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Motivating Toy Example

x(t) =x0 + vyt

y(t):yo—i-vgt—g
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mZt =No={0,1,2,...}
m | - | Euclidean

m For symmetric, positive definite A
° «’vA;::<7A—1>
o | |ai= A2
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Data Assimilation Setting

Dynamics models:  vj11 =WV (v;) +¢j, j € Z"
Data Model:  yj11 = h(vj41) +nj41, j € ZT
Probabilistic Structure: v ~ N (mg, Go), & ~ N(0,X), n; ~ N(0,T) i.i.d.
Probabilistic Structure: vy L {&;} L {n;}

V.

Assume Cp, X, T are positive definite, ¥ € C(RY, R?) ,and h € C(RY, R¥).
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Filtering and Smoothing

V::{V07"'7VJ}’Y::{.V1’ "ayJ}7\/j::{y17~

.Y}
Smoothing Problem :

nv) =PV |Y)
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Filtering and Smoothing

Vi={vo,....,vs}, Y i={y,...,ys}, Y ={n, ..., y}
Smoothing Problem :

nv)=PV|Y)
Filtering Problem :

mi(vj) =P(v; | )), j € [J]
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Smoothing Problem Posterior Derivation

oA | B) - FAPBIA

P(B)
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Smoothing Problem Posterior Derivation

oA | B) - FAPBIA

P(B)

NV) =PV | Y) x B(V)P(Y | V)
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Smoothing Problem Posterior Derivation

P(V)=P(vy,vj_1,..., %)
=P(vy | vye1,- s v0)P(vy1, -5 W)
=P(vy | vy_1)P(vy-1,...,v0)

J-1

=P(vo) [ [ B(vj1 [ )

Jj=0

vo ~ N(mo, Co)  viy1 | v ~ N(V(v), X)

J—
1 1
P(V) ocexp§ —5lvo — molg, — 5 > vier — W(v)[g p =t exp{—R(V)}
2 2 £
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Smoothing Problem Posterior Derivation

P(Y | V) =P(y1,y2,...ys| V)

J-1
=[2G 1 V)

j=0
J-1
= [1 PG [ vi)
j=0
Yi+1 | Vir1 ~ N(h(vjy1,T)
J-1
2 . .

P(Y | V) x exp —§Z|yf+1 — h(vj11)|% p = exp{—L(V;Y)}

j=0
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Filtering Problem Posterior Distribution

i(v) =P [ Y) JjelJ]
Prediction Step :

g1 =Pmj=P(vjt1 | Y))
Analysis Step: 71 = A7

Figure 7.1 Prediction and analysis steps combined.
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Filtering Problem Posterior Distribution

Tit1 (vi41) =P (v | Y))

—/RdIF’(vJ'H!Yj,vJ')IP’(le\G)dVJ
[T LICIRSLY
=/ P(vjea | vj) mj (v)) dvj

Rd

1
~ (21)92(det T)1/2

1 2
oo (=3l - v ) () dy
Rd
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Filtering Problem Posterior Distribution

i1 (Vi41) =P (vjta | Vi)
=P (vjit1 | Y}, yi+1)

_ Py | visn, V) P(visa | Y))
P(yj+1]Y))
P (yj+1 | vit1) P(v41 | Y))
P(yjr1 | Y))

2\ ~
exp ( Yj+1 — h(Vj+1)|r> Tiv1 (Vi)
1

2\ ~
Jraexp ( slyj+1—h (Vj+1)|r) 7j+1 (vir1) dvjn
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Well-Posedness of Smoothing

If 3R > 0 such that data Y, Y’ and observation function h satisfy
m [Y]|Y]<R

m EPp?(V) < oo where ¢(V) := (Z

1/2
J

Lo lap2)
then 3k € [0, 00) independent of Y, Y’ such that

du(N, 1) < kY — Y|

du(N, 1) = H\/ﬁ— Vi

L2
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Well-Posedness of Filtering

If 3R > 0 such that data Y, Y’ and observation function h satisfy
m |[Y[L|Y|<R

m EPp?(V) < oo where (V) := (Z
then 3k = k(R) € [0, 00) such that

J 1/2
Lalh(y)P)

drv(my, 7)) < KlY = Y/

drv(my, 7)) = |7 — )| 1
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Kalman Filter (Linear-Gaussian Setting)

Dynamics models:
Data Model:
Probabilistic Structure:
Probabilistic Structure:

viin =V (v)+¢&, jeZt

Yjir1 = h(vjt1) + njt1, j € ZF

vo ~ N (mo, Go),& ~ N(0,X),m; ~ N(0,T) iid.
vo L {&} L {n}
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Kalman Filter (Linear-Gaussian Setting)

Linear dynamics and linear observations, M € R9¥9, H ¢ Rkxd

Dynamics models:  vji 1 = Mv; +¢&;, j € Z*
Data Model:  yj11 = Hvjqy1 +nj41, j € Z*

Probabilistic Structure:  vo ~ N (mg, Go), & ~ N(0,X),n; ~ N(0,T) i.i.d.
Probabilistic Structure: vy L {¢;} L {n;}
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Kalman Filter (Linear-Gaussian Setting)

ForjeZ*t
definite.

70, {7j+1}, {mj4+1} are all Gaussian distributions and C; is positive
Ty =

Tj+1 =

P(vit1 | Y)) = (ﬁ?jﬂv Ej+1)
P(vjt1 | Yjt1) =

(prediction)
N (mji1, Giya),  (analysis)
mji1 = Mmy,
Ci1=MGMT + %,
CGhi=MGMT +%) "+H'T'H
Crimisn = (MGMT +3)

Mm;+ H' Ty

V.
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Proof (if there's time)
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Kalman Filter Algorithm

Algorithm 1: Kalman Filter Algorithm
Input:{yj}f=1, mo =N(mg, G), &, T

Result: %H’l :N (I/Tl\j+17 6:,'+1> and Tj+1 = N(mj+1, j+1)
for j< 0OtoJ—1do

Prediction: N
mjy1 = Mmj
Giy1=MGMT +%
Analysis:
mjt1 = Mjt1 + Kjtidip
G = (I = KisaH) G
where N
dit1 = yj41 — HMjp
Sis1=HGHT +T
1
Kjt1 = J+1H SJ+1
end
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