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A Optimal Target Criterion in the Small Quantitative Model

This section characterizes the optimal target criterion for the estimated structural model of Giannoni and
Woodford (“Optimal Inflation Targeting Rules, Section 2, 2003). The optimal target criterion derived
here is the one presented in the chapter 8 of Woodford (2003). (The long-term target criterion presented
below differs from the one presented in Giannoni and Woodford (2003).) The equations numbers followed
by XXX below refer to the equation numbers in Giannoni and Woodford (2003).

A.1 Analytical derivation

The constraints relevant for optimal monetary policy are the aggregate supply equation (2.14 XXX)
Tt = VpTt—1 = gpwat71$t + ngtfl (U/t - UJ?) + ﬁEtfl (7Tt+1 - ’Ypﬂt) (1)
and the wage inflation equation (2.11 XXX)
T — VuTt—1 = LBt (Wows + 0Tt) — £y Bro1pyy + Eu i1 (W] — wy) + BEi—1 (T} — YouTme) 5

where 7; = (xy — nxi—1) — On (Eixiy1 — nay) . However, because there is no constraint on what the
surprise component F; 1, may be (except that it must be unforecastable at date ¢ — 2), the only

constraint implied by the wage inflation equation is
By (1} = YoTi-1) = & iz (W@t + 92¢) + € Br—a (w0} — we) + BEi—2 (1 — vume) . (2)
In addition, the identity
Wy = w1 + T — T (3)

must be satisfied at all dates. The constraints (1) — (3) generalize the constraints (1.29 XXX) — (1.31
XXX) of section 1.4.

Because of the delays assumed in the underlying model, the variables m, 7}’, w;, and x; are all
determined at date ¢t — 1. It will thus be convenient to define the following variables 7y = Eymiq1 = T4
and T = By = 74, and Wy = Fywiy1 = weq1, all determined at date ¢. Furthermore, because

consumption at date ¢ is determined at date ¢t — 2, the output gap satisfies
Tt =Vt—2 + St—1

where v;_5 is an endogenous variable determined at date t — 2 and s;_1 is an exogenous variable deter-
mined at date ¢ — 1 and unforecastable at date ¢ — 2.

The objective function (3.1 XXX ) can then be rewritten as
- _ _ N2 —w N2 .
Ey Zﬂt |:/\p (Te—1 = VpT—2) 4 Ao (TH 1 = YoTt—2) " + Ae (V4—2 + 541 — 6043 — 6549 — & )2}
=0

= /BEO Zﬂf |:>\;D (7_775 — ’}/pﬁ'tfl)Q —+ )\w (7_1'7#} — W/wﬁ-tfl)Q + ﬁ)\z (’Ut — 5Ut71 - 58,5 - i*>2:| + tlp
t=0



where tip represents again terms independent of policy adopted at date 0, such as endogenous variables
determined before date 0. Note that to get the second line we also used the fact that s; is unforecastable,
so that Foz:si41 = Ep [2¢ (Eisty1)] = 0 for any date ¢t > 0 and any variable z; determined at date ¢ or
earlier.

Combining the objective function with the constraints (1) — (3), we may write the following La-

grangian

e} 1 »
L:O = EO Zﬂt {5 |:/\p (ﬁ't — ’}/pﬁ't_l)z + Aw (771'%” — ’Ywﬁ't_l)Q —|— ﬁAw (Ut — 611t_1 — 6St — T )2:|
t=0

014 [Tt — VpRe—1 — Epupte—1 — &y — BTes1 + By, Tt
F o4 1 [FF = VuTt—1 — &u (Wwvi—1 + @ [(1 4 B0°) ve—1 — qui—a — Bnve]) + £, W — BRY + BV

+ @B,t [’lZJt — W1 — 7_'(';” + ﬁt]} .

The associated system of first-order conditions is given by

0 = N [(m— YpTe—1) — B, (Eifogr — Vpﬁt)} = BAwYw (BeRies — Yoltt)

10 = B Bepr i1 — (Pri-1 = BrpPre) = BYw (024 — Y20-1) + 93 (4)
0 = X (T = YuTe-1) + (P2-1 — Pa4-2) — P (5)
0 = —&010+8uwPai1+ 93— OEp3:11 (6)
0 = PBAx[(vy—bvi_qg — st — &%) — BOE: (441 — bvp — 8841 — &)

=B ,wpBr1 411 + BELE: [B (L) @2.441] (7)

for each t > tg, where

B(L) emB—L)(1—=nL) —wy,L

= B+ BiL+ By

The optimal plan must in addition satisfy a transversality condition. The latter is however necessarily
satisfied as we restrict our attention to bounded solutions.

As in Giannoni and Woodford (2002a, 2002b), we combine these first-order conditions to obtain a
single equation that involves only target variables, i.e., inflation, wage inflation, and the output gap. To
simplify the algebra, we now specialize the analysis to the case v, = v,, = 1, in accordance with our
estimates (as well as the model of Christiano et al., 2001). In this case, adding (4) to (5) yields

Et{(l—ﬂlfl) lae+ (1= L)& ]} =0 (8)

for all ¢ > to, where the variable a; and the new multiplier &, ; are defined as

a BNy (Tt — Te—1) + A (T — Ti—1)]

§ip = B (<P1,t + 902,t71) .



As a; and §; , are bounded, (8) is equivalent to

ag+(1-L0)&,=0 9)

in the sense that (8) holds for all ¢ > ¢¢ if and only if (9) holds for all ¢ > ¢.
Applying the linear operator SE; [(1 — 3L™1) (+)] to (5), we obtain

E{(1-BL"") [by+(1—L) Bogs 1]} =&a4 (10)
for all dates ¢ > to, where the variable b; and the new multiplier &, ; are defined as

by = Blw (77'2” — ﬁ't—l)
f2,t = g (§p<P17t - §w§027t—1) .

Note that the variable ({2’1‘/ — gpgl,t) satisfies
€a0 = Epb1a = Br1 (S04 — §p610) - (11)
Subtracting (10) from (8) yields
E{(1=BL7Y) [er+ (1= L) Boy ]} = —as (12)

where
Ct = ﬁAp (ﬁ't — 7777571) .

Then multiplying (12) by &, and subtracting from it §,, times (10), one obtains

E{A(L)&y i1} = dy (13)
for all t > tg, where
A(L) = (L-PB)(1—-L)+ (& +&) L (14)
de = B [(1—BL7") (&b — &per)] -

Because the quadratic polynomial A (L) satisfies A (0) = =8 <0, A(1) =¢,+ ¢, > 0 and A(+o0) =
—00, it must have two positive real roots, one smaller than 1 and one larger than 1. Factoring A (L) =
—B(1 = L) (1 — pyL), where 0 < p; < 1 < py and py = (Buy)”", we can rewrite equation (13)
equivalently as

E{(1—pL)(1- MEIL_l) Broés t} = d;.

Given that £, ;, and d; are both bounded variables, and that ’ Ly - ’ < 1, the previous equation is equivalent

to
(= L) &gy = pma B [(1 - u;lL_l)_l dt} :



Thus (9) and the previous equation can be written as

(1-L0)&, = —fi (15)
(1= L) 52,:5 = Gt (16)
for all dates t > ty, where
fo = B (T —Ti1) + Ao (T — )]

C1,_1y 1 _ o - L
g = BuE {(1 —py LT T (1= BLTY) [Epde (FY — 1) — E N (7 — Wt—l)]}
are functions of target variables.
Note that
gt + gpft = Etfl (gt + gpft) ) (17)
as a consequence of (11), (15), and (16). This is a restriction on the path of target variables at all dates
t > to.

Furthermore, using the identities

L€y +€0) ™ (Ea +Eury)
L€y +€0) T (6610 — Eas) s

P1,t

: s
Pot—1 = B

we can eliminate ¢; ; and @, , ; from (7) and obtain

€t = (fp + €w>71 E; [gpwp (52,t+1 + fwgl,t+1) —&uB (L) (§p§1,t+2 - 52,t+2)] (18)

where

ﬂ/\wEt [(1 — ﬁ(SL_l) (Ut — (SUt_l — (SSt - .’i‘*)]
ﬁAzEt [(1 — ﬁ(SL_l) (l’t+2 — (S.’L't+1 — .’IAZ'*):I . (19)

€t

Using (15) and (16) to substitute for F;¢; ;. ; terms in (18), we obtain

ee = (&4 §w)71 Ey{&wp (grr1 — Eufrrn) + Epwp (1162 + Eubiy) +EwBo (§pfira + ger2) }
— (6 +6w) " €wB {Bo (&€1.001 — o) + Br (61001 — San) + B2 (G610 — €a.)}
= (& + fw)_l By {&wp (ge41 — Eufia1) + Eowp (1€ + Eu€is) + EwBo (Epfrra + ge42) }
— (€, +€4) T €W {(Bo+ B1) €&, (—fra1) — (Bopy + Br) grr + Bo (6,61, — 1265,)
+B1 (§p€1,e — o) + B2 (6610 — €20) }
= (& + §w)71 Ey {&wp (ge41 — € frar) + Epwp (1€ s + Euis) + &€y [Bo + (Bo 4+ B1) L] fii2}
+ (&, + fw)_l &wEe {[Bo+ (Bopy + B1) L] g2 — §,B (1) &y, + piB (k1) o0}

We can thus rewrite the previous equation as

he = =18y 4 + a2y (20)



where
ht = €t *Et {F (L) ft—l—Q} —Et {G (L)gt+2}
€6 (6 +E0)  [Bo+ (Bo+ Bi) L —wyL] = Fy + FL
(& +€4) " [€uBo + Eu (Bopsy + B1) L+ 0, L] = Go + G1 L

Q
RS
[l

and
o = &8, (6, +86,) (B —wy)
(&) +€0) " (Eu3B (1Y) + € wpity) -

Equation (20) is a restriction that must be satisfied by the projected paths of the target variables at all

Qa2

dates t > to, and that depends only on the multipliers &; ;, and &, ;. Quasi-differentiating (20), and using
(15), (16) to substitute for the multipliers, we obtain finally
(1= L) (1= L) by = ay (1 — L) fy + a3 (1 - L) g. (21)

for every t > tg + 2.
Note that both (17) and (21) must be satisfied by the processes {es, f,9:} at all dates. Thus (17)
and (21) are two criteria that represent optimal policy and that involve only the projected paths of the

target variables.

A.1.1 Special case: Flexible wages

To give some intuition about the two target criteria (17) and (21) it may be useful to consider the special
case in which wages are flexible (§,, — +00), as the optimal target criteria are simple to characterize
analytically. In this case, we have \,, = 0, A\, = 1, and the roots of (14) satisfy ¢; — 0 and p, — +o00.
It follows that

fo = B(Tee1 — )

g = 0.

The short-run optimal target criterion (17) reduces thus to

Jt =FEi-1fi
or equivalently to
M1 = B 1y
This indicates that under optimal policy, the central bank has to make inflation totally predictable two

periods in advance. The long-run optimal target criterion (21) reduces in turn to

0 1—L)h —arfs

1—1L)[et — Et{F (L) fr+2} — a1 Bme41]

1—L) [er — BEE A [enBL™" — (¢ (14 81%) +w) +neL] w42}
1-1)

L) e+ BE o0 E, {[(1 4 B6%) — 6L — B6L ™| w42 }]



where we use (??). Using (19), we then can write

0=(1—L)E{(1—-B6L7") (1= 6L) [BE, 0012 + BAatiya] }

or
0=(1-L)E{(1-B6L7") (1 —6L) [m112 + ¢xry2]}
where \
SA S
¢) §p<,019 p

when we use the definition of the weight A,. One can simplify this criterion even further by noting that

an equivalent target criterion is given by

Ep{(1—B6L™Y) (1 = 8L) [myy2 + ¢pwia] } = 77, (22)

where 7" is a constant. As |38] < 1, a commitment to (22) at all dates ¢ > 0 is then equivalent to a

commitment to
Ei{(1 = 6L) [42 + dreyo]} = 77, (23)

1~

at all dates ¢ > 0, where 7* = (1 — 86) " #*. The long-run optimal target criterion can finally be
expressed as
Ey Moo + @xiqo] = 7" + 6 [Tiq1 + dxiqa].

A.2 Alternative Representation of the Optimal Target Criterion

We now describe how the optimal target criteria (17) and (21) derived above can be rewritten as (3.3
XXX) - (3.7 XXX) in the text. As described in the text, we find more convenient to express the target
criteria in terms of the real wage rather than wage inflation. Using the wage identity (3) and noting

that w; is determined at date ¢ — 1, since both 7; and 7}’ are determined at date ¢ — 1, we have
’ﬁ';u = ﬁt + ’lDt - ’lthl

where Wy = Frwi41 = wey1. Using this to substitute for wage inflation, we may rewrite the variables f;

and g, as
fr = B (T — 1) + Ao (Tt — Te—1) + A (0 — Dp—1))]
= (L=L) B[y + Aw) e + Awivr]
and
g = BB { (1= 1" L) (1= BL7Y) [(€uhe = EA0) (Fe = Fio1) + €A (@0 — w01)] |
= BB (g L) (1= BL7Y) (1= ) [(Guhe = E0) i + Eudai] |

BB [-L+ (14 8= pz") + (3" = 8) (1= 1z") L7 (1= 13 L) 7| [(€ud = €20) 71+ Euhun] }



A.2.1 Short-run target criterion

The short-run target criterion (17) can be rewritten as
my = Et_lmt (24)
where

mi = BB (18- nz") + (uz' = 8) (1= 1z") L7 (1= 13" L7) 7| (€ = E20) 7o+ Euhuitn] }
+fp/3 [()‘p + )‘w) Tt + )\wwt] .

Here we note that the terms at date ¢ — 1 cancel out on both sides of the equation. We can then rewrite

me as
me = [680 +A) + B (148 —13") (€uhw — E0)] 7
i (3" =) (1=0") (6o = 6) D0 B
+ (€8N + By (148 — 13 ") Eudu) @+ By (2" = B8) (1= 13 ") Eudu ki‘ T O
or as B
my = Sy f: afEmiik + Su i ol Eywy g (25)

k=1 k=1

where S and S, are the sums of coefficients and af, a}’ are the weights defined by

Se = EB O+ M) + By (14 8= 13") (€udw — EAp) + B (12" = 8) (1—12") (Cuwdw — EAp) D a™
k=0
= 8N+ o)+ By (Eudw — ENp)
af = [6800+ )+ 8 (1+8—pu3") (§udw — M) /Sx
of = B (" = B) (1= m3") (€uhw =€) 13" /Se, for k> 2

where we used fu; = py ', and

Sw = &Bhw+ By (148 = 15") Edw + By (13" = B) (1= 3 ") Euduw D 12"
k=0

= MB (& + Eum)
af = B[+ (148 —p3")] /Sw
af = by (' = 0) (1—p") u" /8w, fork>2.

Finally, we may rewrite (24) — (25) more compactly as

Fy () + &y [Fr (w) — wi] = Bya {Fy () + ¢, [Fr (0) — wel} (26)



which corresponds to the target criterion given by (3.3 XXX), (3.5 XXX). The expression F; (z) refers

to the weighted average of forecasts of the variable z given by
Ft (Z) = Z OézEtZt+k (27)
k=1

o0 oo
where the sums g - af = E - o)’ =1, and where

d) _ S_w _ )\wﬁ (£p+£wu1)
S B, (1 — )+ AB (&, + Euinr)

lies between 0 and 1.

A.2.2 Long-run target criterion

To express the long-run target criterion (21) as in (3.6 XXX) — (3.7 XXX), we rewrite f:, g¢, and e; as

fi = E; {ZQ£Qt+k1}
k=0

| e Tyl
qr = _
Wt W41

and ag = —a{ =—0B[Ap+ ), Aul, a£ =0 for all k£ > 2. Similarly,

o0
gt = Fy {Z CYZQt+k—1}

follows

where

:Et

k=0
where
O‘g = —Bm [(fw/\w _gp/\P) ’ §w)‘w]
of = —(1+8-uy')af
af = (B-m")(1-p" )y Paf,  forallk>2.

Next, it is convenient to write

E{F (L) frrz + G (L) gri2} = Ei {Z OéZqu}
=0
where

Oég = Fla(’; +G10&8

all = Fol |+ Fial + Goad | + Grad, for all k > 1.
In addition, the variable e; defined in (19) may be expressed as

er = Az [SoFy (x) — (1 — B6) 2] (28)



where F; (z) is again of the form (27) and the weights are given by
S, = 1+p8°—56-p6

af = —=6/S;

a5 = (1+868%) /8,

of = —B5/5,

ay = 0, for all k > 4.

Using this, we can rewrite the target criterion (21) as

Ey {Zaiqt+k} = BASeFy (x) = Eia {Z aglngs+k—1} — B Sy (L + py) Fy—1 ()
k=0 k=0

TEi—2 {Z ai%mz} + BAaSupiy Fiz (2)

k=0
where
a) = af +aaf,, +asad,,, for all & > 0
ag = — (oqozg + agag) + (14 ) o + arpyaf + e,
ab = (14p) ot + al,ulaiJrl +agad g, for all k > 1
a2 = ol +axad — pal
o2 = —pal  forall k>1.

Premultiplying each of the infinite sums by the sum of coefficients

[Sxjs Swj| = Et {Z ai}
k=0
for 7 =0,1,2, we can equivalently the rewrite this as
SroFy (1) + Suwo By (w) = BAeS:Fy (1) = SmiFy (1) + Sun Fy (w) = BAe Sy (1+ py) Fia (2)
+SraFf o (1) + Sw2 By (w) + BAeSepiy Fra ()

where the F; (z) are again weighted average of forecasts are different horizons with relative weights that

sum to one. Noting that S;1 = Sr9 — Sr2 and S,1 = Swo — Sw2, We can rewrite the target criterion as

FY () + 0 By (w) + @3 Fy (2) = Fy (m) + ¢ By (w) + ¢ Fr () + 05 [Fy (7) — Ff o ()]
+0s, [Ft171 (w) — Ft272 (w)} +0; [thl (z) — Ft272 (x)] (29)
where
* _ SwO * _/3AZL’SQZ
¢w - Sﬂoa ¢:c - S7r0
* 5772 * _M * g%
07\' - Sﬂ—O, g’w - STFO I 91 - ¢Zl’l’l'

Subtracting ¢ w; + ¢5x¢ on both sides yields finally (3.6 XXX) — (3.7 XXX).

10



A.3 Historical time series for the target criterion

This section describes the calculations underlying section 3.3 of the text in which we assess to what
extent, under actual policy, the evolution of projections of inflation, the real wage and the output gap
have satisfied the optimal target criteria. To perform the projections of future variables, we use the

structural VAR (2.2 XXX) which we can rewrite in terms of deviations from a long-run steady-state as
Zy=BZ;1 +Ug

where Z, = Z, — Z'" and B=T"'A, U = T~1. The vector Z, is given by

_ N ~ ~ !

Zy = [it,ﬁltﬂ,7Tt+1,Yt+1,it—17ﬁft,7Tt7Yt7it—2ﬂbt—177Tt—17Yt—1
and its long-run value satisfies Z'" = (I — B)"' T~ 'a. Because we assume that the errors & are unfore-
castable, the VAR has the property that Et2t+k = B*Z, for all k > 0.

Using this, we can compute for each date ¢ the weighted average of future inflation forecasts as follows

Ft (’R') = ZQZEtTF,H,k = ZagPEtZH*k*l
k=1 k=1
= 7Tlr + PZt,
where P is a (1 x 12) vector with a 1 in the third element and zeros elsewhere, 7/" = PZI" and

P = ]52:11 aZBk_l. Similarly, we can compute for each date ¢ the weighted average of real wage

forecasts

Ft (’UJ) = ZO(;:Etwt_A,_k = WZt,
k=1

where W = WZ:; ¥ B*=1 and W is a (1 x 12) vector with a 1 in the second element and zeros
elsewhere. (Note that the long-run value of the variable w, i.e., the percent deviation in the real wage

from its trend is zero).

A.3.1 Short-run target criterion

A historical time series for the adjusted inflation projection (3.3 XXX) is obtained by computing for
each date ¢:
Ft (7T) + ¢w [Ft (w) - wt] = (’R’lT + P2t> + ¢w (WZt - WZt,1>

A historical time series for the optimal target (3.5 XXX) is then obtained by computing for each date ¢:

Ey_1 {F, (%) + by, [Fy (w) —wy]} = (w" + PBZt,l) + by (WB - W) Ziis.

A.3.2 Output gap projections

In addition to inflation projections and real wage projections described above, the long-run target cri-
terion (3.6 XXX) — (3.7 XXX) involves also projections of the output gap. This raises some difficulties

that we address in this and the next subsections.

11



Let us first consider the simple case in which the natural rate of output displays only negligible
fluctuations. In this case, the output gap considered in the target criterion (3.6 XXX) — (3.7 XXX)
corresponds to the deviation of (log) real output from a linear trend (as is the case in Figures 12 and
13 of the text), i.e., to the time series Y; used in the VAR. The weighted average of future output gap
forecasts with the weights used in (28) is then simply obtained by computing

Ft (Y) = Et ;O&z?;H,k = EtRZt+2 = RB22t

where
R =10,0,0,05,0,0,0,05,0,0,0,a7].

Again, we note that the long-run value of the variable Y; is zero and that aof =0 for all k > 4.

We now turn to the alternative case in which fluctuations in the natural rate of output are recovered
from the residuals to the estimated equations of the model. First, we note that the weighted average of
projection of future output gaps relevant for the target criterion (3.6 XXX) - (3.7 XXX), i.e., with the
weights used in (28) satisfies

Ft (.’L‘) = Et Z Oé;sl‘t_t,_k = Sw_lEt [—6.’13‘+1 + (1 + 5(52) $t+2 — B(SJIH_?,]
k=1
= S;lEt {(1 - 56[/71) ($t+2 — 6$t+1)} . (30)

Second, we multiply the price inflation equation (2.14 XXX) by ¢, and add it to the wage inflation
equation (2.11 XXX) multiplied by £, to obtain

EwlpBr1 {wp +ww + ¢ (L+87°) —onL — oL~ x4}
= [fw + ﬁ (gw + fp) rYp] Tt — (fw,}/p + gerw) Tt—1 — ﬁgwEt—lﬂ't-}-l + gpﬂ.;u - ﬁprt—lTrf‘fjrl + gwé.pEt—lMt
It is convenient to note that the left-hand-side is in fact equal to
Euép0pE1 {(1— BSL™Y) (x4 — 6mp—1) }

where 0 < § < 7 is the same value as the one entering the policymaker’s objective function, and where
¥ =n/é > 1. Next, using the wage identity (1.31 XXX) to substitute for 7}’, we obtain

EuépP0E 1 {(1 = BSL™") (me —bwe—1)} = (S0 + &) (L4 87,) T — (Cw¥p + Ep7w) Tt — B (Ew + &) Bro1miga
—§pwi—1 + &, (L4 B) we — BE Er1wir + £ & Be—1 44y (31)

Thus, by combining (30), (31) and noting that E;u,, , = 0, we obtain a historical time series for

projections of future output gaps

Fi(z) = S,'QBZii»
- S;lQBQZAt.

12



where

e B BwtE)
R R S R N AR S

L4+8 (Cwt&) (L4687) (0 1 (&) (|

&0 €ulp0p

Again, it turns out that the constant QB%Z" is equal to 0.

A.3.3 A time series for the output gap

The remaining difficulty lies in finding a historical time series for the output gap x;. For this, we
need to express the variable F;_qu, defined in (2.13 XX) in terms of observables. Log-linearizing the
optimal condition for consumption (2.4 XXX), replacing C; = log (C¢/C) with Y/C (fft — Gt) where
Y, = log (Yt/f/) and G; = (Gt — G) /Y, implies

Et725\t =—pEi_o (ﬁ - gt) (32)
where
Y, = (Yt — nf’t_l) — B (Etffm — nﬁ)
g = (gt - Wét—l) —Bn (Etgt+1 - Uét>

~ ’u’Cé
= Gi—Ei_ = .
Gt t t—2 (UCCth>

and G; and g+ are determined at date ¢ — 1. In addition, integrating forward the Euler equation (2.6
XXX) yields

5\t = 5\oo + Z Ey (b — Tght1) (33)
k=0

where Ay, = limg .o Ex\r. From (32) we know however that Ao = 0, assuming that lim7_.., Ergr = 0.
In addition, the terms (#;4x — mtyk+1) have by construction a mean equal to zero. A historical time

series for \; under actual policy is thus obtained by computing
M= ENZ.=N(I-B)"Z,
k=0

where
N =1[1,0,-1,0,0,0,0,0,0,0,0,0].

Using (32) and (33) we can then write
Eiog = Ei (ﬁ + 90_15\t>

E, » [KZH Yo IN(I-B)! Z}}

= HZt—Qv
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where

H = KB+¢ 'N(I-B) 'B?
K [07 07 07 —577707 07 07 (1 + 5772) 707 07 07 —7}] Ba

so that K satisfies B, 1Y; = KZ,_1. Next, it follows from the definition of g; that

Ei (gt - nét—l) gt + BnEy (gt-i—l - Uét)

o0
= B g+ Yy (B0 Eragirn
k=0

Ei1g:+ 6 Z (577)k HBkZAtfl-
k=0

This implies that
Ei 1g: = E; 1 (gt - nét71> — BnFZ;_4

where
F=H(I-p8nB) ",

and thus that
Ei 19t — Fi—29t = FEi19t— Er2gt — 7 (ét—l - Et—2ét—1> — Bnk (Zt—l - BZt—2)
= Ea (Vo= Gi) = B (Vi— Gi) + BiaYi = BV~ 00F (21 — BZis)
— (G=B0F) (%1~ BZi2)

where G is a (1 x 12) vector with a 1 in the fourth element and zeros elsewhere, so that it satisfies,

Y, = FE,_1Y; = GZ;_1. Hence we can write

Ei 1Ggr = FEi2Gi+ (Ei—19t — Er—20¢)
= HZ 5+ (G- pnF) (Zt—l - BZt—2)

and
By (V=) = KZi—HZio—(G—F) (21— BZis)
By (Yo —gint) = (KB—H)Z.
Combining the above results with (2.13 XXX) we can express F;_1p, is terms of observables as
Eevpy = Ei1 (e — mq1) + 9Ei [(f’} - §t) - (Y/}H - §t+1>]

NBZ; 1+ ¢ [KZH —HZy 5 — (G- BnF) (Zt_l - BZt_Q) (KB - H) Zt_l]
= [NB4+¢(K -G+ 0nF —KB+H)|Z_1+ ¢|(G— nF)B — H] Z;_,.
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Using (31), we can thus write

B {(1=B6L7") (w—b211)} = QEr1Zi+ (99)" Brap,
= CZi 1 +DZ
where
C = QB+ ' (g 'NB+K—-G+pnF—KB+H)

D = 97'[(G-pnF)B - H].

Integrating forward the above equation, we have

By (v —8v41) = CZyy+DZi_s+ BSE;_1 (vr41 — 624)
= Z (88) By_y (CZHICA + DZt+k72>
k=0

= CZi1+DZ

where
C=(C+p6D)(I—-p36B)"".

We can then obtain a historical series for z; = F;_1x; by computing recursively
Ty = éZt,1 + DZAt,Q + 6xy_1, (34)

setting the initial output gap xg to a particular value which we assume to be 0.

A.3.4 Long-run target criterion
A historical time series for the projections (3.6 XXX) is obtained by computing for each date :
F{ )+ 0, B (w) —wi + 6B () —w) = (274 P*2) + 3, (W2 = Wi
+6, (S:1QB 2, — 1)
where the weights o] * and aj’* are those underlying (29), P* = P 2:11 a’,;*Bk_l, W*=W 2:11 a}f*Bk_l,
and where the historical series for x; is determined recursively using (34). Similarly, we can compute a
historical time series for the optimal target (3.7 XXX)
T = (14+67) Ftlfl (m) — Q;FE& (1) — ppwr + (¢r, + 07,) Ft171 (w) — QZFt{Q (w)
—¢pae + (¢ +0,) Froy (x) — 0, F—2 ()
= 7"+ (A 40P Z_, —0-P*Z
~ oW Zi1 + (6 + 00) W' 21 — 0, W24
—¢rm + (¢ +03) Sy QB Zi 1 — 0,5, QB*Z;_s,
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where the weights o', af? and o', o}’ are those underlying the weighted sums on the right-hand

: i — p\N°° i pk—1 i — 17 wjpk—1 o :
side of (29) and P? = szzl a B, WIi=W Zk:1 o’ B for j = 1,2. Note that the weighted
averages F;_; (x) remain unchanged for all j’s.

In the case that the natural rate of output displays only negligible fluctuations so that the output

gap considered is }7t, the contribution to the projections due to output gap fluctuations is given by
o [Ft (Y) - Yt} = ¢ [RBQZ - GZ},I] .
The contribution to the optimal target due to output gap fluctuations is then given by

~GVi+ (6 +0) Fia (V) = 00Fs (V) = [~63G + (65 +0;) RB?] Z-1 — 0,RB*Z,».
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