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Data Assimilation Setup

Dynamics Model:  vp11 =V (v,) +&,, n >0
Data Model: Yn+1 = h(vn+1) + Mpt1, N2 0

Probabilistic Structure: v ~ N (mg, Go), & ~ N(0,Z), 1, ~ N(0,T) i.id.
Probabilistic Structure: v L {&,} L {n,}

Assume Cp, ¥, T are positive definite, ¥ € C(RY,RY), and h € C(RY, R¥).
In general, W and h will be nonlinear functions.
Let y;r denote the observed value of y;, and Y] = {yir, - ,y,t}.

Filtering Problem: Find the distribution 1, of v,|Y,, n>0.
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Prediction and Analysis
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Linear case
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Kalman filter algorithm for linear case
V() =M and h(:) = H,

V1l = Mv, + §n,

é_n ~ N(07 Z)
Yn+1 = HVai1 + Nny1,

Mn NN(Ov r)

Nathan Soedjak (Columbia)

AO> A4F P AEr A=
Applied Math Reading Seminar

2023/04/03

D0

5/13



Kalman filter algorithm for linear case
V() =M and h(:) = H,

V1l = Mv, + §n,

é_n ~ N(Oa Z)
Yn+1 = HVai1 + Nny1,

TIn ~ N(Ov r)
m Prediction Step.

mn—l—l = ana

Cop1=MCMT + %
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Kalman filter algorithm for linear case
V() =M and h(:) = H,

V1l = Mv, + Sna

é.n ~ N(Oa z)
Yn+1 = HVai1 + Nny1,

TIn ~ N(Ov r)
m Prediction Step.

rlhn—l-l = ana

Cop1=MCMT + %
m Analysis Step.

Mns1 = fins1 + CoprH (HCoptH +T) Myl g — Hitpga),
Cor1 = Cop1 — Gt HT (HGaH +T)THE
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Kalman filter algorithm for linear case
V() =M and h(:) = H,

Vi1 = Mvp + &g, &n ~N(0,X)
Y1 = Hvpp1 + 01, nn ~ N(0,T)
m Prediction Step.

rlhn—l-l = ana

Cop1=MCMT + %
m Analysis Step.

M1 = fini1 + CoptH (HCoaH + 1)yl g — Hiftny),
Cor1 = Cop1 — Gt HT (HGaH +T)THE
m What about nonlinear case?
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Gaussian Projected Filtering

N<mna On) N(mn+lu Cn+1)
Prediction A Projection ~ Analysis ~
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Gaussian Projection

Let &(RY) denote the set of Gaussian probability measures on R?. For any

probability measure 11 on RY, define its Gaussian projection as the Gaussian
distribution with the same mean and covariance matrix as p, i.e. for u ~ p,
Gu=N(m", CH),

m* = E(u),

CH = E((u — E(u))(u — E(u))").
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Gaussian Projection

Let &(RY) denote the set of Gaussian probability measures on R?. For any

probability measure 11 on RY, define its Gaussian projection as the Gaussian
distribution with the same mean and covariance matrix as p, i.e. for u ~ p,
Gu=N(m", CH),

m* = E(u),

we measure distance between probability distributions by the
Kullback-Leibler divergence:

Ct = E((u — E(u))(u —E(u))").
It is possible to show that Gu is the closest Gaussian distribution to u, if

Gp = argmin cgdki(p]|m).
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Formulas for Gaussian Projected Filtering

m Prediction and Gaussian Projection Step. v, ~ p, = N(m,, C,),

On+1 = \U(Vn) + gn

Yn+1 = h(Vny1) + nnya,
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Formulas for Gaussian Projected Filtering

m Prediction and Gaussian Projection Step. v, ~ p, = N(m,, C,),

On+1 = \U(Vn) + gn

In+1 = h(Vps1) + Nnt1,
Mpt1 = E(‘A/n—i-l)?
(o

A

Cn+1 = COV(\?,H_]_),
1= COV(‘/}n+1a)7n+1)a C,{-{-l = Cov(ynJrl,}/}nJrl)

Ont1 = E(Jnt1),
(Vn-i—ly}/n-i-l)’Yr;r ~N ({

P A Avy

Mpy1 Coy1 C 1 .

5 1] , [(:"’y C_’)’,}F , approximately.
n+ n+1 n+1
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Formulas for Gaussian Projected Filtering

m Prediction and Gaussian Projection Step. v, ~ p, = N(mj, C,)

V41 = ll"(Vn) + gn

In+1 = h(Vni1) + Mng1,
Mp41 = E(On—i-l) Cn+1 = COV(\,},H_]_)
(_A",‘,/_{l = Cov(Vnt1, Ynt1) C

(Vn+1 }/n-i-l)’YT NN({

Ont1 = E(Jnt1)
Cn+1 - Cov(ynJrl,}/}nJrl)

Mp41 Cn—|—1 év 1 .
| A A , approximately.
O"+1 Cn+1 Cn+1
m Analysis Step. It turns out that after conditioning on y,  ; we obtain
N -1
Mp41 = Mp41 + Cn-{l(cr{-{l) (ny-l -
Cn—|—1 = Cn+1 -C

6n+1)7
n+1(C +1)
m How to actually compute M, 41,

vy \T
n ( Cn+1 )
Y
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Pushforwards of measures

Let # € RV% be a random vector with mean m and covariance matrix C, and £,
and f, be two (nonlinear) functions. How can one approximate the means and

covariances E[f;(6)] and Cov[f;(0), f2(0)] of the transformed random vectors f;(6)
and £(0)?
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Pushforwards of measures

Let # € RV% be a random vector with mean m and covariance matrix C, and £,
and f, be two (nonlinear) functions. How can one approximate the means and

covariances E[f;(6)] and Cov[f;(0), f2(0)] of the transformed random vectors f;(6)
and £(0)?

m Linearize f; — Extended Kalman Filter

m Unscented transform (quadrature rule) — Unscented Kalman Filter
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Linearization

Let # € RMo be a random vector with mean m and covariance matrix C, and £,
and f, be two (nonlinear) functions. How can one approximate the means and

covariances E[f;(6)] and Cov[f;(0), f2(0)] of the transformed random vectors f;(6)
and £(0)?

Assuming C is small,
fi(0) ~ fi(m) + Dfi(m)(6 — m)
E[fi(0)] ~ fi(m)
Cov[fi(0), H(0)] ~ DA(m) - C - Dfy(m)"
— Extended Kalman Filter
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(Modified) Unscented Transform

Let # € RV% be a random vector with mean m and covariance matrix C, and £,
and f, be two (nonlinear) functions. How can one approximate the means and

covariances E[f;(6)] and Cov[f(0), f2(0)] of the transformed random vectors f;(6)
and £(0)?

m Choose 2Ny + 1 deterministic sigma points 6, ..., §?Ne ¢ RNe
depending on m and C (to be precisely defined later).
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(Modified) Unscented Transform

Let # € RV% be a random vector with mean m and covariance matrix C, and £,
and f, be two (nonlinear) functions. How can one approximate the means and

covariances E[f;(6)] and Cov[f(0), f2(0)] of the transformed random vectors f;(6)
and £(0)?

m Choose 2Ny + 1 deterministic sigma points 6, ..., §?Ne ¢ RNe
depending on m and C (to be precisely defined later).

m Map the sigma points under f;. Then the desired means and
covariances can be approximated by a quadrature rule of the form

E[fi(0)] ~ £i(6°),
2Ny

Cov[Ai(0), L(0)] ~ > W(A(6)) — EA(0))(H(#) — EA(0)).
j=1

m — Unscented Kalman Filter e sz 2 = e
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(Modified) Unscented Transform details

The sigma points 6°,...,6?Ne ¢ RNo are defined by
P =m #=m+ cj[\/f]j,

9j+N9 =m— Cj[\/E]j,
where [V/C]; is the jth column of the Cholesky factor of C

Cl = C = —CNe—\/Na-i-)\,
Wy = W. W; L
5 4
A=a"Ny — Ny, a=min —.1
0
Other variations are possible.
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