Downloaded by [76.17.4.67] at 09:19 09 October 2012

Minimax and Adaptive Prediction for Functional

T. Tony CAl and Ming YUAN

Linear Regression

This article considers minimax and adaptive prediction with functional predictors in the framework of functional linear model and reproducing
kernel Hilbert space. Minimax rate of convergence for the excess prediction risk is established. It is shown that the optimal rate is determined
jointly by the reproducing kernel and the covariance kernel. In particular, the alignment of these two kernels can significantly affect the
difficulty of the prediction problem. In contrast, the existing literature has so far focused only on the setting where the two kernels are
nearly perfectly aligned. This motivates us to propose an easily implementable data-driven roughness regularization predictor that is shown
to attain the optimal rate of convergence adaptively without the need of knowing the covariance kernel. Simulation studies are carried out
to illustrate the merits of the adaptive predictor and to demonstrate the theoretical results.
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1. INTRODUCTION

Prediction is an important problem in functional data anal-
ysis with a wide range of applications including chemomet-
rics, econometrics, and biomedical studies. See, for example,
Ramsay and Silverman (2002, 2005), Ferraty and Vieu (2006),
and Ramsay, Hooker, and Graves (2009). Consider the func-
tional linear model

Y :ot0+/ X()Bo(t)dt + €, (1)
T

where Y is a scalar response, X : 7 — R is a square integrable
functional predictor defined over a compact domain 7 C R, &g
is the intercept, By : 7 — R is the slope function, and € is the
random noise with mean 0 and finite variance o 2. In this article,
we focus on the random design where X is a path of a square
integrable stochastic process defined over 7 and is independent
of €. The goal of prediction is to recover the functional 7y:

no(X) = oo + /T X(0)Boln)dt,

based on a training sample {(X;, ¥;) : i =1, ..., n} consisting
of n independent copies of (X, Y). Let #, be a prediction rule
constructed from the training data. Then, its accuracy can be
naturally measured by the excess risk:

EM) : = E* [Y* — ,(x")]" = E* [Y* — no(x*)]’
= E* [Au(X*) — no(X")]’,

where (X*, Y*) is a copy of (X, Y) independent of the training
data, and [E* represents expectations taken over X* and Y* only.
In particular, the rate of convergence of £(f),,) as the sample size
n increases reflects the difficulty of the prediction problem. A
closely related but different problem is that of estimating the
intercept og and the slope function fy.
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Many commonly used approaches to the prediction and esti-
mation problems under the functional linear model (1) are based
upon the functional principal component analysis (FPCA) (see,
e.g., Ramsay and Silverman 2005; Yao, Miiller, and Wang 2005;
Cai and Hall 2006; Hall and Horowitz 2007). The functional
principal components are determined solely by the observed
functional predictors X;. A crucial condition for the success
of the FPCA-based methods is that the slope function Sy is
efficiently represented in terms of the leading functional prin-
cipal components. This condition, however, may not always be
true. In many applications, it is not realistic to assume that the
functional principal components form an efficient basis for the
slope function S, because the two are typically unrelated. When
this condition fails to hold, the low-variance components of the
predictor X have nonnegligible predictive power and the FPCA-
based methods may not perform well. A similar phenomenon
has also been observed in the performance of principal com-
ponent regression (see, e.g., Jolliffe 1982) or singular value
decomposition methods for linear inverse problems (see, e.g.,
Donoho 1995).

For illustration purposes, take the Canadian weather data as
an example. It is one of the classic examples in functional linear
regression and the goal is to predict the log annual precipitation
at 35 different stations based on the average daily temperature.
More detailed discussion of the data and analysis can be found in
Ramsay and Silverman (2005) and Section 4 of the present arti-
cle. The Fourier coefficients of the slope function with respect to
the eigenfunctions of the sample covariance are estimated using
the FPCA approach. The eigenvalues of the sample covariance
and the estimated Fourier coefficients are shown in Figure 1. It
is clear that although the eigenvalues decay nicely, the estimated
Fourier coefficients do not decay at all. This is a typical example
of the case when the slope function is not well represented by
the leading principal components.

In this article, we study the minimax and adaptive prediction
problems in the reproducing kernel Hilbert space (RKHS)
framework under which the unknown slope function Sy is
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Figure 1. Canadian weather data: the eigenvalues of the sample covariance function are given in the left panel. Note that both axes in the left
panel are in log scale. The right panel shows the estimated Fourier coefficients of the slope function with respect to the eigenfunctions of the

sample covariance function.

assumed to reside in an RKHS H(K') with a reproducing kernel
K. The minimax rate of convergence of the excess prediction
risk is established in a general setting with no constraint on
the relationship between the reproducing kernel K and the
covariance function C of the random predictor X. It is shown
that under the functional linear model (1), the difficulty of
the prediction problem as measured by the minimax rate of
convergence depends on both kernels K and C. In particular, the
alignment of K and C can significantly affect the optimal rate
of convergence. The FPCA-based methods mentioned earlier
correspond to the special setting where K and C are assumed to
be perfectly aligned, that is, K and C share a common ordered
set of eigenfunctions. The optimal rate of convergence of £(7j,,)
in this case is determined by the rate of decay of the product of
the corresponding eigenvalues of K and C (Cai and Hall 2006).
When K and C are not well aligned, as in the Canadian weather
data example, the FPCA-based methods may not perform
well.

The optimal rate of convergence for the prediction problem
is established in two steps. First, a minimax lower bound is
derived for the prediction problem. Then, a roughness regu-
larization predictor is introduced and is shown to attain the
rate of convergence given in the lower bound, when the tuning

parameter is appropriately chosen. This estimator is thus rate-
optimal. The optimal choice of the tuning parameter depends,
however, on the unknown covariance structure of the predictors
X;. A data-driven procedure for choosing the tuning parameter
is then introduced. It is shown that the resulting procedure au-
tomatically achieves the optimal rate of convergence for a large
collection of covariance functions. The adaptive procedure is
easy to implement. Simulation studies are carried out to illus-
trate the merits of the adaptive predictor and to demonstrate the
theoretical results.

The rest of the article is organized as follows. In Section 2,
after basic notation and definitions are reviewed, we establish
the optimal rate of convergence for the prediction problem by
deriving both minimax lower and upper bounds. A roughness
regularization predictor is shown to be rate-optimal when the
tuning parameter is appropriately chosen. Section 3 proposes a
data-driven method for choosing the tuning parameter and the
resulting predictor is shown to adaptively achieve the optimal
rate of convergence. Numerical experiments are reported in Sec-
tion 4 to demonstrate the practical implications of the theoretical
developments using both simulated and real datasets. The proofs
are given in Section 6. We conclude with some discussions in
Section 5.
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2. OPTIMAL RATE OF CONVERGENCE

In this section, we establish the minimax rate of convergence
of the excess prediction risk. The optimal rate is jointly deter-
mined by the reproducing kernel K and the covariance function
C, and the alignment between K and C plays an important role.
We begin by reviewing basic notation and properties regarding
the reproducing kernel K and the covariance function C.

2.1 Notation and Definitions

Let 7 C R be a compact set. A reproducing kernel K : 7 x
T — Risareal, symmetric, square integrable, and nonnegative
definite function. There is a one-to-one correspondence between
a reproducing kernel K and an RKHS H(K) which is a linear
functional space endowed with an inner product (-, -)7k) such
that forany r € 7, K(z, -) € H(K), and

J@) = (K@, ), fhnx),

See, for example, Wahba (1990). Let X (-) be a square integrable
stochastic process defined over 7. The covariance function of
X is also a real, symmetric, and nonnegative definite function
defined as

for any f € H(K).

Cs, ) = E(X(s) — E(XDIX (@) — E(X()]D)

The covariance function C is square integrable, if E || X|| %7 < 00,
where

1B = (f e and  (fighes = / Fgydr.
T

For a real, symmetric, square integrable, and nonnegative
definite function R : 7 x 7 — R,let Ly : £, — L, denote an
integral operator defined by

Lr(H)C) = (R(s, ), fhe, = /TR(S’ ) f(s)ds.

By the Riesz representation theorem, L can also be equiva-
lently defined through

(fs Lr(@)mw) = (fs 8) s,

The spectral theorem implies that there exists a set of orthonor-
malized eigenfunctions {/X : k > 1} and a sequence of eigen-
values OFf > 6f > ... > 0 such that

Rs.0) =Y 6fyReswl@.,  VsreT,
k>1
and
Le (V&) =0fyf,  k=1,2,....

Throughout the article, we shall say that {(GkR, ka) k> 1}
are the eigenvalue—eigenfunction pairs of the operator R, with
the understanding that the pairs are ordered according to the
eigenvalues in descending order, O > 6F > .... We say two
linear operators (or their corresponding kernels) are perfectly
aligned if they share the same ordered set of eigenfunctions
(according to their eigenvalues in descending order).
Let L 12 be a linear operator defined by

Lgip (I/fkR) = QkRI//kR,

Vs, t €T.

where

Rl/z(s,t)zz oy Rs)w R, vs,t 7.

k>1

It is clear that Lzi» = L'/?2R. Moreover, define
(RiRo)(s. 1) = / Ri(s. 1) Rou. 1)dr.
T

Then, LRIRZ = LR] o LRZ'

For a given reproducing kernel K and a covariance function
C, define the linear operator Lgi2ck12 by Lgizcgiz = Lgiz o
L¢c o Lk, that is,

LKI/ZCKI/Z(f) = Lk (Lc (LK'/Z(f)))-

If both Lgi» and L are bounded linear operators, so is
Lx2ck12. By the spectral theorem, there exist a sequence of
positive eigenvalues s; > s, > --- > 0 and a set of orthonor-
malized eigenfunctions {¢; : k > 1} such that

K'2CK'(s,1) = ) sip()pu(@), Vst €T,

k>1
and

Lxzckin(@r) = skgx, k=1,2,....

It is easy to see that the eigenvalues {s; : k > 1} of the linear
operator Lgi2ck12 depend on the eigenvalues of both the re-
producing kernel K and the covariance function C as well as the
alignment between K and C. We shall show in Sections 2.2 and
2.3 that the difficulty of the prediction problem as measured by
the minimax rate of convergence of the excess prediction risk is
determined by the decay rate of the eigenvalues {s; : kK > 1}.
For two sequences {a; : k > 1} and {b; : k > 1} of positive
real numbers, we write a; < by, if there are positive constants ¢
and C independent of k such that ¢ < a; /by < C forall k > 1.

2.2 Minimax Lower Bound

The optimal rate of convergence of the excess prediction risk
will be established in two steps. We first derive a minimax lower
bound in this section and then show in Section 2.3 the conver-
gence rate of the lower bound is in fact optimal by constructing
a predictor that attains this rate of convergence. The minimax
lower bound is given in the following theorem.

Theorem 1. Suppose the eigenvalues {s; : kK > 1} of the linear
operator L g12¢ 112 satisfy s; =< k2 for some constant 0 < r <
oo, then the excess prediction risk satisfies

lim lim inf sup P E(ﬁ)zan_z%l}zl, @)
a—>0n—o0 7 BoeH(K)

where the infimum is taken over all possible predictors 77 based
on the training data {(X;, Y;):i =1,...,n}.

It is interesting to compare Theorem 1 with some of the
known results in the literature in which the reproducing kernel
K and the covariance function C are assumed to be perfectly
aligned, that is, they share the same ordered set of eigenfunc-
tions. The minimax lower bound obtained here generalizes the
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earlier results for this special case. Let

o.¢]
X0 =) Zip(r)

k=1
be the Karhunen-Loeve decomposition of X, where {Z; : k > 1}
are uncorrelated random variables and {y : k > 1} is an or-
thonormal basis of L£,(7). Set ch = var(Z;). We shall as-
sume that 6 are indexed in descending order, ¢ > 65 > - - ..
Then, it is clear that {(G,f , W)t k> 1} also constitutes the
eigenvalue—eigenfunction pairs of the covariance function C,
that is,

Cls. 1) =Y _ OSYls)Y(0), fors,t e 7.

k=1

Consider the case where the reproducing kernel X is perfectly
aligned with C, that is,

fors,t € T,

K(s, 1) =Y 0fvu()vn(®),

k=1

with 6f > 60X > ... > 0 being the eigenvalues of K. In this
case, it is easy to see that

Liieekxir(Y) = 0508y, k=1,2,...,
indicating that the eigenvalues s; = QkK ch ,k=1,2,..., and
Sp > 8y > - I GkK = k=21 and Okc = k=22, then s; decays at

the rate k~2"+"2) and by Theorem 1,

lim lim inf sup P {S(ﬁ) > an_zdlrl:;*)' } =1.
a=0n=00 1 gyeH(K)

This special setting coincides with those considered in Cai and

Hall (2006) and Yuan and Cai (2010). Similar results have been

established earlier in these articles for this special setting.

In general, however, the eigenvalues of K and C alone cannot
determine the decay rate of the eigenvalues of Lgi2¢ck12. For
example, when 0 < k=1, 0C < k=22, and ¢ = ¢ fork =
1,2, ..., then s =< k~¢n+2r2),

2.3 Minimax Upper Bound

Section 2.2 developed a minimax lower bound for the ex-
cess prediction risk. We shall now consider the minimax upper
bound and show that the lower bound established in Theorem 1
can in fact be achieved. We shall construct a predictor using a
roughness regularization method and show that the predictor is
asymptotically rate-optimal.

One of the most commonly used methods in nonparametric
function estimation is the roughness regularization method (see,
e.g., Ramsay and Silverman 2005) where the intercept oy and
the slope function f are estimated by

n 2
(éns fua) = argmin {Z (m —a- / Xi(t)b(t)dt)
i=I T

aeR,beH(K)
+ xnbn%{m}. 3)

Here, A > 0 is a tuning parameter that balances the tradeoff
between the fidelity to the data measured by the sum of squares
and the smoothness of the estimate measured by the squared
RKHS norm. The estimate f; is readily computable even though

Journal of the American Statistical Association, September 2012

the minimization in Equation (3) is taken over an infinitely
dimensional function space H(K). More specifically, g,, can
be expressed as

Bun()=> e /T K(t, )X;()dt “)
i=1

for some cy, ..., c, € R, and they can be computed together
with &, by plugging (4) back to (3). The readers are referred to
Yuan and Cai (2010) for more details on the implementation.

Given the estimates &,,; and Bn 2, the predictor 7, is obtained
by

A (X) = @y + L X(I),BAn)L(l‘)dt.

The following theorem states that with an appropriately cho-
sen A, the predictor 7, attains the convergence rate of the lower
bound given by Theorem 1 and is therefore rate-optimal.

Theorem 2. Assume that there exists a constant ¢ > 0 such
that for any square integrable function f defined over the domain

T,
4 2\ 2
]E(/ X(t)f(t)dt) §c<IE (/ X(t)f(t)dt)) N G))
e T

Suppose the eigenvalues {s; : k > 1} satisfy s; =< k~2" for some
constant 0 < r < 00, then

lim lim sup Pig(ﬁnk)zAn_Zr%} -0, (6
A—00 n—>00 BoeH(K)

provided that A =< n=2//2r+D),

Condition (5) states that linear functionals of X have bounded
kurtosis that is satisfied in particular with ¢ = 3 when X follows
a Gaussian process.

Theorems 1 and 2 together show that the minimax rate of
convergence for the excess prediction risk is

n—2r/(2r+1)’

which is determined by the rate of decay of the eigenvalues of the
operator Lgi2ck12. The optimal rate of convergence depends
not only on the eigenvalues of K and C but also on how their
eigenfunctions align with each other.

3. ADAPTIVE PREDICTION

Section 2 established the minimax rate of convergence for the
excess prediction risk. As shown in Theorem 2, the optimal rate
can be attained by the roughness regularization predictor #j,;
when the tuning parameter A is chosen appropriately. However,
the proper choice of A depends on r, which is unknown since it is
determined by the linear operator L g12¢k12 and the covariance
function C is not known a priori. It is important to develop a
data-driven choice of A that does not require the knowledge of
C. In this section, we introduce such an adaptive method for
choosing A.

To motivate our procedure, recall that r represents the decay
rate of the eigenvalues of Lgi2cki2, which can be naturally
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approximated by L g12¢, k12, where

1 n _ _
Cals, 1) = — D (Xi(s) = XX (1) = X(0)).

i=1

Observe that

(fs Lxiec, k28 )z, = {Lxw f, Le,Lx128)c,
1 & _
= Z(Lklﬂf, Xi—X)g,
i=1
x (Lxrg, Xi — X)r,
1 n
== S U LxnX; — X)g,
i=l1

X (g, LginX; — X)[;z
(fiLu,8)c,,

where

1 & _ _
H,(s, 1) = - Z(LKW(X,- — X)) Lgr2(Xi — X))(1).

i=1
By duality, the eigenvalues of H, are also the eigenvalues of the
Gram matrix G = (G;;j)1<i, j<n, Where

1 _ -
(Lxn(Xi = X), Lgin(Xi — X)),

n

1/ (Xi — X)()K (s, 1)(X; — X)(t)dsdt.
n Jr

Information on r can thus be recovered from the eigenvalues
of G.
Write

1/2
1
Ya(8) = (; > mins, 62}>

k>1

and define

p(C, K) :=inf{p > n""logn : y,(8) < p'*8+p, V8 € [0, 11}

It is not hard to see that p < n=2/@*D_if 5, < k=% (see, e.g.,
Mendelson 2002). Therefore, we can use an estimate of p as our
choice of the tuning parameter in defining #j,. To this end, we
consider the sample analog of p. Denote by §; > §, > --- > §,
the eigenvalues of G. Write

p(G) = inf{p = n""logn : %,(8) < p'25 + p. V6 € [0, 11},

where

" 1/2
1
Pu(8) = (— > min{s, 52}> :
"=
Theorem 3 shows that with high probability p is of the same

order as p whenever ||Lk12X]| 2, has exponential tails.

Theorem 3. Assume that there exist some constants ¢y, ¢y >

0 such that
P{ILg2Xllz, = x} < ¢ exp(—cax?), forx > 0. (7)

Then, there are constants 0 < ¢3 < ¢4 < 00 such that

o)

P{C3§—§C4}—)l
0

asn — oQ.

We note that the tail condition (7) for || L x12 X ||z, can also be
replaced by

P{lIXlc, = x} <crexp(—cox?),  forx >0,

because |[Lx12X |z, < 0K 11X ||z, It holds true, in particular, if
X is a Gaussian process.

The following result shows that the predictor #j,; with the
data-driven choice of the tuning parameter A indeed adaptively
achieves the optimal rate of convergence.

Theorem 4. Assume that there exist constants ¢y, ¢c; > 0 such
that

P {ILk2Xllz, = x} < c1 exp(—cax?), for x > 0,

and for any f € £,

4 2 2
E(/ X(t)f(t)dt) §c<]E (/ X(t)f(t)dt)) . (8
T T

Suppose the eigenvalues {s; : k > 1} satisfy s; =< k= for some
constant 0 < r < o0, then

lim lim  sup ]P’{g(ﬁ,ﬂ)zAn‘zr%}zo )

A—o00n—>00 BoeH(K)
for any A < p.

In light of Theorem 4, we can choose A = A := ¢/ for some
constant ¢ > 0 to ensure that the tuning parameter is of the
appropriate order. In practice, the constant ¢ can be further
fine-tuned to ensure enhanced performance. For example, our
experience suggests that A = p /3% usually leads to satisfactory
performance.

4. NUMERICAL EXPERIMENTS

We turn in this section to the numerical performance of the
proposed adaptive predictor and demonstrate the practical im-
plications of the theoretical results developed in the last two
sections. We shall begin with simulation results, and then return
to the analysis of the Canadian weather data mentioned in the
introduction.

4.1 Simulation Study

To fix our ideas, we shall focus on the case where 7 = [0, 1]
and H(K) consists of functions in the linear span of the cosine
basis,

fO) =2 ficostknr),  te0,1],

k>1
such that
Z k* £} < .
k>1

When endowed with norm

2
1
||f||%{([() = /(f”)z = /(; (\/EZ(kﬂ)sz COS(kJTt))

k>1

=Y k) £,

k>1
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‘H(K) forms an RKHS with the reproducing kernel
2
K(s,t) = kZI: W cos(kms) cos(kmt)

=3 L costhnls =)+ —— cos(h(s + 1)
_k>1 (kj-[)4 COS(KTT (S £ (kn*)“ COS(KTT (S

1
= —3 (Balls —11/2) + Bal(s +1)/2)),

where By is the kth Bernoulli polynomial. Here, the following
fact (Abramowitz and Stegun 1965) is used:
cos(2mkx)

Ban(x) = (=1)"122m)! 3 ==

k>1

, vx € [0, 1].

In this setting, the roughness regularization estimate defined by
(3) is given by

n 2
Qss Pun) = i Yi—a— | X:()b(t)d
((x 2 B ,\) argmin {;( a /T (1)b(1) t)

acR,beH(K)

+/\/(b”)2}.

For brevity, we shall also assume that there is no intercept
in the functional linear model (1). The roughness regularization
estimate then becomes

n 2
ﬁm = argmin {Z (Yi — / Xi(t)b(t)dt) + A/(b//)z} ]
beH(K) |5 T

To investigate the effect of varying covariance function, the
true slope function is taken to be

Bo(r) = Z 42D k2 cos(krr).

k>1

We first consider the effect of varying smoothness of the covari-
ance function. More specifically, set

C(s.1) =Y 2k " cos(krs) cos(kmt).
k>1

The parameter 7, controls how fast the eigenvalues of the covari-
ance function C decay and therefore by Theorem 1 determines
the optimal rates of convergence. We let the value of r, vary be-
tween 1 and 3. The functional predictors were simulated from a
centered Gaussian process with covariance function C. To com-
prehend the trend as the sample size increases, the sample size
nis chosentoben = 32, 64, 128, 256, 512, and 1024. For each
sample size and each value of r,, we simulate data from the
functional linear model with o = 0.5. Both the roughness reg-
ularization and functional principal component estimates were
computed and the tuning parameters, A for the former and the
number of principal components for the latter, were chosen to
yield the smallest excess risk so that it reflects the optimal rate
achieved by both methods. The experiment was repeated for
200 times and the results are summarized in Figure 2.

In this example, both the reproducing kernel and the covari-
ance function share a common ordered set of eigenfunctions. In
this case, as shown previously by Cai and Hall (2006) and Yuan
and Cai (2010), both methods can attain the optimal rate of con-
vergence. The similarity between the two methods as observed
in Figure 2 simply confirms these earlier findings.

Journal of the American Statistical Association, September 2012

One of the key messages from Theorem 1 is that in addition
to the decay of the eigenvalues of the reproducing kernel and co-
variance function, the alignment of the eigenfunctions of the two
kernels also plays a crucial role in determining the optimal rate
of convergence. To demonstrate the effect of such an alignment,
we now consider a slightly different covariance function:

C(s.1) =Y _ 26, cos(kms) cos(krr),
k>1

where
O = (Ik — kol + )72

In this setting, the leading eigenfunctions of C are located
around the koth eigenfunction of the reproducing kernel and
in a certain sense controls the misalignment between the
covariance function and the reproducing kernel. We consider
ko = 5, 10, 15, and 20 to appreciate the effect of the alignment.
The simulation was carried out in a similar fashion as before
and the results are reported in the top panels of Figure 3.

As expected, for larger values of kg, the functional princi-
pal component-based approach performs rather poorly when
the sample size is small. However, as one can observe from
Figure 3, both the methods appear to converge at similar rates
as the sample size increases although the roughness regulariza-
tion method performs better. The top right panel displays the
median relative efficiency of the roughness regularization over
the functional principal component-based method defined as
E(HFPCA) /E(HREG), where ARES and /FPCA represent the two es-
timates, respectively. Itis evident that the efficiency of the rough-
ness regularization increases with ko, which reflects how poorly
the eigenfunctions of K and C align. In most cases, the roughness
regularization estimate outperforms the functional principal
component-based method by an order of magnitude. It is note-
worthy that the performance of FPCA-based approach quickly
deteriorates as ko increases. In particular, when kg is greater
than the sample size, the FPCA approach will fail since the true
slope function is orthogonal to the leading functional principal
components. In this example, we have chosen the largest value
of ko to be 20 to ensure that k is always smaller than the sample
size n, and to give a better contrast of the two methods.

To further demonstrate the effect of alignment between the
eigenfunctions of K and C, we also considered a different set
of covariance functions. In particular,

Cls.1) =Y 2k 2 hy(s)hi(t).

k>1

where the &,;’s are the Haar functions, that is,

I—11-1/2
/2
2k/2 te|:2k, 0 )

hovyy_1(2) =
2%41-1(F) _on te|:l—]/2 Li|
9 2k bl Zk 9
0, otherwise,
fork =0,1,2,...and [ = 1, .... Different from the previous

two simulation settings, the eigenfunctions of C are the Haar
basis of £, that are different from those of K. We again apply
both the roughness regularization and functional principal
component-based methods to each simulated dataset and
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Figure 2. Effect of smoothness of the covariance function: two hundred datasets were simulated for each combination of sample size
n = 32,64, 128,256,512, or 1024andr, = 1, 1.5, 2, 2.5, or 3. Both the roughness regularization estimate and the functional principal component
estimate were computed with tuning parameter chosen to minimize the integrated squared error. The circle corresponds to the excess risk averaged
over 200 datasets and error bars correspond to the mean £1 SE. Both axes are in log scale. The online version of this figure is in color.

summarize the findings in the lower panels of Figure 3. Similar
to before, the results are averaged over 200 simulated datasets
for each value of r,. We observe similar comparison as in the
last example with the roughness regularization significantly out-
performing the functional principal component-based method.

We now turn to the choice of the tuning parameter A,. The
adaptive prediction procedure is applied to the simulated data.
For brevity, we focus on the first two simulation settings. For
each simulated dataset, the tuning parameter A is chosen as
A = p/87. As mentioned earlier, this particular scaling usually
yields fairly reasonable results, although it is plausible that it
can be further improved by using other data-driven choice of
scaling factors. Figure 4 summarizes the excess risk for all set-
tings. The behavior of the resulting estimate closely resembles
those reported earlier, indicating that the adaptive procedure
proposed earlier is indeed capable of achieving the optimal rate
of convergence.

4.2 Canadian Weather Data

Finally, we revisit the Canadian weather data example. The
dataset, one of the most popular examples in functional linear
regression, contains daily temperature and precipitation at 35
different locations in Canada averaged over 1960-1994. The
goal is to predict the log annual precipitation based on the aver-

age daily temperature. As shown in Figure 1, the application of
functional PCA-based methods could be problematic since the
estimated slope function does not seem to allow for a compact
representation with respect to the eigenfunctions of the co-
variance function. Alternatively, we applied the regularization
approach discussed earlier to the data. The data were collected
on the basis of calendar year. The nature of the data suggests
that the predictor function X be periodic on [0, 1] (year), and so
is the slope function . Let Wger be the second-order Sobolev
space of periodic functions on [0, 1], we estimate o and Sy by

1 2
(&, f) = argmin {[Y,-—a— / X,-(t)b(t)dt:|
0

aeR,bEW;er

1
+ A / [b”(t)]zdt}. (10)
0

The space WS, endowed with the norm

1
||b||§vge,. = [ /0 b(z)dz}

has a reproducing kernel:

2

1
+ [ ol
0

K(s,1)=1- iB4(|S —10),

7 Vs, t € [0, 1],
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Figure 3. Effect of alignment of eigenfunctions between the reproducing kernel and the covariance function: for the top panels, 200 datasets
were simulated for each combination of sample size n = 32, 64, 128, 256, 512, or 1024 and the location of the first principal component
ko =5, 10, 15, or 20. For the bottom panels, 200 datasets were simulated for each combination of sample size n = 32, 64, 128, 256, 512, or
1024 and the decay rate of the eigenvalues of C, r, = 1, 1.5,2,2.5. In the left and middle panels, the circle corresponds to the excess risk
averaged over 200 datasets and error bars correspond to the mean 1 SE. In the rightmost panels, median relative efficiency of the roughness
regularization method over functional principal component-based method is given for the two simulation settings. Both axes are in log scale.
The online version of this figure is in color.

where By is the fourth Bernoulli polynomial (see, e.g., Wahba  where Y = (Y, ..., Y,)", £ is an n x n matrix whose (i, )
1990). As shown in Yuan and Cai (2010), the solution of Equa- entry is
tion (10) can be expressed as .
T Zy = [ 0= DK 5,00, — X0,
a=7 —/ X(O)A®)dr T : !
0

and and u is an n-dimensional vector with the ith entry given by

n 1 1 -
O =co+ Y ¢ / (X; — X)($)K, (s, )ds. uj = /0 (Xi = X)(s)ds.
i=1 7O

The integrals in defining ¥;; and u; can be approximated
by summations for practical purposes. We also used the pro-
posed adaptive procedure to choose the tuning parameter. The
estimated slope function is given in the left panel of Figure 5.
is the reproducing kernel of the orthogonal complement of con-  The right panel provides the normal Q—Q plot of the residuals,
stant functions in W)*'. With this representation, the objective  which suggests a fairly good fit of the data. The plot suggests
function of (10) becomes quadratic in terms of co, c1,..., ¢,  that the precipitation at Kamloops station, corresponding to the
and they can be solved through rightmost point in the Q-Q plot, may be overestimated using
the functional linear model. This can be attributed to the fact
that Kamloops lies deep in the Thompson River Valley. These

where

1
Ki(s, 1) = =77 Ba(ls — 1))

(cos (¢1, ..., c)") = argmin {|Y — Za— aoul® + ra" Za},
apeR,acR”
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findings are similar to those reported in Ramsay and Silverman
(2005) in which a restricted basis function-based, instead of re-
producing kernel-based, roughness penalization approach was
used.

Note that both the functional PCA-based approach and the
smoothness regularization approach assume that the slope func-
tion comes from a certain class of smooth functions where
smoothness is characterized through the decay of the Fourier
coefficients under a certain basis. More specifically, the func-
tional PCA takes the Karhunen—Loeve basis of X, whereas the
smoothness regularization approach takes the eigenfunctions of
the reproducing kernel K as the basis functions. As seen before,
the assumption made by the functional PCA approach might be
questionable for the current data example. To further demon-
strate this and validate the appropriateness of the smoothness
regularization approach, we computed the Fourier coefficients
of our estimated slope function with respect to both the eigen-
functions of K and C,. The squared coefficients are given in
Figure 6. It again confirms that the assumption made by the
smoothness regularization approach regarding the slope func-
tion is more reasonable.

5. DISCUSSION

In the present article, we establish the minimax rate of con-
vergence for prediction with functional predictors in a general
setting where the reproducing kernel K and the covariance func-
tion C are not necessarily well-aligned. The results show that
the optimal prediction rate depends not only on the eigenvalues
of K and C, but also on the alignment of the eigenfunctions of
the two kernels. The prediction problem is more difficult if the
eigenfunctions of the two kernels are not appropriately aligned.
In contrast, the existing literature typically assumes that the two
kernels are perfectly or nearly perfectly aligned.

We also show that the method of regularization can achieve
the optimal prediction if appropriately tuned. This is to be con-
trasted with existing work in two ways. First, it is worth point-
ing out that the optimality established here for the method of
regularization needs to be contrasted with the FPCA-based ap-
proaches. Because the success of these methods hinges upon the
assumption that the leading principal components, although en-
tirely determined by the predictor itself, are the most predictive
of the response, it is not immediately clear to us if they can also
achieve the optimal rate in general when the eigenfunctions of
the reproducing kernel and covariance function differ. In addi-
tion, earlier work on the method of regularization for functional
linear regression has assumed that the eigenfunctions of the re-
producing kernel and covariance function are either identical or
close to being identical. We show here that the optimality of this
estimator extends much more generally.

To fix ideas, we have focused in this article on univariate
functions, that is, the domain of the slope function and the func-
tional predictors 7 C R; and used the usual Sobolev space on
T = [0, 1] as a working example. Our results, however, apply to
the more general RKHSs, when 7 is a compact set in an arbitrary
Euclidean space. In particular, the optimal rate of convergence
and adaptivity hold true for Sobolev spaces on 7 = [0, 1]> with
the rate of decay r determined by the corresponding reproducing
kernel and covariance operator. Such a setting can have useful
applications in spatial statistics and image analysis.

6. PROOFS
6.1 Proof of Theorem 1

Note that any lower bound for a specific case yields immedi-
ately a lower bound for the general case. It therefore suffices to
consider the case when € ~ N(0, 2). Denote by M, the small-
est integer greater than con'/®*1 for some constant ¢y > 0 to
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be specified later. For a 0 = (Op41, ..., 02m) € {0, 1M let

2M

Z Gkal/zLKl/Z(pk.
k=M+1

First, observe that fy € H(K) since

2M

Z oM~ P Ligy
k=M+1

2M
_ 2
= > oM
k=M+1
2M

> M Lgreig = 1.
k=M+1

2
||f9||H(K) =

H(K)

-1 2
1L k12 @k ”H(K)

IA

where we used the fact that

(Lxingj, Levn@i) ) = (@), L2 Lgv2@i) )
={¢j, Lkoi)nr)
={@j, Px)z, = k-
The Varshamov—Gilbert bound shows that for any M > 8,
there exists aset ® = {#©, 6D ... 0™} {0, 1}¥ such that

(@ 89 =q,...,0);

(b) H(O,0") > M/8forany 6 # 0’ € ©, where H(-, -) is the
Hamming distance; and

(c) N >2MA3,

We now invoke the results from Tsybakov (2009) to establish
the lower bound that is based upon testing multiple hypotheses.
To this end, denote by P, the joint distribution of {(X;, ¥;) : i >
1} with B9 = fp. First observe that for any 6, 6 € O,

1 n
log (Pur/ Pa) = ;Z(Yi -/ Xife) [ xihi= 1)
2
-5 22[/;( (fo— ] .

Therefore, the Kullback-Leibler distance between P, and Py
can be given by

n
K(Py|Po) = 5 L (fo = Tz,
" oM 2
= > Z O — eli)Mil/chl/ZLKl/Z(pk
o k=M+1 L>

Note that

(LeveLgwegr, Loz Lingj) e, = (@, LkizLeLgi2gj)c,
= (@, SjQj) L, = 8j0k;-
Hence,

M

_ n —1 \2
K(Py|Po) = 55 D M™'0c =0’
k=M+1

ns 2M

M N2

< o7 2 G0
k=M+1

2
= Y H, )
Mo

< 2nsM/a2
< 2can_2’/02.

This implies that for any 0 < « < 1/8,

N
1
~ > K(Pyo| Poo) < 2e,nM ™ Jo* < arlog2"/® < arlog N

1)

by taking ¢y = ca~!/®*+D with a large enough numerical con-
stant ¢ > 0.
On the other hand, for any 6,6’ € ®

2M
ILcn(for = 7, = | Y O — )M PLenLiingy
k=M+1 L
2M
= Y MG -0 ILenLiprgll?,
k=M+1
2M
= > MO —6) s
k=M+1
2M
> M s Y (0 —6;)
k=M+1
=4M s, H(H, 0"
> som/2
> 6127(2r+1)M72r
- 26a2r/(2r+1)n72r2ﬁ’

for some numerical constant ¢ > 0. As shown by Tsybakov
(2009), this, together with (11), implies that

inf sup Py { | Lo (f — fo)|7, = ca®/@+0n=37)
f 6O 2

VN 20
>——(1 20— | —— ).
14+ VN log N

Therefore,

lim inf sup Py{||Lcin(f — f9)||£ > ca¥/CrDy =25y
n— o0 f OEO

>1—2a,
which yields that

lim lim infsup Po{||Lcr2(f — f(,)||£2 > an z,+1} =1.

a—=0n—>00 f pe@ -

Now the desired claim follows from the facts that {fy : 6 €
®} C 'H(K), and under Py,

E@) = ILen(f = fllZ,.

where

= / X(@t)f(t)dt.
T

6.2 Proof of Theorem 2

Recall that L g12(L;) = H(K). Therefore, there exist fj, f €
L, such that By = Lk fy and ,BA,\ = Lk f,\. For brevity, we
shall assume that H(K) is dense in £,, which ensures that fj
and f;, are uniquely defined, in what follows. The proof in the
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general case proceeds in exactly the same fashion by restricting
ourselves to £, /ker(L g12).

For brevity, we shall write T = Lg12¢ck12 in what follows.
We shall denote by 7'V a linear operator from £, to £, such that
TV = s; ¢k It is not hard to see that

E@) = IIT"*(f — follZ,
It is also clear that

R 1 &
f» = argmin [; Z (Y; — (X, LKl/zf)cz)2 + Allfllz} .

feLs i=1
Recall that
Yi =(Xi, Lxi2 fo)e, + €.
Write
L
Cals, 1) =~ 3 Xi($)Xi(0)

i=1

and T, = Lx12Lc,Lk12, where L¢, is an integral operator such
that for any h € L,,

Le )= [ € oness
T
Therefore,

o= T+ )T, fo + 80)

where 1 is the identity operator and
1 n
&n = " XI:E[LKWX,-.
i=

Define
=T +2)7'Tf.
By triangular inequality,

T2 = folle, = ITV2(fi = fllley T2 = f)lles
(12)

The first term on the right-hand side can be easily bounded. We
appeal to the following lemma. Please refer to the Appendix for
proofs of all lemmas.

Lemma I. Forany 0 <v < 1,

TV (fr = follg, < (1 =)' " AY | foll,- 13)

Taking v = 1/2 in Lemma 1 gives

1
IT2(f = fllz, < <Al follZ,-

We now turn to the second term on the right-hand side of
(12). Observe that

fr— fo = (T + 21N (T, + A1)(f — ﬂ{
+ (T +AD)"NT — T)(fs — fo).

Recall that
(Ty + 2D fi. = T fo — gn-
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Therefore,
fi— A= T + A" T(fi — fo) + MT +AD 7' £
+ (T +AD)"g + (T + AT = T)(fr — fo)
=T +2)7"T(fi — fo) + ATfo+ (T + A1) 'g,
+ (T + 2T = T)(f — )
= (T +2)7'T(fi = fo) + (T + A1) (T, — T)
x (fi = f) +ATfo+ (T + A1) 7'g,
+ (T + AT — T)(f. — f).
We first consider bounding || TV (f, — ﬂ)”g2 for some 0 <
v < 1/2 — 1/(4r). By triangular inequality,

IT(fi — flle, < IT(T + 2D 7' T(fi = f)lles
+ 1T + 2D (T, — T)(fi — fo)llz,
+ AT folle, + ITY(T + 2D " gyl
+ 1T + AT = T — fllz,-

Next, we make use of another auxiliary lemma.

Lemma 2. Assume that there exists a constant c¢3 > 0 such
that for any f € £,

2
E(X, f)}, < ¢ (E(X, /)2). (14)
Then, for any v > 0 such that 2r(1 — 2v) > 1,
-1 —v 1—2v+1/@2r)\~1/2
|7 + 207 (@, = T, = 0, ((na!2+1/e) 77
where || - ||op stands for the usual operator norm, thatis, || U ||op =
SUDy,: 1, =1 |Uh|l ¢, for an operator U : Ly — L.
An application of Lemma 2 yields
1T (T + )T = T)(fi = f)lle,
< IT(T + 2T = THT llopI T (fi — f)lls
<o,(VIT(fi = fi)llz,
whenever A > cn=/@r+D for some constant ¢ > 0. Similarly,
ITY(T 4+ A1)~ (T, — T)(f. — f)llc
<IT(T + 1) (T, = DT llop T (fr — f)ll
< o,(DIT(fi = fo)llz,-
Therefore,
IT"(fi = flle, = Op(IT"(T + AD'T(fi — fo)llz,
F T foll + 17T + 2D gullz,).
By Lemma 1,
IT"(T + A" T(fi = follle,
< NTYT + 27 T opIT (i = folle,

<IT"(fr = follz,
< (=)'l follz,-

Together with Lemma 3 stated later, we conclude that
”TV(](‘A _ f‘\)\)”ﬂz — Op()\'v 4 (nklf2v+l/(2r))—l/2) — OP(A'V)

provided that c;n=2"/@*D < A < ¢,n=2/@+D for some con-
stants 0 < ¢; < ¢ < o0.

Lemma 3. Forany 0 <v < 1/2,

||TU(T +)\’1)—1gn”£2 — Op((n)\.]_zv+]/(2r))_l/2)_
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We are now in position to bound || 7/2( f; — Fll. Recall that
1T = flle, < ITYVAT + 207 T(fi = folllz,

+ I TVA(T + A1) "N(T, — T o= fo)lle,

+ T2 L+ IT VAT + 2D gl

+ ITT+210)7NT = T)(fi— f)ll,.-

‘We now bound the five terms on the right-hand side separately.
By Lemma 1,

ITVAT + 2D T — fo)lle

IA

ITYAT + 217 T2,
x T2 — fo)llz,

1
5)»1/2||fo||£2-

IA

We appeal to the following result.

Lemma 4. Under the conditions of Lemma 2,

_ - =172
ITVA(T + 31T, = YT lop = O, ((m”‘2 ) ) .

By Lemmas 1 and 4,

ITYX(T 4 21)7X(T, = T)(f — fo)llc,
< NTYA(T + 20T, — DT lopI T"(fr = f)ls
< Op ((n)\']/(zr))—l/Z)\'l}) — Op ((n)\l/(Zr))—l/Z) .

Similarly,

ITYA(T +21)7"NT, — T)(f — )l
< ITY2T + A1) T, — YT NopI T (f — f)llc
S 0,, ((nkl/(Zr))fl/ZAv) — 0,; ((n)»l/(2r))71/2) )

By Lemma 3,
ITYX(T + 2D gullz, = O, ((na/E)712)

Together with the fact that A||T'*!/2 ;|| = O(L), we conclude
that

1TV = flle, = 0, (n757).

6.3 Proof of Theorem 3

Consider the following Rademacher type of process:
Rt = L 3 (%,
n = - wi is ’
i3 “
where w;’s are iid Rademacher random variables, that is,
P(w; = 1) = P(w; = —1) = 1/2. Define

IR:ll5s) = sup |R.(b),
beB(s)

where

B(8) = {B € H(K) : |bllnx) < 1 and [|Leieblle, < 8}
Define
pr=inf{p > n""logn : E|Ryll5s) < p'/*6 + p. ¥8 € [0, 11}.
Similarly, write

pr=inf{p > n""logn : Ey | Rull5e) < p'*6+p, V8 € [0, 11},

where E,, stands for expectation taken over the Rademacher
random variables w;’s only. We first note the following result.

Lemma 5. Under the condition of Theorem 3, there exist
constants ¢y, ¢, c3 > 0 such that

c17a(8) — can”'(logn) < E[[R, |5 < c37(8).

It is clear from Lemma 5 that O < inf p;/p < supp;/p <
oo. Following the same argument, it can be shown that 0 <
inf p/p; < sup p/p1 < oo. It now suffices to show that p;/p;
is also bounded away from 0 and 4-o0.

For b € B(8),let f = Lg-12b. Then

] n
R,(b)| = |— i{Xi, D),
IR, (b)] ‘n;‘m ¥

1 n
- Z wi(LgrX;, ),
i—1

l n
< ;; (LxnXi, |-

By Cauchy-Schwartz inequality, this can be further bounded.

1

1 n n
Ru(b)] = ~ Zl 1Lk Xillg, 1Nz, < = Zl 1Lk Xillz, ,

where the second inequality follows from the fact that || ||z, =
16l7ky < 1.Note that the rightmost hand side converges almost
surely to E ||Lg12X ||z, < oo by strong law of large numbers.
On the other hand,

1 2
EIR, O = —E (wi(Xi, b)z,)” = ILcwblz, <8
The rest of the proof follows in the same fashion as that of

Koltchinskii and Yuan (2010, sec. 3.2) and is therefore omitted.

APPENDIX: AUXILIARY RESULTS

Proof of Lemma 1

Write
fo= Z Ak Pr -
k>1
Then,
SrQg
fHr= ; *+ 5 D -
Therefore,

2v

)\.ak 2 )\25
TV _ 2 — 2v < max k 2.
I = fllz, = D st (Hs) = ma (HWZ@

k>1 k>1

By Young’s inequality, A + s > (1 — v)~="v="A1="s}. Hence,

1T (f = fll7, < (1 =) 002020 foll 7,

Proof of Lemma 2
Recall that

IT(T 4+ A1)~ (T, — T)T " llop

= sup |[(h, T(T +21)""(T, — T)T "h)L,|.
Rkl g, =1
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Write
h= Z I’lk(pk.
k>1
Then,

(h, T"(T + A1)"(T, = T)T ")z,
= (T"(T + A1) ""'h, (T, = T)T"h)¢,
S.‘;I’l/'

= - s  h T;l -T
< E 5+ S i E s )‘pk>£
2

jz1 k=1

>

Jok=1

VoV
sis; hjhy

(T, = T)o) s
Sj+)\_ (QOJ ( )¢k>£2

An application of Cauchy—Schwartz inequality yields

2

sis; "hhy
éﬁﬂj’ (Tn - T)(pk>[,2

= st
1/2 12
212 sz'vsk_zv 2
< | D nrin > o (e (T = D,
k=1 it
Hence,

|T°(T + AT, — )T ||np

1/2
2v —2v /

8578,
< Zm<¢,~,(n—T>wk>iz R

Jok=1

Now consider the expectation of the right-hand side. By Jensen’s

172

inequality,
20 —2v 12
S (T, - T,
= (s; +2)
<> ﬂw- (T, — T)e)
= = (s; +A)? j> M k1 Ly
Note that

E(p;. (T, — T)pu)z,
= E(Lgi29;. (Lc, — L)L),

2
=E (/Tz(LKI/zwj)(S)(Cn(s, 1 —CGs, t))(LKuzwk)(t)>

n
i=1

1 2
;IE </Tz(LKI/zwj)(s)(X(s)X(z) — EX(S)X(I))(LK1/2(Pk)(l)>

1 2
‘e ( /T Z(Lmoj><s)X<s>X(r)<LKuwk)(r)> .

n

IA

An application of Cauchy—Schwartz inequality yields

E(Lx120;. (Lc, — Lo)Lg12@i)7,

l 12 ) ) 1/2 ¢
<-E T(Lkl/zwj)(t)x(t)dt E T(LK1/2(pk)(t)X(t)dt

n

2 2
<cn'E </ (Lxl/w_/)(l)X(l)dt> E (/ (Lkl/zw)(l)X(t)dl)
T T

—1ypl/2, 12 17212 —1
= an T 2ilIz, IT P eillz, = can”'sjsi

2
1 n
=E (§ (wa_ﬂ(s)(Xi(s)Xi(z)—JEX,-(s>X,~<r)><LK1/zgok)(z>) Hence,
T2
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Therefore,
172 172
SZ_\/S—ZV 1 S1-+2US]_2V
Jj "k 2 J k
E ————{¢;, (T, — D) <|- E —
I (Sj =+ )\,)2 J Ly n = (Sj + )\')2
(16)

Note that s,: ~2v is summable because (1 —2v)(2r) > 1. We now appeal

to the following lemma.

Lemma 6. If there exist constants 0 < ¢; < ¢; < 00 such that
1k < 5 < ¢,k then there exist constants c3, ¢, > 0 depending
only on ¢y, ¢, such that

s,1+2U
—1/2r) v —1/@r)
cah < Zi()»—}—sj)l”” <c(l+ 2 ).

jz1

Thus, by Lemma 6,
|7 + 20T =T

1/2
sl_+2v /

o172
¢ (n}"l : ) Z ()\' +jsj)l+2v

Jj=z1

IA

IA

c (n)L172u+1/(2r))*1/2 )
The proof is now completed by Markov inequality.

Proof of Lemma 3

Recall that
1 n
& = - .il € LxipX;.

Therefore,

|7 + a0 g, = D AT (T + A1) g, 0002,

k=1

= (g (T +2)7'T 0%,

k=1

-y

k>1

st (1 - X, L \ )2
=§ Pr—— *E €A, Lg12@k)ry | -
2
A5 \n =

k>1

n 2
: E L X S
- € iy T
n K A+ s o
Lo

i=1

Note that
E (€(Xi, Lx2@i)z,) = E (6:(Xi, Li2gi),1X:) = 0.

2
s I «

EIT'(T+A) g7, = Y —* E(nZa(X,-,LKuwkm)
i=1

()2
1 (A+s1)
1 5P 2
=—-Y —* _E(e(Xi, Levpoi) s
n ; (A + s5¢)? ( K 2)
o? 52
= —E(X;, L 1/2(pk)2
n ; (A + sx)? K -
o? skl+2"
T on e (A + sp)?
1+2v
e
— pAl-2v = (k+sk)l+2”
co?
=<

nal—2v+1/@2r) :
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The proof can now be completed by Markov inequality.
Proof of Lemma 4
Similar to (15), by Cauchy—Schwartz inequality,
ITY2(T + 20" (T, = THT " llgp

S.,'S]:vhjhk
= sup “———— ¢, (T, = Tox)r
Rellhlg, =1 /%1 sp+a ’
1/2
<[> 2 @ T
L e
k=1
Following a similar argument as that of (16),
1/2 12
—2v 2. 1-2v
875k 2 1 555k
———— A, (T, = T i —
;1 (s; + 1) s W, n /;1 (sj 4+ 1)?

IA

c(n)hl/(Zr))*l/Z'
The proof is now completed by Markov inequality.
Proof of Lemma 5
It is clear that B(8) = L12(F(8)), where
FO ={feLla:llfle, <land [T f|7, <8°}.

Denote

- . fi ’
G= {Z.fk‘ﬂk'z<m> = 1}.

k=1 k=1
It can be easily checked that G C F C +/2G. Therefore,

sup | R, (Lgi12 ) < | Rulls < V2sup|R, (Lgiz2 f)].
feg feg
By Jensen’s inequality,
1/2
Esup|R, (Lgi2 )l < (JE sup [R, (Lkuzf)|2> .
feg feg

By Cauchy—Schwartz inequality,

IR, (L2 f)I?

2
=Y fiRi (Lingr)
k>1
< Zfikz Zmin{l,éz/sk}Rz(LKuz(pk) )
“\5 min{1, §2/s;} = "
Therefore,

sup |R, (L2 )P < (Z min{1, 62/sk}R§<L,<mwk>> :
feg

k=1

Observe that
1 ¢ ’
ERX(Lki2¢) = E ( Z w; (X, LK1/2§0k>Lz>
.

1
= ~E(X;, Lyingi)z, =n""s.

Thus,

E(sup Ry (Lxin )P ) < (Z min{1, 62/sk}ER§(LKuzwk)> =7, ®),
feg

k=1

which implies that
E|Rull5 < vV27,(8).

To prove the lower bound, we appeal to Hoffman—Jgrgensen in-
equality that suggests that

1
E|Rulg < ¢ (lEan s + ~E'/? max sup(X;, ﬁ>i2> :
n

SisngeF
Observe that

E'? max sup(X;, ﬂ)ig = E"2 max sup(L12X;, f)zz

1<i<n BeF 1<i<n feg

< E'Y? max ||L g2 X; |,
1<i<n 2

Because ||Lg12 Xz, has exponential tails, it can be further bounded
by clogn for some constant ¢ > 0.
Hence,

\%

E[R,llz = ciE'?||R,|I} — con”'(logn)

%

cEY? (sup IR, (LK1/2f)|2) — con”(logn)
feg

v

c1¥a(8) — con”'(logn).

Proof of Lemma 6

Note that
14+2v (C]k—Zr)1+2U

Sk
<
Z (}» + sk)1+2v - Z (}» + Czk—Zr)lJer

k=1 k>1
_ C*Zr(H»Zv) Z 1
- 2ry142v
= (c2+ Ak*)

—or(l42y _1 0 dx
e 2r(1+2v) [ & 4 /
cr 1 (C2 +)\.X27)1+2”

— 2w (i e /00 dy )
! &) wen (o + Y2+

IA

< c3(14+ 47700,
Similarly,
s‘1-%—211 1
Z Ok - c*27(l+2\}) Z
()\_{_Sk)H»Zv = "2 (C] +)\'k2r)l+2v
k>1 k>1
> C*Zr(l+2\;) /DO dx
=2 L (o) + Ax2)l+2
oo,k = dy
=G 2ry142v
aen (cr+y*)
> 64)»_1/(2”.
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