Ming Yuan — Covariance Estimation for Lattice Graph March 12, 2013

COVARIANCE OPERATOR ESTIMATION FOR RANDOM

VARIABLES OBSERVED ON A LATTICE GRAPH

Ming Yuan

Department of Statistics
University of Wisconsin-Madison
myuan@stat.wisc.edu

http://www.stat.wisc.edu/~myuan

(Based on joint work with T.T. Cai)

TTTTTTTTTTT

MMMMMMM


http://www.stat.wisc.edu/~myuan

Ming Yuan — Covariance Estimation for Lattice Graph March 12, 2013

COVARIANCE OPERATOR FOR DISCRETE STOCHASTIC PROCESS

» Discrete stochastic process X : 7 — R

» Covariance operator
% = (cov(X(s), X(¢)))ser : L2(T) = £2(T)

» Estimating covariance operator

» Topological structure of domain— (7, D)

TTTTTTTTTTT



Ming Yuan — Covariance Estimation for Lattice Graph

March 12, 2013

SPATIAL STATISTICS
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FACE RECOGNITION
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EFFECT OF CORRELATION IN MULTIPLE TESTING
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IMPORTANCE OF ACCOUNTING FOR LATTICE STRUCTURE

» Eigenimage for 2-d lattice
» Markov random field of order two

» 1 = 400 images of resolution 25 X 25
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COVARIANCE OPERATOR FOR LATTICE GRAPHS
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» Lattice

{1,2,...
{1,2,...

- g(Q1>--->Qd) —
qup X X

7Qd}

» Stochastic process on the lattice

X =(X(t):tegy)

» Covariance operator

2=

COV(X(S)a X(t)))s,tegd

e Qperator

¥ i l2(Ga) — €2(9a)

e Operator norm — || 3|

» Goal —

X1,...,X, > X
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EXPONENTIALLY DECAYING COVARIANCE OPERATORS

> Lattice—g(ql,...,qd) = {1,2,---7611} X X {172,---7%}
e “Dimension” of lattice — d
e Lengths—q1,...,qq

e Number of variables—p = q1 X g2 X ...qq
» Distance on lattice — Taxicab distance/{; distance

» Covariance decays exponentially with distance:

Filag,a; Mo, M) =<¢X: X0, |3 < My, Z lo(s,t)| < M exp(—agk®)
s:D(s,t)>k

e Markov random field
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HOW WELL CAN WE ESTIMATE X

» Minimax optimal rate of convergence

d

. ~ lo 1 , N
inf swp B[S =< =2 4~ [] (min{qe, (logn)'/*}).
> (data) Fi (ag,05Mo,M) n n Pt

» In particular — “squared” lattice g1 = ... = qq = ¢
- | d/o ]
_inf sup EHE—ZHzxmin{(ogn) T ng’ B}
>(data) SeF* (ao,a; Mo, M) n noomn

o Iflogp < (logn)¥/®

~ ] d/o
_inf sup EHE—EHmein{(Ogn) : B}
Y(data) YeF5 (ag,o; Mo, M) n n
o Iflogp > (logn)¥/«
~ 1
_inf sup E||Y - 3|? = -t
> (data) SeFT (ap,0; Mo, M) n

5 0
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POLYNOMIALLY DECAYING COVARIANCE OPERATORS

Fila; Mo, M) ={%: B0, |Z| <My, Y lo(s,t)] <ap=Mk™
s:D(s,t)>k

» Minimax optimal rate of convergence

10 k 20&—'2—3—]€
_inf sup  E[|X-Z| = 5P mind [ n? Hq[l] :0<k<d
S(data) Fo (oMo, M) " =0

» In particular — 1-d lattice or path graph (see also Cai, Zhang and Zhou, 2010)

- o lo
inf  syp E[S-3P= mn{n ; logp, 3}.
Y (data) Xe F1(a; Mg, M) n n
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» Squared Lattices

_ N ]
inf sup EHE—ZHQXmin {n_2§+d 4 ng’ B}

> (data) SeFy(a; Mo, M) n n
e Role of p — mostly as log p factor

e Role of d — mostly in exponent: curse of dimensionality

» 2-d Rectangular Lattice

~ 1 o Za+T
_inf sup E||Y - 3|? = ng—l—min{n_a—ﬂ, (Q) i B}.
¥ (data) Xe Fa(a; Mg, M) n n n

o Ifqro) > (n/Q[l])l/(ZaH)

_ 1 . o
inf  sup B[S 3= 2P +min{n_a—+1’ () }
Y.(data) L€ Fa(a; Mo, M) " :

o It gy > nl/(2a+2)
- ] o
n

> (data) YeFo(a;Mo,M)
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BLOCKWISE BANDING ESTIMATOR
» Dividing the lattice G4 into blocks

Oy . .
L7 ={(G-1Db+1,(j—1)b+2,...,5b}
» Define a “block”

By =1 < IV x ...ox 1|9

Jd ’

» Block of an operator

Ajy = (A(s,t))seB; teBy

» Blockwise banding

- Siy 1 lj =il <1
2ijjr =

0 otherwise
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OPTIMALITY

» Polynomially decaying covariance operators

e Block size ,
20(—{—3— k

k
bwmljn n_lgql 0<k<d

e Rate of convergence

10 k 20+d—k
sup E|X - 2| < 5P | min n_ll_[ql :0<k<d
SeFq(a; Mg, M) n

» Exponentially decaying covariance operators

e Block size
b ~ solution of logn + dlogx = 2agx®

e Rate of convergence

. 1 1 : o
sup B[S - 9P £ 222 4 = [T (min{ge, (logn)*/*})

TeF i (ag,a;Mo,M) n k—1
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EIGENFACES
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FACE RECOGNITION
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MORE GENERALLY...

» General decaying rate — > . s 4)>, [0(8,1)| < a where ay | 0
e Key quantity

e Optimal rate of convergence

5 k(g)¢ +1
_inf sup E|X - X|* < LiCh s =l
Y(data) SeFy({ax };M) "

» General domains — rate of convergence depends on the “volume” of balls

N(r) = rtneaﬁgccard{s e T :D(s,t) <r},

e Large volume — slower rate

e Small volume — faster rate
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