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Abstract

We reconsider the optimal taxation of income from labor and capital in the
stochastic growth model analyzed by Chari et al. (1994, 1995), but using a
linear-quadratic (LQ) approximation to derive a log-linear approximation to
the optimal policy rules. The example illustrates how inaccurate “naive” LQ
approximation — in which the quadratic objective is obtained from a simple
Taylor expansion of the utility function of the representative household — can
be, but also shows how a correct LQ approximation can be obtained, which will
provide a correct local approximation to the optimal policy rules in the case
of small enough shocks. We also consider the numerical accuracy of the LQ
approximation in the case of shocks of the size assumed in the calibration of
Chari et al. We find that the correct LQ approximation yields results that are
quite accurate, and similar in most respects to the results obtained by Chari
et al. using a more computationally intensive numerical method.
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puting in Economics and Finance, Amsterdam, Netherlands, July 8-10, 2004. We thank Vasco
Curdia and Mauro Roca for excellent research assistance, Ken Judd, Jinill Kim, Andy Levin and
Willi Semmler for helpful comments, and the National Science Foundation for research suppport.



Linear-quadratic (LQ) optimal-control problems have been the subject of an ex-
tensive literature.! It is not clear, however, how likely it is that optimal policy
problems with explicit microfoundations — that is, policy problems in which both
the assumed objective of policy and the constraints on possible outcomes are derived
from an explicit account of the decision problems of private agents — should take
this form. Elsewhere (Benigno and Woodford, 2005b), we show that it is possible
in a broad class of models to derive an LQ problem that locally approximates an
exact policy problem, in the sense that the solution to the L problem represents a
local linear approximation to the solution to the exact problem, that will describe it
with arbitrary accuracy in the case of small enough random disturbances. It does not
generally suffice for this purpose to define an L) problem in which the objective is
a local quadratic approximation to the exact objective and the constraints are local
linear approximations to the exact constraints.?2 Nonetheless, we show that it is quite
generally possible to derive a correct LQ approximation, if sufficient care is taken in
the choice of the quadratic objective.

Here we illustrate both the potential problems with naive LQ approximation and
the application of our own method in the context of a well-known example, the
analysis of dynamic optimal taxation of income from labor and capital in an RBC
model, treated by Chari et al. (1994). The example is of interest not only because it
is a simple case in which naive LQ approximation would lead to extremely incorrect
conclusions, but also because the paper of Chari et al. is often cited as evidence
that log-linearization is dangerous in the context of optimal tax policy problems,?
even if it can be used with fair accuracy in other contexts (such as the approximate
characterization of the aggregate fluctuations implied by an RBC model).

In fact, Chari et al. use a minimum-weighted-residual method that is computa-
tionally more difficult than ours to numerically characterize the optimal dynamics of
capital and labor taxes, and state that they do so because a log-linear approximation

was found to be quite inaccurate. We therefore consider the accuracy of the local

Tmportant references include Bertsekas (1976), Chow (1975), Hansen and Sargent (2004), Kwak-

ernaak and Sivan (1972), and Sargent (1987).
2The problem with “naive” LQ approximation of this sort is discussed, for example, by Judd

(1996, sec. 4; 1999, pp. 505-508), who argues for perturbation techniques as an alternative that

avoids this problem.
3See, e.g., Kim and Kim (2003) and Albanesi (2003).
4They provide further details of the nature of the supposed inaccuracy of log-linearization in

Chari et al. (1995).



linear approximation provided by our L(Q approach in the case of disturbances of
the amplitude assumed by Chari et al. in their numerical work. We do this both
by comparing our results with those obtained by Chari et al. using their preferred
method, and also by comparing them with those that would be obtained through
a second-order perturbation analysis of the exact conditions characterizing optimal
policy. We find that the second-order perturbation solution (a local approximation
that is accurate to second order in the amplitude of the disturbances, rather than only
to first order) differs only slightly from the linear approximation provided by our LQ
approach. Similarly, the numerical results of Chari et al. are much closer to those
implied by our log-linear approximation to optimal policy than their discussion of
the accuracy of log-linearization suggests. Hence we find that an L) approximation,
when carried out correctly, gives a useful account of the way in which capital and
labor taxes should optimally be adjusted in response to real disturbances.

In section 1, we recapitulate the analysis of optimal tax policy in a real business
cycle model of Chari et al., in order to be clear about the policy problem that we
wish to approximate. In section 2, we first show how naive L(Q) approximation of
this problem would lead to incorrect conclusions, and then show how a correct LQ
approximation can instead be derived. In section 3, we calibrate the model in accor-
dance with the assumptions made in the analysis of Chari et al. (1994, 1995), and use
our LQ approach to compute some of the statistics regarding the optimal dynamics
of capital and labor taxes that they report; we then compare our results both with
theirs and with those obtained using a second-order perturbation technique. Section

4 concludes.

1 The Optimal Policy Problem

We begin by recalling the optimal policy problem analyzed by Chari et al. We
recall this, not only in order to be clear about the problem for which we seek to
derive an approximate solution, but also because our definition of the optimal policy
problem differs slightly from the presentation in the papers of Chari et al. Like
these authors, we are only interested in characterizing the stationary fluctuations in
the capital and labor tax rates that occur asymptotically under a Ramsey-optimal
policy. However, the stationary fluctuations that occur asymptotically under the

(unconstrained) Ramsey policy represent the solution to a constrained version of the



usual Ramsey problem (what we call optimal policy “from a timeless perspective”),
and it is this constrained problem that we wish to approximate by an appropriately
defined LQ problem.

1.1 The Model

As in Chari et al. (1994), we extend a standard RBC model to include proportional
tax rates on labor and capital income, and the possibility for the government to issue
non-state-contingent real debt.® There is a continuum of measure one of households

(here indexed by j) with identical time-separable preferences
Ul = E Y B u(d), h), (1.1)
T—t

with 0 < 0 < 1. The period utility function u is strictly increasing and concave
in consumption, ¢, and in the negative of hours worked, —h, and is continuously
differentiable and satisfies standard Inada conditions.

In addition to holding capital, households can also invest in a set of state-contingent
one-period real securities that span all of the states of nature that the households may
face in the next period. These securities are in zero net supply, except for the riskless
debt that is issued by the government. Each household is subject to a flow budget

constraint of the form
A+ Ky — k) +b <al + (1 —70)(p — k] + (1 — 70 wihi, (1.2)

where k:i the stock of capital goods that it owns and rents to firms in period ¢, and
0 < § < 1 is the depreciation rate. In the budget constraint (1.2), b denotes the
household j’s value of the period-t portfolio of contingent securities which delivers a
state-contingent return a;,; at time ¢t 4+ 1. The complete-markets assumption implies

the existence of a unique stochastic discount factor 74 such that

b = Eyfrial,y), (1.3)

5Chari et al. consider a more general framework, with a broader set of securities that may
be issued by the government. But they show that this does not increase the set of equilibrium
allocations that can be achieved through an appropriate policy, and that the presence of redundant
policy instruments simply results in indeterminacy of certain aspects of optimal policy. Here we
simplify the analysis, and obtain determinate results regarding the optimal state-contingent tax
rate on income from capital, by assuming only two dimensions along which policy can be varied

each period.



which can be substituted into (1.2) to yield
A+ (K = k) + Bilriaaly] <ol + (=78 (o, — Ok + (1 —70)wehi.  (1.4)

Households can rent their capital goods to firms at an economy-wide rental rate,
given by p,, and they work for an as well economy-wide wage rate given by w;. The
returns to these services are taxed at the rates 7% and 77, respectively. Finally, the
household is subject to an appropriate set of borrowing limits.

The household’s optimization problem involves maximizing the utility function
(1.1) under the flow budget constraints (1.4) and the borrowing limits, given the
initial conditions a{o and k:fo > 0, subject to the additional constraints that ¢ >
0,h > 0,k 41 = 0 for each t > ¢y,. The Inada conditions on the utility function
ensure that corner solutions can be ignored. Necessary and sufficient conditions for

household optimization are then:

1. The first-order conditions (FOCs) for the optimal allocation of consumption
spending are
ue(cy, h)reeen = Bue(ciy, hipy), (1.5)

for each time ¢ and each contingency at time ¢ 4+ 1. Conditions (1.5) imply the

stochastic Euler equation
UC(CZ7hg) = B(l +Tt)Etuc(CZ+17hg+1)7 (16)
where r; is the risk-free one-period real rate defined by

1 -+ Ty = [Eﬂ“mwl]*l.

2. The FOCs for optimal capital accumulation are
ue(cl, hy) = BE{uc(cyyy, i) = 7800) (pryr = 8) + 1]} (1.7)
for each date t.

3. The FOCs for optimal labor supply are

Uh(C“Z, hi)

= —(1 — M, )
e ) (1—-7)) (1.8)

for each date t.



4. Finally, it is necessary that the household exhaust its intertemporal budget

constraint.

There is similarly a continuum of measure one of firms, which each produce a
homogeneous good using the same technology in competitive product and factor
markets. The good can be purchased by households, and used for both consumption
and investment (capital accumulation) purposes, and can also be consumed by the
government. Each firm’s production technology is of the form yi = f(k!, z;h!) where
f is a constant-returns-to-scale function and z is an exogenous labor-augmenting

technology shock. Firms maximize their profits
7t = f(kl, zhl) — pkl — wih. (1.9)
First-order necessary and sufficient conditions for this imply that

ki, zhi) = py (1.10)

and
2 fu(ky, 2hy) = w (1.11)

at each time t. Given the symmetric structure of the model, it is clear that all
households make the same optimal choices at each date, and similarly for all firms;
we can thus omit the superscripts ¢ and 7 in what follows.

It remains to describe the income and expenditure of the government. The gov-
ernment purchases goods and raises revenues through taxes on the services of capital
and labor. We assume that the government can borrow by issuing a one-period risk-
free real bond. The real value of government debt evolves according to the law of
motion

bl =0 ((1+7r1)— s (1.12)

where b] denotes the end-of-period liabilities of the government in units of these one-
period bonds, r; is the one-period real interest rate between periods ¢ and ¢ + 1, and

s¢ is the real primary government budget surplus. The latter quantity is defined by
sy =1 (p, — 0)ky + TMwhy — gy, (1.13)

where g; denotes government purchases of the good. Government purchases are

treated as an exogenously given stochastic process, rather than a policy decision



analyzed here. Rational-expectations equilibrium requires that the expected path of

government surpluses must satisfy an intertemporal solvency condition
by =E Y rglth(pr — 0)kr + Thwrhy — gr] (1.14)
T—=t

in each state of the world that may be realized at date ¢, where b5_; = b]_;(1 +1;_1)
is the value owed by the government at the beginning of period ¢, i.e., the value at
maturity of the debt issued in period ¢ — 1. (Because the debt is riskless, the value
of this variable is known at date ¢ — 1.)

Finally, goods market equilibrium requires that

Yy = f(ke, 2ehe) = ¢ + go + ki — (1= 0) k. (1.15)

1.2 Optimal Policy

In a standard Ramsey policy problem,® the government chooses state-contingent
paths for {7F 70 02 c;, by, resa1, ke, we, p,} for all periods ¢ > o that satisfy con-
ditions (1.5), (1.7), (1.8), (1.10), (1.11), (1.14), (1.15) at each time ¢, given initial
conditions bi,_; and ky,. We first write this problem in the more compact form pre-
sented by Chari et al., and then discuss the closely related problem that we actually
approximate.

We first note that we can use condition (1.5) to substitute for r,r in (1.14),

yielding

Vi=E Y 8" ueler, he)[f (kr, zrhe) = (1=74) (pp — 8) kp — Sk — (1= ) wrhr — gz,
Tt

(1.16)
where we define
‘/t = bf_luc(ch ht>’ (117)

and make use of the relation

f(ktv Ztht) = ptkt + wtht.

SNote that this is not precisely the problem considered by Chari et al., for reasons discussed

below.



We can furthermore substitute (1.8) into (1.16) for the labor tax rate, and similarly

use (1.7) to replace the expected future capital tax rate terms, yielding
Wt = bffluc<ct7 ht) + Uc(Ct, ht)k't[l + (1 — Tf)(fk(kt, Ztht) — (5)], (118)

where we have also used (1.10) to substitute for p,, and we define

o

Wt = Et Z ﬁTﬁt[uc(CT, hT)CT -+ uh(cT, hT)hT] (119)
T—=t
Thus the Ramsey policy problem can equivalently be stated as one of choosing state-
contingent paths of {75 b ¢;, hy, kiy1} for each t > ty to maximize the utility (1.1),
subject to the constraints that (1.15), (1.18), (1.19) and

uc(ce, he) = BE{uc(crir, huy)[1+ (1= 7500) (fe(Ferts 2ee1hesr) — 6)]3, (1.20)

hold at each date ¢ > #, given the initial conditions b7 ; and k.

In the case that there is no limit on the size of the taxes that may be levied ex
post on existing capital, this problem is equivalent to one of choosing the sequences
{ee, hey ki1 1724, to maximize (1.1) subject only to the constraint (1.15) for each ¢ > £,
given the initial condition k;,. For one can show that in the case of any sequences
{ct,he, kesq }osatisfying (1.15) given the initial capital stock, and any initial public
debt b; _;, it is possible to construct sequences {W;,b;, 7%} that satisfy the other
constraints as well. Note that (1.18) together with (1.20) implies that

Uc(Ct, ht)kt+1 = ﬁEt[WtH - bfuc(CtH, ht+1)]- (1-21)

Then given sequences {ct, hy, kiy1} satisfying (1.15), one can solve (1.19) for the im-
plied sequence {W,;}{2, , then solve (1.21) for the implied sequence {b;};2, , and finally
solve (1.18) for the implied sequence {7}}2, . The constructed sequences necessarily
satisfy conditions (1.18), (1.19), and (1.21) each period in addition to (1.15), and as
a consequence they satisfy (1.20) each period as well.

It then follows that the Ramsey policy achieves the same (fully efficient) allocation
of resources, regardless of the size of the initial public debt b; ; an initial levy on the
pre-existing capital stock is simply used to raise whatever amount of government
revenue is needed in the initial period to make it possible to pay off this debt and

also finance all subsequent government purchases without any need for distorting



taxes.” The possibility of doing this, of course, depends in general on the possibility
of choosing a large value for Tfo, possibly one much larger than 1. This is not especially
realistic, and such an assumption makes the problem of optimal taxation too trivial.
Consequently, Chari et al. (1994, pp. 622), like many other authors, assume a limit
on the degree to which it is possible for the government to tax initially existing assets;
specifically, they assume that the initial tax rate on capital income (Tfo) is given by
a prior commitment, though it may be freely chosen in all later periods.

We assume a constraint on initial policy in the same spirit, but specified slightly
differently, so as to make the policy problem recursive (unlike the precise problem
defined by Chari et al.); this has the technical advantage of making the optimal
policy as a stationary one, in the case of an appropriate initial capital stock and in
the absence of random disturbances, so that we can then approximate optimal policy
in the case of small enough disturbances using Taylor expansions of our objective
and constraints around this steady state.® Specifically, we consider the problem of
choosing state-contingent paths of {75, b¢, ¢;, hy, ki 1} for each t > ¢y to maximize the
utility (1.1), subject to the constraints that (1.15), (1.18), (1.19) and (1.20) hold at
each date t > t, given the initial conditions b ; and ky,, and such that in addition
a constraint of the form

Wi, = Wi, (1.22)

is satisfied, where W;, is defined by (1.19), and W, is a pre-existing state-contingent
commitment regarding the value (in marginal utility units) of the assets (debt and
capital) with which the representative household begins period ty. (The latter in-
terpretation of the commitment is seen from (1.18).) This commitment obviously
implies a limit on the extent to which tax revenues can be raised by taxing initially
existing capital, though there is no limit on the extent to which one may plan to tax
capital in later periods.

Following exactly the same argument as above, one can show that this con-
strained problem is equivalent to a simpler problem, namely, choosing sequences
{Wy, e, by, kg 52, to maximize (1.1) subject only to the constraint that (1.15) hold

"In our version of the model, unanticipated ex post variation in the tax rate on capital would still
be used as a substitute for state-contingent public debt, in order to ensure intertemporal government

solvency in all states of the world.
8In Benigno and Woodford (2005b), we discuss recursive policy problems of this kind more

generally.



for each t > t¢, given the initial condition k;,, and to constraint (1.22), where W,
is defined by (1.19). Once again, the optimal allocation (and the level of household
utility obtained) is independent of the initial condition bf _,, as variations in the ini-
tial level of public debt can still be completely offset by variations in the size of the
levy on initial capital, though the value of total initial household wealth (in marginal-
utility units) is constrained to equal W,,. The value function for this problem can
therefore be written as J(ky,, Wy,; &, ), where we use the notation &, to refer to the
exogenous state of the world at date ¢ (including all information available at ¢ about
the probability of various exogenous disturbances at any later dates).”

This constrained policy problem is recursive, in the following sense. It can be
shown to be equivalent'® to solving a sequence of policy problems, at each date
t > to, where the policy problem at date ¢ is to choose values (¢, hy, ki11), and state-
contingent commitments W, for each possible state of the world in the following

period, so as to maximize
u(ce, he) + BEI (kwr, Wist; §41),s
subject to the constraints (1.15) and
Wy = uc(cy, he)ep 4+ up(cy, hy)he + BEW 41, (1.23)

given the values for k; and W, determined in the previous period. Here J(k, W;¢&)
is the value function for the problem defined in the previous paragraph; it can be
shown that the value of the single-period decision problem just defined is also given
by J(k, W €,). Given the state-contingent paths {W;,c;, hy, k) that solve this
problem, the associated paths for the public debt and tax rates are given by (1.8),
(1.18), (1.21), and the initial condition b7 ;.

As noted above, Chari et al. assume a somewhat different constraint on policy
in period ty. However, one can show that the policy problem that they define is
equivalent to a two-stage problem, in which values (¢, hy,, kt,+1) and state-contingent
commitments Wy, 1 are chosen in the first stage, subject to the initial constraint

specified by Chari et al. (rather than a constraint on the value of W, ), and policy

9This corresponds simply to the vector of exogenous disturbances at date t if each disturbance

is Markovian, as in the quantitative example treated below.
0T he proof follows the same lines as the proof of Proposition 2 in Benigno and Woodford (2005a),
and is omitted here.



from date ty + 1 onward is chosen to solve the kind of constrained problem defined
here, given the commitments W, chosen in the first stage.!’ Hence if the optimal
dynamics of tax rates and other endogenous variables eventually exhibit stationary
fluctuations (as they find to be the case), these stationary fluctuations correspond to
the equilibrium dynamics under a constrained problem of the kind that we propose,
for a suitable choice of the initial commitment W,. It follows that we can characterize
the asymptotic dynamics of tax rates in the model of Chari et al. (which is the main
goal of their paper) by characterizing the solution to the constrained policy problem
defined here.

An advantage of our reformulation of the optimal policy problem is that the
problem that we define — unlike the one that they consider — has a time-invariant
solution (or more precisely, a balanced growth path, with constant tax rates) in
the case that there are no random fluctuations in either technology or government
purchases, if the initial capital stock k;, happens to be consistent with the steady
state associated with the initial commitment W, . There is furthermore asymptotic
convergence to a steady state of this kind under the constrained optimal policy in
the case of other (sufficiently nearby) initial conditions. Hence we can characterize
the stationary asymptotic fluctuations in tax rates under optimal policy, in the case
of small enough shocks, through a local characterization of optimal policy near such
a steady state.

Because of this property of optimal dynamics subject to the constraint (1.22), we
need not introduce any additional constraints on the admissible range of variation
in tax rates (say, an upper bound of 100 percent taxation of income from capital).
Assuming initial conditions consistent with a steady state in which such a bound does
not bind, the bound will also never bind at any date in the event of small enough
shocks, and so we need not consider it at all. If, instead, we were to impose such
a bound as an alternative to constraint (1.22) (and the bound were tight enough to
preclude the first-best allocation, but loose enough to not bind in the event of zero

taxation of capital income), optimal policy would not correspond to a steady state

HThe proof follows the same lines as the proof of Proposition 1 in Benigno and Woodford (2005a),
and is omitted here. Chari et al. (1994, p. 625) note that under their formulation of the Ramsey
policy problem, the optimal allocation is described by a set of time-invariant allocation rules that
apply in each period t > ty 4+ 1, though not in the initial period. Our reformulation of the policy
problem makes it clear that the optimal choices (¢¢, ht, k1) will be time-invariant functions of the
state variables (ki, &, ).

10



even in the case of a fully deterministic environment (as the upper bound on the
capital tax rate would be initially binding, but never again binding after some finite
date), so that the kind of local approximation used below would not be valid even in
the case of arbitrarily small shocks and suitably chosen initial conditions.

Finally, because of our desire to characterize the asymptotic optimal dynamics
under a problem of the kind considered by Chari et al., we shall specify the initial
commitment (1.22) in a particular way. We specify W, as a function of the economy’s
initial state in a way that is self-consistent, in the sense that under the optimal
commitment subject to this constraint, one would choose a commitment W, for any
later date that is exactly the same function of the economy’s state at that later date.
This has an implication that will be important below. It is obvious from the form of
constraint (1.23) that the Lagrange multiplier associated with the constraint W,
(chosen, as a function of the state of the world at date ¢ + 1, as part of the recursive
policy problem at date ¢) will depend only on the state of the world at date ¢, and not
on any shocks at date t41. It will furthermore depend only on the Lagrange multiplier
associated with the constraint W, and hence, by the same argument, only on the
state of the world at date t — 1. By a recursive argument of this form, one concludes
that the Lagrange multiplier associated with the constraint W,,; can depend only
on the state of the world at the initial date ;. But if the initial constraint Wy, is
chosen to be self-consistent, it follows that the Lagrange multiplier associated with
the initial commitment must be independent of the state of the world at date t,.

We now turn to the characterization of optimal steady states for the policy prob-

lem just defined.

1.3 Balanced Growth and Detrending

Again following Chari et al., we assume that the exogenous disturbances z; and g,
each fluctuate around a deterministic trend that grows as p', for some p > 1. We
assume that preferences are consistent with a balanced growth path; specifically, we

assume the functional form

_ e ay)y
u(e,h) = p , (1.24)

where 0 < v < 1, ¢ < 1,# 0, or (corresponding to the case ¢ = 0)

u(e,h) = (1 —7)logc+ vlog(l—h). (1.25)

11



We also assume a production function of the parametric form
f(k,zh) = k*(zh)'™

for some 0 < o < 1.

We then define detrended versions of the model variables

LY kevr o oz L g g b}

G=—, h=—, kpn=—r Z=— G=- = )
ot ot ot ot ot t as

while h; is already a stationary variable without detrending. Given this transfor-

mation, it can be shown that the optimal policy problem has the same formulation

as presented above except for a redefinition of the discount factor 3, which must be

replaced by )
B = pp?7),

and a similar redefinition of the depreciation rate ¢, which is replaced by
o=1-(1-08)p L

Moreover the production function must be redefined as

g = f(k,2h) = p~k*(Zh)' . (1.26)

(Al

In what follows, we drop the tildes (so that “c;” actually refers to &, and so on),
but all variables without a tilde should be interpreted as having been appropriately
detrended. We preserve the notation B and ¢ for the alternative numerical coefficients
that occur in various equations, as this will be important in calibrating the numerical
values of these coefficients.

After this rescaling of variables, (1.18) implies
Wt = bffluc(ct, ht) -+ UC<Ct, ht)ktKl — S) + (1 — Tf)fk(ztht, kt) + (5[)717'?], (127)

where we note that

opt=pt—(1-0),
while (1.20) becomes

uc(Ct7 ht) = @Et{uc(ctﬂa ht+1)[(1 - S) + (1 - Terl)fk(kt—i-h Zt+1ht+1) + 5P_ITf+1]}'
(1.28)

12



1.4 Optimal Steady States

Here we show the existence of a steady state, i.e., of an optimal policy (under
appropriate initial conditions) of the above policy problem that involves constant
values of all stationary variables. We now consider a deterministic problem in which
the detrended exogenous disturbances z;, g;, each take constant values z > 0 and
g > 0 for all t > g, and we start from initial conditions b ; = b > 0 and ky, = k > 0.
Given any initial detrended debt b, we wish to find initial commitments W, = W
and an initial detrended capital stock & > 0 such that the optimal plan involves a
constant policy 7*,7%, ¢, h, k, b and W, = W, each period, where b, k and W coincide
with the initial conditions.

The optimization problem can be equivalently written as choosing the sequences

{ct, he, ki1 b2, that maximize

Uy, = i BT_tOU(CTyhT> (1.29)

T=tg

subject to the sequence of constraints

f(kty Ztht) = Ct + gt + kft+1 — (1 — 5)kt (130)
for each t > t;, given the initial condition k,, > 0, and the additional constraint

Wy, = W, where

Wto = Z BTﬁto [uC(CT7 hT)CT + Uh(CT, hT)hT} (1.31)

T=tg

The first-order conditions with respect to ¢; take the form
ue(ce, he) — [te(ce, he) + Uee(Ce, he)cy + Une(ce, he) i) Ao — Ay = 0 (1.32)

for each t > ty, where )\ is the Lagrange multiplier associated with the constraint
on Wy, and {A;;} is the sequence of multipliers associated with the sequence of

constraints (1.30). The first-order condition with respect to h; can similarly be written

0 = wp(e, he) — [uen(ce, he)ce + upn(ce, he)he + wp(ct, he) Ao +
+Z fr(kt, Zhe) A1 (1.33)

13



for each t > ty. Finally, the first-order condition with respect to k;;; is given by

At = Blfi(kesrs Zhiga) + (1 = 60)[ A1 =0 (1.34)

for each ¢t > t;.

In a steady-state solution, these conditions respectively reduce to

Ue(C, h) — [Ue(C, h) + tee(E, B)E + tine (G, h)h]Xg — A1 = 0, (1.35)
(¢, h) — [ten (S, h)E + ann (S, B)h + (€, h) Ao + Zfu(k, Zh) A\ = 0, (1.36)

and
1= Blfu(k, zh) + (1 —0)]. (1.37)

A first implication of equations (1.37) and (1.7) is that the optimal steady-state tax
on capital is zero, as found by Judd (1985) and Chamley (1986).
Equations (1.35), (1.36), (1.37) together with

¢+ g+ ok = f(k,zh) (1.38)
(1 — B)W = 1(E, h)E + un(E, h)h (1.39)
W = bu.(¢, h) + M;%)k (1.40)

can be solved, given b, to obtain the steady-state values for h, &, k, Ao, A1, W. The
initial level of debt b can be freely chosen, within certain bounds that ensure that the

problem has a solution. Finally, the steady-state tax rate on labor is determined by

)
)

where if 7" is restricted to lie within the range 0 < <1, tighter restrictions on

Up, (Ea

>

= —(1— 7 zfu(k, zh), (1.41)

ue(C,

>

the feasible initial level of debt must be imposed. Alternatively, a particular steady
state may be indexed by the associated steady-state tax rate 7*; a given choice of 7"
then implies a particular steady-state debt level b. In our numerical work below, we
calibrate our model by specifying 7" rather than b, because the average tax rate on

labor income is an aspect of the asymptotic dynamics emphasized by Chari et al.'?

12The equilibrium under Ramsey policy computed by Chari et al. would not correspond to a

steady state of the kind characterized here, even in the absence of random disturbances, because of
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2 Linear-Quadratic Approximations, Correct and

Incorrect

We now consider an approximate characterization of the optimal dynamics of capital
and labor income tax rates in the case of small enough shocks, and initial conditions
close enough to consistency with an optimal steady state. We first show that a naive
approach to LQ approximation would not yield correct results, and then show how a

correct LQ) approximate problem can be derived.

2.1 Naive LQ Approximation

By “naive” LQ approximation we mean an approach that would simply compute a
second-order Taylor series expansion of the utility function around the steady-state
allocation, and maximize this quadratic objective (or minimize the corresponding
quadratic loss function) subject to the linear constraints obtained by log-linearizing
the requirements for a rational-expectations equilibrium around that same steady-
state allocation.'® In general, the solution to the LQ problem defined in this way
will not be a correct linear approximation to optimal policy, even in the case of small
enough shocks and initial conditions close enough to consistency with the steady
state around which the Taylor series expansions are computed, for reasons discussed
in Judd (1995, 1999), Kim and Henderson (2004, appendix), Kim and Kim (2003),
Kim et al. (2003), Woodford (2002; 2003, chap. 6), and Benigno and Woodford
(2005b).

Suppose that we compute a second-order Taylor series expansion to the utility

function (1.1), expanding in powers of log deviations of consumption and hours'?

their different constraint on initial policy. However, their equilibrium would asymptotically approach
a steady state of the kind characterized here, and we wish to calibrate our model so that its steady
state corresponds to the steady state to which the dynamics of Chari et al. asymptotically converge.
For this reason, we calibrate our model (including the initial commitment) on the basis of the
asymptotic dynamics reported by Chari et al., rather than the initial conditions that they assume.
Since they discuss the asymptotic average labor tax rate, and not the asymptotic average level of
public debt, we use the former statistic to determine the steady state around which we consider

small fluctuations.
13This is the approach recommended, for example, by McGrattan (1990).
140Qur Taylor series expansion is in terms of the logs of consumption and hours, rather than

consumption and hours themselves, because we intend to log-linearize constraints.
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from the steady-state levels of these variables, in an optimal steady state of the kind
characterized in the previous section. The choice of the particular steady state around
which we compute our expansions is arbitrary; the local approximation to optimal
policy (if valid at all) will apply to initial conditions close enough to consistency with
that particular steady state. In our numerical work, we calibrate the steady state to
involve a tax rate on labor income that coincides with the long-run average value in
the simulations of Chari et al. (1994).

We show in the appendix that such an approximation takes the form

> ~t—t R A 1 —1y\ ~ 1 7 A7 :
U%:%d%E:ﬁO{q—¢m+§ﬂ—aUﬁ—édkﬂwﬁ+wm%+Mp+Omw%
t=to

(2.1)
where & = log(c,/2),"® hy = log(hi/h); the expression “t.i.p.” indicates terms that
are independent of policy (because they depend only on the exogenous state of the
world), and so irrelevant for welfare comparison of alternative policies; and the resid-
ual is of third or higher order in the bound [|¢|| on the amplitude of the exogenous
disturbances, on the assumption that the log deviations ¢; and h; are at most of
order O(|[¢|]), as will be true under optimal policy in the case of initial conditions
consistent with the steady state, or deviating from it by an amount that is only
of order O(|[¢][).*® In writing the coefficients of this expansion, we have defined

= —Uph/U.C, 071 = —Ueel/Ue, v = Upph/TUn, and ¢ = Uenh /U7 Thus expected
utility Uy, varies inversely, in the case of small enough disturbances, with a quadratic
loss function of the form .
By Y B "L, (2.2)
t=to
where the period loss function is of the form

Le= 5[0 = 1)& — 20hy + 61+ v)h{] + dhy — . (2.3)

We can log-linearize the constraint (1.30) around the same steady state, obtaining

~ ~_1aA . . ~ .
kigi=0 ki — sgl[scct — (1 —a)(Z + he) + 5404, (2.4)

15Tt should be recalled that here and below ¢; actually refers to the detrended level of consumption

Ct, k¢ refers to the detrended capital stock I~€t, and so on.
16Tt is important for this last conclusion to be correct that we have chosen an optimal steady state

around which to compute our Taylor series expansion.
17In the case of the form of preferences (1.24), these coefficients correspond to ¢ = (v/1—7~)(h/1—

R), o7l = —[(1=)p— 1, v = (1 = 7o) (h/1 - ), and & = —y(h/1 — F).
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where k;, = log(ki/k), 2 = log 2, and §; = log(g;/g), and in writing the coefficients
we define sy = k/y, s, = ¢/, and s, = §/y. A similar log-linearization of (1.31)

yields
— e ~T—t R A
Wy =Ey Y B {deer + dihr}, (2.5)
T=to
where W,, = (W,, — W)/u.c is given as an initial condition, and we define the

coefficients d. = 1 — o' + 4, d, = ¢ — #(1 + v). The naive LQ approximate
problem would then be to choose sequences {ét,ht,]%t.}rl}toito to minimize the loss
function defined by (2.2) — (2.3) subject to constraints (2.4) and (2.5), given the
initial conditions l%to and Wto.

The solution to this LQ problem is not generally a correct linear approximation
to the optimal policy defined in the previous section. It is especially easy to see
this in the case of preferences of the form (1.25), which corresponds to the baseline
calibration in Chari et al. (1994). In this case 0 = 1, ¢ = 0, and the naive loss

function (2.3) reduces to
1 . .
L= 5¢(1 + v)h? + ohy — ¢ (2.6)

This loss function would not penalize fluctuations in any endogenous variables other
than hours worked.

One can easily show that this LQ problem has a solution in which neither random
fluctuations in technology nor in government purchases should be allowed to have
any effect on equilibrium hours worked. (If we assume that W, = W and that
there are no deviations of either g; or z; from their trend values that are forecastable
as of date tg, then the solution involves hy = 0 for all dates t > to.) This is clearly
possible to achieve through a suitable tax policy, since absolutely any linear responses
of the endogenous variables {&, 7} to unexpected shocks at dates after ¢, will be
consistent with (2.5), and there will exist paths for {é;, k1) consistent with (2.4)
under the assumption that hy = 0 at all dates. Indeed, there will exist an infinity
of bounded processes of this kind, for any bounded fluctuations in the disturbances
{2:, 9+}, including ones in which consumption and capital accumulation respond to
arbitrary random events (“sunspots”); and according to the objective defined by (2.2)
and (2.6), these processes are all equally optimal.

But it is not hard to show that these are not correct conclusions about the solution

to the optimization problem stated in the previous section. For example, consider
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allocations in which h; = h at all dates, and ask whether it is really true that the
introduction of random variations in the paths of capital and consumption, of a kind
consistent with the feasibility constraint (1.30), in response to sunspot events not
forecastable at date ty, will have no effect on expected utility, considering only effects
of second order in the amplitude of the disturbances. The conclusion is obviously
wrong: any such response to sunspot events (even if both the capital stock and
consumption remain within intervals of a width that is O(||¢]])) will lower expected
utility, and by an amount that is of second order, owing both to the concavity of
utility in consumption and to the concavity of the production function in capital. One
can similarly show, by substituting a constant number of hours into the first-order
conditions for Ramsey policy presented in section 1.4 above, that these conditions
cannot be jointly satisfied by any policy that keeps hours constant; and furthermore
one or more equations must have a discrepancy that is of order O(]|£]]), so that this
is not even a correct first-order approximation to the optimal labor allocation.

The problem with the naive L) analysis is that while (2.1) does give a correct
approximation to expected utility, that is accurate to second order if all terms are
evaluated under a candidate policy in a way that is accurate to second order, a solution
for the paths {¢, fzt} under a given policy that is accurate only to first order will not
suffice to allow a sufficiently accurate evaluation of the linear terms in (2.1). And
while the log-linearized constraint (2.4) correctly indicates to first order the available
tradeoffs between fluctuations in consumption, hours, and capital, it omits second-
order terms. For example, in the case that {k;;} varies in response to unforecastable
sunspot events while h; remains constant, as in the thought experiment of the previous
paragraph, the path {¢;} implied by (2.4) omits negative second-order effects on the
expected level of log consumption that occur as a result of the concavity of both utility
(i.e., of the log function) and of the production function. But these omitted second-
order effects may affect expected utility as much as do the included E, ﬁf terms, even
if the amplitude of the fluctuations is made arbitrarily small. Thus the LQ analysis
gives an incorrect welfare ranking of alternative possible patterns of response of the

endogenous variables to random disturbances, even when the disturbances are small.

18



2.2 An Alternative Quadratic Objective

One way of correcting the problem just illustrated would be to approximate the con-
straints to an accuracy that is at least second order in the amplitude of departures
from the steady-state allocation. This can be done, for example, using a higher-order
Taylor series expansion of the exact conditions; but this would mean abandoning the
convenience of an LQ framework for the approximate policy problem. Alternatively,
we can replace the quadratic objective derived in the previous section by an alter-
native function, that also approximates expected utility to second order,'® and that
involves no linear terms of the kind present in (2.1).! Tt is then possible to evaluate
the quadratic objective to second order using only a characterization of equilibrium
fluctuations that is accurate to first order. In Benigno and Woodford (2005b), we
show that it is quite generally possible to derive a quadratic approximation to utility
with this property, as long as the steady state around which one expands is itself
optimal — i.e., it represents optimal policy in the case that there are no random
disturbances, as is the case in our example. Here we illustrate how this is possible in
the present problem.

We begin with the second-order Taylor series expansion for utility (2.1), which

can be written in a more compact way as
_ it 1 )
Uy = 0.6E 3 ﬂ¢a—ymﬂ%+mp+mmw> (2.7)

where the vector x; is defined as z} = [¢; hy] and

we| L)

T
—1 o(1+v)

1B0f course, since the functions are different, they are not equal to second order in the case of all

A, =

possible paths for the endogenous variables. However, they may be equal in the case of all paths
that represent possible equilibria. The representation (2.1) is the unique approximation that would
be accurate to second order in the case of arbitrary small departures from the steady state, even
those that are not possible under any tax policy — but that property is stronger than is necessary

for our purposes.
Y9Magill (1977) provides an early illustration of this possibility, in the context of a stochastic

optimal growth model.
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We now take a second-order approximation of equation (1.30). As shown in the

appendix we obtain

A

N tto 1, 1
Zﬁt to{scct —(1—a)h+ 53003 + §oz(1 —a)k? +

t=to

1 > 5% :
—5 (1= a)(hi +22h)} + tip. + O([[¢]1"), (2.8)
where we have defined l?:t = ky — hy — 2. We can write (2.8) as

0= bt polBacs B+ Jat - @)l ip 4 O, 29)

t=to

where now

0 0
—(1—a) 0|’

where we have used the definition & = [2; g, |.
The final expression that we need to approximate is (1.31). As is shown in the

appendix a second-order approximation leads to

/Mv/to = ki ZBt_to{(l —o e+ (Y — b — dv)hy

—0—%(2/1 + Yy — ¢ — pv — Py — 2¢V)ﬁf +

1
+-(l—oct+y—octoy —o My — 2071 +

2
+(¢¢1 - 0_11/’2 + 2w>étﬁt}
+t.i.p. + O(||€]%). (2.10)
where we have defined 07! = TUeel/lce, V) = TUennh/len, Vo = Ueehh)Uce, V1 =

Upnnh/ sy, and Wt = (W, — W)/u.c. Finally we can write (2.10) as

—~ L 1 .
Wi, = Ei, Z Ca {C;It + §$;Cx$t + wQCgﬁt} +tip. + O([[€]]%), (2.11)

t=to
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where now

- (1—0"t+7)
Tl w—g—ev) |
C. = (1_‘771+7/)_‘77101_1_071@/’2_2071) <¢¢1_071¢2+2¢)
’ (Y — o~ lehy + 200) (Y + ¢y — ¢ — dv — vy —2¢v) |’
100

We can now use an appropriate linear combination of (2.9) and (2.11) to obtain an
expression with linear terms that exactly cancel those in (2.7). Using this expression

to subsitute for the linear terms in (2.7), we obtain

it (1 I 2 e .
Uto = _acEEto Zﬁ ’ {51';@351',5 + "L‘QQE&E + §Qkkt2} + acEQ%Wto + t'l'p' + O(||§||3)

t=to

where
Qs = A, + N B, + 1920,
Qe = V1 B¢ + 020
a = a(l — a),
and

—¢l0 +v)+v(o+1)
Y(l—a)+s]+7"1-a)1+v)—(1—a)(c™' +v)’
(1 — a)
Y(1—a)+s]+71—a)1+v)—(1—a)(ct+v)
We note that for low values of ¢ and 7", it is likely that 9; > 0 and 95 < 0. We also

note that the term ﬁthO is independent of policy, because of the initial commitment

191:

Uy =

regarding the value of Wto.
It then follows that maximization of expected utility is equivalent, to second order,
to the minimization of an objective of the form (2.2), where the period loss function

is now of the form

1 1 =
Lt - §x/thxt + x:ﬁQ{Et + QQkthv

where we define )
l;:t — ]%t — (7:’,5 + }Alt), (212)
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and the coefficients are given by

Gr,11  Gz,12
Qz = [ ] y

Gz,21 Gz,22

0 O
Qe = :
¢ geo1 0

This can be written more extensively as

1 ) . . ~ R 2z
Ly = 5{%,1165 + 2¢ 1260 + Gp22hi + 2N Ge 212 + aki},

or alternatively as

1 R . - . 2
Li=3 {qc(ct — Ohe)? + qu(he — hE)? + qkkf} , (2.13)
where we have defined ¢ = qo11, 0 = —Qe,12/011, Gh = Qe22 — qg,m/qg&,lla and
hi = 0.2, in which expression 0, = —q;lqml.

Expression (2.13) is now a quadratic loss function with no linear terms, as de-
sired. In the appendix, we present the general conditions under which this function
is convex, at least on the linear subspace of sequences consistent with our log-linear
constraints. (Convexity in this sense ensures that the first-order conditions for the
LQ problem defined in the next section characterize a loss minimum, and hence a
welfare maximum.) Here it suffices to note that sufficient conditions for convexity are
that the coefficients q., qn, ¢; all be positive; in the numerical examples considered in
the next section, this is always the case.

It follows that the objective of policy can be understood as a combination of
three distinct stabilization goals. The first is stabilization of a linear combination
of consumption and hours; the second is stabilization of hours around a level that
depends on the current state of productivity; and the third is stabilization of the
capital stock per unit of effective labor supply (i.e., labor supply in efficiency units).
Optimal policy will generally involve some tradeoff among these three goals. Note that
the quadratic loss function obtained in this way is quite different from the function

(2.3) obtained from a simple Taylor series expansion of the utility function.

2.3 A Correct LQ Approximation

Because (2.13) contains no linear terms, this loss function can be evaluated to sec-

ond order using only a log-linear approximation to the equilibrium evolution of the
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endogenous variables under a given policy. It follows that we may represent the
constraints upon the outcomes achievable under alternative policies, to a sufficient
degree of accuracy, using only log-linear approximations to the structural equations
that must be satisfied in a rational-expectations equilibrium.

Our approximate LQ problem is then to choose sequences {¢;, hy, l%tﬂ}fit , to min-
imize the loss function defined by (2.2) and (2.13) subject to the constraints (2.4)
and (2.5), given the initial conditions k,, and W,,. The solution to this problem will
be given by a set of time-invariant policy rules if Wto is chosen in a suitable way as a
function of the values of the economy’s state at date tq (by which we mean the value
of l%to and the history of exogenous disturbances through date t,) — specifically, if
the initial commitment is the same function of the initial state as the corresponding
commitments made at later dates will be of the economy’s state at those later dates.
One simple way to ensure this is to specify Wto to take the value such that the con-
straint (2.5) does not bind — i.e., such that the solution processes {¢;, hy, ]%t—i-l} are
the same as if this constraint were omitted. This is the specification of Wto that we
shall choose.

Note that a specification of Wto so that the constraint does not bind does not
correspond to a specification of the initial commitment (1.22) in the original problem
so that this commitment is not a binding constraint. Rather, this corresponds to
a choice of initial commitment such that the Lagrange multiplier associated with
constraint (1.22) is independent of the state of the world at date t5. As noted at the
end of section 1.2, the initial commitment must have this property if the time-invariant
decision rules that solve our constrained optimization problem are to correspond to
the asymptotic fluctuations under a Ramsey policy of the kind considered by Chari
et al.

The approximate L(Q problem can then be stated more simply as the choice of
sequences {é, hy, l%tﬂ},?ito to minimize the loss function defined by (2.2) and (2.13)
subject to the constraint (2.4), given the initial condition l%to. Once we have solved
for the optimal allocation {ét,ﬁt,l%tﬂ}, the implied path for the state-contingent
commitments W, = (W, — W) /u.c each period is given by

— s ~T7 A
Wi=E> B “{dér+dihr}, (2.14)
T=t
which represents a log-linear approximation to (1.19). (The coefficients are the same
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as in (2.5), which is a special case of this equation.) This indicates the desired self-
consistent way of choosing Wto as a function of the values of lActO, Zty, and gy, -

The implied value of the public debt b = log(b$/b) each period can then be
obtained by solving

~71 ~ 1A A~ —~ /\8 1A A
B ikt E(=o et hin)] = s EeWip —sp b+ By (=0~ ¢ +higa)], (2.15)
which represents a log-linear approximation to (1.21), where s, = b/y. The implied

capital income tax rate 7% = —log(1 —7F) each period is similarly obtained by solving
sch[Z = stA)ffl — buly + byhy + bk + s ta(l —a)z — byrr, (2.16)

a log-linear approximation to (1.18), where we define the coefficients b, = syo™! +

Bilska’l, by, = sb¢+Bilskd)+a(1—a), b, = Bflsk—a(l—a), and b, = sk(Bfl—pfl).

Finally, we can obtain the optimal path of the tax on labor income by using a

log-linear approximation of (1.8) in which (1.11) is used to substitute for w;. This
yields R

=% 4ok — (07— g MP)E — (v —)hy. (2.17)

In this way, we obtain log-linear equations for the optimal responses of both tax rates

to exogenous disturbances.

3 Optimal Policy: Numerical Results

We now illustrate the results that we obtain from a numerical application of the above
method, when the model is parameterized as in Chari et al. (1994). Comparing our
results to those that they obtain using an alternative numerical method will provide

one way of judging the numerical accuracy of the LQ approximation.

3.1 Parameter Values

Following Chari et al. (1994), we assign the parameters «, B,7,6, p, and g the values

listed in Table 1.2° Chari et al. consider the effects of alternative values for the

20The exact values used for « , 6 and g are actually longer decimals, supplied by Larry Christiano,
but rounded to three digits in the table. The same is true of the values given below for o4 and 0.
The value here used for § assumes a supply of hours (to be used either for work or leisure) that
is normalized to equal 1, and a steady-state value for the detrended productivity factor Z that is

normalized to equal 1.
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preference parameter ¢ (their ¢); like them, we give primary emphasis to the two
cases ¢ = 0 (the “baseline” case) and ¢ = —8 (the “high risk-aversion” case). As
shown in the second panel of Table 1, we obtain different steady-state values for a
number of variables in the two cases.

We have shown above that an optimal steady state necessarily involves 7% = 0;
however, given the model parameters, there is a continuum of steady states with
different steady-state tax rates on labor income, corresponding to different choices
for the value of initial private wealth W, (and correspondingly different steady-
state levels of public debt). We specify W in the case of each choice of the preference
parameter ¢ so that the resulting optimal steady state corresponds to the steady state
around which the dynamics fluctuate asymptotically in the “baseline” and “high risk-
aversion” simulations of Chari et al. (1994) respectively.?! In our calculations, we
do this by specifying the steady-state labor tax rate 7" to equal the long-run average
labor tax rate reported by Chari et al. (1994, Table 2) for those two simulations, and
then inferring the steady-state values k, 7, W, b°, and so on implied by these choices.
The steady-state values of several variables that are important for the derivation of
our LQ approximate policy problem are shown in the second panel of Table 2, in the
two columns corresponding to the two alternative specifications of ¢ and 7".

These values are obtained as follows. The steady-state relations (1.37) and (1.38)

imply respectively that the shares s, s,, s must satisfy the two relations

(1-d)+as =5 (3.1)
Sc+ 8+ 08, = 1. (3.2)
Steady-state relation (1.41) implies that
¢=1-7")(1-a)s", (3.3)
while our assumed form for the utility function implies that
h
6= ﬁﬁ (3.4)

21Because Chari et al. do not impose an initial constraint of a kind that makes their optimal policy
problem recursive, and do not start from initial conditions consistent with the long-run steady state,
their simulations eventually fluctuate around a steady state with a level of public debt different from
the level that they assume as an initial condition, and the extent to which this is true depends on
the preference parameter ¢. Because we wish to characterize the asymptotic fluctuations and to
compare our results to those that they report, we assume a different steady-state public debt in the

two cases.
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Finally, the production function (1.26) implies that

= (p~lsp) e, (3.5)

Il N

using the normalization Z = 1. Combining equations (3.2) — (3.5), we can solve for

the steady-state output level
s amamad (0 s
v (1=bsy)
(1 + 1— (177_—h)(17a))

Given the calibrated parameter values from the first panel of Table 1, (3.1) allows

y= (3.6)

us to determine the implied value for s,. This value, together with the assumed value
of 7" (which varies for the two cases considered in the second panel of the table),
allows us to solve for steady-state output y, and hence for s,. We can then solve
(3.2) for the implied value of s, (3.3) for the implied value of ¢, and then (3.4) for
the implied value of h. Once we have determined the steady-state values of these
variables, we can similarly solve for the implied values of variables such as W and b°,
though these do not matter for the calculations reported below.
We specify each of the two exogenous disturbance processes x = Z, g as a station-
ary AR(1) process
Ty = pyTi_1 + €, (3.7)

where 0 < p, < 1 and {¢/} is an i.i.d. random variable with bounded support; the
two innovation processes are furthermore assumed to be independent of one another.
Like Chari et al. (1994, 1995), we parameterize the disturbance processes so as to
match both the standard deviation o, and the coefficient of autocorrelation p,, of the
empirical measures of these disturbances discussed in Christiano and Eichenbaum
(1992); the values of these moments that we match are given in the third panel of
Table 1. Unlike Chari et al., we do not use a numerical method that requires us to
discretize our disturbance processes (they assume two-state Markov chains for each

disturbance), and so we adopt a convenient AR(1) specification.?? To be specific, in

22This has no consequences at all for the computation of first and second moments implied by our
LQ approximation, or alternatively by log-linearization of the conditions that characterize Ramsey
policy. The exact law of motion of the disturbances may affect our second-order perturbation
calculations, but we find in any event that the second-order corrections are small. The assumed
disturbance processes (3.7) allow our model to fall within the class of models treated by Schmitt-
Grohé and Uribe (2004a), so that we can employ their computer code to compute the second-order

approximate solution discussed below.
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our numerical simulations we assume that €/ takes each period either the value +4,
or the value —§,, with equal probability, where §, = ((1 — p2)o2)'/2.

It might appear from the above that our method cannot be applied without first
performing the calculations undertaken by Chari et al., which are used as the source
of the steady-state values for 7. But we choose this parameter in this way because we
wish to examine the extent to which our method results in a similar characterization
of the optimal stationary (asymptotic) fluctuations in tax rates as does theirs, in
the case that the initial commitment in our policy problem is defined so as to imply
the same long-run steady state (in the absence of shocks) as in the policy problem
that they consider. (This last qualification is necessary because the present model —
unlike the one considered in Benigno and Woodford, 2005a, for example — allows a
continuum of optimal steady states, to different ones of which the optimal dynamics
converge in the case of different initial conditions W,.23) If we were simply interested
in characterizing optimal tax policy for an economy such as the U.S., starting from
historically given initial conditions, this way of determining 7* would not be necessary.
We could, for example, assign W the value that would correspond to the value that
private wealth would be expected to have if current U.S. policy were to continue,
and determine the optimal steady state consistent with this. This would correspond
to somewhat higher values for 7" than those reported in Table 1 and used in the

calculations below.

3.2 Optimal Fluctuations in Tax Rates

The parameter values reported in Table 1 allow us to compute both the coefficients of
the quadratic loss function (2.13) and the coefficients of the log-linearized constraints.
The coefficients of the loss function for each of the two cases considered in the middle
panel of Table 1 are given in Table 2. We note that in each case, q., qn,qx > 0, so
that the loss function is obviously convex and the second-order conditions for loss

minimization are satisfied.

ZFor a given initial state (gy,, 21, ), different initial commitments W, result in optimal dynamics
that converge to different long-run steady states (with different long-run tax rates on labor income).
This is not apparent from our LQ approximation, because we consider only the variations in the
initial commitment Wto that are required for convergence to a given steady state in the case of
alternative initial states; we do not consider the optimal dynamics in the case of initial commitments
that are not consistent with that particular steady state.
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It is then straightforward to characterize the optimal linear decision rules for this
problem (though we omit the algebra here). We obtain a linear equation of the form
/%tﬂ = I'Lvy, where v, is the state vector [l;:t Z; ¢¢). This equation together with the
specification (3.7) for the disturbance processes then completely defines the law of
motion of the state vector {v; }. We also obtain linear equations ¢; = I" vy, flt = 'y, for
the rest of the optimal resource allocation, so that the dynamics of consumption and
hours are also completely described. Substitution of these solutions into equations
(2.14) — (2.17) then allows us to obtain linear solutions of the form

Fh—Thy,, = TH0)u + TF(1)vey (3.8)

for the optimal dynamics of the tax rates.

.JFrom the log-linear dynamics implied by these equations, we can compute the
implied first and second moments of the tax-rate processes reported by Chari et al.
(1994, Table 2), which we present in Table 3. As in the table of Chari et al., the
columns of our table refer to five separate cases. The first column is the baseline
case, in which ¢ = 0 and the two disturbance processes are parameterized in the
way described in Table 1. The second column is the high risk-aversion case, in which
instead ¢ = —8. In the third column, we again assume ¢ = 0, but now that there
are no variations in government purchases (i.e., we set o, = 0); in the fourth column,
assumptions are again as in the baseline case, except that there are no variations in
the rate of technical progress (i.e., we set o, = 0). Finally, in the fifth column, ¢ = 0,
and both kinds of random disturbances exist, but we assume that neither disturbance
is serially correlated (i.e., we assume the values given in Table 1 for o, and o, but
we set p, = p, = 0).*

Like Chari et al., we report statistics regarding the optimal fluctuations in the

labor income tax rate 77, the ex post capital income rate 7F, and an “ex ante tax

24In simulations 3 through 5, we choose the same value for 7" as in the baseline case, though the
average labor tax rates reported by Chari et al. in these cases are slightly different (see Table 4
below). Because the long-run steady state should have been the same in these cases as in the first
column, in the absence of disturbances, we have computed our local expansions around the same

steady state in these cases.
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rate for capital income” defined as®®

Erluc(cipr, b)) TE o (fre(Figr, 2o hugn) — 0p71)]
Eluc(ceir, b)) (fr(Begas 2er1higr) — 0p71)]

The means and standard deviations of all tax rates are reported in percentage points

0; = (3.9)

(i.e., we actually report 100E(7h), etc.). Given the linearity of the policy rules
that solve the LQ problem, we are able to obtain analytical results for these mo-
ments as functions of model parameters (including the parameters of the disturbance
processes), rather than computing sample statistics from a stochastic simulation, as
in Chari et al.

Most of our statistics are quite similar to those reported by Chari et al. (1994),
which we reproduce in Table 4.2 The most visible difference is in the average level
of the tax rate on capital income; while our method and theirs give quite similar
results regarding the mean “ex ante tax rate” defined in (3.9), the ex post tax rate
varies so much that even modest non-linearities in its response to shocks do have a
non-negligible effect on the mean ex post rate.?” Our conclusions about the degree
of optimal variation in capital and labor income tax rates, and the degree to which
they should co-vary with each of the disturbances are essentially the same as those
obtained by Chari et al., and so we do not discuss them further.

We note, however, that there are a number of advantages of our approach to
calculations of this kind. One is that our LQ formulation makes it easy to check
the second-order conditions for optimality of the policy that satisfies our first-order
conditions; this is not addressed by Chari et al., who simply compute an approximate
solution to the first-order conditions that characterize Ramsey policy. Another is that

our approach is easily extended to deal with more complex specifications, with little

2This definition follows Chari et al. (1994, p. 627). In our expression of the formula here, ¢

refers to the detrended consumption level ¢;, and so on.
26We suspect a sign error in their table in the case of one entry.
2TWe also note that the ex post tax rate on income from capital varies so much that the mean of

the distribution is not well estimated by the sample mean of a stochastic simulation as short as the
ones reported in Table 2 of Chari et al. (1994). Simulations of our log-linear policy rules of only that
length resulted in sample means for the ex post capital income tax rate ranging between +1 and -1
percent, even though we know on analytical grounds that the mean tax rate is zero, as reported in
Table 3. Thus it is hard to tell, based on sample means from stochastic simulations as short as those
reported by Chari et al., how much of a difference there really is between the moments implied by

the approximation method used by Chari et al. and those implied by our LQ approximation.
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increase in computational complexity. For example, allowing for higher-order auto-
correlation of the disturbances would be easy in the context of our LQ methodology,
and our specification of the disturbances as linear autoregressive processes also makes

it straightforward to parameterize these processes on the basis of empirical estimates.

3.3 Accuracy of the LQ Approximation

As we have explained (on the basis of more detailed discussion in Benigno and Wood-
ford, 2005b), the solution to the LQ approximate problem derived here yields a correct
local linear approximation to the exact decision rules that characterize optimal policy,
that should allow a computation of statistics like those presented in Table 3 that is of
arbitrary accuracy in the case that the disturbances are small enough in amplitude.
However, it may nonetheless be wondered how accurate such an approximation is in
the case of disturbances of the size typically experienced by the U.S. economy. In-
deed, Chari et al. (1994) adopt a minimum-weighted residual method for computing
approximations to the optimal decision rules because they report having found that
a “log-linearization method” led to a substantially less accurate characterization of
the optimal dynamics of the tax rates (1995, pp. 383-390). This suggests that we
should be concerned about the numerical accuracy of our log-linear approximation to
the optimal tax rules.

As shown above, however, our results obtained using the L.Q) approximation (Table
3) are quite similar to those reported by Chari et al. (1994) on the basis of their
nonlinear solution method. Of course, the sample moments reported in our table
are not identical to theirs; but they are much more similar than are the results that
Chari et al. (1995) report having obtained through “log-linearization”. For example,
in their Figure 12.3, Chari et al. (1995) report having obtained a higher standard
deviation of the labor tax rate under the log-linearization approach for all values of ¢,
and a vastly higher variance in the case of values of ¢ near a critical value (between
-3 and -4) where the optimal variability of the labor tax rate falls essentially to
zero according to their nonlinear computations, but remains high according to the
log-linearization. But we also find with our LQ approximation®® that the optimal

variability of the labor income tax falls nearly to zero for a critical value of ,? while

28In considering the effects of variation in ¢ in Figures 1 and 2, we assume a value of 7 as a

function of ¢ that linearly interpolates between the two values specified in Table 1.

30



it rises sharply for values of ¢ on either side of these values (see Figure 1), just as in
the figure of Chari et al.

Similarly, in their Figure 12.4A, they report that their log-linearization implies
that the mean ex-ante capital tax rate should be positive for all values of ¢, and
substantially so (more than 3 percent) for large negative values of ¢, while their
nonlinear method indicates that the mean rate should be zero for the case ¢ = 0,
and slightly negative in the case of ¢ < 0. But we find with our LQ approximation
that the mean ex ante capital tax rate is zero for all values of ¢, rather than being
positive at all.

Finally, in their Figure 12.4B, they report that their log-linearization implies that
the standard deviation of the ex ante capital tax rate remains above 2 percent for
all o < 0, while their nonlinear method shows that it falls to zero when ¢ = 0. But
we also find with our LQ approximation that the standard deviation falls to zero
when ¢ = 0 (see Figure 2). The LQ approximation proposed here clearly leads to
quite different, and much more accurate, results than the log-linearization method
employed by Chari et al. (1995).3°

A measure of the accuracy of the LQ approximate solution that does not depend

on comparison with the results of Chari et al. can be obtained by considering how

29Tn our computations, the critical value of ¢ is between -4 and -5, as is also reported in Chari
et al. (1994, Figure 3, panel (a)). Note that we assign parameter values as in Chari et al. (1994),
which uses a slightly different calibration than the one in Chari et al. (1995). Our Figure 1 still
differs somewhat from Figure 3(a) in Chari et al. (1994), mainly because our assumption of a simple
linear relation between 7" and ¢ does not exactly capture the way in which the steady state varies

with ¢ in their simulations, as shown by Figure 2(a) of their paper.
30Chari et al. report that their log-linearization method yielded fairly accurate results regarding

the optimal allocation of resources, but much less accurate results for the dynamics of the tax rates.
They propose that this is because “the policies depend on ratios of the derivatives of the utility
function and small errors in computing the allocations can lead to large errors in computing the
policies” (1995, p. 383). We doubt that this is a correct explanation of their results. For example,
given the optimal allocation, the optimal labor tax rate is given by solving (1.8), substituting (1.11)
for the real wage. But the resulting mapping from allocations to the tax rate is exactly linear in
Th &, l%t, and Z;; it is only the non-linearity of the dependence on h¢ that can possibly be a source
of error in our log-linear approximation to this relation, and even the dependence on that variable
is not more severely nonlinear than other equations involved in the determination of the optimal
allocation. Judd (1996, sec. 4) suggests that the inaccurate results reported by Chari et al. result
from their using an “ad hoc” method that does not result in a correct linear approximation to the

optimal policy rules, unlike our corrected LQ method.
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closely the log-linear dynamics that solve the L(Q problem come to satisfying the exact
nonlinear first-order conditions that characterize optimal Ramsey policy (discussed
above in section 1.4). Here we do not treat this issue in detail (as it is unclear how
large a discrepancy should be regarded as acceptable), but consider, for purposes of
illustration, the degree to which our log-linear dynamics fit the Euler equation for
optimality of the rate of investment.3!

As shown in the appendix, the stochastic version of Euler equation (1.34), after

using (1.32) to substitute for the Lagrange multiplier A4, can be written in the form

where R; is the value of the left-hand side of (the stochastic version of) equation
(1.34). In the case of the log-linear dynamics that solve the LQ problem, the (exact)
value of the residual R; each period depends only on the state vector v; at that time;

in particular, we can write
R, = R(v) = m(vy) — E[n(vesr)|vel,

where v, is the same state vector as in (3.8), and m(v) and n(v) are explicit, nonlinear
functions defined in the appendix. The functions m(v) and n(v) can be computed
given numerical values for the model parameters, and the steady-state values h and
Ao, that are computed in the manner explained earlier. The simulations provide
sequences {v;} for the state variables, that allow m(v;) to be evaluated for each
period. They also provide a value for /%tﬂ that (as a predetermined state variable)
should be known with certainty as of period ¢. Since we also know, given the state v;
in any period ¢, the probabilities of each of the finite number of possible values of 2,4
and gy, in the following period, we therefore have a complete conditional probability
distribution for the possible values of v, 1, allowing FE[n(v.y1)|vi] to be evaluated for
each period of the simulation. This allows us to compute a residual sequence {R;}
associated with the simulation; the size of these residuals provides a measure of the
accuracy of the approximate policy rules.

Figure 3 shows the histograms of these residuals for simulations of the log-linear

approximate policy rules obtained for each of the five cases in Table 3.32 One observes

31This is also the sole optimality condition for which Chari et al. (1995) discuss the size of the

Euler-equation residuals associated with their alternative numerical solutions.
32The simulations are the same ones that generate the sample moments reported in Table 5 below.
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that the residuals are quite small. In the case of log utility (the baseline preference
assumption) and serially correlated disturbances, the typical residual is on the order
of -.0001, meaning that the current marginal utility of consumption is smaller than the
level implied by the Euler equation by amount that is only .01 percent of the steady-
state marginal utility of consumption. The residuals are an order of magnitude smaller
in the case of serially uncorrelated disturbances (case 5), though they are three to
four times as large in the high-risk-aversion case as in the baseline case.?3

Another way of assessing the accuracy of the LQ approximation is comparing
the results obtained using this approximation to those that would be obtained by
simulating second-order Taylor series approximations to the optimal policy rules,
rather than the first-order approximations yielded by the LQ approximation.®* We
compute the coefficients of the second-order approximations to the optimal policy
rules (i.e., to the solution to the nonlinear first-order conditions characterizing Ramsey
policy) using the computer code for implementing perturbation calculations described
in Schmitt-Grohé and Uribe (2004), and then determine the implied moments of the
dynamics of the tax rate through Monte Carlo simulation. In order to distinguish
differences in the moments due to simulation (i.e., to sampling error) from differences
due to the inclusion of second-order terms in the policy rules, we first present (in
Table 5) the moments implied by the log-linearized policy rules,®> using Monte Carlo
simulation to estimate the moments, rather than calculation of the exact moments

as in Table 3.3¢ (The numbers are similar, but not identical to the ones reported in

33We are unable to compare this degree of accuracy to that reported for the log-linearization
approach used in Chari et al. (1995), as the units in which the residuals are reported in their figures

are unclear.
34Second-order perturbation methods of this kind have been widely advocated in the recent lit-

erature as a way of ensuring that welfare is correctly evaluated to second order in the amplitude of
the disturbances; see, e.g., Jin and Judd (2002), Kim et al. (2003), and Schmitt-Grohé and Uribe

(2004a, 2004b).
35Here the exact coefficients of the log-linear policy rules are also those computed using the algo-

rithm of Schmitt-Grohé and Uribe, i.e., direct log-linearization of the nonlinear first-order conditions
that characterize Ramsey policy, rather than solution of the LQ problem defined above. This al-
ternative approach to the computation of the log-linearized policy rules results in small numerical
differences from the policy rules used to generate the statistics reported in Table 3, though one can

show analytically that the two approaches should yield identical coefficients.
36The statistics reported in both Tables 5 and 6 are based on stochastic simulation of the ap-

proximate optimal policy rules for 500,000 periods, with the first 60,000 periods of each simulation
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Table 3, mainly as a result of sampling error.) Here we report the various statistics
to three decimal places, rather than only two as in Table 3,37 to allow the small
differences that are made by a second-order approximation more evident.

Table 6 then displays the same moments, in the case that quadratic approxima-
tions to the optimal policy rules are used in the stochastic simulation, rather than the
linear rules. (We use exactly the same sequences for the exogenous disturbances in
the two cases, so that sampling error does not exaggerate the difference made by the
second-order terms.) We find that the inclusion of second-order terms in the various
equations used to derive our approximation to the optimal dynamics of the tax rates
has only very small effects on the moments reported in Table 5. This is true despite
the fact that the second-order corrections to the policy rules do substantially reduce
the size of the Euler equation residuals, and thus do represent a better approximation
to the true nonlinear optimal policy rules.®® This suggests that a log-linear approxi-
mation to the optimal policy functions is fairly accurate, in the case of disturbances

of the size assumed in the exercise of Chari et al. (1994).3°

4 Conclusion

We have shown, in the context of a familiar dynamic optimal taxation problem, that a
naive approach to linear-quadratic approximation of the problem would yield results
that are quite incorrect. At the same time, we have shown that it is possible to
define an alternative quadratic objective — one that also corresponds to expected
utility of the representative household, up to second order in the amplitude of the
disturbances, in the case of any possible equilibrium, but that involves variables other
than the arguments of the utility function itself — such that the LQ problem with

discarded to eliminate the effects of the arbitrary initial conditions.
37The degree of precision in Table 3 is chosen to match that of the results reported in Table 2 of

Chari et al. (1994).
38The root-mean-square size of the Euler equation residuals corresponding to those shown in

Figure 3 is reduced by a factor greater than 35 in the baseline case (case 1) when the second-order
corrections are used; similarly dramatic reductions occur in the other cases. The Euler equation
residuals are also now nearly zero on average, rather than being almost always negative as shown in

Figure 3.
398chmitt-Grohé and Uribe (2004b) reach a similar conclusion in the context of a calibrated

sticky-price model.
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this objective yields a correct local log-linear approximation to optimal policy in the
case of small enough disturbances. We have also shown that the error involved in
such a local log-linear approximation to the optimal policy appears not to be large,
in the case of disturbances of the size that occur in a model calibrated to match
features of U.S. time series. This suggests that L(Q approximation methods of the
kind illustrated here can usefully be employed in the analysis of optimal tax policy,
both as a simple approach to computation and as a source of insight into the nature

of optimal policy rules.
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Appendix

Derivation of equation (2.1).
Starting from (1.1), we note that a second-order Taylor series expansion of u(c, hy)
takes the form

1
uler,he) = A+ (e =€) + Wn(he = h) + STeoler = )’ +
1_ _ 3 B _
5 tnn(hy — h)? 4 ten (e — &) (he — B) + O([€]]%),
where partial derivatives are all evaluated at the steady state values (¢,h) of the
arguments of wu.
We wish instead to expand in powers of the log deviations of consumption and

hours from their steady-state levels. We note that in general,
~2
L L T 3
xt—x:x(l—i-x—i-?) + O([I€]17),

where & = In x,/Z. Using this to substitute for ¢, —¢ and h, —h in the above expression,

and suppressing terms of higher than second order in the log deviations, we obtain
(2.1).

Derivation of equation (2.8).
We begin by taking a second-order approximation of equation (1.15) in terms
of log deviations from the steady-state values of the various endogenous variables.

Rewriting the equation as

ye— 3§ =(ce =)+ (g — 9) + (k1 — k) — (1 = 0) (ke — ),

we then obtain

1,1, 1 C 1
i = scbitsggitsi(ken1—(1=0)k)+ 5 5e6/ 458007 +5 80 (ki —(1=0)k7) =S5 +O([[€]),

2 2 2
(4.1)
where ¢; = log(g:/g) and s. = ¢/y, s, = §/y, and s = k/3.
We similarly take a second-order approximation to the production function y; =

f(ky, z¢hy), which can be written as

w—y = felke—k)+2fn(he — h) 4+ hfn(z — 2) + %fkk:(kt — k)’ + %Z2fhh(ht —h)* +
Rz funlhe — B) (2 — %) + 5.0 10+ O(€][2).
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This can be expressed in terms of log deviations as

1 1. A S A
U + 5@? = alk:+ §k:t2) +(1—a)(hy+ 2+ Qh?) + (1 —a)hze — 504(1 —a)ki +

| ) - . . .
—1—504(1 —a)h? — a(l — a)khy + a(l — )k, — a(l — a)h, +s.0.tip.+O0(||€]]?),

which can be finally written as

0 + %yf = a(k + %/2;,?) +(1=a)(he+ 2 + %hf) + (1 — a)h +
g0l = a)(k — 2 — b +s.0Lip+O( ).
We can substitute in (4.1) to obtain
0 = sus— (1= )G+ ) + 5360 + s (bes — (1= 8)le) — iy + %scéf + %sk(z%fﬂ _ (1= §)i)
_%akf N %O@ )it - %(1 — a)(h2 + 220) + s.0tip. + O(€]lP).

Integrating forward, we finally obtain

R 1 P PO 1 2 .
0= 87 (selr 57— (1= a) oot 5hi i) + 51— )kE}+ tip. + O(€] ).

t=to

Derivation of equation (2.10)
Starting from (1.19), we first note that

ue(cy, hy)er + uplcy, ho)hy = el + tph + te(c, — €) +

1
[tee(ci — €) + Uen(he — h) + §accc(ct —o)? 4+

C
1 _ _
§achh<ht — h)2 + ﬂcch(ct — é)(ht — h)] + ﬂcc(ct — 6)2
+ﬂch(ct — E)(ht — B) + ah(ht — B) +

_ | _
+h[ahc(0t — E) + ﬂhh<ht — h) + 5ahhh<ht — h)2 +

1 _
+~tpee(c; — ) + tpne(hy — h) (e — €)] +

2
i (he = h)* + tine(he — h)(er — ©) + O(J[E]])
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and then obtain

ol L1, o 2
UC(Ct, ht)ct —+ Uh(Ct, ht)ht = ?_LCE[Ct —+ §Ct2] + C[UCCC<Ct + 50?) + uchh(ht —+ ?t)
I O T Y T S 7.2 izf
+§ucccc ¢+ §uchhh hi + Ueenchéihy) + uph(he + ?) +
Ul + Uenchéhy
- R 1 ~2 _ - 2 il% 17 —2"2
+h[uth(Ct —|— §Ct) —|— Uhhh(ht —f- ?) —|— §Uhhhh ht —I—
1 . .
+§ahccé2é§ + Uppechéihy] + tnph®h; +
+lenchéshy + tip. + O(||€] ).
We can simplify the above expression to
_ —1\/A L, 7 H%
ue(ce, he)es + un(ce, ho)hy = aee{(1 — o ") (¢ + §ct) + (hy + ?)
Ly 10 1 72 —1, A7 7 iL?
—50 01 G + §¢¢1ht — 0 ylhy — d(hy + ?) +

. 1
_U_lé? + hyey + (6 + 561:2)
. R2 1 1 .
—pv(h + Et) — §¢W1hf — 5071%0?
i éhy — puh? 4 Phiée} + tip. + O(E] ),

where 0-1_1 = acccé/acca Q»Z}l = achhﬁ/ﬂcha ,QZ}Z = ﬂcchil/acca vy = ﬂhhhh/ﬂhh- Plugglng
the above equation into (1.19), we obtain that

T T = B, S BT =0 + )i+ (0 — 6 — ov)hy

50+ vy — 6 — 6w — v — 20} +

1
to(l =0ty —oloyt =0T, — 20718 +

2
() — 0 by + 20)eche}
+s.0.t.1.p. + O(|[¢]]*). (4.2)

We further note that
W, = bf_ﬂlc(cta ht) + uc(ctv ht)kt[(l - 8) + (1 - Tf)fk(zthta k’t) + 5:0_17'f]>
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where
opt=pt=(1-0).
We then have as a first-order expansion of the constraint that
W, =W = tc(bior — ) + btiee(c; — €) + ten(hy — h)] +
+%[uc(/ct — B) + Rle(cs — &) + Biin(he — b)) +
Atk { [ frr (ke — k) + B fen(ze — 2) + Zfen(he — )] — (fie — 5p~ )7} + O(/[€]]%),

which can be written as

Wt — W = Ucbbt 1 — 'U/c [O' Ct ’l/Jht] (kt — 0 Ct -+ wht)

B
0k fien (ke — 20— he) — ack(fi — 6p™ )75 + O(I[E]P).
Hence
sWy = sybio1 — splo'e, — ¥l + B_lsk(l%t — o7t + Yhy)
—a(l —a)(ky — 2 — hy) — (@ — 5,00~ )7+ O(|€]1%),
where s, = b/ and W, = (W, — W) /i.c.

We finally note that

(0= sep) = slasyt = p 4 (1=8) = se(B —p7Y).

We have then that o
—~— ~T_t R A
W, =E Y B “{der +dihr},
T—t

SJ/IZ = stA)ffl — buéy + byhy + bk, + s ta(l —a)z — brF,
where we have defined b. = s,07' + B_lska_l, b, = syt + B_lskiﬂ + a(l — a),
~—1 ~—1
k=0 sp—a(l—a),d.=(1—-0c"'+9¢),dy=W—¢—¢v)and b = sx(3 —p7').

Second-order conditions
The optimal solution to the linear-quadratic problem minimize the following loss

function

1 > ~t—t ~ 7 7 * 7 s 7
L, = §Et° Z B ’ {C]c(Ct - Hht)Q + qn(he — ht)2 + qrlke — (20 + ht)]Q} (4.3)

t=to
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under the constraint

A~ ~ 71 ~ N _ R N _ R
kipn =08 ke — 51;15}:01; + 55 1(1 — o) (2 + hy) — 5 1Sggt (4.4)
for each ¢t > t; and the constraint
—~— s ~T7t N ~
Wi, = Ei, Z B {dér + dphr} (4.5)
T=tg

at time f, given the initial conditions k;, and /Mv/to =W,

We study under which conditions the solution to the above optimization problem
corresponds indeed to a minimum, i.e. under which conditions second order condi-
tions are satisfied. This analysis boils down to study under which restrictions the
quadratic form (4.3) is positive definite under the sequence of constraints (4.4) and
the constraint (4.5). Let us assume that {&, hy, ];:t+1}§it0 is an optimal plan for the
above problem and define the sequences

o= Gty

~

i = bty
ktTH = ki1 + Vpy
where the processes {¢..;, ¥y, ;, ¥y }ioy, are real valued and satisfy

B, Y B0, <o forj=chk, (4.6)

T=to

plus the sequence of constraints

~71 _ _
¢k,t =f @Dk,tfl - S lsc¢c,t + 5y 1(1 - a)¢h,t (4.7)
for each t >ty and
~T—t
Ei, > B {detbor + dntbyr} =0 (4.8)
T=tg

at time ¢, with initial condition ¢, , , = 0. It follows that the process {é;r , fLI ,

/Af;r L1124, is a feasible perturbation to the optimal plan and achieves a loss given by

PP L N ttor . - - .
Lig (@, 01K = Lig(&,h, k) + By Y B lge(le — 0h) (o — 0n) + antdp (e — hi) +

t=to

(ke — (e + 1) Wy — V)] +

+FE, Z Btito [%(dk,t - 9¢h,t)2 + thbi,t + Qk(z/)k,tfl - ¢h,t)2]'

t=to
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Since the sequences {¢;, iLt, l%tﬂ}fit , satisfy necessary conditions for an optimal plan,
then the second term on the RHS of the above equation is zero, i.e.

Ey, Z 5 (4 (Et—00e) (W y =00y )+ (he—D}) i (k= (Ze+he)) (g y— 1~ )] = O.

t=to

It follows that the sequences {é, hy, kiy1}5°, , Will be a minimum if and only

By Y B lgeley — 003> + @t + au(py s — 63,7 >0 (4.9)
t=to

for all processes {1 ;, ¥y, 1, ¥y, }52,, satisfying (4.6), (4.7) and (4.8) given ¢, | = 0.

First we show that we can disregard constraint (4.8) from the analysis. Let us
define ¢, = (¥, ¥y, 4, ¥y,). Given a process {1, };, that satisfies only the constraints
(4.6) and (4.7) given 1, , 1 = 0 and such that (4.9) is negative, we can construct
a process {¢,}f°, with ¢, = 0 and ¢, = 0y 41¢, for each t > to, where oy
is a sunspot variable known at time ¢y + 1 which takes either value 1 or —1 with
probability 1/2. The constructed process {t,};2, still satisfies (4.6), (4.7) and in
addition it satisfies the constraint (4.8) while achieving a negative value for the loss
function (4.9).

It follows that {¢;, he, ]%t_i_l}?ito will be a minimum if and only (4.9) is positive for
all processes {v,}2,, that satisfy only the constraints (4.6), (4.7) and ¢, = 0.
In Benigno and Woodford (2005b), we further show that this stochastic problem can
be reconnected to a deterministic problem of the kind analyzed by Telser and Graves
(1972), in which the sequence {1, }{2, can be complex valued.

To make this parallel, we can write the problem in a more compact way by rewrit-
ing the deterministic version of (4.9) as

S FEB(L)
t=0
where we have defined
Vo
Ty Upy
(.
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with ¥, , = 9., — 0¢;,, and the matrix B(L) as

e 0 0
B(L)=10 q+q —2qL
0 0 qk

Here &} denotes the conjugate transpose of Z;. We can also write the constraint (4.7)
as

where
1

A(L) = [ splse splsll—sit(1—a) 1 ] + [ 00 —3 |L

The process {z;} now satisfies a bound of the form

E, S B "Ei < oo (4.10)

T=to
Following Telser and Graves (1972), we can make the following transformation of

~t
variables by defining x; as x; = $?%;. Second-order conditions of the original problem

are satisfied if and only if the following quadratic objective function
o= 58
5 2 uB(F D
t=0

is positive definite for sequences {z;} that satisfies (4.10) and the sequence of con-
1
straints A(3”*L)x; = 0 at each t > 0 given ¢, _; = 0.
Since the harmonic matrix
e 0 0
Lon 2 i 1 AT b 73 i
SBWE )+ B(B%e) = | 0 anta B qe
~ 1 . ~
0 —0%qre” Bay
is non-singular for all —7 < 9 < 7 provided q., qx, qx are all different from zero and
1
since the matrix A(32e~") is of rank 1 for all —7 < ¢ < 7, we can then use theorem

5.2 in Telser and Graves (1972) which allow to study second-order conditions in terms

of the determinants of the following bordered Hessian

1

0 AFHe)
A’(B%em) %(B(Béew)_'_B/(Béeiﬁ))



where in our case

1
0 silse splsl—st(1—a) 1—p3%e™
-1
S Sc e 0 0
HOY=1 5 om0
s, s—s, (1—a) O qn + q —B2qre
1 1 .
1w 0 B gt Bu |

Since m = 1, the second-order conditions are satisfied if and only the northwest

m

principal minors of order p > 2 have all the same sign as (—1)™ = —1. For the case

p = 3, we are interested in the matrix

0 sp'se sptsl — st (1— )
H, = 3,;150 Qe 0
sp s — s (1—a) 0 an + i

The determinant of H;is negative if and only if (i) the inequality
solan + q) + qol(1 — a) — 0s.]* > 0 (4.11)

is satisfied.
For the case p = 4, we must also require the determinant of the bordered Hessian

H (V) to be negative for all —r <1 < 7. This determinant is equal to

det H(9) = —Bs,fsquqh + qc{—s,;l[scé’ —(1- a)][s,;l(scé’ - (1- oz))qu
+quB?e (1= B2} + g {(1 = B2 ) [ B> qres; (s — (1 — o)) +
—(1—3%€¢")(qn + qr)]

— —Bsp?s2auan — Bsitaraol(1— ) — 0.2 — s5 quanlsd — (1 — )] Fe (1 — )
iy

—s geanlsed = (1= ))F* e (1= Be™) = golan + a)(1 = Be)(1 - Be )
= —Bsi?stakan — Bsp arae[(1 — @) = 05, + 37 (267 — 2cos 9)[(1 — ) — Os.]s; " qean

—elan + a)[L + B — 2cos 057]

It follows that
det HW) <O0forall —m <9<

if and only if (i7) the inequality

[NIES

Doy, soaran + Bsy " argel(1 — ) — 0s]* — 237 (B

+qc(an + q)[1 + B — 232 cos ] >0

—cosV)[(1 — ) — 0s.]s; ' qeqn

43



holds for all —m < ¥ < 7. Hence the second-order conditions are satisfied if and
only if both (i) and (i7) hold. (We can further reduce condition (ii) to a finite
set of inequalities by considering the value of ¢ that minimizes the left-hand side
expression.)

We note that when ¢y, ¢. and g are positive, as in the numerical examples con-
sidered in the text, then (i) and (ii) are always satisfied for all —7 < ¢ < 7. The

left-hand side of (i7) can be equivalently written as

Bsi2s2quan + qean(B
—|—qch[B§s;1((1 —a) —0s.) — (B§ — cosV))?,

1
2

— Cos 19)2 + q.(qn + qr) sin? ¢

and each of these terms is necessarily positive when g, q. and ¢, are positive.

Euler Equation Residuals
In the stochastic case, the exact Euler equations that characterize Ramsey op-
timal policy, corresponding to equations (1.32) and (1.34) of section 1.4, are given

respectively by
ue(cr, hy) — [uc(ce, he) + uee(cr, he)er + upe(ce, he) ] Ao — A1e = 0
and

A = BEA[fu(kes1, zee1hepr) + (1 = 6)] A1} = 0,

for each t > ty. In terms of the detrended variables, these conditions can be rewritten

as
Uc<ét, ht) — [uc(ét, ht) + Ucc<ét, ht)ét + uhc(ét, ht>ht]>\0 — 5\1’15 =0 (412)

and

Mt — BEAfr(kesn, Zrarhen) + (1= 0) A} =0 (4.13)

respectively, where
A = Appl! P,

and the other detrended variables are defined as in section 1.3.%0

10Note that equations (1.32) and (1.34) of section 1.4 are already written in terms of the detrended

variables.
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Using (4.12) to eliminate A1y in (4.13), and again dropping the tildes from the de-
trended variables (that are henceforth to be understood), we obtain an Euler equation
of the form

Aler, ha) = BEJA(crsr, o) (ki /1 he)), (4.14)

where we define
Ale, h) = ue(e, h) — Xolue(e, h) + uee(c, h)e + upe(c, h)h],

r(k) = fk(n, )+ (11— (~5)

This condition is equivalent to R; = 0, where we define the residual R; as the left-hand
side of (4.14) minus the right-hand side, divided by u.(, k). The normalization implies
that a value of .01 for the residual means that Ay, exceeds BE[(fr 4+ (1 —6))A1s41] by
an amount equal to one percent of the steady-state marginal utility of consumption.

The residual R; each period is given by a function R(v;) of the state vector v; =

(l%t, %4, g¢) for that period of the simulation, where

R(vt) m(ve) — Eln(ve)|vd]

= m(v) =Y _w(|s(v))n(k (vy), s).

S/

In this formula, s(v;) denotes the exogenous state s; = (2, §:) implied by the state
vector vy (just the last two elements of the vector); 7(s'|s) is the probability that the
exogenous state s, 1 = s given that s; = s; the summation is over the possible values
s' for the exogenous state s;,1; and K (v¢) is the log-linear policy rule that gives the
value of /%tH as a function of vy, in the solution to the LQ policy problem.*!

Using the functional forms for preferences given in the text, the functions m(v)

and n(v) are defined as

- ) ~ R 1 — hexp|h] -
m(v) = [1 — Jop (1 - m)] -exp[(p (1 —7) - (W> ’

n(v) = Bm(v)r(v),

4In computing the corresponding residuals in the case of the second-order perturbation solution,

we define the function R(v) in the same way, except that the function &'(v) is now a quadratic

approximation to the optimal policy rule.
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where

r() =37 = (1= 8] expl(l —a)(5+h— k)] + (1 -3).

In each of these last expressions, ¢, ﬁ, 2 and k should be understood to be functions
of v (¢(v), etc.), in which the argument has been suppressed. The functions 2(v) and
k(v) select particular elements of the state vector (2, and k; respectively), while the
functions é(v) and h(v) represent the log-linear policy rules that specify the optimal
values for ¢ and h, as functions of v;.2 Note that computation of the functions m(v)
and n(v), and hence computation of the function R(v), requires only numerical values

for the model parameters ¢, 7, B, 0, and «, and steady-state values for h and .

42 Again, in the case of the residuals for the second-order solution, the functions é(v) and h(v) are

quadratic approximations to the optimal policy rules.
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Table 1: Parameter values used in the numerical examples, following Chari et al.
(1994).

Calibrated Parameters

« 0.344

3 0.98

v 0.75

) 0.095

p 1.016

g 0.069
Steady-State Values

%) 0 -8

7h 0.2387 0.2069

7k 0 0

Se .550 .5b4

Sg 167 163

Sk 2.992 2.992

h 232 238

7 410 420

) .908 .939

AR(1) Shock Processes

2 p,= 0281 o,= 0.041
g py = 0.89 o,=0.070
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Table 2: Coefficients of the quadratic loss function, for each of two alternative para-

meterizations.
%) 0 -8
Qe 1 2.93
qn 0.45 1.23
Q 0.41 0.40
0 0 0.79
0, 2.67 0.94
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Table 3: Statistics on optimal tax rates according to the LQ approximation.

baseline high r.a. onlyz onlyg  IID

Tax Rate on Labor Income

E(7) 23.87 20.69 23.87 23.87 23.87
s.d.(7) .10 .03 .07 .06 15
p(7) 77 81 .69 .90 -.07
corr(T, g) .62 -.55 NA 1.00 10
corr(T, 2) 49 -.80 .63 NA .95

Ex Ante Tax Rate on Capital Income

E(7) 0 0 0 0 0
s.d.(7) 0 3.29 0 0 0
p(7) NA .80 NA NA NA
corr(T, ) NA .25 NA NA NA
corr(T, 2) NA 97 NA NA NA

Ex Post Tax Rate on Capital Income

E(7) 0 0 0 0 0
s.d.(1) 36.13 30.56  15.77 32,51 10.81
p(7) 0 ~.00 0 0 0
corr(T, g) 41 44 NA 46 091
corr(T, 2) -.26 -.13 -.59 NA  -41
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Table 4: Statistics on optimal tax rates reported by Chari et al. (1994, Table 2).

baseline high r.a. onlyz onlyg IID
Tax Rate on Labor Income
E(7) 23.87 20.69 23.80 23.87 23.84
s.d.(1) 10 .04 .08 .06 15
p(T) .80 .85 71 90  -.04
corr(7, ) .65 -.59 NA  1.00 .10
corr(T, 2) .55 -.84 .64 NA .95
Ex Ante Tax Rate on Capital Income
E(7) 0 -.06 0 0 0
s.d.(7) 0 4.06 0 0
p(7) NA .83 NA NA NA
corr(T, g) NA .33 NA NA NA
corr (T, 2) NA .96 NA NA NA
Ex Post Tax Rate on Capital Income
E(7) .05 -42 1.19 -.59 .23
s.d.(7) 40.93 30.35 17.67 36.22 12.03
p(7) -.01 .02 .01 .01 -.02
corr(T, g) 40 A7 NA 46 94
corr(T, 2) -.24 -.02 -.56 NA .33

53

*We suspect this entry may be reported with a sign error.
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Figure 1: Variability of optimal tax rate on labor income for alternative values of ¢,

according to our LQ approximation.
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Figure 2: Variability of optimal ex ante tax rate on capital income for alternative

values of ¢, according to our LQ approximation.

95



Case 1 - RMS=0.00010084 Case 2 - RMS=0.00036176 Case 3 - RMS=9.052e-005
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Case 4 - RMS=1.0814e-005 Case 5 - RMS=0.00013126
8000 10000
7000
8000
6000
5000 6000
4000
2000 4000
2000
2000
1000
0 0
-6 -4 -2 0 -6 -4 -2 0
x10° x10"

Figure 3: Distributions of Euler-equation residuals in the simulation of the log-linear
dynamics that solve the LQ problem, for each of the 5 cases treated in Table 5. The

caption for each panel indicates the root-mean-square residual size in that simulation.
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Table 5: Statistics on optimal tax rates from Monte Carlo simulation of log-linearized

optimal policy rules.

baseline high r.a. onlyz onlyg 11D

Tax Rate on Labor Income

E(7) 23.870 20.690 23.870 23.870 23.870
s.d.(7) 095 034 074 050 .147
p(T) 766 811 .685 895 -.068
corr (T, §) 620 -550 NA 999 .099
corr(T, 2) 496 -.802 632 NA 954

Ex Ante Tax Rate on Capital Income

E(r) 0 .002 0 0 0
s.d.(7) 0 3.280 0 0 0
p(T) NA .804 NA NA NA
corr(T, g) NA .252 NA NA NA
corr(T, 2) NA .965 NA NA NA

Ex Post Tax Rate on Capital Income

E(r) 001 003 -.003  .004 001
s.d.(7) 36.155 30.581 15.769 32.512 10.818
p(T) -.000 -.003 -.002 -.000 -.000
corr(T, g) 410 444 NA 456 0.913
corr(7, 2) -.255 -132 -.586 NA  -.409
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Table 6: Statistics on optimal tax rates from a second-order approximation to the

policy rules.

baseline high r.a. onlyz onlyg 11D

Tax Rate on Labor Income

E(7) 23.873 20.687 23.870 23.873 23.871
s.d.(7) 095 034 074 050 .147
p(T) 766 811 .685 895 -.068
corr (T, §) 621 -.550 NA  1.000 .099
corr(T, 2) 496 -.802 632 NA 954

Ex Ante Tax Rate on Capital Income

E(r) 0 027 0 0 0
s.d.(7) 0 3.316 0 0 0
p(T) NA .803 NA NA NA
corr(T, g) NA .250 NA NA NA
corr(T, 2) NA 957 NA NA NA

Ex Post Tax Rate on Capital Income

E(7) 529 .030 953  -.435 503
s.d.(7) 36.302 30.770 15.801 32.513 10.914
p(T) -.001 -.004 -.002 -.000 -.000
corr(7, ) 409 442 NA 456 0.905
corr(7, 2) -.254 -132 -.585 NA  -.406
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