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For reasons that I need not go into here, suppose that in the covariance matrix

ZZ(Uij), Z,]:1,2, m

3 3

we are interested in testing the hypothesis Ho:0;; =0, i # 7.

Let {us :t=1,2,...T} be a sequence of independent identically distributed
random row m-element vectors with mean 0 and covariance matrix . An

estimator of the covariance matrix is
- 1
Y= TU/U’ U = (ug.). (1)

It is apparent from Eq.(1) that ¥ is an unbiased estimator. Consider its

limiting distribution, i.e. consider the behavior of

T T
1
VTvee(E—Y) \/—_Z [I@uy|u;, —o} = TZ up, Quy. —0), o= vec(D)
t=1 t=1
(2)
th

and note, for future reference, that o.; isthe ¢*" column of ¥ . The summands
in the equation above are i.i.d random (column) vectors of dimension m? with
mean zero and some covariance matrix, say ®. Thus, they obey a central limit
theorem and the remaining problem is to determine this covariance matrix.

But
S = E[(u;. @ uy. — o) (ut. @ up. —0') = E(ujup. @ ujpug.) — oo’ (3)

We need to find the expectation of the matrix in the rightmost member, which

is a Kronecker product with (i,j) block
it [ugug] = wpug (uepues), k,s=,2,3,...,m. 4)

The typical, (k,s), element of this block is wusjuirtes . Let us begin with the
diagonal blocks, ®7; Since the distribution is symmetric all odd moments vanish

and we have that

o} = diag(oii011, 045022, - - -, 0ii0mm), (5)



except that the i*" diagonal element is Euf; = ju4; . For the off diagonal blocks
we need to evaluate (for i # j)
fI);‘j = Elugusjuirpties] = [e.iefj +e.je]oiioj;. (6)
It may be verified that
" = (®;), 4,j=1,2,....,m (7)

is an m?xm? matrix of rank m(m+1)/2. Thisis so because by construction
all columns except for those containing the fourth moment form identical
pairs. Thus there are m(m —1)/2 distinct pairs and the collection obtained by
taking any one element from each pair constitutes a linearly independent set.

The covariance matrix of the limiting distribution is, thus,
b =" — o0, (8)
which is also a positive semi-definite matrix of rank m(m + 1)/2.

We are now interested in a test of the hypothesis Hy : ;5 = 0, ¢ # j. We
may proceed as follows: Under the null, ®* does not change, but the other
component of ® becomes

oo’ = (Uiiajje.iefj), ,j=1,2,...,m, (9)

so that the covariance matrix under the null, say @, is given by
(I)Q = [fl);‘j—(anajje.ie{j],i,j: 1,2...,m, (10)

where e.; is an m-element column vector all of whose elements are zero save

the i*" , which is one.

Note that under the null, Eq. (10) implies that the off diagonal blocks are given
by
Di; = [(0wi0j5e. 4¢3 i, =1,2...,m, (11)

and the matrix ®¢ is of rank m(m + 1)/2, by the same argument given after
Eq. (7).

To define the test statistic, say ¢, let R be a selection matrix that takes out
of o the distinct elements o, # j . It is of dimension 37" " (m — i) x m?,

or m(m—1)/2xm?, and of rank m(m —1)/2. This matrix may be defined as

RG = (621,031, -+, 0m1, 032, s T2y ooy o - Omm—1). (12)



The test statistic is then

m(m — 1)

¢ =T6'R(ROR)'R6 S 13, d= 5

(13)

That the matrix above is invertible is guaranteed by the rank of the matrix @
which is m(m +1)/2.



