Class Eight: Infinite Graphs

Nothing in the definition of a graph prevented us from considering graphs
with an infinite number of vertices. Most of the concepts and ideas we exam-
ined with respect to finite graphs have an interesting infinite analogue. We
are most interested in graph with vertex set N = {1,2,3,...} and refer to such
graphs as countable. As before we define the degree of a vertex to be the of
vertices adjacent to it, but now we allow for the possibility that there are an
infinite such neighbors. If every vertex in a graph on N has finite degree, then
we call the graph locally finite. So that we stay in the world of graph theory
we mostly examine countable graphs which are locally finite. Lastly, before
we begin we recall two fundamental ideas from set theory.

e Removing finitely many points from an infinite set yields an infinite set.
This is sometimes know as the infinite pigeonhole principle. Think why...

e A finite or countable union of countable sets is countable.
This implies that a countable graph has a countable number of edges.

Draw some “small” graphs and think about the following questions:



Lemma (Konig). Fvery locally finite tree contains a ray.



Lemma (de Bruijn, Erdés). If every finite subgraph of a countable graph G
has chromatic number at most k, then so does G.

Lemma (Rado). With high probability, other than the infinite clique and its
complement, up to isomorphism there is an unique countable graph.

We say a graph is a unit distance graph if it can be drawn in the plane so that
every edge is a straight line with length one.

Lemma (Erdds,Chvatal). Any graph containing K, or Ky is not an unit
distance graphs.

Consider the following uncountable graph. Let the vertices be all points in the
plane R? and make two points x,y € R? adjacent if and only if the distance
between x and y is equal to one. The following is known as the Unit Distance
graph problem.

Using finite graphs we see that the chromatic number is at least four. Tiling
the plane with sufficiently small hexagons, like at the start of this notes, it
follows that the chromatic number is at most seven. Beyond this little progress
has be made resolving this question.

Lemma. The subgraph of R? gotten by restricting to rational vertices Q? is
2-colorable.
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Finite graph examples as to why x(R?) > 4.
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