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Determining the scattering cross section
from the S matrix

1 Introduction

Consider a general scattering process in which an incident beam particle b with mo-
mentum p; strikes a target particle ¢ with momentum p; and produces N final-state
particles ¢ = 1,..., N with momenta p;.

We will treat the scattering using time-dependent perturbation theory and assume

a Hamiltonian of the form
H=Hy+V. (1)

Here Hj is a free-particle Hamiltonian which describes non-interacting incident and
outgoing particles. The perturbation V' is the source of the scattering. It is assumed
to be short range so its effects can be ignored when the particles are far separated.
This allows us to use Hy to describe the motion of the initial and final particles long
before and long after the scattering has occurred when the initial state is created and
the final state observed.

We begin with an initial state |pj, p;) which is a momentum eigenstate and de-
scribes the two initial particles:

ol ) = ( 22+ 22 I ), )

and is normalized to a product of delta functions:
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Similarly a momentum eigenstate, |pi,...,pn), will be introduced to describe the

final state which obeys:
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Next to specify the dynamics which determines the scattering we will define the
scattering matrix S using the interaction picture time development operator
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We will assume that physics described by S is translationally invariant in both time
and space so that energy and momentum are conserved. In this case it is very useful
to extract explicit delta functions which enforce energy and momentum conservation
from the matrix elements of S and to define the 7" matrix as follows:
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The —1I appearing in the matrix element on the left-hand side of Eq. (7) removes that
component of the time development which involves no scattering.

The requirement of translational symmetry in space implies that when we want to
study scattering from a fixed potential, we must introduce a particle of mass m; which
is the source of that potential and then take the limit m; — co. As m, increases, the
recoiling target particle will carry a fixed transferred momentum p’ but its energy,
D ’f /2m; will vanish for large m; so the scattering will be the same as the scattering
from a fixed potential.

Using the quantities just defined we can write down what will be the final result
from this discussion, an explicit formula for the scattering cross section:
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where vy, is the velocity of the incoming beam particle. When multiplied by the flux
F' of particles crossing the location of the target per unit time and unit area, doF,
will give the differential rate of scattering into final state momenta pj, ... pn each of
which lies in the corresponding volume (Ap;)? around an average final momentum.
Just as in the simpler example of Fermi’s Golden Rule, the energy and momentum
delta functions must be eliminated by performing an integral over four of the final
state variables. These are typically the 3-momentum of one final particle and the
kinetic energy of another. This is a very useful formula which can be used in both
non-relativistic and relativistic scattering problems. It is limited by its reliance on
perturbation theory since we can typically evaluate the matrix elements of the op-
erator S, given in Eq. (6), only in low-order perturbation theory. However, we can
consider interesting cases for Hy which could include those parts of the potential that
are needed to combine some of the particles into bound states. This would allow the
scattering of a positron from a hydrogen atom for example.
We will now give a derivation of this formula.



2 Derivation

We adopt a detailed strategy for specifying the wave packets for the beam and target
particles which are initially far apart but then come together and are assumed to
overlap at ¥ = 0 and ¢ = 0, the position and time of scattering. Likewise the NV
final-state wave functions are assumed to have been localized at 7= 0 at ¢t = 0 but
to fly apart and at large ¢t to be outgoing wave packets with reasonably well-defined
moment.

Since we do not want to solve for the eigenstates of the complete Hamiltonian H
in order to set up the scattering problem, we adopt the following procedure. We begin
by constructing wave functions for the N + 2 particles being studied which are each
single-particle eigenstates of the free-particle Hamiltonian H, and are concentrated in
position space at the origin 7~ 0 where the scattering is presumed to take place. This
seems illogical because this is precisely the region where scattering must take place
and the scattering potential V is important. However, we will take the product of the
free-particle beam and target wave functions and evolve them backward in time using
Hj to an early initial time ¢; < 0 when they are far apart and use this is our initial
state specified at time ;. We will then propagate this state forward in time with the
full Hamiltonian H insuring that V' has its proper effect when the particle collide at
t ~ 0. The overlapping product of possible final state eigenstates of Hy is similarly
evolved forward in time using Hj to a far future final time t; > 0. This state with
the particles now far separated is both an eigenstate of H and H, and a physically
sensible final state into which we will calculate the probability of scattering.

Following this approach, the beam and target wave functions are taken to be
wave packets localized at 7=~ 0: 1(7%) and ¢;(7). In momentum space, these wave
functions, @Zb(ﬁb) and Jt(@), are assumed to be peaked in momentum around the
average values f, ~ p, and p; ~ p;. We will use |i) to represent this state. The N
scattered wave functions F'(7;) are similarly taken to be wave packets localized at
7 = 0. In momentum space, F (p;) are assumed to be simple characteristic functions
of the momentum p;, centered about the average value p;:
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0 otherwise.
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The product of these N states is denoted |f) The actual initial and final states will
be obtained by propagating v, and 1, to t; < 0 and the F; to t; > 0.

Thus, we can easily express the probability for a transition from our initial state

to our final state as:
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If we recall that the exact time development operator e~ (s —)

the interaction picture time development operator as:

can be written using
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we can recognize Eq. (12) as the matrix element of the interaction picture time-
development operator:
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If we presume that the final state does not overlap with the initial state then we
can subtract the identify from S in Eq. (15) and substitute our definition of the T
matrix from Eq. (7) and obtain the result:
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So far we have made no approximations. To make further progress we must
make assumptions about what we are trying to determine. The most important is
the assumption that as we perform the 3(/N + 2) dimensional integrals to evaluate
Eq. (16) the T matrix element (pi ...pn|T|ps, pi) can be treated as a constant. This
important physical assumption dictates the type of scattering problem we are tying to
solve. We are not interested in seeing the effects of interference between the scattering
of components of initial or final states which have different momenta and experience
different scattering because of their different momenta. We have decided to prepare
initial states and determine final states whose momenta are sufficiently precise that
the matrix elements of T can be treated as a constant.

With this assumption, Eq. (16) simplifies enormously:
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where the kinematic function Cy; is completely independent of the physics which is
causing the scattering and can be determined independent of the scattering mecha-
nism!

Next we must determine C'y; which is given by

Cri = ‘{ﬁ/dspi/dgpb/d3pt} {ﬁ[ﬁ(pj)*} (18)
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There are surely many strategies which should lead to the same final result for the
function Cf;. Our approach will be to first assume that the scattered momenta are
determined very accurately so that when evaluating the 3NN integrals of the final



momenta that appear in Eq. (18) we can treat the integrand, not including the final-
state wave functions Fj(p;), as a constant and factor out these integrals over the
functions F;(p;):
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where the second equation comes from evaluating the first factor on the right-hand
side of Eq. (19) by performing a simple integral over the functions F;(p;) defined in
Eq. (5).

Note that when separating the expression for C}; given in Eq. (18) into two
factors to obtain Eq. (19) the dependence of the second factor of the integrand on
the N final-state integration variables p; enters only through the functions E; and ]3f
which, in the approximation that the p; can be replaced by their average values p;,
can themselves be replaced by:
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Thus, our final task is to determine the function D;;(E;, P;) defined in Eq. (21):
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We begin by evaluating the integral over the target momentum p; using the delta
function: o =
5%(Py — P) = &(P; — iy — i) (24)
to fix p; to obtain
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where we have dropped the bars on the averaged final-state variables to reduce com-
plexity and written an explicit formula for the dependent variable FE;.
The final step in simplifying the function Dy ,;(Ey, Py) is to choose the z-direction

=

to correspond to that of the average beam momentum p, and separate the integral
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over the beam momentum into its z- and transverse components: p? and g+ and then
to use the energy delta function to fix the value of p;:

Dyi(Ey, By) (26)
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Where the function pj(Ey) is determined by energy conservation, the requirement
that the argument of the delta function in the integrand of Eq. (26) vanish:

In obtaining Eq. (26) we have dropped the pi- variable from the energy of the
beam particle (assuming that it is small), assumed that the energy of the target
particle, now given by (ﬁf — DPp)%/2m; can also be neglected and recognized that
when integrating the delta function of energy over the variable p; we will obtain the
Jacobean factor dpj/dE, = 1/v, where v, is the velocity of the beam particle.

In order to further simply this expression for the function Dy, (EY, ]3f) we will
assume that the momentum of the beam and target particles is sufficiently precisely
known that Dy ;(Ey, ﬁf) will be sharply peaked about values of its arguments which
conserve energy and momentum so that we can write
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We can transform this into a more physical expression by using two theorems from
Fourier analysis, Parseval’s theorem:

/ dilp(2)[? = / dplT(p)P (32)

and the convolution theorem:
U ()nl(w) = Vo / ap©

which states the when multiplied by v/27h the Fourier transform of the convolution of
two functions is equal to the product of their Fourier transforms. Here the functions
¥ (x) and 1(p) are related by the conventional symmetric Fourier transform:

v = [ dy R ). (34)
Nor
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Figure 1: The large shaded area represents the beam wave function ¢ (7;) at the time
of scattering while the target wave function should be a small dot lying somewhere
inside the thin narrow tube that is more darkly shaded. The integral over Z* in
Eq. (35) adds the probabilities over the transverse directions that the target and beam
particles will pass over one another. By integrating separately over the z-positions
of the target and the beam we are including all possible points of coincidence as the
beam passes over the target. The small dark tube represents the volume that would
be swept out by the differential cross section area, do as the beam particle passes

over the target.

We first change integration variables in Eq. (31) from Ef to p;, acquiring a factor
for vy, from the Jacobean, then use Parseval’s theorem to replace this four-dimensional
momentum integral with a four-dimensional position integral and finally use the con-
volution theorem to recognize that the convolution over the transverse momentum
Py results in a product of the position space wave functions giving the result:
(27h)?
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As suggested by Fig. 1, this combination of wave functions is precisely the probability
per unit area that the beam particle and the target particle pass over each other.
The scattering cross section is the quantity with units of area which multiplies this
probability per unit area to give the probability of scattering. Thus, we can combine
Egs. (17), (21), (29) and (35) to obtain the desired expression for the cross section:
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which is our target equation, anticipated in Eq. (10).



