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SPARSITY IN MULTIPLE KERNEL LEARNING

BY VLADIMIR KOLTCHINSKII! AND MING YUAN?
Georgia Institute of Technology

The problem of multiple kernel learning based on penalized empirical
risk minimization is discussed. The complexity penalty is determined jointly
by the empirical L, norms and the reproducing kernel Hilbert space (RKHS)
norms induced by the kernels with a data-driven choice of regularization pa-
rameters. The main focus is on the case when the total number of kernels is
large, but only a relatively small number of them is needed to represent the
target function, so that the problem is sparse. The goal is to establish oracle
inequalities for the excess risk of the resulting prediction rule showing that
the method is adaptive both to the unknown design distribution and to the
sparsity of the problem.

1. Introduction. Let (X;,Y;),i =1,...,n be independent copies of a ran-
dom couple (X, Y) with values in S x T, where § is a measurable space with
o-algebra A (typically, S is a compact subset of a finite-dimensional Euclidean
space) and T is a Borel subset of R. In what follows, P will denote the distribution
of (X, Y) and IT the distribution of X. The corresponding empirical distributions,
based on (X1, Y1), ..., (X,,Y,) and on (Xy, ..., X,), will be denoted by P, and
I1,, respectively. For a measurable function g: S x T — R, we denote

n
Pg ::/ gdP=Eg(X,Y) and P,g ;:/ gdPy=n"">"g(X;, Y.
SxT SxT =1

Similarly, we use the notations I1f and I1, f for the integrals of a function f: S
R with respect to the measures IT and IT,,.

The goal of prediction is to learn “a reasonably good” predictionrule f: S — R
from the empirical data {(X;, ¥;):i = 1,2, ..., n}. To be more specific, consider a
loss function £: T x R — R and define the risk of a prediction rule f as

P(to f)=ELY, f(X)),
where (£ o f)(x,y) =£(y, f(x)). An optimal prediction rule with respect to this
loss is defined as

fe=argmin P(£o f),
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Received November 2009; revised March 2010.
I'Supported in part by NSF Grants MPSA-MCS-0624841, DMS-09-06880 and CCF-0808863.
2Supported in part by NSF Grants MPSA-MCS-0624841 and DMS-08-46234.
AMS 2000 subject classifications. Primary 62G08, 62F12; secondary 62J07.
Key words and phrases. High dimensionality, multiple kernel learning, oracle inequality, repro-
ducing kernel Hilbert spaces, restricted isometry, sparsity.

3660


http://www.imstat.org/aos/
http://dx.doi.org/10.1214/10-AOS825
http://www.imstat.org
http://www.ams.org/msc/

SPARSITY IN MULTIPLE KERNEL LEARNING 3661

where the minimization is taken over all measurable functions and, for simplicity,
it is assumed that the minimum is attained. The excess risk of a prediction rule f
is defined as

EWo fy:=Po f)— P(o fy).

Throughout the paper, the notation a < b means that there exists a numerical
constant ¢ > 0 such that ¢~! < 5 < c. By “numerical constants” we usually mean
real numbers whose precise values are not necessarily specified, or, sometimes,
constants that might depend on the characteristics of the problem that are of little
interest to us (e.g., some constants that depend only on the loss function).

1.1. Learning in reproducing kernel Hilbert spaces. Let Hg be a reproducing
kernel Hilbert space (RKHS) associated with a symmetric nonnegatively definite
kernel K : § x § — R such that for any x € S, K, (:) ;= K(-,x) € Hg and f(x) =
(f, Kx)ny forall f € Hg [Aronszajn (1950)]. If it is known that if f, € Hk and
| fill#x <1, then it is natural to estimate f; by a solution f of the following
empirical risk minimization problem:

A

1 n
() f = argmin =Y £(Y;, f(X;)).

Il <t ;24

The size of the excess risk £(£ o f ) of such an empirical solution depends on the
“smoothness” of functions in the RKHS Hg. A natural notion of “smoothness”
in this context is related to the unknown design distribution I1. Namely, let Tx be
the integral operator from L, (IT) into L, (IT) with kernel K. Under a standard as-
sumption that the kernel K is square integrable (in the theory of RKHS it is usually
even assumed that S is compact and K is continuous), the operator Tk is compact
and its spectrum is discrete. If {A;} is the sequence of the eigenvalues (arranged
in decreasing order) of Tx and {¢} is the corresponding L, (IT)-orthonormal se-
quence of eigenfunctions, then it is well known that the RKHS-norms of functions
from the linear span of {¢y} can be written as

2
”f”%ix =3 M,

k>1 M

which means that the “smoothness” of functions in Hk depends on the rate of
decay of eigenvalues A; that, in turn, depends on the design distribution IT. It is
also clear that the unit balls in the RKHS Hg are ellipsoids in the space L, (IT)
with “axes” /Ax.

It was shown by Mendelson (2002) that the function

1/2
P (8) == (n_l > (A 52)> . 8el0,1],

k>1
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provides tight upper and lower bounds (up to constants) on localized Rademacher
complexities of the unit ball in Hx and plays an important role in the analysis
of the empirical risk minimization problem (1). It is easy to see that the func-
tion )7,12(«/5) is concave, ¥, (0) = 0 and, as a consequence, ,,(8)/§ is a decreasing
function of § and y,(8)/8 is strictly decreasing. Hence, there exists unique posi-
tive solution of the equation y,,(8) = § 2 If 8, denotes this solution, then the results
of Mendelson (2002) imply that with some constant C > 0 and with probability at
least 1 —e™'

E(of) < C(S,%Jr 5).
n

The size of the quantity Sﬁ involved in this upper bound on the excess risk de-
pends on the rate of decay of the eigenvalues A; as k — oo. In particular, if
Ak =< k2P for some B > 1/2, then it is easy to see that ,(8) =< n~1/2§1-1/2H)
and 82 =< n=2#/2F+D_Recall that unit balls in Hx are ellipsoids in L, (IT) with
“axes” of the order k—# and it is well known that, in a variety of estimation prob-
lems, n~2#/CP+1) represents minimax convergence rates of the squared L,-risk
for functions from such ellipsoids (e.g., from Sobolev balls of smoothness ), as
in famous Pinsker’s theorem [see, e.g., Tsybakov (2009), Chapter 3].

EXAMPLE. Sobolev spaces W*2(G), G C R? of smoothness o > d/2 is a
well-known class of concrete examples of RKHS. Let T9,d > 1 denote the d-
dimensional torus and let IT be the uniform distribution in T<. It is easy to check
that, for all « > d/2, the Sobolev space W*2(T?) is an RKHS generated by the
kernel K (x,y) = k(x — y), x, y € T, where the function k € L>(T?) is defined by
its Fourier coefficients

]gn:(|n|2+1)7a, n:(nl,...,nd)EZd, |n|2;:n%+...+n621_

In this case, the eigenfunctions of the operator Tk are the functions of the Fourier
basis and its eigenvalues are the numbers {(n>+ D “:ne Zd}. For d =1 and
o > 1/2, we have A; =< k=2 (recall that {A;} are the eigenvalues arranged in de-
creasing order) so, 8 = « and 52 = n~2%/Ce+D) ‘which is a minimax nonparametric
convergence rate for Sobolev balls in We2(T) [see, e.g., Tsybakov (2009), The-
orem 2.9]. More generally, for arbitrary d > 1 and o > d/2, we get 8 = «/d and
Sﬁ = n—2¢/Qa+d) \which is also a minimax optimal convergence rate in this case.
Suppose now that the distribution IT is uniform in a torus T4 < T¢ of dimension
d’ < d. We will use the same kernel K, but restrict the RKHS Hg to the torus
T4 of smaller dimension. Let d” = d — d’. For n € Z4, we will write n = (n’, n"")
with n’ € Z4 , n" € Z4" 1t is easy to prove that the eigenvalues of the operator Tk
become in this case

S (P P A DT = (P T,

n"ezd”
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Due to this fact, the norm of the space Hg (restricted to T is equivalent to the

norm of the Sobolev space we=d"/2.2(Td"y Since the eigenvalues of the operator
Tk coincide, up to a constant, with the numbers {(|n’|> + ~@=d"/2) .y e 741,
we get 53 = p~Qe=d")/Qa=d"+d) [yhich is again the minimax convergence rate
for Sobolev balls in W¥=4"/2.2(T4')]. In the case of more general design distribu-
tions IT, the rate of decay of the eigenvalues A and the corresponding size of the
excess risk bound 5,% depends on II. If, for instance, IT is supported in a submani-
fold § ¢ T¢ of dimension dim(S) < d, the rate of convergence of S,% to 0 depends
on the dimension of the submanifold S rather than on the dimension of the ambient
space T¢.

Using the properties of the function y,, in particular, the fact that y,(5)/$ is
decreasing, it is easy to observe that y,(8) < 5ud + S,%, 8 € (0, 1]. Moreover, if
¢ = &(K) denotes the smallest value of € such that the linear function €8 + €2, § €
(0, 1] provides an upper bound for the function y,(8),§ € (0, 1], then € < Sn <
2(+/5 — 1)71€. Note that ¢ also depends on 7, but we do not have to emphasize
this dependence in the notation since, in what follows, n is fixed. Based on the
observations above, the quantity 8, coincides (up to a numerical constant) with
the slope € of the “smallest linear majorant” of the form €8 + €2 of the function
¥« (8). This interpretation of §, is of some importance in the design of complexity
penalties used in this paper.

1.2. Sparse recovery via regularization. Instead of minimizing the empirical
risk over an RKHS-ball [as in problem (1)], it is very common to define the es-
timator f of the target function f, as a solution of the penalized empirical risk
minimization problem of the form

A 1
2 fizargmin[—zz(yi,f(xi))+€||f||(7x{Ki|,
fer LMo

where € > 0 is a tuning parameter that balances the tradeoff between the empiri-
cal risk and the “smoothness” of the estimate and, most often, « = 2 (sometimes,
o =1). The properties of the estimator f has been studied extensively. In par-
ticular, it was possible to derive probabilistic bounds on the excess risk £(£ o f)
(oracle inequalities) with the control of the random error in terms of the rate of
decay of the eigenvalues {A;}, or, equivalently, in terms of the function y, [see,
e.g., Blanchard, Bousquet and Massart (2008)].

In the recent years, there has been a lot of interest in a data dependent choice of
kernel K in this type of problems. In particular, given a finite (possibly large) dic-
tionary {K;:j =1,2,..., N} of symmetric nonnegatively definite kernels on S,
one can try to find a “good” kernel K as a convex combination of the kernels from
the dictionary:

N
A3) KeK:=1{> 0;K;j:0;>0,01+-+0y=1¢.
j=l1



3664 V. KOLTCHINSKII AND M. YUAN

The coefficients of K need to be estimated from the training data along with the
prediction rule. Using this approach for problem (2) with @ = 1 leads to the fol-
lowing optimization problem:

@) f = argmin(Py(Co f) +€ll £l )-

feHk

KeK
This learning problem, often referred to as the multiple kernel learning, has been
studied recently by Bousquet and Herrmann (2003), Crammer, Keshet and Singer
(2003), Lanckriet et al. (2004), Micchelli and Pontil (2005), Lin and Zhang (2006),
Srebro and Ben-David (2006), Bach (2008) and Koltchinskii and Yuan (2008)
among others. In particular [see, e.g., Micchelli and Pontil (2005)], problem (4)
is equivalent to the following:

A

(fiseoon f) = argl?l_in (Pn(EO(f1+---+fN))
5)
N
+eZ||fj||HKj),

J=1

which is an infinite-dimensional version of LASSO-type penalization. Koltchinskii
and Yuan (2008) studied this method in the case when the dictionary is large,
but the target function f; has a “sparse representation” in terms of a relatively
small subset of kernels {K; : j € J}. It was shown that this method is adaptive to
sparsity extending well-known properties of LASSO to this infinite-dimensional
framework.

In this paper, we study a different approach to the multiple kernel learning. It
is closer to the recent work on “sparse additive models” [see, e.g., Ravikumar et
al. (2008) and Meier, van de Geer and Biihimann (2009)] and it is based on a
“double penalization” with a combination of empirical L-norms (used to enforce
the sparsity of the solution) and RKHS-norms (used to enforce the “smoothness”
of the components). Moreover, we suggest a data-driven method of choosing the
values of regularization parameters that is adaptive to unknown smoothness of the
components (determined by the behavior of distribution dependent eigenvalues of
the kernels).

LetH; := HKj, j=1,...,N.Denote H := l.s.(Ui-Vzl H;) (“l.s.” meaning “the
linear span’), and

HN :={(hy,...,hy):hjeHj j=1,...,N}.

Note that f € H if and only if there exists an additive representation (possibly,
nonunique) f = f1 +---+ fn, where f; € H;, j=1,...,N. Also, HN) has a
natural structure of a linear space and it can be equipped with the following inner
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product:
N
((ft, ooy SN (815 - vy N )y 1= Z(fj, 8j)H,
j=1
to become the direct sum of Hilbert spaces H;, j =1,..., N.

Given a convex subset D C H™), consider the following penalized empirical
risk minimization problem:

(fi..... fy)=argmin |:P”(£°(fl+-'~+fN))
©6) (f1,-. fn)ED

N
+ D (€l fill o, + €11 IIH,)}.

j=1

Note that for special choices of set D, for instance, for D :={(f1,..., fn): fj €
Hj, I fillx; < Rj} for some R; >0, =1,..., N, one can replace each com-
ponent f; involved in the optimization problem by its orthogonal projections in
H; onto the linear span of the functions {K;(-, X;),i =1,...,n} and reduce the
problem to a convex optimization over a finite-dimensional space (of dimension
nN).

The complexity penalty in the problem (6) is based on two norms of the com-
ponents f; of an additive representation: the empirical Ly-norm, || fjl,(m,), With
regularization parameter €, and an RKHS-norm, || f; |l T with regularization pa-

rameter 612-. The empirical L>-norm (the lighter norm) is used to enforce the spar-
sity of the solution whereas the RKHS norms (the heavier norms) are used to en-
force the “smoothness” of the components. This is similar to the approach taken in
Meier, van de Geer and Biihlmann (2009) in the context of classical additive mod-
els, that is, in the case when S := [0, I]N, H; .= W""Z([O, 1]) for some smooth-
ness a > 1/2 and the space H; is a space of functions depending on the jth vari-
able. In this case, the regularization parameters €; are equal (up to a constant) to
n~%/2e+D The quantity 6]2~, used in the “smoothness part” of the penalty, coin-
cides with the minimax convergence rate in a one component smooth problem. At
the same time, the quantity €;, used in the “sparsity part” of the penalty, is equal
to the square root of the minimax rate (which is similar to the choice of regulariza-
tion parameter in standard sparse recovery methods such as LASSO). This choice
of regularization parameters results in the excess risk of the order dn—2%/Ze+1)
where d is the number of components of the target function (the degree of sparsity
of the problem).

The framework of multiple kernel learning considered in this paper includes
many generalized versions of classical additive models. For instance, one can think
of the case when § := [0, 1]"! x --- x [0,1]"N and H; = W2([0, 17™) is a
space of functions depending on the jth block of variables. In this case, a proper
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choice of regularization parameters (for uniform design distribution) would be
€= n—o/Qatmj) j=1,..., N (so, these parameters and the error rates for dif-
ferent components of the model are different). It should be also clear from the
discussion in Section 1.1 that, if the design distribution IT is unknown, the min-
imax convergence rates for the one component problems are also unknown. For
instance, if the projections of design points on the cubes [0, 1]™/ are distributed in
lower-dimensional submanifolds of these cubes, then the unknown dimensions of
the submanifolds rather than the dimensions m ; would be involved in the minimax
rates and in the regularization parameters €;. Because of this, data driven choice
of regularization parameters €; that provides adaptation to the unknown design
distribution IT and to the unknown “smoothness” of the components (related to
this distribution) is a major issue in multiple kernel learning. From this point of
view, even in the case of classical additive models, the choice of regularization
parameters that is based only on Sobolev type smoothness and ignores the design
distribution is not adaptive. Note that, in the infinite-dimensional LASSO studied

in Koltchinskii and Yuan (2008), the regularization parameter € is chosen the same

way as in the classical LASSO (e < loiN ), 80, it is not related to the smoothness

of the components. However, the oracle inequalities proved in Koltchinskii and
Yuan (2008) give correct size of the excess risk only for special choices of kernels
that depend on unknown “smoothness” of the components of the target function f,
s0, this method is not adaptive either.

1.3. Adaptive choice of regularization parameters. Denote

B (Kj(Xl, Xk))
! n Lk=1,n

This n x n Gram matrix can be viewed as an empirical version of the integral op-
erator Tk; from L, (IT) into L, (IT) with kernel K ;. Denote il(cj),k =12,...,
the eigenvalues of K; arranged in decreasing order. We also use the notation
A,Ej), k=1,2,..., for the eigenvalues of the operator TKJ. 1 Ly(IT) = Lo (IT) with

kernel K ; arranged in decreasing order. Define functions f,fj ), ﬁ,fj ),

n n

12 1/2
ey 1 ; T 1 Nz
A OE (; > :()w(cj) A 52)) and  7,7(8) := (; > :()‘/EJ) A 52)) :

k=1 k=1

and, for a fixed given A > 1, let

~ . AIOgN A() 2
@) €j:=infle > [——:9,/7(8) <ed +€°,¥5 € (0, 1];.
n

One can view €; as an empirical estimate of the quantity €; = €(K ;) that (as we
have already pointed out) plays a crucial role in the bounds on the excess risk in
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empirical risk minimization problems in the RKHS context. In fact, since most
often €; > /Alog N/n, we will redefine this quantity as

[AlogN _;
(8) ¢ ::inf{ez CO8T 5 D8) <es+ €2 V5 € (0,11}
n

We will use the following values of regularization parameters in problem (6):
€j = €, where 7 is a sufficiently large constant.

It should be emphasized that the structure of complexity penalty and the choice
of regularization parameters in (6) are closely related to the following bound on
Rademacher processes indexed by functions from an RKHS H g : with a high prob-
ability, for all h € Hg,

|Ru(h)] < CLECK) ] Lyrny + € (K 1l ).

Such bounds follow from the results of Section 3 and they provide a way to prove
sparsity oracle inequalities for the estimators (6). The Rademacher process is de-
fined as

n
Ru(f):=n""3 e f(X),
j=1
where {¢;} is a sequence of i.i.d. Rademacher random variables (taking values +1
and —1 with probability 1/2 each) independent of {X;}.

We will use several basic facts of the empirical processes theory throughout the
paper. They include symmetrization inequalities and contraction (comparison) in-
equalities for Rademacher processes that can be found in the books of Ledoux and
Talagrand (1991) and van der Vaart and Wellner (1996). We also use Talagrand’s
concentration inequality for empirical processes [see, Talagrand (1996), Bousquet
(2002)].

The main goal of the paper is to establish oracle inequalities for the excess risk
of the estimator f f1 +---+ fN In these 1nequahtles the excess risk of f is
compared with the excess rlsk of anoracle f := f1+---+ fn, (f1,..., fn) €D
with an error term depending on the degree of sparsity of the oracle, that is, on the
number of nonzero components f; € H; in its additive representation. The oracle
inequalities will be stated in the next section. Their proof relies on probabilistic
bounds for empirical Ly-norms and data dependent regularization parameters € ;.
The results of Section 3 show that they can be bounded by their respective pop-
ulation counterparts. Using these tools and some bounds on empirical processes
derived in Section 5, we prove in Section 4 the oracle inequalities for the estima-

tor f.

2. Oracle inequalities. Considering the problem in the case when the domain
D of (6) is not bounded, say, D = HN) | leads to additional technical complica-
tions and might require some changes in the estimation procedure. To avoid this,



3668 V. KOLTCHINSKII AND M. YUAN

we assume below that D is a bounded convex subset of H™), It will be also as-
sumed that, forall j =1,..., N,sup,.¢ K;(x,x) <1, which, by elementary prop-
erties of RKHS, implies that || |z, < | fjll»;, j =1,..., N. Because of this,

Rp:= sup |fi+ -+ fyllL, <+o00.
(f1,--» fN)ED

Denote R}, := Rp V || f«llL- We will allow the constants involved in the oracle
inequalities stated and proved below to depend on the value of R}, (so, implicitly,
it is assumed that this value is not too large).

We shall also assume that N is large enough, say, so that log N > 2loglogn.
This assumption is not essential to our development and is in place to avoid an
extra term of the order n~! loglogn in our risk bounds.

2.1. Loss functions of quadratic type. We will formulate the assumptions on
the loss function €. The main assumption is that, for all y € T', £(y, -) is a non-
negative convex function. In addition, we will assume that £(y,0), y € T is uni-
formly bounded from above by a numerical constant. Moreover, suppose that, for
all y e T, €(y, -) is twice continuously differentiable and its first and second deriv-
atives are uniformly bounded in T x [—R7,, R};]. Denote

2 2
©  mR) = inf inf 20 Ry = L up sup LED0
2 yeT lu|l<R  Ou? yeT |u|<R du?
and let m :=m(R},), My := M(R})). We will assume that m, > 0.
Denote

rel4
_(yv I/l)
u

Ly := sup
lu|<R},,yeT

Clearly, for all y € T, the function £(y, -) satisfies Lipschitz condition with con-
stant L.

The constants m., M., L, will appear in a number of places in what follows.
Without loss of generality, we can also assume that m, < 1 and L, > 1 (otherwise,
m, and L, can be replaced by a lower bound and an upper bound, resp.).

The loss functions satisfying the assumptions stated above will be called the
losses of quadratic type.

If ¢ is a loss of quadratic type and f = f1 +--- + fw, (f1,..., fn) € D, then

(10) mall f = fel Ly SEWo0 ) < Myl f = fill 1ym)-

This bound easily follows from a simple argument based on Taylor expansion and
it will be used later in the paper. If H is dense in L, (IT), then (10) implies that

(11) fiI€17f{P(50f)=fEiLI;f(n)P(€0f)=P(€0f*)-
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The quadratic loss £(y, u) := (y — u)? in the case when T C R is a bounded
set is one of the main examples of such loss functions. In this case, m(R) =1 for
all R > 0. In regression problems with a bounded response variable, more general
loss functions of the form £(y,u) := ¢ (y — u) can be also used, where ¢ is an
even nonnegative convex twice continuously differentiable function with ¢ uni-
formly bounded in R, ¢(0) =0 and ¢” (1) > 0, u € R. In classification problems,
the loss functions of the form £(y, u) = ¢ (yu) are commonly used, with ¢ being
a nonnegative decreasing convex twice continuously differentiable function such
that, again, ¢” is uniformly bounded in R and ¢” (1) > 0, u € R. The loss function
¢ (u) =log, (1 + e™") (often referred to as the logit loss) is a specific example.

2.2. Geometry of the dictionary. Now we introduce several important geomet-
ric characteristics of dictionaries consisting of kernels (or, equivalently, of RKHS).
These characteristics are related to the degree of “dependence” of spaces of ran-
dom variables H; C L>(IT), j =1,..., N and they will be involved in the oracle
inequalities for the excess risk £(¢ o f ).

First, for J C {1,..., N} and b € [0, +o¢], denote

b
= {(hl, ) € HM S il <6 Y ||h,-||L2(n)}.
jéJ jeJ

Clearly, the set C&b) is a cone in the space H™) that consists of vectors
(hi,...,hy) whose components corresponding to j € J “dominate” the rest of
the components. This family of cones increases as b increases. For b =0, C &b) co-
incides with the linear subspace of vectors for which 2; =0, j ¢ J. For b = 400,
C gb) is the whole space H™).

The following quantity will play the most important role:

B, (J; I1) i= Bap(J)

1/2
:=inf{,3>0:<Z||hj||%z(l'l)) =P

jeJ

k]

Ly (1)

N
>,

Jj=1

(hl,...,hN)ec§b)}.

Clearly, B2 5(J; IT) is a nondecreasing function of b. In the case of “simple dic-
tionary” that consists of one-dimensional spaces similar quantities have been used
in the literature on sparse recovery [see, e.g., Koltchinskii (2008, 2009a, 2009b,
2009¢); Bickel, Ritov and Tsybakov (2009)].

The quantity S 5 (J; IT) can be upper bounded in terms of some other geomet-
ric characteristics that describe how “dependent” the spaces of random variables
H; C Lo(IT) are. These characteristics will be introduced below.



3670 V. KOLTCHINSKII AND M. YUAN

Givenhj e Hj, j=1,..., N,denote by k({h; : j € J}) the minimal eigenvalue
of the Gram matrix ({(h;, hi)r,m))jkes- Let

(12) k(J) :=inf{/<({hj cJe€JIDhjeHj NhjllL,am = 1}.
We will also use the notation
(13) Hy =1.s.(U Hj>.

jedJ

The following quantity is the maximal cosine of the angle in the space L (IT)
between the vectors in the subspaces H; and H; for some 7, J C {1,..., N}

(fs &)L,
| fllz,amllgllLycm

(14) p(I,J)::sup{ :feHI,geHj,f;éO,g;éO}.
Denote p(J) := p(J, J¢). The quantities p(/, J) and p(J) are very similar to the
notion of canonical correlation in the multivariate statistical analysis.

There are other important geometric characteristics, frequently used in the the-
ory of sparse recovery, including so called “restricted isometry constants” by
Candes and Tao (2007). Define §,(IT) to be the smallest § > O such that for all
(hi,....,hy) e H™) and all J C {1,..., N} with card(J) =d,

1/2 1/2
(1- a)(z ||hj||%2(n)> =|2_h) =a +8>(Z llhju%z(m) :
jedJ

jedJ jeJ

L>(IT)

This condition with a sufficiently small value of §;4(IT) means that for all choices of
J with card(J) = d the functions in the spaces H, j € J are “almost orthogonal”
in Lo (IT).

The following simple proposition easily follows from some statements in
Koltchinskii (2009a, 2009b), (2008) (where the case of simple dictionaries con-
sisting of one-dimensional spaces H; was considered).

PROPOSITION 1. Forall J C{1,...,N},
1

,32,00(-]; Il < .
Ve = p2(J)

Also, if card(J) =d and 634(I1) < &, then By p(J; IT) < 4.

Thus, such quantities as B2 oo (J; IT) or B2 p(J; IT), for finite values of b, are
reasonably small provided that the spaces of random variables H;, j =1,..., N
satisfy proper conditions of “weakness of correlations.”
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2.3. Excess risk bounds. We are now in a position to formulate our main the-
orems that provide oracle inequalities for the excess risk £(€ o f ). In these the-
orems, £({ o f ) will be compared with the excess risk £(£ o f) of an oracle
(f1,..., fn) € D. Here and in what follows, f := f + --- + fy € H. This is
a little abuse of notation: we are ignoring the fact that such an additive representa-
tion of a function f € H is not necessarily unique. In some sense, f denotes both
the vector (fi, ..., fv) € HN) and the function fi +---+ fy € H. However, this
is not going to cause a confusion in what follows. We will also use the following
notation:

Jr={1<j<N:f;j#0} and d(f):=card(Jy).

The error terms of the oracle inequalities will depend on the quantities €; =
€(K ;) related to the “smoothness” properties of the RKHS and also on the geomet-
ric characteristics of the dictionary introduced above. In the first theorem, we will
use the quantity B2 ~(Js; IT) to characterize the properties of the dictionary. In
this case, there will be no assumptions on the quantities € : these quantities could
be of different order for different kernel machines, so, different components of the
additive representation could have different “smoothness.” In the second theorem,
we will use a smaller quantity S8 , (J; IT) for a proper choice of parameter b < oo.
In this case, we will have to make an additional assumption that € jpJj=1...,N
are all of the same order (up to a constant).

In both cases, we consider penalized empirical risk minimization problem (6)
with data-dependent regularization parameters €; = té;, where €;, j =1,..., N
are defined by (7) with some A > 4 and t > BL, for a numerical constant B.

THEOREM 2. There exist numerical constants C1, Co > 0 such that, for all all
oracles (f1, ..., fn) € D, with probability at least | — 3N ~4/2,

N N
E(lo f)+C (T Y&l —fleLz(n)JrTzZéJz-llfjllHj)
=1

j=1
(15) )
By, 1D
<26o )+ G ¥ (22 L2 iy )
k My :
JEJ§
This result means that if there exists an oracle ( f1, ..., fy) € D such that:

(a) the excessrisk £(£ o f) is small;

(b) the spaces H;, j € Jy are not strongly correlated with the spaces H;, j ¢ Jy;
(¢) Hj, j € Jy are “well posed” in the sense that « (J¢) is not too small;

@ I fjlln i»J € Jyare all bounded by a reasonable constant,

then the excess risk £(£ o f ) is essentially controlled by 3 ;c; ¢ éjz-. At the same
time, the oracle inequality provides a bound on the L, (IT)-distances between the
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estimated components fj and the components of the oracle (of course, everything
is under the assumption that the loss is of quadratic type and m, is bounded away
from 0).

Not also that the constant 2 in front of the excess risk of the oracle £(£ o f) can
be replaced by 1 + § for any § > 0 with minor modifications of the proof (in this
case, the constant C, depends on § and is of the order 1/§).

Suppose now that there exists € > 0 and a constant A > 0 such that

ﬂ'\(|\_‘

Al <L <, j=1,...,N.

THEOREM 3. There exist numerical constants Cy1, C2, b > 0 such that, for all
oracles (f1, ..., fn) € D, with probability at least 1 — 3N ~4/2,

. f L& . PREAR
Elo f)+ f(re SN = fillaay + %€ ||fj||Hj)
(16) = P =
2 f’
Db+ Y ||fj||Hj).

<28(o f)+ C2A12€2<
jelf

*

As before, the constant 2 in the upper bound can be replaced by 1 + §, but, in
this case, the constants C» and b would be of the order % The meaning of this
result is that if there exists an oracle (f1, ..., fn) € D such that:

(a) the excess risk £(£ o f) is small;
(b) the “restricted isometry” constant §34(I1) is small for d = d(f);
© IIfilln i»J € Jyare all bounded by a reasonable constant,

then the excess risk £ g(i ) f ) is essentially controlled by d( f )é2. At the same time,
the distance Z?’: 1 1f; = fillL,(m) between the estimator and the oracle is con-

trolled by d(f)€. In particular, this implies that the empirical solution ( fl, ey f N)
is “approximately sparse” in the sense that il | £,y is of the order d( f)€.

REMARKS. 1. It is easy to check that Theorems 2 and 3 hold also if one re-
places N in the definitions (7) of €; and (8) of €; by an arbitrary N > N such
that log N > 2loglogn (a similar condition on N introduced early in Section 2
is not needed here). In this case, the probability bounds in the theorems become
1 —3N~4/2, This change might be of interest if one uses the results for a dictionary
consisting of just one RKHS (N = 1), which is not the focus of this paper.

2. If the distribution dependent quantities €;, j =1,..., N are known and used
as regularization parameters in (6), the oracle inequalities of Theorems 2 and 3
also hold (with obvious simplifications of their proofs). For instance, in the case
when S = [0, 1]V, the design distribution IT is uniform and, foreach j =1, ..., N,
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H; is a Sobolev space of functions of smoothness « > 1/2 depending only on the
Jjth variable, we have €; < n~%/ Qe+ Taking in this case

¢ =1 [n—/CatD) |Alog N
J n

would lead to oracle inequalities for sparse additive models is spirit of Meier,
van de Geer and Biihlmann (2009). More precisely, if H; := {h € w20, 1]:

fol h(x)dx = 0}, then, for uniform distribution IT, the spaces H; are orthogonal
in Ly(IT) (recall that ; is viewed as a space of functions depending on the jth
coordinate). Assume, for simplicity, that £ is the quadratic loss and that the re-
gression function f; can be represented as fi =3 c; fx j, Where J is a subset
of {1,..., N} of cardinality d and || fy, ; ||H,~ < 1. Then it easily follows from the

bound of Theorem 3 that with probability at least 1 — 3N ~4/2

(c/‘(f) — ”f _ f* ”%2(1_[) S Crzd(nZa/(ZaJrl) \V4 IqlngN>
Note that, up to a constant, this essentially coincides with the minimax lower bound
in this type of problems obtained recently by Raskutti, Wainwright and Yu (2009).
Of course, if the design distribution is not necessarily uniform, an adaptive choice
of regularization parameters might be needed even in such simple examples and
the approach described above leads to minimax optimal rates.

3. Preliminary bounds. In this section, the case of a single RKHS Hg as-
sociated with a kernel K is considered. We assume that K (x,x) < 1,x € S. This
implies that, for all h € Hg, [|hllL,) < 1ALy < 1Al -

3.1. Comparison of || - ||L,(n,) and || - | ,(my. First, we study the relationship
between the empirical and the population L norms for functions in Hg.

THEOREM 4. Assume that A > 1 and log N > 2loglogn. Then there exists

a numerical constant C > 0 such that with probability at least 1 — N~ for all
heHg

A7) Il Ly < C(I17 Nl Ly, + €Nl )
(18) Il Ly < C(IAll Ly 4 EllRllHg )
where

g =&(K)
(19)

Alog N
::inf{ez‘/ BT B sup |Ru(h)| <es+e2Vse (017}
n Ihllpg =1

Al Ly (<8
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PROOF. Observe that the inequalities hold trivially when 2 = 0. We shall
therefore consider only the case when /2 # 0. By symmetrization inequality,

20) E sup |(TT, — T)A?| <2E sup IR, (h?)|
I3, =1 Il =1
277 <||h)| Ly my <279 F1 277 <||h)| Ly my <279 F]

and, by contraction inequality, we further have

2 E sup |(TT,, — TA?| < 8E sup |Ru()].
Il =1 Il =1
277 <lhllLym =277+ 277 <[kl Ly =270

The definition of € implies that

E sup |(TT,, — A2
Il =1
27 <kl Ly <277+
(22) .
<8E sup IR, (h)| < 8(e2~ 711 + &%).
Il =1
12l Ly my <2=9+!

An application of Talagrand’s concentration inequality yields

2
sup |(IT, — TDA~|
7ll7 =1
27 <kl Ly <27+

< 2(IE sup |(T1,, — TD)A?|
3¢ =1
27 <|lhllpymy<2~/H!

4ot /t—|—210gj+t+210gj>
n n
. [t+2logj 1+2log)
532(52‘]+52+2—f‘/ Tooe) 1T 0g]>
n n

with probability at least 1 — exp(—¢ — 2log j) for any natural number j. Now, by
the union bound, for all j such that 2log j <7,

2
sup |(IT, — TDA~|
7l =1
277 <|lhllLymy<27iF1

. [t ¥ 2logi t+2logi
532<ézf+éz+2f,/ tzlogs  IH ng>
n n

(23)
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with probability at least

1— Y exp(—t—2logj)=1—exp(—t) Y.  j°
j:2logj<t j:2logj<t
(24)
>1—2exp(—1).
Recall that € > (Alog N/n)'/? and ||i| L, < Ikl - Taking t = Alog N +
log4, we easily get that, for all 7 € Hg such that ||l =1 and ||l r,m) >
exp{—N*/2},
(25) (T, = A?| < CEllhll Ly + %)
with probability at least 1 —0.5N ~4 and with a numerical constant C > 0. In other
words, with the same probability, for all 4 € H g such that 120z, > exp{—N4/2},

Tl
(26) (T, — IA?| < C(ENrll Ly Il + €115, )-
Therefore, for all h € Hg such that

h
o7 Al L,y > exp(—NA/2)

17175
we have

A7, my = TA* < 1R117,n,) + CENRI Ly Al + €2 N1h1I, ).
I1ANZ, 1,y = Tah® < IRNZ, ) + CENAN Ly 1Rl + EXMIRNF,)-
It can be now deduced that, for a proper value of numerical constant C,
1Al Ly < C(NR Ny, + €Nl N1, )  and
IR0y, < C (AN Loy + €Nl )-

It remains to consider the case when

(28)

121l Ly -
Al g

Following a similar argument as before, with probability at least 1 — 0.5N ™4,

sup |(TT,, — TT)h?|
IRll7¢ =1
121l (rmy <exp(—N4/2)

AlogN AlogN

Under the conditions A > 1,log N > 2loglogn,

Alog N\ /2
(30) éz( o8 ) > exp(—N*/2).

(29) exp(—N4/?).

n
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Then
(31) sup (M, — A?| < C&?
Il =1
121l (rm) <exp(—N4/2)

with probability at least 1 — 0.5N~4, which also implies (17) and (18), and the
result follows. [

Theorem 4 shows that the two norms ||A ||z, ) and |||z, are of the same
order up to an error term € ||/ {74, .

3.2. Comparison of €(K), €(K), €(K) and é€(K). Recall the definitions

0o 1/2

Va(8) := (n—l > (e A 52>> . 8e(0.1],
k=1

where {A;} are the eigenvalues of the integral operator Tg from L, (IT) into Lo (IT)

with kernel K, and, for some A > 1,

Alog N
E(K)::inf{ez‘/ BN () <es+e2V8e (0,11},
n

It follows from Lemma 42 of Mendelson (2002) [with an additional application
of Cauchy—Schwarz inequality for the upper bound and Hoffmann—Jgrgensen in-
equality for the lower bound; see also Koltchinskii (2008)] that, for some numeri-
cal constants Cy, Cy > 0,

n 1/2
C1<n12(kk/\82)) —n'<E sup |Rn(h)|
k=1 A1l =1

17l =8

n 1/2
< c2<n—‘ > /\82)> :

k=1

(32)

This fact and the definitions of €(K), €(K) easily imply the following result.

PROPOSITION 5. Under the condition K (x,x) <1,x € S, there exist numer-
ical constants C1, Co > 0 such that

(33) Cie(K) < €(K) = C2é(K).

If K is the kernel of the projection operator onto a finite-dimensional subspace
.. o _ [dim(Hg) : o
Hg of Ly(T1), it is easy to check that €(K) =< /== (recall the notation a < b,

which means that there exists a numerical constant ¢ > 0 such that ¢! <a/b < ¢).
If the eigenvalues A decay at a polynomial rate, that is, Ay =< k~2# for some 8 >
1/2, then é(K) =< n—A/@A+D),
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Recall the notation

12
AlogN (1. .
(34) é(K)::inf{ez,/ o8 :(—Z(kasz)> <es+eX Ve (0,11},
n l’lk:]

.....

It follows again from the results of Mendelson (2002) [namely, one can follow
the proof of Lemma 42 in the case when the RKHS Hx is restricted to the sam-
ple X1, ..., X, and the expectations are conditional on the sample; then one uses
Cauchy—Schwarz and Hoffmann—Jgrgensen inequalities as in the proof of (32)]
that for some numerical constants C1, C, > 0

n 1/2
cl(n—ldeAaz)) —n"'<E.  sup  |Ry(h)]

k=1 172117 5 =1
NAllLy (1, <6
(35) ) 1/2
<C (n—l Y G A 82)) :
k=1
where E, indicates that the expectation is taken over the Rademacher random vari-
ables only (conditionally on X1, ..., X},). Therefore, if we denote by
Alog N
(36) €(K) ::inf{ez g :Ee  sup |Rn(h)|§€5+62,\7’3€(0,1]}
n Wl =1
AallLy () <6

the empirical version of €(K), then €(K) =< €(K). We will now show that €(K) =<
€(K) with a high probability.

THEOREM 6. Suppose that A > 1 and log N > 2loglogn. There exist numer-
ical constants C1, Cy > 0 such that
(37 Cie(K) < €(K) = C2é(K),
with probability at least | — N™4.

PROOF. Let ¢ := AlogN + log14. It follows from Talagrand concentration
inequality that

E sup |Rn(h)|
172l =1
277 <Al y@my<27iF1

. r+21 j r+21 j
52< sup |Ral)| +277* e 0g]>
1Al =1 n n

27 <|lhllpyamy<2=/H!
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with probability at least 1 —exp(—¢ —21log j). On the other hand, as derived in the
proof of Theorem 4 [see (23)]

2
sup |(IT, — TDA~|
Il =1
27 <kl L,y <277+

| 121 t+2log i
5;32<5214- 4o fit2loer 1 0g]>
n n

with probability at least 1 — exp(—t — 2log j). We will use these bounds only
for j such that 2logj <. In this case, the second bound implies that, for
some numerical constant ¢ > 0 and all & satisfying the conditions ||A|ly, =
1,277 < ||hll,any < 277F), we have ||Allpym,) < c(27/ + &) (again, see the
proof of Theorem 4). Combining these bounds, we get that with probability at
least 1 — 2exp(—t — 2log j),

E sup | R ()]
7l =1
27 <|lhllpy@my<2~/H!

1 [t+2logj t+2logj
52( sup  |R, ()| +277/! u =t . Og]>,
1Al =1 n n

Al Ly 1,y <cd;

(38)

where §; =€ +277.
Applying now Talagrand concentration inequality to the Rademacher process
conditionally on the observed data X1, ..., X, yields

sup  |Rp(h)] =< 2(Eg sup  |Ry(h)]
Al g =1 09 =1
ALy (1, <cdj AllLy () <cdj

f+2logj t+2logj
+C8;f : 8J : gj>,

with conditional probability at least 1 — exp(—¢ — 21og j). From this and from the
previous bound it is not hard to deduce that, for some numerical constants C, C’
and for all j such that 2log j <t¢,
E sup |Rn(h)]
Il =1
27 <Al Ly <27/ +!

t+2logj t+2logj
sC’(Ee sup  |Ra(h)] + 8,/ A gf)
Il =1 n n

Al Ly (i, <cdj
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<C@E;+&)<c@E2+ee+é&

with probability at least 1 —3 exp(—¢ —21og j). In obtaining the second inequality,

we used the definition of € and the fact that, for r = Alog N 4+ log14,2log j <t,

c1€ > (t + 2log j/n)'/?, where ¢ is a numerical constant. Now, by the union
bound, the above inequality holds with probability at least

(39) 1-3 > exp(—t—2logj)>1—6exp(—1)
j:2logj<t

for all j such that 2log j <t simultaneously. Similarly, it can be shown that
E sup IRy (h)| < C(Eexp(—NA/?) f&& + &)

7l =1
1211 L, 1) <exp(—N4/2)

with probability at least 1 — exp(—t).
Fort = Alog N + log 14, we get

(40) E sup |Ry(h)| < C(E+ &+ &%),
I3 =1
1Al Ly my=é

for all 0 < & < 1, with probability at least 1 — 7exp(—t) = 1 — N~4/2. Now by
the definition of €, we obtain

(41) € < Cmax{é, (ée +&H1/?y,

which implies that € < C& with probability at least 1 — N~4/2.
Similarly one can show that

(42) Ee sup |Ry(h)| < C (&S + &+ &%),
IRl =1
Al Ly my <8

for all 0 < § < 1, with probability at least 1 — N —A /2, which implies that € < Ce
with probability at least 1 — N =4 /2. The proof can then be completed by the union
bound. U

Define
&= &(K)
(43)
Alog N
::inf{ez BN . sup  [Re()| <es+e2V8e (0,11}
n g =)
AallLy <8

The next statement can be proved similarly to Theorem 6.
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THEOREM 7. There exist numerical constants C1, Cy > 0 such that
(44) Cie(K) < €(K) < Cre(K)
with probability at least 1 — N™4.

Suppose now that {Ky,..., Ky} is a dictionary of kernels. Recall that €; =
€(Kj),é;j=€(K;)and é; = €(K).

It follows from Theorems 4, 6, 7 and the union bound that with probability at
least 1 —3N A+l forall j=1,...,N

120,y < C(IAllLym,) + € l1Rln ),
1202y, < CUAN Ly + €jl1R 1), heHr;,

(46) C]Ej < é\j < CQEj and C]Ej < gj < ngj.

(45)

Note also that
3N"AT =exp{—(A — 1) log N +log3} < exp{—(A4/2)logN} = N4/,

provided that A > 4 and N > 3. Thus, under these additional constraints, (45) and
(46) hold for all j =1,..., N with probability at least 1 — N —4/2,

4. Proofs of the oracle inequalities. For an arbitrary set J C {1,..., N} and
b € (0, +00), denote

@7 kP .= {(fl, s SN €HM S E N filLoamy < b Zé,-||f,-||L2<m}
j¢J jel
and let
ﬂbm=inf{ﬂ20:zéj||fj|u2m>sﬂ||f1+---+fN||L2<n>,
(48) d
(f],...,fN)EIC(Jb)}.

It is easy to see that, for all nonempty sets J, B,(J) > maxjcy€; >,/ AIOgN
Theorems 2 and 3 will be easily deduced from the following technical result

THEOREM 8. There exist numerical constants C1,Ca, B > 0 and b > 0 such
that, for all T > BL, in the definition of e ; = té€j, j = 1,..., N and for all oracles
(f1,..-, Jn) €D,

N N
(49) Eto f)+C (Z &l f5 = FillLaam + Y rzé}nf,-nH,)

j=1 j=1

(J
(50) 525(6of)+02f2(2 G115l + ﬁbng f)>

JEJ§
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with probability at least 1 — 3N~A/2. Here, A > 4 is a constant involved in the
definitions of €;,€;, j=1,...,N.

PrROOF. Recall that

(fl,...,fN):: arg min |:Pn(50(f1+---+fN))
(f1,--, fN)ED

N
+ Z(T@jllfjlle(nn) + TZ@JZ-IIijIH,-)},

Jj=1

and that we write f := fi + --- + fN,f = ﬁ + -+ fN. Hence, for all
(f1,.--. JN)ED,

N

Puo )+ Y (téll fill Loy + T2€5 1 £llx,)
j=1

N

< Pulto )+ Y (Téjl fillaam, + TN £ llag;)-
j=1

By a simple algebra,

N
Eo )+ (&l fillamy + 7220 fillne,)
j=1

N
<EWo )+ Y (&l fillLaam,y + T fillae;)
j=1

+|(Pa = P)(to f—to f)
and, by the triangle inequality,

N
EWo Y+ Y &l il + Y & 1 filla,

j#dy j=1
<EWo Y+ Y &l fi — fillLamy
JeJf
+ Y NSl +1(Pa— PY(Eo f — Lo f)].
JEJ§

We now take advantage of (45) and (46) to replace €;’s by €;’s and || - || 1,11,
by || - llL,(m)- Specifically, there exists a numerical constant C > 1 and an event £
of probability at least 1 — N~4/2 such that

1 c. .
(1)) —Smin{i—J:jzl,...,N}Smax{f—]:jzl,...,N}§C
c €j €

A
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and, forall j=1,..., N,

(52) E”fj”Lg(l’I) — &l fillr; < W filloay < CULFillLyam + €l fillag)-

Taking t > C/(C — 1), we have that, on the event E,

N
E@o Y+ Y téill fillLymy + D T filla,

iEJy j=1

. 1 A N
>E(o f) + E( > wE il fillamy + Y fzefllfjlln,)

JEJf j=1

1 /1 4 A N
Zf(EOf)-l-E(Z f6j<5||fj||L2(n) —EjllijIHj> +_2:1T26J2-||fjllnj>
J:

i¢ly

A 1 - A N _ A
>E(Lo f) + 3< Y té il fillam + Y rze,z-nfjnHj).

JESf j=1

Similarly,

EWo )+ D (téjllfj = FillLamy + 1271 £lln,)
jeJy

<EWUo [+ C* Y (&l fj — FillLamy + T2 £l
JEJF
<ELo HH+CP > & (I fi — fil Lo + &l 5 — fillw,)

JEJF

2 2=2
+C?2 Y TE N filln,
jEJf

<EWo H+C* > 1 (If; — fillaam + €l filln; +5j||fj||Hj)
JEJ§

+C2 Y E fillng
JEJ§
<EWo f)+2C3 Y (&l fi = fillLam + T2 filln,)
jGJf

3 =2 7
+C7 Y0 & il
JEJ§
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Therefore, by taking t large enough, namely t > C TV (2C%), we can find nu-
merical constants 0 < C; < 1 < C» such that, on the event E,

5(£of>+cl(2 &1 fill Ly + Zr N ||H,)

JEJr
<EWUo )+ Ca Y (Tl fi = FillLamm + T N fillae;)
jEJf
+1(Py— P)(to f—tof).

We now bound the empirical process |(P, — P)(£o f Lo f)|, where we use the
following result that will be proved in the next section. Suppose that f = Z —1 fj
fi€Hjand || fllL, <R (we will need it with R = R7},). Denote

N
GA_, AL R)=1g:Y éjllgj — fillL,am < A,

N
T,

N

=2
Y Ellgj — fillw; <Ay,
L =

SR}.
Loo

LEMMA 9. There exists a numerical constant C > 0 such that for an arbitrary
A > 1 involved in the definition of €;, j =1, ..., N with probability at least 1 —
2N~A2 for all

(53) A_<eV, Ay <eV,

the following bound holds:

54) sup |(Pn—P)(€og—Zof)|§CL*(A_+A++6_N).
g€G(A_,AL,R})

Assuming that

N

N
(55) Y Eilfi— fillm <€, Y &S — fillwg <€V
=1

and using the lemma, we get

5(£Of)+C1<Z TéjllfJ||L2<n)+ZT €5 ||f;||HJ)

J¢Jr

<EWS )+ Co Y (Tl fi — filaay + T2 1 £ll;)
JEJf
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+C3Ly Y (1 fi = fillLamn + N F5 = fillr) + CsLye™
j=1

<EWS )+ Co Y (Tl fi — filLaam + T 1 £illx;)
JEJF

N
+ C3L, Z(Ejllfj — fillL,am +€,2-||fj||H, +€,2-||fj||H,~)
=1

+C3L.e N

for some numerical constant C3 > 0. By choosing a numerical constant B properly,
T can be made large enough so that 2C3L, < 7C| < (3. Then, we have

Eo f)+ 261(2 &1l fill Ly + Zr 1 fillag )

s
(56) <EWUo f)+2C Y (Tl f5 — fillamy + T2 1 £ill;)
JEJ¥
+(C2/Te™,

which also implies

N N
Elo f)+ c1 (Z &l fi = fillaam + Y rzgiuf,-uu,-)

j=1

(57) <o f)+ (2C2 + ) S &t — Filla

JEJ§
+2Ct* Y &N £l + (Ca/2Te™
JEJf
We first consider the case when

462 Y &l fj = fillym = EWo ) +2C2 Y. & fjlln,
jedys jedy

(58) N
+(C2/2)te
Then (56) implies that
~ 1 A N,
EWo )+ 50(2 il fill,am + )T 5;||fj||H,->
J¢Jy j=1
(59)

<6Cy Y €l f — fillaa.
jGJf
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which yields
_ oA 12C» _ A
(60) > ijlIf;Ile(n)SC— > &l fi = fillLa-
JESf L jeuy

Therefore, (f] —fly.en, fN —fn) € IC(be) with b := 12C,/ Cy. Using the definition
of By(Jy), it follows from (57), (58) and the assumption C; < 1 < C, that

j=1

A1 N N
Eto f)+5Ci (Z &l fi = fillaam + Y rze§||fj||ﬁj)
j=l1

C .
< (6c2 + 71>rﬂb<ff>||f ~

<7CatBp (I f = fill Loy + ILfs = f o)
Recall that for losses of quadratic type
61) EWo f)=melf— fili,my and EEo f)=mlf— fill1,m)-
Then

1 N N
Eto f)+5C (Z &l f5 = fillLaam + Y rzeinf,-nuj)
j=1 j=1

<T7tComV2B(J ) (EV2 (Lo f) +EV2(Uo f)).

Using the fact that ab < (a® 4 b?)/2, we get
62)  TtCom; ' B(IEY (Lo f) < (49/2)T*CIm BRI ) + SEo f)
and
63)  TtCom; ' PB(Jp)EYA(C o f) < 49/ Cim BRI ) + 1o ).
Therefore,

N N

EWo f)+C1 Y t&ll fillymm + Ci Y T fillng
-~ j=1 j=1
<E&Wo f)+100T2Cim; B (J 7).

‘We now consider the case when

4C; " &l fi = fillam

JeJy

<E(o f)+2Cy Y. P& | filln, + (Co/2Te™.
JEJ§

(65)
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It is easy to derive from (57) that in this case

N
Eto f)+ cl(zre,uf, fj||L2(n)+2125]2'||fj||71_,~>
Jj=1 Jj=1

(66)

3 C ) )
( +é)(g(gof>+2c2]§f.[2612“fj”7‘fj+(C2/2)T€ N>‘

Since Bp(Jf) =/ AlngN [see the comment after the definition of 8;(J)], we have

Alog N
re N < rz‘/i < fzﬂg(ff),
n

where we also used the assumptions that log N > 2loglogn and A > 4. Substitut-
ing this in (66) and then combining the resulting bound with (64) concludes the
proof of (49) in the case when conditions (55) hold.

It remains to consider the case when (55) does not hold. The main idea is to
show that in this case the right-hand side of the oracle inequality is rather large
while we still can control the left-hand side, so, the inequality becomes trivial. To
this end, note that, by the definition of f , for some numerical constant ¢y,

P(eof>+Zre,||f,||L2<nn>+r2 H Fillag) < ”Za ;0) <c

j=l1

[since the value of the penalized empirical risk at f is not larger than its value
at f =0 and, by the assumptions on the loss, £(y, 0) is uniformly bounded by a
numerical constant]. The last equation implies that, on the event E defined earlier
in the proof [see (51), (52)], the following bound holds:

Z

1 4 A N2 2 2
ei( G = &1 ) + 3 8y < e
Jj=l1

GIH

Equivalently,

2

N N
T _ T _ ~
&3 Lo + (5- %) X8y <a
j=1 j=1
As soon as T > 2C, so that rz/C2 —7/C> 12/(2C2), we have

N N
(67) Ty &l fillyam + 72 Y & fillng <201C2
j= j=1
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Note also that, by the assumptions on the loss function,
Eo f)<Ptof)
<EUY;0)+|P(Co f) = P(o0)

(68)
N

<cr+ Ll fllymm < e+ Lo Y N fllyam
j=1

<1202, |
c c -,
= ! “r\ AlogN

where we used the Lipschitz condition on ¢, and also bound (67) and the fact that
€j > «/Alog N /n (by its definition).

Recall that we are considering the case when (55) does not hold. We will con-
sider two cases: (a) when eV < ¢3, where ¢3 > ¢ is a numerical constant, and (b)
when eV > c3. The first case is very simple since N and # are both upper bounded
by a numerical constant (recall the assumption log N > 2loglogn). In this case,

Br(Jr) =/ AIOTgN is bounded from below by a numerical constant. As a conse-
quence of these observations, bounds (67) and (68) imply that

N N
E(to f)+C (Z T&ill fill Lo + Y rzé,"?nf,-nﬁj)
j=1 j=1
< CBi(Up)
for some numerical constant C, > 0. In the case (b), we have
N A N A
S &N = fillaa + Y N F — filln, = eV
and, in view of (67), this implies
N N
Y Gl fillaam + DNl = eV —er/2= eV 2.

So, either we have
N
Y Elfilln, = e /4
j=1

or

N
D &l fillam = eV /4.
j=1
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Moreover, in the second case, we also have

Alog N N
> &N filleoam
=1

N
_2

> éllfillag =

j=1

Alog N
> (N /4y [ 2222
n

In both cases we can conclude that, under the assumption that log N > 2loglogn
and e" > c3 for a sufficiently large numerical constant c3,

N
Eo )+ D (x&ll fillLyam + T2 1 Filla;)

j=1
<o +20,CPL Y [ o0
¢ Z
=c1 1 *7 Alog N 1
2 ,N
tee” [AlogN -
s =7 2§l
n ;!
JEJF

Thus, in both cases (a) and (b), the following bound holds:

N N
E(o f)+C (Z &1 fill L, + D T2ER £ ||H_,)
(69) j=1 j=1

=G X sy + B

jEJf

To complete the proof, observe that

N N
E(Lo f+C (Z &l f5 = fillLaay + Y rzéfufjuﬂj)
j=1

j=1

N N
<EWo f)+C (Z &l il + Y TEN f ||H_,.)

j=1 j=1

(70) +C1 Y T i — fillym
JEJ§

<Gt X sy + B0
jEJf

+C Y 5 f; = fillLam.-
jE]f
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Note also that, by the definition of 8, (J¢), for all b > 0,

> &l fi = fillLaam

JeJyr

3 (f; -

jely

<tBp(Jy)

Ly(

(71)

<Br(UDIF = FllLyan + tBp(Jp) Alog Z Eill Fill Lo

JEJr

A 2C1C2 n
<tBUPNS — [l + 86 (J ) . AlogN’

where we used the fact that, for all j, &; >/ AlOTgN and also bound (67). By an
argument similar to (61)—(64), it is easy to deduce from the last bound that

2.2

- oA 3C5t 1 A 1
C2 ) T8j||fj—fj||L2(l'I)§—é—ﬂg(Jf)‘f‘Eg(ﬁof)'f—Eg(ﬂof)
JEJf *
(72) 24
2ciC n
2 AlogN’

Substituting this in bound (70), we get

N
—5(@ o f)+Ci (Z &l fi = fillaam + Y rzéfnﬁnu,-)

=1 i=1
=G X sy + B0
JeJf
3 cg 2
2

2¢3C*  n
J 5@ 1
ﬂb( f)+ (Lo f)+ 7 Alogh

ﬁfn(:f)>

(73)

1
<_E(to f)+Chr (Z &1 £l +

-2 JEJ§

2¢2¢c? n
2 AlogN’

with some numerical constant C5. It is enough now to observe [considering again
the cases (a) and (b), as it was done before], that either the last term is upper
bounded by Zjejf gillfi ||Hj, or it is upper bounded by ,Bbz(.lf), to complete the
proof. [J
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Now, to derive Theorem 2, it is enough to check that, for a numerical constant
c>0,

12
By(Jp) < (Z é%) Brroo(U )

Jjedy

12
=(L &) i

Jely
which easily follows from the definitions of B, and B2 . Similarly, the proof
of Theorem 3 follows from the fact that, under the assumption that A~! < %’ <

A, we have ICSb) CcK y’,), where b’ = ¢A?b, ¢ being a numerical constant. This
easily implies the bound B, (J¢) < c1ABay (Jr)A/d(f)€, where c| is a numerical
constant.

5. Bounding the empirical process. We now proceed to prove Lemma 9 that
was used to bound |(P, — P)(£ o f — £ o f)]. To this end, we begin with a fixed
pair (A_, A ). Throughout the proof, we write R := R7},. By Talagrand’s concen-
tration inequality, with probability at least 1 — e’

sup  [(P, — P)(log—Lo f)
geg(A*’A+ﬂR)

52(E[ sup (P, — P)(Eog—to f)]
g€G(A_,A+,R)

t t
+||£°g_£°f”L2(P)\/;+||£°g_£°f||Loo;>-

Now note that

l€og—~Lo fllLypy < Lsllg — fllz,m

N
<L.Y ligj— fill,am
j=1

SL(mmeJ) Zej”g] FillLyam,

where we used the fact that the Lipschitz constant of the loss £ on the range of
functions from G(A_, A1, R) is bounded by L. Together with the fact that €; >
(Alog N/n)!/? for all j, this yields

n
74 £ — 0 <L A_
(74) [€og—Lo fllL,p) < L« ,AlogN
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Furthermore,

[€og—Lo fllLe = Lxllg — fllL

N
<L, Z lgj — fillm;
i=1

<L
Alog N

Ay

In summary, we have

sup  [(P, —P)(log—Lo f)]
geg(A*vA‘FvR)

§2<E[ sup (P, — P)(Log—to f)]
g9€G(A_,AL,R)

t t n
L A_ |[—— + L, A4 — .
Tl A]ogN+ * +nAlogN>

Now, by symmetrization inequality,

E[ s |(P.—P)(tog—tof)]
8€G(A—,AL,R)

<2E  sup |Ru(Log— Lo f)l.
9€G(A_.AL.R)

(75)

An application of Rademacher contraction inequality further yields

E[ s |(P,—P)(tog—tof)l]
geg(A*vA‘F!R)

SCL*E sup |Rn(g_f)|a
g€eG(A_,A+,R)

(76)

where C > 0 is a numerical constant [again, it was used here that the Lipschitz
constant of the loss ¢ on the range of functions from G(A_, A, R) is bounded by
L.]. Applying Talagrand’s concentration inequality another time, we get that with
probability at least 1 — e~

E  sup IRn(g—f)|§C< sup  |Ru(g = f)I
8€G(A— A4 R) 8€G(A— AL R)

t t n
A_ | Ay —
+ AlogN+ +nA10gN>

for some numerical constant C > 0.
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Recalling the definition of €; := €(K ), we get
(77) |Ra(hp)| < Ejlhjllym + ElRjllng.  hje™;.
Hence, with probability at least 1 —2e~" and with some numerical constant C > 0

sup  |[(Py = P)(log—Lo f)l
geg(A*ﬂA+sR)

t t n
<CL sup  |Ru(g — )l + A + AL )
*<geg(A_,A+,R) " Alog N n Alog N
<CL< sup %lR(g fl+A ! + A t_n )
[— i i — +—
Neeoaa .z T Alog N n Alog N

A

N
CL*( sup Z(éjIIgj—ijILz(n)Jré,z-llgj—ijIHj)

geg(A*vA‘FvR)j:l
LA t LA t n
"\ AlogN "nAlogN )

Using (46), € can be upper bounded by cé ; with some numerical constant ¢ > 0
on an event E of probability at least 1 — N ~4/2. Therefore, the following bound
is obtained:

sup  [(P, — P)(£og—Lo f)]
geg(A*ﬂAJrﬂR)

t t n
<CLJA_+A A_ | AL — .
- *< TA+t AlogN+ +nAlogN)

It holds on the event E N F(A_, Ay, t), where P(F(A_, A, 1)) >1—2e7".
We will now choose t = Alog N +4log N +4log(2/log?2) and obtain a bound
that holds uniformly over

(78) e N <A_< eV and N <Ay < eV,
To this end, consider
— AT ._"—]
(79) AT =AF =27,
For any A and A,’: satisfying (78), we have

sup  [(Pn— P)(log—Lo f)
8EG(AT,ALLR)

<crar+ar+ar | _parl "
-\ k 7\ AlogN knAlogN



SPARSITY IN MULTIPLE KERNEL LEARNING 3693

on the event £E N F (A;, AT, t). Therefore, simultaneously for all A; and A,j
satisfying (78), we have

sup  |[(Pn —P)(Log—Lo f)]
8EG(AT,ALLR)

AlogN +4log N +4log(2/log?2)
AlogN

< CL*(AJT +A;+A;\/

+ A

AlogN +4logN +4log(2/log2) n
* n Alog N

ontheevent E' := E N (ﬂj,k F(A;, A,‘f, t)). The last intersection is over all j, k
such that conditions (78) hold for A;, A,‘:. The number of the events in this inter-
section is bounded by (2/log2)?>N?. Therefore,
P(E") > 1 — (2/log2)>N?exp(—Alog N — 4log N — 4log(2/log?2))
(80) —P(E)
>1—2N"4/2,

Using monotonicity of the functions of A_, A involved in the inequalities, the
bounds can be extended to the whole range of values of A_, A satisfying (78),

so, with probability at least 1 — 2N ~4/2 we have for all such A_, A
D) sup  [(Pp— P)(log—Lo f)| <CL(A-+Ay).
8€G(A_,ALR)

IfA_<e N, or Ay < e~ N it follows by monotonicity of the left-hand side that
with the same probability

(82) sup  |(Py—P)(log—Lof)|<SCL(A_+Ay+e™),
gGg(A_,A+,R)

which completes the proof.
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