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1 Introduction

Monetary policy is inevitably conducted under considerable uncertainty about the state of the
economy and the nature of recent disturbances. Analyses of optimal policy that take no account
of this are therefore of doubtful practical utility. However, in the case of purely backward-
looking models of the kind exclusively used by central banks prior to the 1990s, powerful general
principles for efficient estimation of the state of the economy and for determining the optimal
use to make of such estimates have been well-understood since at least the 1970s. In the case of a
linear economic model, a quadratic loss function for the policymaker, uncertainty only about the
state of the economy (that is, the current values of specific additive terms in the economic model),
and Gaussian disturbances, a principle of certainty equivalence applies: the optimal policy is the
same as if the state of the economy were fully observable, except that one responds to an efficient
estimate of the state of the economy rather than to its actual value. Moreover, a separation
principle applies, according to which the determination of the optimal response coefficients to
be applied to one’s estimate of the state of the economy (the optimization problem) and the
estimation of the current state of the economy (the estimation or signal-extraction problem)
can be treated as separate problems. The optimal response coefficients are independent of the
specification of the central bank’s incomplete information; and the optimal weights to place
on alternative indicators in estimating the state of the economy are independent of the central
bank’s objective function.’

However, the presence of forward-looking variables in the system to be controlled — a com-
mon feature of modern macroeconomic models, including the econometric models now used by
many central banks — complicates matters in a number of respects. For example, optimal policy
under commitment ceases in general to coincide with the outcome of discretionary optimization,
as demonstrated for the general linear model with quadratic objectives in Backus and Driffill
(1986) and Currie and Levine (1993). Optimal policy under commitment (even in the determin-
istic case) is no longer a function solely of the vector of predetermined variables that suffices
to characterize the set of possible future paths for the economy from a given date onward; thus
one cannot expect that in the case of partial information optimal policy can depend solely on
the optimal estimate of such a vector of predetermined variables.

Moreover, in the presence of partial information, estimation of the current state of the system

! Important early treatments include Chow (1975), Kalchbrenner and Tinsley (1975), and Leroy and Waud
(1977).



is no longer so simple. For current observable variable will generally depend not only on the
current vector of predetermined variables and random observation error with known properties,
but also upon forward-looking variables, the values of which will depend on the private sector’s
expectations about future policy. This makes it far from obvious that a separation principle
should apply, even in a linear-quadratic Gaussian framework. Because the relation between the
unobserved state of the economy and the observable variables depends on expected policy, one
may not be able to solve the optimal filtering problem independently of the solution for the
optimal policy response to the estimated state of the economy.

Nonetheless, analogs of the classical control-theoretic results have been obtained for certain
special kinds of forward-looking models with partial information. With regard to the estimation
problem, Pearlman, Currie and Levine (1986) have shown in a linear (non-optimizing) model
with forward-looking variables and partial information that the state of the economy can still
be estimated using a Kalman filter, although the solution is much more complex than in the
purely backward-looking case. Pearlman (1992) has used this solution in an optimizing model
to demonstrate that certainty equivalence applies under both discretion and commitment in the
presence of forward-looking variables and symmetric partial information, that is, in the case
that both the central bank and the private sector have access to the same partial information.
In the case of commitment, “certainty equivalence” means that the optimal instrument settings
are the same linear function of the current estimate of the predetermined variables describing
the state of the economy and specific Lagrange multipliers (related to the value that alternative
expectations would have had in the previous period’s policy problem) as in the case of the
corresponding optimal policy problem under certainty.?

Our own previous paper (Svensson and Woodford, 2002a) synthesizes what is known about
the case of symmetric partial information, and derives useful general formulas for computation of
the optimal policy response coefficients and efficient estimates of the state of the economy in the
context of a fairly general forward-looking (rational-expectations) model. We find that not only
does certainty equivalence continue to characterize optimal policy, but that a separation of the
problems of optimal policy and optimal estimation of the current state of the economy continues
to be possible, in that the coefficients of the optimal Kalman filter are again independent of the
central bank’s objective function.

In the present paper, we instead consider the additional complications that arise in the

2 See equation (4) below, and further discussion there.



case of a particular type of asymmetry between the information available to the central bank
and that available to the private sector. The general problem of optimal policy in the case
of asymmetric information appears to be quite difficult, so we here restrict our analysis to a
particular, relatively simple case, that is nonetheless of considerable interest.? This is the case
in which the private sector has complete information about the current state of the economy,
while the central bank observes only a particular set of indicators, which are also contaminated
by “noise” that is unrelated to the fundamental determinants of the state variables that matter
for its optimization problem.

One may or may not believe that central banks typically possess less information about the
state of the economy than does the private sector. However, there is at least one important
argument for the appeal of this assumption. This is that it is the only case in which it is
intellectually coherent to assume a common information set for all members of the private
sector, so that the model’s equations can be expressed in terms of aggregate equations that refer
to only a single “private sector information set,” while at the same time these model equations
are treated as structural, and hence invariant under the alternative policies that are considered
in the central bank’s optimization problem. It does not make sense that any variables should
matter for the determination of economically relevant quantities (that is, relevant to the central
bank’s objectives), if they are not known to anyone in the private sector. But if all private agents
are to have a common information set, they must then have full information about the relevant
variables.? It does not follow from this reasoning, of course, that it is more accurate to assume
that all private agents have superior information to that of the central bank; it follows only
that this case is one in which the complications resulting from partial information are especially
tractable. The development of methods for characterizing optimal policy when different private
agents have different information sets remains an important topic for further research.’

In this paper, we characterize both (Markov-perfect) equilibria in which the central bank

3 Examples of recent applications of the kind of general analysis offered here to particular problems include
Aoki (2000a, 2000b) and Dotsey and Hornstein (2000). The appendix to the latter paper independently derives
some of the results presented in section 2 below for the case of discretionary policy, building upon the analysis
in Svensson and Woodford (2002a) as we do. Here we also treat the more difficult case of optimal policy under
commitment.

4 The kind of optimal policy problem treated in Svensson and Woodford (2002a) is therefore not one for which
rigorous microfoundations can be supplied. Relations such as the Lucas (1973) aggregate supply equation, which
appear to be of the form considered in that paper, are actually not fully structural; for (when written as relations
between aggregate variables) they involve coefficients that are not invariant to changes in the policy regime, as
Lucas stresses.

5 Important early studies that develop methods for characterizing rational expectations equilibria in which
different private agents have different information sets include Townsend (1983), Pearlman (1986), and Sargent
(1991).



optimizes under discretion and the optimal policy under commitment, giving particular attention
to the optimal filtering problem of the central bank in each case. Some of our main results are
parallel in the two cases. In each case, we establish a certainty-equivalence principle once
again: optimal instrument settings are given by a reaction function in state-space form in which
the coefficients — describing optimal central-bank responses to the bank’s estimates of the
predetermined variables characterizing the state of the economy and, in the case of commitment,
of the bank’s estimates of the shadow prices, Lagrange multipliers, of the equations for the
forward-looking variables — are independent of the nature of the bank’s partial information
(though the estimates that the bank responds to, of course, depend upon this).®

At the same time, it is worth noting that, in the case of commitment in a forward-looking
system, not all representations of optimal policy that would be valid under certainty or under
full information continue to be correct in our setting, when the actual values of all variables
are replaced by their optimal estimates. In the case of full information, optimal policy under

commitment can be described by a reaction function in state-space form,
1= FX; + @5 4, (1)

where i; is the vector of instruments, X; is the vector of predetermined variables mentioned
above, Z;_1 is the vector of Lagrange multipliers mentioned above (a function of information at
date t — 1), and F' and ® are matrices. But the period-t vector of Lagrange multipliers Z; is a
linear function of the same variables as is i; in (1), and this law of motion can be used to express
the Lagrange multipliers as a function of the history of the vector of predetermined variables,

t
E=SXi+ Y51 =) YSX;, (2)
j=0

where S and X are matrices and the commitment is made in period 0. Consequently, optimal

policy under commitment can also be described by a reaction function in integrative form,

t
ir =y FjX;j, (3)
j=0

where the matrices {F};}32, are given by Iy = F, Fj = eYI-1s j=1,2,..7

5 This statement of the principle of certainty equivalence in the context of a forward-looking system follows
Pearlman (1992).

" Note that in the case of a backward-looking system, or discretionary policy for a forward-looking system,
® =0in (1), so that the instrument vector is a function only of the predetermined variables. Thus the integrative
form of the reaction function is only relevant for the case of commitment in a forward-looking system.



In the case of symmetric partial information, Pearlman (1992) shows that optimal policy

under commitment can still be described by a reaction function in state-space form,
it == FXt‘t + @Et_l, (4)

where X;|; is now the central bank’s optimal estimate of X; given its partial information at date
t. Here the coefficients F' and ® are the same as in (1). In Svensson and Woodford (2002a)
we show that, in the case of symmetric partial information, a principle of certainty equivalence
applies to representation (3) as well. Optimal policy under commitment can also be represented
by a reaction function in integrative form,
¢
i =2 FiXy jij. (5)
j=0

where once again the matrices {F};} are the same as in the case of full information.

Under the form of asymmetric information considered here, we find that certainty-equivalence
still applies to the reaction function in state-space form. Optimal policy under commitment is
described by

i = F Xy + P gy, (6)

generalizing (4), where once again, the coefficients F' and ® are the same as in the case of
certainty (or full information). The only difference is that now the true shadow prices Z;_1
must be replaced by the central bank’s estimates given its information in period t.8 But the
true value of the Lagrange multipliers of the equations for the forward-looking variables need
no longer satisfy an equation analogous to (2), nor do the central bank’s optimal estimates of
the multipliers, =;_;;, generally depend solely on the history of central-bank estimates of the
predetermined variables, {Xt,j‘t,j}, through coefficients that are the same as in the case of full
information. Hence we can no longer express optimal policy solely as a function of the history
of estimates of the predetermined variables, as in (6). Thus, under asymmetric information and
commitment, certainty equivalence does not hold for the reaction function in integrative form.
We illustrate the possible failure of certainty equivalence in this sense in an example in section
4, drawn from the work of Aoki (2000b).

Furthermore, under discretion as well as under commitment, we no longer obtain a separation

principle of the sort obtained for backward-looking systems, or in the case of symmetric partial

8 When the central bank has less information than the private sector, it may not know the true value that
changing the private sector’s forecasts at date ¢ — 1 would have had.



information treated in Svensson and Woodford (2002a). Although the coefficients of the reaction
function in state-space form (6) are independent of the parameters describing the central bank’s
partial information, the central bank’s optimal estimates of the unobserved predetermined vari-
ables and of the Lagrange multipliers are in general not independent of the parameters of the
objective function that it seeks to minimize. Furthermore, the complete equilibrium evolution
of the state of the economy, given the path of the central bank’s estimates, can no longer be
derived independently of the specification of the bank’s partial information and hence of the
filter that it uses to derive its estimates.

In section 2, we set out the class of linear-quadratic models with which we are concerned,
and then consider optimization under discretion. Section 3 presents corresponding results for
the case of optimal policy with commitment. Finally, section 4 illustrates how our framework

applies to the optimal policy problem considered by Aoki (2000a, 2000b).

2 Optimization under discretion

We begin with an exposition of the general linear-quadratic-Gaussian framework that we assume
throughout this paper, and then characterize optimizing policy under discretion, assuming a

Markov-perfect equilibrium.

2.1 The framework

We consider a linear model of an economy, in which a vector of predetermined and forward-
looking variables are determined by a system of structural equations intended to represent the
conditions for rational-expectations equilibrium given optimizing private-sector behavior. We
do not explicitly describe the optimization problems of private agents that underlie these equa-
tions, but we note that such optimization results in the presence of forward-looking terms (that
is, conditional expectations) in the structural equations, and we take care to specify the com-
mon information set of all agents in the private sector, with respect to which these conditional
expectations are defined. The optimization problem of the central bank (or more generally,
the policymaker) is instead described explicitly; in this problem the structural equations result-
ing from private-sector optimization appear as constraints. We also take care to specify the

information set of the central bank, which differs from that of the private sector.



The structural equations are given by a system of the form

~Xt+1 _ A Xt + Bi + Ug41 ’ 7)
EE i1 Tt 0
where X; is a vector of ny predetermined variables in period t, x; is a vector of n, forward-
looking variables, i; is a vector of the central bank’s n; policy instrument(s), u; is a vector of nx
iid shocks with mean zero and covariance matrix X, and A, B and E are matrices of appropriate
dimension.? The n, X n, matrix E (which should not be confused with the expectations operator
E[]) may be singular (this is a slight generalization of common formulations in which E is the
identity matrix).
We let E;z; denote the rational expectation (the best estimate) of any variable z; in period
T, given private-sector information in period t. We will assume that the private-sector has
full information, Itf , 80 Eyzp = E[zT]Itf ]. We let z;; denote the rational expectation (the best
estimate) of z; given the central-bank information in period ¢t. We let I; denote central-bank
information in period ¢, so 2, = E[2;|I;]. The information is further specified below.

We let Y; denote a vector of ny target variables given by

Xy
Y, =C + Ciiy, (8)

Tt

where C' and C; are matrices of appropriate dimension. We then let the quadratic form
L =Y/WY, (9)

be the central bank’s period loss function, where W is a positive semidefinite weight matrix.

Let the vector of ny observable variables, Z;, be given by

Xi
Zt =D + Vt, (10)
Tt
where v;, the vector of noise, is iid with mean zero and covariance matrix >,,. Central-bank

information I; in period t is given by

It:{ZTvTSt; Aanc7C’iaDaE7W7572uu721)’u}7 (11)

9 In Svensson and Woodford (2002a), we allow the structural equations (7) that determine X; and x: to also
include general linear terms involving the estimates Xy, and z,, of the state of the economy based on partial
information (of a kind specified below). However, the presence of such terms makes less sense when (as here)
we assume that only the central bank has partial information. Equations (7) indicate how the state variables
are determined by private-sector behavior given the central bank’s instrument settings i;, and the beliefs of the
central bank (as opposed to those of the private sector) are not obviously relevant. Similar methods to those
expounded here can be employed even in the presence of the additional terms, but at the cost of additional
algebraic complexity.



where § (0 < 6 < 1) is a discount factor (to be introduced below). This incorporates the
case when some or all of the predetermined and forward-looking variables are observable by the

central bank. The full information Itf in period t, the private-sector information set, is given by
[tf = {XT7 Zr, iT? T <t A7 B7 C, Cia D, E, VV; 5; Euu; Evv}- (12>

Thus, we here assume that the central bank has the same or less information than the private
sector. The special case where both the central bank and the private sector have the same

partial information is treated in Svensson and Woodford (2002a).1°

2.2 Certainty equivalence

In the present section, we assume that there is no commitment mechanism, so the central bank
acts under discretion, and seek to characterize Markov-perfect equilibrium. This means that (as
is often the case in the literature on discretionary monetary policy) we consider only equilibria
in which there is no dependence of equilibrium outcomes on “irrelevant” state variables, that is,
state variables that have no consequences for the set of possible outcomes from the current date
onward that would be consistent with the structural relations (7).
Assume that the central bank each period, conditional on the information I, minimizes the
expected discounted current and future values of the intertemporal loss function,
)
E[Y 67 Lir|Ii). (13)
=0
Svensson and Woodford (2002a, Appendix A) show that certainty equivalence applies for the
central bank’s optimization when the central bank and the private sector has the same informa-
tion. The same proof goes through in the present case of asymmetric information, as shown in
appendix A.
To get some intuition for why the same proof goes through, we note that by taking the

expectation of (7), conditional on the central banks information in period t , I;, we get

Xyt Xt

=A

. + Biy. (14)
E$t+1\t L)t

10 Note that the predetermined and forward-looking variables can be interpreted as deviations from uncondi-
tional means and the target variables can be interpreted as deviations from constant target levels. More generally,
constants, non-zero unconditional means and non-zero target levels can be incorporated by including unity among
the predetermined variables, for instance, as the last element of X;. The last row of the relevant matrices will
then include the corresponding constants/means/target levels.



Thus the expectation of the structural equations look the same as they would under the symmetric-
information case treated in Svensson and Woodford (2002a), so it is not surprising that the equi-
librium policy and the estimate of the forward-looking variables will again be the same functions
of the estimate of the predetermined variables.

Thus, the equilibrium under discretion will be characterized by the instrument being a linear

function of the current estimate of the predetermined variables,
it = F Xy (15)
Furthermore, the estimate of the forward-looking variables will fulfill
Tt = GXt|tv (16)
where the matrix G by appendix A fulfills
G = (Agg — EGA2) [~ Agy + EGAy1 + (EGBy — By)F], (17)
where the matrices A and B are decomposed according to X; and xy,

Al A By
Az Ago By

A

and we assume that the matrix Asy — EGAs is invertible. The matrices F and G depend on

A, B, C,C;, E, W and 6, but (because of certainty equivalence) not on D, ¥, and X,,,.

2.3 Failure of the separation principle

The forward-looking variables will depend on both the true value and the central bank’s estimate

of the predetermined variables, and they can be written
=G Xy + (G - Gl)Xﬂt: (18)

where the matrix G' remains to be determined. In the case of symmetric information, Svensson

and Woodford (2002a) shows that the matrix G is given by
Gl = — Ay 1Ay (19)

and hence depends only on A (As is assumed to be invertible).!! We will see that in the present
case of asymmetric information, G is determined in a more complex way. In particular, it is no

longer generally independent of the specification of the central bank’s partial information.

' In that paper, we write (19) as G* = — A3, 7' A3, because we allow there for a term corresponding to a

matrix A% multiplying the central bank’s estimate of the predetermined and forward-looking variables in (7), cf.
footnote 9.



For a given G!, it follows from (7), (10), (15) and (18) that the dynamics for X; and Z;

follow
Xiv1 = HXi+ JXy + upga, (20)
Zy = LXy+ MXy + v, (21)

where
H = A1+ A12G1, (22)
J = BiF+ Ap(G-aGY, (23)
L = D+ DyG*, (24)
M = Dy(G-GY, (25)

and where D = [Dy Ds] is decomposed according to X; and z;. (Note that the matrix L in
(24) should not be confused with the period loss function L; in (9).)

We note that, as in the symmetric-information case, the problem of estimating the predeter-
mined variables has been transformed to a problem without forward-looking variables, with the
transition equation (20) and the measurement equation (21); once again, the only nonstandard
feature of this filtering problem is the circularity implied by the appearance of X;; on the right-
hand side of the measurement equation. Thus, as discussed in Svensson and Woodford (2002a),
with forward-looking variables among the observable variables, there is a simultaneity prob-
lem because the forward-looking variables depend on the current estimate of the predetermined
variables and the latter depend on the observable variables.

Temporarily ignoring the simultaneity problem, the optimal estimate of X;1; will be given

by a Kalman filter updating equation,
Xiy1fer1 = Xeqape + K(Zepr — LX g0 — M X ap41)s (26)

where the Kalman gain matrix K remains to be determined. The updating equation can, given
(21), be written
Xitjer1 = Xoqape + K[L(Xep1 — Xogape) + vl (27)

The Kalman gain matrix is given by

K = PL'(LPL +%,,)7}, (28)

10



where the matrix P = Cov[X;1 — Xyyqp] is the covariance matrix for the prediction errors

Xt+1 — Xyq1)r and satisfies
P =H[P — PL/(LPL +%,,) 'LP]H + S.. (29)

Thus for given G and hence given H and L, P can be solved from (29), either numerically or
analytically, depending upon the complexity of the matrices H, L and ¥,,. Then K is given by
(28).

The simultaneity in (26) means that the updating equation is not operational. Solving (26)

for X ;41 eliminates the simultaneity and results in

Xepaprr = (T+KM)T(I = KL) X1y + K Ziy1)

(I+ KM)“V[(I = KL)(H + J) Xy + K Z 4], (30)
where we have used the fact that, by (20), the prediction equation will be
Xyt = (H + J) Xy (31)

Equation (30) is an operational recursive updating equation, which avoids the simultaneity
problem and uses the current observable variables to update the previous estimate X;;.

It only remains to determine G'. Assuming a solution of the form (18), we must have
EEt$t+1 = EGlEtXt+1 + E(G — Gl)EtXt+1|t+1. (32)

We would like to express the right-hand side as a function of X;, z; and X;;. We can then equate

this with the second block of (7),
EEymi41 = A1 Xy + Anawy + BaF Xy (33)

(where we have used (16)), solve for z; as a function of X; and Xy, and identify G'.

We note that, by (20) and (27), we have

EtXt_l’_l = HXt + JXt|t
EtXiprp1 = Xepap + KL(EXe1 — Xiqap)

Substituting this into (32), we obtain

EEwi1 = EGYHX:+JXy)+ E(G—GY)[(H+ J)Xy, + KLH(X: — X))

= FE[G'+ (G- GYHYKLH(X; — Xy;) + EG(H + J) Xy (34)

11



Equating this with (33) and solving for ¢, we obtain a solution of the form (18), where G* must
satisfy
G' = A {—As + [G* + (G - GYHKL|H}. (35)

Thus, in contrast to (19) for the case where the private sector and central bank have the
same information, the matrix G' now depends not only on A but on KL as well. Thus G', H,
L, K and P are all simultaneously determined, by the equations (35), (22), (24), (28) and (29).
In particular, since K and P depend on ¥,, and ¥,,, so do the other matrices.

In the special case when Dy = 0, that is, when none of the observable variables depend
directly on any forward-looking variables, L is by (24) independent of G' and hence of K. The
other matrices are then still simultaneously determined. Recall that F' and G only depend on
A, B, C, C;;, W and ¢, and not on D, K or L, and hence not on ¥, and ¥,,.

In the case when the private sector has the same information as the central bank, the terms
that are multiplied with the factor G* + (G — G')KL all vanish in (34) (since E,X; — X, =
Xyt — X4y = 0). As a consequence, the terms multiplying that same factor in (35) vanish, and
(35) reduces to (19) as in Svensson and Woodford (2002a).

Thus, in the asymmetric-information case considered here, where the private-sector has full
information and the central bank has partial information, certainty equivalence still applies for
the central bank’s optimization problem, in the sense that the implied reaction function and
response F' to its estimate of the predetermined variables is independent of the variance of the
shocks, ¥,,, and the information structure of the economy, D', D? and ¥,,. However, the
separation principle does not apply in the way that it does in the symmetric-information case.
The estimation is now more complex and, in particular, it is not independent of the central
bank’s objective and its choice of F. (Note that G' by (35) depends on G, which depends on F
and hence C, C;, W and §.)

3 Optimal policy with commitment

Again, we assume the model (7), in which the private sector has full information, but now
suppose instead that the central bank commits itself to an optimal plan for the indefinite future
at information set Iy in period 0. As in the case of symmetric partial information treated in
Svensson and Woodford (2002a), the optimal commitment can be derived using a Lagrangian

approach to what is essentially a planning problem in which the structural equations (7) are

12



constraints. In the present informational assumptions, the Lagrangian takes the form

o o0
L = E {Z §'Ly = 6" 1 (Xep1 — A Xy — Avpwy — Buiy)
=0 =0

(0.)
= > 8% 1 (EBeiy1 — Agi Xy — Agomy — Baiy) — 619 Xo | Io} ;
=0

where in each period ¢, ¢, and ¢y, are vectors of Lagrange multipliers conformable to X; and
x¢ respectively. The multipliers ¢, ;1 and ¢y, indicate the value of relaxing the constraints
represented by the first and second rows of (7) respectively; the term —u;11 has been suppressed
inside the first set of square brackets as it is irrelevant for the first-order conditions derived below.
Because the second row of (7) represents a set of equilibrium conditions for the determination
of z; as a function of information in Itf (rather than for the determination of x; 1 as a function
of later information), the multipliers ¢, ; are in fact measurable with respect to (that is,
depend only on) the period ¢ information set Itf , whereas the multipliers ¢; ;,, are measurable
with respect to Itf +1- (The notation ¢y, rather than ¢y, is nonetheless convenient in writing
expressions such as (36) below.) The final term on the right-hand side corresponds to the

constraint imposed by the vector of initial conditions X.'2

3.1 Certainty equivalence of the reaction function in state-space form

The Lagrangian can be written more compactly'® in the form

o
L=E {Z 5t {Lt + (pQH(Ayt + Bi) — (5_1902[%} | Io} , (36)
t=0
where
o Xt o let ~ o I 0
Yt = : oy = ; I= .
T Py 0 F

We have added a term —d& 'phyzo to the terms inside the square brackets, for the sake of

symmetry in notation, but now correspondingly stipulate the initial condition

P90 = 0.

(Note that these Lagrange multipliers do not correspond to any actual constraint upon the plan-

ning problem. They are added solely in order to allow us to write the first-order conditions (37)

12 Note also that we don’t write explicitly, in the Lagrangian, the constraints indicating the way in which the
choice of stochastic processes for X, x:, and ¢; affects the conditioning information in the various conditional
expectations z,|; for different variables z; as a result of (10). As shown in Svensson and Woodford (2002b), we
obtain the correct first-order conditions even when the additional constraints are omitted.

'> Here we use the fact that E[p, , 1 Ewii1 | To] = E[Ewp, @1 | o] = Elgy, 1 @es1 | Io], by the law of
iterated expectations.

13



below in a time-invariant form, despite the fact that the central bank’s commitment regarding
period zero does not affect expectations in any previous period, unlike all subsequent periods.)
This should be interpreted as an initial condition for each possible state of economy in period
zero consistent with the information set Iy, rather than a single initial condition for Ij.

Differentiation of (36) with respect to y; and i; then yields the first-order conditions
A/Et@t+l + Lyyyt + Lyiit - 571]~/§0t =0, (37)

B'oyiaj + Liyyye + Liiie = 0, (38)

where the matrices L, represent second partial derivatives of the period loss function. Note

that equations (8) and (9) imply that L; is a quadratic function of y; and i,

c’ Y
Lt:|:y1/£ it] W[C Ci:| .t =

Lyy Ly Yt
Fxa D
i

i Ly, Ly it

so that the L;, are matrices of constant coefficients, that depend only upon the elements of the
matrices C, C;, and W.

Assuming that Lj; is of full rank,'* we can solve (38) for i;, obtaining
it = _L;Z'le'yyt\t - Lﬁ'lB,@Hut- (40)

Substituting (40) into (7) and (37) to eliminate i;, and taking the conditional expectation of both
equations with respect to I;, we then obtain a system of equations for the expected evolution of

yr and ¢, that can be written in the form

0 R Yy ||V 5t Y|t (41)
I U P+1|t R 0 Pt
where
_ —1
= A-—BL;; Ly,
= BL;'D,

= —Lyy+ Ly L;" L.

Here it is worth noting that U and V' are symmetric matrices.

14 The case in which C; = 0, with the consequence that Li; = 0, can be treated using similar methods, as shown
in appendix B.
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Let us assume furthermore that the square matrix on the left-hand side of (41) is of full

rank. Then we can invert this matrix, to obtain a system of the form

Ye+1)t Ye|t

=M
Pt Pt

(42)

We then wish to consider solutions to (42) that are consistent with given initial values for X,
and 4, We note that the number of variables in (42) is 2(nx + n;), where nx and n; is the
dimension of X; and z, respectively, and that there are nx + n, initial conditions (X, and
@27t|t). We shall restrict our attention to bounded solutions, by which we mean solutions in which
for any ¢, ys,jr and ¢, satisty a uniform bound for all j. Such solutions necessarily satisfy
the transversality condition for an optimal plan, and since our equations (7)—(10) will usually
represent only a local approximation to the true structural equations and true loss function,
unbounded solutions need not correspond at all closely to solutions to the true equations.

As usual (and ignoring non-generic cases), there is a unique bounded solution to (42) con-
sistent with the initial conditions if the number of eigenvalues of M inside the unit circle (that
is, with modulus less than one) is exactly equal to the number of initial conditions, nx + n,.

The eigenvalues p of M are the roots of the characteristic equation

V. &' —puR
Det ~ =0. (43)
R—pul —puU
Multiplication of the right blocks of this matrix by —u !, then multiplication of the lower blocks

by —p 167!, and finally transposition of the matrix does not change the sign of its determinant.

Thus we may equivalently write

174 5—1[7 _ /L—l(s_lR,
Det ~ =0
R—p ' 1T —p U
Comparison of this with (43) shows that if x is a root, £~'d~! must also be. Tt follows that M
has as many eigenvalues with |u| > % as with |u| < %. Thus, since % > 1, at most half of
the eigenvalues (that is, at most ny + n,) are inside the unit circle (that is, with |u| < 1), so
there is no possibility of multiple stationary solutions to (42). If § is close to 1 (as will often
be the case), there are likely to be exactly half inside the unit circle. We shall assume this

condition from now on.!® Then (42) has a unique bounded solution in which Yrjle and @5,

can be expressed as linear functions of the initial conditions Xy; and sy, for arbitrary j > 0.

15 In the case of an exact linear-quadratic model, as opposed to a mere local approximation to a nonlinear
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Substitution of this solution into (40) implies evolution of the instrument according to a
relation of the form

it = F Xy + Py, (44)

where F' and ® are matrices of constant coefficients, and we now introduce the notation =;_1 =
o, for the sub-vector of Lagrange multipliers that are predetermined variables under our char-
acterization of the optimal commitment, just as in the symmetric-information case treated in
Svensson and Woodford (2002a). (In line with the notation in our earlier paper, we change the
time subscript to emphasize that the elements of =;_; are determined at date ¢t — 1.) Thus opti-
mal policy under commitment can once again be described by a reaction function in state-space
form, as discussed in the introduction.

Similarly, the conditional expectations of the forward-looking variables evolve according to
a relation of the form

Ty = GXyp + TE_qye, (45)

while the conditional expectations of the Lagrange multipliers associated with the forward-

looking variables evolve according to
Eve = SXypp + ZEi_qpe (46)

where G,I", 5,3 are further matrices of constant coefficients. Substitution of these solutions
into (7) then implies that the conditional expectations of the predetermined variables evolve
according to

Xy = (H + 1) Xy + YE; s, (47)

where H and J are again defined as in (22)—(23), and
U = Al + B . (48)

These equations completely define the conditional expectations of both the predetermined
variables and the central bank’s instrument settings at all future dates, as functions of the current
estimates of the predetermined variables X;; and =;_;;. We note that all of the matrices F,
o G, I, S, %, H+ J, and V¥ are exactly the same as in the case of the optimal plan with full

information (and are independent of the matrices D and ¥, that define the partial information

model, this condition is not necessary in order for us to identify the unique relevant solution to (42), as the unique
solution that does not explode fast enough to violate the transversality condition. But in practice we are not
likely to deal with models that we can regard as exact, and instead assume that the optimal plan happens to be
stationary. In this case, the eigenvalue condition assumed in the text must hold, as there would otherwise be no
stationary solution.
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of the central bank); they are furthermore the same as in the case where there is no uncertainty
at all (and independent of the matrix ¥, defining the fundamental uncertainty). Hence a
state-space representation of the consequences of optimal policy under commitment continues
to conform to a principle of certainty equivalence.'

The system of equations (44)—(47) are also exactly the same as those that characterize the
optimal commitment in the case of symmetric (though incomplete) information on the part of
the central bank and the private sector, as shown in Svensson and Woodford (2002a). The only
difference is that in the symmetric case, the Lagrange multipliers associated with the forward-
looking variables satisfy =,_;; = Z;_j;—1 = Z¢—1, so that equations (44)—-(47) can be written in
terms of the multipliers themselves rather than their conditional expectations, while this is not
generally true when the central bank has less information. (We show below that in general =;_;
depends on information not possessed by the central bank at date ¢t — 1.)

As noted in the introduction, however, it is important to note that the principle of certainty
equivalence does not apply to the reaction function in integrative form (5) in the present case.
With asymmetric information, because =;; # =, we can no longer use equation (46) alone
to express Z;_j; as a function of the history of central-bank estimates of the predetermined
variables, and thus obtain a representation of optimal policy of the form (5) that is independent
of the information structure. Indeed, there is not generally a representation of optimal policy
of this form at all. Further consideration of this question requires that we take up the central

bank’s optimal filtering problem.

3.2 Failure of the separation principle

In the case of symmetric information, we can also take the second row of (7), subtract each term
from its expectation conditional upon I, and obtain a set of n, linear relations between x; —
and X; — Xy, that must hold at all times. (The derivation of these relations depends upon the
fact that the Eixy 1 term in the second row of (7) is instead replaced by Tyy1); when the private
sector has the same incomplete information as the central bank.) These relations can be solved
for x4, yielding (when (45) is used as well) a solution for x; as a linear function of X, Xy;, and
Z¢—1. Substituting this in turn into the first row of (7), one is able to solve for the complete
dynamics of the predetermined variables (and not merely their expectations conditional upon the

central bank’s information) and of the Lagrange multipliers given the evolution of the estimates

16 As noted in the introduction, this is the sense in which certainty equivalence is established by Pearlman
(1992) for a forward-looking system with symmetric partial information.
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Xi|¢, with coefficients that are independent of the nature of the partial information. This is an
aspect of the separation principle that can be shown to hold in the case of symmetric incomplete
information, just as in the case of full information. However, that derivation (detailed in Svensson

and Woodford, 2002b) cannot be applied here, given that E;x;+1 must be distinguished from

L1t

However, the second row of (7) does imply that

I(Eyir1 — Yepap) = Al (49)

where 9y = y; — Yy (Here we use the fact that i; must be measurable with respect to I;.)

Similarly, (37) implies that

A/(Et%ﬂ - @t+1\t> =5t IN,Sbt = Ly, (50)

where ¢, = ¢, — ¢y, Let us write the system (49)—(50) as

- E
i tYt+1 || Yere 7 (51)
Et‘Pt+1 Pi+1]t
where
_ I 0 _ A 0
A= .| B= ~
0 A — Ly, o°'T

In order to solve (51) for the dynamics of §; and ¢,, we must specify how the central bank’s
conditional expectations are updated (for instance, how y; +1jt+1 relates to y,q)¢). Let us suppose

that the Kalman filter for the bank’s problem takes the form

Yt+1)t+1 Y1)t - _
| - o+ K[L(Xt41 — Xeqape) + ves], (52)

Pr+1)t+1 P41t

where

) 1 | X
L=[L A'] and X;= ,

—t—1
where K and L are matrices that have yet to be identified. (We show below that the Kalman
filter does indeed take this form, and identify these matrices.)

Equation (52) implies

Etyii1)e41 Ytr1 o o v
t+1]t+ _ t+1t LKL (EtXt+1 — Xt+1|t) . (53)

Et‘Pt+1\t+1 Pr+1)t
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By adding (E:y} 1, Etp},1)" to both sides and rearranging, we can write the equation as

Eeyerr || Yeape Etfi1

) + KL (EtXtJrl - Xt+1\t> - (54)
Evpi 1 Pi+1|t Eipi 1

Let I be the submatrix of the identity matrix that selects the elements

x=1|"
Pi
Then we can write (54) as
Eyerr || Y | _ (I RLD)-! E¢§e41 (55)
Eipi1 Pr+1]t Eii1

where we assume that I — K LI is invertible. Substituting (55) into (51) results in

~

~ U Ewy .
KL tYt+1 _B Yt (56)

Ei@i Pt
Again, we are interested in bounded solutions of (56) consistent with given initial values for
X, and Z;_;. We assume the appropriate configuration of eigenvalues of the system. There is

then a unique bounded solution of the form
Ty = Gl(Xt - Xt|t)a (57)
ét = gl(Xt - Xt|t)7 (58)

where as usual the matrices G' = [G! T''] and S! = [S? X!] can be derived from the eigenvectors
of the system (56).
Combining (45) with (57), we find that

Ty = GlXt + (G — Gl)Xﬂt, (59)

where G = [G T, and the matrices G and T are the ones that appear in (45). This equation is
similar in form to the solution obtained in the case of symmetric partial information (discussed
above), except that it includes separate terms in Z;_1 and Z;_;}; (which now differ), and that
the matrix G no longer takes the simple form (19). In particular, the matrix G' (and similarly
I'', which matters when =; 1 # Z¢—1)¢) depends in general upon the elements of the Kalman
gain matrix K, and so it is no longer independent of the nature of the central bank’s partial

information.
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A complete solution for the dynamics of the predetermined variables also now requires that
we solve for the dynamics of the multipliers Z;, which are no longer fully characterized by (46).

Combining (46) and (57), we find that
=5 t+<‘§_‘§l>Xt|tv (60)

where S =[S ¥, and S and ¥ are the matrices appearing in (46). It is the fact that S! is
generally non-zero in this derivation that implies that =; is no longer measurable with respect
to I;. Unless all elements of X; are part of the central bank’s information set at date t + 1, =;
will generally not be measurable with respect to I;41, either.

It remains to determine the evolution of the estimates Xt|t. We note that, in the present case
(unlike that of symmetric partial information), it is necessary to derive a Kalman filter for the
evolution of the estimates =, 1}, as well as for the estimates X,;. Substitution of (44) and (59)
into the first row of (7), combination with (60), and substitution into (10) leads to the transition
equation for X,

X1 = HXy + J Xy + Uiy, (61)

and to the measurement equation

Zt = I/Xt + MXt\t + Vt. (62)
Here
_ H ! _ J w2 up | no- )
H= , J = , Uy = , L=[L A'], M=[M A,
Stoxt S—st ¥»-x! 0

(63)
H,J,L, M are again defined as in (22)—(25), and

Ul = ApTH U2 = Ap(T T + B1®, A = Do, A2 = Dy(T —TY).

Note that ¥ = W' + U2 is the same matrix as in (47), so that (61) is consistent with (though
not implied by) equations (46) and (47) for the evolution of the conditional expectations.

The system of equations consisting of (61) then represents a system of transition equations
with a form analogous to (20), in which the vector of predetermined variables X; is replaced
by the vector X; that includes the elements of both X; and Z;_;. Equation (62) is similarly

a measurement equation with a form analogous to (21). It follows that the optimal estimates
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of X; and =;_; will be given by a Kalman filter analogous to (27). We thus obtain updating

equations for X; and Z;_; of the form indicated by the corresponding rows of (52),
Xivtjr1 = Xy + K[L(Xev1 — Xygape) + vepa], (64)

where K = IK.
Using (61) to form the forecast Xt+1|t, (64) may be written

Xisrjpr = (I = KL)(H + J) Xy + K(LX 11 + vp41)- (65)

For a given Kalman gain matrix K, a complete system of equations for the evolution of the
endogenous variables is then given by (59), (61) and (65), which apply in each period ¢ > 0,
starting from given initial values for Xo and Xg9, and from the initial values =_1 = =Z_;)9 = 0.

It remains to determine the Kalman gain matrix in (64). Making use of the analogy between
equations (61)—(64) and (20), (21) and (27), we directly find that the Kalman gain matrix is
given by the equation

K = PL'(LPL +%,,)7 ", (66)

analogous to (28), where the matrix P = Cov[X; — X;;_4] is the covariance matrix for the

prediction errors X; — )_(t‘t_l. The matrix P in turn satisfies the Riccati equation
P = H[P — PL/(LPL + Sv) 'LPIA' + Suu (67)
analogous to (29), where

Suu =

These equations are considerably more complicated to solve than in the case of symmetric
partial information, treated in Svensson and Woodford (2002a). First of all, the matrices K
and P are larger (of dimension (nx + n,) X (nx + n,) rather than simply nx x nx). But more
importantly, the elements of the matrices H and L that appear in (63) do not depend solely
upon the elements of A and D, as in the case of symmetric information. For the matrix G'
appearing in the definitions of H and L is no longer given by (19), but instead depends upon the
matrices of the system (56) and hence on the Kalman gain matrix K (though we show below
that it only depends on K). The same is true of the matrices I'', S! and ! that enter into H.
Thus, one must solve a system of simultaneous equations for P, K, and the matrices that define

the solution to (56); it is no longer possible to solve separately for the coefficients describing
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optimal policy on the one hand and optimal filtering on the other. This simultaneity is the same

as we found in section 2, except that now the matrices involved are all of larger dimension.
The definitions of the matrices in (56) refer not only to K but also to the other elements

of the Kalman gain matrix K. These, however, are easily expressed as functions of K. Let us

decompose K with obvious notation,

i ]
i=| 5.
Ko
_Kﬂ_
so that
I K
K=Tk=|_"
Ko

Then by (45) the Kalman gain matrix for the forward-looking variables, x;, is given by

K, =GK.
Similarly, the unique bounded solution to (42) allows us to write ¢1;, as a matrix times X’t‘t,
where the matrix is the same as in the case of full information (or certainty). This equation
implies that the Kalman gain matrix for the prediction equation for ¢y, —f{sol’ will be the same
matrix times K. Thus the only simultaneity that must be dealt with is the dependence of the
matrices G1, T, S and X! upon K.

Finally, we note that our solution (64) for the evolution of the estimate =,_;; does not allow
us to solve for this as a function of the history of estimates of the vector of predetermined
variables alone, as in (2), let alone with coefficients that are independent of the information
structure. Thus an assumption that optimal policy under commitment can be described by a
reaction function in integrative form (5), with coefficients {F;} that are as the same as under
full information, would represent an invalid application of the principle of certainty equivalence
in this context. The application sketched in the next section gives an example of how certainty

equivalence in this stronger sense may fail.

4 Application: Optimal monetary policy with real-time data

As an example of an application of our results, we sketch here the analysis of Aoki (2000a, 2000b)

of the way in which optimal monetary policy should make use of the preliminary estimates of
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current macroeconomic conditions that are available in real time. As Orphanides (1998) in
particular has stressed, policy must be made on the basis of preliminary estimates that are in
fact revised substantially in subsequent months. Aoki models this by assuming that the available
measures of current inflation and output are subject to measurement error, while the true values
come to be known with a delay. The question that he considers is how the degree of uncertainty
about the current state of the economy should affect the degree to which policy responds to the
available real-time measures. Here we indicate how Aoki’s analysis could be cast in terms of our
framework.

Aoki assumes that output y; and inflation 7; are determined by a model consisting of two

structural equations,

Yo = Eyrr1 — oliy — Eymiv1 — pyl, (68)
T = k(Y — yp ) + 0By, (69)

(where o, k and § are positive and § < 1)which can be interpreted as an intertemporal “IS
equation” and “aggregate supply equation” respectively. Here the short-term nominal interest
rate i; is assumed to be the central bank’s policy instrument. The dependence of both relations
upon expectations regarding future output and inflation introduces the forward-looking elements
into the model’s structural relation that complicates the central bank’s optimal filtering and
control problems.'” Note that the expectations in these relations are conditional upon the full
information set of the private sector.

The exogenous disturbances p, and y;* are assumed to evolve as first-order autoregressive

processes,

Pr = NPt—1t Ept, (70)
yi = vyi1 ey (71)

where 0 < 7,v < 1 and the disturbances e, e,, are iid mean-zero normal random variables, with

2

variance s P

and 5?3 respectively. The central bank is assumed to wish to minimize a discounted

loss function (13), where the period loss function is of the form
Ly =7} + My = yr')?, (72)

for a certain weight A > 0. This is a standard specification of “flexible inflation targeting” (see

17 See Woodford (2001) for the derivation of these relations from the underlying decision problems of households
and firms, and for further discussion of the model.
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Svensson, 1999), and can also be justified as a utility-based welfare criterion given the individual
decision problems underlying relations (68)—(69) (see Woodford, 2002).

Because the “natural rate of output” around which one wishes to stabilize output according
to (72) is exactly the shift factor in the aggregate supply relation (69), the aggregate supply
relation itself implies no conflict between the goals of inflation and output-gap stabilization. It
is possible in principle to completely stabilize both target variables, since 7, = 0 and y; = y’
at all times is consistent with equation (69), and also with equation (68) as long as the nominal
interest rate satisfies

1—v

R (73)

That is, complete stabilization of both target variables is a possible equilibrium, as long as
the interest rate i; perfectly tracks the exogenous variation in the Wicksellian “natural rate of
interest” 7 (discussed further in Woodford, 2001). Under full information on the part of the
central bank, this would represent optimal policy, as this equilibrium achieves the theoretical
minimum value of the loss function (zero each period).'® However, the central bank’s real-time
information set may not allow it to estimate the current natural rate of interest with complete
accuracy. In this case, complete stabilization is not feasible, and the central bank faces a tradeoff
between the two goals of inflation stabilization and output-gap stabilization.

Aoki assumes that the central bank’s information set when setting i; consists of complete
information about all predetermined variables known to the private sector at date t — 1, plus
noisy preliminary estimates of current inflation and output. These preliminary estimates are

assumed to be given by

o
Ty = Tt + Ent, (74)
o
Y = Yt t+eEy, (75)
where the measurement-error terms .4 and €, are iid mean-zero normal random variables, with

variance o2 and 03 respectively. These errors in the central bank’s preliminary estimates are

assumed to be distributed independently of the “fundamental” disturbances e,; and ey;.

8 That is, an optimal policy would bring about an equilibrium in which the nominal interest rate would vary
in this way. This does not necessarily mean that the optimal policy is for the central bank to set its instrument
according to the function (73) of the exogenous disturbances; for while such a reaction function would be consistent
with the optimal equilibrium, it would also allow an extremely large class of other rational-expectations equilibria
as well, which equilibria are less desirable. Other reaction functions, that specify feedback from inflation and
output-gap outcomes as under the “Taylor rule”, are equally consistent with the optimal equilibrium and can
render equilibrium determinate as well (see Woodford, 2001). There is no uniquely optimal reaction function of
this form, since reaction functions that differ in the way that they specify out-of-equilibrium behavior may imply
the same set of equilibria.
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Aoki’s model falls within the general framework set out in the previous sections. The struc-
tural equations (68)—(69), together with laws of motion (70)—(71) for the disturbances, comprise
a model of the form (7). Here the predetermined variables consist of a 2-vector of exogenous

disturbances X;* and the forward-looking endogenous variables consist of a 2-vector z;, where

Pt Tt
* —
Xt = 5 xt = 5

vt Yt
and it is possible to write equations (68)-(69) in a form such that £ = I. While it would be
possible to write the model’s equations in the form (7) with X; = X}, this notation would not
allow us to express the central bank’s period-t observable variables as a function of X;, x; and
measurement error alone, as assumed in (10). In order to directly apply our above expressions for
the optimal filtering problem, it is necessary to augment the vector of predetermined variables
to include lagged values of the fundamental disturbances, so that
Xi
X, =
*
i—1
The system (7) then becomes a system of six difference equations, including two identities.
Aoki’s loss function (72) also falls under our framework. This is a loss function of the form

(9), where

0 0 0010 10
C = ) C; =0, W =
0 -1 00 01 0 A

Because C; = 0, we must apply the approach described in appendix B rather than the one
followed in the text, but we are still able to derive a system of first-order conditions for optimal
policy under commitment of the form (42).

Finally, the assumed information structure falls under the framework set out above, if we let

X
zZ; I 00 £t
ZtE = Xz(—l + ,
5 010 0
Tt

where Z; and e; are the 2-vectors of the observations, 77 yf]’, and measurement errors, [ex¢ £y,
respectively. Under this specification, the central bank’s information set at date ¢ includes the
entire history {X; ;} for j > 1, and so a complete description of the state of the world as of

date ¢ — 1, but only the information about date ¢ fundamentals that is contained in the noisy
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measurements of current inflation and output (the two elements of Z;). Aoki assumes, as we
do, complete information on the part of the private sector.

Our results in sections 2 and 3 can then be directly applied. Discretionary optimization by
the central bank (treated by Aoki, 2000a) results in the interest rate satisfying a relation of the
form (15). Furthermore, the matrix F' in this relation is the same as under full information.

This allows us to write the relation in the simpler form
i = f/Xt*|t7

since the vector X; ; may be omitted from the vector X; in the case of full information.!

Furthermore, the corresponding relation in the full-information case is given by (73), allowing
us to identify the elements of the vector f’. Optimal policy under discretion is thus characterized
by the relation
it = Ty (76)
A Kalman filter can then be used to describe the evolution of the central bank’s optimal estimate
of the current natural rate of interest.
Under an optimal commitment (treated by Aoki, 2000b), instead, the interest rate satisfies

a more complex relation of the form
iy = f’Xt*|t + = . (77)

(This corresponds to the optimal reaction function in state-space form (44), given that the
elements X/ ; of the vector of predetermined variable X; are irrelevant in the case of full
information, and that =, _;); = Z;—1 under Aoki’s information structure. More precisely, X}
provides a complete description of the state of the economy in period ¢, and the only role of
X} | is to provide information in estimating X;.) Once again, the vectors f’ and ¢’ are the
same as in the case of full information. Since the optimal equilibrium under full information
satisfies (73),20 the vector f’ is the same as in the case of discretionary optimization, and (77)
may equivalently be written
iy = rﬁt +¢'= 1. (78)
Note that it would not be correct to argue on the basis of certainty equivalence that since

iy = r{ is the optimal commitment under full information, the optimal reaction function with

19 That is, there exists an equilibrium of this form, which is the only equilibrium under partial information that
corresponds via the principle of certainty equivalence to the Markov-perfect equilibrium under full information.
Aoki does not consider whether additional equilibria may be possible under partial information.

20 Note that in the case of full information, (73) describes the result of central-bank optimization under either
discretion or commitment—the optimal commitment happens in this case to be time-consistent.
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incomplete information will satisfy i; = rﬁt. The reason that the optimal commitment (73) can
be written without any feedback from a Lagrange multiplier in the case of full information is
not because ¢ = 0 for this model, but rather because =Z;_; = 0 at all times.?! This is because
under full information, complete stabilization of the target variables is feasible, and so there is
no gain from relaxing the constraints imposed by the model’s structural equations. But one can
show (by computing the relevant eigenvectors of the matrix M in (42)) that ¢/ # 0, so that
the second term on the right-hand side of (78) cannot be omitted. Nor is it true that Z;_; is
zero most of the time, in the case of imperfect information on the part of the central bank.
This is because when information is imperfect, it will generally not be possible for the central
bank to adjust its interest-rate instrument (which must depend only upon the central bank’s
information) so as to perfectly track variations in the natural rate of interest, and so perfect
stabilization will be unattainable. In this case, there will generally be non-zero state-contingent
Lagrange multipliers associated with perturbations of the constraints implied by the structural
equations (68)—(69).

This does not contradict our certainty-equivalence results above, because these do not imply
that the law of motion for the Lagrange multipliers must be the same as in the case of full
information. It is true that (46) must hold, with the same matrices S and ¥ as in the case of full
information. In the case of full information, we know that S = 0, since Z; will be zero regardless

of the realization of the exogenous disturbances X;. Thus (46) reduces in Aoki’s model to
Etlt - EEt,”t = EEt_l, (79)

for a certain matrix 3. However, X is not a zero matrix. In the case of full information, the
corresponding law of motion

B =XE

implies that =; = 0 for all ¢ as a result of the initial condition Z_; = 0, despite the fact that
31 # 0. But with incomplete information, the initial condition =_; = 0 no longer implies that
E¢r = 0 as well at all later dates. Instead, it implies only that =)o = 0 for all ¢ > 0. The actual

value of the Lagrange multiplier will be given by the law of motion

B = S'[X¢ — Xy] + S5,

21 Alternatively, in the case of full information, optimal policy also has a representation in integrative form (5),
and this representation also takes the simple form i; = r;*. Here there are no missing Lagrange multiplier terms,
because one expresses the instrument setting as a function of the history of the state {r;"_;}. But, as noted above,
certainty equivalence does not hold under commitment and asymmetric information for the reaction function in
integrative form.
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where S # 0. Thus (78) makes i; a function not only of the central bank’s period-t estimate of
the current state of the economy — and indeed, not only of the entire history of central-bank
estimates of that state — but also of what it has learned by period t about its past errors in
estimation of the economy’s state.??

Specifically, Aoki (2000b) shows that the optimal commitment involves making interest rates
higher than the current estimate of the natural rate if the bank now knows that it underestimated
the natural rate in the past. The reason is that the private sector is aware of the bank’s
misperception, and if it understands that the bank will later correct its error, then even when
the current short rate is below the natural rate, the private sector’s expectation of higher future
short rates will dampen the high demand (and hence inflationary pressure) that would otherwise
result. Of course, the cost of fulfilling such a commitment later is a short-term interest rate that
deviates to a greater extent from the natural rate at that time; but some use of this mechanism
can nonetheless improve the bank’s overall stabilization objectives. Optimal policy is thus not
purely forward-looking, in the sense discussed in Woodford (2000). Indeed, the response of
the bank’s interest-rate instrument to fluctuations in the natural rate of interest will be more
inertial than is the natural rate itself, just as in the analysis of Woodford (1999). In the case of
a positive innovation in the natural rate, the average immediate increase in the nominal interest
rate will be smaller, because of the bank’s inability to identify the increase immediately given its
imperfect observation of current conditions. At the same time, the increase in interest rates will
last longer, because in later periods the central bank will respond to its initial underestimate
of the natural rate by keeping interest rates higher than the natural rate at those later times.
Interestingly, Aoki obtains these results in the case of asymmetric information without any need
for the assumption of an interest-rate stabilization objective in the central bank’s loss function,

relied upon in the full-information analysis of Woodford (1999).

5 Conclusions

We have presented a complete characterization of optimal filtering and optimal instrument choice
for a fairly general class of linear-quadratic Gaussian policy problems, in which the evolution of
the state of the economy depends on the private sector’s (rational) expectations regarding future
conditions, both under discretion and under commitment. A principle of certainty equivalence

has been shown to hold in the case of discretionary optimization, and also for an optimal

22 Thus optimal policy does not have a representation of the form (5).
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commitment, when this is characterized by a reaction function in state-space form. However,
we have shown that not all representations of optimal policy that would be correct in the case
of full information continue to be correct under asymmetric partial information, if only actual
states are replaced by the central bank’s optimal estimates of those states. In particular, under
commitment, a representation of optimal policy in integrative form — in which the current
instrument settings are expressed as functions of the history of the state vector — is possible
under either full information or symmetric partial information, but a corresponding expression
is not correct in the case of asymmetric partial information of the kind considered here.

We have also shown that it is no longer possible, in general, to separate the problems of
optimization and estimation, solving for the optimal central-bank estimates of the current state
in a way that is independent of the quadratic loss function that the central bank seeks to
minimize. Nonetheless, Kalman filtering techniques can be adapted to deal with the more
complex optimal filtering problem that arises in this case.

The particular kind of asymmetric partial information assumed here, in which the informa-
tion set of the central bank is a subset of that of the private sector, obviously represents only
one special case, albeit one of some interest. The treatment of optimal policy under asymmetric
partial information of other kinds, such as the case of non-nested information sets, is left for

future work.

A Optimization under discretion and certainty equivalence

Consider the decision problem to choose i; in period ¢ to minimize (13) under discretion, that

is, subject to (7)—(11) and

i1 = Fia X (80)

Te4ift+1 = Gt+1Xt+1|t+17 (81)

where Fi;1 and Gyyq are determined by the decision problem in period ¢ + 1.

For the full information case, Oudiz and Sachs (1985) have derived an algorithm for the
discretionary equilibrium, which is further discussed in Backus and Driffill (1986) and Currie
and Levine (1993).2% Following Pearlman (1992), but with a more explicit proof, this appendix
shows that this algorithm, appropriately adapted, is valid also for our asymmetric-information

case.

23 See Soderlind (1999) for a detailed presentation.
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First, using (81), taking expectations conditional on the central bank’s information in period

t, I, of the upper block of (7), we get
L1t = Gt+1Xt+1|t = Gt+1(A11Xt|t + Alzxt\t + Bhi). (82)
Taking the expectation in period t of the lower block of (7), we get
Bz = As1 Xy + Aoy, + Boiy (83)

(recall that E is a matrix and not the expectations operator). Multiplying (82) by E, setting

the result equal to (83) and solving for Ty|p gives
Ty|p = AtXt|t + Byiy, (84)
where

Ay = (Ao — EGi1 A1) YW(EG 1A — Ag),

B, = (Ayp — EG1A15) Y (EG41B) — By)

(we assume that Agg — EGtHAlg is invertible). Using (84) in the expectation of the upper block
of (7) then gives
Xyppp = Af Xy + Biig, (85)

where

Ar = A+ A4y,

B; = B+ Algét.
Second, by (8) and (9), we can write
/ !/
X X X
L= "1 @ ™™ 42| ™" | Ui+ iRi +1, (86)
L)t Lt Lt
where
Q=C'WC, U=C'WC;, R=CWC;
!/
X — X X — X
L=F A oot | P (87)
Tt — Tyt Tt — Tyt
Using (84) in (86) leads to
Lt\t = tl|tQ2<Xt|t + 2th|tUt*it + Z;R:Zt + U, (88)
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where

QF = Qui+ QA+ AlQa + AlQar Ay,
U' = Qu2Bi+ AjQoaB; + Uy + AUy,

Ry R+ BlQ2B; + BiUy + U By,

and @ and U are decomposed according to X;; and x.

Third, since the loss function is quadratic and the constraints are linear, it follows that the
optimal value of the problem will be quadratic. In period ¢ + 1 the optimal value will depend
on the estimate X; ;41 and can hence be written Xt/+1\t+1vt+1Xt+1|t+1 + wi41, where Viyg is
a positive semidefinite matrix and w4 is a scalar. Then the optimal value of the problem in
period ¢ is associated with the positive semidefinite matrix V; and the scalar w;, and fulfills the

Bellman equation
Xy ViXop + we = min { Ly + SELX] 1y 41 Vi Ko + w1 (89)

subject to (85) and (88). Indeed, the problem has been transformed to a standard linear regu-
lator problem without forward-looking variables, albeit in terms of X;; and with time-varying

parameters. The first-order condition is, by (88) and (89),

0 = XU + iRy + 0E[X[ 1411 Va1 B | 1]

= t,\tUt* + iy Ry 4 0( £|tA;fk, + iy B )V, 41 B

Here we have assumed that [; is independent of i;, which assumption is verified below. The

first-order condition can be solved for the reaction function
it - FtXt|t7 (90)

where

Fy = — (R} + 6BV BY) (U} + 6B} Vi1 A7)

(we assume that R} + dB;'Vi41B; is invertible). Using (90) in (84) gives
Tt = GtXt\t’

where

Gt = ./th + BtFt.
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Furthermore, using (90) in (89) and identifying gives
Vi = Qi + U Fy + FU + F/R{F, + § (A} + B{ F}) Vi1 (A + B/ F) .

Finally, the above equations define a mapping from (Fii1, Giy1, Vir1) to (Fy, Gi, Vi). The
solution to the problem is a fixpoint (F,G, V) of the mapping. It is obtained as the limit of
(Fy, Gy, Vi) when t — —oo. The solution thus fulfills the corresponding steady-state matrix
equations. Thus, the instrument ; and the estimate of the forward-looking variables x; will be
linear functions, (15) and (16), of the estimate of the predetermined variables X;;, where the
corresponding F' and G fulfill the corresponding steady-state equations. In particular, G will
fulfill (17).

It also follows that F', G and V only depend on A, B, C, C;, E, W and ¢ and are independent
of D, ¥, and X,,. This demonstrates the certainty equivalence of the discretionary equilibrium.

It remains to verify the assumption that l;in (87) is independent of i;. Since by (18),
xp — xy = GY(X;p — Xy), it is sufficient to demonstrate that B[(X; — Xy, ) (X — Xy)'|I1] is
independent of i;. By (27),

Xe— Xyjp = Xo — Xyp1 + K[L(Xy — Xyp1) + v = (I + KL)(Xy — Xypp1) + Kop.

Since X; and Xy;_; are predetermined and v is exogenous, the assumption is true.

B Appendix: The case of a loss function independent of the

instruments

Here we consider the extension of our results to the special case in which C; = 0, so that the
policymaker’s objective function is independent of the path of the instruments i;. In this case,
L;; = 0, so that the matrix is necessarily not invertible, as assumed in the text. In this case, we
cannot solve (38) for i;. However, in this case we also must have L;, = 0; hence there is no need
to solve (38) in order to eliminate i; from (37), as the equation is already in the desired form.

We can simply take the conditional expectation of (37) with respect to I; and obtain

A/90t+1\t = —Lyyyss + 5_11:/80t|ta (91)

which is of the same form as the upper half of the system of equations (41). The sticking point
is that we are unable to eliminate i; from (7), as is also necessary in order to derive the system

(41) in the text.
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It is nonetheless possible to derive a system of difference equations of the same general form.

We note that in the present case, (38) reduces to
By = 0. (92)

This is a set of restrictions of the same form as those in the system (41), and independent of
(37). Let us suppose that B is of full rank;** then (92) is a system of n; linearly independent
restrictions, where n; is the number of instruments. Let g be an (nx + ng) X (nx + ngy — ny;)
matrix, the columns of which all linearly independent of one another, and orthogonal to each of
the columns of B (so that ¢’B = 0). Then premultiplying (7) by ¢’ and taking the conditional

expectation with respect to I;, we obtain

g/fyt+1|t = g/Ayﬂt' (93)

This provides an additional ny + n, — n; linearly independent restrictions, and equations (91),
(92) and (93) jointly comprise a system of the form (41). In the generic case, the matrix on the

left-hand side will be invertible as assumed in the text, and one will obtain a system of the form

(42).

24 This is purely a notational convenience, as our method here can be applied even when it is not. One simply
must eliminate redundant equations from (92), and augment the number of columns in the matrix g accordingly.
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