
NONCOOPERATIVE ENGEL CURVES: A CHARACTERIZATION

PIERRE-ANDRE CHIAPPORI AND JESSE NAIDOO

Abstract. We provide a set of necessary and suffi cient conditions for a system
of Engel curves to be derived from a non cooperative model of family behavior.
We show that any system compatible with a collective model is compatible
with a non cooperative model, but the converse is not true. We illustrate our
findings on a Working-Leser example.

1. Introduction

Over the last decades, our understanding of household behavior has drastically
evolved. The traditional approach, based on a ‘unitary’ representation where a
household behaves as a single decision maker, has been widely criticized. In par-
ticular, one of its key predictions - income pooling - has been rejected empirically
in many contexts. Alternative approaches have also been proposed: ‘collective’
models assume that households make Pareto effi cient decisions, while noncoopera-
tive models rely on game theory and assume the private provision of public goods
within the household or other types of strategic interaction. In the end, the choice
between collective and noncooperative models should be, at least in part, driven by
empirical considerations. The testable restrictions implied by each type of model
are therefore crucial.

By now, the empirical content of collective models has been fully characterized.
When price variations can be recorded, Browning and Chiappori (1998) show that
for demand functions stemming from a collective model, the Slutsky matrix must
satisfy a ‘symmetry plus rank one’(SR1) condition; Chiappori and Ekeland (2006)
show that these conditions are suffi cient for (local) integration. In many cases, how-
ever, available household-level data on consumption are cross-sectional, implying
that relative prices do not vary. In such a context, tests rely on ‘distribution fac-
tors’; these are variables that have no impact on individual preferences or household
budget constraints, but may influence the respective decision powers of household
members.1

Given household-level consumption data without price variations, therefore, the
econometrician only observes Engel curves, i.e. demand as a function of house-
hold income and distribution factors; and a satisfactory theory of the household
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Mogstad, Philip Barrett and especially Derek Neal for their comments. Chiappori gratefully
acknowledges financial support from the NSF (grant 1124277).

1Empirically, a host of potential distribution factors have been considered, from family back-
ground to the sex ratios on the relevant ‘marriage markets’ and from non-labor income to laws
governing divorce and alimonies. See for instance Browning et al (2014).
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must generate testable restrictions on the form of these functions. In a unitary
model, distribution factors should not matter; income pooling can be interpreted
as a special case of this restriction. Recently, Bourguignon et al (2009) have shown
that a condition called distribution factor proportionality (DFP), introduced by
Browning and Chiappori (1998) and Chiappori, Fortin and Lacroix (2002) is both
necessary and suffi cient for given Engel curves to be compatible with a collective
model. These properties have been tested in several articles; empirical evidence
seems broadly supportive of the collective model, in the sense that most studies
fail to reject it.2 Much less, however, is known about the demand functions derived
from a noncooperative framework. Lechene and Preston (2011) derive necessary
conditions on the structure of the Slutsky matrix, but whether these conditions are
suffi cient is not known. And in the absence of price variations - i.e., when only
Engel curves can be empirically identified - nothing is known about the restrictions
implied by the noncooperative approach.

The purpose of this note is to fill that gap. We present a very general model
of noncooperative household behavior, in which household income is split between
spouses in an unrestricted way, and agents then privately contribute to public ex-
penditures. Our framework encompasses and generalizes the (static) noncoopera-
tive models developed so far, which usually assume that agents can only spend out
of their own income.

From this general framework, we derive two sets of conditions that the demand
functions of a noncooperative household must fulfil in the cross-section. We first
consider the DFP restrictions that are necessary and suffi cient for a collective ra-
tionalization of demand data. A standard interpretation of DFP conditions is that
the resulting demands behave ‘as if’there was a unique distribution factor; in par-
ticular, in the presence of a unique distribution factor, any system of Engel curves
(as functions of total income and the unique distribution factor) is compatible with
a collective model. We first show that the DFP restrictions are also implied by a
noncooperative model. As a consequence, in the absence of price variations any de-
mand that is compatible with a noncooperative framework is also compatible with
a collective model. The converse, however, is not true. We provide an additional
set of restrictions - taking the form of second- and third-order nonlinear partial dif-
ferential equations (PDEs) - which, together with DFP, are necessary and suffi cient
for Engel curves to be derived from a non cooperative framework. Any set of Engel
curves that satisfy DFP but not the additional restrictions is compatible with a
collective framework but not with a non cooperative one. In particular, when there
exists a unique distribution factor, Engel curves cannot be derived from a non co-
operative framework unless they satisfy the PDEs we characterize.

We then analyze the implications of our conditions on a standard example,
namely the widely used Working-Leser Engel curves. The restrictions on the pa-
rameters required by a collective model have been derived by Bourguignon et al
(2009). We consider, in particular, the case of a single distribution factor, for which

2Some prominent examples are Browning and Chiappori (1998) for the SR1 prediction (involv-
ing price variations), Chiappori, Fortin and Lacroix (2002) for labor supply models, and Browning
et al. (1994), Bobonis (2009) and Attanasio and Lechene (2014) for the ‘Engel curve’framework.
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any system of Working-Leser Engel curves is compatible with a collective frame-
work; we show that our PDEs have a simple translation in terms of proportionality
restrictions on some parameters. These restrictions, which are necessary and suffi -
cient, are specific to non-cooperative Engel curves.

We therefore conclude that the type of Engel curves generated by a noncooper-
ative household are, ‘generically’, a strict subset of those generated by a collective
one. This conclusion, however, only holds in the presence of public goods. When all
commodities are privately consumed, the noncooperative model generates effi cient
outcomes, and any demands system satisfying DFP can be rationalized either from
a collective framework or from a noncooperative one. Lastly, as a byproduct of
our proof, we also show that the particular noncooperative model that rational-
izes a given demand system is not uniquely determined; demand data only identify
individual Engel curves up to a translation of the origin.

2. Noncooperative Engel Curves

We model a noncooperative household as a public goods game. Note that it is
necessary to have at least one public good in the household: otherwise, the first
welfare theorem will imply that noncooperative decision-making is effi cient - re-
moving the distinction between a noncooperative and a collective model.

Consider a two-person household with members named a and b. This household
has total wealth y, which can be used to consume several goods. Some of these
goods are public; so let Qj be the household’s consumption of the j-th public good,
and say there areN of these. Let qai be a’s consumption of the i-th private good, and
similarly let qbi be b’s consumption of it. At the household level, the econometrician
observes the vector (Q1, . . . , QN , q1, . . . qn), where qi = qai + qbi is the aggregate
consumption of private good i. For the time being, we assume the identities of
the public and private goods are known; relaxing this assumption will be discussed
at the end of the paper. Since relative prices are constant, we may choose the
physical units of the goods such that all prices are unity, so the household’s budget
constraint is

(1)
n∑
i=1

qi +

N∑
j=1

Qj = y.

We assume that a vector z of distribution factors is available to the econometri-
cian, where z has dimension K ≥ 1. The data consist of the functions Qj(y, z), for
j = 1, . . . N and qi(y, z) for i = 1, . . . n, observed over some open neighborhood O of
a given point (y, z). We further assume that observed demand functions are smooth.

Next, agents each have some monetary amount from which they fund their pri-
vate consumption and their contributions to the public goods. We make no as-
sumption on the determination of these amounts; the only constraint is that they
must add up to the household’s total income. Let ρ denote the fraction of total
income left to member a (so that b receives y − ρ); then ρ may arbitrarily depend
on income and distribution factors - as would be the case, for instance, if it was
decided through some bargaining process between members. A particular case ob-
tains when a and b are both endowed with some idiosyncratic income (ya and yb),
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and they each spend out of their own income; then total income is y = ya + yb,
while the ratio z = ya/

(
ya + yb

)
is a distribution factor, and ρ = zy. Although

this particular setting is implicitly adopted by basically all non cooperative models
developed so far, we do not want to impose such a specific form, particularly if
other distribution factors are present. For instance, it may be the case that differ-
ent couples face different divorce regulations, and individuals to whom the law is
particularly favorable receive more than their own income.3 Even when the legal
division of asset ownership is unambiguous, ρ need not coincide with formally de-
fined property rights; local cultural norms and understandings of gender roles may
also determine its form. In other words, our model of the household assumes only
that there is private provision of public goods. Our interest is in the restrictions
specifically implied by the absence of cooperation, and we do not want our results to
reflect auxiliary assumptions about the particular ways in which households divide
their resources.

Formally, the observed consumption vector (Q1, . . . , QN , q1, . . . qn) is a Nash
equilibrium of a public goods game; it therefore solves the following system:

max
Qa,qa

Ua
(
Qa +Qb, qa

)
s.t.

∑
i

qai +
∑
j

Qaj = ρ(y, z)(2)

max
Qb,qb

U b
(
Qa +Qb, qb

)
s.t.

∑
i

qbi +
∑
j

Qbj = y − ρ(y, z).(3)

Here, Ua and U b represent the preferences of the household members, and Qx =
(Qx1 , ..., Q

x
N ) , x = a, b denotes agent x’s contribution to the public goods.

3. Results

Our analysis starts from a crucial observation, initially proved by Bergstrom et
al. (1986) in the case of a single public good, and extended by Browning et al.
(2009) to a general setting. If both agents contribute to one or more of the public
goods, then income pooling must hold; namely, ∂Qj/∂zk and ∂qi/∂zk are zero for
all goods i, j and all distribution factors k over some open neighborhood. But in
that case, there is nothing to be said: demand is unaffected by the distribution
factors, so it is locally compatible with a unitary model, a collective model, or a
noncooperative one.4

Thus, we may concentrate on the interesting case in which each public good is
exclusively contributed to by one agent. We consider a point (y, z) ∈ O such that
∂Qj/∂zl(y, z) 6= 0 for at least one public good j and one distribution factor l; we
may, without loss of generality, assume j = l = 1.

3In particular, several papers study the impact of reforms affecting divorce laws by comparing
behavior before and after the reform. See for instance Chiappori et al. (forthcoming).

4However, Browning et al. (2009) show that for generic preferences, there is at most one good
j to which both agents contribute (i.e. for which min{Qaj , Qbj} 6= 0).
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3.1. Distribution Factor Proportionality. Our first result is that “distribution
factor proportionality” (DFP), a property of demand systems first introduced by
Browning and Chiappori (1998) as an implication of effi ciency, is also an implication
of the noncooperative model:

Proposition 1. In a noncooperative separate spheres equilibrium, household de-
mands satisfy the Distribution Factor Proportionality (DFP) property: for all goods
i, j and distribution factors k, l,

∂qi (y, z) /∂zk
∂qi (y, z) /∂zl

=
∂Qj (y, z) /∂zk
∂Qj (y, z) /∂zl

.(4)

Proof. Let αi and βi respectively denote a’s and b’s Marshallian demand for com-
modity i. Then:

qi = αi (ρ (y, z)) + βi (y − ρ (y, z))

Qj =

{
αj (ρ (y, z)) if a contributes to j
βj (y − ρ (y, z)) if b contributes to j

and we have:

∂qi (y, z) /∂zk
∂qi (y, z) /∂zl

=
∂Qj (y, z) /∂zk
∂Qj (y, z) /∂zl

=
∂ρ (y, z) /∂zk
∂ρ (y, z) /∂zl

.

�

An equivalent formulation uses the notion of a z-conditional demand system,
introduced by Bourguignon et al. (2009). Consider a (ȳ, z̄) such that ∂Q1/∂z1 6= 0.
Then the function Q1 (y, z) can be locally inverted as z1 = ζ (y,Q1, z2, ..., zK).
For the goods other than good 1, define the commodity 1 z-conditional demand
(χ,Ξ) = (χ1, χ2, ..., χn,Ξ2, ...,ΞN ) by:

χi (y,Q1, z2, ..., zK) = qi (y, ζ (y,Q1, z2, ..., zK) , z2, ..., zK) and

Ξj (y,Q1, z2, ..., zK) = Qj (y, ζ (y,Q1, z2, ..., zK) , z2, ..., zK)

Then the previous result can be restated as:

Corollary 1. The commodity 1 z-conditional demands generated by a noncooper-
ative model satisfy ∂χi/∂zk =∂Ξj/∂zk = 0 for all goods i, j and all distribution
factors k ≥ 2.

For a proof, see Bourguignon et al. (2009).

The DFP property means that all distribution factors affect demand through
a scalar index. When many goods are demanded, this fact creates cross-equation
restrictions. In collective models, DFP follows from the fact that all distribution
factors operate through the Pareto weight. But in noncooperative models, too,
distribution factors act only through a scalar index: namely ρ, which represents
the household’s effective division of wealth.

Another corollary is that the demand generated by a noncooperative model can
also be rationalized by a collective model - with different preferences, of course.
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Corollary 2. Take a solution (Q (y, z1, z2, ..., zK) , q (y, z1, z2, ..., zK)) ∈ RN+n
to the programs (2) and (3). Then (Q, q) is collectively rationalizable, in the
sense that there exists two utilities V 1 (Q, q) , V 2 (Q, q), two individual demands
q1 (y, z1, z2, ..., zK) , q2 (y, z1, z2, ..., zK) such that

q1 (y, z1, z2, ..., zK) + q2 (y, z1, z2, ..., zK) = q (y, z1, z2, ..., zK) ,

and a nonnegative function µ (y, z1, z2, ..., zK) such that
(
Q, q1, q2

)
solves:

maxV 1
(
Q, q1

)
+ µ (y, z1, z2, ..., zK)V 2 (Q, q)

under the budget constraint (1).

Proof. This follows by combining Proposition 2 of Bourguignon et al. (2009) and
our Proposition 1. �

3.2. Additional restrictions. The noncooperative model implies further restric-
tions on demand, at least in the presence of public goods. Suppose DFP holds, so
that without loss of generality, we can assume there is only one distribution factor.
We also assume that the income elasticities for all of the public goods are nonzero
for both a and b.

Proposition 2. At any point (ȳ, z̄) such that ∂Qj/∂z (ȳ, z̄) 6= 0 for some j, or-
der the public goods such that a contributes to goods 1, ..., L and b contributes to
L + 1, ..., N . Then the commodity 1 z-conditional demand functions generated by
the noncooperative model must satisfy the following partial differential equations:

For all private goods i, j:

∂2χi/∂y∂Q

∂2χi/∂y
2
−
∂2χj/∂y∂Q

∂2χj/∂y
2

= 0(5)

and
∂

∂y

(
∂2χi/∂y∂Q

∂2χi/∂y
2

)
= 0.(6)

For all public goods contributed by a, 2 ≤ j ≤ L:
∂Ξj (y,Q)

∂y
= 0(7)

and for all public goods L+ 1 ≤ k, l ≤ N contributed by b,

∂Ξk (y,Q) /∂Q

∂Ξk (y,Q) /∂y
=

∂Ξl (y,Q) /∂Q

∂Ξl (y,Q) /∂y
(8)

and
∂

∂y

(
∂Ξk (y,Q) /∂Q

∂Ξk (y,Q) /∂y

)
= 0.(9)

These PDEs are necessary and suffi cient, in the sense that any demand function
satisfying them can be locally derived from a noncooperative model. Lastly, the
effective division of wealth ρ is identified up to an additive constant; for any value
of that constant, individual Engel curves are identified up to one common constant
each.

Proof. See Appendix �
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Lastly, the previous results rely on the assumption that we know which com-
modities are privately and publicly consumed. What if this assumption is relaxed?
For one thing, it becomes impossible to distinguish between the collective and
the noncooperative model. Indeed, any demand system that satisfies DFP can be
collectively rationalized, and can also be derived from a noncooperative model in
which all goods are private (remember that the latter is always effi cient). However,
Proposition 2 provides an empirical way of testing for publicness: in a noncooper-
ative setting, a commodity cannot be public unless it satisfies the PDEs derived in
Proposition 2.

4. An Example

This result can be illustrated on a standard specification of demand: the well-
known Working-Leser form for Engel curves. This functional form is commonly
used in empirical studies. In particular, demand systems based on Deaton and
Muellbauer’s (1980) “Almost Ideal”Demand System will have Working-Leser En-
gel curves. In the collective literature, it is used in particular by Bourguignon et
al. (2009).

Consider Engel curves of the form

qi = ai + biy + ciy ln y + di ln z(10)

Qj = Aj +Bjy + Cjy ln y +Dj ln z(11)

where y denotes total expenditure, and z is the distribution factor. We consider
the neighborhood of some point (ȳ, z̄) where ∂Qj/∂z is nonzero for all j.

As before, the absence of income pooling implies that one agent only contributes
to each public good; say it is a who contributes to good 1. We can now apply
Proposition 2. Starting with the private goods, we see that:

(12) χi (y,Q) =

(
ai −A1

di
D1

)
+

(
bi −B1

di
D1

)
y +

(
ci − C1

di
D1

)
y ln y +

di
D1

Q

which implies that

∂χi (y,Q)

∂Q
=

di
D1

=⇒ ∂2χi (y,Q)

∂y∂Q
= 0 for all i.

The conditions (5) and (6) are always satisfied: with Working-Leser Engel curves,
the noncooperative setting implies no restrictions on the demand for private goods.

Things are different with other public goods, though. Again as before, let public
goods 1 to L be paid for by a, and those from L+ 1 to N are contributed to by b.
For the public goods in a’s sphere, we have that

Ξj (y,Q) = Aj −A1
Dj

D1
+

(
Bj −B1

Dj

D1

)
y +

(
Cj − C1

Dj

D1

)
y ln y +

Dj

D1
Q(13)

with 2 ≤ j ≤ L. Therefore (7) requires
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(14)
∂Ξj (y,Q)

∂y
= 0⇒ BjD1 = B1Dj and CjD1 = C1Dj .

Now consider goods in b’s sphere. Since

(15)
∂Ξk (y,Q) /∂Q

∂Ξk (y,Q) /∂y
=

Dk

(BkD1 −B1Dk + CkD1 − C1Dk) + (CkD1 − C1Dk) ln y
,

equations (7) and (8) give, for all L+ 1 ≤ k, l ≤ N :
CkD1 = C1Dk and(16)

BkD1 −B1Dk = BlD1 −B1Dl(17)

Note that (14) is a particular case of (16) and (17).

Hence, the demand system is compatible with the noncooperative setting if and
only if (16) and (17) are satisfied for all public goods. In addition, any public good
k such that BkD1 −B1Dk 6= 0 must be contributed to by b (i.e., by the agent who
does not contribute to good 1).

In practice, therefore, with a Working-Leser structure the noncooperative model
requires additional proportionality conditions between the coeffi cients of income
(the Bs and Cs) and those of the distribution factors (the Ds). Moreover, these
conditions are also suffi cient. Indeed, we have that:

ρ (y, z) = λ (B1y + C1y ln y +D1 ln z) + µ(18)

for some λ > 0 and an undetermined constant µ. Individual Engel curves are affi ne.

5. Concluding Remarks

In some applications, more information may be available than we have allowed
our imagined econometrician: for example, one may have data on individual-level
consumption, on price variation, or on observable heterogeneity in preferences. As
said in the introduction, there is much work still to be done in these cases. Still,
household-level surveys are probably the most commonly available type of micro-
economic data. For such data, our results provide a full characterization of the
demand patterns that can arise from noncooperative behavior within the house-
hold.

Appendix A. Proof of Proposition 4

We start with the case N = 1. Say it is a who contributes to Q. Then:

Q (y, z) = A (ρ (y, z))(19)

and qi (y, z) = αi (ρ (y, z)) + βi (y − ρ (y, z)) , i = 1, n

where A is a’s Marshallian demand for the public good. Since ∂Q/∂z 6= 0, we
know that A′ 6= 0; therefore (19) can be locally inverted:

Q (y, z) = A (ρ (y, z))⇒ ρ (y, z) = ξ (Q (y, z))

The z-conditional demand for commodity i, corresponding to Q, is thus:
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(20) χi (y,Q) = αi (ξ (Q)) + βi (y − ξ (Q)) ,

implying that:

(21)
∂χi
∂y

= β′i and
∂χi
∂Q

=
(
α′i − β′i

)
ξ′ (Q)

therefore:

∂2χi
∂y2

= β′′i and
∂2χi
∂y∂Q

= −β′′i ξ′ (Q)

and:

(22) ξ′ (Q) = −∂
2χi/∂y∂Q

∂2χi/∂y
2

This implies two sets of PDEs:

∂2χi/∂y∂Q

∂2χi/∂y
2
−
∂2χj/∂y∂Q

∂2χj/∂y
2

= 0 ∀i, j(23)

and
∂

∂y

(
∂2χi/∂y∂Q

∂2χi/∂y
2

)
= 0 ∀i(24)

Conversely, if these conditions are satisfied, then (22) identifies ξ, therefore the
sharing rule ρ, up to an additive constant. This constant is obviously not identi-
fiable, and we may normalize it to be 0. Then (21) identifies β′i and α

′
i for all i,

therefore βi and αi are identified up to one common additive constant from (20),
which shows that the PDEs are locally suffi cient.

Lastly, this argument can readily be extended to the caseN ≥ 2. Since ∂Q/∂z (ȳ, z̄) 6=
0, we must be in the ‘separate sphere’ context where each public good is con-
tributed to by one agent only. Now, one can always choose a point (ȳ, z̄) such that
∂Qj/∂z (ȳ, z̄) 6= 0 for all j. Order the public goods such that a contributes to goods
1, ..., L and b contributes to L+ 1, ..., N . Then

Qj (y, z) = Aj (ρ (y, z)) , j = 1, ..., L(25)

Qk (y, z) = Bk (y − ρ (y, z)) , k = L+ 1, ..., N(26)

and qi (y, z) = αi (ρ (y, z)) + βi (y − ρ (y, z)) , i = 1, n

If we assume, without loss of generality, that L ≥ 1, we can compute the z-
conditional demands corresponding to Q1 as before; we get:

Ξj (y,Q) = Aj (ξ (Q)) , j = 2, ..., L(27)

Ξk (y,Q) = Bk (y − ξ (Q)) , k = L+ 1, ..., N(28)

χi (y,Q) = αi (ξ (Q)) + βi (y − ξ (Q)) ,(29)

Now, (27) requires
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(30)
∂Ξj (y,Q)

∂y
= 0, j = 2, ..., L

while from (28):

∂Ξk (y,Q)

∂y
= B′k and

∂Ξk (y,Q)

∂Q
= −B′kξ′ (Q) , k = L+ 1, ..., N(31)

which gives:

ξ′ (Q) = −∂Ξk (y,Q) /∂Q

∂Ξk (y,Q) /∂y
(32)

for k = L+ 1, . . . N .

Conversely, if these conditions hold, then ξ is identified up to an additive con-
stant; for any value of this constant, Aj and Bk are identified for all (j, k). Finally,
the conditions on qi (y, z) and the identification of individual Engel curves are de-
rived as when N = 1 above.
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