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mZt =No={0,1,2,...}
m | - | Euclidean

m For symmetric, positive definite A

° < 7'>A = <'7A_1'>
* [ a={)a
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Dynamics models:
Data Model:
Probabilistic Structure:

Vit =V (v)+¢, jezt
Yi+1 = h(vjit1) + nj41, j€ZT

Vo ~ N(mo, Co) y §j s ./\[(07 Z), nj ~ ./\/’(07 I') i.i.d.
Probabilistic Structure: vy L {&;} L {n;}

Assume Co, X, T are positive definite, ¥ € C(RY,RY) ,and h € C(RY, RK).

Vi={vo,....,vs}, Y ={y,....ys}. Y ={, ...y}

Smoothing Problem: T(V):=P(V |Y)
Filtering Problem : 7;(v;) =P(v; | Y)), j=1,2,...,J
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Recap - Kalman Filter

mi(v;) =P(v; | Y)) J

=1,2,.
Prediction Step :

= o d
g1 =Pmj=P(vjt1 | Y))
Analysis Step: 71 = A1

Figure 7.1 Prediction and analysis steps combined.
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Summary of Methods

Kalman Filter V()=M- | h(:)=H - Chapter 8
3DVAR (online) | General ¥ | h(-) = H- Chapter 9
4DVAR (offline) | General ¥ | h(-) = H- Chapter 9
ExKF General W | h(:) = H- Chapter 10
EnKF General W | h(:) = H- Chapter 10
EAKF General W | h(-) = H- | Anderson (2001)
CO> «Fr AEr «EZ> = DAE
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Summary of Methods

Kalman Filter 3DVAR EnKF
mjy 1 = argmin, J(v) mj;1 = argminy J(v) J(Jr)l = arg miny Jp(v)
2 2

Jv) o= A | ) = Ly VR | ) = ’yj+1 ) T
1 = 2 1 = 2
3 v — Mz 3 lv—mialz 1 o(n) |2
2{ J ‘Cj+1 2| J |C 2’v_‘0+1Cl

+
M1 = Mm; Mjy1 =V (m)) o =v () + ¢
Cj41 update exact C no update C+1 update by ensemble estimate
miyr = (1= KipaH) M + | mjgn = (1 — KH)@j1 + Kyjia J(J'r’)l = (I = Ki1H) 7, o )+K,+1yj(fr’)1
Kit1Yj+1

A4O> «F > «E>» «E» E DA

Han Yong Wunrow (Columbia) Applied Math Reading Seminar 2023/03/27 6/13



Kalman Filter (Linear-Gaussian Setting)

Linear dynamics and linear observations, M € R9¥9, H ¢ Rkxd

Dynamics models:  vji 1 = Mv; +¢&;, j € Z*
Data Model:  yj11 = Hvjqy1 +nj41, j € Z*

Probabilistic Structure:  vo ~ N (mg, Go), & ~ N(0,X),n; ~ N(0,T) i.i.d.
Probabilistic Structure: vy L {¢;} L {n;}
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Kalman Filter

Algorithm 1: Kalman Filter Algorithm
Input:{yj}f=1, mo =N(mg, G), &, T

Result: %H’l :N (I/Tl\j+17 6:,'+1> and Tj+1 = N(mj+1, j+1)
for j< 0OtoJ—1do

Prediction: N
mjy1 = Mmj
Giy1=MGMT +%
Analysis:
mjt1 = Mjt1 + Kjtidip
G = (I = KisaH) G
where N
dit1 = yj41 — HMjp
Sis1=HGHT +T
1
Kjt1 = J+1H SJ+1
end
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3DVAR

Dynamics models

Data Model

Vin =V (v)+¢&, jeZt
Probabilistic Structure

Yi+1 = Hviy1 + mjpa, jEZT
Probabilistic Structure

Vo ~ N(m()? CO) ) §J ~ N(Ov Z)’ nj ~ N(O, r) i.i.d.
vo L {&} L {nj}

Uses a fixed predicted covariance € (independent of j). So the Kalman

gain K is also fixed.

where

K=HCH's?

S=HCHT +T.
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le'ERk,yjeRd.kd>>1

m Hard to store and invert QH

m Solve this by approximating posterior with ensemble

M)~ 25(VJ
m Usually N < k

")

m Uses the empirical sample covariance for Kalman gain update
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EnKF

Algorithm 2: EnKF

Input: Ensemble Size N. {y;}7,. Initial ensemble {v{”}. £, . s € {0,1}.
Result: Ensembles {v( )},, » J=01,....J
for j<0toJ—1do

Prediction:

&€V N(O,E), iid, n=1,..

Aj(i)l_ <V1 > g(") n=1,...,N,

15 ()
Mj1 = szjil’

n=1
Gii= %ZN: (V,(ﬂ mj+1> ® (‘/,+1 mj+1)
n=1

Analysis:

77(:)1""'\/(0,”7 n=1...,N

Y =y tsii. n=1..N

v = (1= K ) V0 + Ky, n=1,....N.

end
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Suppose that 7 N (mjﬂ, €}+1> with (?Hl positive definite. Let v(" be the
minimizer of

2
Jn(v) : 2 ‘yj+1 + 771(+)1 - HV’ 5 ‘ Ej+1 , 771(+)1 ~ N(0,T)
where v(+) and 741 are independent. Then v
and Cj1; are defined by

i1 ~ N (mjg,

miy1 = M1 + Kita (Yj+1

+1), Where mjqq
CG1=
and

Hmj1)
(I — Ki+1H) G

~ ~ -1
. T T
Kjv1 = GiaH (HCj+1H + F)
.
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Given the prediction defined by,

V,(i)l =V (vj(")) + &f-"), M= > Vj(:)lv 1 =
=1

n

2|~
g
Pk

> o = ) @ (0 = A -
the Kalman update formula may be found by minimizing

2
1 i 2 - _ 1 W
Fa(b) := 2 yih = HoD) - 5 2 bmH (GRS T b
m=1 r m=1
with respect to b and substituting into v = v") + LSV p (™) _
P g = Vil TN 2um=1°m |\ Vi1 41 )-
v
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