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Motivating Toy Example

x(t) = x0 + v x0 t

y(t) = y0 + v y0 t −
g

2
t2
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Notation

Z+ = N0 = {0, 1, 2, . . . }
| · | Euclidean
For symmetric, positive definite A

• ⟨·, ·⟩A := ⟨·,A−1·⟩
• | · |A := |A−1/2 · |
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Data Assimilation Setting

State Space Model

Dynamics models: vj+1 = Ψ(vj) + ξj , j ∈ Z+

Data Model: yj+1 = h(vj+1) + ηj+1, j ∈ Z+

Probabilistic Structure: v0 ∼ N (m0,C0) , ξj ∼ N (0,Σ), ηj ∼ N (0, Γ) i.i.d.

Probabilistic Structure: v0 ⊥ {ξj} ⊥ {ηj}

Assume C0,Σ, Γ are positive definite, Ψ ∈ C (Rd ,Rd) ,and h ∈ C (Rd ,Rk).
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Filtering and Smoothing

V := {v0, . . . , vJ} ,Y := {y1, . . . , yJ} ,Yj := {y1, . . . , yj}

Smoothing Problem : Π(V ) := P(V | Y )
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Smoothing Problem : Π(V ) := P(V | Y )

Filtering Problem : πj(vj) := P(vj | Yj), j ∈ [J]
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Smoothing Problem Posterior Derivation

Baye’s Theorem

P(A | B) = P(A)P(B | A)
P(B)

Π(V ) = P(V | Y ) ∝ P(V )P(Y | V )
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Smoothing Problem Posterior Derivation

P(V ) = P(vJ , vJ−1, . . . , v0)

= P(vJ | vJ−1, . . . , v0)P(vJ−1, . . . , v0)

= P(vJ | vJ−1)P(vJ−1, . . . , v0)

= . . .

= P(v0)
J−1∏
j=0

P(vj+1 | vj)

v0 ∼ N (m0,C0) vj+1 | vj ∼ N (Ψ(vj),Σ)

P(V ) ∝ exp

−1

2
|v0 −m0|2C0

− 1

2

J−1∑
j=0

|vj+1 −Ψ(vj)|2Σ

 =: exp{−R(V )}
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Smoothing Problem Posterior Derivation

P(Y | V ) = P(y1, y2, . . . yJ | V )

=
J−1∏
j=0

P(yj+1 | V )

=
J−1∏
j=0

P(yj+1 | vj+1)

yj+1 | vj+1 ∼ N (h(vj+1, Γ)

P(Y | V ) ∝ exp

−1

2

J−1∑
j=0

|yj+1 − h(vj+1)|2Σ

 =: exp{−L(V ;Y )}
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Filtering Problem Posterior Distribution

πj(vj) := P(vj | Yj) j ∈ [J]

Prediction Step : π̂j+1 = Pπj = P(vj+1 | Yj)

Analysis Step: πj+1 = Aj π̂j+1
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Filtering Problem Posterior Distribution

π̂j+1 (vj+1) = P (vj+1 | Yj)

=

∫
Rd

P (vj+1 | Yj , vj)P (vj | Yj) dvj

=

∫
Rd

P (vj+1 | vj)P (vj | Yj) dvj

=

∫
Rd

P (vj+1 | vj)πj (vj) dvj

=
1

(2π)d/2(detΣ)1/2

∫
Rd

exp

(
−1

2
|vj+1 −Ψ(vj)|2Σ

)
πj (vj) dvj .
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Filtering Problem Posterior Distribution

πj+1 (vj+1) = P (vj+1 | Yj+1)

= P (vj+1 | Yj , yj+1)

=
P (yj+1 | vj+1,Yj)P (vj+1 | Yj)

P (yj+1 | Yj)

=
P (yj+1 | vj+1)P (vj+1 | Yj)

P (yj+1 | Yj)

=
exp

(
−1

2 |yj+1 − h (vj+1)|2Γ
)
π̂j+1 (vj+1)∫

Rd exp
(
−1

2 |yj+1 − h (vj+1)|2Γ
)
π̂j+1 (vj+1) dvj+1

.
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Well-Posedness of Smoothing

Thm 7.6

If ∃R ≥ 0 such that data Y ,Y ′ and observation function h satisfy

|Y |, |Y ′| ≤ R

Eρφ2(V ) <∞ where φ(V ) :=
(∑J

j=1 |h(vj)|2
)1/2

,

then ∃κ ∈ [0,∞) independent of Y ,Y ′ such that

dH(Π,Π
′) ≤ κ|Y − Y ′|

dH(Π,Π
′) =

∥∥∥√Π−√Π′
∥∥∥
L2
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Well-Posedness of Filtering

Cor 7.7

If ∃R ≥ 0 such that data Y ,Y ′ and observation function h satisfy

|Y |, |Y ′| ≤ R

Eρφ2(V ) <∞ where φ(V ) :=
(∑J

j=1 |h(vj)|2
)1/2

,

then ∃κ = κ(R) ∈ [0,∞) such that

dTV(πJ , π
′
J) ≤ κ|Y − Y ′|

dTV(πJ , π
′
J) =

∥∥πJ − π′
J

∥∥
L1
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Kalman Filter (Linear-Gaussian Setting)

State Space Model

Dynamics models: vj+1 = Ψ(vj) + ξj , j ∈ Z+

Data Model: yj+1 = h(vj+1) + ηj+1, j ∈ Z+

Probabilistic Structure: v0 ∼ N (m0,C0) , ξj ∼ N (0,Σ), ηj ∼ N (0, Γ) i.i.d.

Probabilistic Structure: v0 ⊥ {ξj} ⊥ {ηj}
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Kalman Filter (Linear-Gaussian Setting)
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Kalman Filter (Linear-Gaussian Setting)

Thm 8.2 and 8.3

For j ∈ Z+, π0, {π̂j+1}, {πj+1} are all Gaussian distributions and Cj is positive
definite.

π̂j+1 = P (vj+1 | Yj) = N
(
m̂j+1, Ĉj+1

)
, (prediction)

πj+1 = P (vj+1 | Yj+1) = N (mj+1,Cj+1) , (analysis)

m̂j+1 = Mmj ,

Ĉj+1 = MCjM
⊤ +Σ,

C−1
j+1 =

(
MCjM

⊤ +Σ
)−1

+ H⊤Γ−1H,

C−1
j+1mj+1 =

(
MCjM

⊤ +Σ
)−1

Mmj + H⊤Γ−1yj+1.
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Proof (if there’s time)
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Kalman Filter Algorithm

Algorithm 1: Kalman Filter Algorithm

Input:{yj}Jj=1, π0 = N (m0,C0), Σ, Γ

Result: π̂j+1 = N
(
m̂j+1, Ĉj+1

)
and πj+1 = N (mj+1,Cj+1)

for j ← 0 to J − 1 do
Prediction:

m̂j+1 = Mmj

Ĉj+1 = MCjM
⊤ +Σ

Analysis:
mj+1 = m̂j+1 + Kj+1dj+1

Cj+1 = (I − Kj+1H) Ĉj+1

where
dj+1 = yj+1 − Hm̂j+1

Sj+1 = HĈj+1H
⊤ + Γ

Kj+1 = Ĉj+1H
⊤S−1

j+1

end
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