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Degenerate Perturbation Theory

The treatment of degenerate perturbation theory that was presented in
class is written out here in detail. The appendix presents the underlying
algebraic mechanism on which perturbation theory is based.

1 General framework and strategy

We begin with a Hamiltonian A which can be decomposed into an operator
Hy with known eigenvectors and eigenvalues and a second perturbing piece

V.
H=H,+ \V. (1)

The eigenvectors and eigenvalues of H and H, are defined as follows:

H0|¢n> = E7(10)|¢n> (2)
H1pn) En[thn). (3)

For simplicity we will assume that all of the eigenvalues EY are dis-
tinct with the exception of a group of Nges vectors which share the same

eigenvalue EY = Ec(lg)g. We will label these Ny, degenerate eigenvectors as
{|¢n) 1<i<ng, and define the set made up of the Nye, indices of these de-
generate states as Weg = {n; h1<i< Nueg - We should recognize that there may
be many possible choices for the basis of eigenvectors which lie in this Ngeg
subspace of degenerate states. However, this subspace itself is well-defined
and is denoted Vg as is the projection operator Pyeg onto this subspace:

Ndeg

Pdeg = Z ‘anz)(gbm

i=1

. (4)

Our objective is to express the exact eigenvalues and eigenstates of H in
terms of those of Hj as a power series in the small parameter A. In order to
easily express such a relationship we need to coordinate the labeling of the
perturbed (|¢,)) and unperturbed (|¢,)) eigenstates. For n & Wy, this is
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easy. We simply use the label n for the perturbed [¢,,) whose eigenvalue E,,
obeys:
lim E(\), = B, (5)

A—0

Since each energy EY corresponds to a unique index n there is no ambiguity:.

However, for the Ny perturbed eigenstates whose energies approach E(gg?g
as A — 0 there is no guarantee that their A — 0 limit will match up with a
particular unperturbed eigenstate |¢,). In general we expect that if we were
to label the Ny, states whose energies approach Ec(l(e); as {[tn;) F1<i<Nuey> W

would find:

Ndeg
lim 1)) = Z Cjiln,). (6)
]:

Later in our procedure we will go back and redefine the unperturbed
states |¢n,) so that the C' matrix above is the unit matrix: Cj; = ¢;; which
implies a smooth limit as A — 0 relating our |¢,,) and |¢,), consistent with
the perturbative expansion that we were able to derive in the case of no
degeneracy. However, at present we do not have enough information to make
this redefinition of the |¢,,) states and must take a less convenient approach
in order to make an expansion in A possible.

We introduce a new basis for the Nge.-dimensional subspace spanned by
the perturbed eigenvectors |1,,), denoted |Jn> which are no longer eigen-
vectors of H but instead obey the conditions:

lim [$n,) = |én,) (7)
—0
(U, | On,) is real and positive if i = j. (8)

These conditions are analogues of our standard condition that (¢,|v,) is real
and positive, which is needed to define the phase of the perturbed states
|1,). For simplicity of notation we will also define:

when n € Wyeg. We will learn more about the relationship between the two

sets of states [,,,) and |@y,) for 1 < i < Nyeg as we develop the perturbation
series which expresses the former in terms of the latter.



Our new states |1an) are now easily related to our unperturbed states and
“almost” diagonalize H:

where >
| o, morn' & Waee
Enn = { E., otherwise (11)

Now we have a problem that can be solved in perturbation theory and which
has reduced H to a matrix which is entirely diagonal except for a finite
Naeg X Ngeg block which must be diagonalized by hand. We will now show
how the states |{/;n> and the nearly diagonal matrix E,, can be worked out
to first and second order in A. The final diagonalization of the Ngeg X Neeg
matrix E,,,, must be carried out by some method other than perturbation
theory.

Just as in the non-degenerate case we start with the eigenvalue equation,
Eq. (10), take its matrix element on the left with (¢,/| and insert a sum over
a complete set of unperturbed states between (H 4+ A\V') and ]Jr)

(Gl (Ho+ AV ) (3216w ] ) [90) = 3 (0wl Bon - (12

m

Next we introduce expansions in A for both E,,, and (¢n/|ibvn> = Sin:

Epn = 6umE® +AE) 4+ N2E@ 4 (13
(bwrltn) = Gm +AS 42252 4 (14

and substitute them into Eq. (12). Note that the matrices ESZL and Eff;
will be diagonal except for the same Ngeg X Ngeg non-diagonal block which
appears in F,,,. We obtain the following equation:

n

S (B ur + AV ) (8 + A0, + 22580, ) (15)

= 3 (bwm + A8, + X280 ) (0mn B + AE, + XED,).



2 First-order degenerate perturbation theory

We can now determine the matrices Sf;l), and Eﬁl), by starting with Eq. (15)
and collecting all terms that are first order in A:

EOSW Ly, =ED 4+ 5% pO) (16)

If either n or n’ are not in the set Wy, of degenerate states, then the con-
sequences are exactly as we found in non-degenerate perturbation theory.
For n # n’ this equation can be solved for S,(;L without any need for a non-
zero off-diagonal element EY(L}L When n = n/, ES is determined and S{%
is left unconstrained. However, as in the non-degenerate case our condition
Im(S%) and the unit norm of the state |1h,) combine to determine S =o.

Thus, to first order in A and for either n € Wye, or n’ ¢ Wy, we have:

1) vn’n
Swn = L0 _ 50 (18)

For both n’ and n in Wyes, then Sfﬁl cancels between the left and right
sides of Eq. (16) and we are left with a formula for which there is a non-
diagonal matrix ESL connecting degenerate states:

ES) =v.,., (19)

nn

and through first order the matrix E,,, = (Jn,|H |Jn> is given by:

Epn = 6unE® + AE) (20)
where ESBI is a diagonal matrix with diagonal element V,,, when either n

or n’ lies outside of Wye, while if n,n" € Wyee then ES; is the Ngeg X Neeg
matrix V,,,. The last step is to perform a unitary transformation on the
original, Nyeg, unperturbed vectors |¢p, ) new,,, to diagonalize this Nyeg X Neeg
matrix Vs, where n',n € Wye,. To avoid making the notation excessively
complex, we will use the same notation, [¢,)new,,,, for this new choice of the
degenerate, unperturbed eigenvectors.

This choice ensures that the matrix ESZL is diagonal, the goal of first-
order perturbation theory. This has been achieved by making a more physical
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choice of the unperturbed eigenvectors |¢,, ), informed by the properties of the
perturbing matrix V,,,. With this informed choice of the eigenstates |¢,),
n € Wyeg the perturbed state |7;bvn> which lies in the subspace Ve, and which
approaches the state |¢,) as A — 0, as in Eq. (8), is now also an eigenstate
of H to first order in .

In the discussion of second order degenerate perturbation theory below
we will assume that this diagonalization has been performed so that in our
transformed basis:

for n’,n € Wieg.
Because the matrix 57%2%. drops out of Eq. (16), it has not been deter-

mined. For the first-order, non-degenerate case only S was left undeter-
mined at this step. However, our phase conventions for the perturbed states
|¢n) and the unit normalization of those states required S5 = 0. The anal-
ogous choice is available here. As in the non-degenerate case we must ensure
that our new states |1,) are orthonormal which will be achieved if the trans-
formation matrix S is unitary:

> S (S7), = G (22)

To first order this equation becomes a condition on SSL:
S 4+ (sh —o. (23)

One can see that this equation is automatically obeyed if n or n’ is not an
element of Wye, but must be imposed if both n’ and n belong to Wie,:

SW 4 (sh —o. (24)

n'n n'n

for n’,n € Wye, Thus, we are permitted to use an arbitrary anti-hermitian

matrix SSL? if we wish. This amounts to permitting a first-order unitary
rotation among our Nye, degenerate states |¢y,), n € Waee. Since such a first
order shift would serve no purpose, we adopt this simplest convention

SY—0 wone Weg- (25)

n'n

This is consistent with the first-order component of the condition which we
imposed when defining the states |¢),,) for n € Wye, in Eq. (8).
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Finally we should observe that the new, first order eigenstates [i,) de-
termined by S® when n is not in the degenerate set Waeg are actually in-
dependent of the basis used for the degenerate set of states {|¢n,) }n,cwie,-
so that our first-order expression for these states is unaffected by any fi-
nal diagonalization steps taken in this subspace to deal with the first-order
degeneracy:

W) = [a) + D |6w)SU) (26)

Vo
— )+ S ) ——
on) ; o) EY

Vo 1
= |¢n> + Z |¢n’>qu0) _ E((,)) + ET(LO) _ E(O) Z |¢n’>vn’n

N/ EWeg deg n/€Wyeg

Vi 1
7O _ g0 " p0

- |¢n>+ Z |¢n’>

n/ EWeg

E(O) Pdegv|¢n> .

deg

We see that this formula depends only on the subspace Ve, or more specif-
ically on the projection operator Py, and not on any specific set of basis
vectors spanning V.

3 Second-order degenerate perturbation the-
ory

Extending this procedure to second order is a straight-forward repetition of
the steps just taken. However, the off-diagonal elements of E,,/,, which appear
will now be second order terms — terms which must be computed and are
less obvious than the simple off-diagonal elements of V,,,,. Just as before we
start with our general equation, Eq (15) and pick out the terms which are of
order \%:

m

EPSS + 3 ViSO, = EQ + 3780 D + 58 B0, (27)

n

Just as in the first-order case, this is easily solved for SSZL and the diagonal,

second order energy matrix ESZL determined if either n’ or n is not an element



2 _ 1 _ Vnn” Vn”n
En/n = 6n’n Z Vnn”Sn”n - 5n’n Z m (28)
" n”;ﬁn n n'’

1
8(2/) = 0 -0 Z(Vn’n”s(p - S(}) ”E(}/) > (29>
n'n E’r(LO) . E((/)) ~ n''n n'n n''n
n 'n Vn’n
oy (%3 Vo o g 5 g0 V””) |

For the case when both n' and n lie in the degenerate set W, the second

order matrices Sr(le in Eq. (27) will cancel between the left- and right-hand
sides and cannot be used to remove the off-diagonal terms. In this case
Eq. (27) can be written as an equation for the Ngeg X Ngeg, second-order

matrix Er(fzz

B _ Z {Vn,n,, sW g O } (30)
= > W —> + Vorw S = S Ve (31)
//¢Wdeg En”
assuming that the first order matrix ET(;),, = Vv has already been diagonal-

ized as part of the first-order solution.
We consider three possibilities (here we assume n',n € Weg):

1. There are no second-order terms connecting the degenerate states.
This means that the first term on the right-hand side of Eq. (31) van-

ishes. In this case the full matrix EV(LL will have only diagonal terms

and we have succeeded in diagonalizing H through second order in \.

2. The degeneracy has been lifted at first order. In this case all of the el-
ements of the now diagonal Ngeg X Ngeg matrix V,,, are distinct so
Vi = Vi, implies that n’ = n. In this case the fundamental problem
posed by degenerate perturbation theory, how to determine which com-
bination of the unperturbed states |¢,,) correspond to the perturbed
states, has been resolved and we should expect no further difficulties.
In fact, this is the case because although we cannot use the matrix SSZL
to remove the second-order off-diagonal terms which have appeared, we
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can make use of the first order matrix SSZL (which so far has not been
used and simply set to zero for convenience) to remove the off-diagonal

elements of Effgl That this is possible can be seen by rewriting Eq. (31)
to determine explicitly these until now unconstrained elements of SSL

E(2) Z Vn/nuS,(j,)n + Vn/n/SSZL/ - ST(I}T)’LVnn (32)

//gwdeg

Since the matrix element 57(1121] has not previously been constrained and
was set to zero only for simplicity, it can now be chosen to make this
off-diagonal term E,," @ 0.

1
Sun = v 2 Ve S (33)
nn n'n N1 Weg
1 Vn//n
= Vor— Vo gzzw Y g ) (34
n// deg n n//

This is indeed first-order in V' as required and has the form of an
interesting ratio of a second-order amplitude divided by a difference of
first-order energies. Thus, if unique, non-degenerate states are resolved
at first order in A then no further difficulties arise at order A\%2. The
equations which must be obeyed to make E,S%ZLJ diagonal can be solved

and end up determining the previous unspecified coefficients S,(;ZL

. The N4y degenerate states |¢,) remain degenerate at first order.

Under these circumstances the two matrix elements Sﬁu)l cancel from
(2)

the expression giving E,, in Eq. (31) which implies that no choices

remain to remove the off-diagonal terms from ESL

second order in perturbation theory the matrix

As a result to

where Efi)z is diagonal except for the Ngeg X Ngeg block when n',n €
Wdeg

(2) Z Vn n”S My = Z Vn 'n’ E(o n”nE.(O) (36>

n/! QWdeg ”QWdeg n



which must be diagonalized explicitly, without the further use of per-
turbation theory.

Equation (36) gives the standard, Ngegz X Ngeg matrix that must be
diagonalized by a further improved choice of the Nge, degenerate, un-
perturbed states {|¢n,) }1<i<ng, for a correct calculation of the second
order energy in this third case. Here a further special diagonalization
is needed in second-order degenerate perturbation theory.

Of course, the case where the matrix elements V,,, are all the same
is one of many similar possible circumstances in which all degeneracy
has not be lifted at first order. In general the set of Ny, diagaonal
elements V,,.,, may form disjoint sets of equal diagonal elements. As
case 2. above we can choose the matrix elements Sflln), to remove the
off-diagonal elements connecting these degenerate blocks. However, if
n’ and n both lie within the same degenerate block of elements of V'
with V,,, = Ve, then SSL will cancel from Eq. (31) and we will be

left with the smaller off-diagonal block corresponding to those states
n” with Vi = Vi, = Vi with elements:

2 Vn”n
By, = > Vs —57 = (37)
n//gwdcg n

which must be diagonalized by hand.

Finally we should observe that the second order energy shift EY given in
Eq. (28) for states |¢,) where n is not in the degenerate set Wy, are actually
independent of the basis used for the degenerate set of states {|n,;) }n;ewie,
so these energies are unaffected by any final diagonalization steps taken in
this subspace to deal with the second order degeneracy:

Vot Voo
E®@ = E e nn (38)
n (0) (0)
n”;én En _En//

Vnn” Vn”n Vnn” Vn”n
= X o ot X 0 o0 (39)
0 0 0 0
n!!#n ET(L ) - ET(L”) nl#n qu), ) — Ei,,)
"”QWdeg nHGWdeg

. Z Vnn”vn”n <¢n’vpdegvy¢n>

Y -ES) B -E})

nl#n
n!! ngeg



A How Perturbation Theory Works

A.1 The strategy of perturbation theory

The basic algebraic structure upon which perturbation theory is built is the
problem of diagonalizing a simple 2 x 2 matrix with small off-diagonal matrix
elements, which can be removed by a small rotation. Consider a pair of states
|¢n) and |p,/) and the 2 x 2 matrix

For simplicity we have now removed the parameter A by setting it to one
so that we are now counting powers of V. If we make a small rotation that
mixes the states |¢,) and |¢,/) and defines a new basis:

Xn) = |6n) + W du) (41)
) = léw) — 27 |60), (42)

these new states will also be orthonormal through first order in the small
complex parameter 67(11,21. This rotation will spoil the diagonal character of

Hj and generate two off-diagonal terms so in this new basis Hy+V becomes:

( (Xw|Ho + VIxw) (X |Ho + V]xn) ) _ (43)
<Xn|H0+V|Xn’> <Xn|HO+V|Xn>
ED 4 Vi (B9 — EMD Ly,
(E(O) - Ef(l())>€g72’ + Vnn’ Ev(ZO) + Vnn '

where we are now treating both V and 67(11/21 as small and working to first order
in both. The off-diagonal terms are proportional to the energy difference
Efl(,)) — BV because if the energies Er(:,)) and E” were equal we would be
rotating the identity matrix which would remain the identity matrix with no
off-diagonal terms.

The entire strategy of non-degenerate perturbation theory is simply to

choose 6,(11/)n to remove the off-diagonal elements of V:
1 Vn’n
Enn E(o) _ E(g) ) (44)



our standard first-order perturbation theory result. While we have focused
on a single 2 x 2 block, this strategy will remove every off-diagonal element
of V since to first order in V' these individual rotations will not interfere with
each other and will separately remove each off-diagonal element. (Note, here

the coefficient 5,(11,21 is the same as the usual quantity )\SSL of Eq. (18). We
chose to introduce a new symbol here to make it clear that this discussion
was independent of our earlier treatment.)

In this simple way we have removed the off-diagonal matrix elements of
V. However, in the process we have generated a large number of second-
order off-diagonal terms so that in this new basis Hy + V' is diagonal only
to first order. We can then follow the same strategy and make further small
rotations between each pair, now with parameters 87(12,21 that are second order
in V' and chosen to remove these second order terms in exactly the same way
that the 5,(11,31 above removed the first order terms. We can then continue
in exactly this way to remove to any desired order the off-diagonal terms in
Hy + V', provided such terms connect non-degenerate states.

While this approach gives considerable insight into the workings of per-
turbation theory and a very clear idea of the off-diagonal terms that must
eliminated “by-hand” when this approach cannot be used because of degen-
eracy, it is more complex in practice than the approach worked out in this
note. Never-the-less, it may be instructive to see how this works at second

order.

A.2 This strategy applied to second order

We use the matrix S defined in Eq. (14) and then multiply the matrix Eq. (15)
from the left by S~! to obtain:

E:(ngnmluﬂy+AVUnm28mn::Eyn (45)

nin2

where the object is to choose the second-order term, S@ | in S to remove the
second-order, off-diagonal terms in F,, generated by the first-order rotation
S*. These off-diagonal terms in £® that must be removed by the choice of
S® (or by hand in the case of degeneracy) can be worked out directly from
Eq. (45). The first step is to evaluate S™! to second order:

1
-1 _
T 1+ ASM +)250)

=1 ASW = A25@ L X2 (5M)*  (46)
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using the usual formula for a geometric series to second order. Collecting
all of the second-order terms in Eq. (46) when evaluated between the states
|¢ns) and |¢,) but not yet including the effects of S? we find:

E® _ (_S(l)v + SWsOp, +vsM — S(l)HOS(l)) (47)

= -3 et X e Y

//#n ET(L(')’) - E //#n n TL E'r(LO) - E(O)

+ Y Ve —g s (0)

Vs (0) Vi,
EY, . (48)
//#n E((/)/) //#Zn’n/ E((/)/) - ES/)) Er(LO) - Er(L”)

n

While working with S~! is more complicated than the presentation in class
and earlier in this note, this equation can be simplified to give the same
result. Sepcifically, the second and fourth terms in Eq. (48) can be combined
and then used to cancel all but the n” = n part of the first term, leaving
exactly the second-order, off-diagonal term which Sﬁ)l is chosen to cancel in
our usual treatment of Rayleigh-Schrodinger perturbation theory:

V In
E’r(g) = - nt Vn n”
wn © _ O L
' ; E(?) E(O) A )
n”n Vn’n
- Vn’n” - Vnn 50
Z EY—EY)  EY - EY (50)

This result for Eﬁ)l also agrees with that found in Eq. (36) since for the case

where |¢,/) and |¢,) are degenerate, 57(112)”1 = 0 and it is this term which
produced the right hand term in Eq. (50), which is absent from Eq. (36).

We should observe that ESL given by Eq. (50) is not hermitian as should
be expected since our approximation for S = 14 AS™ is unitary only at first
order.
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