Fast Approximation Algorithms for Fractional Packing

Blake Sisson

This is an outline of the main ideas and results from ’Fast Approximation Algorithms For
Fractional Packing And Covering Problems’ by Plotkin, Shmoys, Tardos.

1 Introduction

We are interested in solving very large cases of the fractional packing problem (FP):
find z € P such that Az <b (1)

where P € R" is a polytope, A € R™" b > 0, and for any x € P, we have Az > 0.
Moreover, we assume we have a fast subroutine for optimizing a nonnegative cost over P.
This problem naturally arises when solving multi-commodity flow problems, such as those
seen in power systems operation and vehicle routing.

In this setting, traditional linear programming tools (such as the simplex and interior point
methods), which rely on expensive matrix computations (e.g. inversion and Chloesky factor-
ization), often require inordinate amount of time and are thus no longer feasible. Instead we
employ a particular first order algorithm based on a potential reduction strategy. The benefit
of this approach is that we bypass the need for expensive matrix storage and computation,
allowing faster iterations and manageable running times.

2 Relaxation and Definitions

We now present a relaxation for the fractional packing problem and some useful definitions.
Relax (FP) into an optimization problem over P x R given by

min A s.t. Az < \b (2)

with optimal value A*. For a given x, denote its corresponding minimum lambda as A, i.e.
A = argmin{\|Az < Ab}. Note, (z, \,) is clearly feasible and it is easy to see that




where a; is the ith row of A.

For a given tolerance € > 0, let us denote an e-approximate solution fo as a point r € P
such that Az < (1 + €)b. In contrast, we say x € P is e-optimal for (2)) if A, < (1 + €)A".
Note that if  is e-optimal but A, > 1+ ¢, then there are no exact solutions to (FP). On the
other hand, if A, <1+ ¢, then z is an e-approximate solution to (FP).

3 Assuring relaxed optimality

We would like to be able to certify the e-optimality of a point without needing A\*, whose
value is unknown. To this end, denote Cp(y) as the minimum cost y* Az over z € P, for
any nonnegative y € R™. Now for any feasible x € P and any y > 0, we have

Cp(y) <y" Az < A\y"b (3)
This implies that A, > C;T(g), and since Cp(y) and y7b are independent of x, we see that

Thus the e-optimality of x € P is shown by the existence of a §y > 0 so that A\, <
(14 €)Cp(9)/9*b. For algorithmic convenience we will decompose this into two separate
conditions. First, we observe the following fact:

Fact 3.1. There exists a y* > 0 such that, at the optimal (x*, \*), we have

C *
Cply") = (y) Az" =N (y")"b  de. N = LQT)
(y*)Tb

Proof. Using Lagrangian relaxation we have

M= min {\Azr <A} = min max A+ y' (Azx — \b)

TEP,A>0 TEPA>0 y>0
>max min y Az + M1 —yTb) = max {minyT Az | yTb < 1
— y>0 zeP,X>0 y ( y ) y>0 {xEP Y ‘y - }

= max {Cp(y) | y"b < 1}
y20

Strong duality implies there exists a y* > 0 such that \* = \* + (y*)T(Az* — \*b) =
(y*) " Az* + X*(1 — (y*)Tb) = Cp(y*), which gives (y*)T Az* = \*(y*)Tb and \* = \*(y*)7b by
the first and third equality respectively. Hence the claim holds. O]

This fact suggests that a point and a dual solution are close optimality if all three terms in
are nearly equal. We can quantify this via the following two relaxed optimality conditions:

(P1) (1—e)Xy'b<y"Az
(P2) yT Az — Cp(y) < €(yTA:c + )\xyTb)



Condition (P1) guarantees that y” Az is within € of A\,y7b, while (P2) bounds the relative
difference between y? Az and Cp(y) by e. Now, as the following result confirms, whether
some y > 0 certifies the O(€)-optimality of given x € P can be verified by checking if x,y, €
satisfy these two conditions.

Lemma 3.2. If z € P, y > 0 satisfy the relazed optimality conditions (P1) and (P2) for
0 <e<1/6, then x is 6e-optimal.

Proof. We first lower bound Cp(y),

Cp(y) > (1 —e)y" Az — ehy™b by (P2)
> (1—€)* Ay’ b —edgyb by (P1)
= (1—3e+HNyTb
> (1—3e)\y"b since A\y7b >0

Rearranging gives
~1Cp(y)
1
Az < (1= 3¢) JTh
Note that (1 —3€)~" < 1+ 6e since, because € < 1/6, 5= —1 = %5

that Cy%(by) lower bounds \*, we have
Az < (14 6e)\*

as desired.

4 Improving Solutions

With the goal of developing an iterative procedure, say that we are given a point z € P and
would like to incrementally improve it. Choose y > 0 defined by y; = (1/b;)e®®/% for a
constant a. As the following result shows, given a sufficiently large o we can guarantee that
this x and y satisfy (P1) for a given tolerance. We call such y the corresponding dual solution
to x.

Lemma 4.1. If a > 2)\te ' log(2me™'), then x and its corresponding dual solution y satisfy
(P1) for tolerance e.

Proof. Consider a localized version of (P1)
(P1) Vi=1,...,m either (1 — %))\xbi < a;x or y;b; < %yTb
We first show (P1) implies (P1), and then that the hypothesis of the lemma implies (P1).
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e Assume (P1) holds and define I = {i : (1 — $)Abi < a;x}. Now,

1 1
AyTb = Z )\xyibi"_Z Azyibi < < Zyiail’+%)\xy:rbm = 1_—£yTAI+§/\myTb

i€l il 2 el 2

which gives
(1-— g)z)\zyTb <yl Az

This readily implies (P1) since

2
(1—e)Ay'b < (1 —e+ 6Z))\:,;yTb =(1- %)QAggyTb <ylAx

e First note y7b = > e2it/bi > code by the definition of A\, and since a positive series is
greater in value than its largest term. Now consider an index i with (1 — §)A:0; > a;x.
Here, y;b; = e%®/% < ¢(1=3)2X  And so,

1—S)ads
yzbz < 6( 5)a — e adg < e—log(Zme_l) _

yTh = e - 2m

€

Nm

where the second inequality holds by our assumption on «. Thus, by rearranging,

€
yib; < %yTb

]

Now, it is unlikely that = and y also satisfy (P2) for this same tolerance, so we are not yet
at an optimal point. We now focus on selecting a new point in P that reduces the slack
between y” Az and Cp(y) while decreasing the value of \,, or, at the very least, assuring A,
decreases over many consecutive iterations. To guide our selection process, we introduce a
potential function, ®, that measures how much a point violates the packing constraints

P(z) =y"b= Z ecai/bi

Notice that large violations of Az < b will result in greater fractions, a;x/b;, and cause
the exponential functions in the summation to blow up. Moreover, a step along a descent
direction of ® will reduce the average constraint violation. A sequence of such steps, as we
will show, gradually decreases \,. Furthermore, it is easy to check that V®T = yT A. Hence,
taking a Franke-Wolfe iteration to decrease ® over P will, by definition, decrease y* Az and
thus shrink the gap with Cp(y).

Now, let Z achieve the minimum cost V®%z = yT Az over x € P. As the following result
shows, choosing a small enough step in the direction of T gives a significant decrease in the
potential function.

For our use in this Lemma and the results to come, we define the width of P relative to the
constraints Az < b as

p=max\,.
zeP
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Lemma 4.2. Let x € P, y > 0 be its corresponding dual solution, and 0 < e <1 be a given
tolerance. Assume x,y, € do not satisfy (P2). Let & achieve the minimum Cp(y). Taking step
size 0 < €/(4dap) we have that a new solution & = x+0o(T—x) satisfies ®(z)—P(Z) > aoe\, P

Proof. By definition of the width p, Az < pb and Az < pb. Thus, by our assumption of o
and the positivity of Az and pb,

aola;r — a; x| €lar —ax| e 1
< < - < =
bi — dpl; 4 4
Second-order Taylor’s Theorem tells us that for § < 0 with |[§] < £ < 1 and any z,
1
e = e + Je” + 5526”“5 t e (0,1)
1
< e +0e” + §|5 |6]e® (since exp(-) is monotonically increasing)
€ €
<€ 4 0e” + 2fdle (Il < 7)

<e' 4 0e’ + §|5|em

Set § = ao(a; — a;x)/b;, which we know is negative since a;z must be minimal for Z by
assumption. This gives

1 -
~ aai(z+o(Z—x))/b;
i, — —¢€
_ leaaix/bi—l—aa(aii‘—air)/bi
bi
1 ao(a;x — a;x o 1leaola;x — a;x o
=Y; + _<—)€C‘“lzz/bz + = | |eaa,x/bl

b; b; b; 2b;

1
<y + aab—(aii — a;x)y; + eaa%(aifc + a;x)y;

1 1

where the third equality holds by second-order Taylor’s Theorem and the inequality holds
by triangle inequality. Applying this to bound the change in potential, we get

D(z) — 0(3) = 3 (v — )b

> ao Z(aix — a;T)y; — aa% Z(aii + a;x)y;
= ao(yT Az — yT A%) — aa%(yTAf +yT Ax)
> ao(y’ Ar — Cp(y)) — aa%(yTAm + 4T Az)

= ao(y' Ar — Cp(y)) — acey” Az
> ace(y’ Az + \y'b) — acey’ Ax
= aoel,P(2)



where the second inequality holds by definition on z and the last inequality is true since
(P2) is assumed to be unsatisfied.

O

5 The Improve-Packing Subroutine

Motivated by our previous discussion, we propose the following subroutine which, given an
initial point xg € P and tolerance € > 0, finds a new point, x € P, that is either 6e-optimal
or has A\, <\, /2

Algorithm 1 Improve-Packing(z, €)

Initialize A\ +— max; a;x/b;; a <+ 4\g e log(2me™); o < ¢/(4ap)
While )\, := max; a;z/b; > \g/2

For each i = 1,...,m: set y; < (1/b;)e®®/b
If x and y satisfy (P2)
Break

Find a min-cost point # € P for costs yT A
Update z < (1 — o)z + 0%
Return x

Note that the choice of o = 4)\; e log(2me™!) assures that the relaxed optimally condition
(P1) is satisfied throughout the subroutine’s execution as desired. Indeed, let z; be the
point in P after the kth iteration of the while loop, ¥y, be its corresponding dual solution,
and A, := \;,. Assuming the we enter the next loop, i.e. Ay > A¢ holds, we have that z; and
yi satisfy the hypothesis for lemmal[d.1since 2\, 1€~ ! log(2me ") < 4A;"e ! log(2me ™) = a.

In addition, by lemma , the choice of o = €/(4ap) guarantees that each iteration makes
progress towards satisfying (P2), so at termination we either have a 6e-optimal solution or
a point whose maximum constraint violation has been reduced by at least half.

The following result bounds the number of iterations required by a call to the Improve-
packing subroutine.

Theorem 5.1. The Improve-Packing procedure terminates after O(e 3\y'plog(me™')) it-
erations. Moreover, if the input is O(e)-optimal, then Improve-Packing terminates after
O(e72)y ' plog(me™1)) idterations.

Proof. We first note that the decrease in potential function due to a single iteration is
Q((*Xo/p)®)

This is because, by lemmal4.2] the decrease is bounded by ageA® = €2\ /(4p)® > 2)\y/(8p)®
where we have employed the definition of o and the relation A > \g/2. Additionally, through
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the execution of Improve-Packing we have
e®M0/2 < d(z) < met

because /2 < e@hs < S eai/bi = P(z) < P(zg) = Y, €0/l < e,

Now, a simple inductive argument shows that after k iterations the value of the potential
function is

2 2
€N €\
(1= =)k d(z0) < (1 —=)F me™
p p
Letting r :=1 — 62% we see that
rFme < /2 = Py bound

A
< klogr +logm+ a) < %

A 2\
— logm + % < —klogr < Ckr = CE=20
p
plogm p plogm 1 2m
— k> — = 2 log(—
€2\ +a2€2 €2\ + 63)\0p og( € )

where constant C' > 0 exists because — log(1 — z) ~ x for small x (more precisely, —log(1 —
x) = O(x) when 0 < z << 1), which can readily be shown by Taylor expanding. Therefore,
since the second term 2% p log(%m) dominates p:;’fgn, Improve-Packing must terminate after
k= O(e3)\; plog(me™")) iterations.

In the case where the input is O(e)-optimal we have must have A\, > Ao/(1 4+ O(e)), for
otherwise A, < \g/(1 + O(€)) < A* which cannot happen. Using this tighter bound we can
improve the lower bound on the potential function throughout the execution as so

6a(l—&-O(e))_l)\o < CP(CC)

And from there a similar proof follows.

6 The Algorithm

Using the Improve-Packing subroutine, we now present an algorithm that finds an €,-
approximate solution, for any desired tolerance 0 < ¢y < 1, or concludes that no exact
solution exists and tries again on the relaxed problem Az <V with & = 2b.

The algorithm first attempts to find a 1-optimal solution by taking an arbitrary x € P and
repeatedly calling Improving-Packing with tolerance 1/6 and the output of each previous
call. This procedure terminates either when A, < 2 or when output = and its dual solution,
Yz, satisfy lemma 3.2, If the latter termination condition holds but not the former, then,
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since x is l-optimal, we have 2 < A, < 2\* which implies A* > 1. Hence in this case no
exact solution to the packing problem exists, so we relax the problem by doubling b and try
again.

The next phase of the algorithm, denoted the e-scaling phase, repeatedly halves the tolerance
and calls Improve-Packing until an ¢y approximate solution is found or it is shown that none
exist. Throughout the e-scaling phase every call to Improve-Packing returns a 6e-optimal
solution. This is because A, will not be reduced by more than 2 since we start this phase
with a 1-optimal solution, i.e. the termination condition A\, < A\¢/2 cannot occur. So after
each call, if A\, > 1 + 6¢ then, using the same reasoning as above, no exact solution to the
packing problem exists, so we relax the problem by doubling b and try again. Finally, if the
algorithm makes it to the end of the e-phase with € < ¢y, then A\, < 1+ 6¢ < 1+ ¢y which
implies that x is an eg-approximate solution.

Algorithm 2 Solve-Packing(eg)
Initialize € <— 1/6; x € P arbitrary
While A\, > 2 and z,y, do not satisfy (P2)
x < Improve-Packing(z, €)
If A\, >2
Return None; call Solve-Packing(ey) with b < 2b
While TRUE
€+ €/2
x < Improve-Packing(z, €)
If \, > 1+6¢
Return None; call Solve-Packing(ey) with b < 2b
If e <¢
Return x

The next result guarantees the finite running time of the Solve-Packing algorithm.

Theorem 6.1. The Solve-Packing procedure terminates after O(e;”plog(mey?)) iterations
of the Improve-Packing subroutine.

Proof. First consider the first phase of the algorithm (before the e-scaling phase). By the
first part of theorem the number of iterations during a call to Improve-Packing with
tolerance 1 is O()\;'plog(m). Observe that this bound is proportional to A\;' and at least
doubles each call. (The second observation holds because only the last call terminates with
x and y satisfying (P2). This is because, in this case, we would then have a l-optimal
solution and the algorithm would move to the next phase. Every other call reduces the
next A\ by half, and so A\;' at least doubles.) Thus the number of iterates during the
final call to Improve-Packing dominates the total of the previous calls. Hence the number
Improve-Packing iterations during this phase is O(plog(m)).



Now consider the e-scaling phase of the algorithm. For each e-phase, the input is a 12¢-
optimal solution. So by the second part of theorem the number of iterations of Improve-
Packing needed to convert the input into a 6e-optimal solution is O(e"2plog(me~')), since
Ay ' is a constant. Observe that this bound is proportional to the current value e~ and more
than doubles each phase since € is halved. Thus the bound for the final e- phase dominates
the total for all other phases. Now since € > ¢y at termination, the number Improve-Packing
iterations during the e-scaling phase is O(e, 2plog(meyt)). O
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