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Abstract—Resuits from previous studies measuring the detectability of sinusoidal gratings have been
interpreted by models postulating several sizes of receptive fields, [t has not been clear, however,
whether or not these several sizes coexist at a single position in the visual field. Perhaps there is
only one size centered at each position, but the size varies as a funetion of eccentricity.

In this study, the detectability of compound gratings containing two sinusoidal components was
compared to that of each component alone. Measurements were made in the fovea and 7.5° into the
periphery. Stimuli were localized in 2 small region of the visual field and sharp spatiat and temporal
transients eliminated by weighting grating contrast with Gaussian functions of space and time. To
reduce possible effects of expectation, bias and frequency uncertainty, a tempoeral. forced-choice, inter-
laced staircase procedure was used. The results are consistent with models pestulating several sizes
of receptive fields at each position in the visual field but not with models postulating only one size
at each position, even when the size varies as a function of eccentricity to account for the differences
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in spatial interaction characteristic of different parts of the visual field.

INTRODUCTION

Sine-wave summation experiments have provided
some of the strongest support for the notion of inde.
pendent channels in the human visual system, each
sensitive to a different range of spatial frequency,
These experiments have shown that a compound grat-
ing containing two or three sinusoidal components
of far-apart frequencies is only slightly more detect-
able than its most detectable component; further, the
detectability of such a compound grating does not
depend on the relative phase of its components
{Campbell and Robson, 1964, 1968; Sachs, Nachmias
and Robson, 1971; Graham and Nachmias, (971:
Lange, Sigel and Stecher, 1973; Kulikowski and
King-Smith, 1973; Pantle, 1973; Quick and Reichert,
1975; Mostafavi and Sakrison, 1976: Robson and
Graham in Graham, 1978).

All the experiments, however, have had features
which preclude rigorous amalysis. In the study
reported here, we attempted in the following ways
to provide more unambiguously interpretable results,
First, a two-alternative forced-choice staircase pro-
cedure was used to minimize effects of observer expec-
tation and bias, Then the different patterns were ran-
domly intermixed so that the observer could not
chanpge his strategy for different patterns, ie. there
was frequency uncertainty.

Further, we used patches of grating in which the
contrast was weighted by a Gaussian function of
space and time, Thus, all spatial and temporal transi-
tions were gradual. These gradual transitions elimin-
ate the complications introduced by sharp edges. Spa-

! This work was supported in part by grants from the
National Science Foundation (BMS 75-07658 to J.N. and
BNS 76-18839 to N.G.}. The main experiments were car-
ried out at LG.R.s laboratory using equipment provided
by the Medical Research Council. A subsidiary experiment
reported n Table 1 was carcied out at J.N5 laboratory.

tial edges, in particular, complicate theoretical inter-
pretation because of the extra spatial frequencies in-
troduced by edges and the possibility of speciat effects
of edges per se.

Another complication in interpreting previous ex-
periments resuited from the well-knows variation in
the characteristics of spatial interaction at different
pesitions in the visual field {e.g. Aulhorn and Harms,
1972; Green, 1970; Hines, 1976). Many lines of evi-
dence suggest that the smallest receptive fields are
located nearest the foveal center while larger receptive
fields are iocated more peripherally, This non-unifor-
mity makes it difficult to interpret unambiguously the
results of previous sine-wave summation experiments.
It could be argued that, while the high spatial fre-
quency component in complex gratings is detected
near the foveal center, the low frequency component
is detected in the periphery. It this were true, previous
experiments would not have conclusively shown
whether or not several channels sensitive to different
ranges of spatial frequency actually co-cxist in the
same region of the visual field (van Doorn, Kocnder-
ink and Bouman, 1972; Limb and Rubinstein, 1977).
In our experiments, use of the spatial Gaussian
weighting function reduced the effect of spatial non-
uniformity by effectively localizing the stimuli in a
smali region without introducing too many unwanted
spatial frequencies.

The problem of non-uniformity of the visual field
was further approached by studying sine-wave sum-
mation using stimuli presented peripherally as well
as centrally. if the periphery is more uniform than
the fovea, as has been supposed (eg. Limb and
Rubinstein, 1977), the low and high frequency com-
ponents of a compound grating presented peripher-
ally are more likely to be detected at exactly the same
spatial location than are the components of a com-
pound grating presented centrally. Then, il there is
only one spatial-requency channel at each spatial
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location, the cofmpoments of a compound grating
presented peripherally are more likely 1¢ be detected
by the same spatial-frequency channel than are the
components of a compound grating presented cen-
trally. In this case, the compound grating presented
peripherally would be much more detectable than the
compound grating presented centrally.

METBODS
Stimufus

Each stimuius was a small patch of vertically oriented
prating—containing components with (requencies 2 ¢/deg,
6 c/deg. or both—centered either at the fixation point or
1.5 to the right. The stimulus did not have sharp edges.
Instead. the contrast of the grating was weighted by 2
Gaussian function of both horizontal (x) and vertical (v
spatial position. This Gaussian furction bad a space con-
stant of 0.75" of visual angle; that is. the contrast of the
pattern fell to 1/e (about 37%) aof its peak value a1 0.75°
from its center. Furthermore, the stimulus was turned on
and off gradually. The temporal profile of contrast was
a Gaussian function of time with a time constant of
100 msec: that is, the contrast of the grating was above
37% of its peak value for 200msec. Formally, the
luminance L{x, y, t} at each point (in space and time) of
the stimulus patch can be writlten in terms of a weighting
function wix, y. ) and the sinusoidal components gix). The
weighting function can be separated into Wil X (Viw i)
Let Ly = the mean luminance (400 cd/m?), m, = the con-
trast in the 2 ¢/deg component, my = the contrast in the
6 c/deg component, the & = the phase angle between the
compoenents. Then

Lix, p. 1) = [wix. 3.0 glx) + 1] Lo 1}
where
WX, 36 = walx) walp) - walt
x? 4 p? !
= ex"(" ((().?5 d:;]);) ' BXp({(),l sed) ’) @
and
glx) = my sin(2n2x) + m, -sin(2a6x + §). 3y

The point where x and v are zero is the midpoint of the
stimulus (located either at foveal center or 75% to the
right). The instant when ¢ is zero is the temporal midpoint,

Figure 1 shows the luminance profile of these stimuli
as a function of horizontal position—that is, Las a function
of x. L{x, 0, 0). The figure includes a 2 c/deg stimulus,
a6 c/deg stimulus. and two combinations of 2 and 6 ¢fdeg
for which there is cqual contrast in the 2c¢/dep and the
6 c/deg components. In the peaks-add combination {right),
@ = 180°. In the peaks-subtract combination (left), & = 0°.

Details of the stimuins. The horizontal luminance profiles
of these stimuli are not, of course, pure sinusoids. Since
they are not infinite in spatial extent, they contain a range
of frequencies. The range, however, is quite parrow. The
amplitude of the Fourier transform is above 37% of its
peak for a range of only 8/3 7 c/deg (that is, from 1.58
to 2.42 c/deg in the case of the nomiral 2 c/deg stimulus
and from 5.58 to 6.42 c/deg in the case of the nominal
6 c/deg stimuius).

The stimuli were produced by modulating the cathede
current of a cathode-ray tube whose beam was electromag-
netically deflected by a 100 Hz sawicoth and a 150 kHz
triangular wave to generate a raster display. A feedback
citcuit was used to cnsure that the cathode current {and
hence, over a very wide range, the screen luminance) was
proportional to the applied modulating veltage. This
modulating voltage was produced as the product of two
signals. The signal determining g{x) w,(x)- wyli}) was
generaled by converting the digital output of a computer
(clocked at 80 kH#7) to an analogue signal, low-pass filter-
ing it (0-43 kHz), and attenuating it under computer con-
trol. The resulting analogue signal was multiplied by a
Gaussian pulse synchronized with the tine-deflection wave-
form to introduce the variation of contrast in the vertical
direction, w,(y).

The exposed area of the CRT was quite large—29 cm
wide by 20cm high. This gave a display of 14.5° by 10°
at the viewing distance used {115 cm). The foveat patches
were centered 3.5° from the left edge of the screen, the
peripheral patches 15° from the right edge The CRT
screen was seen through a rectangular hole in a large
screen (61 x 61 cm) illuminated so0 as to approximate the
CRT in luminance and hue. The mean luminance was con-
stant throughout the experiment at 400 ed/m?, The CRT

Fig. I. The horizomal luminance profiics of patterns used in this study. Upper left: patch containing

only the Zc/deg component. Upper right: patch containing only the 6 c/deg component. Lower left:

paich containing both components at equal amplitude in peaks-subtract phase. Lower right: patch

containing both components at equal amplitude in peaks-add phase. The sum of the amplitudes in
the two components is the same in all four patierns. )
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phosphor was P31 and appeared to be desaturated green.

The stimuli were viewed binocularly with natural pupits.
When the stimuli were peripheral, the subject fixated di-
rectly a smali dot on the face of the CRT. When the stimuli
were foveal, the subject fixated halfway between two smal}
vertical kines positioned slightly above and below the prat-
ing patch.

Psychophysical procedure

Thresholds were determined by a two-temporal alterna-
tive forced-choice interlaced staircase procedure, The word
“pattern” will refer 1o a particular ratie of ¢ontrasts in
the 2 and 6 c/deg components at a particular phase, Thus,
to determine the threshold contrast for a particular pat-
tern, the contrasts in both the 2 and 6 c/deg components
were changed while keeping their ratio constant,

Trials of several patterns (ranging from 4 to 10 in differ-
ent sessions} were randomly intermixed under computer
control. Thus, the subject never knew whether the next
stimulus would be 2 c/deg alone, 6 c/deg alone, or one
of several ratios of 2 and 6 c/deg in either of two different
phases. In any ome session, however, uniess otherwise
noted, the patterns were all presented in the fovea or all
in the periphery.

Dearatls of a trial, The observer started each trial by push-
ing a button. Then followed the two stimulus intervals.
each 600 msec long (although the stimuius was above 379,
of its peak for only the middie 200 msec), separated by
about 300 msec. The stimulus intervals were indicated by
tones. At the end of the trial, the observer pushed one
of two buttons 1o indicate which interval ke thought had
contained the stimulus. Tone feedback indicated which in-
terval had aciually contained the stimulus.

Details of the staircese procedure. Although the thresh-
olds for several different patterns were in fact always deter-
mined concurrently, the staircase procedure is most easily
understood i it is described at first as though only one
pattern were involved. At the bepinning of the staircase,
the contrast of the pattern was haphazardly set to be about
one-quarier to one-half of a log unit above the expected
threshold. Four trials (comprising a step in the staircase)
were then made at this contrast. The contrast was then
changed by +4. +3, +2 +1 or —1 units, depending on
whether the observer had made zero, one, two, three or
four correct responses in the last four trials. Subsequently,
alter each further step of four trials, the contrast was
changed according to the same rule. What constituted a
unit of contrast change was determined by the number
of times the staircase had reversed direction. After zera,
one, two, three or four or more reverals, the unit of con-
trast change was 0,175, 0.1125, 0.625, or 005 log units, re-
spectively. Then the threshold was computed as the mean
of the contrast values (expressed on a logarithmic scale)
of all steps following the fifth reversal.

In an actuai experiment, where the staircases for several
patierns were run concurrently, the four trials of each pat-
lern required at a particular step were randomly inter-
mixed. Otherwise, the staircases for the several different
patlerns were independent. A set of staircases continued
until the staircase for every pattern had progressed for at
least two steps past its fifth reversal. A set of staircases
had, on average, i5 steps, and took 2040 min to run.
It provided, for each pattern involved in it, a threshold
estimate that was calculated kom the contrast values on
the final, on average, 5.5 steps.

In order to determine what point on the psychometric
function this staircase procedure estimates, the data from
the staircases were reanalyzed in terms of the percentage
Correct al each contrast level. The computed threshold
turned out 1o be that contrast giving approximately 90%;
correct.

Details of a session. Generally, both observers pattici-
pated in any one session. They observed for alternate sets
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Fig. 2. Obtained 1hreshoids [or patterns containing 2 c/deg
and/or 6 c/deg for observer NG. Horizontal axes give con-
irast in the 2 c/deg component of the pattern at threshold
relative to the threshold contrast for 2 c/deg alone. Vertical
axes give contrast in the 6 ¢/deg component relative to
the threshold contrast for 6 c/deg alone. Results for the
two positions (foveal on bottom, 7.5° peripheral on top)
are shown., The thresholds for pezks-subtract and peaks-
add patterns are given by solid and open symbols, respect-
ively,

The solid curves are predictions [rom a modc! assuming
multiple independent channels. They are the same as the

’ curves marked 3 and 4 in Fig. 4.

of staircases using the same patterns, and a session was
usually continued until both observers had viewed 5 seis
of staircases. Each set provided one estimaie of threshold
contrast for each pattern.

Observers

The authors whose vision was normal when corrected
(JGR and NG) were the observers in this experiment.
Although they knew the purpose of the experiment, the
two-alternative forced-choice procedure protecied against
the possible influence of their expectations.

RESULTS

At-both the foveal and peripheral {7.5° to right)
positions, several different ratios of contrast in the
2 and 6¢/deg components were used. For each ratio
of contrast, both the peaks-add and peaks-subtract
phases were used.
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Fig. 3. Same as Fig. 2 except that the observer is JGR.

Figures 2 and 3 show the results of the two
observers (NG in Fig, 2) for both positions of pattern
(peripheral on top, foveal on bottom). Peaks-subtract
and peaks-add patterns are represented by solid and
open symbols, respectively. The contrast in the 6
c/deg component of the pattern at threshold is given
on the vertical axis and that in the 2 ¢/deg component
on the horizonta! axis. The contrasts are given rela-
tive to the contrast thresholds for each component
when presented by itself.

Briefly, very similar results were obtained for both
retinal positions, both phases, and both observers. All
the thresholds fall near the solid Jines which, as will
be explained further below, are the predictions from
a model involving probability summation among
muliple independent channels.

The threshold contrasts used in plotting Figs 2 and
3 were the averages of all the thresholds collected
in individual blocks. (The averaging was carried out
on the thresholds expressed on a logarithmic scale)
The threshold contrasts in Figs 2 and 3 are given
relative to the best estimates of the contrast thresh-
olds for 2 c/deg alone and for 6 c/deg alone. To calou-
late the horizontal coordinate of a point, for example,
the actual contrast in the 2 ¢/deg component of the
pattern at threshold was divided by the best ¢stimate
of the threshold contrast for 2 ¢/deg alone. The best

estimale for the threshold of & single frequency was
taken to be the average of all the thresholds from
individval blocks for that frequency alone, whether
the nominal phase was peaks-add or peaks-subtract
(whether & was 180° or 0° in Eqn 3). This averaging
across phases is certainly appropriate for 2 c/deg (for
which mg in Eqn 3 is zero) since the nominal phase
makes no difference in the physical pattern. For 6
c/deg (m; equals zero in Eqn 3) nominal phase does
make a difference in the pattern, equivalent to ex-
changing peaks and troughs, and it is conceivabie that
the true thresholds for the two phases might be differ-
ent. There is no evidence for any consistent difference
in thresholds, however, in Figs 2 and 3. Therefore,
the disparity between the open and the closed sym-
bols lying on ecither a vertical or horizontal axis can
be taken as an indication of the variability inherent
in the data. The values of the best estimates of thresh-
old contrast for JGR and NG, respectively, were:
0.013 and 0.014 for 2 ¢/deg in the fovea; 0041 and
0.044 for 2 ¢/deg in the periphery; 0.011 and 0.012
for 6 c/deg in the fovea; and 0057 and 0.070 for &
c/deg in the periphery.

Another indication of the variability is given in the
figure by the error bars around each point, which
represent plus and minus one standard error of the
mean. Since the ratio of contrasts in any one pattern
was kept constant, the error bars are along lines of
constant ratio (lines through the origin). That the
error bars are of different lengths should not be taken
as evidence that some patferns in some conditions
lead to mare variability than others. The expected
standard errors varied because the number of blocks
{and therefore the numbers of values entering into
the average} varied. The number of blocks ranged
from 5 to 25 (depending on the exigencies ol time
and scheduling constrainis) with, in general, more
biocks for the simple gratings {(points on the axes}
and for the gratings in which the components were
mixed as equally as possible (near the positive dia-
gonal), and more blocks for the peripheral than for
the foveal condition. Once this factor is taken into
accoual, there are no reliable differences in the stan-
dard errors for different patterns or different condi-
tions. The standard deviation of the population of
values for any pattern is about 0.045 log units of con-
trast. The standard error for the average of a group
of 5 values is thus about 0.02 log units, and for a
group of 20 values about 0.0! log units.

Our results do not completely agree with those
recently reported by Limb and Rubinstein (1977).
They show (their Fig. 23) a small but significant phase
effect for stimmuli in the periphery. Further, compari-
son of their Fig. 23 with our Figs 2 and 3 shows
that their complex gratings, particulariy those in the
peaks-subtract phase, were less detectable {relative o
simple gratings) than were ours. It is hard to be cer-
tain of the explanation for these discrepancies, That
their compiex gratings were relatively fess detectable
than ours may be due to a frequency uncertainty
effect (see below). There were also other differences
in experimental conditions: they used uniform-ampli-
tude patches of grating with 11° bars; their frequen-
cies were 1 and 3 c/deg; their mean luminance was
lower than ours; their observer viewed the display
monocularly, ours binocularly.
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Monocular viewing

To investigate the possibility that in our experi-
ment, where the observers viewed the patterns bino-
cularly, the two components of the pattern may have
been detected by different eyes, we ran an additional
experiment in which the observers viewed the patterns
monocuiarly. The experimental conditions and pro-
cedures were like those described above except that
the CRT had been rotated so that the gratings were
horizontal and appeared 7.5° above the fixation point.
Both observers used their right, dominant eyes, cover-
ing the left eyes with translucent paper that admitied
some light but no detail. Four patterns were studied:
2 c/deg alone, 6 c/deg alone, and both together in
each of two phases (with the contrast ratic chosen
so that they were approximately equally detectable).
Six sets of staircases were run, The results are as
much like those of Figs 2 and 3 as the variability
coukd possibly allow. Monocular viewing did not lead
to any greater detectability of the compound gratings
{relative to the simple ones) than did binocular view-
ing.

Other frequency pairs

We also collected some data for 6 ¢/deg paired with
3 ¢fdeg and for 6 c¢/deg paired with 4 c/deg under
the conditions described in Methods, including bino-
cular viewing. Both observers viewed both of these
frequency pairs in both the fovea and-the periphery
(7.5° to right) except that JGR did not view the 3
and 6 c/deg patterns in the fovea. In any one condi-
tion five sets of staircases were run. One phase (8 = 0
in Eqn 3) was used. Five ratios of contrasts were used.

For 3 and 6 c/deg, the results looked as much like
the results in Figs 2 and 3 for 2 and 6 c/deg as the
variability could possibly allow. For 4 and 6 c/deg,
the compound gratings may have been slightly more
detectable relative to the simple gratings, particularly
for the foveal condition. There was certainly no indi-
cation, however, of greater summation in the peri-
phery than in the fovea.

Randomizing the position of the pattern

The observers intended to fixate steadily and
believed they did, even when the stimuli were out
in the periphery, The question naturally arises, how-
ever, as (o0 whether they actually did so consistently.

The stimuli were briel (above 37% of peak ampli-
tude for only 200 msec) in order to minimize the effect
of saccades. The thresholds for the peripheral stimuli
were a good deal higher than for the foveal (0.3 log
units for 2 ¢/deg, and 0.5 log units for 6 ¢/deg), which
means the observers' fixation was probably reason-
ably well maintained.

A corroborative result comes from some sessions
in which the threshold for onc frequency alone was
measured at eight retinal positions randomly inter-
mixed. As an obscrver could not know where the next
stimuius was going to be, he should have been less
tempted to move his fixation from the correet point.
The thresholds measured in this condition, where the
positions were randomly intermixed, were in no case
more than 0.075 log units different from those
measured in the main body of the experiments. This
consistency suggests that in the main experiments also

the observer was maintaining fixation. (Small differ-
ences between the results using randomly intermixed
positions and those using a fixed position may be
due to a position uncertainty effect analogous to the
frequency uncertainty effect described in the next
section.)

Frequency unceriainty effect

As the stimuli in this experiment, both simple and
compound gratings, were randomly intermixed from
trial to trial, the observer could never know which
to expect. In the earlier study by Graham and Nach-
mias (1971), on the other hand, the stimuli were not
intermixed. In that study, the compound gratings
were found to be less detectable relative to the simple
gratings than in the present study. That is, the points
for the compound gratings were further from the ori-
gin (0,0) than those in Figs 2 and 3.

Such a difference is to be expected if there is a
visual phenomenon analogous to the auditory fre-
quency uncertainty effect (Green and Swets, 1966, sec-
tion 10.4).

When the stimuli are randomly intermixed, the
observer will probably attend equally to both fre-
quencies (both channels). When the stimuli are not
intermixed, however, the observer would be able to
improve his performance in detecting the simple grat-
ings (but not the compound ones} by attending to
the appropriate frequency channel only, Such an im-
provement in simple grating performance would show
up in plots like those of Figs 2 and 3 as a worsening
of performance for compound gratings relative to
simple gratings, ie. as a displacement of the points
for the compound gratings further from the origin
(0,0). The points from Graham and Nachmias (1971)
are indeed displaced in this way relative 10 the present
stady. OF course, there were many other differences
between the two studies in addition to the intermixing
of the stimuli {one of which is further discussed in
the next section). Therefore, one cannot be certain
that this was the factor responsible for the difference
in results,

That the difference between not intermixing and
randomly intermixing the patterns was probably the
important difference between the two studies is sug-
gested by a further brief experiment comparing biocks
where the stimuli were intermixed with blocks where
they were not. This experiment was run under condi-
tions like those described in Nachmias and Weber

Table 1. The observed propottion correct from 600 trials

for each of three patterns in two conditions and the pro-

portion correct predicted [rom the probability summation
model for the mixed [ and 3f grating

Mixed condition Alone condition

Pattern  Obscrved  Predicted Observed  Predicted

7 0.70 — 077 —
01 — 0.77 —_

3 .69 — 0.79 -—
0.70 — 0.78 —

fand ¥ 0.80 082 0.81 0.90
0.34 0.85 084 0.90

In each case two numbers are given, the top being’
observer 8Y's result and the bottom, observer CM's.
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(1975). in particular, the gratings were centrally fix-
ated; there was no spatial Gaussian weighting func-
tion; the onsets and offsets of the stimuli were sudden.

Three gratings were used—one of frequency 3
c/deg, one of 9 c/deg, and a compound of the two.
For each of these three gratings, 600 trials were run
in each of two conditions: intermixed (all three stimu-
li randomly intermixed) and alone (cach stimuius
presented many times in a row). A 1wo-temporal
alternative forced-choice procedure was used. Data
were collected frotn two experienced observers who
did not know the purpose of the experiment, Table
1 shows the resulls as proportion correct for the three
patterns and aiso shows the predicted proportion
correct for the compound grating using the simple
multiple-channels probability summation model fsee
Eqns 4 and 5 in the next section). In the intermixed
condition, the compound-grating results are consis-
tent with the probability summation model. In the
alone condition, however, the simple gratings are
more detectable than in the intermixed condition,
although the compound-grating detectability does not
change, Thus, in the alone condition the compound
grating is less detectable than predicted by the mul-
tiple-channels probability-summation model. In short,
the results from the alome condition ook like the
earlier study, the results from the intermized condi-
tion like those of the main experiment of the present
study. The difference in Table 1 is small but probably
large cnough to explain the discrepancy between the
two studies—a discrepancy which is small in terms
of actual contrast values.

Extended uniform-contrast gratings

There is another possible cause of the difference
between the results of the main experiment here (Figs
2 and 3] and those of Graham and Nachmias {1971).
The stimuli in the present experiment were well loce-
lized patches of grating whereas the gratings of Gra-
ham and Nachmias were of uniform contrast extend-
ing over a larger portion of the visua! field. However,
with psychophysical procedures and conditions very
similar to those used for the main experiment here
{two-temporal-alternative, forced-choice, intermixed
frequencies and contrasts, Ganssian time-course, same
observers), Robson and Graham (in Graham, 1978}
found that extended gratings behaved tike the loca-
lized patches here, That is, the detectability of the
compound gratings is consistent with the simple mul-
tiple-channels probability-summation model.? Thus,

* The results for extended gratings in Graham (1978} are
plotted as psychometric functions. These results are well
fitted by theoretical psychometric functions of the form
of Eq § where the exponent has value 4.0 and probability
summation among channels is assumed. Thus, as is
explained in the Theory section, the amount of summation
in these extended-grating results equals that shown by the
outer of the two theoretical curves in Figs 2 and 3,

* The space-variant single-channel model might also be
considered a multiple-channels mode! if one assumed that
¢ach channel contained only a limited number of receptive
fields, ali of identical size. Then the spatial regions of the
visual field responded to by different channels would not
overlap, and the model could be called “multiple channels
at different positions™. Here, however, the model will
always be referred to as a “space-variant single channel”™,

Norma GraraM, ). G. Rosson and Jacop NACHMIAS

the difference between the results of Graham and
Nachmias (1971) and those reported here cannot be
simply attributed to grating extent, further supporting
the view that the difference is due to a frequency un-
certainty effect.

THEORY

The solid curves in Figs 2 and 3 are the predictions
from a model in which there are multiple, indepen-
dent channels sensitive to differemt ranges of spatial
frequency. To describe this mode! and to contrast it
with other, unsatisfactory, ones, several terms will be
useful.

In a single-channel mode!, the important stage of
the visual system is an array of overlapping receptive
fields, all identical (e.g. of the same size). The positions
of the receptive field centers are distributed uniformby
across the visual field,

Each receprive field is assumed to be a linear system
(that is, its response to the sum of any two inputs
is the sum of its responses to each of the two inpuis
alone). Moderate departures from linearity, however,
would make little difference to the predictions.

The model just described will sometimes be called
a space-invariant single-channel model to distinguish
it from a space-varignt single-channel model. In the
space-variant version {for example, Limb and Rubin-
stein, 1977), there is again a single array of receptive
fields with only one receptive ficld centered at each
point in the visual field. But the receptive fields are
now not all identical but differ in size to allow for
differences between fovea and periphery in spatial
interaction characteristics.®

In a maultiplechannels model, there are several
superimposed arrays of receptive fields (ie. several
channels). All the receptive fields in a single array
are identical, but those in different arrays differ in
size and are thus sensitive to different ranges of
spatial frequency. In particular, a channel sensitive
to 2 ¢/deg is not sensitive to 6 c/deg and vice versa.
In the space-invariant version of this model, each
channel contains receptive fields throughout the vis-
ual ficld, Many space-variant versions could also be
constructed to account for the differences at different
eccentricities in the visual field, Since reasonable
space-variant versions give rise to the same predic-
tions for this experiment as does the space-invariant
version, we will not distinguish here between space-
variance and space-invariance in a multipie-channels
model. However, it is guite possible that whether one
does or does not assume space-invariance does make
a difference for other classes of stimuli.

In short, a singlechannel model postulates one
receplive field at each position in the visual field with
all receptive fields identical. A space.variant singe-
channel model postulates one receptive field at each
position but the sizes of the receptive fickds at differ-
ent positions are different. A mmitiple-channels model
postulates a number of sizes of receptive field at each
position,

To predict psychophysical thresholds from these
models, other properties must be specified, These
properties and the models’ predictions are described
below. The derivations of the predictions are given
in the Appendix.
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A muitiple-channels mode{

Suppose the channels are probabilistically indepen-
dent. Then the probability of an observer not being
correct on a given trial can be computed as the
product of three probabilities: the probability that the
channels sensitive to 2 ¢/deg do not detect the stimu-
lus, the probability that the channels sensitive to 6
c/deg do not detect the stimulus, and the probability
that the observer does not guess corvectly. That is,
letting P, (stim) be the probability of an observer being
correct, Py(stim) and Pyistim) the probabilities of the
2 and 6 ¢/fdeg channels, respectively, detecting the
stimulus, and g be the probability of a correct guess
{15 in this case):

1 - P.{stim) = {1 — P,(stim)]
[l = Pslstim]-[1 — g]. (4}

The assumption in Eqn 4 will be called the assump-
tion of “probability summation among channels,”

The model of detection implied by the guessing cor-
rection in Eqn 4 may well be wrong in detail, but
no other model we have examined is completely satis-
factory either. In any case, it does not appear that
different detection models wouid lead to different con-
clusions about the present equation. We shall use the
guessing correction in Eqn 4 because it has the advan-
tage of being particularly convenient in conjunction
with an analytical form to describe psychometric
functions suggested by Quick (1974). According to
Quick’s suggestion. one can express the probability
of a channel detecting a stimulus by the following
simple equation:

P,{stim} =1- 2—lctslim15rlslim)r‘ . (5)

where S{stim) is the sensitivity of channel i to the
stimulus, cfstim) is the contrast in the stimulus, and
k is a parameter determining steepness of the function.
As k approaches infinity, this' function becomes
steeper and steeper. If Eqn S5 holds with the same
exponent for all channels, then it is easy to show that
the psychophysical psychometric function will also
have the form in Eqn 5. With an exponent near 3
or 4, this function is a good description of psycho-

Multiple channels mode!

controst in €& crdeg
component

Relative

| ] ] L
[+] a.2 04 0.6 0B 10

Relative controst in 2 ¢/deg
component

Fig. 4, Thresholds predicted by a multiple-channels model.

Coordinates same as in Fig. 2. The different curves result

[rom assuming psychomstric functions of different steep-
ness. See text for further details,

metric functions measured in the course of the present
study.

Equations 4 and 5 with the exponent & cgual to
3 or 4 Jead directly {e.g. Quick, Hamerly and Reichert,
1976; Appendix) to the predictions given by the solid
curves in Figs 2 and 3 and shown again in Fig. 4
as the curves labelled 3 and 4. According to this
medel, the relative phase of the components should
make ne difference and thus each curve is a predic-
tion for both phases. Curves for exponents in the
range from 3 to 4 fit the data rather well.

If the exponent k is changed to two, however, the
predicted summation curve {se¢c Fig. 4) is one-fourth
of the circle with radivs . This curve is definitely
too close to the origin to be consistent with the data.
If k is changed to S or larger (Fig. 4), the predicted
summation curve lies further away from the origin
and is probably inconsistent with the data. The pre-
dictions for a k of o are the upper and right edges
of the square.

In 2 multiple-channels model, steepness of the
psychometric function is not the only property which
can cause the predicted summation curve to move
toward and away from the origin in a plot like Fig.
4. Even if the steepness of the psychometric function
is set at one value, the placement of the predicted
curve will change if the degree of correlation between
the variabilities in the two channels® responses is
changed. The above predictions assumed probabilistic
independence (Eqn 4). Suppose instead that the varia-
bilities in both channels were perfectly positively cor-
related, Then, no matter what the steepness of the
channel’s psychometric. function, the predicted sum-
mation curve would be the outside edges of the
square because the same channel, whichever is most
sensitive to the pattern, would detect the pattern on
every trial. If the variabilities were negatively corre-
lated, the predicted curves would li¢ closer to the ori-
gin than those predicted from independence. Summa-
tion experiments that only collect thresholds, there-
fore, like the experiments described here, are not ideal
for deciding the detailed questions about variability
in the channels.

However, the results of Sachs et al. (1971) give ad-
ditional support to the assumption of complete inde-
pendence among channeis responding to frequencics
as far apart as 2 and 6 c/deg. Further, values of k
in the range from 3 to 4 do seem to fit psychometric
functions extracted from the data collected in the
staircases of the current experiment and also fit the
psychometric functions collected separately by the
method of constant stimuli.

At present, therefore, a reasonable summary of the
data in Figs 2 and 3 is 1o describe it as consistent
with a multiple-channels model in which the channels
are probabilistically independent and their probabili-
ties of response are described by an equation of the
form suggested by Quick (Egn S) with a parameter
k in the range from 3 to 4.

A single-channel model (space-invariant)

If a pattern is detected whenever at least one of
the receptive fields in the single channel gives a large
enough response, and if the variabilities in the re-
sponses of different receptive fields are perfectly posi-
tively correlated, then the predictions of the single-
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Single-channel model

0.5

Peogks - subtroct

Reldative constrost in c/deg
componant

Relative contrast in & c/deg component

Fig. 5. Thresholds predicted by a model in whick there
is only a single channel (only one size of receptive fisld
at sach position in the visual field) and probability summa-
tion acress space. Caordinates same as in Fig. 2. Predic-
lions for peaks-subtract and peaks-add patterns are shown
in the top and bottom panels. respectively, The different
curves result from assuming psychometric functions of dif-
ferent steepnesses. See text for farther details,

" channel model for the experiment reported here are
easy to derive (Graham and Nachmias, 1971) and are
shown in Fig. 5 as the curve labeled oo. For the
peaks-add combination, there should be complete
linear summation (the negative diagonal in the
square); for the peaks-subtract combination there
should be less summation but still a good deal. (The
predictions are the same, both for extended sine-wave
gratings and for the Gaussian-weighted patches of
grating used in this study.) It is quite clear that none
of our experimentat results (Figs 2 and 3) are consis-
tent with these predictions.

* For a multiple-channels model, the possibility of prob-
ability summation across space is irrelevant for experi-
ments, like this one, which use frequencies so far apart
that no individual channel responds to both. For frequen-
cies closer together, however, the question of probability
summation across space within individual channels of a
multiple-channel model is important. This question has
been discussed by Stremeyer and Klein (§975), King-Smith
and Kulikowski (1975), Graham and Rogowitz (1976), and
Graham {1977, 1978).

Probability summation across spuce. Ags Granger
{personal communication) has pointed out, a rela-
tively minor change in the assumptions of the single-
channel model will make its predictions somewhat
closer to the experimental results, Suppose that there
is independent variability in the responses of receptive
fields located at different positions. That is, suppose
there is probability summation across space* (Gra-
ham, 1978, attempts to give the intuition behind the
results of making this assumption.) An easy way to
deal quantitatively with this assumption is again to
use Quick’s suggested psychometric function (Eqn 3).
This time the function is taken to describe the behav-
ior of a single receptive fistd. Then the probability
of detection is governed by an equation analogous
to Eqn 4 since the variability in different fields is
assumed independent, From these equations, it is easy
to calculate the response of the single channel 10 any
pattern (s¢e Appendix). Figure 5 shows the predic-
tions for the peaks-add and peaks-subtract gratings
for varions values of k. The predictions are the same
both for extended sine-wave gratings and for the
Gaussian-weighted patches of prating used in this
study.

The predictions in Fig. 5 are not particularly sensi-
tive to the form of the psychometric function,
Granger (personal communication) and Limb and
Rubinstein (1977) have used cumulative Gaussian
psychometric functions and obtained very similar pre-
dictions.

None of the predictions in Fig. 5 describe the
results in Figs 2 and 3. Thus a single-channe! model,
even including probability summation across space,
cannol account for the results of sine-wave summa-
tion experiments.

It is worth noting that the predictions of a single-
channel model with probability summation across
§pace can sometimes be identical to those of a
multiple-channels model with probability summation
across different frequency channels (Quick er al.,
1976). The predictions for sine-wave summation ex-
periments are identical when the variability (in the
independent spatial positions or in the independent
channels, respectively) is described by an exponent
of 20 in Eqn 5 as can be seen in Figs 4 and 5. This
is the case known in the auditory system as power
summation. As Rashbass (1976} and Watson and
Nachmias {1977) have pointed out. this case {applied
to time rather than space) is also equivalent to Rash-
bass’s (1970) model.

A single space-varign! channel

What would a single space-variant channe! predict
for sine-wave summation experiments like those
reporied here? At first. one might suppose that the
predictions would be tike the multiple-channels pre-
dictions in Fig. 4 on the grounds that the 2 c/deg
compotient might be detected by the larger receptive
fields toward the peripheral side of the patch, and
the 6 c/deg component by the smaller receptive fields
toward the fovea. If the effect of eccentricity in the
visual field was great enough, such a result would
be predicted by the single space-variant channel
model. However, calculations using the effect of
eccentricity measured either with small patches of
sinusoidal grating by us or with thin lines by Limb
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and Rubinstein (1977 did not lead to this prediction.
For patches of 2 and 6 ¢/deg sinusoidal gratings cen-
tered either at the fovea or 7.5° peripheral, the predic-
tions looked just like the usual single-channe! predic-
tions (Fig. 5} This was approximately true for uni-
form sine-waves as well as for the pratings weighted
by the Gaussian envelope used in this experiment (see
Appendix).

Thus, the single space-variant channel models con-
sidered here, incorporating the effect of eccentricity
measured by us or by Limb and Rubinstein {1977,
cannot account for the sing-wave summation data in
Figs 2 and 3. :

CONCLUSION

The detectability of small patches of grating con-
taining 2 c/deg, 6 c/deg, or both was measured in
the periphery (7.5° to the right) as well as in the fovea,
Within the precision of the experiment the results at
the two positions were indistinguishable: a compound
grating containing both 2 and 6 ¢/deg components
was only slightly more detectable than the most de-
tectable component by itself, Changing the phase of
the components in the compound made no measure-
able difference. These results are consistent with a
model postulating multiple independent channels,
each sensitive to a different range of spatial frequency
(Fig. 4). They are not consistent {Fig. 5} with 2 model
containing only one size of receptive field at each pos-
ition in the visual field (single-channel model), even
if the receptive field size is assumed to vary in order
to account for the differences in spatial interaction
characteristic of different positions in the visual field
(space-variant single-channel model).

Slight differences between some of these results and
those of Graham and Nachmias (1971) may be due
10 a frequency-uncertainty effect.
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APPENDIX

The equations for the predictions shown in Figs 4 and
5 are derived here. Because the derivations for both sets
of predictions involve some similar steps, we will start out
using the neutral word “unit”, In the multiple<hannels
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model. a unit will be an individual channel, namely, an
array of receptive fields, all of the same size. En the single.
channgl model. a unit will be an individual receptive field
at a particular spatial position.

Let Pistim) be the probability of the wnit i detecting
the stimulus. Let Pistim) be the probability of the cbservar
detecting the stimulus. By assumption of completely inde-
pendent units {that is, probability summatien across chan-
nels or across spatial positions}):

Pistim} = 1 — [][I — Pistim)]. (Al
i
This appendix will deal with Pstim). To relate this 10
Z-alternative forced-choice dara, it is convenient to assume
that P.(stim}, the probahility of the observer being cor-
rect in a 2-alternative forced-choice sitwation, is refated
to P(stim) by
Pelstim) =1 — (1 — Pstim))- (1 — g) (A2}
where g is the probability of a correct guess-—0.5 in this
instance.

Under this assumption, there is a one-to-one relation-
ship between Pi(stim) and Pistim). For example,
Felstim) = 0.75 when P(stim) = 0.5. Thus it is sufficient 10
use a condition on P{stim).

Assume, as suggested by Quick (1974), that

Pstim) = | - 2~ IRiatim A%

where R{stim), the response of the unit, is linear with con-
trast. That is, if ¢ i the contrast in the stimulus,
Rystim) = ¢ - Sdstim), {Ad)
The quantity S{stim) is the constant of proportionality and
equals the reciprocal of the threshold contrast for wnit i,
We are assuming here that threshold is that value produe-
ing a detection probability of 0.50 but, as is explained in
the next section, any value could be assumed without
changing the predictions.
It is easy to show, from Eqns Al, A3 and A4

Plstim) = 1 — 2~ Rl _ ¢ _ 2 e Sienimpk (AS)
whera
1k
Sistim) = {Z \S,-(stim}l'} [AB)
i
and
1'%
R(stim) = {Z lR,(siim}]"} . (A7)
!

At psychophysical threshoid [where Plstim) = 0504,
Ristim) = 1. Also, the reciprocal of the psychophysical
contrast threshold is S(stim).

The stimulus used in these experiments will be denoted
{e1fi, €2 fa) where ¢, is the comrast in the component of
frequency f, and ¢, is the contrast in the component of
[requency /;. For simplicity’s sake, phase is not explicitly
represented in this notation and will be kept track of separs
ately. The symbol (¢, f;) will mean a grating containing
only frequency f. S4/,) and S(4)) will give the sensitivities
to frequencies f, of unit { and of the observer, respectively.

Naotice that the quantities piotted in Figs 2, 3, 4 and
5 are: x=1¢,8(f,) for the horizontal coordinate, and
¥ = c23(f3) for the vertical coordinate.

Choice of threshold criterion

That P(stim) = Q.50 is taken as the threshold criterion
is not limiting. Any other criterion would have Jed to the
same predictions. An easy way to see this invariance with
threshold criterion is to note that one couid change the
threshold criterion (e.g. 1o 0.25 instead of 0.50) just by
changing the base in Eqn A3 from 2 to some other number
{e.£. 1/0.25 = 4). Such a change Jeaves everything else un-
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" touched: for example, R(stim) still equals | at threshold.

Thus the predictions remain the same.

The muitiple-channels model

We will assume that there is no chanoel semsitive to
both 2 and 6 c/deg, (Recall that, even considering the fre-
quencies introduced by the Gaussian envelope, there is a
wide separation between the 2 and 6 cfdeg components.)
There may be more than one channel sensitive to each
alone, bul we can group the chanrels sensitive to a Biven
frequency together and refer to them as g single one with-
out loss of generality. Thus. let channel qumber { {unit
number 1) be the channel sensitive to 3 ¢/deg, and let chan-
nel number 2 be the channe! sensilive to & cfdeg. Since
each channel only responds 1o one of the components in
ihe compound gratings

Riferfiiesfiy = Ryley i) = ¢ Si(f)

Sy = S(11)
and similarly for frequency f;. Then, by Eqns A7 and A8,
Rleifiveafo) = He SR + e SRR, {A9)
At psychephysical threshold, therefore, where Ristim) = 1,
1 ={x*+ phn (A1)

where x and v are the horizontal and vertica) coordinates
in Fig. 4.

(A8}

The single-channel mode! (space-invariant}

Eet unit i be the receptive field centersd at ‘position x,.
Since we are assuming these receptive fields are linear SY¥s-
tems, it is casy to give the response of each unit ic a
paltern consisting only of twe sinusoidal components
(without a Gaussian envelope). Let a; and a, be constants
expressing the relative sensitivity of each individual unit
of the two frequencies f, and f,. (The relative sensitivities
are the same for all units since the units are from a single
space-invariant channel) Then the response of each unit
to a compound grating will simply be the sum of its re-
sponses to the two components, that is, the respanse of
the ™ unit will be '

Rile fiea f3) = eqa; sin(2af,x )+ ca; sin(2nfox, +6). (All)
And, by Eqn A7

Rie fief) = {Z leyay sinl2zf, x,)

1k
+ a0 sin(2nfox, + H}I"} , A1)
From this expression, one can numerically calculate the
curves shown in Fig. 5 by varying ¢, and ¢,.

Wher: k = 2, Egn A12 can be simplified further and an
explicil expression for the prediction in Fig. 5 can be de-
rived. To derive this expression, it will be usefui to substi-
tute integration over an integral number of periods for
the summation in Eqn A12. Such a substitution assures
that the spatial locations x, are numerous and spread out
evenly, and that the summation accurs over a large spatial
extent {or over an integra! number of periods of the stimu-
lus).

Also recall the following relations: for any two frequen-
cies f; and f;, integrating over an integral number of
pericds :

jlsin 2af\ x){sin 2nf5x)dx = 0

and

fsinz[anlx)dx =7
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where [ is a constant independent of frequency. Using the
above, Eqn A12 becomes. no matler whal the phase 0,

Rieifiveafo) = [clail + cdaill Ve (AlD)

Al threshold, the value of the above expression is 1.0. Sct-
ling c; equal to zero shows that S{f,) = lje, = a,§'12.
Similarly for S(f;). As can be seen by substituting S(f,)
and 5{f3) into Eqn Al3, the prediction from this model
at threshold is identical to that of the multiple channels
mode! with k = 2 (Eqns A9 and A10). For both models
the predicted curve is one-fourth of the umit circle,

Space-variance and patterns weighted by a Gaussian ente-
fope

The derivations above assumed a space-invariant single-
channel model and sinusoidal gratings uniform in ampli-
tude across the visual feld. It is quite easy to modify the
derivation so that it takes space-variance into account and
applies to gratings that are not uriform in amplitude.

To modify the derivations for space-variance, simply let
ay; and g, be the sensitivity of the receptive field at point
i to frequencies f, and f,. (The numerical values of &
actually wsed are deseribed below.) The respanse of the
receptive field at point { to a combination of f; and f;
will then be

Ric\ fun €2f2) = ¢yay sin(2nf,x)

+ oy sin(2efox; + ). (Ald)

To extend the derivations to apply to patterns that are
nat uniform in amplitude but, like the patterns used in
this study, are weighted by a Gaussian envelope, is also
simple. One muitiplies R; in Eqn A1l or Al4 (for space-
invariance ot variance, respectively) by the Gaussian enve-
lope and then applics Egn A7. Te do this is to ignore
the frequencies other than 2 and 6 c/deg introduced into
the pattern by the Gaussian envelope. However, since these
frequencies are all very close to 2 and 6 c/deg, ighoring
them should make little difference.

Predictions, Predictions were caiculated for four ¢ondi-
tions: for a model that was space-variant or space-invar-
iant combined with patterns that were uniform in ampli-
Iude or weighted by a Gaussian envelope. {The patches
of uniform-ampiitude gratings were 4.5° in diameter and
effects at the edge were ignored.* The Gaussian envelope
was that of Egn 2.) The predictions shown in Fig. 5 were
introduced as being from a space-variant model combined

*Limb and Rubinstein (1977 and personal communica-
tion) did not ignore effects at the edge, and these effects
do make some difference. For example, in their calcula-
tions, the effects at the edge are responsible for the peaks-
add combination of 3 and 9 c/deg being less detectable
than the peaks-subtract combinatien for a grating of uni-
form contrast subiending 2.7,
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with patterns uniform in amplitude. As it turns out, the
predictions from all four conditions are very close. With
one exception, the predictions from all four conditions are
within 1.5% of each other. In the exceptional case. where
k is infinity and the patierns of peaks-subtract phase. a
space-variant model seems to lead o 2 predicted curve
that 15 somewhat closer to the unit circle than is the curve
shown in Fig. 5 predicted by a space-invariant model. {This
apparent exception, however, may simply be an artifact
of how close together the positions x; used in the sum
were. For 2 & of infinity, one needs very close positions
1o avoid missing the exact location of the maximum.)

Sensitivity as a function of eccemricity. In the experi-
ments in which the sensitivity for patches of 2 and 6 c/deg
alone were measured at several eccenmtricities, we [ound
that sensitivity declined monoionically from the foveal
center to 9° peripheral. The rate of decline was approxi-
mately (.04 log units per degree for 2 c/deg and 0.065
log units per degree for 6 c/deg. Robson (1975}, Hilz and
Cavanius (1974}, and Wilson and Giese (k976) found that,
under their experimental conditions, sensitivity for alt
frequencies was maximal at foveal center.

Limb and Rubinstein (1977) used combinations of lines
to estimate the sensitivity to different frequencies at differ-
¢nt eccentricities. According to their measurements, sensi-
livity for & c/deg is almost constant for the first degree
out from the foveal center and then declines. But sensitivity
to 2 cfdeg is not maximal at {ovezl center. [t is actually
maximal between 50 and 100 arc min away from the foveal
center. It declines quite steeply toward the foveal center
and somewhat less steeply toward the periphery. In the
region near 7.5° peripheral, their measurements were very
similar to ours.

In arder to maximize any effect of space-invariance, a
slightly more dramatic version of Limb and Rubenstein’s
foveal results was used to determine the values of 2 in
Eqn Al4 when mazking the predictions, The sensitivity to
6 cfdeg was assumed 1o fall monotonically with distance
away from foveal center at a rate of 0.0625 log units per
degree. The sensitivity 10 2 ¢/deg was assumed to increase
monotonicelly from the foveal center to 1 degree away
at a rate of 0.023 log units per degree and then to fall
monotonically from that point ovtward at a rate of 0.06
log units per degree. As mentioned above, use of these
values Jeads to predictions very close to those shown in
Fig. 5.

Predictions were, in fact, alse calculated using other, less
dramatic, changes in sensitivity with eccentricity: those
appropriate to the peripheral patches according to our
measurements or the measurements of Limb and Rubin-
stein, and those appropriate to the foveal patches accord-
ing to cur measurements. As expected, these predictions
were even closer to those for the space-invariant single-
channel in Fig. 5.



