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Abstract

Many problems can be formulated as recovering a low-rank tensor. Although an
increasingly common task, tensor recovery remains a challenging problem because
of the delicacy associated with the decomposition of higher order tensors. To
overcome these difficulties, existing approaches often proceed by unfolding tensors
into matrices and then apply techniques for matrix completion. We show here that
such matricization fails to exploit the tensor structure and may lead to suboptimal
procedure. More specifically, we investigate a convex optimization approach to tensor
completion by directly minimizing a tensor nuclear norm and prove that this leads to
an improved sample size requirement. To establish our results, we develop a series
of algebraic and probabilistic techniques such as characterization of subdifferetial for
tensor nuclear norm and concentration inequalities for tensor martingales, which may

be of independent interests and could be useful in other tensor related problems.
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1 Introduction

Let T € Réxdx=xdv he an Nth order tensor, and € be a randomly sampled subset of
[di] x - -+ x [dn] where [d] = {1,2,...,d}. The goal of tensor completion is to recover T' when
observing only entries T'(w) for w € €. In particular, we are interested in the case when
the dimensions dy, ..., dy are large. Such a problem arises naturally in many applications.
Examples include hyper-spectral image analysis (Li and Li, 2010), multi-energy computed
tomography (Semerci et al., 2013), radar signal processing (Sidiropoulos and Nion, 2010),
audio classification (Mesgarani, Slaney and Shamma, 2006) and text mining (Cohen and
Collins, 2012) among numerous others. Common to these and many other problems, the
tensor T' can oftentimes be identified with a certain low-rank structure. The low-rankness
entails reduction in degrees of freedom, and as a result, it is possible to recover T' exactly
even when the sample size |2 is much smaller than the total number, dids - - - dy, of entries
in T

In particular, when N = 2, this becomes the so-called matrix completion problem which
has received considerable amount of attention in recent years. See, e.g., Candes and Recht
(2008), Candes and Tao (2009), Recht (2010), and Gross (2011) among many others. An

especially attractive approach is through nuclear norm minimization:

min || X« subject to X (w) = T'(w) Yw € Q,

X cRd1 xd2
where the nuclear norm || - ||. of a matrix is given by
min{di,d2}
k=1

and oy(-) stands for the kth largest singular value of a matrix. Denote by T the solution to
the aforementioned nuclear norm minimization problem. As shown, for example, by Gross
(2011), if an unknown d; X dy matrix T of rank r is of low coherence with respect to the
canonical basis, then it can be perfectly reconstructed by T with high probability whenever
Q| > C(dy + dy)rlog®(dy + dy), where C is a numerical constant. In other words, perfect
recovery of a matrix is possible with observations from a very small fraction of entries in T.

In many practical situations, we need to consider higher order tensors. The seemingly
innocent task of generalizing these ideas from matrices to higher order tensor completion
problems, however, turns out to be rather subtle, as basic notion such as rank, or singular
value decomposition, becomes ambiguous for higher order tensors (e.g., Kolda and Bader,
2009; Hillar and Lim, 2013). A common strategy to overcome the challenges in dealing

with high order tensors is to unfold them to matrices, and then resort to the usual nuclear



norm minimization heuristics for matrices. To fix ideas, we shall focus on third order tensors
(N = 3) in the rest of the paper although our techniques can be readily used to treat higher
order tensor. Following the matricization approach, T' can be reconstructed by the solution
of the following convex program:

i (X0 X XD} subject to X (w) = Tw) V€ 2,
where X is a d; x (][, -; di;) matrix whose columns are the mode-j fibers of X. See,
e.g., Liu et al. (2009), Signoretto, Lathauwer and Suykens (2010), Gandy et al. (2011),
Tomioka, Hayashi and Kashima (2010), and Tomioka et al. (2011). In the light of existing
results on matrix completion, with this approach, T' can be reconstructed perfectly with
high probability provided that

Q| > C(dydyrs + dyrads + ridads) log? (dy + dy + ds)

uniformly sampled entries are observed, where r; is the rank of X @) and C is a numerical
constant. See, e.g., Mu et al. (2013). It is of great interests to investigate if this sample
size requirement can be improved by avoiding matricization of tensors. We show here that
the answer indeed is affirmative and a more direct nuclear norm minimization formulation
requires a smaller sample size to recover T .

More specifically, write, for two tensors X,Y € Rxd2xds,

(X.Y)= > = XwY(w)

we[d1]x [de] x [d3]

as their inner product. Define

IX[l= = max (X, u1 ® uy ® ug),
u  €R [|ur||=[luz||=[lus||=1
where, with slight abuse of notation, || - || also stands for the usual Euclidean norm for a
vector, and for vectors u; = (u),. .. ,ufl,)T,

J

1.2 3
UL @ Uy @ U3 = (UgURUL ) 1<a<dy,1<b<dy,1<c<ds-

It is clear that the ||- || defined above for tensors is a norm and can be viewed as an extension
of the usual matrix spectral norm. Appealing to the duality between the spectral norm and
nuclear norm in the matrix case, we now consider the following nuclear norm for tensors:

IXI = max  (¥.X).

Y eR%1xd2xds; || Y || <1



It is clear that || - ||, is also a norm. We then consider reconstructing 7" via the solution to

the following convex program:

min || X|. subject to X (w) = T(w) Yw € Q.

XERdl Xdg xXd3

We show that the sample size requirement for perfect recovery of a tensor with low coherence

using this approach is
] = C (r3(dh + d3 + d3) + \/rdidads ) polylog (d + da + ds)

where

r = \/(rirads + rirsds + rorady) /(dy + da + ds),

polylog(z) is a certain polynomial function of log(z), and C' is a numerical constant. In
particular, when considering (nearly) cubic tensors with di,ds and ds approximately equal
to a common d, then this sample size requirement is essentially of the order r'/2(dlog d)*/2.
In the case when the tensor dimension d is large while the rank r is relatively small, this can
be a drastic improvement over the existing results based on matricizing tensors where the
sample size requirement is 7(d log d)?.

The high-level strategy to the investigation of the proposed nuclear norm minimization
approach for tensors is similar, in a sense, to the treatment of matrix completion. Yet
the analysis for tensors is much more delicate and poses significant new challenges because
many of the well-established tools for matrices, either algebraic such as characterization of
the subdifferential of the nuclear norm, or probabilistic such as concentration inequalities
for martingales, do not exist for tensors. Some of these disparities can be bridged and we
develop various tools to do so. Others are due to fundamental differences between matrices
and higher order tensors, and we devise new strategies to overcome them. The tools and
techniques we developed may be of independent interests and can be useful in dealing with
other problems for tensors.

The rest of the paper is organized as follows. We first describe some basic properties of
tensors and their nuclear norm necessary for our analysis in Section 2. Section 3 discusses
the main architect of our analysis. The main probabilistic tools we use are concentration
bounds for the sum of random tensors. Because the tensor spectral norm does not have the
interpretation as an operator norm of a linear mapping between Hilbert spaces, the usual
matrix Bernstein inequality cannot be directly applied. It turns out that different strategies
are required for tensors of low rank and tensors with sparse support, and these results are
presented in Sections 4 and 5 respectively. We conclude the paper with a few remarks in

Section 6.



2 Tensor

We first collect some useful algebraic facts for tensors essential to our later analysis. Recall

that the inner product between two third order tensors X,Y € R4*%xd i5 given by

di da d3

(X, Y)=) > ) X(a,be)Y(ab,c),

a=1 b=1 c=1

and || X||us = (X, X)'/? is the usual Hilbert-Schmidt norm of X. Another tensor norm of

interest is the entrywise £, norm, or tensor max norm:

Xl = max X (o).
w€ld1]x[d2] x[d3]

It is clear that for any the third order tensor X & Rd1*d2xds

X f[max < 1 X)) < I X flns < X[, and || X [lfs < 1X ]I X

We shall also encounter linear maps defined on tensors. Let R : R¥xdzxds _y Rdixd2xds
be a linear map. We define the induced operator norm of R under tensor Hilbert-Schmidt
norm as

IR| = max{||RX||HS L X € RUXxds || X |y < 1}.

2.1 Decomposition and Projection

Consider the following tensor decomposition of X into rank-one tensors:

X =[ABCl:=) adb®c, (1)

k=1

where ays, bys and ¢s are the column vectors of matrices A, B and C respectively. Such a
decomposition in general is not unique (see, e.g., Kruskal, 1989). However, the linear spaces
spanned by columns of A, B and C respectively are uniquely defined.

More specifically, write X (-,b,c) = (X (1,b,¢),..., X (dy,b,¢))", that is the mode-1 fiber
of X. Define X (a,-,c) and X (a,b,-) in a similar fashion. Let

L1(X) = Ls{X(-,b,c):1<b<dy,1<c<ds}
Lo(X) = Ls{X(a,,c):1<a<d,1l<c<ds};
L3(X) = Ls{X(a,b,-):1<a<d,1<b<dy},

where l.s. represents the linear space spanned by a collection of vectors of conformable

dimension. Then it is clear that the linear space spanned by the column vectors of A is
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L1(X), and similar statements hold true for the column vectors of B and C. In the case of
matrices, both marginal linear spaces, £, and Ly are necessarily of the same dimension as
they are spanned by the respective singular vectors. For higher order tensors, however, this
is typically not true. We shall denote by 7,;(X) the dimension of £;(X) for j = 1,2 and 3,
which are often referred to the Tucker ranks of X. Another useful notion of “tensor rank”

for our purposes is

T(X) =/ (r(X)ry(X)ds + r1(X)rs(X)dy + 72( X )rs(X)dy) /d.

where d = dy + dy + d3, which can also be viewed as a generalization of the matrix rank to
tensors. It is well known that the smallest value for r in the rank-one decomposition (1) is
in [7(X),7%(X)]. See, e.g., Kolda and Bader (2009).
Let M be a matrix of size dy X d;. Marginal multiplication of M and a tensor X in the
first coordinate yields a tensor of size dy X dy X d3:
dy
(M x1 X)(a,b,c) = Z My X (d',b,c).
a/=1
It is easy to see that if X = [A, B, C], then M x; X = [M A, B, C|. Marginal multiplications
X9 and X3 between a matrix of conformable size and X can be similarly defined.

Let P be arbitrary projection from R to a linear subspace of R%. It is clear from
the definition of marginal multiplications, [PA, B,C] is also uniquely defined for tensor
X = [A, B,(C], that is, [PA, B, C] does not depend on the particular decomposition of A,
B, C. Now let P; be arbitrary projection from R% to a linear subspace of R%. Define a
tensor projection P; ® Py ® P3 on X = [A, B, (] as

(P1®P2®P3)X: [PlA,PQB,ch].

We note that there is no ambiguity in defining (P ® Py ® P3)X because of the uniqueness
of marginal projections.

Recall that £;(X) is the linear space spanned by the mode-j fibers of X. Let Pg( be
the projection from R% to £;(X), and P; . be the projection to its orthogonal complement

in R%. The following tensor projections will be used extensively in our analysis:

Q% = Py ® P% ® P%, YL =PL.®P, ®P.,
Qk = Py, ® P ® P%, L =Px®P3. @P.,
Q% = Py ® P%. ® P%, L =Py @ Py o P,
Q% = Px®P%x @ P ., Sl =Py Py ® Pk,

Qngox+Q})(+Q§(+Q3X7 QXL:QOXL+Q;L+Q§(L+Q3XL'



2.2 Subdifferential of Tensor Nuclear Norm

One of the main technical tools in analyzing the nuclear norm minimization is the
characterization of the subdifferntial of the nuclear norm. Such results are well known
in the case of matrices. In particular, let M = UDV' " be the singular value decomposition

of a matrix M, then the subdifferential of the nuclear norm at M is given by
O (M) = {UVT + W :UTW =WV =0, and [W] <1},

where with slight abuse of notion, || - ||« and || - || are the nuclear and spectral norms of
matrices. See, e.g., Watson (1992). In other words, for any other matrix Y of conformable

dimensions,

Yl = ML+ UV + WY — M)
if and only if UTW = W'V = 0 and ||W| < 1. Characterizing the subdifferential of the

nuclear norm for higher order tensors is more subtle due to the lack of corresponding spectral
decomposition.
A straightforward generalization of the above characterization may suggest that 9||-||..(X)
be identified with
(W+WH W =0, W |[WH <1},

for some W in the range of Q%. It turns out that this in general is not true. As a simple
counterexample, let
X = (A1) X (4] X e,

and

Y = Z 6i®€j®6k:(€1+€2)®(61+€2)®(€1+62),
1<4,7,k<2

where di = dy = d3 = 2 and e;’s are the canonical basis of an Euclidean space. It is clear
that | X ||, = 1 and |Y|]. = 2v/2. Take W+ = U/||U|| where

U=e,®ReRe+e0e e, +e;,Re;Re;. (2>

As we shall show in the proof of Lemma 1 below, |U| = 2/+/3. It is clear that W+ =
Q. Wt and |[WH|| <1. Yet,

X[, + (Y =X, W+WH =1+(Y - X W =1+3V3/2>2/2=|[Y],,

for any W such that W = Q% W.
Fortunately, for our purposes, the following relaxed characterization is sufficient.



Lemma 1 For any third order tensor X € RU*%xds there exists a W € RAxd2xds gych,
that W = QS W, |[W| =1 and

X[ = (W, X).
Furthermore, for any Y € RUxd2xds gng W+ ¢ Rxd2xds pheying |[W|| < 1/2,

Y] > [ X+ (W + Qxa WY = X)),

PrROOF OF LEMMA 1. If ||W]| < 1, then

x (Q% W, u; @ uy @ uz) < max (W, (Pxu;) @ (Pxuy) @ (Pius)) < 1.

flujll=1 [l ll=1

It follows that

X||x = max (W, X) = max o) W, X
X = e (W, X) = max (Q4 W, X)

is attained with a certain W satisfying |[W|| = | Q%W | = 1.

Now consider a tensor W satisfying
W+ Qx W[ < 1.
Because Q51 X = 0, it follows from the definition of the tensor nuclear norm that
(W + Q. WHY = X) < Y], — (W, X) = |Y]. - |IX]..
It remains to prove that |[W*|| < 1/2 implies
W+ Qx W[ < 1.
Recall that W = Q% W, ||[W*|| < 1/2, and |lu,|| = 1. Then

<W -+ QXJ_WL,’UQ X Uo &® ’Ll,3>
1
< 19% (uy ® uy @ us)||. + §||QXL(U1 ® Uy ® us)||s

- 1 _ 2 + 1 _|_ 1 _ 2 + 1 _ 2
| | a; 5 ai1ay + ajasy/ as + asazy/ ai ).
7j=1

where a; = HPJ)'HujHQ, for j =1,2,3. Let x = ajas and

IN

y=1/(1-a})(1—a3).



We have

2
(a“/l — a3+ agy/1 —a%) = ai(1 —a3)+a5(1 —a3) + 2xy

= a2+ a3 —2d3al + 2xy

= 1-(y—x)

It follows that for any value of a3 € (0,1),

1
(W + Qx s W uy @ uy @ us) gy\/l—ag—l—Q(x—l—ag 1—(y—x)2>.

This function of (z,y) is increasing in the smaller of z and y. For z < y, the maximum of
x? given y? is attained when a; = as by simple calculation with the Lagrange multiplier.

2

Similarly, for y < x, the maximum of y* given z? is attained when a; = ay. Thus, setting

a; = as = a, we find

1
(W + Qxt W Uy @ uy @ ug) < max{(l —a®)\/1— a2+ —<a2 + 2azav'1 — a2>}.

a3,a 2

The above maximum is attained when a3z = a. Because v/1 — a? + a*/2 < 1, we have
(W + Qx . W uy @ us @ ug) < 1,

which completes the proof of the lemma.

The norm of U defined in (2) can be computed using a similar argument:

I = g max o (wany/1 = o8+ o1 = s/ 1 - )
= max <a:\/1 — a3+ az\/1— (y— a:)2>

z,Y,a3

= maxa(a\/l — a3 +2a3vV'1 — a2>,
a,as

= maxay/a? + 4(1 — a?),

which yields |U|| = 2/v/3 with a? = 2/3. O

Note that Lemma 1 gives only sufficient conditions of the subgradient of tensor nuclear

norm. Equivalently it states that
O - 1(X) 2 {W + Qxe W+ [WH]| < 1/2}.

We note also that the constant 1/2 may be further improved. No attempt has been made

here to sharpen the constant as it already suffices for our analysis.



2.3 Coherence

A central concept to matrix completion is coherence. Recall that the coherence of an r

dimensional linear subspace U of R” is defined as
k max; <;<z || Pre;l?
1<i<k [ U€;

U) = — max | Pye; 2 )
uU) r1<<k|| veill” = k‘lzle | Pue;|?

where Py is the orthogonal projection onto U and e;’s are the canonical basis for R¥. See,
e.g., Candes and Recht (2008). We shall define the coherence of a tensor X € R41*d2xds a4

p(X) = max{pu(L1 (X)), u(L2(X)), p(L3( X))}

It is clear that u(X) > 1, since u(U) is the ratio of the /., and length-normalized ¢, norms

of a vector.

Lemma 2 Let X € R4xdxds po o third order tensor. Then

m(X)d ,

max [ Qxc (e, © €, @ ey < 77 2 Cut(X),

PROOF OF LEMMA 2. Recall that Qx = Q% + 9% + 9% + Q% . Therefore,

3
1Ox(e. ® e, ®e.)|* = Z (D (e, @ ey @e,), Ok (e @ ey @ e,))
5.k=0
3
1Q% (e, ® e, ® e.)|”
7=0

= |[Pxedl’|Pxes’||Pxecl’ + [Py eal’ | Pxes ]| Pxec|”
+HIPxea*|| Py e[ Pxecl + | Pxeal*[| Pxes || Py ecl.

For brevity, write r; = r;(X), and g = p(X). Then

2
ToT
IPxed’ | Pxesl’ | Pxecl® + | Pxred’ || Pxesl* | Pxecl® < 222/2:3
2
T™r
1Py el | P es)?|| Pyed + | Ped?l| PAoesl| Pyed? < 2125;
2
T /L
|PiealP 1 P5cenl” | Picecl” + [ Pedl P | Pesl | Phoecl < 2%

As a result, for any (a,b,c) € [di] X [ds] x [d3],

w2 (ryrods + ridors + dirors)
dydads 7

“QX(ea &® €y (9 ec)H2 S
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which implies the desired statement. 0

Another measure of coherence for a tensor X is

a(X) == \/didad3 /T(X)|[|W || max

where W is such that W = Q%W [[W] = 1 and (X, W) = || X]|. as described in
Lemma 1. The quantity «(X) is related to p(X) defined earlier and the spikiness

a(X) = /didads||W || max/ | W || 1s-

Lemma 3 Let X € RUx%Xds pe g third order tensor. Assume without loss of generality
that 1 (X) < ry(X) < r3(X). Then,

02(X) < min {11 (X)ra(X)rs (X (X) /7(X), 1 (X )ra(X)a%(X) 7(X) §.

Moreover, if X admits a bi-orthogonal eigentensor decomposition  ;_ \i(w; @ v; @ w;) with
i # 0 and uw)u; = v vyw!w; =1{i = j} for 1 <i,j <r, then r(X) =r3(X) =7(X) =
ro [ X = X, and

PROOF OF LEMMA 3. Due to the conditions W = Q%W and ||W| = 1,

W2 = max (W, (Pe,) @ (Pyes) @ (Ped)P

max

IN

max | Plee |2 Pes 2| P

r1(X)r(X)rs (X ) (X) /(drdads),

IN

which yields the upper bound for a(X) in terms of p(X).

Because W is in the range of Q%, £;(W) C L;(X). Therefore, (W) < r(X).
Recall that WM is a d; x (dod3) matrix whose columns are the mode-1 fibers of W.
Applying singular value decomposition to W) suggests that there are orthornomal vectors
{uy,...,u, } in R and matrices M, ..., M, € R%*% such that (M;, My) = 0 if j # k,

and
r1(X)

k=1
It is clear that || M| < ||[W|| = 1, and rank(My) < ro(X). Therefore,

r1(X)
IWks < Y IMellfis < ri(X)ra(X).

k=1

11



This gives the upper bound for a(X) in terms of a(X).
It remains to consider the case of X = "7 A\i(u; ® v; ® w;). Obviously, by triangular

inequality,

T T
X1 < Z |wi @ vi ® will. = Z |w;|.
i=1

i=1
On the other hand, let

W= w0, (w/|w]).

i=1

Because

n
W] < ‘Tm b vw, -‘< be'|lus <1
WIS 85y D (0T recc(ed T | < e s < 1

we find i
X = (W, X)=>[lw,
i=1

which implies that W' is dual to X and

;
1X =) llwill,
=1

where the rightmost hand side also equals to || X®||, and || X®||,. The last statement now
follows from the fact that [|[W||4g = r. O

As in the matrix case, exact recovery with observations on a small fraction of the entries
is only possible for tensors with low coherence. In particular, we consider in this article the

recovery of a tensor T' obeying u(T') < ug and o(T') < g for some g, g > 1.

3 Exact Tensor Recovery

We are now in position to study the nuclear norm minimization for tensor completion. Let
T be the solution to

min || X|. subject to Po X = PoT, (3)

XERdl Xdg xd3
where Pq : RAxdexds s Rixdaxds gych that

0 otherwise

12



Assume that  is a uniformly sampled subset of [d;] X [d2] x [d3]. The goal is to determine what
the necessary sample size is for successful reconstruction of T" using T with high probability.
In particular, we show that that with high probability, exact recovery can be achieved with

nuclear norm minimization (3) if
Q| > <a0 rdidyds + ugr2d> polylog(d),
where d = dy + dy + d3. More specifically, we have

Theorem 1 Assume that p(T) < po, a(T) < g, and 7(T') = r. Let Q be a uniformly
sampled subset of [di] x [da] x [ds] and T be the solution to (3). For B> 0, define

* 2 *
¢ = (B+1logd) ajrlogd, g¢; = (1+ 3)(logd)ugr’.

Let n = |QY|. Suppose that for a sufficiently large numerical constant c,

n > coby " [\/ G (1+ B)6; "didads + qfd" ™ + gyd' 2 (4)

with certain {61,062} € [1/logd, 1/2] and B > 0. Then,
P{f ” T} <d (5)

In particular, for 6, = 05 = (logd)™*, (4) can be written as

n> Choansp [(log d)*/rdidayds + {r(log d)* + r*(log d)}d}
with a constant C oy depending on { g, ag, 5} only.
For dy =< dy =< d3 and fixed {ay, o, 1, 92, 5}, the sample size requirement (4) becomes

n = Vi(dlogd)"”,

provided max{r(log d)*>d**,r3d*2 /(log d)} = O(d).

The high level idea of our strategy is similar to the matrix case — exact recovery of T'
is implied by the existence of a dual certificate G' supported on €2, that is PoG = G, such
that QrG =W and || Q. G|| < 1/2. See, e.g., Gross (2011) and Recht (2011).

3.1 Recovery with a Dual Certificate

Write T = T + A. Then, PoA =0 and
1T+ Al < ([T

13



Recall that, by Lemma 1, there exists a W obeying W = Q%W and |W| = 1 such that
1T+ Alle > 1Tl + (W + Qru W=, A)

for any W+ obeying ||[W+| < 1/2. Assume that a tensor G' supported on €, that is
PaoG = G, such that OrG = W and || Q. G| < 1/2. When ||Qp Al > 0,
W+ O WHA) = (W+0,.Wt-G,A)
= (W — QrG,A) + (W, QriA) — (Qp1 G, Qpi A)
1
> (W5, QpA) = S[1Qr: Al

Take W = U /2 where
U = argmax (X, Qp1 A).

X1 X<1
We find that [|Qpi All. > 0 implies
IT + Al = Tl = (W + Qre W, A) >0,

which contradicts with fact that T' minimizes the nuclear norm. Thus, Q1A = 0, which
then implies QrQnOrA = OrQagA = 0. When QrQnQr is invertible in the range of O,
we also have Q7rA =0 and T-=T.

With this in mind, it then suffices to seek such a dual certificate. In fact, it turns out

that finding an “approximate” dual certificate is actually enough for our purposes.

Lemma 4 Assume that

inf {[PaQr X s : |Qr X [lns =1} = ’/Zdlzzdg' (6)

If there exists a tensor G supported on €2 such that

1 / n
G-W — d G X)<1/4 7
HQT HHS < 4 2d1d2d3 a HQTril‘;agﬁ*:l< ,QTL > - / ’ ( )

thenT = T.

PROOF OF LEMMA 4. Write T =T + A, then PoA =0 and
1T + Al < [|T]..

Recall that, by Lemma 1, there exists a W obeying W = Q%W and ||[W/|| = 1 such that
for any W+ obeying |[W*|| < 1/2,

IT + Al > | T + (W + Qe W, A).

14



Since (G, A) = (PoG, A) = (G, PoA) =0 and QrW =W,
0 > (W+ QW A)

_ (W + QW -G, A)
= (QrW — QrG, A) + (W, Q7. A) — (G, Qr: A)
> W - QrGllusl| QrAllus + (W, Qi A) — L@y AL
In particular, taking W= satisfying |[W|| = 1/2 and (W, Q1 A) = ||Qpr All,/2, we find

1
Qr Al < W — QrGllus| QrAllus.
Recall that PoA = PaQri A + PoQOrA = 0. Thus, in view of the condition on Pq,
|97 Allns

\/ 2d1d2d3/n

Consequently,

< |PoQrAlus = [[PaQriAllus < [|Qrr Allus < [|Qrr Al (8)

1
ZLHQTLA”* <\ 2d1dyd3/n||W — QrGlus|| Qrr All..
Since
\/ 2d1d2d3/n||W — QTGHHS < ]./4,

we have ||QpL Al = 0. Together with (8), we conclude that A = 0, or equivalently T = T..
0J

Equation (6) indicates the invertibility of Py when restricted to the range of Qr. We

argue first that this is true for “incoherent” tensors. To this end, we prove that
H QT((dldeS/n)Pﬁ - I) QTH <1/2
with high probability. This implies that as an operator in the range of Qr, the spectral
norm of (dydyds/n)QrPaQr is contained in [1/2,3/2]. Consequently, (6) holds because for
any X € Rdixdaxds,
1
(didads/n)||PoQrX |fis = <QTX7 (d1d2d3/n)QT7)QQTX> > S 1Qr X [[fs-
Recall that d = dy + dy + d3. We have
Lemma 5 Assume u(T) < po, 7(T') = r, and  is uniformly sampled from [dy] X [ds] X [d3]

without replacement. Then, for any T > 0,

2/2
P{||Qr((didads/n)Po ~ T)Qr|| = 7} < 20%d exp ( — 1 I 2/7/3 (u37;2d>)'

In particular, taking 7 = 1/2 in Lemma 5 yields

P{ (6) holds } > 1 - 2/2d exp ( - %(ﬁ))
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3.2 Constructing a Dual Certificate

We now show that the “approximate” dual certificate as required by Lemma 4 can indeed be
constructed. We use a strategy similar to the “golfing scheme” for the matrix case (see, e.g.,
Gross, 2011). Recall that € is a uniformly sampled subset of size n = |Q| from [d;] x [d2] X [d3].
The main idea is to construct an “approximate” dual certificate supported on a subset of
), and we do so by first constructing a random sequence with replacement from 2. More
specifically, we start by sampling (a1, by, ¢;) uniformly from 2. We then sequentially sample
(@i, biy¢;) (i =2,...,n) uniformly from the set of unique past observations, denoted by S;_1,
with probability ]Si,l |/d1dads; and uniformly from Q\S;_; with probability 1—|S;_1|/d;dads.
It is worth noting that, in general, there are replicates in the sequence {(a;, b;,¢;) : 1 < j < i}
and the set S; consists of unique observations from the sequence so in general |S;| < i. It
is not hard to see that the sequence (ay,b1,c1), ..., (an, by, c,) forms an independent and
uniformly distributed (with replacement) sequence on [dy] X [da] X [d3].

We now divide the sequence {(a;, b;,¢;) : 1 <i < n} into ny subsequences of length ny:
Qk = {(CLi,bi,Ci) : (k - 1)77/1 <1 S knl},

for k = 1,2,...,ny, where nyny < n. Recall that W is such that W = Q3W | |[W]| = 1,
and ||T||. = (T, W). For brevity, write

P(a,b,c) . Rdl Xdo X d3 N Rdl Xdo X d3

as a linear operator that zeroes out all but the (a, b, ¢) entry of a tensor. Let

knq
1
Rp=1—— d1dad3)Pia. b c.
. o > (didads)Pla, e
i=(k—1)n1+1

with Z being the identity operator on tensors and define
k
=Y (T-R)QrRe-1Qr -+ QrR1QrW, G =G,,.
=1

Since (a;, bi, ¢;) € Q, Po(Z —Ry) = Z — Ry, so that PoG = G. It follows from the definition
of G, that

QTGk = (QT - QTRKQT>(QTR£71 QT) T (QTRl QTW)

- (QTRICQT) e (QTRI QT)W

)
X

M-

and

k
(G, Qr1 X) = <ZRZ(QTRE—1QT) o (Qr R Q1) W, QTLX>-
—1
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Thus, condition (7) holds if

1 n
||(QTRn2QT)(QTR1QT)WHHS < ZW (9)

|3 Ru(QrRe-1 Q)+ (QrR, Qe W) < 1/ (10

and

3.3 Verifying Conditions for Dual Certificate

We now prove that (9) and (10) hold with high probability for the approximate dual
certificate constructed above. For this purpose, we need large deviation bounds for the

average of certain iid tensors under the spectral and maximum norms.

Lemma 6 Let {(a;,b;,¢;)} be an independently and uniformly sampled sequence from [d] X
[do] x [ds]. Assume that u(T) < po and 7(T) = r. Then, for any fixred k =1,2,... ny, and
for all 7 >0,

P{“QTRkQT“ = T} < 2ridexp ( 1 122/72/3 <u§7}2d)>’ (11)
and
e Pllormionx] = o <anaa o (- 175 () 02
Because

(didads) ™ 2[W s < [W [luax < [W] < 1,

Equation (9) holds if maxj<<p, ||QrR¢Qr|| < 7 and

TL2>—

1
log (\/32d1d2d3n*1/2) . (13)
log T
Thus, an application of (11) now gives the following bound:

P{(0) bolds } > 1-P{(QrRuQr) -+ (QrRi Q)] 2 7}
< 1- ]P’{lg% |QrRQrl| > 7}

2
9 ’7'/2 s
L= 2nar deXp<_ 1+27/3 (ugﬂd»'

IN
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Now consider Equation (10). Let W, = QrR,QrW,_; for ¢ > 1 with W, = W.
Observe that (10) does not hold with at most probability

ng
o{| S
/=1

> 1/4}

< P{H&WOH > 1/8} +P{HW1HM > HWHW/Q}
n2
2| S RWe | 2 175 Wil < W hime/2)
(=2
< P{RWo| = 18} +B{[W||,. > W llwe/2)
L [RaW| 2 1/16, W], < W [lae/2]
AP W2 = W /4, W1 ]| < 19 /2 }

<1V ls/4

Hmax

n2
—I—P{H ZRsz—lH > I
=3

no—1

< Y PRI W | = W /2%, [[W e e < W /2 }

max —

Y PR ]| = 272 W[ < W /2 ]
=1

Since {Ry, W} are i.i.d., (12) with X = W1 /[|[W_1||max implies
IP{ (10) holds }
1—ns max < {HQTngTX‘

ZX:QT

1} 1
+p{|[Rx]|> )
max 8||W||max

[| X || max <

—(3/32 1
Z 1— 2n2d1d2d3 exXp (—( 2/ D) )n1> — N9 max P{HRlXH > —}.
pgrd X:X=QrX 8
1 X [l max <||W [l max

v

The last term on the right hand side can be bounded using the following result.

Lemma 7 Assume that o(T) < g, 7(T) = r and ¢ = (8 + log d)Qagrlog d. There exists
a numerical constant ¢; > 0 such that for any constants > 0 and 1/(logd) < §; < 1,

m = e [a1d a4 )0 e (14)
implies
max {HRlXH } < dP1 (15)
X:X=QrX

[ X [lmasx <[ W [l max
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where W is in the range of Q% such that |[W | =1 and (T,W) = ||T|..

3.4 Proof of Theorem 1

Since (7) is a consequence of (9) and (10), it follows from Lemmas 4, 5, 6 and 7 that for
7 € (0,1/2] and n > nyny satisfying conditions (13) and (14),

IP’{TIA’#T} < 27"2dexp<— 3( " >>+2n2r2dexp<— /2 <n1 ))

32\ p3rad 14 27/3 \pdr2d
—(3/32)n B
+2n2d1d2d3 exXp (%) + ngd g 1.
pgrd

We now prove Theorem 1 by setting 7 = d=92/2/2, so that condition (13) can be written as
Ny > ¢o/dy. Assume without loss of generality ny < d/2 because large ¢q forces large d. For

sufficiently large ¢}, the right-hand side of the above inequality is no greater than d=* when
n 2 (1 + f)(logd)pgrd/ (47°) = chgpd ™

holds as well as (14). Thus, (4) implies (5) for sufficiently large co. O

4 Concentration Inequalities for Low Rank Tensors

We now prove Lemmas 5 and 6, both involving tensors of low rank. We note that Lemma 5
concerns the concentration inequality for the sum of a sequence of dependent tensors whereas

in Lemma 6, we are interested in a sequence of iid tensors.

4.1 Proof of Lemma 5

We first consider Lemma 5. Let (ag, by, cx) be sequentially uniformly sampled from
without replacement, Sy = {(a;,bj,¢;) : j < k}, and my, = dydeds — k. Given Sy, the

conditional expectation of P, | by 1.cipr) 19

E[p s ] _ Py
(ak+1,bk+1,ck+1) k| — - .
For k =1,...,n, define martingale differences

Dy = d1d2d3(mn/mk)QT <P(ak,bk,ck) - Psg_l/mk—1> Or.
Because Pge =7 and S, = ), we have

D

QrPaQr/m, = Wdﬁ,mn + Qr(Pse_, /mn—1)Qr/myn + QrPs,_, Qr/my
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D,
- m + Qr(1/my = 1/my 1) + QrPs, , Qr/my

- Z d1d2d3mn + Qr(1/my, — 1/my).
Since 1/m,, — 1/my = n/(d1dadsm,,), it follows that
1 n
Qr(didadz/n)PoQr — Qr = - ZDk~
k=1

Now an application of the matrix martingale Bernstein inequality (see, e.g., Tropp, 2011)

gives

1| — —n?7%/2
PLal 2P ) < 2momi e (525005).
n kz:; of| > 7y < 2rank(Qr) exp o2 +nrtM/3
where M is a constant upper bound of ||D|| and o2 is a constant upper bound of

| >_E[DDelS ]

k=1
Note that D, are random self-adjoint operators.

Recall that Or can be decomposed as a sum of orthogonal projections

Or = (Q%+ Q)+ Q%+ Q%
= I®P7®Py+Pr®P2. @ Py +Pr®PrL® P,

The rank of Q, or equivalently the dimension of its range, is given by
d1T27’3 + (dg — T2>T17’3 + (dg — 7’3)7”17’2 S FQd

Hereafter, we shall write r; for r;(T"), p for p(T'), and 7 for 7(T') for brevity when no

confusion occurs. Since E [D;JSk_l} = 0, the total variation is bounded by

max Zn:]E [<DkX, DkX> ‘sk_l}

X |ls=1
QT X |lus =

< max i(dldeS(mn/mk)>2E[<(QTP(ak,bk,ck)QT)QX,X>‘sk_1}

Q7 X |lus=1 —1

n 2
< dydods(m, ) ~1 < b 2XX>.
< Z( 1dyds(ma, fmy) ) mity Qgﬁgslazbc (QrPlapeQr) X,

k=1

Since m,, < my, and Y _,_, (my,/my)/my_1 = n/didads,

max S E[(DiX, DuX )|Sk 1| < ndidads max || QP Or |

X||gs=1
QT X |lus =

20



It then follows that

rggmzc H QrPap,e) QTH = max <QTP(a,b,c) orX, QTX>

QT X |lns=1

2
= max <QTea X ep e, QTX>

QT X |lms=1
< M2F2d .
T didads

Consequently, we may take 02 = nu2rd. Similarly,
M < max didads(m, /)2 max | QrPap.e) Q|| < 20°72d.

Inserting the expression and bounds for rank(Qr), 02 and M into the Bernstein inequality,

we find ,
1| < —7%/2 n
PRI > o < 2 e (505 ()
n ; > 7y = 2mdese (e
which completes the proof because pu(T') < g and 7(T') = r. O

4.2 Proof of Lemma 6.

In proving Lemma 6, we consider first (12). Let X be a tensor with || X ||max < 1. Similar

to before, write

for i =1,...,n;. Again, we shall also write p for u(T'), and 7 for 7(T') for brevity. Observe
that for each point (a,b,c) € [d1] x [da] % [ds],

1
dydads

‘(ea®eb®ec,DZ~X>‘

IN

2max 197 (€0 ® €, ® ec) ||| X [lmax
2/,L2F2d/(d1d2d3).

IA

Since the variance of a variable is no greater than the second moment,

2
E (d1d2d3 |<ea & €y ® €, QTD1X>‘)
E|(Qr(e. @ ey @ e,), Or(ew @ ey @ ex)) X (ar, by, ci)|”
> [(Qre. @ ey @ e, Orlew @ ey @ )|’

a' b

IN

IN

dydads
1

_ 2
- d1d2d3HQT(ea®eb®ec)HHS

21
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< szzd/(dldzd;g)?
Since (e, ® e, ® e., QrD; X) are iid random variables, the Bernstein inequality yields

2y

nyp2r?d + ny2u%rd /3

ni
IP’{ iZ(ea R e, R e, QTDiX>‘ > 7'} < 2exp ( —
[
This yields (12) by the union bound.

The proof of (11) is similar, but the matrix Bernstein inequality is used. We equip
Ré1xd2xds with the Hilbert-Schmidt norm so that it can be viewed as the Euclidean space.
As linear maps in this Euclidean space, the operators D; are just random matrices. Since
the projection P pe) : X = (e, ® €, ® e, X)e, ® e, ® e, is of rank 1,

197 Pae) Q|| = | Q7 (€0 ® €, ® e.)||fs < 7 d/ (drdads).

It follows that | D;|| < 2u*T?d. Moreover, D; is a self-adjoint operator and its covariance

operator is bounded by

max ]EHDZX”IQ{S S (d1d2d3)2 max E< (QT/P(%’bk’Ck)QT)QX, X>
X lms=1 X lms=1
2
< d1d2d32||QT(€a®6b®€c)||12{s<€a®€b®6c,X>
a,b,c
< didads max |Or(e. ® e, ® e.)||fis

Consequently, by the matrix Bernstein inequality (Tropp, 2011),

P{Hnilipl >T}§2rank(QT)exp< /2 ( o ))

1+27/3 \p?rd
This completes the proof due to the fact that rank(Qr) < 72d. O

5 Concentration Inequalities for Sparse Tensors

We now derive probabilistic bounds for ||R,X || when (a;,b;, ¢;)s are iid vectors uniformly
sampled from [d] X [ds] X [d3] and X = Q7 X with small || X ||max-

5.1 Symmetrization

We are interested in bounding




e.g. with (n,n,t) replaced by (nq, (gy/7) A v/didads, 1/8) in the proof of Lemma 7, where
%(77) = {X : QTX = Xa HXHmax S 77/ d1d2d3}'
Our first step is symmetrization.

Lemma 8 Let ¢;s be a Rademacher sequence, that is a sequence of i.i.d. €; with P{¢; =1} =
P{e; = —1} = 1/2. Then

dydads
max IED{ — Z,P(ai,bi,ci)X - X Z t}
Xeu(n) n Py
dydyds & t2/2
< 4 max P L BZGiP(aibici)X >t/2 4+ 4dexp (— nt’/ )
Xeu(n) n i—1 o 772 + 277t d1d2d3/3

Proor or LEMMA 8. Following a now standard Giné-Zinn type of symmetrization

> t}
> t/Q}

dydyds
. .C_X—X>>t}.
- ;7’( ibici)

argument, we get

didads
max P { H% Zp(ai,bi,ci)X - X

Xe¥(n) =

dydyds
20 Zeip(ai,bi,ci)X

=1

Xeu(n) n

< 4 max IF’{

+2 max max ]P’{<u®'v®'w,
Xe% () llul=[v]=/lwl=1

See, e.g., Giné and Zinn (1984). It remains to bound the second quantity on the right-hand
side. To this end, denote by

§z‘ = <u XV w, d1d2d3p(ai,bivci)X B X>

For ||lu| = |lv|| = |lw| = 1 and X € Z(n), & are iid variables with E¢ = 0, [§] <
2d1dod3 || X |lmax < 20V didads and EE? < (dydads)|| X |2, < n% Thus, the statement follows
from the Bernstein inequality. U

In the light of Lemma 8, it suffices to consider bounding

max ]P’{ 215/2}.
Xe# ()

To this end, we use a thinning method to control the spectral norm of tensors.

n

Z EiP(ai,bi,ci)X

i=1

dydads
n
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5.2 Thinning of the spectral norm of tensors

Recall that the spectral norm of a tensor Z € R%*92%43 i5 defined as

1Z] = max (u®vew,Z).
u€RM veR¥2 weR93
llulViviviw|<1

We first use a thinning method to discretize maximization in the unit ball in R% to the
problem involving only vectors taking values 0 or £2742 ¢ < m; = [log, d;], that is, binary
“digitalized” vectors that belong to

7 (0,41, 42712 27210y € RY : |lul| < 1}. (16)

j
Lemma 9 For any tensor Z € Rhxdzxds
HZH = 8HlaX{<u®fu ®w’Z> SRS ‘%mhdla'v € %ﬁw,dz:w S e%ms,d?,}a

where m; = [logy d;], 7 =1,2,3.

ProoF or LEMMA 9. Denote by

Cpma = min max u'a,
a||=1 vEBm.a

which bounds the effect of discretization. Let X be a linear mapping from R? to a linear
space equipped with a seminorm || - ||. Then, || Xu|| can be written as the maximum of
¢(X ) over linear functionals ¢(-) of unit dual norm. Since maxj, <1 u'a =1 for ||al| =1,
it follows from the definition of C,, 4 that

max u'a < Ha||C max u' (a/|al|) = d max u'a
H H<1 e@m, et%md

for every a € R? with |la]| > 0. Consequently, for any positive integer m,

max || Xul| = max max a'u < C} ma JAX | Xull.
[[ull<1 a:aTv=¢(Xv)Vv [u]<1 UELm,

An application of the above inequality to each coordinate yields

| Z] < clt. ct max (u@vew,Z).

m d ma,d2 ~ m3,d
Lt 2,02 3 3uejnLl,dlvve%nLQ,dvaef%mgﬂdg

It remains to show that C,, 4, > 1/2. To this end, we prove a stronger result that for

any m and d,

L<V24+2(d-1)/2m - 1).
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Consider first a continuous version of C,, 4:

Cr. 4= min max a'wu.

lall=1uecz, d
where 4, ; = {t : t* € [0,1]\ (0,27™)}* N {w : [Ju|| < 1}. Without loss of generality, we
confine the calculation to nonnegative ordered a = (ay, .. ., ad)T satisfying 0 < a; < ... < ay
and |la|| = 1. Let

J—1 .
7
/{?:max{j:Zma2.+Za2 < 1} and © = (ail{t > k})axi

(2

P k .
i=1 {1- Z¢:1 a?}l/Q

Because 2"v?,, = 2™a?,, /(1 — Y a?) > 1, we have v € %, ;. By the definition of k,

zlz

there exists z? > a? satisfying

k

2" =1+ al =1

i=1

It follows that

iaz _ Zf:l a; < ka? < d—1
P D2 2T (2 )2t ka? T 2m e d -2
= ( ) +Zz:1 i

Because a'v = (1 — 3% a2)¥2 for this specific v € 2! . WE get

zlz

v d—1 \1/2 om _ 1 \1/2
et (=) 20 -55as) = (ras)
mad = ||£I||12ml -2 ) =z om £ d—2 om +d—29

=1

Now because every v € %, ; with nonnegative components matches a w € %, 4 with
sgn(v;)V2u; > |vi| > sgn(v;)u;,
we find Cy, g > Cy, 4/V2 V2. Consequently,

1/Cra < V2/Cl g <V2{1+ (d - 1)/(2™ — 1)}2, O

It follows from Lemma 9 that the spectrum norm || Z]| is of the same order as the
maximum of (u @ v ® w, Z) over u € By, 4y, V € Bing.ay, a0d W € By 4, We will further
decompose such tensors u ® v ® w according to the absolute value of their entries and bound

the entropy of the components in this decomposition.
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5.3 Spectral norm of tensors with sparse support

Denote by D; a “digitalization” operator such that D;(X) will zero out all entries of X

whose absolute value is not 277/2, that is

D;(X) = Z]I{|<ea Rey®e, X)| =277 e, @ e, e, X)e, @ e, @ e (17)

a,b,c
With this notation, it is clear that for u € %, 4,, v € Biny.d, a0d W € By, ds,

mi1+ma+ms3
(uRvw,X) = Z (Di(u®@vw),X).

Jj=0

The possible choice of D;(u ® v ® w) in the above expression may be further reduced if

X is sparse. More specifically, denote by
supp(X) = {w € [d1] X [da] x [ds] : X(w) # 0}
Define the maximum aspect ratio of supp(X) as

Vsupp(x) = Max, max [{i¢ : (41,92,13) € supp(X)}]. (18)

In other words, the quantity vsupp(x) is the maximum £, norm of the fibers of the third-order
tensor. We observe first that, if supp(X) is a uniformly sampled subset of [d;] x [da] X [d3],

then it necessarily has a small aspect ratio.

Lemma 10 Let Q be a uniformly sampled subset of [dy] x [ds] X [d3] without replacement.
Let d = dy + dy + ds, p* = max(dy, do, d3) /(didads), and vy = (d®* enp*) V {(3 + B)/61} with
a certain 0, € [1/logd, 1]. Then,

]P{VQ > Vl} <d P13

PROOF OF LEMMA 10. Let p; = dy/(d1dad3), t = log(v1/(np*)) > 1, and
Ni2i3 = |{Zg : (il,’ig,ig) S Q}| .

Because N,,;, follows the Hypergeometric(d;dads, dq,n) distribution, its moment generating

function is no greater than that of Binomial(n, p;). Due to p; < p*,

P{N,i; > 11} <exp (—t1/1 + np*(e' — 1)) < exp (—vy log(vy /(enp®))) .

26



The condition on vy implies vy log(vy/(enp*)) > (3 4 ) logd. By the union bound,
P{max Ni2i3 Z Vl} S dgdgd_3_ﬁ.
22,13

By symmetry, the same tail probability bound also holds for max;, ;, [{ia : (i1, 42, 13) € Q}|
and maxsi, i, |{23 . (il,’ig, 23) € Q}l, so that P{VQ Z Vl} S (d1d2 -+ d1d3 -+ dgdg)d_?)_ﬁ. The
conclusion follows from dydy + dyds + dods < d?/3. O

We are now in position to further reduce the set of maximization in defining the spectrum

norm of sparse tensors. To this end, denote for a block A x B x C' C [d;] X [ds] x [d3],
h(Ax B x C) = min{y L |A| < v|B||C], |B| < v]Al|C), |C] < u]A||B\}. (19)

It is clear that for any block A x B x C, there exists A C A, B C B and C C (' such that
WA x B x C) < vg and

(AxBxC)NnQ=(Ax BxC)n.

For w € B, a,, V € Bingay atd W € By gy, let Ay ={a:u2 =2""} B, ={b:vi =272}
and Cy, = {c: w? =27}, and define

5.7(“ ® v ® w) = Z ng!il XEJ'

(i1,42,i3):i1+ia+iz=j

,io x6j7i3 D] (u ® v ® w) (2())

where A;; C A Ej,iz C Bj,, and Ciin C Cj.i, satisfying h(A;;, x Bj;, X éj,is) < v and
(Ai, X B, x C;;)NQ = (Zj,il X Em X (7]-72-3) N Q.
Because PoDj(u ® v ® w) is supported in U, iy i )iy +is+is=; (Ai; X Biy X Cyy) N €2, we have
Pgﬁj(u Rv@w) =PoDj(u®@v®w).

This observation, together with Lemma 9, leads to the following characterization of the

spectral norm of a tensor support on a set with bounded aspect ratio.

Lemma 11 Let my = [logyd,] for ¢ = 1,2,3, and D;(-) and D;(-) be as in (17) and (20)
respectively. Define

B m, = { Z Dj(uy @ uy @ ug) + Z Dj(u; ® uy @ us) : ug € «@mm},
0<j<me ma<j<m*
and B, = Upo<v By .- Let X € RU*2XD pe g tensor with supp(X) C Q. For any

0<my, <mq—+ms+ms3and v > v,

|X] <8 max (Y,X)<8 max (Y,X).
YeABE

*
Q,mx Ye v, mx
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5.4 Entropy bounds
Essential to our argument are entropic bounds related to 4, . It is clear that

D) sl < 13 < (507 )2 < expl(2 A )02+ 1+ (og(d/2).),

so that by (16)

mj d 00
| B a;| < H <2k Nd >22 M < exp (dj Z 2 (log2 + 1 + log(2€))) < exp(4.78d,)
=1

Consequently, due to d = dy + dy + d3 and 4.78 < 21/4,

3
<[[1Bm, | <@/ (21)

Jj=1

|5,

VM

We derive tighter entropy bounds for slices of %}, by considering
Doin = {Di(Y): Y € B, ID;(Y)llfs < 27}

Here and in the sequel, we suppress the dependence of & on quantities such as m,, mq, mo, ms

for brevity, when no confusion occurs.

Lemma 12 Let L(x,y) = max{1l,log(ey/x)} and v > 1. For all0 < k < j < m*,

log )@W < (21/4)J (v, j, k), (22)

where J(v, j, k) = (j + 2)Vv2h1L(Vv2k-1, (j + 2)d).

Proor or LEMMA 12. We first bound the entropy of a single block. Let

.@S}l“k) = {sgn(ua)sgn(vb)sgn(wc)ﬂ{(a, bc) € Ax BxC}:
MA X B x C) <, |4][B|IC] = ¢}.

By the constraints on the size and aspect ratio of the block,
max(|A[?, |B?, |C[*) < v|A||B||C| < vt.
.@S}locm into subsets according to ({1, (s, l3) = (|A],|B],|C|), we find

Z 9l1+e2+0s dy do ds
0y 0y ls

£10203=0L max(¢1,l2 ,Kg)ﬁm

By dividing

‘ 2! block)
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By the Stirling formula, for i = 1, 2, 3,
log [\/zwmfz‘ (i)} < L (0, 2d) < Vvl L(Vve,2d).

We note that k(k + 1)/(24/¢*) is no greater than 2.66, 1.16 and 1 respectively for ¢ = 2,
qg=3andq>5. Let {=][], qu with distinct prime factors g;. We get

{01, o, b3) = biloly = L}] = H (k N 1) < 2.66 x 1. 16H\/ < mt? < H\/27r

It follows that

85| < exp (3VVEL(Vit, 24) ). (23)
Due to the constraint i, + iy + i3 = j in defining %, , for any Y € %, , D;(Y) is
composed of at most i* = (];2) blocks. Since the sum of the sizes of the blocks is bounded

by 2%, (23) yields

IN

‘ Du.jk

Z H ‘ @(block

b4+ *<2k i=1

Z exp(i?)\/l/_& L(\/U_&,Qd)>

1 ALyx <2

< (2’9)1* max  exp <Z_Z*3\/U_€l L(\/V_&-, 2d)).

O+ 4L <2k

IN

It follows from the definition of L(x,y) and the Cauchy-Schwarz inequality that
SV LVt 2d) = Z \/_( L(Vv2F,2d) + log <\/2k/£i)>
i=1

< VIR (VEL(Vi2F 2d) +ZW1og(m>)
< W( (\/_ 2d)+log(\/_))

where the last inequality above follows from the fact that subject to uy, us > 0 and uf +u3 <

2¢% < 2, the maximum of —u; log(uy) — us log(us) is attained at u; = uy = c¢. Consequently,
i+2)

. o
since 1* < ( 5

log )@w}k < i*log (2’“) + 3Virv2k L (v v2k. 2d (’;2)) )
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We note that j > k, v/2F > kv8/3, v > 1 and zL(z,y) is increasing in x, so that
ViR L (Vigh 2d,/ (59)) \/_/3L<k\/_/2 2,/ (7%%))  VBlog(ed)
i* log (2F) Vit log 2 \/z_* log 8

Moreover, because 27 13/2 < \/gl_[?:l(Zdj) < V8(2d/3)° < &%, we get V2ir <

VEi+DG+2) <j+3/2 <m*+3/2 < (3/log2)logd, so that the right-hand side of
the above inequality is no smaller than (4/log8)(log2)/3 = 4/9. It follows that

< (3+9/4)\/ZWL<\/E 2d (m))

This yields (22) due to i* < (73?). O

log ‘ Dyjk

By (21), the entropy bound in Lemma 12 is useful only when 0 < k < j < m,, where

m, = min {x:me* or J(v,x,x) zd}. (24)

5.5 Probability bounds

We are now ready to derive a useful upper bound for

dydyds ~—
20 ZEiP(ai,bi,cZ‘)X

n X
=1

-1},

Let X € % (n). For brevity, write Z; = didadse; Pq, p,.c,) X and

dydyds 1 —
Z = i (a;,b;,c; X =- Zz
- ;6 Plaibie:) - ;

Let Q = {(ai, b;, ¢;) : i < n}. In the light of Lemma 10, we shall proceed conditional on the

event that v < 14 in this subsection. In this event, Lemma 11 yields

<
12l < 8 mex (¥,2) (25)
= 8 max | Y (Dy(Y),Z)+(S.(Y),Z) ],
Yeﬂ?il M 0<j<m

where m. is as in (24) with the given v and S.(Y') =3, D;(Y).
Let Y € #; .. and Y; = D;(Y). Recall that for Y; # 0, 277 < ||[Y |55 < 1, so that

V1, M

Y, e Uk:()@,,l,],k. To bound the first term on the right-hand side of (25), consider

P{ mas (Y. Z) > b, 2)1/2|1anHs}

Y ;€90 5,6\ Pvy 5 k-1
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with 0 <k < j <m,. Because || Z;||max < d1dads|| X ||max < nV/d1dods, for any Y; € Dy, i,
(Y, Z3)| <2770\ didods, B(Y;, Z3)* <?||Yllfis < 0257,
Let ho(u) = (1 + u)log(1 + u) — u. By Bennet’s inequality,

P{(Y; Z) > ok=i=1)/2 (m*+2)71/2}
< e (- (n22k 7) h (tQ(k*j*l)/Q(m*_{_2)71/2)(27]'/277 /—dldgdg)
o 2_j7’]2d1d2d3 0

7722k—j
— ex B n2k I ty/ d1d2d3
P didads 0 n (m* + 2)2k’+1 )

Recall that Z,;, = {Y; =D;(Y):Y € B, |Y,llis <

V,mx )

< 2k J} By Lemma 12,

P{ max <Y,Z>2wmeD“WYﬂm}
Y Egyl s k\gyl Jrk—1

< |\Dv, ikl mjax IP’{Y Z) > ¢ok—i— 1)/2m +2) 1/2} (26)
v1,5,k

| n2k v/ didyd
< exXp ((21/4)J(V1a]ak) - d1d2d3h0 <77 (m 1+22)32k+1)> '

Let Ly =1V log(ed(m, + 2)/+v/1125-1). By the definition of J(v, j, k) in Lemma 12,

J(v1,7, k) < J(vi,mu, k) = (ma + 2)V/ 28 Ly, < J(vy, ma, my) = d.

Let x > 1 and t; be a constant satisfying

’I"Ltl Z 2477(m* + 2)3/2 Vldldgdg, n.%t%ho(l) Z 127]2(m* + 2)2\/EdL0

(27)
We prove that forall x > 1 and 0 < k < 7 <m,
n2k ZL’tl vV d1d2d3 .
h > 6xJ (v, my, k) > 6xJ(vy, 5, k). 28
dydads 0 ( (m* + 2)2k+1 - ( 1 ) ( 1, ) ( )

Consider the following three cases:

C ) l'tl iV d1d2d3 |: { ed(m* + 2) }:| 1/2
ase 1: > |max < 1l, ——————= ,

ny/ (M + 2)2k+1 Vi 2k-1
Case 2: 1< v didzdy < [ed(m* il 2>1 v

ny/ (m, + 2)2++1 Vi 2R
l’tl vV d1d2d3
Case 3: <
ny/(m, + 2)2k+1

Y
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Case 1: Due to ho(u) > (u/2)log(1l + u) for u > 1 and the lower bound for nt,

n2k < Itl vV d1d2d3 > > n2k ( (L’tl vV d1d2d3 ) Lk
Ui Ui

didyds (M + 2)2F+1 didads (my, + 2)2k+1 4

4
> 6x(my + 2)V 11281 L.
Case 2: Due to (m. + 2)v/2F 1, < d, we have
1 - xtiy/e(m, + 2) [ed(m* + 2)} - ot/ 28
vV d1d2d3 B n\/(m* + 2)2k+1 \/V12k_1 nd\/e(m* + 2)2k+1 .
Thus, due to ho(u) > uhg(1) for u > 1, we have
n2k i $t1\/ d1d2d3 > ( .Ttl vV V12k71 > n 2k71$t1h0<1)
dydads 0 ny/ (M + 2)2k+1 o nd\/e(m* + 2)2k+1 My + 2
nth%hg(l)\/ V12k_1
2% (m. + 2)/ed
Because nxt?hg(1) > 12n?(m, + 2)?y/edLy and Ly > Ly, it follows that

k T
n2 h ( vtV d1dads ) > 6x(m. + Q)WLJC.
n

didads (m, + 2)2k+1

Case 3: Due to ho(u) > u?hg(1) for 0 < u < 1 and natihg(1) > 12n*(m, + 2)d, we have

k / 242
n2 < ZL’tl d1d2d3 ) > nx tlh()(].) Z 62d Z 6xJ(1/1, M, k)
Ui

h
dydydy (m. +2)2511 | = 2n2(m, +2)

Thus, (28) holds in all three cases.
It follows from (26) and (28) that for ¢; satisfying (27) and all z > 1

IP’{ max Y;, Z) > Th|¥;llus
i -

Yjegul,j,k\gul,j,kfl m* + 2

} < exp (—(6x — 21/4)J(v1, ms, k)) .

xlog(y/x) for x € [1,y] and V1121 > 1. Summing over 0 < k < j < m,, we find by the

union bound that

We note that J(vy, m., k) > J(1,m,,0) > (m. + 2)log(ed(m. + 2)) by the monotonicity of

P<{ max max \D;(Y), Z) > rh
0<j<me Y& . :D;(Y)#0 || Dj(Y)|lus — (mua + 2)1/2

V], Mt

< <m*2+ 2) {ed(m. + 2)}7(61721/4)(m*+2)

For the second term on the right-hand side of (25), we have

(S.(Y), Z:)| <27 Pny/didods,  E((S.(Y), Z:))" < 7P11S.(Y)[fis-
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As in the proof of (26) and (28), log |%;, ,..| < 5d = 5J(v1, M., m,) implies

P { max (.(Y), 2) > vt }

vess, 5. (0)70 [So(Y)[las = (mx + 2)12
< (m* . m*){ed(m* + 2)}—(6r—21/4)(m*+2)

*
V1,Mx?

By Cauchy Schwartz inequality, for any Y € %

15:(Y)[las + > o< j<m, [125(Y)|lns
(. + 2)172

1/2
< (IIS*(Y)H%er > IIDj(Y)H%s) <1

0<j<me

Thus, by (25), for all ¢; satisfying (27) and = > 1,

P{ max <Y,Z>2:17t1}
YRy

V], Mm%

« 1 2
: {(m 2+ ) e m*} {ed(m,. +2)}7(Crm2/Rm 2, (29)

We now have the following probabilistic bound via (29) and Lemma 10.

Lemma 13 Let vy be as in Lemma 10, x > 1, ty as in (27) and m, in (24). Then,

max ]P’{ > xtl}
Xe#(n)

T2
<{("™)77) o fedtn, 4 20D

didsds —
- i/ (ai,bi,ci X
- Z €Pas bic:)

5.6 Proof of Lemma 7

We are now in position to prove Lemma 7. Let Q = {(a;, b;, ¢;),7 < ny}. By the definition
of the tensor coherence (X)) and the conditions on «(T) and 7(T'), we have ||[W ||[pax <
n/v/didads with n = (ag+/r) A /didads, so that in the light of Lemmas 8, 10 and 13,
1/16)%/2
< 4exp<_ ni(1/16)°/ )

1
S -
_8} (30
n? + (2/3)n(1/16)V/d1dads
« 12 6z B
my + )—|—m*—m*}{6d(m*+2)} (Gx 21/4)(m*+2)_|_d B 1/3

dydyds =
Pravon X — X
nl Z ( bely 7,)

i=1

max P
X:X=0rX
| X lmax <[|W |l max

2

with ¢ = 1/8 in Lemma 8 and the v; in Lemma 10, provided that zt; < 1/16 and
nity Z 24n(m* + 2)3/2 Vldldgdg, nll‘t%ho(l) Z 12772(m* + 2)2\/EdL0
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Thus, the right-hand side of (30) is no greater than d—°~! for certain x > 1 and ¢, satisfying

these conditions when

1 + 6 3 2 2
o 2) (n\/(m* + 2)301dydads + n(m. + 2) L0d>

+¢,(1+ B)(log d) (n2 . d1d2d3>

n, > c'1<1+

for a sufficiently large constant . Because v2™+=1 < J(vy, m,, m,) = d, it suffices to have

ny > ¢f [(B + log d) {77\/(108; d)vididads + 772(108; d)zd} + (1 + B)(logd)n dld2d3} .

When the sample size is ny, v1 = (d° en; max(dy, da, d3) /(d1dads)) V {(3 + 3)/61} in Lemma
10 with 51 S [1/10g d, 1] When vy = d§1€n1 max(dl,dg,d3)/(d1d2d3), T Z T/ l/ldldgdg iff
ny > 22d* e max(dy, dy, d3). Thus, it suffices to have

n > o [(,6 +log d)*n (log d)d' ' + (8 + log d)n\/ (logd)(3 + ﬁ)(sl—ldldeg}

+d} [(5 +log d)n*(logd)*d + (1 + )(log d)n d1d2d3:| .

Due to /(1 + 8)(logd) < 1+ 5 + logd, the quantities in the second line in the above
inequality is absorbed into those in the first line. Consequently, with n = ag+/r, the stated

sample size is sufficient. O

6 Concluding Remarks

In this paper, we study the performance of nuclear norm minimization in recovering a large
tensor with low Tucker ranks. Our results demonstrate the benefits of not treating tensors
as matrices despite its popularity.

Throughout the paper, we have focused primarily on third order tensors. In principle,
our technique can also be used to treat higher order tensors although the analysis is much
more tedious and the results quickly become hard to describe. Here we outline a considerably
simpler strategy which yields similar sample size requirement as the vanilla nuclear norm
minimization. The goal is to illustrate some unique and interesting phenomena associated
with higher order tensors. The idea is similar to matricization — instead of unfolding a Nth
order tensor into a matrix, we unfold it into a cubic or nearly cubic third order tensor. To fix
ideas, we shall restrict our attention to hyper cubic Nth order tensors with d; = ... = dy =:
d and r1(T),ro(T),...,ry(T) are bounded from above by a constant. The discussion can
be straightforwardly extended to more general situations. In this case, the resulting third

order tensor will have dimensions either d\V/3 or dlV/3J+1 and Tucker ranks again bounded.
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Here |z | stands for the integer part of x. Our results on third order tensor then suggests a

sample size requirement of
n = d™'?*polylog(d).

This is to be compared with a matricization approach that unfolds an Nth order tensor to
a (nearly) square matrix (see, e.g., Mu et al., 2013) — where the sample size requirement
is d/V/?Ipolylog(d). It is interesting to notice that, in this special case, unfolding a higher
order tensor to a third order tensor is preferable to matricization when N is odd.

The main focus of this article is to provide a convex solution to tensor completion that
yields a tighter sample size requirement than those based upon matricization. Although the
nuclear norm minimization we studied is convex, an efficient implementation has so far eluded
us. Indeed, as recently shown by Hillar and Lim (2011), most common tensor problems are
NP hard, including computing the tensor spectral or nuclear norm as we defined. However,
one should interpret such pessimistic results with caution. First of all, NP-hardness does
not rule out the possibility of efficient ways to approximate it. One relevant example is
tensor decomposition, a problem very much related to our approach here. Although also a
NP hard problem in general, there are many algorithms that can do tensor decomposition
efficiently in practice. Moreover, the NP hardness result is for evaluating spectral norm of
an arbitrary tensor. Yet for our purposes, we may only need to do so for a smaller class of
tensors, particularly those in a neighborhood around the truth. It is possible that evaluating
tensor norm in a small neighborhood around the truth can be done in polynomial time. One
such example can actually be easily deducted from Lemma 3 of our manuscript, where we
show that for bi-orthogonal tensors, nuclear norm can be evaluated in polynomial time.

The research on tensor completion is still in its infancy. In addition to the computational
challenges, there are a lot of important questions yet to be addressed. For example, it
is recently shown by Mu et al. (2013) that exact recovery is possible with sample size
requirement of the order (r3 + rd)polylog(d) through direct rank minimization. It remains
unclear whether or not such a sample size requirement can be achieved by a convex approach.
Our hope is that the results from the current work may lead to further understanding of
the nature of tensor related issues, and at some point satisfactory answers to such open

problems.
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