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The Tra±c Mo del

² DirectedgraphG = (V; A)

² OD pairs (oi ; di ) of rate r i , i = 1; : : : ; k

² Flows on paths xP . Canbe non-integral.

² Traversaltimes: latency functions ta(¢)
- continuous and nondecreasing
- belongto a givensetT (e.g. polynomials)

² The total travel time of a °ow x is:

C(x) :=
X

a2 A

ta(xa)xa
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System Optimum

Nonlinear Multicommo dit y Min-Cost Flow Problem

min
X

a2 A

ta(xa)xa

s.t.
X

P 3 a

xP = xa for all a 2 A

X

P 2P i

xP = r i for all i = 1; : : : ; k

xP ¸ 0 for all P 2 P

where Pi := set of paths from oi to di

P := [P i
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Example of SO

Pigou 1920
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User Equilibrium

De¯nition : A °ow is a UE i® nobody can switch
to a path with smallertravel time. Wardrop 1952

² Travel times of usersof the sameOD pair are equal

² UE existsand is essentiallyunique Beckmannet al. 1956
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Price of Anarchy measures impact of
lack of central coordination

Papadimitriou2001

Price of Anarchy ½:= max
instances

C(UE)
C(SO)

² In general,½unbounded

² If latenciesare di®erentiableand in T , and C(x) is convex:
½· ®(T ), where®(T ) dependsonly on T Roughgarden 2002

In particular, ®(linear latencies) = 4=3 Roughgarden & Tardos2000

² Pigou'sexampleis worst possible
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No Arc Capacities !?

² \not realistic in the sensethat the resultingtravel
times are ¯nite wheneverthe link °ows are ¯nite"

\links are actually . . . able to carry arbitrarily large volumes"
Larsson& Patriksson1995

² \the predicted°ow on somelinks will be far lower or far
greaterthan the tra±c engineerknows they shouldbe" Hearn 1980

² In someof the ¯rst models,capacity constraintswereusedto model
congestione®ects Charnes& Cooper 1961,Jorgensen1963,Tomlin 1966

² Capacitiescan be usedto derivetolls for the reduction of °ows on
overloadedlinks Bernstein& Smith 1994
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Networks with Capacities

² Improve the quality of the model by
introducingarc capacities

What is the impact of having
explicit capacities on arcs?

² Straightforward to de¯ne SO

² What is now a UE?
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Capacitated Equilibria

De¯nition : A °ow is a capacitated UE i® nobody can switch
to a path with smallertravel time and residualcapacity

² Travel times for usersof sameOD pair
may di®er(are constantw/o cap.)

² There may be multiple equilibria
(UE is uniquew/o cap.)

² How good is the best / worst eq.?
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Multiple Capacitated Equilibria
PSfragreplacements
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A good equilibrium: Beckmann UE

² Spaceof UE non-convex:Di±cult to characterizeBest UE

² Instead,Beckmann UE (BUE) :

min
X

a2 A

Z f a

0
ta(x)dx

subjectto f feasible°ow
capacity constraints

² Optimality Conditions: f is a BUE i®

for all °ows x: Cf (f ) · Cf (x), whereCf (x) =
P

a xa ta(f a)
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Linear Latencies: Coordination Ratio

Theorem. For any instanceof a network with capacities
and linear latencies,

C(BUE) · 4=3 C(SO)

Proof : Assumeta(xa) = qaxa + r a : qa; r a ¸ 0, for all a and f = BUE

Cf (f ) · Cf (x)

=
P

a xa(qaf a + r a)

·
P

a xa(qaxa + r a) + 1
4

P
a f a

2 qa because(xa ¡ f a=2)2 ¸ 0

· C(x) + 1
4C(f )
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Networks with out Capacities: Coordination Ratio

Theorem. [Roughgarden 2002] For any instanceof a
network without capacitiesand latenciesin T

C(UE) · ®(T ) C(SO)

Assumptionson functionst 2 T :
continuous,nondecreasing,di®erentiableand x t(x) convex

Here,®(T ) := supt 2T ®(t) , where

®(t) := sup
v> 0: t (v)> 0

·
¸

t(¸v )
t(v)

+ (1 ¡ ¸ )
¸ ¡ 1

; and

¸ 2 [0; 1] solves(xt (x)) 0jx = ¸v = ta(v)
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Networks with Capacities: Coordination Ratio

Theorem. For any instanceof a network with capacities
and latenciesin T ,

C(BUE) · ®(T ) C(SO)

Assumptionson functionst 2 T :
continuous,nondecreasing,di®erentiableand xt (x) convex

Guarantee does not change with
intro duction of capacities.

Plus simpler proofs and wider
classesof latency functions.
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Networks with Capacities: Proof of Coord. Ratio

² For t 2 T and v ¸ 0, let º (v; t) :=
1

v t(v)
max
x ¸ 0

©
x

¡
t(v) ¡ t(x)

¢ª

² Let º (T ) := sup
t 2T ;v ¸ 0

º (v; t), f = BUE and f ¤ = SO

² C(f ) = Cf (f ) · Cf (x)

·
P

a º (f a; ta) f ata(f a) +
P

a xata(xa)

· º (T )C(f ) + C(x)

Therefore, C(f ) · ®(T ) C(f ¤), because®(T ) = (1 ¡ º (T )) ¡ 1
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Computing ®(T )

² If T containsonly concavefunctions ! ®(T ) · 4=3

² If T containspolynomialsof degreen ! ®(T ) · (n +1) 1+1 =n

(n +1) 1+1 =n ¡ n

! ®(polynomialsof degree2) = 1:626

! ®(polynomialsof degree3) = 1:896

! ®(polynomialsof degree4) = 2:151
. . .

! ®(polynomialsof degreen) = ­( n= ln n)
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Example: Computing ®(polynomials of degree n)

² Assumepolynomialshavepositivecoe±cients

² Then, for c 2 [0; 1] : t(cx) ¸ cn t(x)

² º (v; t) = max
0· x · v

½
x
v

µ
1 ¡

t(x)
t(v)

¶¾
(rewriting x as v

x
v

)

· sup
0· x · v

n x
v

³
1 ¡

³ x
v

´ n ´ o

= sup
0· x · 1

f x (1 ¡ xn )g

=
n

(n + 1)1+1 =n
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Recap

² Objective: quantify (in-)e±ciency of \ sel¯sh" solutions(= Nasheq.)

² Considerednetworks with capacitiesand broader classesof latency
functions

² Main result: Sel¯sh solutions are still close-to-optimalso long as
BeckmannUE selected

² In particular, lower semi-continuousfunctionsOK
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2002 Urban Mobilit y Study
http://mobility.tamu.edu/ums

\The badnewsis that evenif transportation o±cials do all the right
things, the likely e®ectis that congestionwill continueto grow. . . "

² Total congestion\bill" in 2000was $67.5billion

(= 3.6 billion hoursdelay + 5.7 billion gallonsgas)

1982 2000

time penalty for peakperiod travelers 16 hours 62 hours
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In-Car Navigation Systems
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Shall we guide users? How?

sel¯sh users central planner our goal
optimizeown travel time optimizesystemwelfare

fair, not e±cient e±cient, not fair fair, e±cient
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Our Approach

² SO cannot be implementedin practice due to unfairness

² UE doesnot take into accountthe globalwelfare

Use constrained SO instead!

² CSO = min total travel time
s.t. demandsatis¯ed

usersare assignedto \fair" routes
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Normal Lengths

Normal lengths: a-priori belief of network

normal length of an arc is its traversaltime underUE

Notation:

² normal length of arc: `a := ta(f a)

² normal length of path: `P :=
X

a2 P

`a
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CSO De¯nition

² Fix a tolerancefactor ± ¸ 1

² A path P 2 Pi is valid if `P · ±£ min
Q2P i

`Q

² De¯nition:

CSO± := argmin C(x)

s.t.
X

P 2P i :P valid

xP = r i for all i

xP ¸ 0
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CSO Example

SO CSO
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Performance Evaluation of Route Guidance Systems

Study relation betweenC(UE) and C(CSO±)
(and alsoC(SO) )

² Price of Anarchy: ®±(T ) := sup
instances

C(UE)

C(CSO±)

² 1 · ®±(T ) · ®(T ) for ± ¸ 1, where®(T ) := sup
instances

C(UE)
C(SO)

² ®±(T ) is non-decreasingas a function of ±
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Guarantees

² UE is feasiblein CSO problem:

C(CSO±) · C(UE) for all ± ¸ 1

² Therefore:

sup
instances

C(CSO±)
C(SO)

· ®(T ) for all ± ¸ 1
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Guarantees

² CSO± e±cient for all ± ¸ 1: ®±(T ) = ®(T )
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Unfairness

² Normal unfairnessof path P for OD pair i = ` P
min Q2P i

` Q

! 1 · normal unfairness· ±

² Loadedunfairnessof path P for OD pair i = t P (x )
min Q2P i

t Q (x )

! 1 · loadedunfairness. Equality if UE

Example:
PSfragreplacements
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The loaded unfairness of CSO is bounded

² Let f ± be a CSO± (or a SO). The loadedunfairnessof any user

tP (f ±)
minQ2P i tQ(f ±)

· ° (T ) := 1 + sup
t 2T ;x ¸ 0

f xt 0(x)=t(x)g

² For example,° (polynomialsof degreek) = k + 1

² Proof idea:

{ De¯ne new latencyfunctionst¤(x) := t(x) + x t0(x)

{ For all i : travel times t¤
P (f ±) are constant for all valid P 2 Pi
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Computational Experiments

We usedreal-world instancesobtainedfrom DaimlerChrysler(Berlin)
and from the Transportation Network Test Problemswebsite:

http://www.bgu.ac.il/~bargera/tntp/

InstanceName jV j jAj jK j jAj ¢jK j

SiouxFalls 24 76 528 40K
Friedrichshain 224 523 506 265K
Winnipeg 1,067 2,975 4,344 13M
NeukÄolln 1,890 4,040 3,166 13M
Mitte, Prenzlauerberg
& Friedrichshain 975 2,184 9,801 21M
ChicagoSketch 933 2,950 83,113 245M
Berlin 12,100 19,570 49,689 972M
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Unfairness Percentiles

normal unfairness:
controlleddirectly

loadedunfairness:
in°uenced
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E±ciency and Fairness of CSO

C (CSO±) t P (x )
min Q2P i

t Q (x )
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CSO allows us to control the tradeo® between
e±ciency and unfairness
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A Step Back: Broader Use of Sel¯sh Agents

Although we concentratedon networks, the ideasare more general:

² Competitive Facility Location Vetta 2002

² Auctions Vetta 2002

² Pricing in Telecom Johari & Tsitsiklis 2003

² Internet and ISPs Acemoglu& Ozdaglar 2003

² Competitive SupplyChains& Pricing Perakis2003

² Competitive Scheduling
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Conclusion

² \Price of Anarchy" in networks with capacities:

{ Multiple equilibria

{ Worst UE is unbounded

{ Guaranteefor best UE is as good as without capacities

{ Simpli¯ed proofs, wider classesof latencyfunctions

² \Price of Anarchy" with a di®erentobjective.. .
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Objective: Maximum Latency
Correa, Schulz& St. 2003

² Di®erentobjectivefunction: Minimize the maximumlatency

² Applicationsin

{ ComputerNetworks
{ Evacuation

² Problemis NP-hard evenwith linear latencies

² Optimal solution is fair

² Userequilibrium and systemoptimum are near-optimal w.r.t.
fairness,total latencyand max latency
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Conclusion cont.

² Optimization Approachto RouteGuidance

{ Conventionalroute guidancemethods focuson the individual

{ SO not implementableand UE not e±cient

{ CSO is a better alternative: e±cient and fair

² Software to computeCSO

² UsedCSO asmore realisticbenchmark to computePriceof Anarchy

² Worst-caseratio for UE=CSO

{ Sameas worst-caseratio for UE=SO
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