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Abstract. This paper proposes conditions under which a multiple choice model

with heterogeneous agents and unobserved product characteristics is nonparamet-

rically identified. Specifically, we identify the distribution of the unobserved in-

dividual heterogeneity, the distribution of the product unobservables, and the

sub-utilities that are common to all agents. Our approach combines exclusion

restrictions that come in a form of conditional independence conditions, with com-

pleteness conditions on the instruments.
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1. Introduction

Discrete choice models are one of the cornerstones of the economic theory of indi-

vidual behavior. To date, they have been successfully applied in most empirical areas

of economics, as well as numerous other fields. Since the seminal work by McFadden

(1973), the literature in econometrics has recognized several important features of

discrete choice models, such as variable endogeneity, heterogeneity in preferences, or

nonparametric specification. In this paper, we examine conditions under which these

features are nonparametrically identified.

There are important antecedents to our work that establish nonparametric iden-

tifiability of multiple choice models. Matzkin (1993) and Briesch, Chintagunta, and

Matzkin (2007) focus on the nonparametric polychotomous choice models with un-

observed individual heterogeneity but with no unobserved product characteristics.1

In presence of endogenous regressors, however, allowing for product unobservables is

crucial. Recent work by Berry and Haile (2008, 2009) and Fox and Gandhi (2008)

extends Matzkin’s (1993) and Briesch, Chintagunta, and Matzkin’s (2007) results

to situations in which product unobservables exist and regressors are allowed to be

endogenous.2

Common to all this literature is an identification strategy based on the existence of

a “special regressor” (Lewbel, 2000).3 Specifically, the random utility uijt underlying

the agents’ choices is assumed to be additive separable in an observable rijt, whose

coefficient is known and normalized to−1, so that uijt = ũijt−rijt. Letting the special

regressor rijt become infinitely large for all alternatives except two, transforms the

1In the multiple choice literature, we note that Athey and Imbens (2007) allow for multiple
unobserved product characteristics but require all the regressors to remain exogenous. Their focus,
however, is on the rationalizability of choice data and not on nonparametric identification.

2In the semiparametric binary choice literature, identification results that allow for endogenous
regressors have been derived by Honore and Lewbel (2002), Hong and Tamer (2003), Magnac and
Maurin (2007), and Hoderlein (2009), among others.

3There are few alternative identification approaches. One example is Bajari, Fox, Kim, and Ryan
(2007) who study the discrete choice models that are semiparametric. This work, however, does
not allow for the presence of endogeneity.
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polychotomous choice model into a set of binary choice models, which eventually

permits to identify the joint distribution of the subutilities (ũi1t, . . . , ũiJt).

The main contribution of this paper is to propose an alternative identification

strategy based on exclusion restrictions. Those restrictions come in a form of con-

ditional independence conditions that differ from the “special regressor” assumption

so far employed by the literature. Because we do not transform the multiple choice

model into a set of binary choices, we do not need to make any assumptions regarding

the unboundedness of the support of the observables in the model. In addition, we

allow all except one of the observed regressors to be either discrete or continuous.

The key insight of our approach is fairly simple: when some regressors are ex-

cluded from certain conditional distribution functions, this gives rise to a number

of restrictions on the partial derivatives of these functions.4 It is by manipulating

those partial derivatives equations that we are then able to characterize all the non-

parametric components that satisfy them. Once all the solutions are known, we

impose completeness conditions on the instruments in order to show uniqueness, i.e.

establish identification. It is worth pointing out that all of our results are global.

The remainder of the paper is organized as follows. Section 2 presents our ran-

dom utility specification and gives one important example: Berry, Levinsohn, and

Pakes’s (2004) model of preferences for automobiles. In Section 3 we discuss the

observables of the model and derive our first result: that of global invertibility of the

conditional market shares (Theorem 1). Section 4 then formally defines the nonpara-

metric identifiability of our model. In the same section, we present our second result:

a set of exclusion restrictions and instrumental variable conditions that guarantee

the model to be identified (Theorem 2 and Corollary 3). All of our proofs are found

in Appendix.

4Chiappori and Komunjer (2008) give alternative applications of this method to the questions
of correct specification and identification of nonparametric transformation models.
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2. Random Utility Specification

2.1. Setup. We consider a qualitative choice model with multiple mutually-exclusive

alternatives. Each individual (or household) i ∈ I draws a random utility uijt from

choosing alternative (or good) j ∈ J ∪ {0} in market (or time period) t ∈ T . The

utility uijt depends on the characteristics of alternative j and those of agent i in

market t; not all of those attributes need to be observable to the econometrician.

In what follows, the choice set J ∪ {0} is assumed to be fixed and invariant across

individuals i as well as markets t. On the other hand, it will be implicitly assumed

that the number of individuals (i.e. the cardinality of I) and the number of markets

(i.e. the cardinality of T ) grow to infinity, so that eventually certain distributions of

the observables that do not vary with either i or t become known.5

Let (zijt, xijt) with zijt ∈ Z ⊆ RZ and xijt ∈ X ⊆ RX be a vector of all the

characteristics of agent i and alternative j in market t that enter the utility uijt and

that the econometrician observes. Assume that uijt is decomposed into two parts.

The first is a “homogeneous” sub-utility Vj(zijt)+ξjt. Here, Vj(·) is an unknown real

function of zijt that is common to all agents and constant across markets, and ξjt ∈ R

is an index of unobserved characteristics of alternative j in market t. The second

part of uijt is a “heterogeneous” sub-utility νijt ∈ R; this component of uijt is induced

by the unobserved heterogeneity in the tastes of individual i in market t, as well as

their interactions with the observables xijt. The variables zijt, xijt, ξjt, and νijt are

all allowed to be correlated provided, however, that certain conditional independence

restrictions hold (we make those restrictions more precise below). Then, the obtained

specification for the random utility is of the form:

uijt = Vj(zijt) + ξjt + νijt

ui0t = νi0t(1)

5Typically, we have I ≡ [[1, I]] , I > 1, J ≡ [[1, J ]] , J > 2, and T ≡ [[1, T ]] , T > 1. Keeping the
number of alternatives J fixed, it will then be assumed that the distribution of certain observables
in the model becomes known as (I, T )→∞.
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In what follows, we shall refer to alternative 0 as the “outside” alternative.6

An interpretation of the random utility specification in (1) is as follows. When

faced with (zijt, ξjt) each agent’s i response to (zijt, ξjt) is identical, i.e. the agents’

tastes for the characteristics (zijt, ξjt) are the same. The resulting sub-utility

Vj(zijt) + ξjt is moreover assumed to be additive separable in the unobserved charac-

teristics ξjt of alternative j. The agents’ valuation of xijt is on the other hand allowed

to be heterogeneous. The resulting sub-utility νijt is induced by the unobserved het-

erogeneity in the tastes of individual i, as well as their interactions with xijt. The

heterogeneous sub-utility νijt may contain an additional “purely” random term. It

is important to note that our setup does not allow the two observable vectors zijt

and xijt to have any components in common.7

An important example of the random utility model in (1) is the “micro BLP”

model by Berry, Levinsohn, and Pakes (2004). Before presenting the details of that

example, we define the remainder of our setup.

We start by making the following restrictions on the random variables in the

random utility model (1). Hereafter, we let νit ≡ (νi0t, νi1t, . . . , νiJt) ∈ RJ+1, zit ≡

(zi1t, . . . , ziJt) ∈ ZJ , xit ≡ (xi1t, . . . , xiJt) ∈ X J , and ξt ≡ (ξ1t, . . . , ξJt) ∈ RJ .

Assumption A1. For every (i, t) ∈ I × T , we have: νit ⊥ zit | xit.

Assumption A1 quantifies the aforementioned property that the unobserved indi-

vidual heterogeneity only interacts with the observables xijt. It says that for every

agent i in every market t, conditional on xit, the unobserved individual heterogeneity

νit is independent of zit. As pointed out by Honore and Lewbel (2002), for example,

6Note that implicit in Equation (1) is the normalization V0(zi0t) + ξ0t = 0 for all (i, t) ∈ I × T .
7This feature in particular makes the interpretation of our random utility model different from

that of Hausman and Wise (1978), for example. Hausman and Wise (1978) consider a linear random
coefficients utility model of the form uijt = β̄

′
xijt+β′ixijt+εijt, in which βi and εijt are independent

random terms that are both independent of xijt. Here, Vj(zijt) ≡ β̄
′
xijt is an “average” utility,

while νijt ≡ β′ixijt + εijt becomes a “deviation” from average. Such a decomposition of the random
utility uijt would violate the requirement that the components of zijt be distinct from those of xijt.
Hence, we can only set νijt ≡ β̄

′
xijt + β′ixijt + εijt in this example.
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the conditional independence property is neither weaker nor stronger than uncondi-

tional independence.

In particular, under Assumption A1 it holds that Pr (νit 6 ν|zit = z, xit = x) =

Pr (νit 6 ν|xit = x) for every ν ∈ RJ+1 and a.e. (z, x) ∈ ZJ × X J . It is worth

pointing out that Assumption A1 places no restrictions on the dependence between

zit and xit so long as those vectors do not have any components in common; in

particular, zit and xit are allowed to be correlated.

Assumption A2. For every (i, t) ∈ I × T , we have: νit ⊥ ξt | (zit, xit).

Assumption A2 says that for every agent i in every market t, conditional on the

observables (zit, xit), the unobserved individual heterogeneity νit is independent of

ξt. Note that Assumption A2 still allows for νit to be correlated with ξt. This is

particulary important if νit depends on the endogenous components of xijt such as

the prices of goods, for example. Taken together, Assumptions A1 and A2 imply

that νit ⊥ (zit, ξt) | xit by the so called (weak) contraction property of conditional

independence (see, e.g., Lemma 4.3 in Dawid, 1979). In particular, we then have

Pr (νit 6 ν|zit = z, xit = x, ξt) = Pr (νit 6 ν|xit = x) for every ν ∈ RJ+1 and a.e.

(z, x) ∈ RJ × ZJ × X J . All the results derived in this paper continue to hold if we

replace Assumptions A1 and A2 with νit ⊥ (zit, ξt) | xit.

2.2. Example. To fix ideas, we present an important example of the random utility

model (1) that satisfies our Assumptions A1 and A2: the model of preferences for

automobiles in Berry, Levinsohn, and Pakes (2004). In this model, the random

utilities of the inside alternatives j ∈ J are given by:

uijt =
K∑
k=1

xkjtβ
k
it + ξjt + εijt with βkit = β̄

k
+

R∑
r=1

βkro w
r
it + βkuζ

k
it

where xkjt is the observed characteristic k of product j in market t, ξjt is a scalar

index of unobserved characteristics of product j in market t, β̄
k

is the mean impact

of characteristic k, writ is the observed characteristic r of individual i in market t,

βkro is a coefficient determining the impact of writ on the taste for characteristic xkjt,
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ζkit is the unobserved characteristic k of individual i in market t, βku is a coefficient

determining the impact of ζkit on the taste for characteristic xkjt, and finally, εijt is an

idiosyncratic error term that is independent of all the other variables in the model.

Substituting the definition of βkit into the utility function yields the specification

in (1) with:

Vj(zijt) ≡
K∑
k=1

R∑
r=1

xkjtβ
kr
o w

r
it and νijt ≡

K∑
k=1

xkjt
(
β̄
k

+ βkuζ
k
it

)
+ εijt

The observables in the model are zijt ≡ (x1
jtw

1
it, . . . , x

K
jtw

R
it) and xijt ≡ (x1

jt, . . . , x
K
jt);

note that the latter does not incorporate any characteristics specific to agent i, so

we simply denote it by xjt.

Berry, Levinsohn, and Pakes’s (2004) model allows for two different types of inter-

actions between consumer characteristics and product characteristics. First are the

interactions between observed consumer characteristics writ and product character-

istics xkjt. Second are the interactions between unobserved consumer characteristics

ζkit and product characteristics xkjt. We now show that these interactions are in line

with our Assumptions A1 and A2.

In order to make sure that A1 is satisfied, we require that for every (i, t) ∈ I ×T ,

the individual specific unobservables ζ it ≡ (ζ1
it, . . . , ζ

K
it ) be independent of (zit, xt),

ζ it ⊥ (zit, xit), where similar to previously, we have let zit ≡ (zi1t, . . . , ziJt) and

xt ≡ (x1t, . . . , xJt). It is clear that the conditional distribution of νit given (zit, xt) is

then function of xit alone.

Moreover, let ξt ≡ (ξ1t, . . . , ξJt) be the vector of all product unobservables. In

order to make sure that our Assumption A2 is satisfied, we require that for every

(i, t) ∈ I × T , ζ it be independent of ξt. Indeed, with νijt defined as above and

using the facts that εit ⊥ (zit, xt, ξt, ζ it), where εit ≡ (εi0t, εi1t, . . . , εiJt), and ζ it ⊥

(zit, xt, ξt), we have νt ⊥ ξt | (zit, xt) as desired.8

8We note that Berry, Levinsohn, and Pakes (2004) further assume that for each k, ζk
it is a

standard normal deviate. All of our results to follow are derived without making any parametric
assumptions on the unknown functions or distributions appearing in the random utility model (1).
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3. The Observables

In addition to observing the characteristics zit and xit that agent i ∈ I faces in

market t ∈ T , the econometrician is assumed to observe the agent’s individual choice

obtained by solving maxj∈J∪{0} uijt, in which the random utility uijt is as specified

in Equation (1).

We now compute the conditional probability that agent i chooses alternative j0 ∈

J ∪ {0} in market t with unobservables ξt, given that the observed characteristics

(zit, xit) of the agent and the alternatives equal (z, x), with z ≡ (z1, . . . , zJ) ∈ ZJ

and x ≡ (x1, . . . , xJ) ∈ X J . We denote this probability by sj0(z, x, ξt). Under the

random utility specification given in Equation (1), sj0(z, x, ξt) is given by:

sj0(z, x, ξt) ≡ Pr
(
νijt − νij0t < Vj0(zij0t)− Vj(zijt) + ξj0t − ξjt,

∀j ∈ J ∪ {0}, j 6= j0

∣∣zit = z, xit = x, ξt
)

Without making further assumptions, the functional form of sj0(z, x, ξt) above may

very well vary across agents i and markets t. Hereafter, we exclude this possibility by

requiring that the conditional distribution of νit given xit does not vary with either

i or t; we denote this conditional distribution by F (·|·). We allow F (·|·) to remain

unknown, so long as it satisfies the following:

Assumption A3. For every (i, t) ∈ I × T , the conditional distribution F (·|·) of

νit given xit does not vary with either i or t. Moreover, for a.e. x ∈ X J , F (·|x) is

absolutely continuous on RJ+1 with a density f(·|x) that is continuous and strictly

positive on RJ+1, f(·|x) > 0.

Assumption A3 makes two statements. First, the conditional distribution of the

individual heterogeneity νit given the observables xit does not vary across agents i

or markets t. Note that this property does not restrict the marginal distributions

of νit and xit; in particular, these distributions are allowed to vary across both i

and t. What remains constant, however, is the relationship between νit and xit.

Second, Assumption A3 restricts νit to have full support on RJ+1 conditional on
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xit; the main role of this property is to ensure that the demand for any alternative

j ∈ J ∪{0} is strictly positive. When in addition the conditional density of νit given

xit is continuous, then the demand for any alternative j ∈ J ∪ {0} is continuously

differentiable in the unobservables ξt. Note that while A3 restricts the unobserved

heterogeneity νit to be continuously distributed on RJ+1, nothing is said so far about

the continuity of the observables zit and xit.
9

Under our Assumptions A1 to A3, in any market t ∈ T , the conditional market

share sj0(z, x, ξt) for any of the J “inside” alternatives j0 ∈ J can be written as:

sj0(z, x, ξt) =

∫ +∞

−∞
Fj0
(
ν, ν − V1(z1)− ξ1t, . . . , ν − VJ(zJ)− ξJt

∣∣x)dν(2)

where we denote by Fj(·|x) the partial derivative of F (·|x) with respect to the variable

νijt, i.e. Fj(·|x) ≡ ∂F (·|x)/∂νijt for any j ∈ J ∪ {0}. Note in particular that under

Assumption A3, the conditional distribution F (·|x) does not vary with either i or t;

hence, functional form of the conditional choice probabilities in Equation (2) remains

constant across agents i and markets t.

For example, under the assumption that the individuals are homogeneous so xit =

∅ (hence νit ⊥ (zit, ξt) from Assumptions A1 and A2), and that in addition νijt’s

are independent Gumbel random variables so that F (ν) = exp (− exp (−ν)), the

resulting individual choice model is logit with conditional market shares given by:

sj0(z, ξt) =
exp

(
Vj0(zj0) + ξj0t

)
1 +

∑
j∈J exp

(
Vj(zj) + ξjt

)
Unless we specify the joint distribution F (·|x) of (νi0, νi1, . . . , νiJ) given xit = x,

however, the exact functional form of sj0(z, x, ξt) in Equation (2) is unknown.

The conditional choice probabilities sj0(z, x, ξt) are observed from the individ-

ual choices made by agents in market t. For every j0 ∈ J ∪ {0}, sj0(z, x, ξt) is

the conditional market share of alternative j0 in market t, computed over those

agents who face the same observables zit = z and xit = x. Effectively, sj0(z, x, ξt)

9In what follows, the continuity of ξt is effectively imposed in our Assumption A4. Moreover, we
shall require the first component of every zijt to be continuous as well; see our Assumption A6.
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integrates out any unobserved individual heterogeneity νit: it is an average condi-

tional probability of choosing alternative j0 in market t, where the averaging is done

across agents facing the same observables. In what follows, we refer to sj0(z, x, ξt)

as the conditional market share for j0 in market t. To simplify the notation, we let

s(z, x, ξt) = (s1(z, x, ξt), . . . , sJ(z, x, ξt)) be the J vector of conditional market shares

for the “inside” alternatives.

We now derive several important properties of the relation between the conditional

market shares s(z, x, ξt) and the unobservables ξt in market t.

As already noted, under Assumption A3 we have sj(z, x, ξt) > 0, for every j ∈

J ∪ {0}, every ξt ∈ RJ , and a.e. (z, x) ∈ ZJ × X J ; moreover,
∑J

j=1 sj(z, x, ξt) =

1− s0(z, x, ξt) < 1. So the conditional market share vector s(x, z, ξt) belongs to the

interior of the J-dimensional simplex, which we shall denote by ∆J , ∆J ≡ {x =

(x1, . . . , xJ) ∈ RJ :
∑J

j=1 xj < 1, xj > 0 for every j = 1, . . . , J}.

Take any t ∈ T and let V (z) denote the J vector whose components are the

real functions Vj(zj), i.e. V (z) ≡ (V1(z1), . . . , VJ(zJ)). Equation (2) then defines a

mapping Λ(V (z) + ·|x) which to each J vector of unobservables ξt ∈ RJ in market

t assigns a vector of J conditional market shares s(x, z, ξt) ∈ ∆J , given (z, x) ∈

ZJ ×X J . In other words, we have:

(3) s(x, z, ξt) = Λ
(
V (z) + ξt

∣∣x)
where Λ(V (z) + ·|x) : RJ → ∆J . Note that under our Assumption A3 the functional

form of Λ(·|x) does not vary with either i or t.

The question which we now ask is whether for a.e. (z, x) ∈ ZJ ×X J , the mapping

Λ(V (z) + ·|x) in Equation (3) is globally invertible, i.e. if s(x, z, ξt) = Λ(V (z) + ξt|x)

implies that there exists a map Λ−1(·|x) such that ξt = Λ−1
(
s(x, z, ξt)

∣∣x) − V (z)?

Our first result is as follows:

Theorem 1. Let Assumptions A1 through A3 hold. Then for a.e. (z, x) ∈ ZJ×X J ,

the mapping Λ(V (z) + ·|x) : RJ → ∆J which to any ξ = (ξ1, . . . , ξJ) ∈ RJ assigns

s(x, z, ξ) = Λ(V (z) + ξ|x) is a C1 diffeomorphism from RJ onto ∆J ; moreover, its
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Jacobian JΛ(V (z) + ·|x) is everywhere strictly positive on RJ , i.e. for every ξ ∈ RJ ,

JΛ(V (z) + ξ|x) ≡ det (∂sj(x, z, ξ)/∂ξk) > 0.10

We first comment on the role played by different assumptions of Theorem 1. First,

note that additive separability in νijt of the random utilities in Equation (1) together

with Assumptions A1 and A2 are key in characterizing the conditional market shares

as in (2).11 Assumption A3 in turn guarantees that each sj(z, x, ξt) is a constant

function of z, x, and ξt.

The conditional market shares sj(z, x, ξt) in Equation (2) have one crucial prop-

erty: the matrix of their partial derivatives with respect to the components of ξt

(when the observables z and x are given) is symmetric and weakly diagonally dom-

inant. This property, combined with the fact that all its diagonal entries are non-

negative, ensures that the matrix of partial derivatives (∂sj(x, z, ξt)/∂ξk) is positive

semi-definite. Positive definiteness is then achieved by imposing Assumption A3.

Now, note that every positive definite matrix is also a P-matrix. Given that

all off-diagonal entries of (∂sj(x, z, ξt)/∂ξk) are non-positive, the matrix of partial

derivatives belongs to a subclass of P-matrices often referred to as “of the Leontief

type.” This property suffices to show that the map Λ(·|x) is one to one (or univalent)

as demonstrated by Gale and Nikaidô (1965) in their Theorem 5. Recent applications

of Gale and Nikaidô’s (1965) arguments to establish invertibility of multiple choice

models can be found in Beckert and Blundell (2008), for example. With no additional

assumptions it is, however, possible to derive a result on Λ(·|x) which is stronger than

that of Gale and Nikaidô (1965), and which will be useful later on. Specifically, by

using global results derived by Palais (1959), we are able to show that Λ(·|x) is not

10Recall that a map h : X → Y is a homeomorphism from X onto Y if h is a bijection from X

to Y (one-to-one on X and onto Y ) and such that both h and its inverse h−1 are continuous on X
and Y , respectively. If h is a homeomorphism from X onto Y that is differentiable on X, and such
that h−1 is differentiable on Y , then h is a diffeomorphism. Moreover, if in addition h and h−1 are
continuously differentiable on X and Y , respectively, then h is a C1 diffeomorphism.

11As already noted, the same result obtains if we replace Assumptions A1 and A2 with the
condition: νit ⊥ (zit, ξt) | xit.
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only one to one, but also onto ∆J , differentiable and with a differentiable inverse,

i.e. a diffeomorphism.12 Since both Λ(·|x) and its inverse Λ−1(·|x) are in addition

continuously differentiable, it follows that the map Λ(·|x) is a C1 diffeomorphism.

The key property of the map Λ(·|x) that allows us to use Palais’s (1959) result is

that of “properness.”

In each market t, the vector s(z, x, ξt) of conditional market shares varies with the

unobservables ξt. The variation in the market unobservables ξt then induces a distri-

bution of the conditional market shares; we shall hereafter denote this distribution

by G(·|z, x), i.e.

(4) G(s|z, x) ≡ Pr
(
s(z, x, ξt) 6 s

∣∣zit = z, xit = x
)

for every (s, z, x) ∈ ∆J×ZJ×X J . Similar to previously, without putting any further

restrictions on the conditional distribution of the market t unobservables ξt given the

observables (zit, xit), the above distribution is allowed to vary across individuals i and

markets t. In order to eliminate this possibility, we use the results of Theorem 1,

which allows us to go back and forth from the conditional distribution G(·|·, ·) in

Equation (4) to the the conditional distribution of ξt given (zit, xit), distribution

which we denote by H(·|·, ·). We first make the following restrictions on the latter.

Assumption A4. For every (i, t) ∈ I×T , the conditional distribution H(·|·, ·) of ξt

given (zit, xit) does not vary with either i or t. Moreover, for a.e. (z, x) ∈ ZJ ×X J ,

H(·|z, x) is absolutely continuous on RJ with a density h(·|z, x) that is continuous

and strictly positive on RJ , h(·|z, x) > 0.

Like in Assumption A3, the marginal distributions of ξt and (zit, xit) are still al-

lowed to vary across markets t and individuals i for the latter; what remains constant,

however, is the relationship between those distributions.

We now show why the result of Theorem 1 is useful. For this, note that for any

t ∈ T , and a.e. (z, x) ∈ ZJ × X J , when the observables are given (zit, xit) = (z, x),

12Recent applications of Palais’s (1959) result in the context of global identification of nonlinear
models may be found in Komunjer (2008).
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the system in Equation (3) is equivalent to ξt = Λ−1
(
s(x, z, ξt)

∣∣x)− V (z). This has

two important implications in terms of the distribution G(s|z, x) of the observables

in Equation (4), and that of ξt given (zit, xit) = (z, x), which we called H(·|z, x).

First, since Λ(V (z) + ·|x) is a homeomorphism, it is equivalent to work with either

G(·|z, x) or H(·|z, x). It then follows from the first property in Assumption A4 that

the distribution of the conditional market shares does not vary across markets. In

particular, this means that the econometrician can observe G(s|z, x) in Equation (4)

from the conditional market shares observed in different markets.

Second, if one distribution is absolutely continuous (with respect to Lebesgue

measure on RJ), the other one is absolutely continuous as well. In particular, it

follows from the second property in Assumption A4 that the distribution G(·|z, x)

of the conditional market shares s(z, x, ξt) in Equation (4) is absolutely continuous

on RJ ; let then g(·|z, x) denote its density. Using the results of Theorem 1, g(·|z, x)

is given by:

g (s| z, x) =
[
JΛ

(
Λ−1(s|x)

∣∣x)]−1
h
(
Λ−1(s|x)− V (z)

∣∣z, x)(5)

for any s ∈ ∆J and a.e. (z, x) ∈ ZJ ×X J , where JΛ(·|x) is the Jacobian in Theorem

1 (see, e.g., Theorem 8.18 in Davidson, 1994). Combining the strict positivity of

h(·|z, x) in Assumption A4 with the strict positivity of the Jacobian JΛ(·|x) obtained

in Theorem 1 ensures that for a.e. (z, x) ∈ ZJ × X J we have g(·|z, x) > 0 on ∆J .

Put in words, the conditional market share for each alternative is not only strictly

positive—which ensures that s(z, x, ξt) ∈ ∆J—but is also continuously distributed

on (0, 1) in a way that makes s(z, x, ξt) be continuous on ∆J . Moreover, the density

g(·|z, x) of s(z, x, ξt) is everywhere strictly positive on ∆J . Similarly, by combining

the continuity of h(·|z, x) with the fact that Λ(V (z) + ·|x) is a C1 diffeomorphism

ensures that g(·|z, x) is continuous on ∆J for a.e. (z, x) ∈ ZJ ×X J .

Equation (5) gives the expression of the density g(·|z, x) of the conditional mar-

ket shares observed across markets as a function of: the mapping Λ(·|x) in (3), the
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sub-utilities V (z) = (V1(z1), . . . , VJ(zJ)) in (1), and the density h(·|z, x) of the un-

observables ξt given (zit, xit) = (z, x). The question which we now turn to is that

of identification: having observed g(s|z, x), under what conditions are the functions

Λ(·|x), V (·) and h(·|z, x) uniquely determined by Equation (5)?

4. Nonparametric Identification

Following the related literature (e.g., Koopmans and Reiersøl, 1950; Brown,

1983; Roehrig, 1988; Matzkin, 2003) we call structure S a particular value of the

triplet
(
Λ(·|x), V (·), h(·|z, x)

)
in Equation (5) that induces the density g(s|z, x)

of the observables. A model M is then defined as the set of all structures

S =
(
Λ(·|x), V (·), h(·|z, x)

)
that satisfy certain a priori restrictions. Each struc-

ture in the model induces a density g(s|z, x) of the observables, and two struc-

tures S̃ ≡
(
Λ̃(·|x), Ṽ (·), h̃(·|z, x)

)
and S =

(
Λ(·|x), V (·), h(·|z, x)

)
are observationally

equivalent if for a.e. (z, x) ∈ ZJ × X J they generate the same g(·|z, x). The model

is then said to be globally identified if the set of structures that are observationally

equivalent to S reduces to a singleton. More formally, we have the following:

Definition (Identification). A modelM is globally identified if any two structures

S =
(
Λ(·|x), V (·), h(·|z, x)

)
and S̃ =

(
Λ̃(·|x), Ṽ (·), h̃(·|z, x)

)
in M that are observa-

tionally equivalent satisfy: Λ̃(a|x) = Λ(a|x), Ṽ (z) = V (z), and h̃(ξ|z, x) = h(ξ|z, x),

for every (a, ξ) ∈ RJ × RJ and a.e. (z, x) ∈ ZJ ×X J .

We now impose further restrictions on the structure S =
(
Λ(·|x), V (·), h(·|z, x)

)
.

We start by the conditional distribution of the unobservables ξt given (zit, xit). Here-

after, for every t ∈ T , we denote by z1
ijt ∈ Z1 ⊆ R the first component of zijt, i.e.

we write zijt =
(
z1
ijt, . . . , z

Z
ijt

)
∈ Z ⊆ RZ . To simplify the notation, we denote by

z−1
ijt the remaining components of zijt whenever Z > 1, i.e. z−1

ijt ≡
(
z2
ijt, . . . , z

Z
ijt

)
∈

Z−1 ⊆ RZ−1. The J vector of the first components of zijt taken across all the “inside”

alternatives j ∈ J is then denoted by z1
it ≡ (z1

i1t, . . . , z
1
iJt) ∈ ZJ1 , and similarly we

let z−1
it ≡

(
z−1
i1t , . . . , z

−1
1Jt

)
∈ ZJ−1 be all the other components. Our restriction is as

follows:
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Assumption A5. For every (i, t) ∈ I × T , we have: ξt ⊥ z1
it | (z−1

it , xit).

Under A5, the product unobservables ξt are conditionally independent of one of

the regressors in zit; without loss of generality, we may assume this regressor to be

the first component z1
it. Note that our conditional independence property is similar

in spirit to that of Honore and Lewbel (2002); their key assumption is that z1
it is in

addition a special regressor.

Assumption A5 is an exclusion restriction: it says that when (z−1
it , xit) = (z−1, x)

is given, the variable z1
it does not appear in the conditional distribution of ξt given

(zit, xit) = (z, x). In particular, the conditional density h(·|z, x) in Equation (5)

then satisfies: h ( · |z, x) = h ( · |z−1, x) for a.e. (z, x) ∈ ZJ × X J , where similar

to previously we have let z = (z1, . . . , zJ) ∈ ZJ , zj = (z1
j , z
−1
j ) ∈ Z, and z−1 ≡

(z−1
1 , . . . , z−1

J ) ∈ ZJ−1. Under Assumptions A1 through A5, the log-density ln g(s|z, x)

of the observables in Equation (5) equals:

ln g(s|z, x) = lnh
(
Λ−1 (s|x)− V (z)

∣∣z−1, x
)
− ln JΛ

(
Λ−1 (s|x)

∣∣x)(6)

for every s ∈ ∆J and a.e. (z, x) ∈ ZJ × X J . Recall in addition that ln g(s|z, x) is

continuous in s on ∆J . We now impose further restrictions which will guarantee that

ln g(s|z, x) is twice continuously differentiable with respect to the variables s and z1

everywhere on ∆J ×ZJ1 . For this, we start with the following:

Assumption A6. For every (i, t) ∈ I×T , the random variables z1
it ≡ (z1

i1t, . . . , z
1
iJt)

are continuously distributed on ZJ1 ⊆ RJ .

Assumption A7. For every j ∈ J and a.e. z−1
j = (z2

j , . . . , z
Z
j ) ∈ Z−1, Vj(zj)

is twice continuously differentiable in z1
j on Z1 and ∂Vj(zj)/∂z

1
j 6= 0 on Z1, with

zj ≡ (z1
j , z
−1
j ) ∈ Z.

According to Assumption A6, the first component z1
ijt ∈ Z1 ⊆ R of each observable

vector zijt ∈ Z ⊆ RZ is continuous. Note that except for the continuity of the random

variable z1
ijt, A6 does not put any restrictions on its support Z1. In particular, Z1

need not be equal to R, and z1
ijt may well have bounded support.
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Assumption A7 says that all the functions Vj(zijt) in Equation (6) are twice con-

tinuously differentiable in their first component z1
ijt everywhere on Z1. In particular,

the partial derivatives ∂2Vj(zijt)/(∂z
1
j )

2 exist and are continuous. It is worth pointing

out that while we make assumptions on the smoothness of the functions with respect

to the variables z1
ijt which we assume to be continuous, nothing is imposed on the

remaining (Z−1) components of zijt nor on the other observables xijt. In particular,

those random variables are allowed to be discrete.

Note that while by Assumption A7 the partial derivative ∂Vj(zj)/∂z
1
j is required

to be everywhere non vanishing, nothing is being said about the functional form of

Vj(zj) when taken as a function of z1
j . In particular, we do not require Vj(zj) to be

of the form Vj(zj) = z1
j + vj(z

−1
j ). Requiring that Vj(zj) be additive separable in z1

j

with a known coefficient (here normalized to 1), and that in addition z1
ijt have full

support on R (i.e. Z1 = R) would correspond to the “special regressor” assumption

(see, e.g., Lewbel, 2000; Briesch, Chintagunta, and Matzkin, 2007; Berry and Haile,

2008; Fox and Gandhi, 2008).

Finally, we strengthen our Assumption A4, by requiring the following:

Assumption A8. For a.e. (z−1, x) ∈ ZJ−1 × X J , h(·|z−1, x) is twice continuously

differentiable on RJ .

Assumption A8 says that for all (j, k) ∈ J 2, the second order partial derivatives

∂2h(ξ|z−1, x)/∂ξj∂ξk exist and are continuous everywhere on RJ , where (ξ1, . . . , ξJ)

denote the components of ξ. Taken together, Assumptions A1 through A8 then

guarantee that the log-density ln g(s|z, x) in Equation (6), is such that for every

(s, z1) ∈ ∆J × ZJ1 and a.e. (z−1, x) ∈ ZJ−1 × X , the second-order partial derivatives

∂2 ln g(s|z, x)/∂z1
j∂z

1
k and ∂2 ln g(s|z, x)/∂z1

j∂sk exist, and are continuous. Note in

particular that this result exploits the fact that Λ(V (z)+ ·|x) is a C1 diffeomorphism.

We are now ready to further discuss the question of global identification of the

structure S =
(
Λ(·|x), V (·), h(·|z−1, x)

)
in the model M defined to be the set of all

structures S that satisfy Assumptions A1 through A8. Given all of the above, this
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question can be stated as follows: Having observed a function Φ : ∆J×ZJ×X J → R

which to each (s, z, x) ∈ ∆J × ZJ × X J associates Φ(s, z, x) ≡ ln g(s|z, x), is S the

unique structure in the model M that solves Equation (6)?

It is clear from the expression in (3) that without normalization, the model

M cannot be identified. Indeed for any (λ, µ) ∈ RJ
∗ × RJ , λ ≡ (λ1, . . . , λJ),

µ ≡ (µ1, . . . , µJ), consider s(z, x, ξ̃t) = Λ̃
(
Ṽ (z) + ξ̃t

∣∣x), where the new struc-

ture S̃ ≡
(
Λ̃(·|x), Ṽ (·), h̃(·|z−1, x)

)
is obtained from the original structure S =(

Λ(·|x), V (·), h(·|z−1, x)
)

by the simple transformation:

Λ̃(a1, . . . , aJ |x) ≡ Λ
(
(a1 − µ1)/λ1, . . . , (aJ − µJ)/λJ

∣∣x)
Ṽj(zj) ≡ λj Vj(zj) + µj, for all j ∈ J

h̃(ξ1, . . . , ξJ |z−1, x) ≡
∣∣∏J

i=1 λi
∣∣−1

h
(
ξ1/λ1, . . . , ξJ/λJ

∣∣z−1, x
)

where a ≡ (a1, . . . , aJ) ∈ RJ , z ≡ (z1, . . . , zJ) ∈ ZJ , z−1 ≡ (z−1
1 , . . . , z−1

J ) ∈ ZJ−1,

x ∈ X J , and ξ ≡ (ξ1, . . . , ξJ) ∈ RJ . Clearly, unless λ = 1 ∈ RJ and µ = 0 ∈ RJ , the

two structures S and S̃ are different, yet observationally equivalent. We therefore

impose the following:

Condition (Normalization). There exists (s̄, z̄, x̄) ∈ ∆J × ZJ × X J , such that

Λ (0|x̄) = s̄ and for every j ∈ J , Vj (z̄j) = 0 and ∂Vj(z̄j)/∂z
1
j = 1, where z̄ =

(z̄1, . . . , z̄J), and z1
j denotes the first component of zj.

In what follows, we assume that in addition to satisfying our Assumptions A1-A8,

all the structures in the model M satisfy the a prior restrictions on V (·) and Λ(·|x)

given in Normalization Condition.

Finally, we make the following assumption:

Assumption A9. For every j ∈ J , there exists k ∈ J , k 6= j, such that the J

functions below, taken as functions of z−j, are linearly independent:{
∂2 lnh

∂ξk∂ξ1

(
Λ−1 (s|x)− V (z)

∣∣z−1, x
)
, . . . ,

∂2 lnh

∂ξk∂ξJ

(
Λ−1 (s|x)− V (z)

∣∣z−1, x
)}
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The linear independence property above says that for every j ∈ J , the matrix

of partial derivatives of the J functions
{
∂2 lnh(Λ−1(s|x)−V (z)|z−1, x)/∂ξk∂ξ1, . . . ,

∂2 lnh(Λ−1(s|x)−V (z)|z−1, x)/∂ξk∂ξJ
}

with respect to the J(Z− 1) components of

z−j is of full rank J a.e. on ∆J ×ZJ ×X J . In particular, this pre-supposes that the

size Z of the observable vector zijt in the random utility specification (1) is strictly

greater than one.

The linear independence property in Assumption A9 is generic in the set of func-

tions that exclude linear and quadratic functions. It is important to note, however,

that this assumption excludes potentially important examples for the conditional

distribution of ξt given (z−1
it , xit) = (z−1, x) such as the normal distribution. In-

deed, if ξt is normally distributed conditional on (z−1
it , xit) = (z−1, x) then all of the

J functions in A9 are constant functions of z−j; obviously, this violates the linear

independence property.

Our first result on the identifiability of S in M is then as follows:

Theorem 2. Let Assumptions A1 through A9 hold. Let S =
(
Λ(·|x), V (·), h(·|z, x)

)
be a structure that generates the observables g(s|z, x) and satisfies Normalization

Condition, i.e. S ∈ M. Then, any structure S̃ ≡
(
Λ̃(·|x), Ṽ (·), h̃(·|z, x)

)
in M that

is observationally equivalent to S satisfies:

Λ̃−1(s|x) = Λ−1(s|x) + α(x)

Ṽj(zj) = V̄j(zj) + βj(z
−1
j )

h̃(ξ|z−1, x) = h
(
ξ + β(z−1)− α(x)

∣∣z−1, x
)

for every (s, ξ) ∈ ∆J × RJ and a.e. (z, x) ∈ ZJ × X J , where we have let β(z−1) ≡(
β1(z−1

1 ), . . . , βJ(z−1
J )
)
, and the functions α : X J 7→ RJ and βj : Z−1 → R (j ∈ J )

are unknown.

In order to pin down the unknown functions α(·) and β(·) above, we impose the

following:
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Assumption A10. There exist instruments wijt ∈ W ⊆ RW such that for every

(i, j, t) ∈ I × J × T , and a.e. w ∈ W, we have E
[
ξjt | wijt = w

]
= 0, and the

distribution of wijt given (z−1
ijt , xit) is complete, i.e. for every real function γ(z−1

j , x)

such that E[γ(z−1
ijt , xit)] exists and is finite, we have:

E[γ(z−1
ijt , xit) | wijt = w] = 0 for a.e. w ∈ W =⇒

γ(z−1
j , x) = 0 for a.e. (z−1

j , x) ∈ Z−1 ×X J

If in addition to Assumptions A1 to A9, the two structures S and S̃ are known to

satisfy Assumption A10, then the unknown functions in Theorem 2 are necessarily

such that for a.e. w ∈ W , E[βj(z
−1
ijt )−αj(xit) | wijt = w] = 0, where αj(·) denotes the

jth component of α(·). By the completeness condition above, this implies βj(z
−1
j )−

αj(x) = 0 for a.e. (z−1
j , x) ∈ Z−1 × X J . Now, from Normalization Condition, we

know that βj(z̄
−1
j ) = 0 and αj(x̄) = 0, so successively setting x = x̄ and zj = z̄j

yields:

βj(z
−1
j ) = 0 for a.e. z−1

j ∈ Z−1 and αj(x) = 0 for a.e. x ∈ X J

for every j ∈ J . We have thus shown the following:

Corollary 3. Let the modelM be the set of all structures S =
(
Λ(·|x), V (·), h(·|z, x)

)
that satisfy Normalization Condition as well as Assumptions A1 through A10. Then,

M is globally identified.
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Appendix A. Proofs

Proof of Theorem 1. We first recall some important definitions and fix our notation.

Recall that a map h : X → Y is a diffeomorphism from X onto Y if h is a bijection

from X to Y (one-to-one on X and onto Y ) and such that both h and its inverse

h−1 are differentiable on X and Y , respectively. Moreover, h is a C1 diffeomorphism

if it is a diffeomorphism and both h and h−1 are continuously differentiable on X

and Y , respectively. To simplify the notation, we hereafter let sjt ≡ sj(z, x, ξt) be

the conditional market share for alternative j ∈ J ∪ {0}. Similarly, we denote by

st ≡ s(x, z, ξt) the J vector of conditional market shares for the “inside” alternatives,

i.e. st ≡ (s1t, . . . , sJt).

The proof is done in four steps.

STEP 1. In what follows, rather than working with the conditional market shares

sj0t ∈ (0, 1), we shall work with their inverse-logit transforms lj0t ∈ R , which for any

(j0, t) ∈ J × T are defined as:

(7) lj0t ≡ ln

(
sj0t

1−
∑

j∈J sjt

)

Note that this transformation is diffeomorphic from ∆J onto RJ . Its inverse is simply

the logit transformation:

sj0t =
exp lj0t

1 +
∑

j∈J exp ljt

We shall refer to lj0t’s in Equation (7) simply as “log-shares.”

Equations (2) and (7) define a mapping L(V (z) + ·|x) : RJ → RJ which, given

(z, x) ∈ ZJ × X J , to each vector of unobservables ξt ∈ RJ assigns a vector of J

conditional log-shares lt ≡ (l1t, . . . , lJt) ∈ RJ . In other words, we have:

lt = L
(
V (z) + ξt

∣∣x).
Note that the mapping Λ(V (z) + ·|x) : RJ → ∆J is a C1 diffeomorphism of RJ onto

∆J if and only if the mapping L(V (z) + ·|x) : RJ → RJ is a C1 diffeomorphism of

RJ onto itself.
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To show that L(V (z) + ·|x) is a C1 diffeomorphism, it suffices to show that: (1)

L(V (z) + ·|x) is continuously differentiable, and (2) that L(V (z) + ·|x) is a diffeo-

morphism; it will then follow from the Inverse Function Theorem (see, e.g., Theorem

9.24 in Rudin, 1976) that the inverse L−1(·|x) is also continuously differentiable.

STEP 2: The map L(V (z) + ·|x) is continuously differentiable on RJ , if and

only if Λ(V (z) + ·|x) is continuously differentiable on ∆J . To show the latter, fix

(z, x) ∈ ZJ ×X J and consider again the expression of the conditional market share

sj0t in Equation (2) which defines the j0th component of Λ(V (z) + ·|x).

Note that under our Assumption A3, we have f(·|x) continuous on RJ+1 for a.e.

x ∈ X J , which implies that Fj0(·|x) is everywhere continuously differentiable in

each argument j ∈ J ∪ {0}, j 6= j0, i.e. for a.e. x ∈ X J , we have Fjj0(·|x) ≡

∂2F (·|x)/∂νijνij0 continuous on RJ+1. Hence, for any j0 ∈ J , and every j ∈ J , j 6=

j0, we have:

∂sj0(z, x, ξt)

∂ξjt
=

−
∫ +∞

−∞
Fjj0

(
ν, ν − V1(z1)− ξ1t, . . . , ν − VJ(zJ)− ξJt

∣∣x)dν(8)

so for a.e. (z, x) ∈ ZJ × X J , sj0t is continuously differentiable with respect to each

ξjt with j ∈ J , j 6= j0 on R.

To show that sj0t is also continuously differentiable with respect to ξj0t on R, first

note that Equation (2) can be written as:

sj0(z, x, ξt) =∫ +∞

−∞
Fj0
(
ν + ξj0t, ν + ξj0t − V1(z1)− ξ1t, . . . , ν + ξj0t − VJ(zJ)− ξJt

∣∣x)dν
which for the same reasons as previously, for a.e. (z, x) ∈ ZJ × X J , is continuously

differentiable with respect to ξj0t on R with:

∂sj0(z, x, ξt)

∂ξj0t
=

∑
j∈J∪{0}, j 6=j0

∫ +∞

−∞
Fjj0

(
ν + ξj0t, ν + ξj0t − V1(z1)− ξ1t,

. . . , ν + ξj0t − VJ(zJ)− ξJt
∣∣x)dν(9)
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This shows that Λ(V (z) + ·|x) is continuously differentiable on RJ .

STEP 3: To show that L(V (z)+·|x) is a diffeomorphism, we use the following result

by Palais (1959): Let h1(·), . . . , hJ(·) be J real valued functions of J real variables.

Necessary and sufficient conditions that the mapping h : RJ → RJ defined by h(x) =

(h1(x), . . . , hJ(x)) be a diffeomorphism of RJ onto itself are: (i) det(∂hj/∂xk) never

vanishes, and (ii) lim‖x‖→+∞ ‖h(x)‖ = +∞.

Take any t ∈ T and fix (z, x) ∈ ZJ × X J . We start by showing that JL ≡

det (∂ljt/∂ξkt) > 0 on RJ . For this, note that we have JL = det (∂ljt/∂smt) · JΛ,

where JΛ ≡ det (∂smt/∂ξkt), and det (∂ljt/∂smt) =
[(

1−
∑

k∈J skt
)
·
∏

k∈J skt
]−1

,

which is strictly positive on ∆J . So JL is strictly positive on RJ if and only if JΛ is

strictly positive on RJ .

We now show that JΛ > 0 on RJ . We start by computing the off-diagonal terms.

From Equation (8) above, for any j0 ∈ J , and every j ∈ J , j 6= j0, we have:

∂sj0(z, x, ξt)

∂ξjt
= −

∫ +∞

−∞
Fjj0

(
ν, ν − V1(z1)− ξ1t, . . . , ν − VJ(zJ)− ξJt

∣∣x)dν
which from Assumption A3 is strictly negative. In addition, from Equation (8) it

follows that:

∂sj0(z, x, ξt)

∂ξjt
=
∂sj(z, x, ξt)

∂ξj0t

so the matrix of partial derivatives of the components of st with respect to the

components of ξt is symmetric.

For the diagonal elements, recall that from Equation (9) above, we have:

∂sj0(z, x, ξt)

∂ξj0t
=

∑
j∈J∪{0}, j 6=j0

∫ +∞

−∞
Fjj0

(
ν + ξj0t, ν + ξj0t − V1(z1)− ξ1t, . . . , ν + ξj0t − VJ(zJ)− ξJt

∣∣x)dν
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which under Assumption A3 is strictly positive. In addition, note that:

∂sj0(z, x, ξt)

∂ξj0t
=∫ +∞

−∞
Fj0
(
ν + ξj0t, ν + ξj0t − V1(z1)− ξ1t, . . . , ν + ξj0t − VJ(zJ)− ξJt

∣∣x)dν
−

∑
j∈J , j 6=j0

∂sj0(z, x, ξt)

∂ξjt

where the integral term is strictly positive. Hence, combining all of the above gives:∣∣∣∣∂sj0t∂ξj0t

∣∣∣∣ =
∂sj0t
∂ξj0t

> −
∑

j∈J , j 6=j0

∂sj0t
∂ξjt

=
∑

j∈J , j 6=j0

∣∣∣∣∂sj0t∂ξjt

∣∣∣∣
This suffices to show that JΛ > 0 (see, e.g., Theorem IV in Taussky, 1949). In other

words, for every ξt ∈ RJ , we have:

JΛ ≡ det

(
∂smt
∂ξkt

)
> 0

It then holds that the the mapping L(V (z) + ·|x) has everywhere strictly positive

Jacobian JL.

STEP 4. We now show that L(V (z)+ ·|x) is proper. For this, we need to study the

limit of ‖lt‖ when ‖ξt‖ → +∞. If ‖ξt‖ → +∞, then it is necessarily the case that

there exists at least one component of ξt, say j0 component, such that |ξj0t| → +∞.

Two cases are then possible: either ξj0t → +∞, or ξj0t → −∞.

Consider first the case ξj0t → +∞. Then, the conditional market share s0(z, x, ξt)

for the outside alternative in market t given (zit, xit) = (z, x) and given ξt is such

that:

Pr
(
νi1t−νi0t < −V1(zi1t)−ξ1t, . . . , νiJt−νi0t < −VJ(ziJt)−ξJt

∣∣zit = z, xit = x, ξt
)
→ 0

so it follows that
∑

j∈J sjt → 1. Now, from Equation (7) we have that
∑

j∈J exp ljt =

[
∑

j∈J sjt]/[1 −
∑

j∈J sjt]; hence,
∑

j∈J exp ljt → +∞, so there is at least one com-

ponent, say j1 component, such that lj1t → +∞. This in turn implies ‖lt‖ → +∞.

Now, consider the case ξj0t → −∞. Then sj0(z, x, ξt)—which is the condi-

tional market share of alternative j0 in market t, given (zit, xit) = (z, x) and given
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ξt—is such that sj0(z, x, ξt) → 0. Now, we need to determine what happens to∑
j∈J sj(z, x, ξt). If there exists another component of ξt, say j2 component, such

that ξj2t → +∞, then we are back in the previous case, and ‖lit‖ → +∞. Hence,

we can only consider those cases in which all components other than j0 are either

constant, or go to −∞. This implies that
∑

j∈J sj(z, x, ξt) < 1 is constant (possibly

zero). Then, by Equation (7), we have lj0t → −∞, and again ‖lt‖ → +∞.

To resume, we have shown that the mapping L(V (z) + ·|x) is proper. Combined

with all of the above, this then implies that L(V (z) + ·|x) is a diffeomorphism of RJ

onto itself. Hence, Λ(V (z) + ·|x) is a diffeomorphism of RJ onto ∆J . �

Proof of Theorem 2. The proof is done in four steps. We first define our notation

and recall several important results that were already established. Recall that from

Equation (6) we have:

ln g(s|z, x) = lnh
(
Λ−1 (s|x)− V (z)

∣∣z−1, x
)
− ln JΛ

(
Λ−1 (s|x)

∣∣x)

for every s ∈ ∆J and a.e. (z, x) ∈ ZJ × X J , where JΛ(·|x) is the Jacobian of

Λ(·|x). Recall from Theorem 1 that JΛ(·|x) is everywhere strictly positive. In what

follows, we denote by Λj(·|x) the jth component of Λ(·|x); similarly, Λ−1
j (·|x) denotes

the jth component of its inverse Λ−1(·|x). The variables that appear in all that

follows are: s = (s1, . . . , sJ) ∈ ∆J , z = (z1, . . . , zJ) ∈ ZJ ⊆ RZJ , x ∈ X J ⊆ RXJ ,

a = (a1, . . . , aJ) ∈ RJ , and ξ = (ξ1, . . . , ξJ) ∈ RJ . We also recall the following

notation that is used to denote particular sub vectors of z:

zj =
(
z1
j , . . . , z

Z
j

)
∈ Z ⊆ RZ

z1
j ∈ Z1 ⊂ R, and z−1

j =
(
z2
j , . . . , z

Z
j

)
∈ Z−1 ⊂ RZ−1

z =
(
zj, z−j

)
with z−j =

(
z1, . . . , zj−1, zj+1, . . . , zJ

)
z1 =

(
z1

1 , . . . , z
1
J

)
and z−1 =

(
z−1

1 , . . . , z−1
J

)
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for every j ∈ J . Now let:

τ j(s, x) ≡ −Λ−1
j (s|x)

Φ (s, z, x) ≡ ln g (s| z, x)

R (s, x) ≡ − ln JΛ

(
Λ−1(s|x)

∣∣x)
Θ (ξ, z, x) ≡ lnh

(
−ξ|z−1, x

)
where the structure S =

(
Λ(·|x), V (·), h(·|z, x)

)
satisfies Assumptions A1 through

A8 and Normalization Condition. Using the notation above, Equation (6) becomes:

Φ (s, z, x) = R (s, x) + Θ
(
V1 (z1) + τ 1 (s, x) , . . . , VJ (zJ) + τJ (s, x) , z−1, x

)
(10)

Under Assumptions A1-A8, the function (s, z, x) 7→ Φ(s, z, x) is such that for every

(s, z1) ∈ ∆J × ZJ1 and a.e. (z−1, x) ∈ ZJ−1 × X , the second-order partial derivatives

∂2Φ(s, z, x)/∂z1
j∂z

1
k and ∂2Φ(s, z, x)/∂z1

j∂sk exist, and are continuous.

STEP 1: Fix any j0 ∈ J and call k0 ∈ J , k0 6= j0, the index for which Assumption

A9 is satisfied for j0. We start by showing that the J functions

{ ∂2Φ

∂s1∂z1
k0

(s, z, x), . . . ,
∂2Φ

∂sJ∂z1
k0

(s, z, x)
}

taken as functions of z−j0 are linearly independent.

Twice differentiating Φ(s, z, x) with respect to the first component z1
k0

of zk0 and

the nth component sn of s, for any n ∈ J , gives:

∂2Φ

∂sn∂z1
k0

(s, z, x) =(11)

J∑
m=1

∂τm
∂sn

(s, x)Θk0m

(
V1(z1) + τ 1(s, x), . . . , VJ(zJ) + τJ(s, x), z−1, x

)∂Vk0
∂z1

k0

(zk0)

where Θk0m denotes the second order partial derivative of Θ with respect to the

arguments (k0,m); note that under our Assumption A8 these second order partial

derivatives exist and are continuous. Hence, writing the system of J equations in
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(11) in a matrix form gives:
∂2Φ

∂s1∂z1k0

(s, z, x)

...

∂2Φ
∂sJ∂z

1
k0

(s, z, x)

 =

(
∂τ(s, x)

∂s

)′


Θk01

(
V1(z1) + τ 1(s, x), . . . , VJ(zJ) + τJ(s, x), z−1, x

)∂Vk0

∂z1k0

(zk0)

...

Θk0J

(
V1(z1) + τ 1(s, x), . . . , VJ(zJ) + τJ(s, x), z−1, x

)∂Vk0

∂z1k0

(zk0)

(12)

where (∂τ(s, x)/∂s) is a J-by-J matrix of partial derivatives of (τ 1(s, x), . . . , τJ(s, x))

with respect to (s1, . . . , sJ). Now, Assumption A9 implies that the J functions:{
Θk01

(
V1(z1) + τ 1(s, x), . . . , VJ(zJ) + τJ(s, x), z−1, x

)∂Vk0

∂z1k0

(zk0), . . . ,

Θk0J

(
V1(z1) + τ 1(s, x), . . . , VJ(zJ) + τJ(s, x), z−1, x

)∂Vk0

∂z1k0

(zk0)
}

taken as functions of z−j0 , are linearly independent. In addition, the matrix

(∂τ(s, x)/∂s) is of full rank. Indeed, note that since τ(s, x) = −Λ−1(s|x), we have:(
∂τ(s, x)

∂s

)
= −

(
∂Λ
(
Λ−1(s|x)

∣∣x)
∂a

)−1

where (∂Λ(a|x)/∂a) is the J-by-J matrix of partial derivatives of

(Λ1(a|x), . . . ,ΛJ(a|x)) with respect (a1, . . . , aJ). From Theorem 1 we know

that the determinant of the matrix (∂Λ(a|x)/∂a), i.e. the Jacobian JΛ(·|x), of Λ(·|x)

is everywhere strictly positive; hence, det (∂τ(s, x)/∂s) < 0. It then follows from

Equation (12) that the J functions
{
∂2Φ(s, z, x)/∂s1∂z

1
k0
, . . . , ∂2Φ(s, z, x)/∂sJ∂z

1
k0

}
,

taken as functions of z−j0 are linearly independent.

STEP 2: We now identify the functions ∂Vj0(zj0)/∂z
1
j0

, and ∂Λ1(Λ−1(s|x)|x)/∂aj0 ,

. . . , ∂ΛJ(Λ−1(s|x)|x)/∂aj0 .

For any j ∈ J , differentiating Φ(s, z, x) with respect to the first component z1
j of

zj, we obtain:

∂Φ

∂z1
j

(s, z, x) = Θj

(
V1(z1) + τ 1(s, x), . . . , VJ(zJ) + τJ(s, x), z−1, x

)∂Vj
∂z1

j

(zj)
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where Θj is the partial of Θ in its jth argument. Then:

Θj

(
V1(z1) + τ 1(s, x), . . . , VJ(zJ) + τJ(s, x), z−1, x

)
=
∂Φ

∂z1
j

(s, z, x)γj(zj)

where we have let:

γj (zj) ≡
1

∂Vj (zj) /∂z1
j

Now, differentiating Φ(s, z, x) with respect to the kth component sk of s, for every

k ∈ J , gives:

∂Φ

∂sk
(s, z, x) =

J∑
j=1

Θj

(
V1(z1) + τ 1(s, x), . . . , VJ(zJ) + τJ(s, x), z−1, x

)∂τ j
∂sk

(s, x) +
∂R

∂sk
(s, x)

=
J∑
j=1

∂Φ

∂z1
j

(s, z, x)γj(zj)
∂τ j
∂sk

(s, x) +
∂R

∂sk
(s, x),

(13)

Differentiating again Equation (13) in z1
k0

, with k0 as defined in Step 1, then gives:

∂2Φ

∂sk∂z1
k0

(s, z, x) =

J∑
j=1

∂2Φ

∂z1
j∂z

1
k0

(s, z, x)γj(zj)
∂τ j
∂sk

(s, x) +
∂Φ

∂z1
k0

(s, z, x)
∂γk0
∂z1

k0

(zk0)
∂τ k0
∂sk

(s, x)(14)

The system of J equations in (14) can be written in the matrix form:

∂2Φ
∂s1∂z1k0

(s, z, x)

...

∂2Φ
∂sk0

∂z1k0

(s, z, x)

...

∂2Φ
∂sJ∂z

1
k0

(s, z, x)


=

(
∂τ(s, x)

∂s

)′


∂2Φ
∂z11∂z

1
k0

(s, z, x)γ1(z1)

...

∂2Φ
∂z1k0

∂z1k0

(s, z, x)γk0(zk0) + ∂Φ
∂z1k0

(s, z, x)
∂γk0

∂z1k0

(zk0)

...

∂2Φ
∂z1J∂z

1
k0

(s, z, x)γJ(zJ)


As already noted, we have:(

∂τ(s, x)

∂s

)
= −

(
∂Λ
(
Λ−1(s|x)

∣∣x)
∂a

)−1
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so we can solve the above system to obtain:

∂2Φ
∂z11∂z

1
k0

(s, z, x)γ1(z1)

...

∂2Φ
∂z1i ∂z

1
k0

(s, z, x)γk0(zk0) + ∂Φ
∂z1k0

(s, z, x)
∂γk0

∂z1k0

(zk0)

...

∂2Φ
∂z1J∂z

1
k0

(s, z, x)γJ(zJ)



= −

(
∂Λ
(
Λ−1(s|x)

∣∣x)
∂a

)′


∂2Φ
∂s1∂z1k0

(s, z, x)

...

∂2Φ
∂si∂z1k0

(s, z, x)

...

∂2Φ
∂sJ∂z

1
k0

(s, z, x)


Now consider j0th equation above; we know that j0 6= k0, so the j0th equation states:

(15)
∂2Φ

∂z1
j0
∂z1

k0

(s, z, x)γj0(zj0) = −
J∑
n=1

∂Λn

∂aj0

(
Λ−1(s|x)

∣∣x) ∂2Φ

∂sn∂z1
k0

(s, z, x)

From Normalization Condition, we have γj0(z̄j0) = 1. Then, evaluating

the expression in Equation (15) at z̄j0 , and using the fact that the J func-

tions
{
∂2Φ(s, z, x)/∂s1∂z

1
k0
, . . . , ∂2Φ(s, z, x)/∂sJ∂z

1
k0

}
, taken as functions of z−j0

are linearly independent (from Step 1), then determines uniquely the coefficients(
∂Λ1(Λ−1(s|x)|x)/∂aj0 , . . . , ∂ΛJ(Λ−1(s|x)|x)/∂aj0

)
. Note that these coefficients are

such that
(
∂Λ1(Λ−1(s|x)|x)/∂aj0 , . . . , ∂ΛJ(Λ−1(s|x)|x)/∂aj0

)
6= (0, . . . , 0) because

otherwise, the Jacobian JΛ(·|x) would vanish on ∆J . Hence, the right hand side

of Equation (15) is a nonzero function of z−j0 . Plugging back into Equation (15)

then determines uniquely γj0(zj0), hence ∂Vj0(zj0)/∂z
1
j0

.

STEP 3: Repeating the same reasoning for every j0 ∈ J then gives the matrix

of partial derivatives (∂Λ(Λ−1(s|x)|x)/∂a). Given that Λ−1(·|x) is onto RJ , we can

integrate to obtain:

(16) Λ−1(s|x) = Λ̄−1(s|x) + σ(x)
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where Λ̄−1(·|x) : ∆J → RJ is a known function of s, and σ : X J → RJ is an unknown

function of x. In particular, note that then the Jacobians of Λ−1(·|x) and Λ̄−1(·|x)

satisfy: JΛ−1(·|x) = JΛ̄−1(·|x) so the function R(s, x) in Equation (10) is such that

R(s, x) = − ln JΛ̄

(
Λ̄−1(s|x)

∣∣x) ≡ R̄(s, x) where R̄(·, x) is a known function of s.

Similarly, integrating with respect to z1
j0

determines the functions Vj0(·) as:

(17) Vj0(zj0) = V̄j0(zj0) + ωj0(z
−1
j0

)

where V̄j0 : Z → R is a known function of zj0 , and ωj0 : Z−1 → R is an unknown func-

tion of z−1
j0

. Now, let V̄ (z) be the J vector of functions V̄ (z) ≡
(
V̄1(z1), . . . , V̄J(zJ)

)
and let h̄(·|z, x) be the conditional density of the random J vector ξ̄t given (zit, xit) =

(z, x), defined as:

ξ̄t ≡ Λ̄−1(st|x)− V̄ (z)

when (z, x) ∈ ZJ ×X J is given. Combining the above with Equation (3), then gives

ξ̄t = ξt + ω(z−1)− σ(x), where we have let ω(z−1) ≡
(
ω1(z−1

1 ), . . . , ωJ(z−1
J )
)
. Then,

h̄(ξ|z, x) = h(ξ − ω(z−1) + σ(x)|z−1, x). Note that h̄(ξ|z, x) = h̄(ξ|z−1, x) so that we

have ξ̄t ⊥ z1
it|(z−1

it , xit). Hence, we have:

(18) h(ξ|z−1, x) = h̄
(
ξ + ω(z−1)− σ(x)

∣∣z−1, x
)

where the density h̄(·|z, x) is known, and σ(x) and ω(z−1) are the unknown functions

in Equations (16) and (17).

STEP 4: Now, consider a structure S̃ ≡
(
Λ̃(·|x), Ṽ (·), h̃(·|z, x)

)
that is observa-

tionally equivalent to S; then there exist some unknown functions σ̃(·) and ω̃j0(·)

such that:

Λ̃−1(s|x) = Λ̄−1(s|x) + σ̃(x)

Ṽj0(zj0) = V̄j0(zj0) + ω̃j0(z
−1
j0

)

h̃(ξ|z−1, x) = h̄
(
ξ + ω̃(z−1)− σ̃(x)

∣∣z−1, x
)
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where similar to previously we have let ω̃(z−1) ≡
(
ω̃1(z−1

1 ), . . . , ω̃J(z−1
J )
)
. Combining

the above with Equations (16), (17) and (18) then gives:

Λ̃−1(s|x) = Λ−1(s|x) + α(x)

Ṽj0(zj0) = Vj0(zj0) + βj0(z
−1
j0

)

h̃(ξ|z−1, x) = h
(
ξ + β(z−1)− α(x)

∣∣z−1, x
)

by letting α(x) ≡ σ̃(x) − σ(x), βj0(z
−1
j0

) ≡ ω̃j0(z
−1
j0

) − ωj0(z
−1
j0

), and β(z−1) ≡(
β1(z−1

1 ), . . . , βJ(z−1
J )
)
. �
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