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Abstract

We consider a matching model in which individuals belonging to two populations
(�males�and �females�) can match to share their exogenous income risk. Within each
population, individuals can be ranked by risk aversion in the Arrow-Pratt sense.
The model permits non transferable utility, a context in which few general results
have previously been derived. We show that in this framework (i) a stable matching
always exists, (ii) it is essentially unique, and (iii) it is negatively assortative: for
any two couples, the more risk averse male is matched with the less risk averse
female. We discuss the implications of these results for the empirical analysis of
risk-sharing.

1. Introduction

The hypothesis that groups share income-risk e¢ ciently has been studied both theo-
retically and empirically. A basic theoretical implication of e¢ cient risk-sharing, due
to Karl Borch (1962), is the so-called mutuality principle.1 According to this principle,
individual consumption should depend only on variations in total group income or on
ex-ante individual shocks such as those that might a¤ect an individual�s income distri-
bution. In particular, individual consumption should not depend on the realization of
individual idiosyncratic shocks to income.

Important empirical tests of e¢ cient risk-sharing have exploited the mutuality prin-
ciple in several ways. For example, one may, following Robert Townsend (1994), regress
individual consumption on both aggregate consumption (or aggregate income) at the
group level and various individual-speci�c variables (individual income, proxies for idio-
syncratic shocks, etc.). E¢ cient risk-sharing is rejected if, controlling for aggregate

�Reny gratefully acknowledges �nancial support from the National Science Foundation (SES-
9905599).

1See also Robert Wilson (1968).



shocks, individual-speci�c shocks are found to matter. An alternative approach, initi-
ated by John Cochrane (1991), uses an Euler equation formulation relating the marginal
utility of consumption at date t to the expected marginal utility of consumption at date
t + 1 conditional on information available at date t. According to the mutuality prin-
ciple, the ratio of marginal utility of consumption between periods t and t + 1 should
be independent of idiosyncratic shocks at date t. In particular, if preferences exhibit
constant relative risk aversion, growth in individual log consumption should be orthog-
onal to idiosyncratic shocks, a property that can readily be tested provided (even short)
panel data on consumption are available.

The question that is central to the present paper is this. If risk-sharing is limited to
groups whose sizes are smaller than the total size of the population, then what will be
the composition of these groups?2 Will group members be homogeneous with the same
risk preferences, or will they be heterogeneous with distinct risk preferences?

The answer has important implications for the empirical risk-sharing literature. For
example, if one wishes to apply Townsend�s estimation strategy to rural villages under
the assumption that households have CRRA (instead of CARA) preferences, then one
may have to assume that all households in each village have identical risk preferences.3

Similarly, the Euler equation approach requires that group members� characteristics
(preferences, risk tolerance, discount factor, ...) are cross-sectionally uncorrelated with
the distribution of income shocks. In practice, most of the empirical risk-sharing liter-
ature assumes that group members have identical risk preferences.4

A second, although related, potential di¢ culty with the empirical literature is that
one is often forced to employ household consumption data rather than individual con-
sumption data. Group members are then taken to be households, and risk is assumed
to be shared between households in the group. This is invariably modeled by assum-
ing that there is a single utility function representing the household�s preferences. In
reality, of course, the household consists of several individuals, with possibly di¤erent

2There are a variety of reasons that risk-sharing among the entire population might be infeasible.
One is the cost of monitoring in the presence of private information about income: smaller groups may
be much more e¤ective in monitoring the incomes of their members. Smaller groups may also help
reduce the number of contingent markets to a feasible level (see David Cass, Graciela Chichilnisky and
Ho-Mou Wu 1996). Finally, Garance Genicot and Debraj Ray (2003) show that the presence of limits
to commitment tend to bound the maximum size of risk sharing groups.

3For example, when individuals have distinct risk aversion parameters, the relationship between
individual and aggregate consumption is highly non linear (it actually admits no closed-form solution); a
linear regression is thus misspeci�ed. More importantly, the consumption of any group member depends
on the person�s Pareto weight, which in turn varies with the ex ante distribution of the person�s income.
A spurious rejection will then occur if the idiosyncratic variable picks up this e¤ect. Simple di¤erences
of log consumption may eliminate the problem, but only when preferences are identical (see for instance
Esther Du�o and Christofer Udry 2004).

4See for instance Sumru Altug and Robert Miller (1990), Fumio Hayashi, Joseph Altonji and Laurence
Kotliko¤ (1996), Agnes Lund and Marcel Fafchamps (2003) and Du�o and Udry (2004).
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risk preferences. These individuals may be sharing risk themselves and it is their joint
income that is used in risk-sharing with the group. This raises a theoretical question,
namely whether it is possible to correctly model the household�s decision at the group
risk-sharing level by representing the household�s preferences by a single utility function
over its joint income. The answer is negative. A group�s attitude toward risk generally
depends not only on individual preferences, but also on the members�Pareto weights.
Since weights are typically correlated with the characteristics of the members�income
distributions, the resulting �household utility�varies with individual distributions. This
generates nontrivial econometric di¢ culties which, to the best of our knowledge, have
not been taken into account in the empirical literature. There is, however, precisely one
instance in which these di¢ culties do not arise, namely when all household members
have preferences in the same ISHARA class.5 In this case (and in this case alone), a
household utility representation exists, it is itself in the ISHARA class, and does not
depend on the individual Pareto weights.6 Unfortunately, when this positive result is
combined with the very common assumption in the empirical literature that household
utility is CRRA, one is again led to the implicit assumption that individuals within the
household are identical.

It is thus fair to say that the assumption of identical risk preferences is pervasive
(either explicitly or implicitly) in the empirical risk-sharing literature. An obvious prob-
lem, however, is that risk preferences are known to vary widely across the population.7

Consequently, the identical risk-preference assumption must rest upon the idea that risk-
sharing groups and households are not formed randomly, otherwise they would almost
certainly be composed of members with distinct risk preferences.

Thus, we are led again to our main question. Should one expect the composition of
risk-sharing groups to be homogeneous or heterogeneous? The answer, of course, lies
within a model in which group formation for the purposes of risk-sharing is endogenous.

Our very stylized model is as follows. There are two populations, a population of
males and a population of females. Within each population, individual incomes are
drawn from some joint distribution; we assume only that each joint distribution is
exchangeable (so that males are ex ante identical from any female�s viewpoint and vice
versa), and that male and female incomes are independent. Any male and any female

5 ISHARA stands for Identical Shape Harmonic Absolute Risk Aversion. A collection of utility
functions, u1; u2; :::; are in the same ISHARA class if the index of absolute risk aversion for each ui is a
harmonic function (i.e., 1

ai+bix
) of income, x, and the shape parameters are identical (i.e., bi = b for all

i). Then the group�s preferences can be described by a HARA function with an index of absolute risk
aversion equal to 1

(
P
i ai)+bx

.
6See Robert Wilson (1968), and Maurizio Mazzocco (2004a) for a complete proof.
7See for instance Robert B. Barsky et. al. (1997), Luigi Guiso and Monica Paiella (2001), Alma

Cohen and Liran Einav (2005), Pierre-André Chiappori and Bernard Salanié (2006) and Chiappori,
Townsend and Sam Schuhlhofer-Wohl (2006).
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can form a group for the purposes of risk-sharing. No other risk-sharing groups are
feasible.8 Thus, we are considering here a one-to-one matching model in which the sole
motivation for matching is to share risk.

To address the question of whether risk-sharing groups (couples, under our assump-
tions) will consist of homogeneous or heterogeneous individuals, we assume that indi-
viduals within each population can be ranked according to their risk aversion. That is,
for any two males, one is more risk averse than the other in the sense of Arrow-Pratt,
and similarly for any two females.9 Consequently, risk-sharing groups cannot be �homo-
geneous�in our model unless, among matched individuals, the most risk averse male is
matched with the most risk averse female, the second most risk averse male is matched
with the second most risk averse female, etc. In short, homogeneity of risk-sharing
groups requires positive assortative matching.10

The key behavioral assumption in our model is that competitive forces will determine
which males share risk with which females. More speci�cally, we shall focus attention
on matches (i.e., pairwise assignments of males to females with possibly some singles)
that are stable in the sense that there are income sharing rules for matched couples such
that no individual can improve his payo¤ by not engaging in risk-sharing, and no male
and female can improve their payo¤s regardless of the sharing rule they might adopt.

Our two main results are as follows. First, at least one stable match always exists.
Second, every stable match is negative assortative in the sense that among the set of
matched couples, the most risk averse man is matched with the least risk averse woman,
the second most risk averse man is matched with the second least risk averse woman, and
so on. Consequently, in contrast to the empirical literature�s assumption that members
of risk-sharing groups are identical with respect to risk preferences, we �nd that stability
considerations lead instead to the conclusion that group members have distinct, and in
some sense even opposite, risk preferences.

While we have con�ned our attention to a particularly, and deliberately, simpli�ed
situation involving pairwise matching, we are con�dent that a version of our result
will hold up more generally. Competitive forces will lead risk-sharing groups, including
households, to be composed of individuals whose risk preferences are not identical, and
perhaps substantially di¤erent.

Finally, from a technical perspective, it is worth mentioning that the model we
consider involves matching under non-transferable utility. Indeed, while compensating

8Such pairwise groups are in fact optimal if the incomes of all of the males are perfectly correlated
as are the incomes of all of the females.

9But note that an arbitray male need not be more or less risk averse than an arbitrary female.
10Note however, that because we do not assume, although we permit, males and females to be com-

parable in the Arrow-Pratt sense, positive assortative matching does not literally imply that matched
individuals are identical. On the other hand, without positive assortative matching, homogeneity has
no chance.
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transfers within couples are possible (and indeed essential) in our context, the more
standard transferable utility property does not hold in general; the non linearities im-
plicit in risk aversion generally imply that the expected utility cost to one spouse of
transferring an expected utile to his/her partner is not constant along the Pareto fron-
tier.11 The non linearity of the Pareto frontier raises interesting problems (e.g., the
existence and characterization of stable matches) that have rarely been studied in the
literature.12

2. The Model

Consider a one-to-one matching model in which nM males match with with nF females.
Males and females are strictly risk averse, and ui : [0;1)! R denotes the von Neumann-
Morgenstern utility function of income of male i 2 f1; :::; nMg, and vj : [0;1) ! R
denotes that of female j 2 f1; :::; nF g. For every male i; ui(�) is bounded and continuous
on its domain, u0i(x) > 0, u

00
i (x) < 0 for all x 2 (0;1), ui(0) = 0; and limx#0 u0i(x) = +1:

Female utility functions satisfy the same conditions.
We assume that agents in each population can be ranked according to their risk

aversion in the Arrow-Pratt sense. That is, for any two males, one of them is more risk
averse than the other, and similarly for any two females. We may therefore index each
set of agents in order of increasing risk aversion, i.e., so that male i is more risk averse
than male j if and only if i > j, and similarly for females.13

Each individual is endowed with an exogenous non negative and non degenerate ran-
dom income denoted by ~xi for male i and ~zj for female j:14 The nM random variables
~x1; :::; ~xnM are assumed to be exchangeable and independent of the nF exchangeable
random variables ~z1; :::; ~znF .

15 Note that incomes within each population may be corre-
lated and the marginal income distributions of any two members of the same population
are identical.

Let ~y = ~xi+ ~zj be the non degenerate random total income of any male and female.

11 Interestingly, ISHARA is necessary and su¢ cient for expected utility to be transferable within the
couple; see Schuhlhofer-Wohl (2004).
12An exception is the recent work by Patrick Legros and Andy Newman (2002) which provides su¢ -

cient conditions for assortative matching in a context of imperfectly transferable utilities.
13The assumption that individual i is more risk averse than j only means that i�s Arrow-Pratt measure

of risk aversion is greater than j�s when their income realizations are identical. Because incomes are
random and the incomes received through risk sharing will be endogenous, there is no reason to expect,
and we do not assume, that i�s Arrow-Pratt measure of risk aversion is greater than j�s at their respective
ex-post incomes when these are distinct.
14We adopt the convention that tilde�s denote random variables and the absence of a tilde denotes a

realization of that random variable.
15A collection of random variables are exchangeable if their joint c.d.f. is a symmetric function. Note

that income distributions may be discrete or continuous.
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Exchangeability guarantees that the distribution of ~y is independent of i and j: Let
Y � [0;1) denote the support of ~y:

Individuals who choose to remain single receive their random income. On the other
hand, if male i and female j choose to match and share risk, they can enter into a
binding agreement, ex-ante, prior to the realization of their incomes, specifying how
their income will be shared. We assume that this binding agreement is ex-ante Pareto
e¢ cient. Consequently, as shown by Borch (1962), and given our assumptions, the
allocation of income between male i and female j must satisfy the mutuality principle:
each agent�s income share depends only on the couple�s total income ~y. In particular, a
couple�s e¢ cient risk-sharing agreement can be denoted by a function, x : Y ! [0;1);
of total income, where x(y) denotes the amount of total income y given to the male, and
y � x(y) is the amount given to the female. Under this agreement, male i�s expected
utility is Eui(x(~y)) and female j�s expected utility is Evj(~y � x(~y)):

Because individuals can choose to remain single, we focus on sharing rules that are
individually rational in the sense that both the male�s and the female�s ex-ante payo¤s
are at least as large under the agreed upon sharing rule as their respective ex-ante
payo¤s when single.

We wish to determine which pairs of men and women will choose to share risk and,
for those that do, we also wish to determine the sharing rules they adopt. To accomplish
this we employ a standard stability criterion.

An ordered-pair (i; j) is called a couple if i is a male and j is a female. A match
is a collection of couples in which each individual appears at most once.16 Individuals
appearing in some couple are said to be matched, while individuals not appearing in
any couple are said to be unmatched or single.

A match is stable if for each couple there is an individually rational and e¢ cient
sharing rule such that the resulting collection, S; of sharing rules has the following
property. There does not exist a male i, a female j; and a sharing rule x(�) such that
male i and female j each strictly prefer the sharing rule x(�) to his/her sharing rule in
S if matched or to his/her random income if unmatched.

Remark 1. It is ine¢ cient for a man and a woman to each be unmatched. Indeed, one
way they could share income is to mimic being single (i.e., male i keeps ~xi and female
j keeps ~zj). Such a sharing rule will however never be e¢ cient, since e¢ ciency requires
male and female income shares to rise and fall together (by the mutuality principle
and Wilson (1968), Theorem 5), while ~xi and ~zj are non degenerate and independent.
Consequently, there exist sharing rules that are preferred by both individuals over being
single. It follows that at any stable match there can be single males (if and only if

16That is, among all couples, each male (resp., female) index appears at most once as a �rst (resp.,
second) coordinate.
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nM > nF ) or single females (if and only if nM < nF ), but not both. In particular,
stability implies that all individuals are matched if nM = nF :

A modest amount of additional notation will be useful in what follows. First, let
rj = Evj(~zj) denote female j�s reservation utility, and let �vj = Evj(~y) denote female j�s
expected utility when she is matched with a male and receives all of the joint income
~y. Note that, because male and female incomes are non negative and non degenerate,
0 < rj < �vj : Second, let Uij(v) denote male i�s maximum expected utility when he is
matched with female j, where the maximum is taken over all possible sharing rules that
ensure female j an expected payo¤ of at least v 2 [0; �vj ]:17

We next provide the more basic of our two main results.

3. Existence of a Stable Match

Theorem 3.1. There exists at least one stable match

Proof. Without loss of generality, we may assume that nM � nF . Consider the
following arti�cial game between the nM males, i = 1; :::; nM ; and a referee, player i = 0:
The referee chooses a utility, vj 2 [rj ; �vj ]; for each female j = 1; :::; nF : Male i chooses,
for each female j; a probability pij 2 [0; 1], subject to

P
j pij � 1: Let pi = (pi1; :::; pinF )

denote male i�s strategy.
Given the referee�s strategy v = (v1; :::; vnF ) and the vector of male strategies p =

(p1; :::; pnM ), male i�s payo¤ is

�i(p; v) =

nFX
j=1

pijUij(vj) +

0@1� nFX
j=1

pij

1AEui(~xi);
and the referee�s payo¤ is

�0(p; v) =

nFX
j=1

vj

" 
nMX
i=1

pij

!
� 1
#
:

This game has the following interpretation. The referee chooses for each female j a
utility level, vj : Male i chooses, for each female j; a probability pij 2 [0; 1] with which
he is matched with j: Hence, male i remains unmatched with probability 1 �

P
j pij .

If male i is matched with female j, then male i is permitted to choose any sharing
rule giving female j utility at least vj : Male i�s utility will then be Uij(vj): Male i�s

17The analyses of Borch (1962) and Wilson (1968), together with the assumptions made here, ensure
that Uij(v) is always well-de�ned and continuous on [0; �vj ]:
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payo¤, �i(p; v); is then his expected utility given his strategy and the strategy of the
referee. The referee�s payo¤ can be interpreted as the value of expected excess demand
for females, and the referee behaves so as to maximize this.

Because each player�s payo¤ is continuous on the compact convex set of joint strate-
gies and linear in his own strategy, this game possesses a pure strategy Nash equilibrium
(p�; v�):

We �rst claim that
P
i p
�
ij � 1 for each j = 1; :::; n: If not, then

P
i p
�
ij > 1 for some

j: Consequently, for this j; optimal play by the referee requires v�j = �vj : But because
Eui(~xi) > 0 = Uij(�vj); every male strictly prefers being unmatched than matching with
j at �vj : Hence we must have

P
i p
�
ij = 0; and this contradiction proves the claim.

Next, we claim that
P
i p
�
ij = 1 for each j = 1; :::; n: If not, then

P
i p
�
ij0 < 1 for

some j0: Consequently, optimal play by the referee requires v�j0 = rj0 : But because every
male strictly prefers matching with j0 at her reservation value to being unmatched (see
Remark 1), it must be the case that

P
j p
�
ij = 1 for every male i: But this impliesP

i

P
j p
�
ij = nM � nF ; which together with the �rst claim implies that

P
i p
�
ij = 1 for

every j: This contradiction establishes the claim.
Hence, letting P denote the nM � nF matrix whose i-th row is p�i ; the columns add

to unity and the rows add to no more than unity. Appending to P nM � nF identical
columns with i-th entry (1�

P
j p
�
ij)=(nM � nF ) results in an nM � nM matrix that is

doubly stochastic, and hence by Birkho¤�s theorem (see, for example, Roger Horn and
Charles Johnson 1985) a convex combination of permutation matrices. Observe next
that any permutation matrix given positive weight in the convex combination de�nes
a match as follows. Male i is matched to female j if in the permutation matrix there
is a one in the i-jth entry, unless j is one of the appended columns in which case male
i is unmatched. Moreover, the equilibrium conditions imply that this match has the
following properties.

(1) Each female j is matched and her expected utility is v�j � rj :

(2) If male i is single, then Eui(~xi) = �i(p�; v�) � Uij0(v�j0) for all females j0:

(3) If male i is matched with female j; then p�ij > 0 and so male i�s expected utility is
Uij(v

�
j ) = �i(p

�; v�) � maxj0 [Uij0(v�j0); Eui(~xi)]:

Property (1) implies that the match is individually rational for the females. Property
(2) implies that single males cannot improve their payo¤s by mating with a matched
female and o¤ering her at least the utility she receives in the current match. Finally,
property (3) implies that no matched male can improve his payo¤ by becoming single
(and so we have individual rationality for the males) or by matching with a di¤erent
female and o¤ering her the utility she receives in the current match. We conclude that
the match is stable. �
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Remark 2. An alternative proof can be obtained through an application of a variant
of the Gale-Shapley algorithm applied to a discretized utility space and then considering
the limit as the discretization becomes in�nitely �ne.

We now consider the most interesting part of the problem, namely the characteriza-
tion of the stable matches.

4. Stability

Our second main result is the following.

Theorem 4.1. Any stable match has the following features:

� either all of the men or all of the women are matched, and

� the matching is negative-assortative in the sense that among matched individuals,
the k-th most risk averse male is matched with the k-th least risk averse female
for all k.

In particular, if there are equal numbers of males and females, the unique stable match
is negative assortative and all individuals are matched.

Before considering the most general case involving any number of males and females,
let us consider �rst the case in which there are two males and two females. Theorem
4.1 then reduces to the following more fundamental result.

Proposition 4.2. When there are precisely two males and two females, the negative-
assortative match, namely that in which the most risk averse male (female) is matched
with the least risk averse female (male), is the unique stable match.

The proof of Proposition 4.2 relies on the following lemma. Recall from Section 2
that �vj is female j �s expected payo¤ from matching with any male and receiving the
entire joint income. Recall also that Uij(v) denotes male i�s maximum expected payo¤
when he is matched with female j, where the maximum is taken over all possible sharing
rules that ensure female j an expected payo¤ of at least v 2 [0; �vj ]: Finally, recall that
male (female) 2 is more risk averse than male (female) 1.

Lemma 4.3. If 0 � v1 < �v1 and 0 < v2 � �v2 are such that

U11(v1) � U12(v2);

then
U21(v1) > U22(v2):
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Lemma 4.3, whose proof is in the appendix, says the following. Suppose that a male
is faced with two options, 1 and 2. Option 1 permits the male to match with the less
risk averse female and to choose any sharing rule that gives her an ex-ante expected
payo¤ of at least v1: Option 2 permits the male to match with the more risk averse
female and to choose any sharing rule that gives her an ex-ante expected payo¤ of at
least v2: The lemma states that if the less risk averse male weakly prefers option 1 to
option 2, then the more risk averse male strictly prefers option 1 to option 2, so long
as option 1 does not require the male to give the entire joint income to the female, and
option 2 does not permit the male to keep the entire joint income for himself.

Alternatively, consider the two possible matchings, f(1; 1) ; (2; 2)g on the one hand
and f(1; 2) ; (2; 1)g on the other, and suppose that for each match, incomes are shared in
an e¢ cient and individually rational manner. According to Lemma 4.3, if both females
are indi¤erent between the two matches while male 1 weakly prefers the �rst, then male
2 strictly prefers the second.18 We can now prove Proposition 4.2.

Proof of Proposition 4.2. We �rst argue that f(1; 1); (2; 2)g is not stable. For suppose
that it is. Then there are individually rational and e¢ cient sharing rules associated
with this match giving each female j utility vj ; say. Individual rationality ensures that
0 < vj < �vj for each female j, and e¢ ciency implies that male i�s payo¤must be Uii(vi):
By stability, male 1 must be unable to strictly improve his payo¤ by matching with
female 2 and ensuring her a payo¤ of at least v2 �otherwise he could also make female
2 strictly better o¤ by giving her slightly more income. Hence, U11(v1) � U12(v2): But
then, according to Lemma 4.3, U21(v1) > U22(v2): That is, male 2 can strictly improve
his payo¤ by matching with female 1 and choosing a sharing rule that leaves female 1 at
least indi¤erent. But then male 2 can make both himself and female 1 strictly better o¤
by giving female 1 slightly more income. We conclude that f(1; 1); (2; 2)g is not stable.
Consequently, by Theorem 3.1 and Remark 1, f(1; 2); (2; 1)g is the unique stable match.
�

The proof of Theorem 4.1 is now straightforward.

Proof of Theorem 4.1. The �rst part of the theorem follows from Remark 1.
Consider next the third part of the theorem in which there are equal numbers of

males and females. By Theorem 3.1 there exists at least one stable match, and by the
�rst part of the theorem every individual is matched. It therefore su¢ ces to show that
any match di¤erent from the negative-assortative one cannot be stable. For any such
match, de�ne �k as the smallest positive integer k such that the k-th most risk averse
male (whose index is nM � k+ 1) is not matched with the k-th least risk averse female
(whose index is k). By de�nition of �k, male nM � �k+1 must be matched with a female
18Note that individual rationality ensures that no individual receives the entire joint income.
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(say j) who is more risk averse than female �k, and female �k must be matched with a
male (say i) who is less risk averse than male nM � �k + 1. By Proposition 4.2, the
submatch

�
nM � �k + 1; j

�
;
�
i; �k
�
cannot be stable: the matching

�
n� �k + 1; �k

�
; (i; j)

must be preferred either by male n � �k + 1 and female �k or by male i and female j:
Hence the overall match cannot be stable.

Finally, the second part of the theorem now follows from the third. �

An ambiguity remains, however, regarding the identity of those who are left single.
For example, if there are more males than females, so that some males must be single,
is it the most risk averse males? The least risk averse? Or could the single males be
located somewhere within the distribution of risk aversion? We now proceed to show,
through a simple example, that any of these situations is possible.

An example The example we consider has the following features:

� Both ~yi and ~zj are uniformly distributed over [1; 2]; it follows that their sum ~y has
the following distribution

P (~y < a) = 0 if a < 2

P (~y < a) =
1

2
(a� 2)2 if 2 � a < 3

P (~y < a) = 2a� 5� 1
2
(a� 2)2 if 3 � a < 4

P (~y < a) = 1 if a � 4

� Individual preferences are CARA.19 In particular, for a match between a male and
a female with respective Arrow-Pratt risk aversion (RA) indices of � and �, an
e¢ cient sharing rule, x(�); is characterized by

x (~y) =
�~y

�+ �
+ k

~y � x (~y) =
�~y

�+ �
� k

where k is an arbitrary constant.
19Technically, CARA functions do not satisfy our assumption that the derivative at zero should be

in�nite. However, in our example individual incomes are always larger than .5 for the speci�c parameters
we consider. Hence one can replace the CARA form � exp (��x) by the function

u (x) =

�
�e��=2(1 + � � �

p
2x);

� exp (��x) ;
if x � :5
if x > :5

,

without changing the conclusions. The rede�ned function satis�es our conditions.
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We �rst compute the maximum level of expected utility a female with RA � can
obtain when matched with a male with RA �. This corresponds to an e¢ cient sharing
rule in which the constant k is such that the male is indi¤erent between being matched
with the female and being single. This implies that k must satisfy the following.

e��k =

�
e�� � e�2�

�
�2�

(�+ �)2
�
e
� �
�+� + e

�� �
�+� � 2

�e 3���+� :

Letting V (�; �) denote the corresponding utility of the female, it can be shown that

V (�; �) = �(�+ �)
2
�
1+�

�

�
�2�2

�
e
� �
�+� + e

�� �
�+� � 2

�1+�
� ��

e�� � e�2�
�
�2�

���
� e�3�

a graph of which (�106) is provided in Figure 1 for � between 0 and 10 and � between
6 and 9

10987654321

9
8

7
6

0

-50

-100

-150

Mu

Phi

Expected Utility

Figure 1 - Female maximum utility as a function of RA coe¢ cients

In particular, Figure 2 provides a section of V (�; �)� 106 through the plane � = 7
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Figure 2: section for � = 7

The key point to note here is that this section is non monotonic. According to
Figure 2, when the female�s RA parameter is � = 7, her maximum utility V (7; �), as a
function of her mate�s risk aversion, �; decreases and then increases.

Consider now a situation in which three males (with respective RA parameters �1; �2
and �3) are to be matched with two females with identical RA parameter �. We shall
make use of the following lemma.

Lemma 4.4. In any stable match, male i remains single only if

V (�; �i) = min
i0
V (�; �i0) :

Proof. Fix any stable match. By Remark 1, precisely one male, say male 1; is single.
Assume, by way of contradiction, that V (�; �i) < V (�; �1) for some matched male i.
Male i�s mate cannot receive more than V (�; �i) : Hence, a match with 1 in which i�s
mate receives (V (�; �i) + V (�; �1))=2 would be strictly preferred by her and by male
1. Hence, the match is not stable. �

In particular, when � = 7; consider any three values of � on the horizontal axis
of Figure 2. The one of them giving the smallest value to the function de�nes the
single male.20 Clearly then, all negative assortative matches are possible. Referring
to Figure 2, we see that for �1 = 1; �2 = 2; �3 = 3, the most risk averse agent 3 is
single; for �1 = 4; �2 = 5; �3 = 6, the least risk averse agent 1 is single; �nally, for
�1 = 1; �2 = 4; �3 = 7, the intermediate agent 2 is single.

The intuition is as follows. When selecting a mate, a female must take into account
two con�icting considerations. On the one hand, she may prefer a less risk averse
partner because he is willing to accept a larger share of the income risk. On the other

20To apply Theorems 3.1 and 4.1, simply perturb one of the female�s � slightly.
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hand, she may prefer a more risk averse partner because he is willing to accept a smaller
amount of joint income so long as it is almost guaranteed. That is, males with �extreme�
measures of risk aversion �extreme in either direction �are attractive. Thus, roughly
speaking, we should expect the male with the least extreme risk aversion parameter to
remain single. The examples above bear this out.21

5. Concluding Remarks

The theoretical nature of our investigation has led us to consider a very simple model.
In practice of course, matching is not exclusively based on risk aversion, and other
characteristics also play a key role. An interesting extension would permit the agents
to choose their income distributions prior to matching. There could then be a trade-
o¤ between choosing a distribution that �ts one�s risk preferences and making oneself
attractive to others for the purposes of risk sharing.

Nonetheless, even our simple model has interesting consequences. In particular,
risk-sharing leads to negative assortative matching. Relatively risk averse individuals
are eager to match with less risk averse partners, who can provide the coverage they
need at low cost; conversely, relatively risk neutral individuals exploit their comparative
advantage by matching with the risk averse, who are willing to give up a large risk
premium in exchange for coverage. To the extent that risk-sharing may play a role in
marital decisions, one would expect intrahousehold di¤erences in risk aversion to be
large �a conclusion that �ts empirical evidence pretty well.22

Our �ndings appear to be especially relevant to the empirical literature on risk
sharing, as discussed in the introduction, although a complete analysis of the impact
of our results upon this literature, while surely important, is beyond the scope of the
present paper. In addition, our results provide support for the �individualistic�approach
of Mazzocco (2005), who shows that Euler equations can be estimated at the individual
level, even for couples, using labor supply behavior.23 Finally, our results suggest that
risk-aversion heterogeneity, being endogenous, should be taken seriously, which may
lead to a more extensive use of long panels.24

21A natural conjecture stemming from this intuition which we have been unable to prove, is that the
set of unmatched individuals is an interval.
22For instance, Mazzocco (2004a), using HRS data, shows that even when agents are gathered into

four wide (and potentially heterogenous) classes of risk aversion, half married men are found to belong
to a di¤erent category than their spouse. A di¤erent investigation, using the Consumer Expenditure
Survey, leads to the same conclusion (Mazzocco 2004b).
23Mazzocco �nds that traditional Euler equations, estimated at the household level, are rejected for

couples but not for singles. Moreover, his �individualistic�generalization, which independently analyzes
individuals within the couple, is not rejected.
24See Chiappori, Schuhlhofer-Wohl and Townsend (2005).
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APPENDIX: Proof of Lemma 4.3

The following well-known result will be helpful.

Proposition A.1. If a di¤erentiable real-valued function de�ned on an interval is
nonnegative at x0 and its derivative is positive whenever the function vanishes, the
function is positive at all x > x0 and can be zero at no more than one point.25

Remark. The interval, I say, need not be open and x0 need not be an interior point
of I when the derivative at x 2 I is de�ned by f 0(x) = limx0!x;x02I f(x

0)�f(x)
x0�x :

Recall the statement of the lemma.

Lemma 4.3. If 0 � v1 < �v1 and 0 < v2 � �v2 are such that

U11(v1) � U12(v2);

then
U21(v1) > U22(v2):

Proof of Lemma 4.3. Fix v1 and v2 as in the statement of the lemma. If v1 = 0; then
we are done because U21(v1) = Eu2(~y) > U22(v2); where the second inequality follows
because v2 > 0 requires the male to strictly share the joint income with the female with
positive probability. Hence, we may assume that both v1 and v2 are strictly positive.
We may similarly assume that v1 < �v1 and v2 < �v2:

Let xij : Y ! [0;1) denote the sharing rule employed by male i and female j that
maximizes male i�s utility subject to female j receiving at least utility vj . By de�nition,
male i then receives utility Uij(vj) = Eui(xij(~y)).

We �rst extend xij(�) to all of [0;1): As shown in Wilson (1968), there are Pareto
weights, �i; �j > 0 (strict positivity follows because 0 < vj < �vj) such that xij(�) solves

max
x:Y![0;1)

�iEui(x(~y)) + �jEvj(~y � x(~y));

subject to 0 � x(y) � y for all y 2 Y: Hence, xij(0) = 0 and because u0i(0) = v0j(0) =
+1; xij(y) is the unique solution to

�iu
0
i(x) = �jv

0
j(y � x); (A.1)

25A proof of the �rst part is as follows. If N = fx > x0 : f(x) � 0g is nonempty, it contains a smallest
member, �x > x0; otherwise f(x0) = 0 and f 0(x0) � 0, a contradiction. Consequently, f(�x) = 0 and f
assumes a minimum at �x on the interval [x0; �x]; implying that f 0(�x) � 0; a contradiction. Hence, N is
empty. The second part follows immediately from the �rst.
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for almost every positive y 2 Y: Clearly, we can use (A.1) to uniquely extend xij(�) to
all of [0;1). Moreover, x0ij(y) exists for all y > 0 by the implicit function theorem.
Consider now the di¤erence x11 (y)� x12 (y) as a function of y 2 [0;1): A �rst claim is
the following:
Claim 1. There exists �y � 0; possibly in�nite, such that x12 (y) � x11(y) is negative
for 0 < y < �y and positive for y > �y.
To prove Claim 1, suppose that x12 (�y) = x11 (�y) = �x for some �y > 0: Because v2 > 0
and u01(0) = v

0
2(0) = +1; we know that 0 < �x < �y: Consequently, (A.1) implies that

x01j (�y) =
�j(�y � �x)

�i (�x) + �j(�y � �x)
2 (0; 1) ; for j = 1; 2:

where �j(z) = �v00j (z) =v0j (z) and �i(x) = �u00i (x)=u0i(x) are the female and male Arrow-
Pratt measures of risk aversion. Since �2 (�y � �x) > �1 (�y � �x) by assumption, we must
have x012 (�y) > x

0
11 (�y). Hence, whenever x12(y)�x11(y) vanishes on (0;1), it�s derivative

is positive. Claim 1 now follows from Proposition A.1.
By Claim 1, the function �(y) = u1 (x11 (y))� u1 (x12 (y)) is positive for 0 < y < �y

and negative for y > �y: Let [0; �u1) denote the range of u1(�): Then, de�ning f : [0; �u1)!
R so that f (u1(x)) = u2(x) for all x > 0, the fact that male 2 is strictly more risk
averse than male 1 implies that f(�) is strictly increasing and strictly concave. Because
x11 (y) is strictly increasing in y and u1(�) is strictly increasing, the function g (y) =
f 0 [u1 (x11 (y))] is positive and strictly decreasing in y. Hence, if ~y has c.d.f. H(�);

E[g(~y)�(~y)] =

Z �y

0
g(y)�(y)dH(y) +

Z 1

�y
g(y)�(y)dH(y)

>

Z �y

0
g(�y)�(y)dH(y) +

Z 1

�y
g(�y)�(y)dH(y)

= g(�y)E [u1 (x11 (~y))� u1(x12 (~y)]
= g(�y)[U11(v1)� U12(v2)]
� 0;

where the �nal inequality follows by hypothesis. Hence, substituting the de�nition of
�(�) into the left-hand side above yields

E [g (~y) (u1 (x11 (~y))� u1(x12 (~y)))] > 0: (A.2)

The concavity of f(�) implies that

f [u1 (x11 (y))]� f [u1 (x12 (y))] � f 0 [u1 (x11 (y))] (u1 (x11 (y))� u1 (x12 (y))) : (A.3)

Since u2 = f � u1, we may combine (A.2) and (A.3) to conclude that

E [u2 (x11 (~y))� u2 (x12 (~y))] > 0. (A.4)
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For j = 1 and 2; de�ne the following value functions for 0 � � � 1.

�j (�) = max
x:Y![0;1)

E [(1� �)u1 (x (~y)) + �u2 (x (~y))] s.t. E [vj (~y � x (~y))] � vj ;

and subject to 0 � x(y) � y for almost every y 2 Y: A key property of the these value
functions is the following.
Claim 2. If �� 2 [0; 1] is such that �1

�
��
�
= �2

�
��
�
then �01

�
��
�
> �02

�
��
�
.

To prove Claim 2, assume �rst that �� = 0 and �1 (0) = �2 (0) : Then �j (0) = E [u1 (x1j (~y))]
and, by the envelope theorem (see Milgrom and Segal (2002), Theorem 3), �0j (0) =
E [u2 (x1j (~y))]� E [u1 (x1j (~y))].26 Consequently,

�01 (0)� �02 (0) = (E [u2 (x11 (~y))]� E [u1 (x11 (~y))])
� (E [u2 (x12 (~y))]� E [u1 (x12 (~y))])

= E [u2 (x11 (~y))]� E [u2 (x12 (~y))]
> 0;

where the second equality follows because �1 (0) = �2 (0) and the inequality follows
from A.4.

Hence, if �1 (0) = �2 (0) then �01 (0) > �
0
2 (0) : Of course, this conclusion holds for all

utility functions satisfying our hypotheses. Consequently, if instead �� > 0, and we de�ne
û1 =

�
1� ��

�
u1+��u2, and we de�ne for j = 1; 2 the value function �̂j (�) as before, but

replacing the utility function u1 with û1; then, because u2 is a concavi�cation of û1 (e.g.
consider the Arrow-Pratt measures) we may similarly conclude that if �̂1 (0) = �̂2 (0)
then �̂01 (0) > �̂02 (0). But this is equivalent to the statement that if �1

�
��
�
= �2

�
��
�

then �01
�
��
�
> �02

�
��
�
: This establishes Claim 2.

In view of Proposition A.1, a direct consequence of Claim 2 is that �1 (0) � �2 (0)
implies that �1 (1) > �2 (1) : Since �j(0) = U1j(vj) and �j(1) = U2j(vj) this completes
the proof of Lemma 4.3. �

26Milgrom and Segal�s (2002) Theorem 3 applies because, under our assumptions, the solution to
the optimization problem de�ning �j(�) is unique and, as �! �0, the corresponding sequence of such
solutions (being a sequence of nondecreasing functions) has a pointwise convergent subsequence whose
limit is a solution to the problem for �0:
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