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COVARIANCE OPERATOR FOR DISCRETE STOCHASTIC PROCESS

I Discrete stochastic process X : T 7→ R

I Covariance operator

Σ = (cov(X(s), X(t)))s,t∈T : `2(T ) 7→ `2(T )

I Estimating covariance operator

X1, . . . , Xn 7→ Σ̂

I Topological structure of domain – (T , D)
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SPATIAL STATISTICS
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FACE RECOGNITION

[AT&T Laboratory]

Face Images :X1, . . . , Xn=⇒ Σ =⇒Eigenfaces
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EFFECT OF CORRELATION IN MULTIPLE TESTING

[Logan and Rowe, 2004]

Test Statistics : X̃=⇒ Σ =⇒Region of interests
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IMPORTANCE OF ACCOUNTING FOR LATTICE STRUCTURE

I Eigenimage for 2-d lattice

I Markov random field of order two

I n = 400 images of resolution 25× 25
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COVARIANCE OPERATOR FOR LATTICE GRAPHS

I Lattice – G(q1, . . . , qd) =

{1, 2, . . . , q1} × · · · ×
{1, 2, . . . , qd}

I Stochastic process on the lattice

X = (X(t) : t ∈ Gd)

I Covariance operator

Σ = (cov(X(s), X(t)))s,t∈Gd

• Operator

Σ : `2(Gd) 7→ `2(Gd)

• Operator norm – ‖Σ‖

I Goal – X1, . . . , Xn → Σ
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EXPONENTIALLY DECAYING COVARIANCE OPERATORS

I Lattice – G(q1, . . . , qd) = {1, 2, . . . , q1} × · · · × {1, 2, . . . , qd}
• “Dimension” of lattice – d

• Lengths – q1, . . . , qd

• Number of variables – p = q1 × q2 × . . . qd

I Distance on lattice – Taxicab distance/`1 distance

I Covariance decays exponentially with distance:

F∗d (α0, α;M0,M) =

Σ : Σ � 0, ‖Σ‖ ≤M0,
∑

s:D(s,t)≥k

|σ(s, t)| ≤M exp(−α0k
α)

 .

• Markov random field
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HOW WELL CAN WE ESTIMATE Σ

I Minimax optimal rate of convergence

inf
Σ̃(data)

sup
F∗d (α0,α;M0,M)

E‖Σ̃− Σ‖2 � log p

n
+

1

n

d∏
k=1

(min{qk, (log n)1/α}).

I In particular – “squared” lattice q1 = . . . = qd = q

inf
Σ̃(data)

sup
Σ∈F∗d (α0,α;M0,M)

E‖Σ̃− Σ‖2 � min

{
(log n)d/α

n
+

log p

n
,
p

n

}
.

• If log p� (log n)d/α

inf
Σ̃(data)

sup
Σ∈F∗d (α0,α;M0,M)

E‖Σ̃− Σ‖2 � min

{
(log n)d/α

n
,
p

n

}
.

• If log p� (log n)d/α

inf
Σ̃(data)

sup
Σ∈F∗1 (α0,α;M0,M)

E‖Σ̃− Σ‖2 � log p

n
.
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POLYNOMIALLY DECAYING COVARIANCE OPERATORS

F∗d (α;M0,M) =

Σ : Σ � 0, ‖Σ‖ ≤M0,
∑

s:D(s,t)≥k

|σ(s, t)| ≤ ak = Mk−α

 .

I Minimax optimal rate of convergence

inf
Σ̃(data)

sup
Fd(α;M0,M)

E‖Σ̃−Σ‖2 � log p

n
+min


(
n−1

k∏
l=0

q[l]

) 2α
2α+d−k

: 0 ≤ k ≤ d

 .

I In particular – 1-d lattice or path graph (see also Cai, Zhang and Zhou, 2010)

inf
Σ̃(data)

sup
Σ∈F1(α;M0,M)

E‖Σ̃− Σ‖2 � min

{
n−

2α
2α+1 +

log p

n
,
p

n

}
.
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I Squared Lattices

inf
Σ̃(data)

sup
Σ∈Fd(α;M0,M)

E‖Σ̃− Σ‖2 � min

{
n−

2α
2α+d +

log p

n
,
p

n

}
• Role of p – mostly as log p factor

• Role of d – mostly in exponent: curse of dimensionality

I 2-d Rectangular Lattice

inf
Σ̃(data)

sup
Σ∈F2(α;M0,M)

E‖Σ̃− Σ‖2 � log p

n
+ min

{
n−

α
α+1 ,

(q[1]

n

) 2α
2α+1

,
p

n

}
.

• If q[2] � (n/q[1])
1/(2α+1)

inf
Σ̃(data)

sup
Σ∈F2(α;M0,M)

E‖Σ̃− Σ‖2 � log p

n
+ min

{
n−

α
α+1 ,

(q[1]

n

) 2α
2α+1

}
.

• If q[1] � n1/(2α+2)

inf
Σ̃(data)

sup
Σ∈F2(α;M0,M)

E‖Σ̃− Σ‖2 � log p

n
+ n−

α
α+1
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BLOCKWISE BANDING ESTIMATOR
I Dividing the lattice Gd into blocks

I
(l)
j = {(j − 1)b+ 1, (j − 1)b+ 2, . . . , jb}

I Define a “block”

Bj = I
(1)
j1
× I(2)

j2
× . . .× I(d)

jd
,

I Block of an operator

Ajj′ = (A(s, t))s∈Bj,t∈Bj′

I Blockwise banding

Σ̂jj′ =

 Sjj′ if ‖j− j′‖∞ ≤ 1

0 otherwise
.
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OPTIMALITY

I Polynomially decaying covariance operators

• Block size

b ∼ min
k


(
n−1

k∏
l=0

ql

) 2α
2α+d−k

: 0 ≤ k ≤ d

 .

• Rate of convergence

sup
Σ∈Fd(α;M0,M)

E‖Σ̂− Σ‖2 .
log p

n
+ min


(
n−1

k∏
l=0

ql

) 2α
2α+d−k

: 0 ≤ k ≤ d


I Exponentially decaying covariance operators

• Block size

b ∼ solution of log n+ d log x = 2α0x
α

• Rate of convergence

sup
Σ∈F∗

d
(α0,α;M0,M)

E‖Σ̂− Σ‖2 .
log p

n
+

1

n

d∏
k=1

(
min{qk, (logn)1/α}

)
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EIGENFACES
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FACE RECOGNITION
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MORE GENERALLY...

I General decaying rate –
∑
s:D(s,t)≥k |σ(s, t)| ≤ ak where ak ↓ 0

• Key quantity

k(q) = min{1 ≤ k ≤ q : ak ≤ n−1/2kd/2−1}

• Optimal rate of convergence

inf
Σ̃(data)

sup
Σ∈Fd({ak};M)

E‖Σ̃− Σ‖2 � [k(q)]d + log p

n
.

I General domains – rate of convergence depends on the “volume” of balls

N(r) = max
t∈T

card{s ∈ T : D(s, t) ≤ r},

• Large volume =⇒ slower rate

• Small volume =⇒ faster rate
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