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The Traxzc Mo del

Directedgraph G = (V;A)

Flows on paths xp . Canbe non-integral.

Traversaltimes: latency functions t;(9
- continuous and nondecreasing
- belongto agivensetT (e.g.polynomials)

The totalxtravel time of a °ow X IS:

C(x) := ta(Xa)Xa
az2A




System Optimum

Nonlinear Multicommo dity Min-Cost Flow Problem

X
min ta(Xa)Xa
%A
S.t. Xp = Xga foralla2 A
P)%a
Xp = I foralli = 1;::::k
P2P;

Xp . O forallP 2 P

where P; := setof pathsfrom o; to d
P = [P i



Example of SO

1 Pigou 1920

SO =minxa + X =minxg+ 1i Xp
S.t.Xg+ Xp=1 S.t.O- Xp- 1

Xa;Xp, O



Example of SO

1 Pigou 1920

SO =minx, + X{ =minxg+ 1j Xx,= 34  and X,

N~ N

S.t.Xg+ Xp=1 S.t.O- Xp- 1 Xh

Xa;Xp, O



User Equilibrium

De nition : A °ow is a UE i® nobody can switch
to a path with smallertravel time. Wardrop 1952

2 Traveltimes of usersof the sameOD pair are equal

2 UE existsand is essentiallyunigue Beckmannet al. 1956



Price of Anarchy measuresimpact of
lack of central coordination

Papadimitriou2001

Price of Anarchy 2:= max

C(UE)

instancesC (SO)

2 In general,*2unbounded

2 If latenciesare di®erentiableandin T, and C(x) is convex:
Yo ®(T), where®(T) dependsonlyon T Roughgaden 2002

In particular, ®(linea latencie$ = 4=3

2 Pigou's exampleis worst possible

Roughgaden & Tardos 2000
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No Arc Capacities !?

\not realisticin the sensethat the resultingtravel
timesare nite whenevetthe link ‘ows are nite"

\links are actually. . . ableto cary arbitrarily large volumes"
Larsson& Patriksson1995

\the predicted°ow on somelinks will be far lower or far
greaterthan the traxzc engineerknows they shouldbe" Hean 1980

In someof the rst models,capaciy constraintswere usedto model
congestione®ects  Chanes& Cooper 1961, Jorgensen1963, Tomlin 1966

Capacitiescan be usedto derivetolls for the reduction of “ows on
overloadedinks Bernstein& Smith 1994



Networks with Capacities

2 Improve the quality of the model by
Introducing arc capacities

What is the impact of having
explicit capacities on arcs?

2 Straightfoward to de ne SO

2 What is now a UE?



Capacitated Equilibria

De nition : A °ow is a capacitated UE i® nobody can switch
to a path with smallertravel time and residualcapaciy

2 Traveltimes for usersof sameOD pair
may di®er(are constantw/o cap.)

N

There may be multiple equilibria
(UE is uniquew/o cap.)

2 How good is the best/ worst eq.?
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Multiple Capacitated Equilibria

- p o P i
v v v y v v
. | M
with costsof: 1 M Y

Worst UE can be unbounded!
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A good equilibrium: Beckmann UE

2 Spaceof UE non-convex:Dixcult to chaacterizeBest UE

2 Instead,Beckmann UE (BUE):

X ZA fa
min ta(Xx)dx
a2A 0

subjectto f feasible®ow
capaciy constraints

2 Optimality Conditions:f isa BUE I®

-

for all Sowsx: C'(f) - C'(x), whereC' (x) =

2 Xata(fa)
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Linear Latencles: Coordination Ratio

Theorem. For any instanceof a network with capacities
and linea latencies,

C(BUE) - 4=3 C(SO)

Proof : Assumety(Xa) = GbXat+ a0y ra, O, forallaandf = BUE
C'(f)- C'(x)
F)
— aXa(qafa + ra)
P

P
Xa(eXa * ra) + 7 ,fa®aa because(xai fa=2)?, O

- C(x) + %C(f)
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Networks with out Capacities: Coordination Ratio

Theorem. [Roughgarden 2002] For anyinstanceof a
network without capacitiesand latenciesin T

C(UE) - ®&(T) C(SO)

Assumptionson functionst 2 T :
continuous,nondecreasingdi®erentiableand x t(x) convex

Here,®&T) := sup,r ®(t) , where
. -

Y) 4 ,)” ; and

®(t) ;= sup

v>0:t(v)>0 b t(V)

, 2 [0; 1] solves(xt (X))qx:bv = ta(v)

14



Networks with Capacities: Coordination Ratio

Theorem. For anyinstanceof a network with capacities
and latenciesin T,

C(BUE) - ®&T) C(SO)

Assumptionson functionst 2 T

continuous,nondecreasinggi®erentiablaandd-Ho—-cehrvex

Guarantee does not change with
Intro duction of capacities.

Plus simpler proofs and wider
classesof latency functions.

15



Networks with Capacities: Proof of Coord. Ratio

© |
ma3< X t(v)i t(x)
Xb

¢a

2 Fort2 T andv, O, let°(v;t) =

vi(v)

2 Leto(T) := t2;s,up O°(v;t),f = BUE andf” = SO
WV,

2 c(f)=cCc'(f)- c'(x)
P P
2O (fasta) fata(fa) + , Xata(Xa)

- 2(T)C(f) + C(x)

Therefae, C(f) - ®&T)C(f ?), because®(T) = (1 °(T))i?

16



Computing ®(T)

2 If T containsonly concavefunctions ! ®&(T) - 4=3

2 If T containspolynomialsof degreen !  &T) -

(n+1) 1+1 =n
(n+1) 1*1=ny p

®(polynomialsof degree?2) = 1:626
®(polynomialsof degree3) = 1:896

®(polynomialsof degreed4) = 2:151

®(polynomialsof degreen) = -( n=Inn)

17



Example: Computing ®(polynomials of degree n)

2 Assumepolynomialshave positive coexcients

2 Then,forc2 [0;1]: t(cx), c"t(x)

Yo U 1%
. L X 1(X) . X
°(v;t) = max — 1j —= (rewriting X asv — )
0 x- v V t(v) Y
n, s v n O
sup — 1 -—
0O- Xx- vV V V

sup fx(1i x")g
0- x-1

N
(n + 1)1+1 =n

18



Recap

Objective quantify (in-)exciency of \ sel sh' solutions(= Nasheq)

Considerednetworks with capacitiesand broader classesof latency
functions

Main result Sel sh solutions are still close-to-optimalso long as
BeckmannUE selected

In particular, lower semi-continuougunctions OK el

19
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2002 Urban Mobillit y Study

http://mobility.tamu.edu/ums

\The badnewsis that evenif transportation oxcials do all the right
things, the likely e®ectis that congestiorwill continueto grow. . . "

2 Total congestion\bill" in 2000was $67.5billion
(= 3.6 billion hoursdelay + 5.7 billion gallonsgas)

1982 2000

time penalty for peak period travelers 16 hours 62 hours

21



In-Car Navigation Systems

22



Shall we guide users? How?

sel sh users central planner our goal
optimize own travel time optimize systemwelfare
fair, not excient excient, not fair fair, excient
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Our Approach

2 SO cannot be implementedin practice dueto unfairness

2 UE doesnot take into accountthe global welfare

Use constrained SO instead!

2 CSO = min total travel time
s.t. demandsatis ed
usersare assignedo \fair" routes

24



Normal Lengths

Normal lengths a-priori belief of network

normal length of an arc is its traversaltime underUE

Notation:

2 normal length of arc: Ta = ta(f Q)
X

2 normal length of path: p = ‘a

a2P

25



CSO De nition

2 Fix atolerancefactor £, 1

2 ApathP 2 P; isvalidif p o
2 De nition:
CSO" = argmin  C(X)
X
S.t. Xp
P 2P ;:P valid

Xp 0

5

+£ min
Q2P | °

=T, for all i

26



CSO Example

CSO

SO



Performance Evaluation of Route Guidance Systems

Study relation betweenC(UE) and C(CSO")
(and also C(S0O))

. N E
2 Priceof Anarchy: ®(T) := sup c )+
instances C (CSO_)

21 ®(T): &T) forx, 1, where®T):= sup

instances

2 ®(T) is non-decreasings a function of +

C(UE)

C(SO)

28



Guarantees

2 UE is feasiblein CSO problem:

C(CSOY) - C(UE)

2 Therefae:

sup C(CSOY

. (T
instances C(SO) ®( )

forall£ 1

forall+, 1

29



Guarantees

2 CSO" excient for all +, 1: ®(T) = &T)
§ <-ones UE------ ¢
cost o7 | cost
g CS0p
A SO-----~ !
UE Is: 1 1+ +

30



Unfairness

2 Normal unfairnessof path P for OD pair |

I 1. normal unfairness =+

2 Loadedunfairnessof path P for OD pair |

1. loadedunfairness Equality if UE

Example: UE SO

P
min Q2P i Q

tp (X)

min Q2P i tQ(X)

31



The loaded unfairness of CSO Is bounded

2 Letf* beaCSO" (or a SO). The loadedunfairnessof any user

tp(f i) 0
. . °(T) = 1+ sup fxt{x)=t(x
Mingoe  to(f %) (T) S ;Xr?o (X)=t(x)g

2 For example,® (polynomialsof degreek) = k+ 1

2 Proof idea:
{ De ne newlatencyfunctionst®(x) := t(x) + x tqx)
{ For alli: traveltimest; (f *) are constantfor all valid P 2 P;

32



Computational Experiments

We usedreal-world instancesobtainedfrom DaimlerChrysleBerlin)

and from the Transportation Network Test Problemswebsite:
http://www.bgu.ac.il/~bargera/tntp/

InstanceName V] JA] K] | JA] K|
Sioux Falls 24 76 528 40K
Friedrichshain 224 523 506 265K
Winnipeg 1,067| 2,975| 4,344 13M
Neuk#in 1,890| 4,040| 3,166 13M
Mitte, Prenzlauerlerg

& Friedrichshain O7/5| 2,184 | 9,801 21M
ChicagoSketch 033| 2,950| 83,113| 245M
Berlin 12,100| 19,570| 49,689| 972M
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1.2
1.18
1.16
1.14
1.12

1.1
1.08
1.06
1.04
1.02

normal unfairness:
controlleddirectly

Unfairness Percentiles

7
.
.
7/ (
7
.
d

4X
X

| | |

UE 1 11 1.2

1.3S0O
tolerancefactor ()

percentile
99th —+—

1.6

15

1.4

13

1.2

1.1

loadedunfairness:

In°uenced

UE 1 1.1 12 1.3S0
tolerancefactor ()

percentile
99th —+—
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Exciency and Fairness of CSO

1.6

Loaded Unfairness
3500 -

tp (x)

C(CSOi) min Q2P ; tQ(X)

3000 -
+— 1.2

Total Travel Time

|IIII|||||11

UE 1.01 1.02 1.03 1.05 1.1 12 13 14 15
tolerancefactor ()

35



CSO allows us to control the tradeo® between

loadedunfairness

2.2

1.8

1.6

exciency and unfairness

CSO

| |
Instance

SF ——

UE

1

1.02 104 106 108 1.1
C(x)=C(SO)

1.12 1.14 1.16

Solutions
marked with '+
denOteCSO]_;oz
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A Step Back: Broader Use of Sel sh Agents

Although we concentratedon networks, the ideasare mare general:

2 Competitive Facility Location Vetta 2002
2 Auctions Vetta 2002
2 Pricing in Telecom Johai & Tsitsiklis 2003
2 Internet and ISPs Acemoglu& Ozdagla 2003
2 Competitive SupplyChains& Pricing Perakis2003

2 Competitive Scheduling
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Conclusion

2 \Price of Anarchy" in networks with capacities:
{ Multiple equililxia
{ Worst UE is unbounded
{ Guaanteefor best UE is asgood aswithout capacities

{ Simpli ed proofs, wider classesf latencyfunctions

2 \Price of Anarchy" with a di®erentobjective.. .
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Objective: Maximum Latency
Carea, Schulz& St. 2003

2 Di®erentobjectivefunction: Minimize the maximum/latency

2 Applicationsin

{ ComputerNetworks
{ Evacuation

2 Problemis NP-had evenwith linea latencies
2 Optimal solutionis fair

2 Userequililrium and systemoptimum are nea-optimal w.r.t.
fairness,total latencyand max latency
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Conclusion cont.

2 Optimization Approachto Route Guidance

{ Conventionalroute guidancemethods focuson the individual
{ SO not implementableand UE not excient
{ CSO is a better alternative: excient and fair

2 Software to computeCSO
2 UsedCSO asmare realistichbenchmak to computePrice of Anarchy

2 Worst-caseratio for UE=CSO

{ Sameasworst-caseratio for UE=SO
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