > 0. Integrating (B.9) over6t × [t1, t2] yields

0 ≤ 1
2(1− ρ2)σ 2

1

∫ t2

t1

∫ y+2

y−2

∫ y+1 (y2)

y−1 (y2)

CX
11dy1 dy2 dt ≤ r

∫ t2

t1

∫
6t

CXdy1 dy2 dt

−α1

∫ t2

t1

∫
6t

∂CX

∂y1
dy1 dy2 dt − α2

∫ t2

t1

∫
6t

∂CX

∂y2
dy1 dy2 dt

−
∫ t2

t1

∫
6t

∂CX

∂t
dy1 dy2 dt,
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for all ε > 0. Equivalently

0 ≤ 1
2(1− ρ2)σ 2

1

∫ t2

t1

∫ y+2

y−2

(
CX

1 (y
+
1 (y2), y2)− CX

1 (y
−
1 (y2), y2)

)
dy2 dt

≤ r
∫ t2

t1

(
sup
6t

CX

)
λ(6t )dt

−α1

∫ t2

t1

∫ y+2

y−2

(
CX(y+1 (y2), y2)− CX(y−1 (y2), y2)

)
dy2 dt

−α2

∫ t2

t1

∫ y+1

y−1

(
CX(y1, y+2 (y1))− CX(y1, y−2 (y1))

)
dy1 dt

+
∫ t2

t1

sup
6t

(
−∂CX

∂t

)
λ(6t )dt

whereλ(6t ) is the Lebesgue measure of the set6t . To obtain the integral relative toy1,
we reversed the order of integration:y−1 , y+1 , y−2 (y1), andy+2 (y1) denote the edges of the
domain6t under this transformation.

As ε ↓ 0 all four terms on the righthand side converge to zero sinceλ(6t ) ↓ 0, CX is
locally bounded, and∂CX/∂t is locally bounded (see Proposition 2.6). We conclude that
CX

1 (y
+
1 (y2), y2) − CX

1 (y
−
1 (y2), y2) ↓ 0 asε ↓ 0 for all t ∈ [t1, t2] and all y2 ∈ [y−2 , y+2 ].

SinceCX
1 (y

+
1 (y2), y2) = 1 it follows thatCX

1 (y
−
1 (y2), y2) = 1 for all t ∈ [t1, t2], y2 ∈

[y−2 , y+2 ]. Proceeding along the same lines we can showCX
2 (y1, y+2 (y1)) = 0 across the

boundaryBX
1 (y2, t).

Proof of Proposition 2.7.Since the partial derivatives exist and since the spatial deriva-
tives are continuous on [0, T) × R+ × R+ (by Proposition 2.6 and Corollary 2.1) we can
apply Itô’s lemma and write

e−r (T−t)CX(S1
T , S2

T , T) = CX(S1
t , S2

t , t)+
∫ T

s=t
e−r (s−t)

2∑
i=1

∂CX

∂Si
σi S

i
sdzi

s(B.10)

+
∫ T

s=t

(
L[e−r (s−t)CX

s ] + e−r (s−t) ∂CX

∂s

)
ds.

On the continuation regionC we have∂CX/∂t + LCX = 0. On the immediate exercise
regionE X we haveCX(S1

t , S2
t , t) = max(S1

t , S2
t )− K . Thus

∂CX

∂t
+ LCX =

{
−(δ1− r )S1

t − r (S1
t − K ) = −δ1S1

t + r K onE X
1

−(δ2− r )S2
t − r (S2

t − K ) = −δ2S2
t + r K onE X

2 .

Also CX(S1
T , S2

T , T) = (max(S1
T , S2

T )−K )+. Substituting and taking expectations on both
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sides of (B.10) gives

(B.11)

E∗t [e−r (T−t)(max(S1
T , S2

T )− K )+] = CX(S1
t , S2

t , t)

+
∫ T

s=t
E∗t [e−r (s−t)(r K − δ1S1

s)1{S1
s≥BX

1 (S
2
s ,s)}

+ e−r (s−t)(r K − δ2S2
s)1{S2

s≥BX
2 (S

1
s ,s)}]ds.

Rearranging (B.12) produces the representation (2.8). The recursive equations (2.9) and
(2.10) for the optimal exercise boundaries are obtained by imposing the boundary conditions
CX

t (B
X
1 (S

2
t , t), S2

t ) = BX
1 (S

2
t , t) − K and CX

t (S
1
t , BX

2 (S
1
t , t)) = BX

2 (S
1
t , t) − K . The

boundary conditions (2.11) hold since the max-option converges to an option on one asset
ast ↑ T . Similarly, (2.12) holds since the max-option is a standard option on a single asset
when one price is zero.

Proof of Proposition 3.1.

(i) Clearly immediate exercise is suboptimal ifS2
t ≤ S1

t + K .
(ii) This assertion follows immediately from Proposition A.2 in Appendix A.

(iii) This is immediate from Proposition A.3 and the remarks for payoff function (b)
which follow that proposition.

(iv) This assertion follows from Proposition A.4 and the remarks for payoff function (b)
which follow that proposition.

(v) If S1
t = 0 thenS1

v = 0 for all v ≥ t . Hence the spread option is equivalent
to a standard option on the single assetS2. By definition, the optimal exercise
boundary for this standard option isB2

t .
(vi) The proof is similar to the proof of Proposition 2.2.

Proof of Proposition 3.3.

(i) If Rt ≤ 1 there exists a waiting policy which has positive value.
(ii) Let λ > 1 and suppose that(S1

t , λS2
t , t) /∈ EE. Then there exists a stopping time

τ such thatτ ∈ St,T and

C(S1
t , λS2

t , t) = E∗t [e−r (τ−t)S1
τ (λRτ − 1)+]

= E∗t [e−r (τ−t)S1
τ (Rτ − 1+ (λ− 1)Rτ )

+]

≤ E∗t [e−r (τ−t)S1
τ (Rτ − 1)+] + (λ− 1)E∗t [e−r (τ−t)S1

τ Rτ ]

≤ C(S1
t , S2

t , t)+ (λ− 1)S2
t

= S2
t − S1

t + (λ− 1)S2
t = λS2

t − S1
t .

(iii) Considerλ > 0 and suppose that(λS1
t , λS2

t , t) /∈ EE. Then there existsτ ∈ St,T
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with τ > t such that

C(λS1
t , λS2

t , t) > λS1
t

(
λS2

t

λS1
t
− 1

)
⇐⇒ E∗t [e−r (τ−t)λS1

τ (Rτ − 1)+] > λS1
t (Rt − 1)+

⇐⇒ E∗t [e−r (τ−t)S1
τ (Rτ − 1)+] > S1

t (Rt − 1)+.

SinceC(S1
t , S2

t , t) ≥ E∗t [e−r (τ−t)S1
τ (Rτ−1)+] we getC(S1

t , S2
t , t) > S1

t (Rt−1)+.
This contradicts the assumption(S1

t , S2
t , t) ∈ EE.

(iv) If S1
t = 0 we haveS1

v = 0 for all v ≥ t . Hence,S2
τ − S1

τ = S2
τ for all stopping

timesτ . But S2
t ≥ E∗t [e−r (τ−t)S2

τ ] for all stopping timesτ . The result follows.

Proof of Proposition 3.4.The value of the option in the exercise region isS2
t − S1

t which
has dynamics

d(S2
t − S1

t ) = S2
t [(r − δ2)dt + σ2dz2

t ] − S1
t [(r − δ1)dt + σ1dz1

t ] on {Rt ≥ BE
t }.

The value of the option can then be written as

CE(S1
t , S2

t , t) = cE(S1
t , S2

t , t)+ E∗t

[∫ T

t
e−r (v−t)(δ2S2

v − δ1S1
v )1{Rv≥BE

v }dv
]

wherecE(S1
t , S2

t , t) ≡ E∗t [e−r (T−t)(S2
T − S1

T )
+] is the value of the European exchange

option.
But Rv ≥ BE

v if and only if zR ≥ d(Rt , BE
v , v − t), where

d(Rt , BE
v , v − t) ≡

[
log

(
BE
v

Rt

)
− (r − δR− 1

2σ
2
R)(v − t)

]
1

σR
√
v − t

.

For i = 1, 2, definezi = ρi RzR+
√

1− ρ2
i R ui R where

ui R ≡ zi − ρi RzR√
1− ρ2

i R

and ρi Rdt ≡ 1

σiσR
Cov

(
dSi

t

Si
t

,
d R

R

)
= 1

σiσR
[σ 2

i − ρσ1σ2]dt.

Let d(Rt , BE
v , v − t) ≡ d. Taking account of the fact thatu2R andu1R have standard
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normal distributions and are each independent ofzR, we can write the early exercise premium
as

∫ T

t

∫
{

zR≥d
u2R∈(−∞,+∞)

}δ2S2
t e−δ2(v−t) exp[− 1

2σ
2
2 (v − t)+ σ2(ρ2RzR

+
√

1− ρ2
2R u2R)

√
v − t ]n(zR)n(u2R)dzRdu2Rdv

−
∫ T

t

∫
{

zR≥d
u1R∈(−∞,+∞)

}δ1S1
t e−δ1(v−t) exp[− 1

2σ
2
1 (v − t)+ σ1(ρ1RzR

+
√

1− ρ2
1R u1R)

√
v − t ]n(zR)n(u1R)dzRdu1Rdv

=
∫ T

t

∫ ∞
d

∫ ∞
−∞

δ2S2
t e−δ2(v−t)n(zR− σ2ρ2R

√
v − t)

× n(u2R− σ2

√
1− ρ2

2R

√
v − t)dzRdu2Rdv

−
∫ T

t

∫ ∞
d

∫ ∞
−∞

δ1S1
t e−δ1(v−t)n(zR− σ1ρ1R

√
v − t)

× n(u1R− σ1

√
1− ρ2

1R

√
v − t)dzRdu1Rdv

=
∫ T

t

∫ ∞
d−σ2ρ2R

√
v−t

∫ ∞
−∞

δ2S2
t e−δ2(v−t)n(wR)n(w)dwRdwdv

−
∫ T

t

∫ ∞
d−σ1ρ1R

√
v−t

∫ ∞
−∞

δ1S1
t e−δ1(v−t)n(wR)n(w)dwRdwdv

=
∫ T

t
δ2S2

t e−δ2(v−t)N(−d(Rt , BE
v , v − t)+ σ2ρ2R

√
v − t)dv

−
∫ T

t
δ1S1

t e−δ1(v−t)N(−d(Rt , BE
v , v − t)+ σ1ρ1R

√
v − t)dv

where

d(Rt , BE
v , v − t)− σ2ρ2R

√
v − t =

[
log

(
BE
v

Rt

)
− (δ1− δ2+ 1

2σ
2
R)(v − t)

]
1

σR
√
v − t

≡ b(Rt , BE
v , v − t, δ1− δ2, σR)

and

d(Rt , BE
v , v − t)− σ1ρ1R

√
v − t =

[
log

(
BE
v

Rt

)
− (δ1− δ2+ 1

2σ
2
R)(v − t)

]
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× 1

σR
√
v − t

+ σR
√
v − t

= b(Rt , BE
v , v − t, δ1− δ2, σR)+ σR

√
v − t .

The recursive integral equation for the optimal boundary is obtained by dividing byS1
t

throughout and settingCE(S1
t , S2

t , t) = S1
t (B

E
t − 1) at the pointS2

t /S
1
t ≡ Rt = BE

t .

The proof of Proposition 4.1 follows from the next lemma.

LEMMA B.5. The price of the exchange option with proportional cap satisfies the fol-
lowing inequalities,

0≤ (S2− S1)+ ∧ LS1 ≤ CEC(S1, S2, t) ≤ CE(S1, S2, t) ∧ V(LS1, t)

where V(LS1, t) is the date t value of an American contingent claim which pays LS1 upon
exercise. Whenδ1 > 0 we have V(LS1, t) = LS1

t .

Proof of Lemma B.5.The lower bound on the price follows since immediate exercise is
always a feasible strategy. To obtain the upper bound note that(S2−S1)+∧LS1 ≤ (S2−S)+.
HenceCEC(S1, S2, t) ≤ CE(S1, S2, t). On the other hand(S2− S1)+ ∧ LS1 ≤ LS1. This
yieldsCEC(S1, S2, t) ≤ V(LS1, t). Combining these two bounds yields the upper bound
in the lemma. Finally note that whenδ1 > 0 it does not pay to delay buying the assetS1

since this amounts to a loss of dividend payments.

Proof of Proposition 4.1.From the lemma it is straightforward to see that immediate
exercise is optimal ifS2

t ≥ BE(t)S1
t ∧ (1+ L)S1

t . WhenS2
t < BE(t)S1

t ∧ (1+ L)S1
t , the

suboptimality of immediate exercise is proved in the text.

Proof of Proposition 4.3.We first establish the continuity of the derivatives ofCEC(S1, S2, t)
across the exercise boundaryBEC.

LEMMA B.6. The spatial derivatives(∂CEC/∂Si )(S1, S2, t), i = 1, 2 are continuous
on {S2 = BECS1} ∩ {S2 < (1+ L)S1}.

Proof of Lemma B.6.On {S2 = BECS1} ∩ {S2 < (1+ L)S1} we know thatBEC = BE.
Thus if S2 > BE S1 we can write(S2 − S1)+ = CEC(S1, S2, t) = CE(S1, S2, t). On the
other hand, ifS2 < BE S1 we have(S2− S1)+ ≤ CEC(S1, S2, t) ≤ CE(S1, S2, t).

Consider nowS2 = BE S1 and letS2
+ = S2 + ε, S2

− = S2 − ε for ε > 0. The following
bounds hold

(S2
+ − S1)+ − (S2

− − S1)+

2ε
≥ CEC(S1, S2

+, t)− CEC(S1, S2
−, t)

2ε

≥ CE(S1, S2
+, t)− CE(S1, S2

−, t)
2ε
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for all ε > 0. Taking the limit asε ↓ 0 yields

1≥ 1
2

[
∂CEC
+

∂S2
+ ∂CEC

−
∂S2

]
≥ 1

2

[
∂CE
+

∂S2
+ ∂CE

−
∂S2

]

where the subscripts+ and− denote the right and left derivatives, respectively. By con-
tinuity of ∂CE/∂S2 across the boundary and since∂CE/∂S2 = 1 at that point the result
follows. A similar argument holds for the derivative relative toS1.

To prove the proposition it now suffices to apply Itˆo’s lemma noting that∂u/∂t+Lu = 0
in the continuation region and∂u/∂t + Lu = −δ2S2 + δ1S1 in the exercise region. This
establishes (4.4). The recursive equation (4.5) follows by imposing the boundary condition
CEC(S1, S2, t) = S1

t (B
EC(t)− 1) whenS2 = BECS1.

Proof of Proposition 6.1.(i) and (ii) are obvious. To prove (iii), suppose that there exists
τ ∈ St,T with τ > t such thatC6(λ1S1

t , λ2S2
t , t) = E∗t [e−r (τ−t)( 1

2(λ1S1
τ + λ2S2

τ )− K )+].
Then

C6(λ1S1
t , λ2S2

t , t) = E∗t [e−r (τ−t)( 1
2 S1

τ + 1
2 S2

τ − K + 1
2(λ1− 1)S1

τ + 1
2(λ2− 1)S2

τ )
+]

≤ E∗t [e−r (τ−t)( 1
2(S

1
τ + S2

τ )− K )+] + 1
2(λ1− 1)E∗t [e−r (τ−t)S1

τ ]

+ 1
2(λ2− 1)E∗t [e−r (τ−t)S2

τ ]

≤ C6(S1
t , S2

t , t)+ 1
2(λ1− 1)S1

t + 1
2(λ2− 1)S2

t

= 1
2(S

1
t + S2

t )− K + 1
2(λ1− 1)S1

t + 1
2(λ2− 1)S2

t

= 1
2λ1S1

t + 1
2λ2S2

t − K .

Assertion (iv) follows from the convexity of the payoff function and Proposition A.6.
To prove (v), note that if(S1

s , S2
s , s) 6∈ E6 then there existsτ ∈ Ss,T with τ > s such

that waiting untilτ dominates immediate exercise. But sincet ≤ s ≤ T , the strategyτ is
feasible att , and dominates immediate exercise. This contradicts(S1

t , S2
t , t) ∈ E6 .

Proof of Proposition 6.2.We have

C6(S1
t , S2

t , t) = E∗t [e−r (T−t)( 1
2(S

1
T + S2

T )− K )+]

+
∫ T

t
e−r (T−t)E∗t [( 1

2(δ1S1
v + δ2S2

v )− r K )1{S2
v≥B6(S1

v ,v)}]dv.

Let πt denote the early exercise premium. We have

S2
v ≥ B6(S1

v , v) ⇐⇒ z2 ≥
[
log

(
B6(S1

v , v)

S2
t

)
− (r − δ2− 1

2σ
2
2 )(v − t)

]
1

σ2
√
v − t

⇐⇒ z2 ≥ d(S2
t , B6(S1

v , v), v − t)
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⇐⇒ ρz1+
√

1− ρ2u21 ≥ d(S2
t , B6(S1

v , v), v − t)

⇐⇒ u21 ≥ d(S2
t , B6(S1

v , v), v − t)
1√

1− ρ2
− ρ√

1− ρ2
z1

⇐⇒ u21 ≥ d(S2
t , B6(S1

v , v), v − t, ρ, z1).

Hence we can write

πt =
∫ T

t
e−r (v−t)

[
1
2δ1S1

t e(r−δ1)(v−t)
∫ ∞
−∞

∫ ∞
d

1√
2π

e−
1
2 (z

1−σ1
√
v−t)2n(u21)du21dz1dv

+ 1
2δ2S2

t e(r−δ2)(v−t)∫ ∞
−∞

∫ ∞
d

e−
1
2σ

2
2 (v−t)+σ2(ρ21z1+

√
1−ρ2

21u
21)
√
v−t n(z1)n(u21)du21dz1dv

− r K
∫ ∞
−∞

∫ ∞
d

n(z1)n(u21)du21dz1dv

]

=
∫ T

t

1
2δ1S1

t e−δ1(v−t)

∫ +∞
−∞

n(w − σ1
√
v − t)N(−d(S2

t , B6(S1
v (w), v), v − t, ρ,w))dwdv

+
∫ T

t

1
2δ2S2

t e−δ2(v−t)
∫ ∞
−∞

∫ ∞
d

1√
2π

e−
1
2 (z

1−σ2ρ21
√
v−t)2− 1

2 (u
21−σ2

√
1−ρ2

21

√
v−t)2 1√

2π

e−
1
2σ

2
2 (v−t)+ 1

2σ
2
2ρ

2
21(v−t)+ 1

2σ
2
2 (1−ρ2

21)(v−t)du21dz1dv

−
∫ T

t
r Ke−r (v−t)

∫ ∞
−∞

n(w)N(−d(S2
t , B6(S1

v (w), v), v − t, ρ,w))dw dv.

It is easy to verify that the double integral in the second term equals

∫ +∞
−∞

n(w − σ2ρ21
√
v − t)N(−d(S2

t , B6(S1
v (w), v), v − t, ρ,w)

+ σ2

√
1− ρ2

21

√
v − t)dw dv.

Defining 8̃(S2
t , B6(·, v), v − t, ρ, x, y) ≡ ∫∞

−∞ n(w − y)N(−d(S2
t , B6(S1

v (w), v), v −
t, ρ,w)+ x)dw and substituting in the expression above yields the formula in the propo-
sition.

Proof of Proposition 7.1.Let S(m) denote anm-dimensional subset of{S1, . . . , Sn}. Then
∀m< n we have,

CX,n(S, t) ≥ CX,m(S(m), t)
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In particular form = 2 the lower bound isCX,2(S(2), t). Now suppose that there existsi
and j , i 6= j , (i, j ) ∈ {1, . . . ,n} such that max(S1, . . . , Sn) = Si = Sj . Then selecting
S(2) = (Si , Sj ) yieldsCX,n(S, t) ≥ CX,2(Si , Sj , t). An application of Proposition 2.1 now
shows thatCX,2(Si , Sj , t) > (Si − K )+ = (Sj − K )+. The result follows.
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