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DISTANCE SHRINKAGE

1. INTRODUCTION

VPU SEQUENCE VARIATION
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[Pickering et al., 2014]

Multidimensional Scaling

To what extent, does multidimensional scaling (MDS) faithfully
reflect features in the original data?



DISTANCE SHRINKAGE 2. EstimaTing EDM

FrROM DISSIMILARITY TO DISTANCE

A set of objects {O1,...,0,} from an arbitrary domain O

v

Observe pairwise dissimilarity scores x;;s

v

x5 ~ dist(0;, 0y), (i,5) € Q
» “Closest” Euclidean embedding — p1,...,p, € R*!

dist(0;,05) = |pi —ps|I,  1<i<j<n

v

Other applications — protein folding, chromosome conformation
capture, graph drawing, ...



DISTANCE SHRINKAGE 2. EstimaTing EDM

WHAT 1S AN EDM

X = (ij)1<ij<n = D = (dij = llpi — p;II)1<ij<n € Da

» Nonnegativity — d;; > 0 s
» Identity —d;; =0
» Symmetry — d;; = djj;
» Triangle inequality — \/d;; + \/djx > Vdix o
» More than a metric
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DISTANCE SHRINKAGE 2. EstimaTing EDM

GEOMETRY OF EDM

A symmetric matrix D € R"*" is an Euclidean distance matrix iff
» It is hollow — d;; =0
» It is conditionally negative semi-definite on

X, ={zeR":2"1=0}

Embedding can be identified with the eigenstructure of Schénberg
transform of D

1
HA(D)=—5JDJ  where J =1 - ' /n
Important consequence:

» The set of n x n EDMs is a convex cone without interior

[Schénberg (1935)]
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DISTANCE SHRINKAGE 2. EstimaTing EDM

ESTIMATING AN EDM
Ti5 = dij + ey = D

» Projection type of estimate — D,, is a closed convex hull

Pp, (X)=argmin|| X — M||12;
M

» Not working — at most n(n — 1)/2 observations with n(n — 1)/2
parameters
» Accounting for low embedding dimension — MDS

Pp,,(m(X) = argmin [| X — M3
MeDy(r)

e Computationally challenging
e Statistically unstable

o



DISTANCE SHRINKAGE 2. EstimaTing EDM

REGULARIZED KERNEL ESTIMATION

» From EDM to kernel K = (k;;):

dij = |pi = pj|I> = p{ pi + P} j — 2] s = ks + kj; — 2k

e Disan EDM iff K >0
» Regularized kernel estimate
2

K = argmin Z Tij — <M7 (e: —ej)(ei — 6j)T> + Antrace(M)
M=Z0 1 i j)ea

mg;+mg;—2m;

» Back to distance matrix

o~ ~

dij = k}” + Ejj — 276\1‘]‘

[Lu et al. (2005) and Weinberger et al. (2007)]
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DISTANCE SHRINKAGE 3. DISTANCE SHRINKAGE
WHY DOES IT WORK?

» Kernel is not estimable from distance data
T8, =Dy M (my+mj;—2mg;)i<ij<n is not injective

» What are we estimating — Minimum trace kernel

the preimage M(D) of any D € D,, under .7 is convex

there is a unique minimum trace kernel in M(D)

(D) = argmin trace(M)
MeM(D)

e Z(-) is the Schonberg transform

1
A (D) = ~5JDJ




DISTANCE SHRINKAGE 3. DISTANCE SHRINKAGE

DISTANCE SHRINKAGE

K —>— D~ %(D)
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= 7(K) and K = %Z(D)



DISTANCE SHRINKAGE

EFFECT
O3
0,
0

3. DISTANCE SHRINKAGE

OF DISTANCE SHRINKAGE

O3

O,
Pp, (X) = Pp, (X —nDy)

01

» Embedding dim is one if

1 A, 1
5(1712 + i3+ x23) — = << z(z12+ T13 + T23) +

where

2A,
3 3 37

Ay = /2[(z12 — 213)? + (212 — 223)% + (213 — 723)?]
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DISTANCE SHRINKAGE 4. OPERATING CHARACTERISTICS

How WELL DOES IT WORK?

Let D = #p, (X - %mﬂ). For any A > 2||X — D,

~ 9
D — DI|? ] _ 2 | Iy207:
IP = Dlfg < inf {IIM DIl + 7 A*(dim(M) + 1)} :

» If dim(D) = r, then
ID - Dl < rllX —DI*
» For sub-Gaussian errors — A ~ \/n

||ﬁ — D)} <p rn <= Minimax optimal
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DISTANCE SHRINKAGE 4. OPERATING CHARACTERISTICS

Fix DIMENSION EMBEDDING

» Eigenvalue decomposition of % (ﬁ)
» Keep the leading r eigenvalues — W,
» Getting back to Euclidean distance matrix lA)T =gW,)

Let D, = &Pp_ ) D. For any X > 2| X — D,

||J<BT—DT>J||%SC( min (D M>J||F+A2)
MeD
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DISTANCE SHRINKAGE 4. OPERATING CHARACTERISTICS

PROJECTION TO EDM

Recall from Schonberg (1935),
D, =51N85

where
S1={M e R"™"™: JMJ <0},

and
So = {M € R"*" : diag(M) = 0}.

Both Pg, and Ps, have analytic forms amenable to computation.

[Glunt et al. (1990)]
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STANCE SHRINKAGE IR/ VG CHARACTERISTICS
DISTANCE SHRINKAGE 4. OPERATING CHARACTERISTIC

ALTERNATING PROJECTION METHODS

Ps, s, (20) <

Pz n P, a)

N
g
“sitqu

» von Neumann’s method of alternating projections (von
Neumann, 1933)

51,9 closed = lim (P51P52)"x0 = Pslnszl‘o
n—oo

» Dykstra’s algorithm (1986)

it =yl ), Y =ah - (@ =yl )
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STANCE SHRINKAGE IR/ VG CHARACTERISTICS
DISTANCE SHRINKAGE 4. OPERATING CHARACTERISTIC

DEALING WITH MISSING OBSERVATIONS

» Observe
mij:dij—i—sij, (Z,j)GQC{(Z,])1§Z<]§n}

» Goal ,
min Y [(zi; — 1) — Mg

MeD, 4~
(1,5)EQ

» EM Algorithm
e Initialization z;; for (i,5) € Q°
e M Step - DU Va2, (XM —yDy)
e E Step — mg;"'l) = dﬁ;*” for (i, ) € Q°

» Cross-validation to choose 7
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DISTANCE SHRINKAGE

5. Data EXAMPLES

VPU SEQUENCE VARIATION

-8
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-4

2 0 2

» 304 Vpu Sequences from 14
HIV-1 infected individuals
e 5 long term non-progressors
e /4 normal progressors
e 5 Rapid progressors



DISTANCE SHRINKAGE 5. Data EXAMPLES

PROTEIN SECONDARY STRUCTURE

» Coordinates of 671 atoms taken from PDB (ID: 2K7Y)
» Simulate pairwise distances with noise
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DISTANCE SHRINKAGE 5. CoNCcLUDING REMARKS

SUMMARY

» The problem of reconstructing EDM from pairwise dissimilarity
scores arises naturally in many applications
» Motivated in particular by biological problems:

e Notion of distance between genomic sequences
e Molecular structure determination
e Chromosome conformation

» Distance shrinkage

e Encourages low dimensional embedding
e Leads to improved estimation risk
e Efficient to compute

Looking ahead — clustering, tree, ...

v

17



	1. Introduction
	2. Estimating EDM
	3. Distance Shrinkage
	4. Operating Characteristics
	5. Data Examples
	5. Concluding Remarks



