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Abstract

This paper considers the appropriate stabilization objectives for monetary
policy in a microfounded model with staggered price-setting. Rotemberg and
Woodford (1997) and Woodford (2002) have shown that under certain con-
ditions, a local approximation to the expected utility of the representative
household in a model of this kind is related inversely to the expected dis-
counted value of a conventional quadratic loss function, in which each period’s
loss is a weighted average of squared deviations of inflation and an output gap
measure from their optimal values (zero). However, those derivations rely on
an assumption of the existence of an output or employment subsidy that off-
sets the distortion due to the market power of monopolistically-competitive
price-setters, so that the steady state under a zero-inflation policy involves an
efficient level of output. Here we show how to dispense with this unappealing
assumption, so that a valid linear-quadratic approximation to the optimal pol-
icy problem is possible even when the steady state is distorted to an arbitrary
extent (allowing for tax distortions as well as market power), and when, as a
consequence, it is necessary to take account of the effects of stabilization policy
on the average level of output.

We again obtain a welfare-theoretic loss function that involves both inflation
and an appropriately defined output gap, though the degree of distortion of the
steady state affects both the weights on the two stabilization objectives and
the definition of the welfare-relevant output gap. In the light of these results,
we reconsider the conditions under which complete price stability is optimal,
and find that they are more restrictive in the case of a distorted steady state.
We also consider the conditions under which pure randomization of monetary
policy can be welfare-improving, and find that this is possible in the case of
a sufficiently distorted steady state, though the parameter values required are
probably not empirically realistic.

*We would like to thank the National Science Foundation for research support through a grant
to the NBER.



According to a common conception of the goals of monetary stabilization policy,
it is appropriate for the monetary authority to aim to stabilize both some measure
of inflation and some measure of real activity relative to potential. This is often
represented by supposing that the authority should seek to minimize the expected
discounted value of a quadratic loss function, in which each period’s loss consists of
a weighted average of the square of the inflation rate and the square of the “output
gap.” It is furthermore typically argued that the two stabilization goals are not fully
compatible with one another, owing to the occurrence of “cost-push shocks,” which
prevent a zero output gap from being consistent with zero inflation. The problem of
finding an optimal tradeoff between the two goals is then non-trivial.!

This familiar framework raises a number of questions, however. Most obvious is
the question of how to define the “output gap” that policy should seek to stabilize.
Should this be understood to mean output relative to some smooth trend, or should
the target output level vary in response to real disturbances of various sorts? A
closely related question is the definition of the “cost-push shocks”: how should these
be identified in practice, and how often do disturbances of this kind actually occur?
And even supposing that we know how to identify the output gap and the cost-push
disturbances, what relative weight should be placed on output-gap stabilization as
opposed to inflation stabilization?

Here we propose to answer such questions on welfare-theoretic grounds. The
ultimate aim of monetary policy, in our view, should be the maximization of the
expected utility of households. We show, however (following a method introduced by
Rotemberg and Woodford, 1997, and further expounded in Woodford, 2002; 2003,
chap. 6), that it is possible to derive a quadratic approximation to the expected
utility of the representative household that takes the form of a discounted quadratic
loss function of the kind assumed in the traditional literature on monetary policy
evaluation. In the case that the exogenous disturbances are sufficiently small in
amplitude, the best policy (in terms of expected utility) will also be the one that
minimizes the discounted quadratic loss function. We thus obtain precise answers to
the question of what terms should appear in a quadratic loss function, and with which
relative weights, that depend on the specification of one’s model of the monetary

transmission mechanism.?

1See, e.g., Walsh (2003, chap. xx) for a number of analyses in this vein.
2For examples of the way in which alternative model specifications lead to alternative welfare-

theoretic loss functions, see Woodford (2003, chap. 6) and Giannoni and Woodford (2003).



An important limitation of the method introduced by Rotemberg and Woodford
(1997) is that it requires that the zero-inflation steady state of one’s model involve an
efficient level of output.®? (They imagine a model in which this is true by assuming the
existence of an output subsidy that offsets the distortion resulting from the market
power of monopolistically competitive suppliers, though this is obviously not liter-
ally true in actual economies.) For if one were instead to consider the more realistic
case of an economy in which steady-state output is inefficiently low, one would find
that expected utility would depend on the expected level of output. An estimate of
expected utility that is accurate to second order would then require a solution for
output (or at any rate, for the expected discounted level of output) that is accurate
to second order in the amplitude of the exogenous disturbances. A log-linear approx-
imation to the structural equations of one’s model will then not suffice to allow one to
determine the evolution of output under one policy or another to a sufficient degree
of accuracy. As a consequence, a linear-quadratic methodology — in which a linear
policy rule is derived so as to minimize a quadratic approximation to the true welfare
objective subject to linear constraints that are first-order approximations to the true
structural equations — will not generally yield a correct linear approximation to the
optimal policy rule.

Here we show how the method of Rotemberg and Woodford can be extended
to deal with the case in which the steady-state level of output is inefficient (owing
to the existence of distorting taxes on sales revenues or labor income, in addition
to the distortions created by market power). Our approach involves computation
of a second-order approximation to the model structural relations (specifically, to
the aggregate-supply relation in the present application), and using this to solve for
the expected discounted value of output as a function of purely quadratic terms.
This solution can then be used to substitute for the terms proportional to expected
discounted output in the quadratic approximation to expected utility. In this way,
we obtain an approximation to expected utility — that holds regardless of the policy

contemplated (as long as it involves inflation that is not too extreme) — and that is

3Strictly speaking, it is not essential to the method that zero be the inflation rate that leads to
the efficient level of output; it is only necessary that there be some such steady state, and that the

policies that one intends to compare all be close enough to being consistent with that steady state.
4See Woodford (2003, chap. 6) and Benigno and Woodford (2003b) for discussion of the condi-

tions required for validity of an LQ approach.



purely quadratic, in the sense of lacking any linear terms. This alternative quadratic
loss function can then be evaluated to second order using an approximate solution
for the endogenous variables of one’s model that is accurate only to first order. One
is then able to compute a linear approximation to optimal policy using a simple
linear-quadratic methodology.

Our proposal to substitute purely quadratic terms for the discounted linear terms
in the Taylor approximation to expected utility builds upon an idea of Sutherland
(2002), who showed how it was possible to take account of the effects of macroeco-
nomic volatility on the average levels of variables in welfare calculations for a model
with Calvo pricing like the baseline model considered here. Sutherland’s crucial in-
sight was that it is not necessary to compute a complete second-order solution for
the evolution of the endogenous variables under each of the policies that one wishes
to consider in order to evaluate the discounted linear terms needed for the welfare
calculation. Sutherland’s approach, however, still requires that one restrict attention
to a particular parametric family of policy rules before computing the second-order
approximations that are used to substitute for the discounted linear terms in the
welfare criterion. Instead, we show that one can substitute out the linear terms using
only a second-order approximation to the structural equations; one thus obtains a
welfare criterion that applies to arbitrary policies.?

An alternative way of attaining a welfare measure that is accurate to second or-
der even in the case of a distorted steady state, that has recently become popular, is
to solve for a second-order approximation to the complete evolution of the endoge-
nous variables under any given policy rule, and then use this solution to evaluate a
quadratic approximation to expected utility (e.g., Kim et al., 2002). However, the
requirement that a system of quadratic expectational difference equations be solved
for each policy rule that is contemplated is much more computationally demanding
than the implementation of our L(Q methodology. For we are required to consider the
second-order approximation to our structural equations only once — when deriving
the appropriate quadratic loss function, a calculation undertaken in this paper —

after which the evaluation of individual policies requires only that one solve a system

5Tt might seem fortuitous that we are able to do this in the present case, but Benigno and
Woodford (2003b) shows that substitutions of this kind can be used quite generally to obtain a
purely quadratic loss function. A further application of the method is presented in Benigno and
Woodford (2003a).



of linear equations. In addition, the method illustrated by Kim et al. requires that
one restrict one’s attention to a particular parametric family of policy rules, since
the system of equations that is solved to second order must include a specification of
the policy rule. Our method, by contrast, allows us to determine what variables it is
desirable for policy to depend on without having to prejudge that issue.

Yet another approach that allows a correct calculation of a linear approximation
to the optimal policy rule even in the case of a distorted steady state is to compute
first-order conditions that characterize optimal policy in the exact model (i.e., with-
out approximating either the welfare measure or the structural equations), and then
log-linearize these optimality conditions in order to obtain an approximate charac-
terization of optimal policy (e.g., King and Wolman, 1999; Khan et al., 2003). A
disadvantage of this approach is that it is only suitable for computing the optimal
policy; our quadratic approximate welfare measure also yields a correct ranking of
alternative sub-optimal policy rules, as long as disturbances are small enough, and
the policies under comparison all involve low inflation. Furthermore, our LQ ap-
proach makes it straightforward to consider whether the second-order conditions for
a policy to be a local optimum are satisfied, and not just the first-order conditions
that are typically considered in the literature on “Ramsey policy”, as we show in
section 3.1 below. Under conditions where the second-order conditions are satisfied,
our approach and the one used by Khan et al. yield identical approximate linear char-
acterizations of optimal policy; but we believe that the LQ approach provides useful
insight into the aspects of the policy problem that are responsible for the conclusions
obtained. We illustrate this in sections 3.2 and 3.3 by providing an analytical deriva-
tion of results with the same qualitative features as the numerical results reported by

Khan et al. for a related model.

1 Monetary Stabilization Policy: Welfare-Theoretic

Foundations

Here we describe our assumptions about the economic environment and pose the
optimization problem that a monetary stabilization policy is intended to solve. The
approximation method that we use to characterize the solution to this problem is then

presented in the following section. Further details of the derivation of the structural



equations of our model of nominal price rigidity can be found in Woodford (2003,
chapter 3).

1.1 Objective and Constraints

The goal of policy is assumed to be the maximization of the level of expected utility

of a representative household. In our model, each household seeks to maximize
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where C} is a Dixit-Stiglitz aggregate of consumption of each of a continuum of
differentiated goods,

C = {/01 ct(z')égldi] 991, (1.2)

with an elasticity of substitution equal to § > 1, and H,(j) is the quantity supplied
of labor of type j. Each differentiated good is supplied by a single monopolistically
competitive producer. There are assumed to be many goods in each of an infinite
number of “industries”; the goods in each industry j are produced using a type of
labor that is specific to that industry, and also change their prices at the same time.
The representative household supplies all types of labor as well as consuming all types
of goods.® To simplify the algebraic form of our results, in our main exposition we

shall restrict attention to the case of isoelastic functional forms,
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where &,v > 0, and {C;, H,;} are bounded exogenous disturbance processes. (We use
the notation &, to refer to the complete vector of exogenous disturbances, including
C, and I:It.) The extension of our results to the case of more general preferences is

taken up in section xx.

5We might alternatively assume specialization across households in the type of labor supplied; in
the presence of perfect sharing of labor income risk across households, household decisions regarding

consumption and labor supply would all be as assumed here.



We assume a common technology for the production of all goods, in which (industry-

specific) labor is the only variable input,

?Jt(z) = Atf(ht(i)) = Atht(i)l/d),

where A; is an exogenously varying technology factor, and ¢ > 1. (Again, more
general production functions are considered in section xx.) Inverting the production
function to write the demand for each type of labor as a function of the quantities

produced of the various differentiated goods, and using the identity
Y, =C + Gy

to substitute for C}, where G, is exogenous government demand for the composite
good, we can write the utility of the representative household as a function of the
expected production plan {y;(i)}.7

The utility of the representative household (our welfare measure) can be expressed

as a function of equilibrium production,
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where
u(Yi; &) = u(Ye — Gy &),
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In this last expression we make use of the fact that the quantity produced of each
good in industry ;5 will be the same, and hence can be denoted yf ; and that the
quantity of labor hired by each of these firms will also be the same, so that the total
demand for labor of type j is proportional to the demand of any one of these firms.

We can furthermore express the relative quantities demanded of the differentiated
goods each period as a function of their relative prices. This allows us to write the
utility flow to the representative household in the form U(Y;, As;€,), where

1 A\ —0(1+w)
Atz/ (pt(z)> di > 1 (1.6)
0 Pt

"The government is assumed to need to obtain an exogenously given quantity of the Dixit-Stiglitz

aggregate each period, and to obtain this in a cost-minimizing fashion. Hence the government
allocates its purchases across the suppliers of differentiated goods in the same proportion as do
households, and the index of aggregate demand Y; is the same function of the individual quantities
{y: (@)} as C} is of the individual quantities consumed {c;(7)}, defined in (1.2).
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is a measure of price dispersion at date ¢, in which P, is the Dixit-Stiglitz price index

p= { /0 1pt<¢>1—0dz} - (1.7)

and the vector £, now includes the exogenous disturbances G; and A; as well as the

preference shocks. Hence we can write our objective (1.5) as

o0
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t=to
The producers in each industry fix the prices of their goods in monetary units for
a random interval of time, as in the model of staggered pricing introduced by Calvo
(1983). We let 0 < a < 1 be the fraction of prices that remain unchanged in any
period. A supplier that changes its price in period t chooses its new price p;(i) to

maximize
E, {Z "' QurI(py(i), P, Prs Yr, fT)} , (1.9)
T=t

where @), 7 is the stochastic discount factor by which financial markets discount ran-
dom nominal income in period T to determine the nominal value of a claim to such

T—t

income in period ¢, and « is the probability that a price chosen in period t will

not have been revised by period 7T'. In equilibrium, this discount factor is given by

—t 7ch(C’T; gT) i
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The function

(f 'Y (@' /P)°/A); )

P-f7Y(Y (p/P)~*/A)
(1.11)
indicates the after-tax nominal profits of a supplier with price p, in an industry

(p,p’, P;Y,€&) = (1—7)pY (p/P) ' —p® Up,

with common price p/, when the aggregate price index is equal to P and aggregate
demand is equal to Y. Here 7, is the proportional tax on sales revenues in period t;
we treat {7;} as an exogenous disturbance process, taken as given by the monetary

policymaker.® We assume that 7, fluctuates over a small interval around a non-zero

8The extension to the case in which the tax rate is also chosen optimally in response to other
shocks is treated in Benigno and Woodford (2003a).



steady-state level 7; this is another of the possible reasons for inefficiency of the

9 Profits are equal to after-tax sales

steady-state level of output that we consider.
revenues net of the wage bill, and the real wage demanded for labor of type j is

assumed to be given by
. wOn(Hi(7); €
wy(J) = py Zf (Ct'i)f )_)a
c 1St

where p” > 1 is an exogenous markup factor in the labor market (allowed to vary

(1.12)

over time, but assumed common to all labor markets),!* and firms are assumed to
be wage-takers. We allow for exogenous variations in both the tax rate and the wage
markup in order to include the possibility of “pure cost-push shocks” that affect
equilibrium pricing behavior while implying no change in the efficient allocation of
resources.!’ The disturbances 7; and p¥ are also included as elements of the vector
£,

Each of the suppliers that revise their prices in period ¢ choose the same new price
pi, that maximizes (1.9). Note that supplier i’s profits are a concave function of the

quantity sold y;(7), since revenues are proportional to y:%l (1) and hence concave in
y;(i), while costs are convex in y;(i). Moreover, since y;(i) is proportional to p:(i)~,
the profit function is also concave in p;(i)~?. The first-order condition for the optimal
choice of the price p;(i) is the same as the one with respect to p;(i)~%; hence the first-

order condition with respect to p(i),

Et Z OéTitQt,THI (pt(l>7p%ﬂ7 PT7 YT7 gT) = 07
T=t

is both necessary and sufficient for an optimum. The equilibrium choice p; (which
is the same for each firm in industry j) is the solution to the equation obtained by

substituting p,(i) = p/ = p} into the above.

90ther types of distorting taxes would have similar consequences, since it is the overall size of
the steady-state inefficiency wedge that is of greatest importance for our analysis, as we show below.

To economize on notation, we assume that the only distorting tax is of this particular kind.

w

0Tn the case that we assume that ;% = 1 at all times, our model is one in which both households
and firms are wage-takers, or there is efficient contracting between them.
We show below, however, that these two disturbances are not, in general, the only reasons for

the existence of a “cost-push” term in our aggregate-supply relation, in the sense of a term that

creates a tension between the goals of inflation stabilization and output-gap stabilization.



Under our assumed isoelastic functional forms, the optimal choice has a closed-

1
* K TFwd
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where w = ¢(1 4+ v) — 1 > 0 is the elasticity of real marginal cost in an industry with

form solution

respect to industry output, and F; and K; are functions of current aggregate output
Y;, the current exogenous state &,, and the expected future evolution of inflation,
output, and disturbances, defined by

o0 0—1
F,=FE, Z(aﬁ)T_t(l —77) f(Y1; &) (%) ) (1.14)
T=t t
S} Py 0(1+w)
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T=t t

in which expressions
FY58) = uy(Y; €)Y, (1.16)
0
k(Y€)= mﬂwvy(y;ﬁ)y (1.17)

The price index then evolves according to a law of motion
_1
Pr= (=0 + P (118)

as a consequence of (1.7). Substitution of (1.13) into (1.18) implies that equilibrium

inflation in any period is given by

1—all'"' [ F 1%
t
e (& 1.19
ol (KJ | (1.19)

where II; = P,/P,_;. This defines a short-run aggregate supply relation between
inflation and output, given the current disturbances ,, and expectations regarding
future inflation, output, and disturbances. This is the only relevant constraint on the
monetary authority’s ability to simultaneously stabilize inflation and output in our
model.

Because the relative prices of the industries that do not change their prices in

period ¢ remain the same, we can also use (1.18) to derive a law of motion of the form
At - h(At—17 Ht) (120)
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for the dispersion measure defined in (1.6), where

6(14w)

1— aH9_1>_ -0

h(ATI) = oA’ 4 (1 — @) ( 1
—a

This is the source in our model of welfare losses from inflation or deflation.

We assume the existence of a lump-sum source of government revenue (in addition
to the fixed tax rate 7), and assume that the fiscal authority ensures intertemporal
government solvency regardless of what monetary policy may be chosen by the mone-
tary authority.!? This allows us to abstract from the fiscal consequences of alternative
monetary policies in our consideration of optimal monetary stabilization policy, as is
common in the literature on monetary policy rules. An extension of our analysis to
the case in which only distorting taxes exist is presented in Benigno and Woodford
(2003a).

Finally, we abstract here from any monetary frictions that would account for
a demand for central-bank liabilities that earn a substandard rate of return; we
nonetheless assume that the central bank can control the riskless short-term nominal
interest rate i,,'® which is in turn related to other financial asset prices through the

arbitrage relation
L+ = [EtQt,t+1]_1-

We shall assume that the zero lower bound on nominal interest rates never binds

4 50 that we need not introduce any

under the optimal policies considered below,
additional constraint on the possible paths of output and prices associated with a
need for the chosen evolution of prices to be consistent with a non-negative nomi-
nal interest rate. We also note that the ability of the central bank to control ¢; in
each period gives it one degree of freedom each period (in each possible state of the
world) with which to determine equilibrium outcomes. Because of the existence of

the aggregate-supply relation (1.19) as a necessary constraint on the joint evolution

12Thus we here assume that fiscal policy is “Ricardian,” in the terminology of Woodford (2001).
A non-Ricardian fiscal policy would imply the existence of an additional constraint on the set of
equilibria that could be achieved through monetary policy. The consequences of such a constraint

for the character of optimal monetary policy will be considered elsewhere.
IBFor discussion of how this is possible even in a “cashless” economy of the kind assumed here,

see Woodford (2003, chapter 2).
14This can be shown to be true in the case of small enough disturbances, given that the nominal

interest rate is equal to 7 = 37" — 1 > 0 under the optimal policy in the absence of disturbances.
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of inflation and output, there is exactly one degree of freedom to be determined each
period, in order to determine particular stochastic processes {II;,Y;} from among
the set of possible rational-expectations equilibria.!® Hence we shall suppose that
the monetary authority can choose from among the possible processes {II;, Y;} that
constitute rational-expectations equilibria, and consider which equilibrium it is opti-
mal to bring about; the detail that policy is implemented through the control of a

short-term nominal interest rate will not actually matter to our calculations.

1.2 Optimal Policy from a “Timeless Perspective”

Under the standard (Ramsey) approach to the characterization of an optimal policy
commitment, one chooses among state-contingent paths {I1;, Y;, A;} from some initial
date to onward that satisfy (1.19) and (1.20) for each ¢ > ,,'6 given initial price dis-
persion A, _1, so as to maximize (1.8). Such a to—optimal plan requires commitment,
insofar as the corresponding t—optimal plan for some later date ¢, given the condi-
tion A;_; obtaining at that date, will not involve a continuation of the ty—optimal
plan. This failure of time consistency occurs because the constraints on what can be
achieved at date tq, consistent with the existence of a rational-expectations equilib-
rium, depend on the expected paths of inflation and output at later dates; but in the
absence of a prior commitment, a planner would have no motive at those later dates
to choose a policy consistent with the anticipations that it was desirable to create at
date tg.

However, the degree of advance commitment that is necessary to bring about an
optimal equilibrium is of only a limited sort. Let x; = (I1;, Y, Ay), X; = (F}, K3), and
let F(&,) be the set of values for (A;_1, X;) such that there exist paths {x7} for dates
T > t that satisfy (1.19) and (1.20) for each T', that are consistent with the specified
values for the elements of X;, and that imply a well-defined value for the objective

U; defined in (1.8).}7 Furthermore, for any (A, 1, X;) € F(&,), let V(A;_1, Xi; &)

15 At least, this is the case if one restricts attention to those equilibrium in which inflation and
output remain forever within certain neighborhoods of the steady-state values defined below. We
are here concerned solely with the choice of an optimal policy from among those policies consistent
with a nearby equilibrium of this kind, as this is the problem to which our approximation technique

may be applied.
6Here the definitions (1.14) — (1.15) are understood to have been substituted for F; and K; in

equation (1.19).
17In the notation F(¢,), &, refers to the state of the world at date t, i.e., to a complete specification
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denote the maximum attainable value of U, among the state-contingent paths that
satisfy the constraints just mentioned. Then the ty—optimal plan can be obtained as
the solution to the following two-stage optimization problem.

In the first stage, values of the endogenous variables z;, and state-contingent
commitments Xy, 41(§,,,,) for the following period, are chosen so as to maximize an
objective defined below. Then in the second stage, the equilibrium evolution from
period ty+1 onward is chosen to solve the maximization problem that defines the value
function V' (A, Xig4+1:§4,11), given the state of the world &, ,; and the precommitted
values for X, ;1 associated with that state.

In defining the objective for the first stage of this equivalent formulation of the
Ramsey problem, it is useful to let II(F, K) denote the value of II; that solves (1.19)

for given values of F; and K;. We also define the functional relationships
j[%X()](ft) = U(Yy, A &) + BEV (Ay, Xiv15€441),

F[$7X(')](€t) = (1 =7)f(Vi; &) + afEAI(Fia, Kt+1)9_1Ft+1},
IA([%X(')](&) = k(Y5:€,) + aBEAT(Fpyr, Ki)" T Ky b,
where f(Y;¢) and k(Y;€) are defined in (1.16) and (1.17).
Then in the first stage, 2, and X;,1(-) are chosen so as to maximize .J[;,, Xy, +1(-)] (&40)
over values of x;, and X;,11(+) such that
(i) IT;, and Ay, satisfy (1.20);

(ii) the values

Fiy = Flaig, Xig11 ()] (€4), (1.21)
Kiy = K[z, Xig11()](&,) (1.22)
satisfy
I, = I(Fy, Ky ); (1.23)
and

(iii) the choices (A4, Xiy+1) € F for each possible state of the world &, ;.

of all information that is available at that date about both the current exogenous disturbances
and the joint probability distribution of all future disturbances. Under the assumption that the
state vector £, is Markovian, we can use the same notation &, for a summary of all exogenous
disturbances in period ¢ and the state of the world in period t. The argument &, of the value
function V(A;_1, X;;€,) has the same interpretation.

12



The following result can then be established, as shown in the appendix.

PROPOSITION 1. Given Ay, 1, let the process {z;:} be determined by (i) choosing

74, and state-contingent commitments Xy,11(§;,,,) to solve the first-stage problem
just stated, and (ii) for each possible state of the world &, ., choosing the evolution
of z; for t >ty + 1 so as to maximize Uy, 11, among all of the paths consistent with
(1.19) and (1.20) for each t > to + 1, given A, and that are also consistent with the
value of Xy 41(§;,,,) determined in the first stage. Then the process {z;} represents
a Ramsey policy; that is, it maximizes U;, among all of the paths consistent with

(1.19) and (1.20) for each t > ty, given Ay _;.

The optimization problem in stage two of this reformulation of the Ramsey prob-
lem is of the same form as the Ramsey problem itself, except that there are additional
constraints associated with the precommitted values for the elements of Xy, 1(£;, 1)
Let us consider a problem like the Ramsey problem just defined, looking forward from
some period ¢y, except under the constraints that the quantities X;, must take certain
given values, where (A, _1, Xt,) € F(to). This constrained problem can similarly be
expressed as a two-stage problem of the same form as above, with an identical stage
two problem to the one described above. Stage two of this constrained problem is
thus of exactly the same form as the problem itself. Hence the constrained problem
has a recursive form, even though the original Ramsey problem did not. This is

shown by the following proposition, also proved in the appendix.

PROPOSITION 2. Given some (A1, X3,) € F(ty), consider the sequential de-
cision problem in which in each period t > t¢, (x4, X¢41(+)) are chosen to maximize
Jze, X1 (D](€,), subject to constraints (i) — (iii) of the “first stage” problem stated
above, given the predetermined state variable A;_; and the precommitted values X;.
Then the process {z;} that is chosen in this way is the process that maximizes Uy,
among all of the paths consistent with (1.19) and (1.20) for each ¢t > tg, given Ay, _1,

and also consistent with the specified values X, .

Our aim here is to characterize policy that solves the constrained optimization
problem with which Proposition 2 is concerned i.e., policy that is optimal from some

date t onward given precommitted values for X;. Because of the recursive form of this
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problem, it is possible for a commitment to a time-invariant policy rule from date ¢
onward to implement an equilibrium that solves the problem, for some specification
of the initial commitments X;. A time-invariant policy rule with this property is said
by Woodford (2003, chapter 7) to be “optimal from a timeless perspective.”!® Such
a rule is one that a policymaker that solves a traditional Ramsey problem would be
willing to commit to eventually follow, though the solution to the Ramsey problem
involves different behavior initially, as there is no need to internalize the effects of
prior anticipation of the policy adopted for period #y.!? One might also argue that it
is desirable to commit to follow such a rule immediately, even though such a policy
would not solve the (unconstrained) Ramsey problem, as a way of demonstrating
one’s willingness to accept constraints that one wishes the public to believe that one

will accept in the future.

2 A Linear-Quadratic Approximate Problem

In fact, we shall here characterize the solution to this problem (and similarly, derive
optimal time-invariant policy rules) only for initial conditions near certain steady-
state values, allowing us to use local approximations in characterizing optimal pol-
icy.?® We establish that these steady-state values have the property that if one starts
from initial conditions close enough to the steady state, and exogenous disturbances
thereafter are small enough, the optimal policy subject to the initial commitments
remains forever near the steady state. Hence our local characterization describes

the long run character of Ramsey policy, in the event that disturbances are small

18See also Woodford (1999) and Giannoni and Woodford (2002).
19Tn the present model, Ramsey policy involves an initial positive rate of inflation, even in the

absence of any shocks, even though in the long run it involves a commitment to maintain a zero
inflation rate on average. This is because welfare is increased by exploiting the Phillips curve to
increase output through an inflationary policy initially; but it is not optimal to create the anticipation
that one will behave in this way later, owing to the adverse effects of the anticipated inflation on

earlier periods’ inflation/output tradeoffs. See Woodford (2003, chapter 7) for further discussion.
20Local approximations of the same sort are often used in the literature in numerical character-

izations of Ramsey policy. Strictly speaking, however, such approximations are valid only in the
case of initial commitments X;, near enough to the steady-state values of these variables, and the
to— optimal (Ramsey) policy need not involve values of Xy, near the steady-state values, even in
the absence of random disturbances.
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enough.?! Of greater interest here, it describes policy that is optimal from a timeless
perspective in the event of small disturbances.

We first must show the existence of a steady state, i.e., of an optimal policy (under
appropriate initial conditions) that involves constant values of all variables. To this
end we consider the purely deterministic case, in which the exogenous disturbances
Cy,Gy, Hy, Ay, 74 each take constant values C, H, A, i, 7 > 0, G > 0 for all t > t,.
We wish to find an initial degree of price dispersion A, _; and initial commitments
X;, = X such that the solution to the problem defined in Proposition 2 involves a
constant policy z; = Z, X;41 = X each period, in which A is equal to the initial
price dispersion. We show in the appendix that the first-order conditions for this
problem admit a steady-state solution of this form, and we verify below that (when our
parameters satisfy certain bounds) the second-order conditions for a local optimum
are also satisfied.

We show that IT = 1(zero inflation), and correspondingly that A = 1(zero price

22

dispersion). We may furthermore assume without loss of generality that the

constant values of C' and H are chosen so that in the optimal steady state, C; = C
and H, = H each period.?

We next wish to characterize the optimal responses to small perturbations of the
initial conditions and small fluctuations in the disturbance processes around the above
values. To do this, we compute a linear-quadratic approximate problem, the solution
to which represents a linear approximation to the solution to the policy problem
defined in Proposition 2. An important advantage of this approach is that it allows
direct comparison of our results with those obtained in other analyses of optimal
monetary stabilization policy. Other advantages are that it makes it straightforward
to verify whether the second-order conditions hold that are required in order for
a solution to our first-order conditions to be at least a local optimum (see section

xx), and that it provides us with a welfare measure with which to rank alternative

21We show below in section xx that Ramsey policy converges asymptotically to the steady state of
the constrained problem, so that the solution to the approximate problem approximates the response

to small shocks under the Ramsey policy, at dates long enough after ¢g.
220ur conclusion that the optimal steady-state inflation rate is zero can be generalized for other

price-setting mechanisms and general preference specifications as it is shown in section xx, and for

the case in which only distorting taxes are available as in Benigno and Woodford (2003a).
23Note that we may assign arbitrary positive values to C', H without changing the nature of the

implied preferences, as long as the value of X is appropriately adjusted.
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sub-optimal policies, in addition to allowing computation of the optimal policy.

We begin by computing a Taylor-series approximation to our welfare measure
(1.8), expanding around the steady-state allocation defined above, in which y,(i) =Y
for each good at all times and &, = 0 at all times.?* As a second-order (logarithmic)

approximation to this measure, we obtain?®

_ < 1 . . .
Uy, = Yi.-E, Yy B POV, = Suyy Vi Vi, — ualy

t=to

+ tip. +O(I€]P), (2.1)

where Y, = log(Y;/Y) and A, = log A, measure deviations of aggregate output and
the price dispersion measure from their steady-state levels, the term “t.i.p.” collects
terms that are independent of policy (constants and functions of exogenous distur-
bances) and hence irrelevant for ranking alternative policies, and [|¢]| is a bound on
the amplitude of our perturbations of the steady state.?® Here the coefficient
0—11—7
<

db=1— ——
T

measures the steady-state wedge between the marginal rate of substitution between
consumption and leisure and the marginal product of labor, and hence the inefficiency
of the steady-state output level Y. The coefficients Uyy, Uye and up are defined in the
appendix.

In addition, we can take a second-order approximation to equation (1.20) and

Z4Here the elements of ¢, are assumed to be ¢, = log(C,/C), hy = log(H/H), a; = log(A./A), i’ =
log(p /i), Gy = (Gy—@) /Y, and 7, = (1,—7)/7, so that a value of zero for this vector corresponds
to the steady-state values of all disturbances. The perturbation G, is not defined to be logarithmic

so that we do not have to assume positive steady-state value for this variable.
25G8ee the appendix for details. Our calculations here follow closely those of Woodford (2003,

chapter 6).

Z6Specifically, we use the notation O(]|¢||¥) as shorthand for O(|[¢, Atlo/il,XtOHk), where in each
case hats refer to log deviations from the steady-state values of the various parameters of the policy
problem. We treat Aio/ % as an expansion parameter, rather than Ato because (1.20) implies that
deviations of the inflation rate from zero of order € only result in deviations in the dispersion measure
A, from one of order €2. We are thus entitled to treat the fluctuations in A; as being only of second
order in our bound on the amplitude of disturbances, since if this is true at some initial date it will

remain true thereafter.
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integrate it to obtain

o ) o0 2
B A= a)fl — ) 3o S+tip+O(l¢l). (22)
t=to t=to

Substituting (2.2) into (2.1), we can then approximate our welfare measure by

[e.o]

_ VRS [ 1
Uy = Yiie By Y 700V = Sy VP + Vo€, — Sunm)]
t=to
+t.i.p. + O(|I¢]*), (2.3)

for a certain coefficient u, > 0 defined in the appendix. Note that we can now write
our stabilization objective purely in terms of the evolution of the aggregate variables
{V;, 7} and the exogenous disturbances.

We note that when ® > 0, there is a non-zero linear term in (2.3), which means
that we cannot expect to evaluate this expression to second order using only an
approximate solution for the path of aggregate output that is accurate only to first
order. Thus we cannot determine optimal policy, even up to first order, using this
approximate objective together with approximations to the structural equations that
are accurate only to first order. Rotemberg and Woodford (1997) avoid this problem
by assuming an output subsidy (i.e., a value 7 < 0) of the size needed to ensure that
® = 0. Here we wish to relax this assumption. We show here that an alternative way
of dealing with this problem is to use a second-order approximation to the aggregate-
supply relation to eliminate the linear terms in the quadratic welfare measure. We

show in the appendix that to second order, equation (1.19) can be written

. 1 - ~ 1
Vi = s+ + §nyYt2 — Yieyes + §C7r7"§) + BE Vi
+s.0.t.i.p. + O([[€]]?). (2.4)

Here the notation “s.o.t.i.p.” indicates terms independent of policy that are entirely

of second or higher order, and we have defined

1
Vi=m + §vﬂ7rf + v, Ly,

where .
Zi = Fy Z(aﬁ)T_t[ZyYT + zxTr + 2e67);
T—t
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for certain coefficients defined in the appendix. Note that to first order (2.4) reduces
simply to
me = K[Yy + ce§)] + BEm, (2.5)

for a certain coefficient k£ > 0. This is the familiar “New Keynesian Phillips curve”
relation.

Integrating forward equation (2.4), we obtain a relation of the form

T S E 1 ,
Vie = B Z BOR[Y: + §nyYt2 — Yicyels + ECWW?] +tip. + O([[€]]°). (2.6)
t=to
We can then use (2.6) to write the discounted sum of output terms in (2.3) as a
function of purely quadratic terms, up to a residual of third order. As shown in the
appendix, we can rewrite (2.3) as

o0

Uy = —QE, » B {%”wf + %(Yt — f/;“ﬁ} + Ty + tip. +O()E|F), (2.7)
t=to
where 27
Q=Yu, >0,
0 1 -1
qﬂzg[(w—l—a )+ (1 —07)], (2.8)
Do Y(sg' — 1)
_ ~1 -1 o
= B(1 — - , 2.9
G=wto +P(1—-0) = (2.9)
Yt* = wlf/;" — woGly + wally 4+ waTy, (2.10)
and ) R X
S O gy T wqp — iy — WoTy
YTL = — —
t Cgé.t (w + 0__1) 9
in which expressions
Wi = q;l[(w +o Y+l -0,
Psglo?
Wy = ,
o P4l ) (wt+o ) = (sg' — Do ]
1—¢
w3 = ,
T wto )+ o(l—0) = (¢t = Do tHw+o 1))
2In what follows, the following definitions have been used: o~ ! = ¢ 'sg'with s¢ = C/Y;

wqr = vhy 4+ d(1+v)ag; g = G+ s we =7/(1=7); k= (1 —aB)(1 — a)(w+ o 1) /[a(l + 6w)].
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Wto )+0[(1l—0 ) —(sg — Do (w+o 1)

Wy =

Here }A/t” represents a log-linear approximation to the “natural rate of output,” i.e.,
the flexible-price equilibrium level of output (Woodford, 2003, chap. 3); in terms of

this notation, the log-linear aggregate supply relation (2.5) can be written as
Ty = H[YA; - YA;n] + 6Et7rt+1- (211)

The term T, = ®Y sV}, is a transitory component defined in the appendix.

Once again, we are interested in characterizing optimal policy from a timeless
perspective. We observe from the form of the structural relations (2.4) and the
definition of V; that the aspects of the expected future evolution of the endogenous
variables that affect the feasible set of values for inflation, output in any period ¢
can be summarized (in our second-order approximation to the structural relations)
by the expected values of V;y1, Z;11. Hence the only commitments regarding future
outcomes that can be of value in improving stabilization outcomes in period ¢ can be
summarized by commitments at ¢ regarding the state-contingent values of those two
variables in the following period. It follows that we are interested in characterizing
optimal policy from any date t, onward subject to the constraint that given values
for Vi, , Z, be satisfied,?® in addition to the constraints represented by the structural
equations.

But given predetermined values for V;, the value of the transitory component 7},
is predetermined. Hence, over the set of admissible policies, higher values of (2.7)

correspond to lower values of

By S8 (T s - 1) 212)
t=to

It follows that we may rank policies in terms of the implied value of the discounted

quadratic loss function (2.12). Because this loss function is purely quadratic (i.e.,

lacking linear terms), it is possible to evaluate it to second order using only a first-

order approximation to the equilibrium evolution of inflation and output under a given

policy. Hence the log-linear approximate structural relation (2.5) (or equivalently,

28Note that a specification of initial values for these two variables corresponds, in our quadratic
approximation to the structural equations, to a specification of initial values for the three variables

Fi,, Kt, in section 1.
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(2.11)) is sufficiently accurate for our purposes. Similarly, it suffices that we use
log-linear approximations to the variable V;, in describing the initial commitments,
which are given by Vto = m,. Then an optimal policy from a timeless perspective
is a policy from date ¢, onward that minimizes the quadratic loss function (2.12)
subject to the constraints implied by the linear structural relation (2.11) holding in
each period t > t; and subject also to the constraints that a certain predetermined
value for V}O be achieved.? This last constraint may equivalently be expressed as a

constraint on the initial inflation rate,
Tty = ﬁ-to- (213)

(The definition of the constraint value 7;, under a policy that is optimal from a
timeless perspective is discussed further in section xx below.)
The policy objective (2.12) now depends only on the evolution of the inflation

rate and the welfare-relevant output gap
Ty = Y/t — Y/t*

It is useful to write the linear constraints implied by our model’s structural equations
in terms of the welfare-relevant output gap as well. The aggregate-supply relation

(2.11) can be alternatively expressed as
Tt = Rt + ﬁEtﬂ-t-i—l + Uy, (214)

where u; is a composite “cost-push” term, indicating the degree to which the exoge-
nous disturbances preclude simultaneous stabilization of inflation and the welfare-
relevant output gap. In terms of our previous notation for the exogenous disturbances

in the model, this is given by
wo o= k(Y=Y
= Kklw — 1)}7,5” — kwo Gy + Kwslly + KwyTy.

It is important for the discussion below to note that pure markup shocks are not the

only source of movements in the cost-push term wu;.

29The constraint associated with a predetermined value for Z;, can be neglected, in a first-order
characterization of optimal policy, because the variable Z; does not appear in the first-order approx-

imation to the aggregate-supply relation.
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We have thus shown that an objective for policy of the form (xx), as discussed in
the introduction, can indeed be justified on welfare-theoretic grounds. This requires
that the “output gap” in such an objective be interpreted in the way defined here,
i.e., as the percentage deviation of output from a variable target level of output that
depends on the evolution of exogenous disturbances of many sorts. (There is thus no
reason, in general, for the welfare-theoretic target level of output to correspond to a
smooth trend.) We have also seen that exogenous disturbances may indeed preclude
simultaneous stabilization of inflation and the welfare-relevant output gap; the extent
to which this is true depends on the degree of variability of the disturbance term wu;,
defined above. We now turn to the consequences of this characterization for the

nature of optimal policy.

3 Optimal Inflation Stabilization

We now use our linear-quadratic approximate policy problem to characterize optimal
policy in the event of small enough disturbances. We begin by establishing conditions
under which the second-order conditions for loss minimization are satisfied, so that
the first-order conditions determine a loss-minimizing policy, and hence approximate
at least a local welfare maximum. These are also conditions under which welfare
cannot be increased (at least locally) by arbitrary randomization of policy. We then
use the first-order conditions to characterize the optimal responses of inflation and
output to exogenous disturbances, and discuss the conditions under which optimal

policy corresponds to complete price stability.

3.1 Undesirability of Policy Randomization

We have shown in the previous section that our approximate policy problem consists
of choosing processes {m,,Y;} for dates ¢ > t, to minimize the loss function (2.12),
subject to the constraint that the log-linear approximate aggregate supply relation
(2.14) hold each period, and that the initial inflation rate satisfy a constraint of the
form (2.13). We first consider whether a solution to the first-order conditions asso-
ciated with this problem necessarily represents a loss minimum. This is necessarily
true if the loss function is convex, as it will be if ¢,q, > 0; but as we shall see,

our approximate loss function is not necessarily convex, yet our L(Q) approximation
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may nonetheless suffice to characterize (locally) optimal policy. Here we examine the
somewhat weaker conditions under which this will still be true.

As a closely related question, we consider the issue of whether purely random
policy — randomization of policy by the monetary authority, uncorrelated with any
random variation in economic “fundamentals” — can be welfare-improving. Again,
in the case of a convex loss function, of the kind conventionally assumed in analyses of
monetary stabilization policy with ad hoc objectives, it can be shown that arbitrary
randomization is never optimal. But if our approximate loss function need not be
convex, the answer is not obvious, and Dupor (2003) exhibits a general-equilibrium
model with sticky prices in which randomization of monetary policy can be welfare-
improving. Here we use our LQ approximation method to establish general conditions
under which a result like Dupor’s will obtain in a model with Calvo-style staggered
pricing.

We begin with the simpler question of the desirability of policy randomization.
Suppose that we begin with some possible equilibrium processes {m;, }A/t} consistent
with constraint (2.13), and then consider the effect of perturbing this equilibrium
by adding terms that depend on a sunspot realization v, at some date ¢t > t,. The
variable v; is assumed to have conditional expectation zero at date ¢ty and variance
02 > 0, and to be distributed independently of the processes {m;, }Aﬁ} and of funda-
mental processes such as {Yt*, Ytn} Suppose that the occurrence of this shock adds
a contribution vy to my;, for each j > 0, where {¢;} is an arbitrary bounded se-
quence of coefficients. (This is the effect of the sunspot in the linear approximation
to the solution under a given random policy which suffices for our computation of a
second-order approximation to welfare.) It then follows from (2.14) that the shock
also adds a contribution k" (1; — 1,1 )vs to Y}, for each j > 0.

The response to this sunspot thus adds terms to the loss measure (2.12) equal to
o ;=B\’
glo; Z%ﬁj 407 + gy (—” — : (3.1)
‘7:

Randomization of monetary policy is (locally) undesirable if and only if this expression

is positive in the case of all possible non-zero bounded sequences {¢,}. This is turn

holds if and only if the quadratic form

10l = ) A, (3.2)

i=0 j=0
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is positive definitefor appropriately defined coefficients A;;. (See the appendix for
details.)

If (3.2) is positive definite, it similarly follows that no bounded added terms that
depend linearly on sunspot realizations in any of the periods t > t; can lower the
expected loss. Hence a loss-minimizing policy must be one that involves no arbitrary
randomization. One can also show that the same condition describes the complete
set of second-order conditions for loss minimization. In the appendix we prove the

following proposition.

PrRoOPOSITION 3. Randomization of monetary policy reduces the expected losses
(2.12) — and hence is locally welfare-reducing in the exact problem as well — if
and only if the quadratic form (3.2) is positive definite. Furthermore, if and only
if this is true, processes {ﬂt,?}} that satisfy the first-order conditions for the LQ
optimization problem [discussed further below| represent a loss minimum, and hence

an approximation to (at least a local) welfare maximum in the exact problem.

Furthermore, the necessary and sufficient conditions for (3.2) to be positive def-
inite reduce to the following: ¢, and g, are not both equal to zero; and either (i)
qy > 0 and

gr + (1 — BY%)2k72g, > 0, (3.3)

holds, or (ii) ¢, < 0 and
Gr + (1 4+ BYH)22g, > 0, (3.4)

holds.

Note that in the case that both ¢,, ¢, > 0, (3.3) is satisfied as long as least one
coefficient is strictly positive; thus the case of a convex loss function is one in which
the second-order conditions are necessarily satisfied and randomization of policy is
necessarily welfare-reducing. However, Proposition 3 shows that the requirement of
convexity of the loss function can be weakened while retaining these results.

In fact, in the case of isoelastic functional forms, convexity is likely to obtain for
quantitatively reasonable parameter values, even if it is not a necessary consequence
of the general assumptions made above. In the isoelastic case, g, and ¢, are given

by (2.9) and (2.8) respectively. It follows from this expression and our general as-
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sumptions that ¢, > 0, though it remains possible in the isoelastic case for g, to be
negative. Furthermore, one observes that a necessary condition for g, to be negative
is that s¢ < 1/2, or alternatively that sg > 1/2, which is larger share of government
purchases in total demand than is typical of industrial economies.
Even if ¢, < 0, Proposition 3 shows that randomization of policy will still be
welfare-reducing, as long as
0z - (35)
y = (1 +51/2)2' .
Violation of this bound requires an even more extreme role of the government in
the economy, though it remains a technical possibility, consistent with our general
neoclassical assumptions.®® We show in section xx, however, that it is possible for
randomization to be welfare-improving without such an extremely large share of gov-

ernment purchases in total demand, in the case of more general functional forms.

3.2 The Case for Price Stability

Under certain circumstances, our characterization of the approximate loss function
yields immediate conclusions regarding the nature of optimal policy. These are the
conditions under which optimal policy involves complete stabilization of the inflation
rate at zero, i.e., complete price stability. While the conditions under which this
is exactly true are fairly special, they are nonetheless of interest, insofar as price
stability may be a good approximation to optimal policy as long as the conditions
are not too grossly violated.

The quadratic loss function (2.12) is clearly minimized by a policy under which
inflation is zero at all times if two conditions are met: (i) the coefficients of the loss
function satisfy ¢,, ¢, > 0; and (ii) the exogenous terms }A/t” and }Aft* coincide at all
times. Condition (ii) implies that a policy under which inflation is zero at all times

will also involve Y; = Y;* at all times, as a consequence of (2.14).3' Condition (i)

30For given values 0 < 3 < 1, w > 0,071 >0, ® > 0, k > 0, and 6 > 1, choice of a value of sg
close enough to 1 — and hence a value of s¢ close enough to zero — will make g, an arbitrarily
large negative quantity, while ¢, and the other expressions on the right-hand side of (3.5) remain

finite. Hence it is possible to find parameter values for which (3.5) is violated.
3lHere we assume that a policy under which inflation is zero at all times is feasible. In the model

proposed here, this is necessarily the case as long as disturbances are small enough, so that the

nominal interest rate required for an equilibrium with zero inflation is non-negative at all times.
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then implies that such an equilibrium necessarily achieves the lowest possible value
for expected losses, since expected losses are zero and the loss function is necessarily
non-negative.

In fact, condition (i) can be weakened; it suffices that ¢, and ¢, satisfy the condi-

tions stated in Proposition 3. In the appendix we establish the following result.

PROPOSITION 4. Suppose that Yt" = fft* at all times, and that the conditions
stated in Proposition 3 are satisfied. Then the policy that uniquely minimizes (2.12) is
the one under which 7; = 0 at all times, regardless of the realizations of the exogenous

disturbances [as long as these are small enough to make such an equilibrium possible].

This means that in the exact model as well, a policy under which inflation is zero at
all times is optimal from a timeless perspective. That is, under the initial constraint
that m,, = 0, expected utility is maximized by a policy under which 7, = 0 for all
t > 1.

The condition that Yt” = Yt* at all times, assumed in Proposition 4, is not quite
so special a situation as might be imagined. It is consistent with the existence of
a number of distinct types of independent disturbances, as long as certain model
parameters take special values. Comparing the definitions of }A/;” and ?;* above, one
sees that [for the isoelastic case considered in section 2| both expressions will be
affected to exactly the same extent by technology shocks, by shocks to household
impatience to consume, and by shocks to the disutility of labor supply, in the case
that w; = 1. This condition in turn holds if ®(s;' — 1) = 0, which holds if either
® = 0 or sg = 0. Furthermore, both expressions are affected to exactly the same
extent by variations in government purchases as well, if in addition ws = 0, which
holds if & = 0. However, variations in the wage markup or in the level of distorting
taxes necessarily affect the two expressions differently, except in a special case that
would imply that they are no longer affected in the same way by any disturbances to

tastes or technology. We thus obtain the following result.

PROPOSITION 5. Consider a model with the isoelastic functional forms (1.3) —

"> 0, and suppose that there are random

(1.4), and parameter values w > 0,0~
fluctuations in the composite disturbance term wq; + o~ '¢;. [This is generally true

if either preferences or technology are random.] Then f/;” = fft* at all times — so
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that the “cost-push” term in the aggregate-supply relation (2.14) is zero at all times
— if and only if (i) there are no random variations in the wage markup or the tax
rate (fi;" = 7 = 0 at all times); and (ii) either (a) the steady-state level of output is

efficient (¢ = 0) or (b) there are no government purchases (G; = 0 at all times).

The result that there is no “cost-push” term in the aggregate-supply relation in
the case that ® = 0, as long as there are no markup fluctuations or variations in
the level of distorting taxes, has already been obtained in Woodford (2003, chap. 6),
following Rotemberg and Woodford (1997). Here there is also a simple intuition for
the fact that price stability is optimal, first stated by Goodfriend and King (1997):
the model is one in which, if prices were perfectly flexible, the equilibrium allocation
of resources would be optimal. Even with staggered price adjustment, a policy that
achieves zero inflation at all times leads to an equilibrium allocation of resources that
is the same as if prices were flexible; hence the policy is optimal.

More interesting is the conclusion that even when the steady-state is inefficient
(® > 0), a policy of complete price stability is still optimal (from a timeless perspec-
tive®?) in the isoelastic case, as long as there are no government purchases. (The
absence of government purchases is actually necessary in order for this case to be
isoelastic in the relevant sense; for it is only if G; = 0 that (1.3) implies that the
marginal utility of income will be an isoelastic function of the level of output Y;, and
not simply of the level of consumption C}.)

This result provides an analytical explanation of certain numerical results obtained
by Khan et al. (2003) in a closely related model.*® Khan et al. assume isoelastic
functional forms, as we have, and also calibrate their model so that in the steady state
there are no government purchases (sg = 0), even though they consider the effects
of small departures of G; from the steady-state value of zero. When they consider

the optimal policy response to a technology shock, and use a linearization method3?

32We discuss the way in which Ramsey policy differs from the timelessly optimal policy in section
XX.
33The model considered by Khan et al., in the variant that abstracts from monetary frictions, is

essentially the same as ours, except for a different form of staggering of pricing decisions: in their
model, each price remains in force for exactly two periods (with half of the prices being reoptimized
each period), rather than for a random number of periods as in the Calvo model. We discuss the

consequences of this alternative form of staggering in section xx below.
34The method that they use to compute a linear approximation to optimal policy involves first
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to compute a linear approximation to the optimal response — i.e., to compute the
derivative of the optimal paths with respect to the amplitude of the technology shock,
evaluated at the case of a zero disturbance (the steady state) — they are in effect
computing a linear approximation to optimal policy in a model in which there are
no government purchases, since they compute a perturbation which does not change
the level of government purchases to a steady state with no government purchases.
In fact, Khan et al. find that the optimal response to a technology shock involves no
change in the inflation rate (which continues to equal zero, the optimal steady-state
inflation rate in their model as in ours), and a response of output that is the same
as would occur in a model with flexible prices (i.e., ¥; = ¥;*).35 This is just what
Propositions 4 and 5 would imply for our model.

Instead, they find that the optimal response to a variation in government pur-
chases involves some change in the inflation rate, and an output response that differs
slightly from the flexible-price equilibrium response. This too is what our analysis
would predict, in the case that ® > 0. Thus our results provide analytical insight
into the reason for the numerical results obtained by Khan et al. for a particular
numerical calibration, which allows us to better understand their degree of general-
ity. On the one hand, we find that their conclusion with regard to technology shocks
does not depend on their precise parameter values, except the choice to assume that
sq = 0. However, our analysis also indicates that they would not have obtained the
same result under a more realistic calibration in which s > 0; so this simplification
was not innocuous. Our further analysis in section xx below also shows that their
result would not obtain, in general, in the case of non-isoelastic functional forms,

even under the assumption that sg = 0.

writing the exact (nonlinear) first-order conditions that characterize optimal policy, then linearizing
these first-order conditions, and solving the linearized equations. This method yields an identical
linear approximation to optimal policy as the solution to our LQ problem though, as we have
explained in section 2, we believe there are advantages to proceeding from an LQ approximate

policy problem.
35King and Wolman (1999) obtain a similar conclusion in a model where government purchases

are not considered at all.
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3.3 Optimal Responses to “Cost-Push” Disturbances

While in the previous section we have described cases in which complete price stability
is optimal, we have also found that this is exactly true only in fairly special cases,
when we allow (realistically) for a distorted steady state. In general, the “cost-push”
term u; will be non-zero. This is obviously true if there is time variation in the size of
tax distortions or in wage markups, since disturbances of this kind affect the flexible-
price equilibrium level of output while they are irrelevant for the efficient allocation
of resources. But our results above show that even if there are no disturbances of
those types, shocks to tastes or technology, or variations in government purchases,
also generally give rise to fluctuations in the cost-push term. In any such case, it is
not possible simultaneously to fully stabilize both inflation and the welfare-relevant
output gap; the optimal trade-off between the two stabilization objectives generally
involves some degree of variation in both variables in response to disturbances.

In order to consider optimal policy in this more general case, it suffices that we
specify the stochastic process for fluctuations in the composite cost-push term {u;};
the underlying source of those fluctuations does not matter, at least as far as the
optimal fluctuations in inflation and in the welfare-relevant output gap are concerned.
(The optimal responses of other variables, such as output, employment, or private
consumption, will instead generally depend on what kind of real disturbances have
occurred.) It follows from the approximation introduced in section 2 that a log-linear
approximation to the optimal evolution of inflation and the output gap are given
by the processes {m, z;} that minimize (2.12), subject to the constraints that the
aggregate-supply relation (2.14) be satisfied each period, and that the initial inflation
rate satisfy a constraint of the form (2.13). The solution to this problem plainly
depends only on the stochastic evolution of the composite cost-push term. Thus
from this point we make treat the specification of the transitory fluctuations {u;} as
a primitive.

The form of the optimization problem just stated is the same as in a model where
the steady state is assumed to be efficient (& = 0); the only differences made by
allowing ® to be positive have to do with the expressions that we have derived for
¢- and g, as functions of underlying model parameters, the expression for u; as a
function of underlying disturbances, and the definition of the welfare-relevant output

gap z;. The solution to the problem is therefore the same (in the case of a given
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{w;} process and given values of ¢, and g,) as in the & = 0 case treated in Woodford
(2003, chap. 7).35 We recall here some of the main results presented there, which
directly apply to the present case as well.

The first-order conditions for the optimization problem just stated are of the form
=T+ 9 — 9 =0, (3.6)

Qyxe — Ky = 0, (3.7)
for each t > ty, where ¢, is the Lagrange multiplier associated with the constraint
(2.14) in period t. Bounded processes {m,x¢,¢,} that satisfy (2.14) and (3.6) —
(3.7) for each t > ¢, and are consistent with the initial condition (2.13) represent an
optimum. Using (3.6) to eliminate 7; and (3.7) to eliminate z;,3" (2.14) becomes an

equation for the evolution of the multiplier

BayErprir — [(1+ B)gy + K24 or + Qupe1 = Qndyts. (3.8)

The initial condition (2.13) can similarly be expressed as a constraint on the path of
the multipliers
Pro — Pro—1 = —Gn Ty (3.9)
An optimum can then be described by a bounded process {¢,} for all dates t > to—1
that satisfies (3.8) for each ¢ > ¢, and is also consistent with (3.9).
Equation (3.8) has a unique bounded solution consistent with (3.9) if and only if

the characteristic equation

Bayp* = [(1+ B)ay + £°¢z] p1+ g, =0 (3.10)

has exactly one root such that |u| < 1. This requires that the characteristic equation
have real roots, exactly one of which lies in the interval between -1 and 1; this in turn
is true if and only if*® ¢, # 0 and

ay K2

36See also Clarida, Gali and Gertler (1999) for analysis of an LQ problem of this form.
37Here we assume that both ¢, gy # 0. Note that if either ¢, or ¢, happens to equal zero, optimal

policy is easily characterized: it consists simply of the complete stabilization of the variable with

the non-zero weight in the loss function.
38Note that while we have assumed g, # 0 in the above derivation, (3.8), (3.9) and (3.10) are also

correct even when g, = 0.
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Note that in the case that ® = 0 (treated in Woodford, 2003, chap. 7), this condition
is necessarily satisfied, since in that case ¢,,q, > 0. We then obtain the following

result (details are given in the appendix).

PROPOSITION 6. Suppose that ¢, # 0, and that (3.11) is satisfied in addition to
the conditions listed in Proposition 3. Then in the case of any small enough value
of 74, and any sufficiently tightly bounded fluctuations in the cost-push disturbance
process {u;}, the solution to the optimization problem stated in Proposition 2 involves
fluctuations {m;, z;} that remain forever within any given neighborhood of the steady-
state values (0, 0). These optimal dynamics are furthermore approximated (arbitrarily
well, in the case of tight enough bounds on 7, and on the amplitude of the cost-push
terms) by the log-linear dynamics corresponding to the unique bounded solution to
equations (2.14), (3.6) and (3.7) consistent with initial condition (2.13).

This solution is obtained by solving (3.6) and (3.7) for m; and z; respectively,

where the multiplier process {,} is specified recursively by the relation

Pr = HPr1 — dr ZﬁijHEtUtﬂ- (3.12)
j=0
Here p is the root of (3.10) that satisfies —1 < p < 1, and the initial value ¢, ; is

chosen so that that the solution is consistent with (2.13).

In the isoelastic case, as discussed above, ¢, > 0. One can then show further-
more that condition (3.11) implies condition (3.5), though the former condition is
stronger.?® Hence it suffices that (3.11) hold in order for Proposition 6 to apply.
Since this is necessarily satisfied if g, > 0, it also follows from our discussion above
that if s¢ < 1/2, the condition is necessarily satisfied. Thus in the isoelastic case,

Proposition 6 necessarily applies, unless government purchases are a large share of

39Whenever (3.5) is satisfied, so that a bounded solution to the first-order conditions would
correspond to an optimum, there is necessarily no more than one bounded solution. However, there
might be no bounded solution, as the optimal policy might involve mildly explosive dynamics. This
is the case in which (3.5) is satisfied though (3.11) is not. We do not wish to consider such cases
here, as our local LQ approximation to the policy problem could not be guaranteed to remain an
accurate approximation in such a case. Hence we shall require that the stronger condition (3.11)
be satisfied. In the case of an exact LQ problem, this condition would not be required in order for

(3.8) to determine a well-defined optimal policy.
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total output. (But once again, it remains possible for the condition not to hold,;
indeed, it is possible for (3.11) to fail even though (3.5) is satisfied.)

As an example of the implications of Proposition 6, consider the case of exogenous
fluctuations in the level of government purchases, according to a first-order autore-

gressive process of the form
ét = pGét_l + 6?, (313)

where 0 < p; < 1 and {€7} is an i.i.d., bounded, mean-zero exogenous shock process.
It follows from the definition of the cost-push term in section xx above that in this

case, u; = oG, with a coeflicient

0.—1

Sy, S —
(w+o1)g,

In this case, (3.12) reduces to

0 = gy + ¢6Gh,

where
'y alel

1 Bup’

It then follows that an innovation €& to the level of government purchases affects

bc =

the current level and expected future path of the Lagrange multiplier by an amount

0
Eiprp; — Ei1pyy; = —G¢G6tG

for each j > 0. Given this impulse response for the multiplier, (3.6) — (3.7) can be

used to derive corresponding impulse responses for prices and the output gap,

Lt —p
Eiprri — Byaprys = —— M —Pe_4 G 3.14
tPt+j t t+j In I — po G-t ( )
o it — it
Eyxyy; — By 1y = —wﬁbcﬁﬁ (3.15)
4y K= Pa

where in (3.14) we use the notation p; = log P,.
If we further specialize to the case in which G = 0, so that s¢ = 1 (as in the
calibration of Khan et al., 2003), then in the case of any ® > 0 we have

G=w+®+o(1-d) >0,
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0
r=—qy >0,
q K;Qy

as a consequence of which one can show that 0 < o < 1. We also observe in this case
that v, < 0, as a result of which ¢, > 0. It then follows that each of the coefficients
of the impulse response function (3.14) is negative, while each of the coefficients of
the impulse response function (3.15) is positive. That is, an unexpected increase in
government purchases results in a decrease in prices and an increase in the (welfare-
relevant) output gap; both impulse responses return asymptotically to zero, without
ever overshooting their long-run levels.

This provides us with an analytical explanation of the results of Khan et al. (2003)
in a closely related model. They also find that the optimal response to an increase
in government purchases involves a temporary reduction in prices, together with a
greater contraction of private consumption (and a smaller increase in output) than
would occur in the flexible-price equilibrium, or than would result from a monetary
policy that completely stabilized inflation. Our analytical results here yield the same
conclusion. Because v, < 0, an increase in government purchases causes a negative
“cost-push shock,” meaning that it is not possible to maintain Y, equal to f/;* without
deflation (as Y;* rises less than does the natural rate f/;”) The optimal tradeoff
between the objectives of inflation stabilization and output-gap stabilization requires
one to accept some deflation, though not as much as would be required to maintain
Y, equal to Yt*

This involves an increase in the welfare-relevant output gap, and since fft* = wGGt,

where
o ! w+o (1 —d)

¢G:w+o*1w+¢)+a*1(1—®)

> 0,

the target level of output also increases; hence output increases relative to trend in
response to such a shock. Nonetheless, optimal policy involves output temporarily
lower than the flexible-price equilibrium level f/t”, as found by Khan et al. The price-
level response (3.14) implies that E;p;,q falls by an amount that is p + pg < 2 times
as large as the decline in p;; hence Eym;11 does not decline by as much as does
(if it falls at all). It then follows from (2.11) that ¥; — Y;* must fall in response to
a positive innovation €. Thus output rises less (at least in the period of the shock)
under optimal policy than it would in a flexible-price equilibrium; or alternatively,
consumption falls by more than it would in a flexible-price equilibrium, as reported

by Khan et al. Our results for a model with Calvo pricing are thus qualitatively
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similar to theirs for a model with two-period price commitments, and we are also

able to obtain precise analytical expressions for the size of the effects in question.

4 The General Case

In this section we wish to relax some of the assumptions of the previous sections. We
continue to assume that each household seeks to maximize the level of expected utility
as in (1.1), but now, as in the model of Kimball (1995), the consumption aggregate
C; is implicitly defined by a relation of the form

/0 W(en(i)/C)di = 1, (4.1)

where ¢(x) is an increasing, strictly concave function satisfying (1) = 1. Under

the previous assumption of Dixit-Stiglitz preferences, we had ¢(z) = @1/ The

demand curve for good ¢ is then implicitly defined by

which allows us to define the function z(z) = o' ' (¢'(1)z). The price index P, is
implicitly defined by

/ b))/ P — 1, (42)

where h(p) = pw’_l(w'(l)p) is a positive-valued, decreasing function.

We also now allow for preferences of the more general form
(G &) = u(Cr &), (4.3)

6(Ht5 ft) = @(Ht;gh,t)a (4'4)
where {£.;,§,,+} are bounded exogenous scalar disturbance process, and for a produc-

tion technology of the more general form

Yi(i) = Ay f(he(i))

for each of the differentiated goods. We assume only that our utility and production
functions are three times differentiable, and that they satisfy the standard neoclassical

assumptions regarding monotonicity and concavity.
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In the general case, it is useful to introduce the notation 5! = —.C / g, G =

Tlcel ot/ Ue, 07" = —[tieecC [Tice+1]85", 651 = —TieeY [lice. Substituting Y; — G, for C;
and defining u(Y; ¢) = @(Y —G; €,), we obtain that 0! = —1,,Y /u, =5 s, 07! =
Ty, Y2 /U, = —o Y(sg' + a7Y) and that g, = oy, /U, = (Gy + sct) + O(||€][?),
Gou = Oalliyye&,Y Uiy = —090 55 Gy — 02055 gy + 020 (G5 — 57 DGy + O(JJE]]2).

Similarly, we introduce the notation v = opph/0n, V1 = Opanh?/On, va = Onneh/One,
hy = —v " ' 0pe€y, /0. For the production function, we define ot = f'h)f, ¢ =
f"m/f', ¢y = f"h?/f. Defining v(y;€) = o(f 1 (y/A);€), we obtain that w =
B [y = V6 — 061, @ = —w 066, /T, = w M (vhy + 61+ v)ag) + O(€]). By
defining 01 = (11¢® — 3vd*¢, — d*¢y + 3¢°¢] + w)/w we can further obtain that
D1 = Uy Y20, = w(wy—1) and that go; = 05 0,,eE,Y /0, = 05 (wig—Dza+Dahy )+
O(]|€]]?) where we have defined w3 = w(1 + w) — 2¢(V — ¢;) — w1, wy = vP(v — vy).

4.1 A Generalized Distribution of Intervals between Price

Changes

Here we introduce more flexible notation for the frequency distribution of the intervals
between price changes; among other cases, our general model includes both classic
Taylor contracts (price commitments for a fixed period of time) and the Calvo model
as special cases.”® Let v, be the fraction of the industries in any period that made
their last price adjustment k periods earlier, for £ = 0,1,2,.... We assume that
Vi1 < v for each k, and that all v, are non-negative and sum to 1. We furthermore
assume that a price commitment already in effect for k periods will continue in effect
for another period with probability v,,,/7., and that new price commitments are
chosen with a knowledge only of the probability distribution of possible times until
revision of the price, not the actual length of time that a given commitment will
continue in effect (except when all commitments last for exactly n periods, as in the
Taylor model). In this notation, the Taylor model corresponds to the special case
in which v, = 1/n for each 0 < k < n —1 and 7, = 0 for each £k > n. The Calvo
model considered earlier corresponds to the case in which 7, = (1 — a)a® for some
0<a<l.

40The notation introduced here also allows us to analyze more complex cases, such as the one
assumed in Khan et al. (2003).
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Households maximize their level of expected utility
Ut == Etoﬁt—to[]‘t (45)

where the utility flows can be written as
1
O = al¥ag)~ [ olw(i&)d
0
= u(Yii&) = > (Ve /P &), (4.6)
k=0

Here p; is the price chosen in period ¢ by each industry that adjusts its prices at that
date, and P, is a homogeneous-degree-one aggregate of the industry prices {p; .},

implicitly defined by (4.2) which can be written as
> nhi/P) = 1. (4.7)
k=0

Note that past prices {pj _,} remain relevant for the evaluation of welfare looking
forward from period %, even if they do not constrain the possible equilibrium evolution
of prices and output from ty onward. In fact only the vector of (previous period)
relative prices D;,_1, defined by

Dj = p:—j/Pt

for 7 > 0, identifies predetermined state variables that matter for defining the feasible
level of utility from ¢, onward. Given the relative price p; = p;/P; chosen by firms
that adjust their prices in period ¢, the implied aggregate inflation rate I, = P,/ P,
is given by

I, = T1(, Dy 1),

where the function II(-) is implicitly defined by

Yoh(Pr) + Z Vit M( Dy p—1 /1) = 1.

k=0

Using this, we can write a law of motion for the vector of predetermined states,
Dy = T(ﬁm thl) (4-8)
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in which
TO (ﬁv D) = ]57
and

T;(p, D) = D; 1 /TL(p, D)

for each 7 > 1. We can furthermore write
U, =U(Y;, Dy, €,) (4.9)

where U(+) is defined by the right-hand side of (4.6). It then follows from (4.8) that
the utility flow from ¢, onward depends on the evolution of the endogenous variables
{p+,Y:} and the exogenous disturbances {¢,} from t, onward, together with the vector
of initial states Dy,_1.

As in section xx, each of the suppliers that revise their prices in period ¢ choose
the same new price p;. The probability that a new price adopted in period ¢ still
applies in period t+k, for each k£ > 0, must equal v, /7,. It follows that the first-order

condition for the optimal choice of prices must satisfy

Ey Z%Qt,wkfl(p:/PtJrkz; Yiew: §qi) = 0, (4.10)

k=0

for each t > ty, where the function g(p*/P;Y, &) = I (p*, p?, P; Y, €). In terms of the

above notation for relative prices we can write (4.10) as

By Z 379 Dri; Yerrs Er4r) = 0, (4.11)

k=0

where the function ¢(-) is defined by
9(D;,Y;8) = uy(Y;6)2(D;)Y M;(D;, Y5 6),

where

M;(D;,Y;€) = (1—71,)D;(1—6(D;)) + Nwe(Dj)Uy(YZ(Dj)af)

uy(Y§€) ’

while §(D;) = —D,;z'(D;)/2(D;). The restriction (4.11) together with (4.8) con-
straints the feasible evolution of the variables {p;, Y;, D}, given the initial condition
Dyy—1.
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Let x;, = (Yy, py, D;) and define

Fia=E> B 779(Drsinji Yerh—js §opny) (4.12)
k=j

for each j > 1. Let F} be the vector the j the element of which is Fj;, for 7 > 1. In
general, this is an infinite-dimensional vector. In the case that v, = 0 for all £k > n,

some finite n, then only the first n — 1 elements of F; matter.
Let F be the set of values for (F}, D;_1) such that there exist paths {1} for dates
T >t that satisfy (4.8) and (4.11) for each T, that are consistent with the specified
elements of F; and that imply a well-defined value for the objective U, defined in
(4.5). For any (F;, Di—y) € F, let V(Dy_q, F;; ;) the maximum attainable value
of U; among the state-contingent paths that satisfy the constraints just mentioned.
The to—optimal plan can be obtained as in section xx as a two-stage optimization
problem. Let us focus on the second stage. This second stage is of the same form
as the Ramsey problem itself, except that there are additional constraints associated
with precommitted values of the elements Fy11(&,, ). Let us consider this problem
looking forward from period ¢, under the additional set of constraints Fj, = Fto (that
may depend on the exogenous state &; ). The constrained policy problem is then to
choose state-contingent paths {x;} from t, onward, that satisfy the constraints (4.8)
and (4.11) for all ¢ > ty, and the vector of constraints Fy, = Fy,, (where F},, is given
by (4.12)) in order to maximize (4.5) (where U, is given by (4.9)), given the initial
state Dy,_; and precommitted values Fto. This constraint problem can be as well

written in a sequential way. Let us define the following functional relationships

A

Jx, F(:)(&) = UYs, Dy &) + BEV (Dy, Fipa; 5t+1)

FO[% F()(E) = 709(De; Yi, &) + BEF 441,
FJ[%FU](@) = %g(DjﬂYt;ft) + BE Fji141
for each 7 > 1.

Then in each period t > ty, the monetary authority chooses z;, and state-contingent
commitments Fj 41 (&,,,) so as to maximize J[z, F(-)](&,) over values of z; and Fy1 (&)
such that

(i) Dy and p; satisfy (4.8);

(ii) Fylz, F(-)](&,) = 0 and Fj[z, F(-)](§,) = Fj, for each j > 1.
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(iil) (Fiy1, Di) € F(§pi1)
given the predetermined states D;_1, the exogenous states £,, and the precommit-
ted values F, = F,.

In the appendix we prove the following proposition

PROPOSITION 7. Given some (Dy,_1, Fi,) € F consider the sequential deci-
sion problem in which each period ¢ > ty, (x4, Fi41(+)) are chosen to maximize
J[z, F(-)](£,), subject to constraints (i) — (i4) stated above, given the predetermined
state variable D, ; and the precommitted values F;. Then the process {z;} that is
chosen in this way is the process that maximizes U;, among all of the paths consis-
tent with (4.8) and (4.11) for each ¢t > t¢, given D, ; and also consistent with the

specified values Fj,.

As in section xx, our aim is to characterize policy that solves this constrained opti-
mization problem for initial conditions near certain steady-state values. We first show
the existence of a steady state, i.e., of an optimal policy (under appropriate initial
conditions) that involves constant values of all variables. To this end we consider the
purely deterministic case, in which the exogenous disturbances &, ,,Gy, &y, 4, Ar, i,
each take constant values &, = &, = 0 (without loss of generality), 7, A4, i > 0,
G >0 for all t > t,. We wish to find an initial degree of price dispersion Dy, ; and
initial commitments F,, = F such that the solution to the problem defined above
involves a constant policy #; = Z, Fy4; = F each period in which D is equal to the
initial price dispersion. We show in the appendix that the first-order conditions for
this problem admit a steady-state solution of this form, and we verify below under
which conditions the second-order conditions for a local optimum are also satisfied.

We show that the result of section xx generalizes to this more general specification
of the policy problem and most important to other price-setting mechanisms than the
Calvo’s model. Indeed, we find that II = 1(zero inflation), and correspondingly that
D = 1(zero price dispersion) is a steady solution.

We next wish to characterize the optimal responses to small perturbations of the
initial conditions and small fluctuations in the disturbance processes around the above
values. To do this, we compute a linear-quadratic approximate problem, the solution
to which represents a linear approximation to the solution to the “stage two” policy

problem.
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We begin by computing a Taylor-series approximation to our welfare measure
(4.5), expanding around the steady-state allocation defined above, in which y;(i) =Y
for each good at all times and £, = 0 at all times. As a second-order (logarithmic)

approximation to this measure, we obtain*!

— X/ S - Y 1 % % 1 )
Uy = ¥ By S5 0Y = qug ¥+ Vi — w03}
t=to

+t.1.p.+O(|€]]?) (4.13)

where u,, and u,¢§, are the same as in section xx and v, is defined in the appendix.
As before, the coefficient

measure the inefficiency of the steady-state output level Y where now 6 = 6(1). We
have further defined

o0
N2 2
E;Dj, = Z%’Da‘,t’
=0

as an index of second moment price dispersion. To solve for the linear term in (4.13)

we consider a second-order approximation to the generic constraint

Y;9( D, Y §4) + BFji101 = Fg (4.14)
for each j where F{; = 0 obtaining

VM + 91— oY+ 07 g + 2Dy My, = 0, 'Y (Fyy — BFji1e) + O(IE]1%),

(4.15)
where M;, is a short-hand writing of the function M;,(-) and z’ denote the first-
derivative of the function z(-) evaluated at the steady-state.

We now sum (4.15) across j and obtain

i 'Y F, = BF) = EiMj+[(1— o0 )Y+ o0 g E;M;,
+2' Ej{D; M, } + O(|[€]), (4.16)

where we have defined F, = Z;; F;;. As shown in the appendix, we can further

take a second-order approximation to M, and substitute in (4.16). After integrating

41See the appendix for details.
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forward the resulting expression from period %y, we obtain that

. _ PR | o 1 oy
bpFi, = u,Y - By Z 6t tO{Y% + §dejDJ2',t + §bythQ - Ytbyﬁgt}
t=to

+t.1p.+O(|[€]]), (4.17)

for certain coefficients defined in the appendix. We can then use (4.17) to write the
discounted sum of output terms in (4.13) as a function of purely quadratic terms, up
to a residual of third order. We can then obtain

U, =-QF, Zﬁt tO{Qy (¥, — V)2 + QZdE D2} + ®bs By + tip+O([E][P) (4.18)

to
t=to

where we have defined Q = 4,Y, ¢, = u,, +®b,,, g4 = ug+ Pby and }Aft* = qy_l(uygft +
Pb,e&,). Once again we are interested in characterizing optimal policy from a timeless
perspective. We observe that F}, is a function of the additional commitments at time
0 and then it is a predetermined variable and independent of policy. Hence, over the

set of admissible policies, higher values of (4.18) correspond to lower values of

Liy= By B0{R (G )+ L2, (4.19)

t=to

Because this loss function is purely quadratic, it is possible to evaluate it to second
order using only a first-order approximation to the equilibrium evolution of output
and price dispersion. A log-linear approximation of the constraint (4.11) at each date

t yields to
Ey Z 5k7kﬁk,t+k =k Z 5k’7k/\y(ﬁ+k - }A/Zik) (4.20)
k=0 k=0
where we have defined A\, = (w+071)/(14¢) with ¢ = 971(9 — 1) —wz and 0, 7

are the derivative of the functions 6(-), z(-) at the steady state. ** We further note
that a log-linear approximation to (4.7) implies

> ;D =0. (4.21)
=0

“2Equation (4.20) is implied by (4.15) for j = 0 since Fj; = 0.
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Moreover Dj,t = Dj71,t71 — my for each 7 > 1. It then follows that

’VODOJ + Z ’7j+1([)j7t—1 — ) =0,
=0

which implies that

. STy .
1o Do,t+zli“ Djer. (4.22)
v =0 o

~

We can then substitute into lA?j,t = Dj;_14-1 — m and obtain

(o]
- - Yo A Vi1 A
Djy=Dj 41— —2—Doy — > —Dj, (4.23)
1= Y
for each 7 > 1. To complete to characterize the optimal policy problem from a
timeless perspective, we need to discuss the nature of the additional constraints at

time ¢y on Fy,. Indeed, the log-linear terms of (4.15) imply

bmﬂ;lif_lF t = Ei Z 6 Ytk Ay (Yt+k - Y/ ZB 'Yg+kDJ+k t+k> (4.24)
k=0

for each 7 > 1 where b, is defined in the appendix. A restriction on F}; implies
a restriction on the possible future evolution of the variables of the RHS of (4.24).
An optimal policy from a timeless perspective is a policy from date to onward that
minimizes the quadratic loss function (4.19) subject to the constraints implied by the
linear structural relations (4.20) and (4.23) holding in each period t > ¢, and to the
constraints that certain predetermined values for Fj;, (as in (4.24) for each j > 1 be

achieved, given the initial conditions ﬁj,to_l for each 7 > 0.

4.2 The Calvo Model with General Preferences and Tech-
nology
We can simplify further the analysis if we again assume the Calvo frequency distribu-

tion for the intervals between price changes, 7, = (1 — a)a*. Under this assumption,
(4.21) up to first-order terms implies that

[e.9]

Z(l —a)a’D;; =0

J=0
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and that .
(1—a)Dos+ Y (1= a)ad(Dj_14-1 — m) = 0.
j=1
It then follows that

(1 — Oé)b&t + 062(1 — Oé)Oéle)j’t,1 — T = 0,
j=0

and then that
«a

(1—a)

Doy = . (4.25)

We can further note that we can simplify E]?f)j,t as

E?Djy = (1-a)D3,+ > (1—a)o/(Dj_y-1 — m)’

j=1
= (1- oz)f)g’t + Z(l - a)aj(DJQ-,t_l — 2Djyt_17rt + 7r,52)
=0

2
« ~
= oo a)WtQ +aB;Di,_ +amf + O([[¢]]%)

I8 o
= mﬂf +aB; D3, + O(J[€]]%),

where we have used (4.25). Integrating from ¢, we finally obtain

o o 2
g p2, =y gt = Tty tip+O(E®). 4.26
S oBD =3 T g Ol 429
t=to t=to
Substituting (4.26) into (4.19) we obtain that
= — q 9 O % qr .
Ly =By y_ 8720 - VP + Sal} +tip+ O(ElP)  (d27)
t=to

where we have defined ¢, = qu.
Equation (4.27) can be evaluated by the log-linear approximation to the structural
equations (4.20) and (4.23) which can be written together to imply

T = ’ﬁ(ﬁt - Ytn) + BEmi1, (4.28)

which is the same “New Keynesian” aggregate supply equation of section xx except
that now £ = (1 — a)(1 — af)(w + o7 /(a(l +3)).
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Moreover equation (4.20) at time ¢, together with (4.24) imply that

1—af - 1o A A
(1—-a)ad (-1 1uy1Y "Fjay = Dogy — D;

7t0
for each j > 1. Multiplying by 7, and summing across j, we obtain that

_ - D
6—1)"'a'YE, = —
M )

(I—a)(i—ap) ™

where we have used (4.25) from which it follows that a commitment on the variables
F} at time ¢y and on Fto implies a commitment on 7;,. As in section xx, a commitment
on m;, represents the only commitment regarding future outcome that it is needed
to characterize optimal policy from a timeless perspective in the LQ optimization
problem. An optimal policy from a timeless perspective is a policy from date t
onward that minimizes the quadratic loss function (4.27) subject to the constraints
implied by the linear structural relation (4.28) holding in each period t > ¢y and
subject also to the constraints that certain predetermined values for m,, be achieved.

As in section xx, we are interested in studying under which conditions the process
{ms, Yt} that satisfy the first-order conditions for the L(Q) optimization problem rep-
resent a loss minimum. In particular proposition 3 still applies in his case. However,
the parameters &, ¢, ¢, are now different. If we restrict attention to Dixit-Stiglizt
preferences, we obtain that x is equal to that of section xx, and now ¢, and ¢, are
such that

o (1 - 361) +w(@w —w) — 0'_1<5-1_1 )
(w+o 1)

?

0 Pw(w —w)f
ko (1+6w) -

It is now the case that it is not necessary to assume an implausible large share

[(wHo ) +o(1—0 )]+

of government purchases in total demand to obtain that randomization is welfare
improving. Indeed, Dupor (2003) has shown that it is sufficient to have a high value
of the relative prudence of the consumers, i.e. —(?CCCC_' / ﬁcc. (In our case the parameter
7' +1.) He assume a model in which prices are fixed one-period in advance, so that

there is no cost of price dispersion, in our case ¢, should be assumed ¢, = 0. Dupor
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(2003) has further assumed zero government purchases (which implies s¢ = 0, and
s¢ = 1), zero tax rates and wage mark up (7 = 0 and " = 1) and linear disutility
of producing the goods (w = @; = 0). In this case, randomization can be welfare

improving if and only if ¢, < 0 which requires
@=0"+0—-dGE ' -0 <0

from which it follows that
gl —1>007"

since ® = #~* under this specification.®® It is then needed that the relative prudence
parameter be high enough with respect to the risk-aversion coefficient and at the
same time that the degree of market-competition is not high. In our more general
model, the cases for randomization can be reinforced when also w; is low with respect
to w, when s¢ is high and for high values of ® which can depends on high values of
the steady-state distortionary taxes or wage mark-up.

This analysis shows instead that proposition 4 and 5 hold crucially for the as-
sumption of isoelastic preferences. Indeed, by continuing to assume Dixit-Stiglitz

aggregators, we obtain that now

~

Y = wl?;” — wgét + wstly’ + waTy + w59 + weay + wrhy + O(||§||2)

where
-1 —1 -1 P S R D
w1 = g, [(w+o7)+Qy(1—07)], W2:W[U sg —o (05 —0o1 )],
w3 = qzjl(l — ), Wy = qy_le, Wy = Lﬁa_l(a_l — a1,
qy(w+o71)
d . o N
wo = _qy(w—ira*l)wg’ ¥ qy(w+a*1)w4'

We can then re-write the aggregate supply relation (4.28) as
Ty = KT + Uy + ﬁEt'/Tt-l-l
where the composite “cost-push” shock is now

Uy = H[(wl — 1)%” — WQét + wgﬁ?’ + W47A't + W5t + weay + W7Bt]

1

43This result indeed coincide with Dupor’s result, once we define in his notation p = ¢! and

n=1+a;"
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for the same ¢; as in the previous section. It follows now that isoelastic preferences are
a necessary condition, for the policy of price stability to minimize the loss function.
In particular now it is important to distinguish between shocks to the disutility of
working and productivity shocks in determining the decomposition of the composite
cost-push shock.
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A Appendix

A.1 The deterministic steady state

Here we show the existence of a steady state, i.e., of an optimal policy (under
appropriate initial conditions) of the ‘recursive policy problem defined in Proposition
2 that involves constant values of all variables. We consider a deterministic problem
in which the exogenous disturbances Cy, Gy, Hy, Ay, u¥, 7, each take constant values
C,H,A %, 7>0and G > 0 for all t > t;. We wish to find an initial degree of
price dispersion A;,_; and initial commitments X;, = X such that the recursive (or
“stage two”) problem involves a constant policy zy, = &, X;,; = X each period, in
which A is equal to the initial price dispersion.

We thus consider the problem of maximizing

Uy =Y B70UY,A) (A.29)
t=to
subject to the constraints
Kp(IL) o7 = F, (A.30)
Fr=0-71)f(Y) + OéﬁH?;thH, (A.31)
Ky = k(Y;) + aBIL Ko, (A.32)
Ar= ol IO 4 (1 - a)p(1) =57 (A.33)

and given the specified initial conditions A,_1, Xy,, where we have defined

p(Il) = (ﬂ> :

l—«

We introduce Lagrange multipliers ¢,, through ¢,, corresponding to constraints
(A.30) through (A.33) respectively. We also introduce multipliers dated ¢, corre-
sponding to the constraints implied by the initial conditions X;, = X; the latter
multipliers are normalized in such a way that the first-order conditions take the same
form at date ty as at all later dates. The first-order conditions of the maximization

problem are then the following. The one with respect to Y; is

Uy(Ye, Ar) = (1= 72) fy(Ye) @or — Ky (Ye) sy = 0 (A.34)
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that with respect to 4A; is
Un(Ys, Ay) + ¢y — ﬁHt+11+W)¢4,t+1 = 0; (A.35)

that with respect to Il;is

1+ wb Qtwo)
p(I1

pw(Ht)Kt¢1t —a(f — 1)H6_2Ft¢2,t71

—0(1 + W)d ) K g

W) (1 () 55, (W) = 0 (A36)

—0(1 + w)aA;_q 1+w) 1¢4t

0 —
that with respect to F} is
— 1 + O — O‘Htail(bzt—l =0; (A.37)
that with respect to K; is
p(IL) T5 6y, + gy — 16, = 0; (A.38)

We search for a solution to these first-order conditions in which II, = II, A, = A,
Y, = Y at all times. A steady-state solution of this kind also requires that the
Lagrange multipliers take constant values. We furthermore conjecture the existence
of a solution in which II = 1, as stated in the text. Note that such a solution
implies that A = 1, p(Il) = 1, p.(I) = —(0 — 1)a/(1 — a), and K = F. Using
these substitutions, we find that (the steady-state version of) each of the first-order
conditions (A.34) — (A.38) is satisfied if the steady-state values satisfy

(1 =7)f,(Y) = ky(YV)]dy = Uy (Y, 1),
(1—aB)g, = —Ua(Y,1),
¢ = (1 — a)g,,
P3 = — ;.
These equations can obviously be solved (uniquely) for the steady-state multipliers,
given any value Y > 0.
Similarly, (the steady-state versions of) the constraints (A.30) — (A.33) are satis-

fied if

(1 =PV = G) = 20, (V), (A.39)
K= F=(1-aB) 'k(Y),

Equation (A.39) can be solved for the steady-state value Y.
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A.2 A second-order approximation to utility (equations (2.1)
and (2.3))

We derive here equations (2.1) and (2.3) in the main text, taking a second-order
approximation to (equation (1.8)) following the treatment in Woodford (2003, chapter
6). We start by approximating the expected discounted value of the utility of the

representative household

Uy = B0 3870 v — [ otutino] (A.40)

t=to

First we note that

1 ‘ ‘ A Y1+w
| i = 5 i = s

where A; is the measure of price dispersion defined in the text. We can then write
(A.40) as

= ki, Zﬂt to u(Yi; &) — v(Yis &) A (A.41)

t=to
The first term in (A.41) can be approximated using a second-order Taylor expan-

sion around the steady state defined in the previous section as
WY€) = A uTi+ agg, + 50T + e Vi smect, + O(l€IP)
= a+ Y- (Y + %Y?) + T, + %?aw?f +
VYot 6t + Ol
= VuFit 5 Vi + V2a]¥7 = VigVi + i+ O(€l)
— Y, {Yt + %(1 — o Y2+ algtfft} +
+t.i.p. + O(|[€]P), (A.42)

where a bar denotes the steady-state value for each variable, a tilde denotes the
deviation of the variable from its steady-state value (e.g., Y, = Y;—Y), and a hat refers
to the log deviation of the variable from its steady-state value (e.g., ¥; = InY;/Y).

We use &, to refer to the entire vector of exogenous shocks,
G=G g @ 1 T,

48



in which G; = (Gy — Q) /Y, g: = Gy + sy, wgr = vhy + (1 + v)ay, f° = Inp/i®,
#=(r,—7))7, ¢ =InC,/C, a, = InA,/A, hy = In H;/H. Moreover, we use the

-1 —

definitions o' = 5715, 'with s¢ = C'/Y. We have used the Taylor expansion

_ N 1~
VY =1+Yi+ 7+ O(llE]P)

7

to get a relation for Y; in terms of Y;. Finally the term “t.i.p.” denotes terms that
are independent of policy, and may accordingly be suppressed as far as the welfare
ranking of alternative policies is concerned.

We may similarly approximate v(Y;; &,)A by

(A — 1) +0,(Y; = V) +0,(Ay — 1)(Y; = V) + (A — 1)oeg, +
_ _ 1
@yyoﬁ - Y)2 + (Yt - Y)@yift + 55277&@“‘0(“5“3)

V(Y 6)A = 0

= (A —1)+ va (Yt + Y > + Uy (A — 1)}7}% + (A — 1)veg, +
1 .. .
+§z—)yyY2Y2 + YYi0,¢, + t.i.p.4+O(||€] )
A—1 o 1 - . .
[1+ +Yt+§<1+w>Yt + (A = 1)Y; — wYig +
wqt] + t.Lp.+O(|[¢]]%).

v,V
LA -
14w

We take a second-order expansion of (1.20), obtaining

2

A, = ol + %9(1 W) (14 w@) +O(|El1P). (A.43)

This in turn allows us to approximate v(Y;; &,)Aas

_ A ~ 1 ~ -
V(Y &) A = (1 — @)Yu, { LY+ (1 +w)Y? - wYth} + t.ip. + O(J|€]]%),

14+ w 2
(A.44)

where we have used the steady state relation v, = (1 —®)a.to replace v, by (1—®)u,,

o (5) ()

measures the inefficiency of steady-state output Y.
Combining (A.42) and (A.44), we finally obtain equation (2.1) in the text,

and where
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_ < 1 . . .
Uy = Yie By (700, — Suy V7 + Youye€, — ual
t=to

+ tip. + O(€]]), (A.45)
where

Uy = (WHo™) = P(l+w),

uyely = [U_lgt + (1 — ®)wqy,
_ (1-9)
UA 1 T .

We finally observe that (A.43) can be integrated to obtain

e} o 2
=t A, = - O(1+w)(1+wh) Y 57 I tip. + O(/j¢]P).
Z‘Oﬁ = Tgaag At );;ﬁ 5+ tLp.+ O([E])
(A.46)
By substituting (A.46) into (A.45), we obtain
_ = S 1
Uy = Y- Ey Zﬁt_to (@Y, — §uyyY;2 + Yiuyel, — §UW7T?]
t=to
+t.i.p. 4+ O(|[¢][*).
This coincides with equation (2.3) in the text, where we have further defined
(1—af)(l—a)(w+o1) lw+o 1)1 - D)

a (1+6w)’ b K

K

A.3 A second-order approximation to the AS equation (equa-
tion (1.19))

We can write (1.13)

(KT
bt = (E) )

where we have defined p; = p;/P;. We futher re-define the variables F; and K; as

F, = Et{Z(aﬂ)tht,T}a

T=t

K, = Et{i(aﬁ)T_tkt,T}a

T=t
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with

for = (=70)f(Yr:&0) P20 = (1 = m0)(Cr; &)Y P2, (AAT)

(14w 0 . 614w
(Yr: €0) Pt = b, (Yo €)Y P, (A.48)

B 0—1

where we have defined P, = P,/Pr. We can then obtain in an exact log-linear form
that
(1+wb)py + F, = K, (A.49)

We take a second-order expansion of F}; and K;, obtaining

gt = (=B S on G+ )|

o, (A50)
Ko+ 5KE = <1—aﬁ)Et{§<aﬁ>T-t<%t,T+§l%iT>}

o). (A51)

Plugging (A.50) and (A.51) into (A.49), we obtain

(1+wh)p = (1—ap)E, {i(aﬁ)T_t(l%t,T - ft,T)} +

T=t

MC2)Y) {Z(amT-’f(i%iT - fZT>} +

2
T=t

1 - ~ . ~
(B = Ky (Fr + K + O(l€lP). (A.52)
We note that in an exact log-linear form
kir — for = —(1+w0)Por +w(Yr — qr) + 6 (Cr — &r) — Sp + i,

where Sy = In(1 — 7,)/(1 — 7).

Furthermore we obtain that

ift,T + ft7T - (2 =+ W)YT — wqr + (1 — 29 — w@)ﬁtj + ,&% + ST — 6'_1(éT — éT)
= XT + (]_ — 260 — wﬁ)ptf,
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where we have defined
Xr = (2 + w)f/T —wqr + i + S‘T — 5—1(C’T — @T)‘

We can then substitute into (A.52) and get

L th(aﬁ)T (ur  fur) +
=D ;mm“[w(% — )+ 57 (Cr = ex) = 1 + ][Xr + (1= 20— ) Pa] +
4 2 f‘% E, ;(aw—tu +wh)[ X7 + (1 — 20 — wh) P, 7] Py 1
=00 b, S @ (X + (1 — 20— 8) Pug) + O]

T=t

which can be simplified to

(14 wb) - 1 2 — T—t(7 ¢
mpt = —5(1 + wO)pr Zy + Ey ;(Oﬁﬁ) (ke — for) +
1 +00 e A X
+5 > (@B) M (kvr — frr)][Xr + (1 =20 — wb) Pr] +
T—t
O(JIEIP). (A.53)
where we have defined
“+oo
Zy=E Y (af)" ' [Xr + (1-20 — wb)Pr1).
T=t

By using (A.53), and defining

27 = ]%t,T - ft,T + (1 +wb) Py,

we can write

1 +w9 ~ +w0 ~ ~ 1 ~ 1 ~
1 af — T—t—1 A A
toaXe+ B > (ap) (1—20 — wO)(1+w0)(=Fly = 2P Pryar) +

T=t4+1
—(1 4wl Py Xo + (1 = 20 — w0) Pz} + O(I€]1),
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which can be simplified to

(1+wo)

1"‘&)9 2 1
( )pt = Zt‘i‘aﬁmE(ptH—Ptt+1)+22tXt+

(1-ap)

—%(1 + we)ﬁtzt + %aﬁ(l + We)Et{(ﬁtJrl - pt,t+l)Zt+l}
o8
2(1 — ap)
+O([I€]1%), (A.54)

+ (1—-20—wh)(1+ We)Et{(ﬁt+1 — pt,tJrl)]St,tJrl} +

We next take a second-order expansion of the law of motion (1.18) for the price index,

obtaining
a 1—-4

(6]
7"'_
l—a ' 2 (1-a)2

where we have used the fact that

Pr = i + O([[¢]1), (A.55)

2 (0
pr = _am+(’)(H§H2),

1
and P,_;; = —m,. We can then plug (A.55) into (A.54) obtaining

1-0 1 9 K 1-60 af 9
- By — ——- Y g
U 2 (1 a)ﬂ—t + @+ 0__1>Zt + BEmi > (1—a) tTit1

24Xy — %(1 - 055>7TtZt + g(l - Oéﬁ)Et{WtHZtH}

EL
Bwren
21— 20— ) {20} + O(lel). (A.56)

By integrating equation (A.56) forward from time ¢, we can finally obtain

Vo = Giemle Zﬁt 2+ E, Zﬁt oz

w +o t=to t=to
01+ w _
A b S gn o), (A.57)
t=to
where 10 (1 9) 01+ w)
— — w
Vip = Ty — m”fa Tﬂ-toZto + Tﬂ-?o

and

«
Zt = Xt — 1 —ﬂaﬁ(l — 20 — we)EtWt+1 + OéﬁEtZt+1.
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Recalling that
z=wY,—q)+5 (C,—&)— St + iy
we can take a second-order approximation of the relation between output and con-

sumption Y; = C}; + G, obtaining

_1(1_ —

1
~ S ~ ~ A
Cy=sc'Y: — sc! Gy + #C)Yf + 52Y,Gy +sotip. + O([E]P).  (A.58)

Finally A
Sy = —w, 7 +s.0.t.ip. + O(|E]]*), (A.59)

where w, = 7/(1 — 7). Here “s.o.t.i.p” refers to second-order (or higher) terms inde-
pendent of policy; the first-order terms have been kept as these will matter for the
log-linear aggregate-supply relation that appears as a constraint in our policy prob-
lem. By substituting (A.58) and (A.59) into the definition of z; in (A.56), we finally
obtain a quadratic approximation to the AS relation.

K = ~
Vie = ———F, > B 0w+ o Wi—olg —wg + 1y + w, ]
(w+oh) =
tto -1 -1 —1\172
tOZﬁ (wHo™H2+w—0")+o (1 =5,
Qw—l—a tto
tto -1 A —1,-1A -1\ -1
t026 l—0 w7 +0 scG—(1—0 o g+
(w—l—a =
—(1+ w)wqt + (1 + W) )Ye +
0(1+ w)
A g S miont 4 sotip. + Ol (4.60)
t=to

This can be expressed compactly in the form

= 1 1
‘/to = Eto Zﬁt fo ()/t‘i_cﬁgt_’_ nyY Y;tcyﬁgt CTrﬂ-?)

t=to

+s.0.t.1p. + O(]|¢]]*) (A.61)

or as

N 1 - N 1
Vi = s(Yi+ce, + §nyYt2 — Yicye&y + Ecwﬂ'f) + BEVi
+s.0.t.1.p. + O([|¢]*) (A.62)
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where we have defined
ce&y = (W + 0_1)_1[—0_1% —waq + [y + WT%t]-
cw=QC2+w—o0 N+ (1-s)w+o !

by = (WHo ) ot G+ o (1 — 0 Ng +w(l+w)g
—(T4w)iy — (1 — o Hw, 7]

6(1+w)

K

Cr
and

1
Vi=m + Ev,ﬂrf + v, m Ly,

Zy = ny/;‘, + 277y + Zéét +afBEZyy,
in which the coefficients are defined as

v =0(1+w)— L0

_(1-ap)
1—a) =Ty

«

(w+o 1)1 —ozﬁ<1 = 20— wh),

(%3

2 =Q2+w—0 ) +uwt+o)

2e§y = o (1 —wv)g —w(l +vp)g + (1 +vp)fpf — we(1 — vp) 7y,
(w+o71)
—

™

K
Note that in a first-order approximation, (A.62) can be written as simply

Ty = /?DA/;& + ce&)| + BEm.

(A.63)
We can also write (A.61) as
oo B . 1 ~ R 1
Vi = B ; BR(Y+ e Yy = Vieye€, + Sexm)
=to

+t.ip. + O(|[¢]1%),

(A.64)
where the term ¢, is now included in terms independent of policy. (Such terms

matter when part of the log-linear constraints, as in the case of (A.63), but not when
part of the quadratic objective.)

95



A.4 Derivation of equation (2.7)

We can multiply equation (2.6) by ®Yii, and subtract from (2.1) to obtain

_ >~ 1 . A 1 _
Uy = ~YucE, Yy B {—quf’ — Yi(uye€, + Peyely) + —Wf}+Tto+t-1-p-+0(||§||3),

2 2
t=to
where
dr = u7r+q)c7r

—1 B

_ Olw+oH(1 (I>)+<D0(l—|—w)
K K

0
= “lwroh+e(1—0)],
ay = uyy + ey
= (wW+oH)-0(1l+w)+P2+w—0 "+ '(1-s;)(w+o )

P11 - sz

= N+ e(1l-o!
(wH+o 7 )+P1—0)+ o

This can be rewritten in the form (2.7) given in the text, where

Y = q;l[uy5€t+‘1)0y5§t]

= ¢, {07 g+ (1= Pwg + (w+o ) [0 ls G o (1 -0 g+ w(l + w)ar

—(I+w)i’ — (1= o™ w4}

= u)1Y;n — WQGt + W3IAL:U + W47A't,

and €2, SA/;/”, and the w; are defined as in the text.

A.5 General case: the deterministic steady state

We consider a stationary perfect foresight equilibrium for the recursive problem, in
which all the shocks are constant ¢, = & We wish to find initial values of the
predetermined variables Dy,_; = D and initial commitments F, = F such that the
optimal plan involves constant policy I, = II, D, = D, p, = p, F; = F, Y, =Y for
each time, where D and F are consistent with the initial values. Since p; = Xoyt, we

can write this program as maximizing

> BTRUY,, D) (A.65)

t=to
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by choosing { Dy, Y, F;11, I1;} for each t > to under the constraints

Yoh(Dog) + > vh(Dj—1-1/1) = 1 (A.66)
j=1
Dj,t = Dj—l,t—l/Ht for each j 2 1 (A67)
Y09(Doys; Ve, &) + BF1 11 = 0, (A.68)
v;9(Dj; Ve, &)+ BEii1401 = Fjy for each j > 1 (A.69)

and the initial conditions on the vector F;, = F and Dy = D. We consider the

Lagrangian problem. The first-order condition with respect to Y; yields to
Uy(Yz, Dtvg) + Z ‘Pj,ﬂjgy(DJ}t% Yi, g) =0 (A.70)
=0

where ¢, , are the Lagrangian multiplier associated with the constraints (A.68) and
(A.69) for each j > 1. The first-order condition with respect to Dy, are

0 = Udo (}/t? Dt> g) + ¢t70hdo (DO,t) + ﬁ¢t+171hd1 (DO,t/HH-l)Ht_Jrll

_ﬁnl,t—i—ln;—i}l + 0.+ Y0940 (Do t; Yz, §) (A.71)

where ¢, is the Lagrangian multiplier associated with the constraint (A.66) while 7, ,
with j > 1 are the multipliers associated with the constraints (A.67). The first-order

conditions with respect to D;, are for each j > 1

0 = Uy(Ye, X1, 6) +ﬂ¢t+17j+1hdj+1(Dj,t/Ht-‘rl)Ht_—i-ll R/ 577j+1,t+1Ht_+11

+©;.7:94; (Dji; Y1, §). (A.72)

The first-order condition with respect to II; yields

— D'—l t—1 D j—1,t—1 - D j—1,t—1
¢ /-y‘hdj < J ’ > < J ’ > - ,’7 A ( ] 7 ) A.73
t jzl 7 Ht H% le 75t H% ( )

The first-order condition with respect to Fj; are

Pjt—1 = Pjit+1t (A.74)
for each j > 0 and each t > ¢(. In deriving (A.74), we have appropriately standardized

the multiplier to the initial vector of constraints F; = F in a way that the first-order
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conditions were time invariant. We are looking for a steady-state solution to this

optimization problem. In this case ¢; = @ for all j > 0. Moreover we note that
Ua,(Ye, Di3§) = =7;00,(Yi, Dj3 ).

In particular we look for a steady state in which II = 1 and consequently the vector

of D is all composed by ones. In particular we observe that in this steady state,
v, (Y, 1;€) = va(Y, 1;€), 94,(Y,1,€) = ga(Y,1,€),and hy,(1) = hy(1) for all j > 0.
Moreover in this steady state g(Y, 1, ) = 0 which implies

0 0,8
1 =7 (1=0) uy(Y;8)
which defines the steady-state of output where 6 = (1). Moreover F' = 0. Further-

more we note that (A.70) implies
Uy(Y,1,8) + pgy(1;Y, ) = (A.75)
while (A.71), (A.72) implies
0= —yova(Y,1;€) + ¢70ha(1) + Borha(1) — 87y + Prega(Y,1,€)  (A.T6)

0= _Vjvd<ya L; g) + ﬁa)%‘ﬂhd(l) +n; = 67_7]‘+1 + @ngd(ya L, g)a (A.77)
for each j > 1 while (A.73) implies

1=

Sha(1)(1 = 7o) Zm (A78)
We can sum (A.76)-(A.77) to obtain
_Ud(Ya 175) + QE’YOhd(l) + ﬁ;b(l - Vo)hd(l) + (1 - ﬁ) Zﬁ] + @gd(}_/, 175) =0
j=1

in which we can substitute (A.78) to obtain

Thus equations (A.75) and (A.79) determines the Lagrangian multipliers ¢ and @
while the set of equations (A.76) and (A.77) determine the multipliers 7, for each j >
1. In particular, n; = q_bvjhd(l) for each 7. We have then found that if there is no initial
price dispersions, and if policymakers are restricted to take further commitments on
promised value of variables, then stability of the price level is a candidate for an
optimal steady-state policy. This result is robust to the general specification of price-

setting mechanisms chosen.
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A.6 General case : a second-order approximation to utility
(equation (4.13))

We first consider the utility flow
Uy = u(Yy &) — Zv] (Ye2(Dj); €,). (A.80)

We can expand u(Yy; &) as it follows

_ 1 _ — .
U(Yt§ gt) = u+ ﬂy(Yt - Y) + aéft + §ﬂyy(Y2 - Y)2 + ayéft(Yt - Y) + S-O-t-l-p-+0(||5||3)

1 . . _

= @YY+ (1 -0 )Y + 07 g Y] + tip+O(E) (A.81)
where 0~ = —4,,Y /i, and g; = o€, /u,. We now expand v(Y;z(D;;); ;) obtain-
ing

v(Yi2(Dj4); &) = 0+0,2Y;=Y)+0,YZ (D — 1) + 06, +
1 _ 1 _ _
+§z‘)yy22(Yt ~Y)?+ 5(@yy(z’)2Y2 +0,YZ') (D, — 1)* +
+(UyyZYZ + U2 )(Y;: Y)(Dj,t —1)+ [5<Y2 - Y) + Yz,(Dj,t - 1)]%5@ +
+s.0.61pA+O([|€]]%)

which can be simplified to

1 . . 1 A
v(Y2(Dj); &) = 9,Y[Y + 5(1 +w)Y? + ZDjy+ e, + §(w(§’)2 +7 4+ z”)Dj%t +
+2(1+w)Y;Djy — (Y + ZD;)wgy] + t.ip.+O(||€][%),

where we have used z = z(1) = 1 and defined w = 9,,Y /9, and ¢ = —w ™ 10,¢&,/7,,.

We now consider the constraint

Z ’th(Dj t)
Jj=0

and take a second-order approximation of it obtaining
1 o .
E;Dj, + = (h’) YW+ " E; D7, + O(J|€])P) = 0 (A.82)

where we have defined
E;Dj, = Z%f)j,t E;D}, = Z%
§=0
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We can now write

[e%¢) o 1 B B B R
D 1p(Mia(Dy)i&) = oY Yo+ S(w(@) + 2 + 2 = (W) (W + W) E; D], +
=0

1 ~ ~ :
+§(1 + W)Y — wYiq] + tip.+O([[€])P). (A.83)

We now note that in the steady state, 4. = (1 — ®)v,. We can now substitute (A.81)
and (A.83) into (A.80) to obtain

_ N 1 N N
Up = @ Y{Vi—Zl(w+o") = (L +w)]V7 + [0 g + (1 - D)wq]V; +
1 —/ =/ 1 1 (TN=1/71 n ~ .
—5(1 —®)w(Z)+Z+2—ZR) YN +h )]EjDit} + t.i.p.+O(|[€]]P).

We can take the expected discounted sum across time and states of nature and obtain

- e L 1 . _
Uy = 1yY By Y 8@V = Sy V2 + Yyuye€, — Sual; D}y } + tip.+O(|[¢]),
t=to

(A.84)

which is equation (4.13) in the text where we have defined
Uy = [(w+ o7 — (1 +w)],

Uyl = [0 g + (1 — ®)way),

and
ug = (1 —®)wZ)?+2 +2"—Z(W) (W + 1),

A.7 General case: a second-order approximation to the price

constraints (equation (4.17))

We now consider a second-order approximation to the generic constraint

ng(Dj,t,Yt; &) + BFj1001 = Fju (A.85)

where
Q(Dj,t, Y&, = uy<Yt§ ft)Z(Dj,t>Yth,t
where
vy (Yi2(Dje), &)
Uy(Yt§ ft) ’

M, = (1 —74)Dj (1= 0(Djy)) + p0(Djs)
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while 6(D;;) = —D;,2'(D;;)/2(D;:). We note that in the steady-state M; = 0, and
as well F; = 0 for all j and § = (1). We can take a second-order approximation to
(A.85) obtaining

YUy Y Mig +7,ltyy 2Y (Ve = V) + Yzuyel, + 1y 2(Y: = Y) + 0, Y2 (Dje — 1) My,
= Fji = BFj + O(|E]P).

which can be rewritten as

VMg 47,1 = o )Y+ o7 g+ 2Dy My = a0, 'Y N (Fyy = BFjya01) + O(IE]P).
(A.86)
since Z = 1 which is equation (4.15). We now take a second-order approximation to

M;; obtaining

M, = (1-7)(1—=0)(D;z—1)— (1 =78 (D;; —1) — (1 —=7)8(D;, —1)*

J

_ o > _ =1 U w =
‘H}yift] - 9(@ )2 N[uyycﬁ -Y)+ uyéft] + 6 ﬂ_y(ﬂt - M)(Dj,t —1)
Y
1 - -, _
H0— (g — 1) [0y 2(Ye = Y) + 0y Y Z'(Djy — 1) + 0] +

v w T — _ 1 v,-
y2 (1" — [ty (Ve = Y) + 1€, + Qﬂa_ye”<Dj,t - 1)2
y

‘I'ﬂ_g (Dj,t - 1)[@yy2(Y; - Y) + @yyYZI(Dj,t - 1) + ﬁyfft] +

o9 7 N s 11, .
[ray]26,<Dj,t - 1)[Uyy<Y;t - Y) + uyﬁgt] + §ua—evyyy22<n o Y)2
! Y

_ - 0 v
2 Tl =) = O S (= Y s ¢
Y

_2ﬂyayy<yt - Y)ayéft] + S-O-t-i-p-+o(||5H3)
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e[ﬁyyyy2(2/)2 + @yyyzu](Dj,t - 1)2 + ﬂﬂ_e[@yyzl + @yyyyggl](Dj,t - 1)(Yt - Y)
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which can be simplified to

~ 1 - _ _, A 1 - _ —, o~
bnMjs = —(Dje+ §Dy2‘,t) —(0-1)7"0(D;e + §D12‘,t) —(0-1)7'0D%, ot
_ o 1 1 - Y o~ 14
—5 O = D7D i+ 070 (D + S DE) + [ (Ve Y +
y
Oy Y 1. ) Uy Y 1
+2—2(D;+ =D3,) + y%t] 2= (Y, + Y2>+ st]
Uy 2 Uy 2
o . Y - UyyY _,
0 I TS AL SV B
y Uy Uy
U Y ! A— al Y Y A
L ek v, 4+ L £t]+ Lo 0D+ 00 1Dj,t[ ' yr oy Vo ZD;, +
Uy Uy ’ Uy Uy
U e 1=y~ Y . 17,,,Y?
$ ) — BT Dy [P, 4 g D2
Uy Uy Uy 2 Uy
1[27yyyY ( ,)2 n T)yg _”]ﬁ?t [ﬂyy}/z/ N @yyin%/]ﬁj’th
20 vy Uy ' Uy Uy
_'_[Eyyéftyfft Uyyfgtyzzf)j ] [UyyY ’ Uysz DN nygt]
y y y Uy y
A N TGP AR
y y 20y uy,
NETRA % Uy, Y -
V=g, — 2= Vi e ] + s.0.bi.p.+O(|[€])
Uy uy

where we have used the fact that z = 1 and defined b,, = (1 — 7)7'(f — 1)~! and

— E' We can now use the following definitions

Ty Y B Uy Y
w=-2Y ol= W
Uy Uy
U U
_ y& _ —1 Y€
G =0—& G =—w —¢
Uy Uy
2 — 0
- Uy Y B o Y
oy = Do o7 1= vy
Uy Uy
_1Uyye&Y Uy
qot = —W - got = 02— &
Uy Uy

62



and simplify the above expression to

bMiy = (=1 —(0—1)"'0 400 +wz)Dj, + w7y

1 .
+5(=1=(0-1) W —20-1)70 - (0-1)7'0"+0 0 +w)D3,

o NI o 1. B
i1y + [w(Y: + §Yt2) —wq) — [0 (Vi + §Yt2) + o tg] +
+00 0V Dy + B wY + wE Dy — way) +

~ 11—, ~ 1 ~ ~ ~
[0k o g+ 5070 D3, + 007 DY+ w Dy +
4, A . 1. -
—wqy| — 0 9,Dj,t[—0_1Yt + 0_1gt] + éwlYf +

+%[w~1(z’)2 +wz"|D?, + [w? + @1 Z1D;, Y, +
—[Yt@(h,t + E,Dj,td)?(h,t] — WY + w»?/[)j,t — W@ -
o™i+ 07 g] — o — 2077
—[?a;lgg,t + 207 %Y,9,] + s.0.t.1.p.+O([|€]]P)

and then

~

e 9_1@ N 1>71§/ + w,?/)DM + i ot —wg—o g+ (wto Y
1 — 1= _ _ _ -
t5(-1-(@-1)7'8 ' —20-1)"'0 —(0-1)"'0"'0" +
42000 wE +w? + o1 (F) + wz")D?,
1 .

5w+ o dw Fort 2077 F 2woT )Y A+

HO0 " +wE )il Djy + (w+ o MY, +

_[05192,t + 207291«, + Waqa s + wailgt + wailqt]f/} +

Hw o 80 + w2 + 012 + 0o DYy — (670 (wae + o) +

—|—2,(DQQQ¢ + wi’a‘lgt]f?j,t + S.o.t.i.p.—l—@(| |§| |3) (A87)

We now sum (A.86) across j and obtain

U 'Y N EF—BF) = B;M+[(1—0 )Y+ o gl B M+ 2 Ei{ D M }+O(||€] ).
(A.88)

where we have defined

Ft = Z Fj,.
j=1
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We now note that (A.82) and (A.87) imply

bnE; My, = i +we i —wg — o g+ (Wt o )Y+ %(—1 —0-1)"'0'0 - (0-1)
20 —1)7'0 + 200 'wF + w? + @1 () + wi")E; D3, —
—%(B’)—I(B’ FR)(~1—07(0 - 1)70 +w?)E; D2, +

2 ) .
fowHo T+ @ o7t + 207+ 2wo YR + (w4 oYY, +

5
(05" g2 + 2072, + Bagoy + w0 g + wo g )V + tipA+O(IE|P)
and that
0 —1) ' EAD; My} = (—1 -6 (0 —1)710 +wz)E; D2, (A.90)
We can then substitute (A.89) and (A.90) into (A.88) and obtain

— ~ ~ ~ 1 - ——1=5/ - ——1n
bty Y HE, — BFp) = (who Wit s[-1-0-1)79'0 - @0-1)7'9"9"

5
20— 1)710' + 2007 wE +wZ + @1 (7)? +wz"|E; D3, +

S B R~ 87 (617 w2 B DY,
+2(-1—-07 (0 - 1) +w)E;D?, +
+%Qu+aﬁ+@1+o¢1+20-+2wo])22+0u+o-)utn
_[05192,t + 207 %g, + Waqat + wo tg, + wailqt]ﬁ +

~

(1= o™i+ o gl + wrt —wae — 0 g+ (w + 0 )Y
+t.1.p.4+O0(|€]1?)

which can be further simplified to get

s VB BF) = (o Wit g1 = (6= 1) — (6187
—2(0 —1)7'0' +20'0 ' wF + w4 @1 (7)? + w'|E; D3, +
—%(h’)‘l(h’ F R (—=1—071(0—-1)"'0 +wZ)E, D2, +
+2 (1070 - 1) +w)E;D?, +

1
+5 68w+ 307t + o +or Y2+

,1@—19//

(A.89)

—[o3 gos + @2qos + 0 g +wg + (1 — 0 Hw,Fy — (1+ w),&}f’]fft +

HLp.A+O(|[E]P).
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We can then integrate the above equation starting from period ¢, obtaining

i U (U I N
bFy =Y -Ey > [ tO{Yt+5deijt+5byyﬁ—byggtn}+t.l.p.+0(||§||3). (A.91)

t=to

where we have defined by = by, (w + o~ 1)™!

bd = _(w + U—l)—l(ﬁ/)—l(fbl + B/,)(—l o 971(@ _ 1)-1@' _{_wg/) +
FwHo ) [-1-@-17"0"0 - @-1)""0" +

20— 1)7'0 + 200 'wF +wF + @ (7)) +wd) +
2w+ ) (=1-0"(0-1)10 +w?)

by = (W+0o DN Bw+307 + @ +o7h)

by = (w + o ) os o + @aqer + 07 g +wg — (14 w)ity + w7y

Equation (A.91) coincides with equation (4.17) in the main text. In particular we

focus on general preferences of the form

ﬂ(oh é.t) = ﬂ(cta fc,t)7 (A92)
U(Hi; &) = 0(He; §py), (A.93)
where {£.;,§;,,} are bounded exogenous scalar disturbance process. In particular for
&(C, 50) we assume that 6_1 = _ﬁccé/667 Et = 6’730550’15/730, 6I1 = _[&cccé/ﬁcc"i_l]sg‘l?
Oy = —TeeeY [Tie. Substituting Y; — Gy for C; and defining u(Y;€) = a(Y —G;€,), we
obtain that o' = —ii,,V /i, = 6 's5', o7 = —iiy,, Y2/, = —o '(sg' + &7') and

that g = oiye§, /Uy = (Gr+ sce) + O(|[€P), Go4 = 020ye)Y /Uy, = _02‘7715516% -
02055 g + 090 (G571 — 57 Gy + O([€] ).

For the function 0(Hy;¢&,), we assume that v = Tpph/On, v1 = Oppnh?/0n, v =
Unneh/One, he = —v " 0ne€), ,/Up. For the production function y; = A, f(h;), we define
ot = f'h)f, ¢, = f'R)f, by = "B/ f'. We further define the function v(y; &) =
(fHy/A);€) we obtain that w = 9,,Y /0, = v — ¢y, ¢ = —w 0, /0, =
W (hitd(14v)an) +O(|[€]]%); defining 0y = (110" =306 b — ¢ dy +3¢° ¢ +w) Jw we
can further obtain that @, = 9,,,Y?/v, = w(@; — 1) and that go; = &5 '0,,eE,Y /0, =
@y H(W2qr — @sap + @4hy) + O(||€]]?) where we have defined @3 = w(1 + w) — 2¢(v —

¢,) — w1, Wy = ve(v — vs). In the example of the text, we still assume Dixit-Stiglitz
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preferences. In this cases ¥(z) = 2’ z(x) = 279 h(z) = 217% and then 2’ = —0,
7 =0140), N =1—0h"=—-001-0),0=0,0 =0"=0. It follows that

o 1 — s ) +w@ —w)—o Yoy — oY)
@ro )

by =2+w—01)+®

~

by&ft = (W + 071)71[‘771(1 - Uﬁl)Qt + 071(‘771 - 551)% - Uﬁlsélét + 071(5271 - 5f1)Gt
w(l +w)g — O3a; + Oghy — (1 + W)Y + w, (1 — o H7] + O(|€]1)

(1+ w1+ w) + w(@; —w)b?

ba = (w+o )

From which we can obtain that

Qyy = Qyy+ Pbyy

= (WHo H+d(1—-0H+ @071(1 —sg') +w(@ —w) —o Yoy — o)

@+o D

ga = aq+ Pby
(1 +wo) e i dw(w, — w)h?
n (w—l—a_l)[( * )+ )+ (w+o71

vy = qy_l(afgt + @, bey)
_ _1{[(W+0’1)+¢’y(1—0’1)]
- ot o)

_ o - el 1A
(O' 1gt+WQt)_ﬁ[g 1301_0' 1(0'21_0'1 1)]Gt

(p AW —_ A -~ ~ 7
+(w - fr—l) [0 (ot = a3 g — (L 4+ Wit + wr (1 — 0 )7y — @3a + Dahy] + O(|IE])
= [w1¥]" — waGy + w3ty + wiFy + wsge + weay + wrhe] + O(|IE]])

where the coeflicients w; are defined in the text.

66



A.8 Proof of Propositions

PROPOSITION 1. Given Ay 1, let the process {z;} be determined by (i) choosing
74, and state-contingent commitments Xy,11(§;,,,) to solve the first-stage problem
just stated, and (ii) for each possible state of the world &, . ,, choosing the evolution
of z; for t >ty + 1 so as to maximize Uy, 11, among all of the paths consistent with
(1.19) and (1.20) for each t > to + 1, given A, and that are also consistent with the
value of Xy 41(§;,,,) determined in the first stage. Then the process {z;} represents
a Ramsey policy; that is, it maximizes U;, among all of the paths consistent with
(1.19) and (1.20) for each t > ty, given Ay _;.

Proof. Recall that z; = (ﬂt,At,Yt) and X, = (F,, K;). Let C the set of process
{zy, X;} for each t >ty where x;,, X, and X, 1 are such that

(i) I, and Ay, satisfy (1.20);

(ii) the values Fj,

Fto = ﬁ{xtontoJrl(')](éto)? (A94)
where
Flo, X&) = (1= 1) f(Yi: &) + aBEAN(Fypr, Koo)' Frpa ),
and Kto
Kto = K[xtov Xto-&-l(')](fto)a (A'95)
satisfy
I1,, = (Fy,, Kyy); (A.96)

Furthermore the process {x;, X;} for each ¢ > ¢y + 1 satisfy (1.14), (1.15), (1.19) and
(1.20) for each t > tp+ 1. Let R the set of process {x;, X;} for each ¢ > ¢, that satisfy
(1.14), (1.15), (1.19) and (1.20) for each t > ty. as in the Ramsey’s plan. First, we
show that C C R. Let {z;, X;} € C. It is clear that the process {z;, X;} for each
t > to+ 1 satisfy the same constraints, for each t > tq+ 1, of the Ramsey constraints.
In particular (1.14), (1.15) at time o + 1 imply

[e'e) 0—1
Fiot1 = By Z (aB)" 7 (1 = 77) f (Y73 &p) ( Fr ) ; (A.97)

P,
T=to+1 to+1
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S Py 0(14+w)
Kiy11 = Bty Z (aB)" =" k(YT ér) < > : (A.98)

P,
T=to+1 to+1

Since Fy, and K, satisfy (A.94) and (A.95), respectively, it follows that

Fto = (1 - Tto)f(Yl-fo;fto) + O‘ﬁEto{Hto-l-lFto-i-l}

= (1 - Tto)f(ﬁo;gto) + aﬂEto {Ht0+1Eto+1 Z (aﬁ)Tit07l(1 - TT)f(YT, éT) (
« V.
Bu Y (@8- rafen) (1)
T=to to

and
Ky, = k(Yto;&o)+Q5Eto{nf§1++1w)Kto+1}

y 0o o P 0(14+w)
= k(nosamamo{ﬂfﬁ 'Biper Y (ap)’m 1k<YT;5T>( u )

T=to+1 Pro+1
00 PT 0(14+w)
— B> e (1)
T=to to

where we have used (A.97),(A.98) and the definition of II. It follows that constraints
(1.14), (1.15) are also satisfied at time t5. Moreover II;, and A, satisfy (1.20) because
of point (i) above and Fy,, Ky, and II;, satisfy (1.19) at time ¢, because of point (ii)
above. It follows that {x;, X;} € R. Moreover we can further show that R C C
following the same the construction given in the text. It follows that R C C and
RDOC.

Given Ay, 1, let the process {z:, X;} € C be determined by (i) choosing z;, and
state-contingent commitments X ;1(&;,,,) to solve the first-stage problem in the
text, and (ii) for each possible state of the world &, ., choosing the evolution of
Z¢, Xypq for t > to + 1 so as to maximize Uy, 41, among all of the paths consistent
with (1.14), (1.15), (1.19) and (1.20) for each t > to + 1, given A,,, and that are also
consistent with the value of Xy 41({;,,,) determined in the first stage. Let instead
{zF, X;'} € R the Ramsey policy that maximizes Uy, among all of the paths consistent
with (1.14), (1.15), (1.19) and (1.20) for each t > to, given A, 1. Let Uy the utility
under the Ramsey policy. From the previous analysis it follows that {z;, X;} € R;
let Ug the utility evaluated at the process {z;, X} then U7 < U;. Note that
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max j[xtO,XtOH(-)](fto) > Uy, for all processes in C and in particular for {z}, X}
since R C C. Then it should be that max j[mtO,XtOH(-)](&to) = Ug = U} . It follows
that the process {z;, X;} is a Ramsey policy.

PROPOSITION 2. Given some (A, _1,X;,) € F(to), consider the sequential de-
cision problem in which in each period t > t¢, (¢, X¢41(+)) are chosen to maximize
J[xe, Xi41(-)](&,), subject to constraints (i) — (iii) of the “first stage” problem stated
above, given the predetermined state variable A;_; and the precommitted values X;.
Then the process {z;} that is chosen in this way is the process that maximizes Uy,
among all of the paths consistent with (1.19) and (1.20) for each ¢t > tg, given Ay, _1,

and also consistent with the specified values X, .

Proof. Similar to proposition 1.

ProprPosITION 3. Randomization of monetary policy reduces the expected losses
(2.12) — and hence is locally welfare-reducing in the exact problem as well — if
and only if the quadratic form (3.2) is positive definite. Furthermore, if and only
if this is true, processes {Wt,ﬁ} that satisfy the first-order conditions for the LQ
optimization problem [discussed further below| represent a loss minimum, and hence

an approximation to (at least a local) welfare maximum in the exact problem.

Furthermore, the necessary and sufficient conditions for (3.2) to be negative def-
inite reduce to the following: ¢, and g, are not both equal to zero; and either (i)
qy > 0 and

g+ (1= B'%)k72g, > 0, (A.99)

holds, or (ii) ¢, < 0 and
g + (14 5%)*57%g, > 0, (A.100)

holds.

Proof. Consider the possible benefits of a dynamic response of inflation and
output to a sunspot shock v; at date t. It is assumed that v; is distributed with a
mean of zero, variance o2, independent of all other disturbances (fundamental shocks,

or other sunspots), and is revealed at date ¢. Suppose that the occurrence of this
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shock adds a contribution ¢ v, to m,, for each j > 0, where {¢,} is an arbitrary
bounded sequence of coefficients. (This is the effect of the sunspot in the linear
approximation to the solution which suffices for our computation of a second-order
approximation to welfare.) It then follows from (2.14) that the shock also adds a
contribution £ (p; — Bp; 1) to }A/}H for each j > 0.

The response to this sunspot thus adds terms to the loss measure (2.12) equal to
o] . ) 2
Bar> B 4] + gy (—% ﬁ%“) ] . (A.101)
§=0

K
Randomization of monetary policy is (locally) undesirable if and only if this expression

is positive in the case of all possible non-zero bounded sequences {gpj}. This is turn
holds if and only if the quadratic form
lell =) Ao, (A.102)
i=0 j=0
is positive definite, where
4y

K2’

Ny =fla=p [qw%—(l—l—ﬁ)%} for each 7 > 1,

App=a+b=q, +

Nijp1 = B'b= —ﬁiﬂq—g for each 7 >0,
K

Ai,i—l = Az‘—l,i for each ¢ Z 1,

and

Let us introduce the change of variables

. b
P =w; Tt r%’ﬂ

J

for each 7 > 0, where the sequence of coefficients /~Xj is defined by the recursion

b2

m=e-zp (A.103)
for each 7 > 0, starting from the initial value
]\0 = AOO =a-+ b. (A104)
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We then can equivalently express (A.102) as
lell = 5A
=0

which is obviously positive definitive if and only if /NXj > (0 for all 7 > 0..

We thus wish to consider whether the law of motion (A.103) defines a sequence
that is positive for all j > 0, starting from the initial condition (A.104). In the case
that b = 0, (A.103) obviously implies that A; = a for all j, so that ||¢|| is positive
definite if and only if a > 0. We turn now to the case in which b # 0.

Let us consider the graph of the right-hand side of (A.103), for positive values of
]\j. This is a monotonically increasing function, that takes a positive value less than
/~\j for all /NXj large enough; thus the graph is in the positive orthant, but below the
diagonal, for all large enough /~\j. If the function is below the diagonal for all Aj > 0,
then (A.103) implies that the sequence {A;}, if initially positive-valued, must be
monotonically decreasing until it eventually becomes negative-valued for some finite
4.* Hence A; > 0 for all j requires that the graph of the right-hand side of (A.103)
cross the diagonal at some positive value.

This occurs if and only if the quadratic equation
A —aA+ 372 =0 (A.105)

has two real roots, and at least the larger root is positive. Because the product of

the roots must equal S7'b? > 0, in this case both roots must be positive. Then the

dynamics implied by (A.103) will still imply that A; < 0 for some finite j if the initial

value Ay is less than the smaller root. Hence ||| is positive definite if and only if (i)

the quadratic equation (A.105) has two positive real roots (not necessarily distinct),

and (ii) the initial value Ay specified in (A.104) is not less than the smaller root.
Condition (i) holds if and only if

a® > 467 1? (A.106)

and
a> 0. (A.107)

44Here we note that the function must become unboundedly negative as 1~\j approaches zero. Thus
we may neglect the possibility of a graph that crosses the diagonal exactly at zero.
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(Here (A.106) is necessary and sufficient for the existence of two real roots — neces-
sarily of the same sign — which are then both positive if and only if (A.107) holds as
well.) Given (A.107), we may equivalently write (A.106) as

a> 26712 (A.108)
When condition (i) holds, condition (ii) holds as well if and only if
1 2 ~13211/2
a+62§{a—[a — 45 b]l/},

or equivalently,
a+2b+ [a® — 4372 > 0. (A.109)

However, (A.107) — (A.108) imply that a > 2|b|, and hence that a + 2b > 0. Thus
(A.109) is guaranteed by the previous two equations. Hence when b # 0, (A.107)
and (A.108) are necessary and sufficient for ||¢|| to be positive definite. We have also
seen that if b = 0, (A.107) is necessary and sufficient, while (A.108) is implied in this
case by (A.107). Hence we can state with full generality that (A.107) and (A.108)
are both necessary and sufficient for the quadratic form ||p|| to be positive definite,
and hence for randomization of monetary policy to be (locally) welfare-reducing.

In our application, (A.107) holds if and only if

¢ + (14 B)x g, > 0. (A.110)
Condition (A.108) holds if and only either (i) g, > 0 and
g+ (1= 5%k 2q, >0, (A.111)
or (ii) ¢, <0 and

gr + (14 )22, > 0. (A.112)

We note further that except in the case that ¢, = ¢, = 0, (A.111) implies (A.110)
under the hypothesis that g, > 0, and similarly (A.112) implies (A.110) under the
hypothesis that g, < 0. Hence the necessary and sufficient conditions for randomiza-
tion of monetary policy to be (locally) welfare-reducing reduce to the following: ¢,
and g, are not both equal to zero; and either (i) ¢, > 0 and (A.111) holds, or (ii)
¢y < 0 and (A.112) holds.
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Conversely, (some appropriately chosen type of ) randomization of monetary policy
is welfare-improving if and only if either (i) ¢, > 0 and (A.111) fails to hold (i.e., the
strict inequality with the sign reversed holds), or (ii) ¢, < 0 and (A.112) fails to hold.

Using the expressions for ¢, and ¢, we can then derive inequalities that the
model parameters must satisfy in order for randomization not to be locally welfare-
improving.

Consider the optimization problem of choosing {m;, Y/t} for each t > ty that mini-
mize

_Etolzt:oﬂt t“{q’r ;T %(?}—ﬁ*)z}. (A.113)
under the constraints implied by the linear structural relation (2.11) holding in each
period t > ty and subject also to the constraints that a certain predetermined value

for my, = 7y, be achieved. Substituting the constraints into (A.113), we obtain that

Lto = q27r 7T2 + 2q 2 (ﬂ-to Uty — 6Eto7rt+1)2 +
+Et0 Z ﬁt_to {%ﬂ'f + %(ﬂ't — Ut — ﬁEtTrt—l—l)2} .
t=to+1

Taking the first-order conditions with respect to the sequence {m;} for each t > t,+1,
we obtain that

Ly,
87Tt

=E, 37" {—%ﬁ(ﬂ't—l — w1 — BE_m) + BT + ﬁ% (mp — g — ﬁEtﬂ'H—l)} = 0.

Second-order conditions are

82Lto t+1—ty | Dy
82—755_5 [;(1+5)+qw}
and 921
to  _ ptl—to [_ gy
O’y b [ ﬂ/-@}

for each t > ty + 1. In particular the set of second-order conditions can be collected

|e°l| = Z Z A7 95

=0 5=0

in a quadratic form

where Af; = A;; for alli > 0 and j > 0 and Af, = RQ 4 (14 3) + g, for bounded variables

©5, ¢5. The allocation that satisfy the first-order conditions is a loss minimum if and
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only if ||¢¢|| is positive definite. It is easy to see that even under the initial condition
A§, the conditions stated above applies also to this quadratic form ||¢€||. It follows
that the conditions under which the processes {Wt,ﬁ} that satisfy the first-order
conditions for the LQ optimization problem represent a loss minimum coincide with

the conditions under which randomization is welfare decreasing.

PROPOSITION 4. Suppose that Yt” = f/;* at all times, and that the conditions
stated in Proposition 3 are satisfied. Then the policy that uniquely minimizes (2.12) is
the one under which 7, = 0 at all times, regardless of the realizations of the exogenous

disturbances [as long as these are small enough to make such an equilibrium possible].

Proof. If Y;* = Y;* at all times, then u, = 0 at all times. First-order conditions

for an optimum are

Gy + pp — g = 0,

Qylt — RYy = 07

Ty — KTy — /BEtﬂ_tJrl =0.

By assuming that disturbances are small enough, a policy of 7, = 0 at all times is
feasible since the nominal interest rate required for this equilibrium is non-negative
at all times. Moreover it satisfies the above necessary condition for an optimum,
since z; = 0 and ¢, = 0 at all times provided ¢, _; = 0. Proposition 3 assures that
second-order conditions are satisfied and that m; = 0 is a unique mininum for all

t >ty provided 7, is chosen such that 7, = 0.

PROPOSITION 5. Consider a model with the isoelastic functional forms (1.3) —

"> 0, and suppose that there are random

(1.4), and parameter values w > 0,0~
fluctuations in the composite disturbance term wq; + o~ '¢;. [This is generally true
if either preferences or technology are random.] Then f/;” = f/;* at all times — so
that the “cost-push” term in the aggregate-supply relation (2.14) is zero at all times
— if and only if (i) there are no random variations in the wage markup or the tax
rate ({1’ = 7 = 0 at all times); and (ii) either (a) the steady-state level of output is

efficient (® = 0) or (b) there are no government purchases (G; = 0 at all times).
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Proof. In the text.

PROPOSITION 6. Suppose that ¢, # 0, and that (3.11) is satisfied in addition to
the conditions listed in Proposition 3. Then in the case of any small enough value
of 7, and any sufficiently tightly bounded fluctuations in the cost-push disturbance
process {u;}, the solution to the optimization problem stated in Proposition 2 involves
fluctuations {m;, x;} that remain forever within any given neighborhood of the steady-
state values (0, 0). These optimal dynamics are furthermore approximated (arbitrarily
well, in the case of tight enough bounds on 7, and on the amplitude of the cost-push
terms) by the log-linear dynamics corresponding to the unique bounded solution to
equations (2.14), (3.6) and (3.7) consistent with initial condition (2.13).

This solution is obtained by solving (3.6) and (3.7) for m; and x; respectively, where
once again the multiplier process {¢,} is specified recursively by the relation (3.12).
In this latter expression, as before, i is the root of (3.10) that satisfies —1 < pu < 1,

and the initial value ¢, _, is chosen so that that the solution is consistent with (2.13).

Proof. [TO BE DONE]

PROPOSITION 7. Given some (Dy,_1, Fi,) € F consider the sequential deci-
sion problem in which each period ¢ > to, (x4, Fi41(+)) are chosen to maximize
J[z, F(-)](£,), subject to constraints (i) — (i) stated above, given the predetermined
state variable D, ; and the precommitted values F;. Then the process {z;} that is
chosen in this way is the process that maximizes U, among all of the paths consis-
tent with (4.8) and (4.11) for each t > t,, given D;,—; and also consistent with the

specified values Fy,.

Proof. Similar to Proposition 1.
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