Physics UN2802 Professor Christ

Notes for Quantum Mechanics
Version 8.06 — April 24, 2022

These notes were prepared originally for the 2020-2021 Accelerated Physics course which
differed somewhat from this year’s course. The beginning of these notes has been up-
dated to follow this year’s approach. The boundary between the updated and older
portions is identified by a horizonal line which should move farther into this document
as this year’s course progresses.

Recent changes:

1 Introduction

The material below provides a guide to some of the topics covered in class but not dis-
cussed in the textbook. Additional discussion will be added as needed or requested. We
will focus on the mathematical description of quantum mechanics leaving the discussion
of the experimental observation of quantum phenomena to that given in your French
and Taylor textbook. While our discussion of complex vector spaces is intended to be
self-contained, you may find it helpful to read portions of one of the books on linear
algebra recommended on the course website.

1.1 State vectors

We begin the discussion of quantum mechanics by considering a system such as an ele-
mentary particle, (e.g. an electron or a proton), an atom (e.g. hydrogen or sodium) or
molecule (e.g. water or amonium) in its ground state. Here we rely on the quantum me-
chanical fact that such systems can be in a distinct group of lowest energy states which
can described by their total momenum p and total angular momentum J. The relation
between a state’s momentum, position and energy is an important part of quantum me-
chanics but is complicated by the continuous infinity of the particle’s possible locations.
Thus, a presentation of this topic will be postponed until later and we will instead focus
on the angular momentum possessed by such a system in its “ground state”.

As we will see the possible angular momentum for such a ground state has a single
fixed magnitude which need not be zero. This is already different from what would be
expected classically where a system with minimum energy would also have zero angular
momentum. This magnitude will is determined by a single positive integer or half-integer
7 which can take the values 7 = 0, %, 1, %, ... However, the ground state of our system
will not be unique. In fact there are be 25 + 1 possible states all with the same energy.
As we will see the existence of this “multiplet” of states will allow us to realize a system
whose fixed-magnitude angular momentum can point in any particular direction.

For the case j = 0, 2j + 1 = 1 and there is a single unique ground state. There is
little more to say about such a state with zero total angular momentum. However, the



case j = % is already very interesting since now there are 25 + 1 = 2 states with the

same energy.

The evidence for such a strange collection of discrete ground states was provided
by the Stern and Gerlach experiment described in sections 10.1-10.4 of the French and
Taylor book. The Cesium atoms in that experiment can be viewed as spinning objects
with known energy, the lowest energy possible for Cesium. They posses a magnetic
moment j which is proportional to their angular momentum J:

~ eg 7
= J (1)

where M is the mass of the Cesium atom, ¢ the speed of light and ¢ a fudge factor
that represents the fact the the spinning Cesium atom does not have charge and mass
densities that are proportional as would be required in classical mechanics were this
equation to hold for g = 1.

When passing through a region of magnetic field aligned in the z-direction which
increases in strength with increasing z (an inhomogenous field), those atoms with J,
positive will be drawn upward into the region of stronger magnetic field. While those
with J, negative will be deflected downward into the region where their potential energy
in the magnetic field is more negative. After the beam of atoms passes through this
region of inhomgenous field we expect the beam to be spread out: atoms with J, > 0
will be deflected upward and those with J, < 0 downward. For a classical system with
continuous values of .J, this would result in a continuous distribution of deflection angles
centered at no deflection and with those atoms with the largest |J,| deflected the most.

However, for Cesium, with j = 1/2, the experiment shows the atoms deflected into
two beams which should be interpreted as being made up of those atoms with J, = +h/2!
Here h is Planck’s constant h = 6.626 10727 erg-sec divided by 27. This is shown in
Figure 1. For the case of arbitrary integer or half-integer j, we would see 25 + 1 different
deflection angles which would be interpreted as corresponding to atoms with J, = hm
with the integer or half-integer m taking the 2541 values between —j and j: —j < m < j.
The simplest case of j = 1/2 thus corresponds to two allowed values m = +1/2. For the
case j = 2 five values are allowed: -2, -1, 0, 1 and 2.

= J=h/2

B -

- Jz= -h/2

Figure 1: Diagram showing the layout of a Stern-Gerlach experiment and the resulting
angular deflection seen for a beam of atoms with j = 1/2 passing through a region of
inhomogenous magnetic field.

Of even greater consequence than this peculiar “quantization” of the allowed values
of J,, is the hypothesis that to completely specify a particular physical situation for



this spinning object we can not simply specify which value of m the system possesses.
Instead we must describe a general situation in which there is some probability that .J,
for this spinning object may have any one of these 27 4+ 1 values. These probabilities
are specified by giving for each allowed value of m a complex amplitude v, whose
modulus squared, [¢,,|? gives the probability that a measurement of .J, will return the
value Aim. The collection of 25 4+ 1 complex numbers, represented by the complex vector
(Y_j,Y_jy1,V_jyo, ... i1, 1;), is said to precisely specify the state of the spinning
object and is referred to as its complex “state vector”.

Of course, for the probability description to make sense we must require that the
total probability of any result being found is unity so that the sums of all probabilities
must be one:

Y lml =1 (2)

m=—j

One final postulate is needed to completely describe measurement. After a measurement
is performed and a definite result obtained, for example a specific half-integer, -1/2 or
+1/2 for the case of the Cesium atom, the system changes to reflect this discovery. The
state vector after measurement would have all ¢,,, = 0 for values of m different from that
measured and v, = 1 for that m corresponding to the measure value. This is known
as “the reduction or collapse of the wave function” and is a somewhat, unsatisfactory
human-based concept of measurement since an observer is needed to decide what result
is actually seen!

Thus, to develop the quantum theory of our spinning object we must deal with these
2j + 1-tuples of complex numbers. As suggested above, these make up a complex 25 + 1-
dimensional vector space in exactly the same way that the 3-tuples of three spacial
components, (z,y, z) are elements of a real, 3-dimensional vector space. We can add two
of these 2j + 1-tuples of complex numbers by simply adding their complex components.
Likewise, such a vector can be multiplied by a complex number by multiplying each of
the 25 + 1 amplitudes 1, by that complex number.

This is a standard example of a complex vector space which can be defined more
abstractly as a natural generalization of the real vector spaces we have used in the first
semester. In a complex vector space we can multiply a vector by a general complex
number. Thus if A and B are complex vectors and ¢, ¢; and ¢y are complex numbers
then A+ B = B + A and cC are also complex vectors and these operations obey:

(Cl + CQ)A = ClA + CQA (3)
c(A+B) = cA+cB (4)
cA = 0 if ¢=0. (5)

where 0 is the zero vector obeying A + 0 = A.

Just as for our real vectors describing a particle’s classical position, it is important
that we can define a positive definite “dot” or “inner” product (A, B). For a complex
vector space this dot product is linear in the right-hand argument but “anti-linear” in



the left-hand argument obeying

(A,B+C) = (A,B)+(A,QC) (6)
(A,cB) = ¢(A,B) (7)
(A,B) = (B A) (8)
(A,4) = 0 (9)

(A, A) = 0 implies that A =0, (10)

where the final two conditions make this a positive definite inner product. Note, the
combination of Eq. (8) and Eq. (7) implies that the inner product is anti-linear in its
left argument:

(cA, B) = c*(A, B). (11)

While the choice of left instead of right anti-linearity is one of convention, simple linear-
ity in both arguments would be inconsistent with the important requirement that the
“length squared” of A: (A, A), be real.

Often in quantum mechanics one uses a “bra-ket” notation:
(4, B) = (A|B) (12)

and the notation |B) for the state B. This is the “Dirac notation”, introduced by Paul
Dirac, one of the inventors of the relativistic quantum theory.

Returning to our spinning object, it is conventional to use a more abstract and much
more streamlined notation to represent the complete quantum state specified by the
2j + 1 complex numbers (_;,9¥_j11,%_j12,...,%j_1,%;). This is done by introducing
2j + 1 abstract vectors, {|m)}_;<m<; which correspond to states with specific values of
J, and to use the probability ampliutudes v, to construct a general state:

) = > tm|m). (13)

m=—j

It is much easier to say “the state [¢)” than to say the “2j+ 1-tuple of complex numbers
(V—js Vjirt, Yjt2s - - -, i, )7

Since the states with quite different values of J, should be very independent, it is
natural to assume that they are orthogonal and convenient to make them orthonormal.
Thus, we will assume that these states obey:

/ _ / o o 1if m' =1m
() = () ) = s = { g Bt (14)
Just as in the case of the coordinates (z,y, z) and the more abstract vector 7
=2t +yy + 22 (15)

the complex coordinates {,,}—;<m<; and the vector |¢) represent the same thing. The
2j + 1 states {|m)}_j<m<; can be viewed as the orthonormal basis of states with which
the coordinates {1, }_j<m<; can be used to construct an abstract vector.
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Finally, we might make the concept of “probability” and its relation to the magni-
tudes [t,,,|> more clear by considering an example. If j = 1 then a general quantum
state will have three components with

) = Yol = 1) +40l0) + Y| + 1) (16)
= D Unlm) (17)

m=—1,0,+1

and a measurement of J, can have the three possible values: —h, 0 and +h. The
statement that the probability of finding the result —% for J, is |¢)_;|? has the following
operational meaning. Assume that the state [¢)) given in Eq. (17) can be prepared
exactly the same way N times so that the only uncertainties in our setup are the intrinsic
probabilities in the quantum theory itself. Each time we start with precisely the same
state |¢)). Then the number of times in which the value —h will be found when J, is
measured will be the product of the number of measurements N times the probability
|1b_1]? of obtaining —h: N_; = [1p_1|*>N.

If we wanted to compute the average result for J, from these N measurements we
would add the result Aim, for the i measurement over all measurements and divide by
N to get the average:

XN
(J.) = N Z hm;. (18)
i=1
If we group together those terms with the same value for .J,, this can be written:
1
(L) =~ (Noa(=h) + NoO + Nya (+h)) (19)
1
= ([N (=R) + 6o NO + [ir 2N (+5) ) (20)
= -1 [P(=R) + [t0]0 + [p4a [P (+1). (21)

It important to keep in mind that these predicted values for the results of measurement
are explicitly proposed as probabilities and that the above result for the average of
N experiments is an estimate of what will be found. In a particular experiment with
N trials the average of the results may be little larger or a little smaller than the
prediction given by Eq. (21). One should expect as N is made larger and larger that
the size of these variations away from this predicted value will decrease as 1/v/N. A
through mathematical understanding of the fluctuations and their dependence on N is
clearly of great importance for us to decide whether the results of an experiment are
consistent with the predictions of quantum mechanics. Is the deviation of the average of
N measurements from the value predicted by the quantum theory an expected statistical
variation of indication that the experiment was messed up or the theory incorrect? We
hope to include such a discussion later in these notes.

1.2 Operators

Just as it was awkward to continually refer to the 25 + 1-tuple (¢¥_j,¥_ji1,¥_j12,
.. y¥-1,7;) to identify a state, so too it will become inconvenient when discussing
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the z-component of angular momentum J, to continually refer to the set of allowed
values —j < m < +j and the set of vectors {|m)}_;<m<; corresponding to these allowed
values. As we will see, this is much more easily done by specifying a linear operator
which acts on our vector space of states.

Just as when we were discussing rotations of our three dimensional coordinate system
when considering particle motion in three dimensions or Lorentz transformations in
space-time, it is useful in quantum mechanic to consider operators which act linearly on
our complex vector space of states. Such operators can act on one state vector and will
produce another. An operator O will be a linear transformation if this “mapping” of
our complex vector space into itself satisfies the following conditions:

O(lA)+|B)) = 0]4)+0|B) (22)
O(c|A)) = cO|A), (23)

where |A) and |B) are vectors and ¢ a complex number.

Just as in the case of rotations or Lorentz transformations, a general linear trans-
formation on a complex vector space corresponds to a matrix of complex numbers as
soon as a specific basis is introduced. If we continue to use the language appropriate
for the 2j5 + 1-dimensional space of states for our spinning object, we can completely
characterize a linear operator O by determining how it acts on each of the basis of states
with definite values of J,, {|m)}_;j<m<;. This can be done by giving the result for O|m),
again as a sum of the basis vectors:

Olm) = > Oprm|m). (24)

m/=—j

This equation shows how a (2j +1) x (25 + 1) dimensional complex matrix O,,,, can be
used to construct the linear operator O. We can also use the orthogonality of the states
|m) to determine the matrix O, from the linear operator O. All we need to do is to
take the inner product of the states on the left- and right-hand sides of Eq. (24) with a
specific state, |m”):

(mOfm) = (m" ( > 'om/m|m'>) (25)

= ) Owm(m"Im) (26)

m/=—j

= Opirm. (27)

In the second line we use the linearity of the inner product to relate the inner product of
the state |m”) with the sum of products of the states O, |m’) to the sum of products of
the inner product of |m”) with each state. In the third line we use the fact that (m”|m’)
vanishes unless m’ = m” so only that term in the sum over m’ survives.

Now we are ready to encode the set of allowed values for J, and the states possessing
those allowed values into a much more convenient linear operator which is typically



also called J,. Since this can be confusing, at least initially, we will add a superscript
“op” to distinguish the operator JP. The matrix corresponding to this operator for the
basis of states {|m)}_j<m<; is a simple diagonal matrix. The element on the diagonal
corresponding to the state |m) is the value of J, carried by that state: him. Thus we

have:
(S ) mrm = <m/|J§p’m> = hmdy/m, (28)

where the “Kronecker delta”, d,,,, is defined in Eq. (14). This can be also written as a
large matrix

jh 0 .. 0
0O J—-—Dh ... O

S0~ : (j :) : : ‘ (29)
0 0 ... —jh

This linear operator enjoys a special relationship with the allowed values Am of J, and
the states |m) having those specific values. Both Eqs. 28 and 29 imply that

JP|Im) = hm|m). (30)

The special relationship between JP and the state |m) and the number him can be
described by identifying the vector |m) as an eigenvector of J and the number hm as
the eigenvalue corresponding to the eigenvector |m).

Not only can we use states {|m) }_;j<mn<; and values hin to construct the operator J2P.
We can also reverse the process. It is possible (although we have not yet discussed how)
to start with the operator JJ® and to find the basis of eigenvectors and corresponding
eigenvalues of the operator. This basis of eigenvectors is said to “diagonalize” JP as
is implied by the diagonal character of the matrix found in Eq. (29). As in the case of
quantum states, it is much easier to represent the measurement of angular momentum
by referring to the operator J2 than to continually list its eigenvectors and eigenvalues.

2 Rotations

We have now done about as much as we can with this simple system of a single observable,
J. and the 25 + 1 values that it can have. While the experimental consequences of this
discussion are remarkable, and the mathematical structure of complex vector spaces and
linear operators elaborate, the underlying ideas may be a little simple-minded. The true
character of quantum mechanics emerges when we consider the other two components
of angular momentum, J, and J,. Instead of constructing independent complex vector
spaces for each of these quantities which are classically very independent, instead we
will demand that they also correspond to operators which act on the same 25 + 1-
dimensional vector space as that on which J acts! This may not be surprising if we
remember that we are discussing the different states of an atomic system which has a
fixed, miminum angular momentum. If the total angular moment J?2 = JP+ )+ T2 s
to be fixed, the values of J,, J, and J, cannot be independent.

This situation is most easily recognized if we attempt to construct J;? and J;¥ from
JJP by rotating the latter into the former. Thus, we are lead to consider rotating our
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quantum state [¢). This should be something we can do: actively rotate |¢)) around a
direction n through an angle . We can do this by applying a linear transformation to
|1} just as we can rotate a vector 7 by applying a rotation matrix to its components.
Let’s call the linear operator which performs this rotation R(n,0). Note, these rotations
simply turn our state so it has a new orientation. This is done without otherwise
changing our state. For example, our state is not caused to spin by such a rotation — it
direction of spin is simply shifted to a new direction. Only sufficient torque is applied
to change the direction of angular momentum, not its magnitude. (In fact, if you prefer,
you could think of this as simply a change of coordinate system. However, this can be
confusing because one must start to think about the coordinate system in our complex
vector space which may be too unfamiliar for this “passive” approach to rotation to be
helpful.)

2.1 Rotations about a fixed direction

The easiest place to start is with rotations about the z-axis since these should not change

the value of J, — it is only the other components which are being altered. Further
consider a small rotation through 66 < 1 and expand in §6:
R(2,60) = I —iK.60 + O ((560)°) . (31)

where O ((66)?) represents a correction term that can be dropped if §6 is sufficiently
small. When d0 = 0 there is no rotation at all, so R(Z,0) = I, the identity operator.
The next term in Eq. (41), —iK .00 is the first term in a Taylor expansion of R(Z,d0)
in 0. The factor of —i¢ is written to follow conventions and the operator K, is called
the “generator” of rotations about the z-direction. Since R(Z,66) and hence K, cannot
change the z component of angular momentum and since there is only one state with
the value mh we can be sure:

K.|m) = ky,|m). (32)

Thus, the states |m) are also eigenstates of K, so that J, and K, have the same eigen-
states! This is a very strong statement and suggests the possibility that J, and K, may
be essentially the same operator, differing by only a multiplicative constant. (They do
have different units.) This is in fact true and we can figure out what that constant is.
Thus, let’s assume k,,, = ahm and try to figure out what o might be.

This can be done by exploiting the very simple structure of the family of rotations
about a fixed axis which obey the product rule:

R(2,01)R(2,02) = R(Z,01 + 62). (33)

This simply states the obvious fact that performing two rotations about a fixed axis
in sequence should be equivalent to performing a single rotation through the sum of
the angles of those individual rotations about the same axis. A very powerful method
of exploiting this relation examines the special case where 6, = 06, 6, = 6 and then
expands in 06:

R(2,0+060) = R(280)R(2,0) (34)
= (I —iK.00) R(,0) (35)
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Moving the “I” term to the left-hand-side:
R(2,0 +60) — R(2,0) = —iK,00R(z,0) (36)

and dividing by 06
R(z2,0 +60) — R(2,0)

50 = —iK,R(z,0) (37)
we can then take the limit 48 — 0 and obtain:
dR(z,0
% — —iK,R(2,0). (38)

This is our usual exponential equation with the easy solution:
R(2,0) = e <0, (39)

This solution obeys the initial condition R(2,0) = I. It can be easily seen to solve the
differential equation 38 by writing the exponential exp(—iK,0) using its Taylor series
and using the same properties of that series which ensured that this solution works for
real and for complex numbers.

We can now figure out what the proportionality constant « is. Consider a general
z-axis rotation applied to the state |m):

R(2,0)|m) = e 0 m) = e ommb i), (40)

For the last step we have written the exponential of the operator K, out as a power
series and replaced (K,)"|m) by (k,,)"|m) since each operator K, will act in turn on the
state |m) and give the eigenvalue k,, = ahm and then re-summed the series. We can
learn two things from Eq. (40). First a must be a real number so that the overall factor
exp(—iahmd) has magnitude one and does not change the probability of having the J,
value Am. Second if we consider a rotation through 27 and the case that m is an integer,
this rotation will have no effect if « is an integer divided by A because in that case the
phase exp(—iahm2m) = 1. The simplest (and correct) assumption would be o« = 1/h.
For spin-1/2 and half-integral values of m this factor becomes —1 which, while strange
(a 27 rotation changes our quantum state), this change is sufficiently innocuous that it
is OK.

Thus, we conclude that K, = J,/k so that a rotation about the z-direction through
a small angle 96 can be written:

R(2,60) = I —iJ.60/h+ O ((56)) . (41)

where we do not write the extra superscript op on J, since it should be clear from the
context that J, is an operator.

This may be a good place to think about the importance of the assumed equality
K, = J,/h. As we will see in the discussion below the structure of the operator K, (and
is companion operators K, and K, that rotate about the x and y axes) is determined by
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the mathematics of rotations. We can actually figure out precisely what the operators
K,, K, and K, must be, including their scale. Likewise the three angular momentum
operators J,, J, and J, are very special: they give the conserved angular momentum
of our system. Their composition is determined by the requirement that they do not
change with the time (assuming any external forces are rotationally symmetric). The
fact that angular momentum can be exchanged between different parts of a complex
system implies that its definition for these different parts must be related. Thus, the
only freedom in the definition of angular momentum is its overall scale. Of course,
the overall scale of the angular momentum is determined by classical conventions and
should have units of distance X momentum or energy xtime (erg sec in cgs units). Thus,
the equation: X

K = hJ (42)
is a fundamental equation that determines h. Since J is determined by classical con-
ventions and K is determined by mathematics, this equation can be viewed as the
definition of & in terms of classically defined units. It is explicitly the bridge between
the quantum and classical worlds.

2.2 Small rotations about perpendicular directions

Now we are ready to consider angular momentum operators different from J,, specifically
J, and J,. We will assume that they are related to small rotations about the x and y
axes in the same way that we argued that .J, is related to rotations about the z axis.
Writing all three similar equations we expect:

R(#,00,) =T — %Jxaew +0(56%) (43)
R(5,00,) = I — %Jy(sey +0(562) (44)
R(3,60.) =1 — %szez +0(562) (45)

We will now attempt to constrain the three operators J,, J, and J, by demanding that
the when the above rotations are combined the results agree with a similar combination
of familiar rotations in three dimensions.

The essential rotation to consider is what is known as the “commutator” of two of
these near-unity rotations, for example, the product:

where the final two rotations, one through —d6, followed by a second through —d0,,
would neatly undo the effects of the first two rotations were they performed in the
opposite order. As we will now work out, this combination of four rotations differs from
the unit rotation by a single term of order 06,060, whose effect is a small rotation about
the z axis. Making this identification then puts such a strong constraint on the operators
Jz, Jy and J, that we can actually determine which matrices can appear. (Note this is
an alternative approach to that taken in class.)
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However, to know what should result from such a product of rotations we can do
an "experiment” by examining the same product of rotations as they act on a standard
3-dimensional vector 7. Recall that a small rotation about the direction n through an
angle 66 has the following effect on 7

7= 74 000 x 7= (I + 60hx)F, (47)

The middle step in this sequence simply describes the effect of a small rotation as adding
a small term proportional to the cross product of n and 7. The right step writes this
as an “operation”, written inside the curved brackets acting on 7. The operation of the
“I” on 7 has no effect and simply returns 7. The second term is also simple, specifying
that a cross product of n with 7 be evaluated and multiplied by §6. While this last
step appears to obscure something that is already well expressed, this odd notation is
very handy if we want to describe the product of four rotations, analogous to those in
Eq. (46):

(I —00,2x) - (I —08,yx) - (I 4+ 060,2x) - (I + 08,yx)T. (48)

Written this way it is easy to work out the 16 terms that result from these four products
to see concretely the effects of such a rotation on 7

1. The easiest term is the product of the four I operations, giving I7™" = 7, i.e. no
rotation.

2. The next terms to examine are the four terms that are linear in 66. Two contain
00, and two 46,. Since each pair includes terms with opposite signs, each pair
cancels and no terms of order df remain in the product.

3. Moving on to terms of order (§0)* we can recognize one term of order (66,,)? coming
from product of pieces of the first and third term. A second term of order (46,)?
appears from the product of terms in the second and fourth factors. While we are
not interested in keeping track of these terms, you may be able to work out that
they actually all cancel. However, this cancellation comes from four terms of order
(66,)? and (6,)? that would appear in each of the rotation operations separately
had we expressed them to one higher order in (§60)2.

4. The final terms of order 66,00, are the ones of interest. There are four such terms
which can be written as:

59,,:59y(+g:ﬂ>< (G X F)— & x (§ x &) —§ x (@xf)+@<xgxf)). (49)

Again, working from left to right these come from the product of the first and the
second, the first and the fourth, the second and the third and the third and the
fourth.

5. There are four additional terms of order (66)® and one of (66)* which we ignore.
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The first two in the terms in Eq. (49) cancel and the next two terms can be simplified
as:

i (X ) H G XT) = (i + (50
= ZxT (51)

Q>

Thus, keeping the unit and 66,00, terms, our product of four rotations acting on the

vector 7 has the effect
7= T+ 00,002 X T. (52)

If we identify the same terms in Eq. (46), we find the effect of those rotations on a state
vector |¢) will be:

00,00 00,00

9) = [9) + LI T ) — ST ), (53)

If we require that the final two terms in this expression amount to exactly the same
rotation as discovered in our “experiment” and shown in Eq. (52) we learn

1
= (el = Jod,) = =i, (54)

which can be written:
Jody — JyJy = ihJ.. (55)

This combination J,J, — J,J, is also called the commutator of J, with J, and written
[Jz, Jy]. Repeating what we have just learned and writing symmetrical equations for the
other possible combinations of rotations we can summarize our results as:

o, d)) = Jod, — JyJy = ihJ. (56)
[y, ] = JyJ. — J.J, =ik, (57)
.. Jo] = J.J,— JoJ, = ihJ,. (58)

Before we leave this general discussion of rotations, it will be useful to recognize
how we can combine the three rotation generators J,, J, and J, to write a formula for
rotations about an arbitrary direction through both small and large angles. As before,
we start with a rotation through a small angle §6, now about an arbitrary direction n
and demonstrate, by applying this rotation to a vector 7, that such a rotation can be
obtained by composing three separate rotations sequentially about the three directions
é1, és and é3 through the three angles 1,06, n206, n300, respectively.

7 = (I +00n1é1x)(I + 00ngéax)(I 4 60nzésx)r (59)
= ([ 4 §0n1é1 X +60ngés X +60nzé3x)1 (60)
= (I +d0nx)r (61)
= T+60n xT7. (62)

where we use our earlier notation of Eqs. 47 and 48.
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Thus, to first order in 6 the effect of a single rotation through 66 about n is the same
as that of sequentially performing three separate rotations about the three directions é;
és and é3 through the three angles n1060, 1200, n3df, respectively. This same property
should be obeyed by the more general rotations acting on our space of quantum states.
We therefore require:

R(ﬁ,(SQ) = R(él,n1(59)R(é2,n2(59)R(é3,n3(59) (63)
= (I- %Jlnlée)(] - %J2n259)(l - %Jgng(%’) (64)
= I - ﬁJlnléﬁ - ﬁjgng(se — ﬁJgngéﬁ (65)
= - %n . 8. (66)

Thus, we have learned that the combination of operators n - J = Jing + Jong + J3ng acts
as a generator for rotations about the general direction n.

Finally let’s try to find a formula for a general rotation about the direction n using
this new result for the generator of such rotations. Since we can combine rotations
about any fixed axis n in the same way that we did for rotations about the Z direction
in Eq. (33), we can start with the relation:

R(,0,)R (i, 05) = R(i, 0, + 05). (67)

We can then go through the same sequence of arguments as we did following Eq. (33)
to show that a general rotation can be written as the exponential:

R(#,0) = e~ T0/h, (68)

As in the case for rotations about the Z direction, this formula has content because the
exponential Taylor series with its 1/n! multiplying the n'* term will converge quickly,

at least for any finite dimensional matrix 7 - J. We will now consider the simplest case
of j=1/2.

2.3 Spin-1/2

As is worked out in Appendix A, the three “commutation relations” in Eqs. 56-58 are
very strong constraints and completely determine the form of the matrices J,, J, and
J,. One learns that there is a single set of matrices that obey these relations and act on
a set, of states which are eigenstates of the operator J2 + Jy2 + J? with a single eigenvalue.
In Appendix A we show that this eigenvalue is h?j(j + 1) where j must be either an
integer or a half-integer and that there are (2j + 1) x (25 + 1) such states. Thus, the
matrices corresponding J,, J, and J, have size (25 + 1) x (25 + 1).

However, here we would like a speedier approach for our discussion of rotations. For
the case j = 1/2 it is easy to simply write down the three 2 x 2 matrices which obey
these commutation relations and explicitly check that they actually do. These three
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2 x 2 matrices are traditionally written as J; = %ai where the three Pauli matrices o*
are given by:

(1) () () @

It is not difficult to see that these matrices obey the commutation relations required of
generators of rotations, for example we can explicitly multiply

§1E2_E2§1_ EQ 01 0 =i\ (0 —i 0 1
2727 73937 T \3 10 i 0 i 0 10
oRf1 0\ hy
= ZHE(O _1>—zh§0, (70)

precisely as required by Eq. (56).

As we can see, these matrices are written in the standard basis of eigenfunctions
of J, since the matrix is o2 is diagonal. (Here we use the labels x, y, z and 1, 2, 3
interchangeably.) We will call these two basis vectors | + 3). and | — 1), where we
have added the final subscript z anticipating that we may want to discuss eigenstates
for the other angular momentum operators J, and J,. As we described above, the
two states | + %>Z with the corresponding two allowed values for the z-component of
angular momentum, :t%h imply the diagonal form and diagonal elements of J, = %haz.
Conversely, given the operator J, the states | £ %>Z and :t%h are its eigenvectors and
eigenvalues.

Note we can also use Eq. (69) to study the operator J7 4 J; + JZ:

ﬁ+ﬁ+ﬁ._<91@w+@w+ww} (71)
- (4 (7
= 2712. (73)

Thus, both eigenvectors of J, are also eigenvectors of J? with eigenvalue h?j(j + 1) as
claimed.

We can get a better understanding of how this works by considering a new case:
the operator J, and its eigenvectors and eigenvalues. Can we make a similar analysis
of angular momentum in the y-direction, finding the eigenstates and eigenvalues of J,?
Now we must seek a state, let’s call it |+ 3),, with the definite value +h/2 for .J,. Thus,

we require:

1 1
Jy‘ + §>y - )‘| + §>y (74)

where the constant A = h/2. If we write this state | + 1), in terms of our basis:

1 1
|+ 3l = agl s +ayl - 3); (75)
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then Eq. (74) can be written as a matrix equation:

(00 (0) () ™

This matrix equation can be written as two simple linear equations:

h

—25(1/7

(77)

N

h

[NIES

Substituting Eq. (77) into Eq. (78) we find iga% = i\? %a%. This requires that A = +2,
exactly what we should have found. The y- and z-directions can not be fundamentally
different! The same values for angular momentum in each direction must be permitted.
We can then find normalized values for a 1 and a_1 for each of these cases and write the

1
resulting two states as: ’

1 1|1 i 1 h
5, - k).l 2 7
Y z z
1 1 |1 i 1
—— = —|=) ——|—= A=——. 80
-3, = ). vals), 2 0

When writing down this solution, the linear homogenous equations, Eqs. 77 and
78, only determine the ratio between the coefficients of | + 1), and | — 1).. An over-
all multiplication factor which rescales the entire state is not determined. Requiring
that the states in Eqgs. 79 and 80 have unit length fixes the magnitude of such a possible
multiplicative factor but the phase remains arbitrary. Thus, the choice of the coefficients
of | +1/2), in Egs. 79 and 80 to be real and positive is arbitrary and any other phase
would have been just as good.

Since we can imagine performing a Stern-Gerlach experiment with an inhomogenous
magnetic field oriented in the y-direction instead of the z-direction, the determination
of the J, eigenstates | £ %>y above, opens the way for many problems and thought
experiments. If we use such an apparatus to identify a state with J, = %, then just as
is the case for J, the probability that a subsequent measurement of J, will yield —|—g is
100% while the probability of finding the value —g for J, is 0%. If instead this state,
which was determined to have J, = h/2, passes into a new Stern-Gerlach apparatus set
up to measure J,, the probability that the value —i—g will be found is 50%, simply the
square of the 1/v/2 coefficient of the state |3), in Eq. (79). Likewise, the probability of
finding the value —g is such a subsequent measurement of .J, is 50%.

We can also use the relation between the angular momentum operators and rotations
to study very concretely how these spin-1/2 state behave when rotated. Specifically to

rotate |1) through 6 around an axis n following Eq. (68), we would perform the following
operation:

) — e On Ty, (81)
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or, in terms of column vectors and the matrices o

ai na = a1
< 2 ) —y o 052 ( 2 ) . (82)
a_ a_1

While these equation may again seem to be a useless abstraction, the Taylor series
will come to our rescue and, for this special 2-dimensional case, allow us to explicitly
determine the effects of a general rotation as given by Eq. (82). The important point
that simplifies this particular exponential is that for any 3-vector ff,

[N

(A-3)2 = (Aot + Ayo® 4 As0®)? (83)
= (A10") + (A0°)° + (A30°)° (84)
= A7+ A3+ A (85)

The original square of the sum of three terms in the equation above will contain nine
different terms. However, it is easy to verify by explicit multiplication that oo’ = —o70?
if 1 # j so that the six cross terms between the different pairs of terms will cancel leaving
only the three simple squares. These are also easy to determine since, again by direct
multiplication, we can verify that (0!)? = (02)? = (03)? = 1.

Thus, if we Taylor expand the rotation exponential in Eq. (82), all of the even terms
will contain (7 - 7)? = n% = 1 since 7 is a unit vector. Just as for a simple exponent of a
complex number, the Taylor series then becomes easy. The even terms (which are those
in the expansion of a cosine), will contain no matrices while the odd terms (which are
those in the expansion of a sine) will contain one power of the quantity —in - &. Thus,
we have shown that:

e 092 — cos(0/2) — in - Gsin(h/s). (86)

This relation might join a collection of results that you have assembled which separate
the even and odd terms in the expansion of the exponential:

e® = cosh(x) + sinh(x) (87)

e = cos(z) +isin(z). (88)

3 More detail about operators and measurement

There are general properties of linear operators acting on a complex vector space that
underlie some of the physical interpretations we have made above for both the rotation
operators and the association of measurements with operators and their eigenstates
and eigenvalues. It may be helpful to discuss these general properties here before we
consider further applications of these ideas to translations in time and additional physical
measurements.

3.1 Unitary and Hermitian operators

An important property that a symmetry transformation such as a rotation operator
should obey is preserving the inner product between two states. For example, in the
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case of rotations if A and B are two states and R(n, ) a rotation operator we should

require that
(R(n,0)A, R(n,0)B) = (A, B) (89)

so that rotations do not affect the fundamental aspects of our complex vector space
such as the inner product. In order to characterize this equation obeyed by the operator
R(n,0), it is useful to introduce two properties that an operator O might obey. First we
need to define the Hermitian conjugate OT of the operator O. We define OT by applying
it to an arbitrary vector [¢) and then specifying the inner product of the resulting vector
with a second arbitrary vector [¢):

(14,0 ) = (01, 1)) (90)

If we introduce a basis |1), |2), ..|IN) then an operator O is complete characterized by
the N x N matrix of complex numbers given by

0y = (1. 011)) (91)

which implies that Eq. (90) is sufficient to define OZ-T]. for all our basis states |i) and |j)
and hence defines the operator Of.

Equations 90 and 91 are also interesting because they tell us how to relate the
elements of the complex matrices O;; and Ogj:

T
ol =0, (92)

Thus, we can obtain the Hermitian conjugate of a matrix by reversing rows and columns
and taking the complex conjugate.
Using Eq. (90) we can rewrite Eq. (89) as

(1, 1)) = (1 B2, 0)" Ra, 0)1)). (93)
Since this is true for all [¢) and [¢)") we can conclude that
R(n, 0 R(1,0) =1 or R(n,0)" = R(7n,0)"" (94)

A matrix whose Hermitian conjugate is also its inverse is defined to be unitary.

The unitary character of the rotation matrix R(Z,60) requires that its generator .J,
also obey a related property. This property of .J, can be easily deduced if we know how
to take the Hermitian conjugate of a product of operators. Let’s consider two operators
O; and O, and try to work out the Hermitian conjugate of their product (O;0,):

(A, (010,)'B) = (0,0,A,B) (95)
= (024,0}B) (96)
= (4,001B), (97)

where in each of these equations we have simply used the definition of Hermitian conju-
gate to relate the inner product with an operator acting on the left argument to the inner
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product with the Hermitian conjugate of that operator acting on the right argument.
Thus, we have shown that
(0,0,)" = 0lo1, (98)

We can simply take the Hermitian conjugate of each of the operators in the product but
must reverse their order. With this information we can compute

R(z,0) = ((w"’z“’/fl)T (99)
_ (i%(_uze/h)”f (100)
_ (i%(uje/h)”) (101)
_ o tidlosh (102)

where in Eq. (101) we have used the relation (98) multiple times but ignored questions
of the ordering of the factors of J, since they are all the same operator. Finally we
can use the fact that the inverse of the operator R(Z,0) is simply R(Z, —6) to write the
requirement that R(Z,#) be unitary as the equation:

o= iJ=(=0)/h _ +ig10/h (103)

which will be obeyed if
J. =1, (104)

i.e. the operator .J, and its Hermitian conjugate JI are the same thing. Such an operator
is said to be Hermtian. 1f you look back at our specific choice for the three sigma matrices
used to define each of the generators J,, J, and J, given in Eq. (69). you will recognize
that in fact each is Hermitian — each is unchanged if we both reflect the the matrix in
the diagonal and take the complex conjugate of the matrix element. For example:

"@T/:(?_oi)T:(?_oi)' (105)

Thus, it is essential that the three angular momentum operators be Hermitian.

3.2 Connection between linear operators and measurement

When discussing the measurement of the z-component of angular momentum we have
argued that only a discrete set of values are allowed, Aim with —7 < m < j and that to
each value of the integer (or half-integer) m there corresponds a normalized state |m)
which is the unique quantum state which has that value of J,. The states |m) describe all
possible results and hence should from a basis for vector space of allowed states. We then
defined the operator J, which satisfied J,|m) = hm|m) which we described by saying
that hm was an eigenvalue of the operator J, and that state |m) the corresponding
eigenstate. This example is an excellent representative of the relation between the
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quantum mechanical measurement of a physical quantity and a corresponding operator.
We can now accurately summarize the way measurements are described in quantum
mechanics. For each quantity that can be measured there corresponds a linear operator
O that acts on the quantum states in the complex vector space of states making up the
quantum system.

In our earlier discussion of angular momentum J,, it was important that the solutions
of Eqs. 77 and 78, A = +h/2, were real since these were supposed to be the possible
results of measurements of .J,. Complex values for J, would not make physical sense.
This property can be assured in the general case by requiring that the operator O be
Hermitian: O = OF.

For Hermitian operators on finite dimensional vector spaces it is possible to show
three important properties:

1. A solution to the equation:

Olh) = AlY) (106)

determines an eigenvector ) of O and the complex number A, the corresponding
eigenvalue. If O is Hermitian then all such eigenvalues are real.

2. If O is Hermitian then eigenvectors of O with different eigenvalues are orthogonal.

3. If O is Hermitian then the set of all eigenvectors of O form a basis for the vector
space on which O acts. This set of basis vectors can be chosen to be orthonormal.

Let’s prove statements 1. and 2. in turn. We can show that A\ must be real if O is
Hermitian by performing the following steps:

A= (A 0N) (107)
= (O"IA), 1) (108)
= (0[N, 1N) (109)
= (AN, 1) (110)
= AN, [A) (111)
=\ (112)

where we have used |\) as the eigenstate of O with eigenvalue .
Similarly, if |\) and |\’) have different eigenvalues A and X" and O is Hermitian then

A(N) 1A = (IN), 0IN) (113)
= (OX),1N) (114)
= (NIX), V) (115)
= XN(N) A (116)

or subtracting the left hand side of Eq. (113) from the right hand side of Eq. (116) we
find:
(A= A)(IX),[A) =0 (117)
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so if X' — X\ # 0 then |\ and |\) must be orthogonal. Property 3. will be shown to be
true in a later homework problem.

We can use these properties to give a complete description of the quantum theory of
measurement. If O is a Hermitian operator corresponding to a physical quantity O (also
called O for economy of notation), then a general quantum state |¢)) can be written in
terms of a basis of eigenstates of O:

N
Y= anlAn), (118)
n=1

where the eigenstates |\,,) obey

When the quantity O is measured the only allowed result is one of the eigenvalues A,
of O. If the state [1)) is normalized to one, (|1, [1))) = 1, then |a,|* is the probability
of obtaining the value A\, when measuring O. (In the case that more than one of the
eigenvalues \, have the the same value then this probability is the sum of |a,|* over
all states v, with this common value of \,.) After such a measurement is performed
and a value ), found for O, the quantum state [¢)) changes and is replaced by the
eigenstate |\,) which corresponds to the eigenvalue A, that was found. This “collapse”
or “reduction” of the wave function insures the consistent situation that subsequent
measurements of O will give the same result as was initially determined.

3.3 Expectation values

The state vector |¢) corresponding to a specific physical situation is a complicated
quantity. If we consider a measurable physical quantity such as the angular momentum
about a given direction or the angular or linear position discussed later, such a vector
is determined by a giving complex probability amplitude for each of the possible values
for that physical quantity. This can be many complex amplitudes! This degree of
detail makes it hard to describe what is going on as the time evolves or when other
measurements act to change the state vector |¢).

A convenient quantity, associated again with a specific measurable quantity or ob-
servable O, which summarizes some aspects of the state vector and may be easier to
keep track of and understand is the expectation value of that observable:

(0) = (¢[0l) = ([¢), Ol)) - (120)

The expectation value has a simple physical meaning. If the same state |¢) is prepared
many times and the quantity O is measured each time, then the average result of all of
those measurements will be the expectation value (O).

This statement is easy to demonstrate. Begin by introducing an orthonormal basis
of states |\,) where |),) is an eigenvector of O with eigenvalue \,,:

OA) = AulAn). (121)
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We can then expand the state of interest, |¢)) in this basis:
) =) tnlAn) (122)

where 1, is the complex probability amplitude associated with the result A\, of measuring
the quantity O if the system is in the state |¢)). Thus, if a single measurement of the
quantity O is performed, the probability of finding the value \,, is |1, |%. If the state |))
is prepared many times, the average result of measuring O on each of those identically
prepared states will be the sum of each possible result, \,, weighted by the probability
|9,|? of that result occurring:

(0) = ZM%F (123)

The equivalence of Eqs. 120 and 123 is easy to see if we substitute the eigenvector
expansion given in Eq. (122) into Eq. (120):

(O) = (¥),0[¥)) (124)

— <Z¢n,|An,>,OZ¢n|An>) (125)
_ (Z¢n|)\n,>,z¢n>\n|/\n)> (126)
_ Z(¢n|xn>,wnAn|An>> (127)

= > Uit (128)
IR (129)

which is the equality we set out to prove.

Of course, the expectation value of an observable O for a quantum state |1)) takes on
added meaning in a classical limit where we consider states for which the fluctuations
in the value of O are much smaller than the average value of O. Then to a good
approximation the expectation value of O is the value that will be found every time that
O is measured and (O) takes on the meaning of the classical value of that observable
and the other details of the state |1)) become unimportant. We will return to discuss
expectation values further in a later section after we have learned something about
observables whose measured values are continuous rather than discrete.

4 Time translations and the Schrodinger equation

The description of rotations as linear operations which literally rotate the states in our
Hilbert space and preserve the inner product is a description which applies to nearly
all symmetry operations in quantum mechanics. Surely the first requirement of such
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a symmetry must be that it should not change the simplest aspect of our complex
vector space, the inner product. The steps of considering small transformations as in
Sec. 2.1, equating the operation giving (i.e. generating) such a small transformation
with a derivative and then integrating the resulting first order differential equation to
determine the operator which performs large transformations are in fact very general.
The most important examples are translations in space (discussed in a later section) and
translations in time (discussed here).

In a physical situation where things are changing with time, it is natural to describe
such time variation by assuming that the state vector in Hilbert space which describes
our system is itself a function of the time |¢)) — |1(¢)). As in the case of rotations we
might hypothesize that the effects of a small increase in the time t — ¢ + At will be
proportional to At and can be described by the action of a linear operator on the state
at time ¢:

[W(t+ At)) = [¢(1)) — iALH/Rl(t)). (130)
Just as in the case of rotations, the requirement that:
(Wt + A)|p(t + At)) = (P(t)]2(1)) (131)

implies that the operator H, called the Hamiltonian, is Hermitian.

There are profound connections between the symmetry (rotations, space translations,
time translations, etc.) and the quantity which becomes a constant of the motion if the
dynamics possesses that symmetry (angular momentum, linear momentum, energy, etc.).
For example, if a physical system is unchanged by rotation about the z-direction, then
it cannot experience a torque in the z-direction and the angular momentum in the z-
direction will be a constant. This connection can be seen in Hamilton’s formulation of
classical mechanics (which you will likely study in a more advanced mechanics course)
and is fundamental to quantum mechanics. This reasoning, aided by a familiarity with
Hamiltonian classical mechanics, implies that the operator H in Eq. (130) should be
identified with the energy, called the Hamiltonian, in Hamiltonian mechanics.

If Eq. (130) is rewritten by moving the [¢)(f)) term from the right- to the left-hand
side and dividing by —iAt/h, we learn:

B+ At) — [¥(t))
“iAt/h

L d
th=[¢(t)) = HI¢(1)), (133)

Hli(t))  or (132)

where the final equation is known as Schrédinger’s equation.
Just as for the case of rotations, we can solve this equations using exponentials:

(1)) = e /My (0)). (134)

The fact that the exponential of Eq. (134) solves Eq. (133) is not difficult to see if the
exponential of the operator —iHt/h is defined through its power series. When ¢ = 0
only the ‘1’ term in the power series survives and the needed initial condition:

V() li=o = [£(0)), (135)
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is automatically obeyed. Finally the same properties of the exponential series which
would guarantee that Eq. (134) solves Eq. (133) for the case when the factor —iH/h in
exponent is a real number will work here. The single operator —iH /h and its powers
obey the same rules of algebra as for the case of a real number.

Since we have only begun our discussion of quantum mechanics, not many examples
of the Schrodinger equation are yet available to us. However, one simple and important
example is available and is very instructive. Imagine that we have a fixed particle with
angular momentum J placed in a magnetic field B. If the particle contains an electric
charge density and that charge density is proportion to the particle’s mass density, then
just as the spinning mass will produce the angular momentum j, the spinning charge
will produce a magnetic moment /i proportional to J:

—

w="dJ. (136)

For the case of the simple proportionality of the change and mass densities, v = Q/2Mc,
where () is the total charge and M the total mass. The quantity v is called the gyro-
magnetic ratio.

For this problem the energy of the spinning particle in the magnetic field is simply
—i - B= —WJ B. So far this discussion is entirely classical. However, this expression
for the energy involves quantities which have a fine meanings in quantum mechanics so
it is natural to use

H=—-47J-B (137)

in quantum mechanics where H is now the energy operator and J = (Jz, Jy, J.) the
three angular momentum operators, i.e. the three generators of rotations. Now the
Schrodinger equation and its solution become quite explicit:

o) = 37 Blo) (139
w(B) = TP (). (139)

In fact comparing with Eq. (68), we recognize that this exponential describes a rotation
of our quantum state |1/(0)) around the direction of —B through the angle 6(t) = vBt.
This is precisely the Larmor precession that a classical particle with angular momentum
J and magnetic moment i related by fi = 'yf undergoes when placed in a magnetic
field! Thus, for this case the solution of the Schrodinger equation is easy to recognize
and corresponds beautifully to the classical solution.

5 Combining two quantum degrees for freedom

An important construction in both classical and quantum mechanics is the creation a
composite system made up of two parts which are separately sensible physical systems.
For example, it is very standard after studying the classical motion of a single particle in
three dimensions, described by the single 3-dimensional position vector 7(¢), to go on to
consider a system of two such particles. In quantum mechanics after having understood

23



the behavior of the system of a single particle with spin-1/2, we would naturally next
consider a system of two such particles. It is valuable to discuss how this is done from a
mathematical perspective since the construction of combined states is very different in
quantum and classical mechanics.

Thus, let’s begin by describing two different ways to combine two vector spaces, say
an M-dimensional vector space D and an N-dimensional vector space E into a single
larger vector space.

5.1 Vector space Cartesian products

The most familiar method to combine these two vector spaces D and FE is the Cartesian
product, D @ E. If {|d;) }1<i<ym and {|e;) }1<j<n are sets of basis vectors for our two
spaces, then vp = .M a;|d;) and vy = Zjvzl bjle;) are general vectors in D and E
respectively. To construct the Cartesian product, D & E of the two vector spaces D and
E, we simply define the combined set of M + N vectors {|d;) }1<i<ar and {|e;) }1<j<n as
the basis for the new space and declare that the combined sum Zj\il a;jld;) ~|—Z§V:1 bile;)
describes a general vector in the new Cartesian product.

Thus, with a Cartesian product, we can take a vector vp from D and vg from E and
simply add them to get vp + vg, a vector in D @ E. In fact, all vectors in D & E can be
written as such a sum of a vector from D and a vector from E.

The dimension of this new space is the sum of the dimensions of its two components,
M + N, and it contains non-zero vectors made up of a non-zero vector in one space
and the zero vector in another. If we are studying the physics of two classical particles,
it works very well to use this six dimensional vector space containing a general vector
Z?Zl aid; + 23:1 b;jé; with the numbers (ay, ag, as) locating the position of the particle
D and (by, by, b3) locating particle E. This physical situation is nicely represented by
writing these six numbers together as a six-component vector, (ay, as, as, by, ba, b3).

However, in quantum mechanics a vector vp = S i, a;|d;) in the M-dimensional
vector space D would be interpreted as having probability |ax|? of begin found in state
|d) if a measurement were performed to determine which of the M states {|d;)}1<i<m
was actually occupied. The state vg = Zjvzl b;le;) in the vector space E would have a
similar interpretation. For example the states {|d;)}1<i<a could represent those states
with each of the M allowed values of J, for a particular species of particle while the
states {|e;)}1<j<n might correspond N allowed states with definite values of J, for a
second type of particle.

In class we considered the basis of the vector space D to be the 2 states of an electron
with j = 1/2 so M = 2, while for F we assumed N = 3 and that the three basis states
corresponded to J, eigenstates of the j = 1 deuterium nucleus. Now we want to combine
these two vector spaces to describe states of a system of an electron and a deuterium
nucleus in which only the spins of the two particles were represented. Now the five
basis states in the Cartesian product: |dy), |ds), |e1), |ez2), |e3) would not have a sensible
interpretation. The first state |d;) would appear to have the interpretation that our
state was an electron with J, = +h/2 while the fifth state |e3) might be a deuterium
nucleus with J, = —h, if we make a natural association between the values of the indices
1 =1,2 and j = 1,2,3 and the particles’ J, values. However, we are trying to discuss a
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system made up of both an electron and a deuterium nucleus not one or the other. In
fact, having a quantum state which describes an uncertain situation in which we don’t
know for sure whether we have an negatively charged electron or a positively deuterium
nucleus is supposed to never occur in nature! The Cartesian product does not do the
job.

5.2 Vector space tensor products

Given the two sets of basis vectors {|d;) }1<i<am and {|e;) }1<j<n for the vector spaces D
and F, we define a set of basis vectors for the tensor product of these two spaces, D ® E
as the set of M - N vectors {|d;) ® |e;) }1<i<m<j<n. Thus, the tensor product vector
space, D ® E/, has M - N basis vectors and hence dimension M - N.

Given a vector in vp in D and vg in E, their product, vp ® vg will be a vector in
the tensor product vector space D ® E. In terms of components, this product can be
defined by expanding out the product in the expected way:

M N
Up K Vg = Z Zalbjldﬁ ® |€j>' (140)

i=1 j=1

However, not all states in D ® E can be written as a product of a state in D and a state
in . For example, the state

V=d @6 +dy @ éy (141)

can’t be written as such a product. As we will see, the resulting product space suits the
needs of quantum mechanics very well.

5.2.1 Quantum interpretation of tensor product

It is very natural to interprete the product state |d;) ®|e;) as that state in which particle
D is in the state |d;) and particle £ is in the state |e;). Similarly a general state

V=) ciyldi) @|ey) (142)

i=1 j=1

is a superposition of such simple product states and the coefficient ¢; ; should be inter-
preted as the probability amplitude for finding particle D in the state |d;) and particle
E in the state |e;), with |¢; ;|* being the probability for that being true.

The interesting state ¢ of Eq. (141) is a new and very important possibility in
two-particle quantum theory. It describes a situation in which the wave functions of
particles D and E are said to be entangled with information about one of the particles
implying knowledge about the other, even if no measurements are performed on the
second particle. For example, if it is known that the system is in the entangled state 1)
of Eq. (141) and a property of particle D is measured which implies that this particle
must be in the state |ds), then we know that particle £ must be in the state |es) and
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there is no probability that it will be found in the state |e;). This leads to all sorts
of non-intuitive situations since these two particles could be very far separated and yet
a measurement of the properties of one of the particles will instantaneously lead to
predictive knowledge about the other!

6 Position and momentum

The example of spin-1/2 particles worked out in some detail in the previous section
illuminates many very important parts of quantum theory. However, we appear far
from discussing an actual particle moving in space with possible values for its position
and momentum.

In fact, we are already surprisingly close to such a discussion. For the case of j = 1/2
or j = 1 it is very hard to see “what” is rotating to provide the angular momentum
that these systems carry. However, this is because of what we will understand to be
the uncertainty principle: “The angular momentum and angular position of a particle
cannot be simultaneously known, each with arbitrary precision”.

If we focus only on the z-component of angular momentum and attempt to interpret
J, as coming from something that is rotating, the fact that J, = +A/2 implies that the
angular momentum is very well known (it’s very small) so little can be said about the
angular position of the object that is rotating.

6.1 Defining continuous angular position

This suggests that we should consider examples with larger values of j permitting greater
uncertainty in J, with —jh < J, < +jh. Following that direction, let’s consider a
quantum space of 2j + 1 states {|7,m)}_j<m<; Which are eigenstates of J* and J. as
discussed above:

J3,m) = B2 + V)|j,m) and J.|j,m) = mhl|j,m), (143)

and examine the case that j is quite large and even consider the limit j — oco. (The
relation between j and the eigenvalue of the operator J2? = J2 + JJ + J2 is discussed in
Appendix A and is not central to the present discussion and so can be ignored if you
wish.)
Recall that under rotations through an angle ¢ around the z-axis, these states trans-
form as:
g, m) = e j m) = e, m). (144)

Thus the states |j,m) hardly change at all when rotated since this simple change of
phase has no physical effect. These states have, in some sense, no orientation!
If we consider a general state

)= " Galm) (145)

m=—j
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Figure 2: Diagram showing the original function () and the new function (6 — ¢)
obtained after the function 1 (0) is rotated through +¢ about the Z direction

then under rotation through ¢ about the z direction

e i) = 3 e m). (146)

m=—j

This action of rotations on the coefficients @Zm suggests an interesting construction.
Associate the function

J im0
~ €
0) = m—— 147
¥(0) m; V= (147)
with the state |¢)). According to Eq. (146), when a state is rotated through ¢ about the
z axis, its coefficients 1, are simply changed in phase by the factor e=""?.
While this change in the coefficients ¢/, may be a bit complicated and non-intuitive,

the change in this associated function v (0) is dramatically simple:

— J . eima J = i eime B B
Y(0) = ZQﬂm\/—Q—W — Zf/’me \/_2_7r = (0 — ¢). (148)

m=—j m=—j

The function ¢(#) has been rotated about the Z axis by the angle ¢ with the new function
of 8, (6 — ¢) taking the value at the angular position 6 that the original function had
at the position 6§ — ¢ as shown in Figure 2.

Given the behavior of the function () under rotation it is natural to associate
it with the angular orientation of the system which is being rotated. However, before
exploring further this connection between the function v (6) and the orientation of the
object being rotated, let’s describe the relation between our quantum states [i) and the
corresponding function v(#) in more detail and explain the factor of 1/4/27 that was
mysteriously introduced in Eq. (147).

We can view the mapping given by Eq. (147) as a linear transformation between
our original 27 + 1 complex vector space and the complex vector space of functions of
that can be written as a sum of the functions of the form {e™’}_;<,,<;. In fact, we can
view Eq. (147) as providing a 1:1 mapping between the orthonormal vectors |m) and
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the functions €™’ /v/27

|m) +—

NS (149)

This mapping can even be viewed as preserving the value of the inner product if we
define the inner product between two complex functions ¢'() and ¥ (6) in our vector
space of functions by the formula:

(¥, ) = / 2ﬂ<w'<0>)*w<9>de. (150)

Now the purpose of the factor of v/27m becomes clear since with this factor, the functions
e™? /\/27, which are the images of the basis vectors |m) under our transformation, are
also orthonormal:

/27r (eim’e)* im0 " fo% Ldo =1 m'=m
o \V2r/ 2w nge(QO do =Ll g o L

2mi(m—m/)
(151)
This mapping between orthonormal basis vectors is enough to guarantee that
2w
Wi = [ (o) vieyw. (152)
0

However, this equality could also be worked out explicitly by expressing both [¢') and
|4} in terms of the coefficients 1/ and ¢, writing the functions ¢/(6) and 1(6) in terms
of those same coefficients using Eq. (147) and then using the integrals evaluated in
Eq. (151) to demonstrate the equality of the left- and right-hand sides of Eq (152).
Having established the properties of this transformation between our abstract 25 + 1
dimensional vector space and this space of functions, we should return to the questions:
What does the function ¥ () mean? How is the function () associated with the
orientation of the object whose angular momentum in the z direction is given by Am?
The answer to these questions is suggested by considering the interesting set of functions

; 1 I pim(0-9)
Vg(0) = Wm:—jﬁ’

which depend on a second angle ¢ which we are free to specify. This function corresponds
to the normalized state [¢)) in which each of the basis states |m) appears with equal
probability and with probability amplitudes 1, = e~im® /v2j5+ 1. As we will see, by
having maximum uncertainty in the value of the angular momentum Am, this state
has an angular dependence which is sharply peaked about the value 6 = ¢, where the
precision of the localization increases indefinitely as j becomes large.

To recognize this important behavior, we need only evaluate the function v, (6) which
can be easily done using the formula for a partial geometric series:

E:z 1;52 (154)
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We can apply this equation to evaluate the sum in Eq. (153) if we identify z with e*(¢=%)
and extract a factor e (=9 from each term as follows:

¢¢(0) _ \/W Z; etm(0—9) (155)

25
. 1 )
— o i(0-9) _ ) " im(0-9) (156)
V27 (25 + 1) mz::O
i(2j+1)(0—9
e~id(0=9) L Lo e (157)
om(2j +1) 1—el@=9)
1 sin((j + 3)(0 —
_ (G +3)0—9) 7 (158)

or(2j+1) sin(3(6 —¢))

where to obtain the final line of the equation above we have combined the prefactor
e~(9=%) with the two terms in the numerator and multiplied numerator and denominator
by a common factor of e *?~?)/2_ For large j this function is sharply peaked about the
value § = ¢. Because by L’ Hopltal s rule, the ratio of sines behaves as (j + ) /: 5 as
0 — ¢. This large factor appears only for those values of # ~ ¢ while the numerator has
already fallen to zero when 6 — ¢ = 27 /(2j + 1). An explicit graph of the function for
j =10 and ¢ = 7 is plotted in Figure 3.
Note the factor of 1/4/27(2j + 1) carried along in Eq. (158) is important because it
guarantees that since the original state can be easily seen to be normalized to one, this
explicit function must be as well:

1 s ((+0-9)
/o 21(2j +1)  sin*(5(0 — ¢)) 0 =1 (159)

The three things we have demonstrated:

1. The ability to localize the region in which 1, () is non-zero illustrated in Figure 3,
2. The normalization integral in Equation (159),

3. The close relation between this normalization integral, the inner product definition
in Eq. (152) and the inner product in our original quantum vector space with the
2j + 1 basis vectors |m),

make a very strong case for relating the variable 6 introduced in Eq. (147) and the posi-
tion of the state which is rotating and the complex wave function 1)(0) as the probability
amplitude for finding the rotating object at the position 6 in the sense that |1(0)|>Ad is
the probability of finding the object at an angular position lying between 6 and 6 + A#.
If our underlying vector space has only 25 + 1 dimensions, then we can never sharply
localize the object’s angular position and the width of the distribution shown in Figure 3
represents the ultimate precision of such localization.

However, this limitation becomes less severe as j is increased. For a point particle
moving on a circle whose position can in principle be determined with arbitrary precision
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Figure 3: Plot of the modulus squared of the localize wave function 1, (6) for the case
7 = 10. The z axis is shown in radians.

we can simply take the limit j — oco. In this way we can begin with our relatively simple
case of 25 4+ 1 vectors |m) describing discrete states with precise values of J, equal to
hm and recognize an alternative representation of these states as 25 + 1 functions of the
angle, "™ /\/21 that are the basis for a limited vector space of functions which can be
constructed as a linear combination of these 2j + 1 functions.

By considering the limit j — oo this set of 27 + 1 functions grows into an infinite
dimensional space of complex functions that can be written as:

ORI = (160)

where the coefficients @Zm can be obtained from (f) by integration:

- 27 e—imb

according to Eq. (151). These equations express the function of 1(6) in a Fourier series.
If we interpret Eqs. (160) and (161) as relating the function () and its Fourier coeffi-
cients ¥, Eq. (161) can be viewed as the definition of Uy, which should be meaningful
provided the integrals over 6 are well-defined. The important mathematical question
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then becomes whether Eq. (160) actually allows the function ¢ (6) to be reconstructed
from its Fourier coefficients @Zm

The answer is “yes” if we assume that the function ¢ (0) is piecewise continuous with
discontinuities at a finite number of values of #. Under these conditions the sum given
in Eq. (160) is uniformly convergent as a function of § with the exception of the finite
number of points where the original function ¥ (6) is discontinuous. This is a standard
result to be found in books on advanced calculus or mathematical physics. A particularly
accessible treatment can be found in Courant’s first volume [1].

The interpretation of the wave function ¢ (6) as a probability amplitude may deserve
some further discussion. The interpretation of the discrete amplitudeSJZm does not
change much as we take the limit j — co. For either finite or infinite j, [1,,|* gives the
probability of finding the value im when the angular momentum J, is measured. By
normalizing our states to have unit length:

L= () =[] (162)

we enforce a condition needed if this probability interpretation is to be consistent: that
the sum of the probabilities of all possible outcomes is unity.

As we try to define an angular position 0 associated with our state |i)) we face a
new situation where we expect that the position should be a continuous variable with
all values between 0 and 27 allowed, not a set of discrete values like Am for the case
of J.. As we take the limit j — oo our description of the possible states of the system
continues to be vectors in a complex vector space and the only change is the increase in
the dimension of that space from a finite to an infinite dimension. Now our state can
be viewed as either an infinite collection of momentum probability amplitudes v, or as
a continuous function ¥ (#). In contrast to the momentum, the values of # are bounded
between 0 and 27 but are continuous rather than discrete. For a continuous angular
variable, we must discuss the probability density: the probability per radian of finding
the angular position in a given region. The relation between the sum over all values of
m and the integral over all values of §, implied by Eq. (152):

| wopas =316, (163)

the suggests that if we interpret [¢)(0)|? as this probability density then it will be properly
normalized: the sum of the probabilities of finding any value for # is unity. Thus, as
stated earlier we will assume that [¢)(6)[2A# is the probability that if the angular position
is measured it will be found in the interval [0, 6 + Ad].

As for quantities which can only have discrete values, also for the angular position
we can define an operator 6°P that corresponds to this position which acts on the wave

functions 1(#) according to:
{079} (0) = 04(0). (164)
It is easy to see that the operator #°° is hermitian. However, while hermitian, 6°P

does not have a complete set of eigenvectors and corresponding eigenvalues. One might
interpret the possible values of angular position, 0 < 6 < 27 as the eigenvalues of 6°P.
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However, the corresponding eigenstates which have a unique value of 6, say 6, would
need to be Dirac delta functions: §(6 — ), mathematically improper, non-normalizable
states. While the allowed values of 8 are defined as lying in the spectrum of §°P a proper
mathematical description of the “eigenstates” of #°P using projection operators which
form a “resolution of the identity” is best left to a later course on quantum mechanics
or analysis.

A General form for the angular momentum opera-
tors

To begin this discussion we will take a more general point of view. Imagine that we
have a complex vector space H with a large dimension (possibly infinite). We can then
try to isolate a small, finite-dimensional subspace of vectors which transform into each
other when rotations are performed. If we can find such a set then, at least when making
rotations, we can examine this smaller subset of vectors in isolation and ignore the larger,
often more complicated space in which they were found.

As in the case of spin-1/2, we will study the three operators J,, J, and J,, (or,
equivalently J;, Jy and J;) which generate rotations. These were discussed earlier and,
up to a factor of i/2 took the form of the Pauli matrices for the case of a two-dimensional
vector space of states. Now we would like to study the general case and instead of
guessing possible forms for these matrices we will develop an approach which actually
works them out exhaustively so that we discover all possible cases.

The first step in doing this is to consider a natural operator which can be formed
from J,, J, and J,, the operators

S =T+ T+ T2 (165)

Since this is the length of a “vector” we should expect that its value will not be changed
by rotations. In quantum mechanics, rotations are constructed from the individual J;’s
so saying that J? is not changed by rotations is equivalent to the statement that first
applying the operator .J,, for example, and then applying J? will give exactly the same
result instead J? is applied first and then J,. Or in equations:

ST ) = J.J?|) (166)

for all states |¢). Or J?J, — J,J? = [J,J?] = 0. This can be verified directly as is
requested in problem #169.
Thus, if we find a state |j) which is an eigenstate of J*:

T2|5) = 37 + DR?[5) (167)
applying one of the operators J; will produce a new state, J;|j) which is also an eigenstate

of J? with the same eigenvalue. This is easy to demonstrate by exchanging the order of
J? and J;:

P(20)) = (1)) = (3G + 0R1)) =36 + DR (). (es)
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Here we are writing the eigenvalue of the operators J? in the conventional form j(j+1)h?
which looks somewhat odd at present but will turn out to be a convenient form in few
paragraphs below. At least it has the right dimension and is positive if we assume that
J is a pure, non-negative number.

We will choose to work only with states in our larger vector space H which have a
specific value of the quantum number j. The operator .J, acts within this set of states
and, from the discussion above, we know that it cannot change the value of j. Within
this subspace of states with the same value 7 we can find a basis of states which have
definite values for the operator J,. (The fact that such a basis can be found will be
discussed later.) Here we will pick one such basis state |j,m) with the J? eigenvalue
j(j + 1)h? and the eigenvalue mh of J,:

J25,m) =5+ DR2|5,m)  J.2|j, m) = mh|j,m) (169)

The next step contains the essential idea needed to classify all of the different types
of rotation matrices which exist. By using the commutation relations among the J; we
can easily show that when acting on an eigenstate of J, with eigenvalue mh the operator
Jz +1J, creates a different eigenstate of J, with eigenvalue increased by i while J, —i.J,
decreases the eigenvalue by h:

J(Jp +1dy)|j,m) = (m~+1Dh(J, +1iJy,)|j,m) (170)
L —iJ)ljm) = (m— DAL, —iJ,)|j, m). (171)

This is easy to demonstrate by simply reordering the operators. Consider the J, + iJ,
case:

T et id)iom) = ([Jes o id])liom) + (Jo +0d) Tljm)— (172)

- (”y + Jx) [, m) + (Ja + i.Jy)mhlj, m) (173)
= (m+ DA + idy)|5,m). (174)

For this reason the operators J, &-1J, are called ladder operators moving us up and down
a ladder of eigenstates of .J, with eigenvalues increased or decreased by h. Of course, as
discussed above, neither .J, nor J, can change the eigenvalue of J? so these states are
properly labeled with the fixed value of j.

Even more remarkable is that we can also determine the norm of the state (J, +

JZJ)U? m>:
175
176

177

(e + i)l m)|* = ((Je +idy)l5,m), (o + i) 5,m)

E\] m), (Jy — iJy)(Jp + iJy)] g, m))
= (I, ><J2+J2+Z[Jx,zJ]>lj,m>)
— (lj,m), ( th)!J}mD

= G+ -m —m>h2

= (j+14+m)(j—m)h?

178

179

(
(
(
(
(
(180

)
)
)
)
)
)
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where in going from Eq. (175) and to Eq. (176) we use the fact that the operators J,
and J, are Hermitian while the ¢ must change sign when moved from the left to the
right argument of the inner product. Thus we can construct a chain of states |7, m'),
m' = m+ 1, m+ 2, ... from our original state |j,m) joined by the raising operator
Jp +idy.

Likewise we can apply the lowering operator J, —i.J, and show that this will decrease
the value of J, from Aim to A(m — 1). We can also repeat steps very similar to those in
Eq. (175) and following to find the norm of the resulting lowered state:

1(Je = idy)5,m)lI* = (G + 1 = m)(j +m)h*. (181)

So far it appears that we can create states with arbitrarily positive and arbitrarily
negative values of J,. This makes no physical sense (and cannot occur mathematically
either) because for any state [t)

(WI210) < (@|7|0) = 12(5 +1). (182)

Thus, for our construction to have a chance to be meaningful, these operations of raising
and lowering much each terminate which can only happen if there are largest and smallest
(most negative) value of m, myay and my,;, such that the next state in the series has zero
norm. Thus, mya and my,;, must make the corresponding norms computed in Eqgs. 180
and 181 vanish:

(J+ 14+ Mumax)(J — Mmax) =0 and (5 + 1 — muin)(J + Mmin) = 0. (183)

Since we must require My > Mmin, these equation can be solved by my.. = j and
Mmin = —J. Adding these two equation together we discover 25 = Myax — Mmin Which
is an integer. Thus, 7 must be an integer multiple of half-integers. The total number of
states connected by the operators J, & Jy, is thus mmax — Mmin +1 = 25 + 1.

We can completely determine all three operators as 25 + 1 x 25 + 1 matrices if we
decide on the phases of the 25 4+ 1 basis states that we have just obtained by raising and
lowering our starting state |j, m). We will do this by requiring:

(Jo + i )lg,m) = /(G +14+m)(j —m)|j,m+1) (184)
(Jo — idy)|j,m) = /(G +1—m)(j +m)|j,m— 1) (185)

where the second equation is actually implied by the first if a Hermitian conjugate is
taken. This choice of the relative phase of the 25 + 1 states {|j,m)}, —j < m < j is
called the Condon and Shortley phase convention.

Finally, we will use these equations to write out explicitly what the three matrices
are for the two cases j = 1/2 and j = 1. First when j = 1/2 the number of states is
2j +1 = 2 and the matrices will be 2 x 2. The easiest is J, which is diagonal with

eigenvalues +h/2:
h
J, = ( . _OE ) (186)



To determine J, and J, we can start with the raising and lowering operators are can be
easily deduced from their action on our states |j, +1/2):

Jr—i—in:(g g) Jm—in:(g 8) (187)

since \/(j + 1+ m)(j Fm) evaluates to one for j = 1/2 and m = F1/2. We can then
add and subtract these equations to find:

R0 1 (o0 —i
J“—§(1 0) Jy‘i(i o) (188)

which provides a derivation of our earlier expression using the Pauli matrices o;: J; =
(h/2)o;, 1 <0< 3.
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